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Abstract

For any Boolean function f let L(f) be its formula size complexity in the basis
{A,®,1}. For every n and every k < n/2, we describe a probabilistic distribution
on formulas in the basis {A, @, 1} in some given set of n variables and of the size
at most £(k) = 4*. Let p, 1(f) be the probability that the formula chosen from the
distribution computes the function f. For every function f with L(f) < ¢(k)*, where
a = log,(3/2), we have p, 1(f) > 0. Moreover, for every function f, if p, x(f) > 0,
then

(4n) =40 < po k(f) < et

where ¢ > 1 is an absolute constant. Although the upper and lower bounds are expo-
nentially small in £(k), they are quasipolynomially related whenever £(k) > In¥) .
The construction is a step towards developping a model appropriate for investigation
of the properties of a typical (random) Boolean function of some given complexity.

1 Introduction

Probabilistic methods appear to be very powerful in combinatorics and computer science.
A natural point of view on these methods is that we investigate the properties of a typical
object chosen from a set. One of the very first facts proven on Boolean functions is that a
typical Boolean function chosen from the set of all functions has exponential complexity
in any reasonable computation model. In particular, for the Boolean formulas the result
may be found in [5]. Hence, the properties of functions chosen from the set of all functions
cannot say much about functions of moderate complexity.

In this situation, it is natural to ask what are the typical properties of functions cho-
sen among the functions of some given complexity rather than among all functions. One
possibility to construct a probabilistic distribution on functions of limited complexity is
to describe the distribution in terms of their representations. In this case, it is easy to
guarantee the complexity bound just using only representations of an appropriate size.
However, if the distribution is defined only in terms of syntactic properties of the repre-
sentations, it may easily be the case that the distribution is concentrated on a small set
of functions, e.g. on the two constant functions.

*This research was supported by GA CR, Grant No. 201/95/0976, and by Heinrich-Hertz-Stiftung
while visiting Universitat Dortmund, FB Informatik, LS2.



In the present paper a syntactically defined probabilistic model of Boolean formulas is
described. The model is constructed by iterating the 4-ary Boolean operation zy 2o G z3P 24
starting from a simple distribution on variables, their negations and the constants. After k&
iterations, the model generates a distribution on functions of the formula size complexity in
the basis {A,®, 1} bounded by £(k) = 4*. The set of functions having nonzero probability
contains all functions of complexity at most {(k)*, where a = log,(3/2). An upper bound
on the probability of each of the functions with a positive probability is given. The upper
bound is quasipolynomially related to a trivial lower bound on this probability (Theorem
3.2). It follows that the distribution is not concentrated on any small set of functions.

The result is proved for a particular case of the model investigated in [6] and [7]. For
this particular case, comparing to the bounds from [6] and [7], much stronger bounds on
the probability of single functions are obtained.

A similar model based on balanced formulas build up from the NAND operation (or
equivalently from alternating levels of ANDs and ORs) and with randomly chosen literals
was suggested by Friedmann [2] in order to get information on Boolean complexity. Fried-
man suggested to study the distributions using their moments and presented an application
of this method to iterated AND, namely to random 1-SA'l' and random 2-SA'l.

Formulas with a fixed tree of connectives and with the leaves assigned to variables
or some other simple functions at random were used also for some other more specific
purposes. Let us mention the construction of a monotone formula of size O(n?-?) presented
in [10] and the proof of existence of e.g. Ramsey graphs on 2" vertices, whose adjacency
matrix is representable by a Boolean formula of polynomial size in n, see [4], [8].

A different model of random Boolean formulas based on the uniform distribution on
all AND/OR formulas of size tending to infinity was investigated in [3]. It is proved that
the distributions on functions obtained in this way converge to a limit distribution, in
which the probability of every function f is positive and related to the complexity of f as
follows. If L'(f) > Q(n?), then the probability p(f) of f in the limit distribution satisfies

(8n)—L'(f)—2 < p(f) < C;Ll(f)/na’

where ¢; > 1 is an absolute constant and L'(f) is the formula size complexity of f in the
basis {A,V,—}. The existence of a limit distribution with all probabilities positive was
investigated also for a more general model of random trees, see [12].

The number B(n, () of distinct Boolean functions of n variables expressible by an
AND/OR formula of size at most £ is estimated in [9]. In a wide range of the values of
¢, matching lower and upper bound on B(n, () is proved. Namely, if both a(n) and §(n)
tend to infinity with n and a(n) < £ < 27/n%), then B(n,{) = ((¢cz — o(1))n)’, where
o =2/(In4 - 1).

2 The probability model

Let n» > 2 be a fixed natural number throughout the paper. The Boolean functions of n
variables are the functions {0,1}" — {0,1}. Since n is fixed, we call them simply Boolean
functions. The projection functions are denoted z; for 7 = 1,...,n as usual. The negation
of z; is denoted as Z;. The conjunction is denoted like the multiplication, i.e. without any
operation symbol. Recall that @ is the addition mod 2.



For any Boolean function u let u=1(1) be the set of @ € {0,1}" for which u(a) = 1.

Moreover, let |u| = |[u="(1)|. For arbitrary Boolean functions u,v let
(u,v) = @ u(a)v(a).
a€{0,1}"

If A C{0,1}" and ¢ is a Boolean function, we denote as g|4 the restriction of g to the set
A. Let X 4 be the characteristic function of A.

For any nonconstant function f, let L(f) be the formula size complexity of f in the
basis {A,®, 1}, i.e. the minimum number of occurrences of the variables in a formula
expressing f in the given basis. Moreover, let L(f) =1, if f is a constant function.

The probability distributions studied in the present paper are defined as follows.

Definition 2.1 Let §,0 € {0,1,21,..., 2y, Z1,Z2...,Tn} be a random Boolean function
such that Pr(§,0 = 0) = Pr(§n0 = 1) = 1/4 and each of the literals occurrs as §, o with
probability 1/(4n). For every k > 0 1et §n k41 = Gnk19nk2 D Gnks B Gnka, Where gn . ;
are independent realizations of §, x. Finally, for every k > 0, let p, x(f) = Pr(f = Gn.i)-

For the purpose of the present paper, g, ; is defined to be a Boolean function. Clear-
ly, the definition of this function implicitly describes a Boolean formula expressing gk,
which contains £(k) = 4% occurrences of variables, their negations and constants. Hence,
Pni(f) > 0 implies L(f) < £(k).

The distribution is chosen so that if ¢ and @ are complementary points in {0,1}",
i.e. they have the Hamming distance n, then §,o(a) and §, o(@) are independent random
variables. This simplifies the analysis of the distribution of §, 5 for small £ in the proof
of Lemma 4.6.

For every f and k, if p, x(f) > 0, then also p, x11(f) > 0, sincee.g. f=1-fH0FH0
and the constants occur as g, ) with positive probability for all » and k. Moreover,
every Boolean function f, that depends essentially only on variables z1, x5, ..., 2;, may
be expressed as f = z;f1 @ fo & 0, where f;, f do not depend on z;. Extending this
by induction and using the fact that p, o(f) > 0 for every f depending on at most one
variable, one can prove that for every Boolean function f we have p, ,_1(f) > 0.

By the well-known relationship between the size and the depth complexity of the
Boolean formulas in any complete basis, see e.g. [11], one can prove that for any Boolean
function f we have p,x(f) > 0 for some k = O(log L(f)). In fact, we can prove a
better estimate using the method of balancing formulas in the basis {A, &} from [1]. For
convenience of the reader, we present the proof from [1] adapted to our model. For a
comparison, recall that p, r(f) > 0 is possible only if L(f) < {(k).

Theorem 2.2 For every n and k and for every Boolean function f that satisfies L(f) <
(k)& 312 we have p, (f) > 0.

Proof: Let D(f) be the smallest k, for which p, x(f) > 0. Recall that for any function f,
L(f) > 1. By induction on L(f), an upper bound D(f) < logs L(f) will be proved. This
bound implies the theorem, since L(f) < £(k)°&(3/2) is equivalent to logs/, L(f) < k.

If L(f) = 1, then f is a constant, a variable or negation of a variable. Hence,
D(f) = 0. Let L(f) > 2 and let the upper bound on D(f) be true for all functions
of complexity less than L(f). We will find functions fi, fo and f3 such that f = fifo @ f3



and L(f;) < 2/3 . L(f) for j = 1,2,3. Then, since f = fifo & f3 & 0, we have
D(f) < max(D(f1),D(f2),D(f3)) + 1. By the induction hypothesis and the bound on
L(f;), this implies D(f) < logg, L(f).

For any formula ¢, let size(¢) denote the number of occurrences of variables in ¢. In
order to find fi, fo and f5, consider a formula ¢ expressing f satisfying size(¢) = L(f).
This is possible, since f is a nonconstant function. Find the smallest subformula ¢’ of ¢
that satisfies size(¢’') > 2/3 - L(f). This subformula is either of the form a & 8 or af,
where a and 3 are subformulas of ¢. It is easy to see that 1/3- L(f) < size(a) < 2/3-L(f).
The same inequality holds also for size(3). Let ¥(y) be the formula ¢, where « is replaced
by a new variable y. For every input, o evaluates either to 0 or 1. Hence, using also the
properties of &, ¢ = ¥(a) = a - (¥(0) & ¥(1)) & ¥(0).

Now, let fi1, f2 and f5 be the functions expressed by the formulas «, 1(0) @ (1) and
1(0) respectively. This choice implies immediately f = fifo @ f3. Since a contains at
least one occurrence of a variable, we have L(fi) < size(a) < 2/3- L(f). Since the size of
(0) is size(¢) — size(a) > 0, we have also L(f3) < size(1(0)) < 2/3 - L(f).

It remains to show that L(f;) < 2/3-L(f). To this end, we first construct two sequences
of formulas. Let 9y(y) be the formula 1(y). This formula consists of two subformulas.
Denote the two subformulas t(y) and 71, where ty(y) is the one, which contains the
unique occurrence of y. By repeating this decomposition and assuming w..o.g. that
in each step of the process, y is in the left hand side subformula, we obtain sequences
Yo(y), .., ¥m(y) and 71, . .., vm of subformulas of ¥(y), such that ¥o(y) = ¥(y), Ym(y) =
yand forall e =1,...,m, _1(y) is either ¥;(y) & ; or ¥;(y)vi. Let I be the set of those
i's, for which ¥;—1(y) = ¥i(y)7i.

Clearly, for any assignment of the values of the variables z1,zs,...,z,, a change of
the value of y propagates to the root of the formula 9 (y) if and only if the value of 4; for
all 7 € I is equal to 1 for the given assignment. Hence,

$(0) & p(1) = A i

el

Since v; are disjoint subformulas of (0), we have size(A;crvi) < 2/3 - L(f). Since
L(f) > 2, this implies L(f;) < 2/3- L(f) even if f, is a constant function. O

Lemma 2.3 For every k > 0 we have

m)@x Pf(gk = f) > m?XPr(ng = f)

Proof: Let i1 = hyho @ ZL3 &) iz4, where ibj are independent realizations of §. Because
of the independence of the A;, we obtain for any Boolean function f

Pr(f = gr41) = ZPT(f = hihy ® by @ fi): Pl‘(il4 = f).
f
By using the properties of ¢, this is at most
5" Pr(fy = e ® i ) - maxPr(hy = f2) = max Pr(gi = fo).
fl 2 2
This finishes the proof of the lemma. O



3 The result

For the proof of the bounds on p, x(f), we use the fact that the distribution of §i|4 for
a fixed A C {0,1}" tends to the uniform distribution on the functions A — {0,1} when
k tends to infinity. Moreover, we need an explicitly given estimate of the distance of the
distribution of §x|4 from the uniform one depending on A and k. Such an estimate is
given in the following theorem, which is proved in the next section. For any at least two
element subset A of the Boolean cube, let u(A) be the minimum of p(z,y), where p is the
Hamming distance and z,y € A are distinct. If |[A] = 1 then let y(A) = n. Moreover, for
every nonzero function w, let u(w) be defined as p(w="'(1)).

Theorem 3.1 There exists a constant K > 0 such that for every n, every nonempty subset
A CH{0,1}", every f: A — {0,1} and every k > ko(A) = 2log, |A| + logy(n/p(A)) + K,

we have
1 1

Pr(gela = f) = gy | < EETGE

Note that the number of different functions, which may appear as a realization of g, 1,
does not exceed (2n + 2)4k. Hence, for k < log, |A| — log, log,(2n 4 2) not every function
f:A—{0,1} has a positive probability. This gives a lower bound on the values of ky(A)
that satisfy the statement of Theorem 3.1. If |A] is at least (1) this lower bound and the
value of ko(A) for which Theorem 3.1 is actually proved differ at most by a multiplicative
constant.

The proof of Theorem 3.1 is given in Section 4. Now, we will apply the theorem to
derive the following bound.

Theorem 3.2 There exists a constant ¢ > 1 such that for every sufficiently large n, every
k that satisfies 0 < k < n/2 and every Boolean function f, we have either p,  (f) =0 or

(4m) W < prs(f) < O,
where ((k) = 4%.

Proof: Clearly, every realization of §, o has a probability at least 1/(4n). For every k, §,, %
is a combination of (k) independent realizations of §, . This implies the lower bound.

Let Ay be any maximal subset of {0,1}" that satisfies pu(Ag) > n/6. Then, every point
of the Boolean cube is within Hamming distance at most n/6 from Ay. Hence,

/el /.
[ Aol Y () > 2",
=0 \J

By using the estimate

(1)< (0 ()= (2)

for d = |[n/6] and using the fact that the estimate is even larger with d = n/6, we obtain

|Ag| > 27(6e)~"/¢ > 27/4,



Let K’ = log,6 + K, where K is the constant from Theorem 3.1. Clearly, for every
nonempty A C Ag, we have K’ > logy(n/u(Ag)) + K > logy(n/u(A)) + K. The desired
bound on Pr(§x = f) will be proved separately for 0 < k< K'4+ 4 and K'+4 <k < n/2
starting with the latter range.

If K44 <k <n/2, choose any subset A C Ay such that

2(]{:—[&"/)/2 -1 S |A| S 2(1(:—]{’)/2.
The upper bound on |A| in this requirement implies k& > ko(A), where kg(A) is the number
from Theorem 3.1. Hence, for every Boolean function f, we have by Theorem 3.1
- - 2
Pr(gr = f) < Pr(grla = fla) < ST
Hence, assuming log, 0 = —oo and using the lower bound on |A|, we have

log,, Pr(gk = f) <1- |A| <92-— 2(k-]{')/2 < _Q(k—K')/Q—l

In other words,
log, Pr(g = f) < —27K'/2=1¢(k)1/4, (1)

If 0 <k < K'+4, use Lemma 2.3 and the fact that for every f, Pr(go = f) < 1/4 to
derive for every f

10g2 PI‘(gk — f) S -9 S _2(16—]{’)/2—1 — —2_1{1/2_1—6(]6)1/4.

—_K!/o—
This, together with (1), implies the upper bound in the theorem, if we choose ¢ = 22 e

|

4 Convergence to the uniform distribution

In this section Theorem 3.1 is proved. To this end, we use the discrete Fourier transform
of the distribution of §;. For a random Boolean function with an arbitrary distribution,
the discrete Fourier transform is defined as follows.

Definition 4.1 If w is a Boolean function and § a random Boolean function, then let

A, w) = B(~1)(),

One may easily see that |[A(g, w)| < 1and A(g,0) = 1 holds for any § and w. Moreover,
it is easy to verify the following formula for the inverse of the Fourier transform.

Lemma 4.2 For every A C {0,1}" and every f: A — {0,1}, we have

Pr(Gla = ) = o 3 AGw)(-)E,

wSXA



Notice that if A is a nonempty subset of {0,1}" and §|4 has the uniform distribution
on the functions A — {0, 1}, then A(§, X4) = 0. On the other hand, using Lemma 4.2,
one can see that if A(§, Xg) = 0 for every nonempty subset B C A, then §|4 is uniformly
distributed on the functions A — {0, 1}.

In the following theorem, we express the Fourier coefficients of the distribution of a
parity and of a conjunction of two independent random Boolean functions. Note that for
two random Boolean functions hq and 7@2, A(hl,hg) is a random variable depending on
the distribution of h1 and on the actual value of hy. It does not depend on the actual
value of hy. In the context of random Boolean formulas, the identity (2) for the parity
was already used in [4].

Lemma 4.3 Let by, hy be independent random Boolean functions. Then we have

A(ill ) BQ, w) = A(ill, w)A(iLQ,’LU) (2)
A(i&libg, w) = E;LQA(ibl, ibgw) (3)

Proof: Due to the independence of hq, by, we have

E(_l)(h@ﬁz,w) — E(_1)<h17w>(_1)<;’427w> — E(_l)(ﬁl,w)E(_l)(ﬁz,w)_

This proves (2). Since (hiha,w) = (hi1, haw), by using the expansion to the conditional
expectations, we obtain

E(-1 h ha Z ( hl’hw Nhow = v) Pr(hyw = v).
v<w

Since hy and hy are independent, the distribution of hy under the condition hyw = v is
the same as the unconditional distribution of h;. Hence, the conditional expectation in
the sum above is equal to A(hq,v). Hence,

A(ﬁlﬁz,w) = Z A(izl,v)Pr(izzw = ).

v<w
This implies (3). O

For simplicity, let us use the abbreviation Ap(w) = A(gr, w). Let 7z for j =1,2,3,4
be independent realizations of §x. Then, gry1 = hlhg &) hg &) h4 and by ( )

Apgr(w) = A(hyhy, w)Ap(w)?. (4)
In particular, since |A(il1i?/2, w)| is always at most one, we have
A (w)] < [Ag(w)]”, (5)

This implies that, by increasing k, |Ag(w)| can be made arbitrarily small provided that it
is initially strictly less than one.

In the proof of Theorem 3.1, we use a real number v that satisfies 1 < v < 3/2. It is
very natural to present the proof with such a general value of this parameter, although
the theorem is finally proved by setting v = /2.



Theorem 3.1 is proved at the end of this section as a consequence of an upper bound
on the Fourier coefficients of the distribution of §z. The upper bound will have the form

E—r

|A(Gr, w)] < g7
for all w, 0 # w < X4, and all £ > r, where a real number ¢ > 1 and integers r and my
are appropriately chosen. Extending an estimate in this form from any & > r to k + 1
instead of k is guaranteed by Lemma 4.7 on the assumption that mg is large enough. The

number r for which the bound is true for the required mg and k = r is found using Lemma
4.6. Let us start with two auxiliary statements.

Lemma 4.4 Let h be a random Boolean function. Let q > 1 and m be some real numbers,
let A be a subset of the Boolean cube and let |A(h,u)| < ¢l"I=™ be satisfied for every
nonzero u, u < X 4. Then, for every function f: A — {0,1} we have

g+ 1\ _
()",

Proof: Since A(iNL,O) = 1, we have by Lemma 4.2 that the LHS of the inequality in the
lemma is at most

1 7 1 ul—m
94| Z |A(h, u)| < STAT Z q| =m =

0#u<X 4 u<X 4

~ 1
Pr(h|la = f) - STAT

1

S[A] (1+ Q)|A|q_m-

Theorem 4.5 Let b, ¢, m and A be as in Lemma 4.4. Let |A(h,u)| < ¢l“I=™ be satisfied
for every nonzero u, u < X 4. Let hy, hy be independent realizations of h. Then for every
Boolean function w satisfying w < X 4, we have

o N RN 2\ ™!
A< (5) +2(52) e+ (L) o

Proof: Let a Boolean function w < X4 be given. First, let us prove the inequality

w 2 |w|
el < ()4 (5) o)

Let v < X 4 be any function and denote B = v~!(1). Note that the assumption of Lemma
4.4 is satisfied also with B instead of A. Since v < h is equivalent to h|g = 1, Lemma 4.4

implies
~ 1 q + 1 |U| —m

Hence, we have



AN 2\
<y (q >+<q2)qm
v<w
. qg—1 |w| ) q2_1 |l .
—< +T) + |1+ 3 q .
This proves (6).

By (3) we have |A(iz1iz2,w)| < E,;12|A(iz,1,l~2,2w)|. Using the bound |A(i1,1,0)| < 1 and
for v # 0 the bound |A(hq,v)| < ¢/!I=™, we obtain

| h]hg, | < Z |A h], Pr(izgw = 7.7)

v<w

< Pr(haw = 0) + > ¢"I=" . Pr(hyw = v)

v<w
= Pr(how = 0)+ B [qm“"_m] .

By Lemma 4.4 used for the set A = w=!(1), we have
2[w] 2

: o]
o] —m + I\ (T
E[q"”' ’]S(—QQ ) q +(q2 q .

By combining these two contributions, we obtain the theorem. O

- - 1 1\ [l
Pr(how =0) = Pr(hg|a =0) < — + <&> g™

By (6)

Lemma 4.6 For every real number ¢ that satisfies 1 < ¢ < 3, every natural number m >
3, every nonzero Boolean function w and every integer r > logy(n/p(w))+5(m —3)+1,
we have |A(w)] < glwl=m

Proof: Throughout the proof, we assume ¢ = 3. Clearly, proving this case is sufficient,
since the inequality is weaker, if ¢ < 3 and |w| < m. If |w| > m, the inequality is trivially
satisfied.

Let us fix some nonzero function w. In order to prove the lemma, we prove a slightly
stronger statement. Namely, we prove that for every m > 3 and every integer r >

logy(n/p(w)) + 5(m — 3) + 1, we have
[Ar(0)] < g7 (7)

for every nonzero v satisfying » < w.

The estimate is proved by induction on m. Let us start with m = 3. In this case,
|A(v)] < ¢"I=% is trivially satisfied for every v satisfying |v| > 3 and every r > 0. For the
cases [v| = 1 and |v| = 2 assume that v < w.

If [v] = 1, then v = X,y for some a € {0, 1}". By definition,

Ag(v) = B(=1)700) = Pr(g, o(a) = 0) — Pr(§no(a) = 1) = 0.



Using (5), |A,(v)] = 0 < ¢VI=3 for all » > 0.
If |v| = 2, then v = Xy, 5, for some distinct a,b € {0,1}". By definition,

Ag(v) = B(=1)7m0()8500) = 1 =2 Pr(gn0(a) # Guno(b)).

The event §, 0(a) # §n,0(b) takes place if and only if §, o is equal to z; or Z; for some i
such that a; # b;. Since each value i = 1,...,n appears with the probability 1/(2n), we
have Ag(v) = 1—p(a,b)/n, where p denotes the Hamming distance. Since » < w, we have
p(a,b) = p(v) > p(w). Hence, 0 < Ag(v) <1 — p(w)/n.

Summarizing this and using (5), we obtain

1A)] < 1A < (1 = p(w)/n) < 2O,

It follows that for every r > logy(n/p(w)) + 1 and every v satisfying |v| = 2 and v < w we
have
A ()] < e < g7t < gl

Now, let m > 4 and r > log,(n/pu(w)) + 5(m — 3) + 1. It is sufficient to prove (7) for
all » that satisfy additionally 1 < |»| < m — 1. The induction hypothesis says that for all
nonzero v, v < w and every s > log,(n/u(w))+ 5(m —4) 4+ 1, we have |A (v)| < ¢lvl=m+1.

If 1 < |v|] < m — 2, then (5) and the induction hypothesis with s = r — 5 imply
|A(0)] < JAL(0)P? < |As(0)]? < P-4 This is at most ¢/~ by comparing the
exponents. Let [v] = m — 1. By (5) we obtain |A,(v)] < |As1()['5. Moreover, using (4)
and the induction hypothesis together with Theorem 4.5 used with m — 1 instead of m
and with A = w='(1), we obtain

1\ =1 g+ 1\ @+ 1 m—1
< | = — .
s () 15+ (2

By a routine calculation, one can verify that for ¢ = 3 and m > 4, this implies

A (0)] < [As(0)]'C < g7" = gl

This completes the proof of (7) and hence also of the lemma. O

Lemma 4.7 For every v, 1 < v < 3/2, there exists a real number ¢ > 1 and a natural
number mqg > 1 such that for every k > 0, every real m > mgy and every A C {0,1}", the
following is true: if for every w, 0 # w < X4, we have |Ap(w)| < ¢I*I=™, then for every
w, 0 # w < X4, we have |Apyqi(w)] < glwl=vm

Proof: Let 6 be such that 0 < § < min(3/2 — v,1/6). Moreover, let us prove that there
is a number ¢ > 1 satisfying

1 ‘+1
atl < ¢'**% and (i < ¢!t (8)
2 2

By taking the logarithm of both sides of both inequalities, the existence of such a number
q follows from the facts that

2 . 2
m = lim = — — 4 6.
qi>1+ In ¢2 qi>1+ Ingq 2 < 2 +

10



Let ¢ > 1 be such that (8) and ¢ < 1.618 is satisfied. Note that 1+ ¢ > ¢?. Moreover,
let my be a large integer specified later according to v, ¢ and ¢. Let m be such that
m > mgy. We are going to formulate conditions, which imply

| A (w)] < g1 (9)

for all w, 0 # w < X4, provided |Ag(w)| < ¢!“I=™ holds for all w, 0 #w< Xy,

To this end, we consider three cases: 1 < |w| < m/2, m/2 < |w| < m and m < |w| <
vm. In the remaining case, |w| > vm, (9) is trivially satisfied.

If 1 < |w] < m/2, then 2(|w| — m) < |w| — vm and hence, using (5), we obtain
Ak ()] < [As(w)f2 < g2lhul=m) < glol=vm

In the two remaining cases we use the identity (4). To obtain a bound on the first
factor of its RHS, we simplify the bound from Theorem 4.5 in the range of |w| and ¢ now
considered. Since g4+ 1 > ¢% and |w| > m/2, we have (¢+1)I"lg=™ > 1. Hence, using also

(5) y
o +1 Jw] . 2 +1 w o
Az o) < 3(L52) (q 0

2
< 3q(1/2+5)|w|—m + q(1+25)|w|—2m. (10)

In order to prove (9), we first derive a bound on the ratio of its LHS and RHS in both
cases now considered. Tf m/2 < |w| < m, we use (4), (10) and |A(w)| < ¢/*I=™ to obtain

|Ak+1(w)|q—|w|+um < 3q(3/2+5)|w|+(1/—3)m + q2(1+6)|w|+(y—4)m

The RHS of this is increasing in |w|. Hence, we obtain an upper bound by setting |w| = m.
Thus
|Ak+1(w)|q_|w|+l/m S 3q(y—3/2+6)m + q(l/—2+2§)m. (11)

If m < |w| < vm, we only know |Ax(w)| < 1. Hence, by (4) and (10) we get

|Ak+1(w)|q—|w|+um < 3q(—]/2+5)|w|+(y—])m + q25|w|+(y—2)m

We derive an upper bound on the RHS of this inequality by substituting an appropriate
value of |w| in each of its two terms. In the first one we substitute the smallest value of
the range (Jw| = m) and in the second one the largest value (|w| = vm). Hence, we obtain

|Ak+1(w)|q_|w|+vm < 3q(u—3/2+5)m + q(u—2+26u)m- (12)

Because of our choice of §, the RHS of both (11) and (12) converge to zero, if m — oc.
Since v, § and ¢ are now fixed, it is possible to take a natural number mg large enough to
guarantee that (11) and (12) are both at most 1 and, hence, (9) is satisfied. This completes
the proof of the lemma. O

Finally, here is the convergence result that we have been aiming toward.

Proof of Theorem 3.1: Let v, 1 < v < 3/2, and a nonempty subset A C {0,1}" be
given. Let ¢ and mg be some numbers for which the conclusion of Lemma 4.7 holds.
As a basis for an iterative use of Lemma 4.7, we need a number r such that for all w,
0 # w < X4, the inequality

A, ()] < gm0
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is satisfied. Lemma 4.6 guarantees that this is true for some r = log,(n/u(A)) + O(1).
For every s > 0, by using the inequality from Lemma 4.7 s times, we obtain

|Arps(w)] < glvI=¥7mo

for every w, 0 # w < X 4. Since mgy > 1, assuming s = [log, |A| 4 log, 2], we obtain

|Arps(w)] < glI=2H4

for every w, 0 # w < X 4. Let ¢ be such that q2£ > 2 and u > 0. By using (5) t + u times,

we obtain

for every w,

| Ay sttpu(w)] < (q2t+")|w|_2|A| < (22u)|w|—2|A|

0#w< Xy Let ko(A)=r+s+1, k> ko(A) and let u = k — ko(A). By

Lemma 4.4 used with ¢ = 22" and m = 2|A|, we have

Pr(Gila = )~ 5

AN

< ﬁ (1 + 2211,)|A| (22u)—2|A| < (2_2u)|A| .

Since r = logy(n/u(A))+0(1), s = log, |A| + O(1) and t = O(1), Theorem 3.1 is proved,

if we assume v = /2. O
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