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Abstract

Modular gates are known to be immune for the random restriction techniques of Ajtai
[Ajt83], Furst, Saxe, Sipser [FSS84], Yao [Yao85] and Hastad [Has86]. We demonstrate
here a random clustering technique which overcomes this difficulty and is capable to prove
generalizations of several known modular circuit lower bounds of Barrington, Straubing,
Thérien [BST90], Krause and Pudlak [KP94], and others, characterizing symmetric func-
tions computable by small (MOD,, AND;, MOD,,,) circuits.

Applying a degree-decreasing technique together with random restriction methods for
the AND gates at the bottom level, we also prove a hard special case of the Constant
Degree Hypothesis of Barrington, Straubing, Thérien [BST90], and other related lower
bounds for certain (MOD,, MOD,,,, AND) circuits.

Most of the previous lower bounds on circuits with modular gates used special defini-
tions of the modular gates (i.e., the gate outputs one if the sum of its inputs is divisible
by m, or is not divisible by m), and were not valid for more general MOD,,, gates. Our
methods are applicable — and our lower bounds are valid — for the most general modular
gates as well.

1 Introduction

Boolean circuits are perhaps the most widely examined models of computation. They are
used in VLSI design, and in complexity theory as well as in the theory of parallel computation.

A majority of the strongest and deepest lower bound results for computational complexity
were proved using the Boolean circuit model of computation (for example [Raz85], [Yao85],
[Has86], [Raz87], [Smo87], or see [vLI0] for a survey).

Unfortunately, lots of questions — even for very restricted circuit classes — have been
unsolved for a long time.

Bounded depth and polynomial size is a natural restriction. Ajtai [Ajt83], Furst, Saxe,
and Sipser [FSS84] proved that no polynomial sized, constant depth circuit can compute the
PARITY function. Yao [Yao85] and Hastad [Has86] generalized this result for sub-logarithmic
depths. Their technique involved a sophisticated use of random restriction techniques, in
which randomly assigned 0-1 values to the input variables fixed the output of large fan-in
AND and OR Boolean gates.
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Since the modular gates are very simple to define, and they are immune to the random
restriction techniques in lower bound proofs for the PARITY function, the following natural
question was asked by Barrington, Smolensky and others: How powerful will become the
Boolean circuits if — beside the standard AND, OR and NOT gates — MOD,, gates are
also allowed in the circuit? Here a MOD;?1 gate outputs 1 iff the sum of its inputs is in a set
AC{0,1,2,....,m — 1} modulo m.

Razborov [Raz87] showed that for computing MAJORITY with AND, OR, NOT and
MOD; gates, exponential size is needed with constant depth. This result was generalized by
Smolensky [Smo87] for MOD,, gates instead of MOD; ones, where p denotes a prime.

We know very little, however, if both MOD, and MOD, gates are allowed in the circuit
for different primes p,q, or, if the modulus is a non-prime power composite, e.g., 6. For
example, it is consistent with our present knowledge that depth-3, linear-size circuits with
MODg gates only, recognize an NP-complete language (see [BST90]).

It is not difficult to see that constant-depth circuits with MOD, gates only, (p prime),
cannot compute even very simple functions: the n-fan-in OR or AND functions, since they
can only compute constant degree polynomials of the input variables over GF, (see [Smo87]).

But depth-2 circuits with MODy and MOD3 gates, or MODg gates can compute the
n-fan-in OR and AND functions [KM91], [BST90]. Consequently, these circuits are more
powerful than circuits with MOD,, gates only. The sketch of the construction: we take a
MOD3 gate at the top of the circuit, and 2" MOD; gates on the next level, and each subset
of the n input variables is connected to exactly one MODg gate, then this circuit computes
the n-fan-in OR, since if at least one of the inputs is 1, then exactly half of the MOD, gates
evaluate to 1.

Barrington, Straubing and Thérien in [BST90] conjectured that any (MODE, MODA, ANDy)
circuit needs exponential size to compute the n fan-in AND function, where the prime p and
the positive integers m and d are fixed, and AND, denotes the fan-in d AND function. They
called it the Constant Degree Hypothesis (CDH), and proved the d = 1 case, with highly
non-trivial algebraic techniques. Their proof also works for depth-(¢ 4 1)

£
(MOD%,,MOD%,, ..., MOD%,, MOD2) (1)

circuits, computing the AND function.

Yan and Parberry [YP94] — using Fourier-analysis — proved also the d = 1 case for
(MODZ{,I’Q""’p_l},MOD:{,I}) circuits, but their method also works for the special case of the
CDH where the sum of the degrees of the monomials g; on the input-level satisfies:

> (deg(g) = 1) < 5

- 0(1).
deg(g:)>1 (p—1)

Krause and Waack [KW95] applied communication-complexity techniques to show that
any (MOD%’Z""’m_l}, SYMMETRIC) circuit, computing the ID function:

1, ifz =y,
0 otherwise,

ID(z,y) = {

for z,y € {0,1}", should have size at least 2"/logm, where SYMMETRIC is a gate, com-
puting an arbitrary symmetric Boolean function. Since (non-weighted) MOD,, gates are
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also SYMMETRIC gates, this lower bound is valid for (MODir}’Q""’m_l},MOD;i) circuits.
However, when mod m coefficients (or multiple wires) are allowed on the input-level, then
the MOD,,, gates are not SYMMETRIC gates. Caussinus [Cau96] proved, that the result
of [BST90] also implies a similar lower bound for the AND function. Unfortunately, results
[KW95], [Cau96] do not generalize for the more general MOD# gates at the top.

Krause and Pudlék [KP94] proved that any (MODI{JQ},MODéo}) circuit which computes

the MODiO} function has size at least 2", for some ¢ > 0, where p and r are different primes
and ¢ is not divisible by either of them.

Our main result is a characterization of those symmetric Boolean functions which are
computable by quasipolynomial-size

£

(MODZ,, MODZ,, ..., MOD%,, MOD?,)

circuits. We prove (Theorem 4), that the only symmetric functions that are computable by
such circuits are the MOD,; functions with small j. Consequently, the non-trivial threshold

functions, (so also AND and OR), and the MODiO} functions if 7 does not divide p/m need ex-
ponential size on that circuits. Even MODy requires exponential size (MOD3s-, AND;, MOD;)
circuits for constant ¢ and r. Note the asymmetry: MODy is easy to compute with a poly-
nomial size (MODgy, AND3) circuit. These results generalize the theorems of Barrington,
Straubing, Thérien [BST90] and Krause and Pudldk [KP94], and give a characterization of
the computable symmetric functions, instead of singular lower bounds.

Grolmusz [Gro98] generalized the results of [BST90], [YP94], [KW95], [KP94] for
(MOD,,MOD,,, AND,,,) circuits, where the input-polynomials of each MOD, gate is con-
structible from linear terms using at most ¢cn — 1 multiplications (or, equivalently, can be
computed by an arithmetic circuit of an arbitrary number of mod p additions and at most
en — 1 fan-in 2 multiplications). In particular, one can allow the sum of an arbitrary function
of cn variables and a linear polynomial of the n variables as inputs for each MOD,, gate. We
generalize this result, too (Lemma 19). The main tool of the proof of [Gro98] is a Degree
Decreasing Lemma, which we also generalize here for non-prime moduli (Lemma 16), and we
use it both for lower- and upper bound proofs.

Here we give further generalizations for this circuit lower-bound result. We prove a lower
bound on the size of the (MOD,, MOD,,,, AND) circuits computing AND,,, if m is a positive
integer, p is a prime, and each MOD,,, gate has not-too-many AND gates as inputs and those
AND gates have low fan-in. For the exact statement see Theorem 6. This is an important
special case of the Constant Degree Hypothesis of [BST90]. The lower bound also applies to
circuits computing some other functions besides AND.

2 Our Results

2.1 Ideas

MOD,, gates are immune to random restriction techniques, since if at least m input variables
of n remain unrestricted, then on the rest it is still a MOD,,, gate and has the same complexity.

We overcome this difficulty by a random clustering technique, which force some randomly
chosen variables to be equal. Each equivalence class (or cluster) will make a new variable of
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the MOD,,, gate, and each new variable will be invisible (i.e., its coefficient will be a multiple
of m) for the gate with a constant probability. (Lemma 11)

We use this for (Zp,ANDt,MODm) circuits, computing symmetric functions. Suppose,
that the equivalence classes are of size m, then the resulting function of the new, clustered
variables, is a unique symmetric function.

Almost all symmetric functions (except the MOD,,, functions) have large restrictions,
whose unique factor resulting from the clustering above cannot be expressed as a modulo p
sum of functions, none of which depends on all variables. An exponential lower bound follows
for the number of AND gates on level 2. (Theorem 3)

If we have o(n?/logn) constant-degree monomials as inputs for each MOD,, gates on
level 2, then by random restrictions, one can essentially decrease their number, and a small
number of low-degree monomials can be converted to linear polynomials with the help of the

Degree Decreasing Lemma (Lemma 16), and we can apply Theorem 3 to get lower bounds.
(Theorem 6)

2.2 Preliminaries

Definition 1 A fan-in n gate is an n-variable Boolean function. Let G1,Gs, ..., Gy be gates
of unbounded fan-in. Then a (G1,G4,...,Gy)- circuit denotes a depth-( circuit with a G-
gate on the top, Gy gales on the second level, G3 gates on the third level from the top,...,
and Gy gales on the last level. AND; denotes the t fan-in AND gate. The size of a circuit is
defined to be the total number of the gates in the circuit.

All of our modular gates are of unbounded fan-in, and we allow to connect inputs to
gates or gates to gates with multiple wires. Note, that by this definition, our modular gates
— generally — are not symmetric gates.

In the literature MOD,, gates are sometimes defined to be 1, iff the sum of their inputs
is divisible by m, and sometimes they are defined to be 1, iff the sum of their inputs is not
divisible by m. The following, more general definition covers both cases.

Definition 2 We say that gate G is a MOD,,,-gate, if there exists A C {0,1,...,m—1} such
that e
G(1,29,. . 2n) = { 1, 4 Yz, modme A

0 otherwise.

A is called the 1-set of G. MOD,, gates with 1-set A are denoted by MOD;‘;L.

2.3 Theorems

Here we list the three main results of this paper.
To be concise we use ((MOka )Y, MODA) to denote circuits of type (1).

Theorem 3 Suppose that a circuit of type ((MOka)g,MOD;i) with p prime compules a
symmetric Boolean function f on n variables, such that f # MOD?  for any A. Then its

. p]m
size S is exponential in p?, i.e., there exisls a number ¢ > 1 depending on p, m, k, and £ such
that § > c?.
As a special case we get that the size S of an n-variable circuit of type ((MOka )Y, MODA)

with p prime computing any of the nontrivial threshold functions (including AND and OR)
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or the MOD;O} function (where r does not divide mp’ for any j) is exponential in n. We
have S > ¢" for a number ¢ > 1 depending only on p, m, k, and (.

Theorem 4 Let the prime p, and the positive integers m, k, and £ be fixed with m not a power
of p. The symmetric functions computed by a type ((MOka )£, MODA) circuit of quasipolyno-
mial size are exactly the functions MODSWJ with j = O(loglogn) and C' C {0,1,.. Lmp —1}.

On the other hand, all the functions MODTC;W with j = O(loglogn) can be computed by
quasipolynomial size (3_,, ANDy, MOD,,) circuits.

To state our result that proves a special case of the Constant Degree Hypothesis we need
the following definition:

Definition 5 Lel G be a gate of a circuit on the second level from the inpuls compuling some
Sfunction of AND’s of variables. We say that G relates lwo inpul variables if they appear as
wnpuls in a common AND gate below G.

Figure 1: Gate G relates e.g., 1 and z9, or z3 and x4, but does not relate z; and z4.

Theorem 6 Let p be prime and m, k, and £ fized positive integers. Suppose thal a
((MOka)L),MODﬁ,AND) circuit computes AND,,. If each MOD,, gate in the circuit re-
lates o(n*/log n) pairs of input variables then the size of the circuil is super-polynomial.

As a special case we gel thal the size of the circuil is super-polynomial if each MOD,,
gate has fan-in o(n*/logn) and each AND gate has constant fan-in.

We remark that there is a trade-off between the number of pairs the MOD,,, gates relate
and the lower bound on the circuit size. See Theorem 20 If no MOD,, gate relates more

than n?~° pairs then the circuit has to be exponential size. Note also, that similar bounds
can be proved for circuits computing many other natural functions, like threshold or MO D,
functions.

3 The Proof

3.1 Eliminating the top gate

The top-gate elimination is widely used in the literature (c.f., [KP94], Lemma 5.2, or [BT91]).
It replaces the top MOD,- gate with constant fan-in AND gates and a simple summation
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modulo p with a polynomial increase in the size.

Lemma 7 Let p be a prime, k a positive integer, and A C {0,1,...,p* — 1}. There is a
modulo p polynomial of degree p* — 1 computing the MOD;‘k Sfunction.

O
One can repeatedly use this lemma to eliminate a constant-depth sub-circuit of MOD,-
gates from the top of any circuit, as stated by the next lemma. For stating it, we need

Notation 8 Let ¥,(z1,22,...,25) = Y i—; «; mod p.

In general, ¥, is not a Boolean gate, since its value is from {0,1,...,p — 1}. But, in the
following lemma, its value will always be 0 or 1.

Lemma 9 Suppose that f:{0,1}" — {0,1} is computed by a depth-({ + 1)
£

(MODZ, ..., MOD, G)

circuit, where p is a prime and on the input level we have arbitrary gates (or sub-circuits) G.

Suppose the number of these gates G is 5. Then [ can also be computed from the same gates
G by a (X,,AND;, G) circuit, with t < P and at most 5P ANDy; gates on the middle level.

Proof: By Lemma 7 all MODﬁk can be replaced by a modulo p polynomial of degree less

than p* thus f is degree < p** polynomial of the output of the G gates. The bound on the
size comes from counting all the possible monomials in such a polynomial. O

Note, that the size of the new circuit is still polynomial in S and the fan-in of the AND
gates is constant if depth ¢ and modulus p* are constants. Note that AND, gates with
t < p* can be considered as special MOD,x gates and thus constant fan-in AND gates can
be eliminated the same way.

3.2 Random Clustering

Definition 10 Let ~ be an equivalence relation on the variables of a function f. By the
factor f/~ of f we mean the function oblained from f by identifying variables according to
~. The variables of f/~ correspond to the equivalence classes of ~. For an inleger m we
call the f/~ an m-factor of f if each equivalence class in ~ consists of m variables.

We say that the Boolean function f is p-simple (p is a positive integer) if it can be
expressed as a modulo p sum of functions none of which depend on all of the variables.

Example. Suppose that f has 6 variables, and x1~zy, x3~z4, x5~z¢. Then f/~ is a 2-factor
of f, has three variables, and is defined as

F/~(y1,92,93) = f(y1, 91, Y2, Y2, Y3, ¥3)-

Notice that any factor of the AND function is again an AND function. The m-factor
of a symmetric function is unique and it is also a symmetric function. Note that for prime
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numbers p a function f is p-simple if and only if it can be expressed as a modulo p polynomial
of degree less than the number of its variables.

The following lemma is about a special type of three level circuits. It is stated in a more
general way but the reader may think of polynomial size (3°,, ANDy, MOD%) circuits with
constant .

Lemma 11 Let p, m, and t be positive integers, 1 > ¢ > 0 and suppose the Boolean function
[ on n variables satisfies [ = Z;-gzl fi (mod p), where each f; is computed in an arbitrary
way from t of the functions f;; and from (1—¢)n of the input variables. Fach of the functions
fij is in turn a modulo m linear combinalion of the inpul variables. Here the functions f;
output modulo p values while f;; output modulo m values. If n is divisible by m and 5 < c"
then there exists a p-simple m-factor of f, where the constant ¢ > 1 depends only on m, t,
and €.

Proof:  The idea is to realize that f;;/~ is a modulo m linear combination of its variables
and the coefficient of a variable — corresponding to an equivalence class in a random ~ — is
equal to zero with a positive constant probability. Thus f;/~ depends on all of its variables
with exponentially small probability. With high probability all the functions f;/~ has an
invisible variable and thus f/~ is p-simple.

(4x13x2x3) (4x, 5x5x6)(2x73x8x9) (xmx11 3x12)
| S | W SR | SEE—
Zy1 4y, 6y3invisible 5y4

Figure 2: Random clustering in the simplest case: { = 1, = 1, every f;1 is a MODg gate.

Let us choose ~ uniformly at random from all the partitions of the variables to classes
of size m. Consider choosing the equivalence classes one by one. For a fixed 1 <2 < 5 and
for the first en/(2m) classes, with probability at least (em~%/4)™, all the m variables in the
class has the same coefficient in all the ¢ combinations f;;,7 =1,2,...,¢ and all of them are
outside the (1 — ¢)n variables “seen” by f;. If this is the case, f;/~ does not depend on
the variable corresponding to this class. Thus with probability at most e (en/(2m))-(em™*/4)™)
does f;/~ depend on each of its variables. We choose Inc = (¢/4)™Timtm+l If § < "
then with positive probability none of the functions f;/~ depend on all of the variables, thus
fl~=2 fi)~ (mod p) is p-simple. O

We remark here that the same proof gives that if S in the lemma is bounded by another
exponential function of n then a random m-factor of f can almost always be expressed as
a modulo p sum of functions each of which do not depend on an m~" fraction of their
variables.
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Notation 12 Let us denote by w(x) the weight of a zero-one veclor z, i.e., the number of
ones in x. For a symmetric Boolean function f on n variables and integer 1 < ¢ < n let us
denote by f(i) the value of f on inputs of weight 1.

Lemma 13 Let p be a prime. If f is a symmetric Boolean function on p* variables with

F(0) # f(p*) then f is not p-simple.

Proof:  Notice that
Y. (- f(2)=0 (mod p)
z€{0,1}"
for p-simple functions f. The left hand side is zero for functions not depending on one of the
input variables, thus it is divisible by p for a modulo p sum of such functions.
For a symmetric function on n = p¥ variables the left hand side of the last equation is

i(—l)f () [G)= F(0) = f(n) (mod p),

since p divides (p:) unless i = 0 or i = p*. Thus f(0) # f(n) implies that f has full p-degree
as claimed. O

Theorem 14 Let p be a prime, m, t, k, and S positive inlegers and 1 > ¢ > 0. Suppose the
symmelric Boolean function [ on n variables is the modulo p sum of S of the funclions f;,
where each of the f; computed in an arbitrary way from t of the functions f;; and from (1—¢)n
of the input variables. FEach of the functions f;; is in turn a modulo m linear combination

of the input variables. Here the functions f; oultput modulo p values while f;; output modulo
m values. Suppose [ is nol equal to any MOD,__» gate. Then § > " for a constant ¢ > 1

depending only on m, t, and ¢.

mp

Proof: Since f is not a MOD,, » gate, there exist numbers 0 < ¢ < ¢ + mpf =j <n
such that f(¢) # f(j). Restrict the function f by assigning 0 to n — j of its variables
and assigning 1 to i of them. The resulting function f’ is a symmetric function of its mp*
variables satisfying f/(0) # f'(mp®). Notice that the restriction does not increase the size of
the circuit computing the function. The unique m-factor of f’ is a symmetric function f” on
p* variables satisfying f”(0) # f"(p*). By Lemma 13 f” is not p-simple. Thus Lemma 11
gives the claimed bound on 5. O

We are ready now to prove Theorem 3.
Proof: (Theorem 3) We apply Lemma 9 to get rid of the MOD,: gates and get a
(>-p> AND¢, MOD,,) circuit for our symmetric function. The size of the circuit blows up
polynomially, i.e., it is bounded by S°, where b and ¢ depend on p, m, k, and £. Then The-
orem 14 bounds 5. Notice that we did not use the feature of Theorem 14 that the middle
gates can directly depend on many input variables.

The statement on the specific functions follows from the observation that every function
mentioned there satisfies that it is not of the form MODip] unless mp’ > n. O

The following lemma nicely complements Theorem 14.

Lemma 15 Consider the Boolean function f(z1,2,...,%,) = MOwak(:cl,.rg, ceyTy). If
m is not a power of the prime p then [ can be computed by a (Zp7AND27 MOD,,,) circuit of

size at most (mn)ka . where p*' is the largest power of p dividing mp".
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Notice that the assumption that m is not a power of p is necessary. Otherwise, if m =
p', arbitrary size constant depth circuits of constant fan-in AND and arbitrary MOD, and
MOD,, gates could only compute Boolean functions expressible as constant degree modulo
p polynomials, and that constant degree does not depend on k. Consequently, it cannot
compute f, which is a degree-(p* — 1) polynomial.
Proof:  Suppose first that all elements of the 1-set A are congruent to a single number «
modulo m. There is a degree p*¥ — 1 polynomial on the input computing MOD?}C, modulo p
(Lemma 7). This polynomial can be implemented by a modulo p sum of AND gates of at

most p* —1 variables. The number of AND gates is bounded by nP" 1. Let ¢ be prime factor

of m different from p and stick a redundant MODél} gate above each AND gate. Apply the
Degree Decreasing Lemma (Lemma 16) to replace each AND gate by a collection of at most

(2(])17k,_2 MOD, gates summing to the same value modulo p. First replace each MOD, gate
by a MOD,,, gate computing the same function then replace each MOD,,, gate G by the AND
of G and the MODi,f} gate on all the inputs. The resulting circuit computes the AND of the
MODi,’f} and the MOD;‘,C, functions, thus it computes the MODf;pk! function as desired.

To remove our assumption on A notice that every set A can be decomposed into m sets
A; satisfying this assumption. The equation MODﬁpk =3 MODﬁ;pk proves the lemma. O

Consider the smallest (3°,, AND;, MOD,,) circuit computing the function MOD and

mpJt
notice that the lower bound on the circuit size for this function in Theorem 14 is ¢?’ while
the upper bound in Lemma 15 is n°?’. The gap is too wide to characterize polynomial size
circuits, but we can characterize quasipolynomial size circuits as in Theorem 4.
Proof:  (Theorem 4) Apply Lemma 9 as in Theorem 3 to eliminate the MOD x gates. Use
Theorem 14 and Lemma 15 to get the two sides of the characterization. O

3.3 The Degree Decreasing Lemma

Lemma 16 exploits a surprising property of (MOD,, MOD,,, )-circuits, which lacks in (MOD,,
MOD,) circuits, since constant-depth circuits with MOD,, gates are capable only to compute
a constant degree polynomial of the inputs, and this constant depends on the depth, and not
on the size. Here we generalize the original version of [Gro98] for non-prime moduli as well.

Lemma 16 (Degree Decreasing Lemma) Let p be a prime, and s, m > 1 be integers, satisfying
ged(s,p) = ged(s,m) = 1. Let 1,29, x5 be variables of values from {0,1,...,p— 1}, 2} €
{0,1}. Then

MOD;‘(xlxg—l-ﬂU:a) =Ho+ Hi+-+Hy 1+ (mod s), (2)

MODi(w'lwz +a3) = Hy+ H{ + " (mod s), (3)

where H; abbreviates

p—1
H; =a) MODZ(iz3 + 25 + j(z1 + (p — 1))
j=0
for v = 0,1,...,p — 1, and where a is the mulliplicative inverse of p modulo s: ap = 1

(mod s), and (3 is a positive integer satisfying f = —|A|(p — 1)a mod s, and
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where H] abbreviates

m—1
H{ =o' MODJ(izz + 23 + j(2} + (m — i)))

i=0

for i = 0,1, and where o' is the multiplicative inverse of m modulo s: a'm =1 (mod s),
and (' is a positive integer satisfying 3’ = —|Ala mod s,

XXy Xy Xy X5 Xy X, X4

X
3 1 X, X3 1

Figure 3: Degree decreasing in (MODg,l\/IODél}) case. On the left the input is a degree-2
polynomial, on the right linear polynomials.

Proof: Letaz; =Fkandlet 0<¢<p—1, k#i. Then

p—1
Hi =« Z MOD;‘(kxg +z3) = apMOD?(k‘xg + x3) = MOD?(mle +z3) (mod s),
7=0
and
p—1
Hi =) MOD/}(izy + x5+ j(k — i) = o] A,
j=0

since for any fixed z3, z3, ¢, k expression kzy + x5+ j(k — 1) takes on every value exactly once
modulo p while 7 = 0,1,...,p— 1; so MOD?(@'Q?Q + 23 + j(k — 1)) equals to 1 exactly |A]
times. Consequently,

Ho+Hi+ - +H,1+5 = MOD;‘(xlxg—l—xg)—l—(p—1)a|A|+ﬁ = MOD?(.Tl.TQ—I-.’Eg) (mod s).
Similarly, let ) = k € {0,1} and let i € {0,1}, k # i. Then

m—1
Hp=d Z MODA (kzg + 23) = a'mMODA (kzy + 23) = MOD?(x'lxg +z3) (mod s),
7=0

and
m—1

HZ’ =ao Z MOD;‘;L(Z.-’EQ + z3 ‘|‘](k - 'L)) = a/|A|7

=0
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since for any fixed zq, 23,1, k, for ¢ # k |i — k| = 1, so expression kzy + x5 + j(k — ) takes on
every value exactly once modulo m while j =0,1,...,m — 1; so MODZ (izg + z3 + j(k — i)
equals to 1 exactly |A| times. Consequently,

Hi+ H| + 5" = MODA (225 + z3) + o/|A| + §' = MOD?(m’lxg +z3) (mod s).

O

3.4 Random Restriction

The Constant Degree Hypothesis of [BST90] states that any (3°,, MOD,,, ANDy) circuit
computing AND has super-polynomial size if p is a prime and m and d are constants. We
make progress toward this goal by proving that AND requires super-polynomial size circuits
of this type if each MOD,, gate has fan-in o(n%/logn). For the stronger version of this
statement see Theorem 6.

Definition 17 We say that a MODﬁL gale is e¢-linear, if there is a subset H of the input-
variables, containing at most the e-fraction of all variables, such that the gate does not relate
two inpul variables oulside H, i.e., the input of the MODﬁL gate is linear in the variables
outside H with coefficients that are arbitrary functions of the variables in H.

We start with a simple application of the Degree Decreasing Lemma (Lemma 16).

Lemma 18 Let p and m be relative prime integers and consider an n variable Boolean func-
tion [ be computed by a (MODE,AND) circuit, where the top MODEL gale is an e-linear
gate. Then f can be computed by a (3°,, MOD,,) circuit with (2m)|H| MOD,, gates.

Proof: =~ We use induction on |H|. In the |H| = 0 base case the AND gates have fan-in
one, thus they can be removed.

As the AND gates implement multiplication of the 0-1 variables we can consider the input
of the MOD,,, gate a polynomial P of the input variables with all of its monomials having at
most a single variable outside H. We may suppose that P is multi-linear. If z; € H for some
1 <4 < n we can write this input in the form P = Qz; + R, where the polynomials ¢) and R
do not depend on z; and all their monomials contain at most a single variable outside H. We
apply Lemma 16 to replace our MOD,, gate with the modulo p sum of 2m MOD,, gates.
The inputs of these MOD,,, gates are linear combinations of z;, ¢), and R. To finish the proof
we apply the inductive hypothesis with H \ {z;} to replace each of these new MOD,, gates
with the modulo p sum of (2m)#I=1 MOD,, gates on the input variables. O

Lemma 19 Let prime p and positive integers k, £, and m be fized. Then there exist constants
¢ > 1 and ¢ > 0 such that if a circuit ((MOng )Y, MODB | AND) computes AND,,, and every
MOD,, gate is an e-linear gale, then the size of the circuit is 5 > ¢".

The condition on H¢ in the lemma is equivalent to saying that the input of gate G is a
linear combination of the input variables outside Hqg with coeflicients arbitrarily depending
on variables in He.

The proof of this lemma is simpler for the case p not dividing m. We need Theorem 14
in its full generality for the the remaining case.
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Proof:  Suppose first that p does not divide m.

We apply Lemma 18 for the MOD,, gates. The resulting circuit computes a modulo p
polynomial of degree less than p** of the at most 5(2m)* MOD,, gates (Lemma 9). The
size is therefore at most (5(2m)=)?"". But Theorem 3 claims an exponential lower bound on
this size, thus for a small enough ¢, size S must be exponential in n.

In the general case where p may divide m we decompose m = p®*mg where p does not divide
mg. We decompose each MOD® gate into the sum of at most m gates MODi,?} gates that
realize that the latter are computed as the AND of the corresponding MOD,,,, and MOD’;
gates. (We used similar decomposotion in the proof of Lemma 15.) We have increased the
size of the circuit by a factor of at most 2m so far. We apply Lemma 18 to the MOD,,, gates.
This increases the size by a factor of at most (2m ). The resulting circuit has MOD,,, and
AND gates at the bottom level and MODya, MOD,x, 3, and AND; gates everywhere else.
As the last two types can be replaced with MOD,, gates we can apply Lemma 9. We get a
three level circuit computing AND,, with a 3~ gate on top, AND; gates in the middle (with
a constant ¢ depending on m, p, k, and £). The bottom gates are MOD,, and AND gates.
Notice that the number Sy of the gates in the middle level is at most 5%, where 97 is the
number of gates on the bottom level, and Sy < (2m)"*t19.

The fanin of these bottom AND gates are bounded by en+1. We choose ¢ < 1/4¢. Merging
the bottom AND gates with the middle AND gates one gets that AND,, is the modulo p sum
of AND functions on at most n/2 inputs and at most ¢ MOD,, gates. Applying Theorem 14
one gets that Sy > ¢” with some ¢ > 1 depending on p, m, k, and £. Thus 5 > ¢/(2m)H=+1)
proving an exponential lower bound on § if ¢ > (2m)®. O

Now we turn to prove Theorem 6. It is a special case of the following result proving an
optimal tradeoff between size and the new measure of the maximal number of related pairs.

Theorem 20 Let p be a prime and m, k, and { posiltive integers. Suppose that a
((MOka)L),MODfWAND) circuitl computes AND,,. If each MOD,, gate in the circuit re-

2
lates at most X > n pairs of inpul variables then the size of the circuit is at least c; /X, with
a constant cg > 1 depending on p, m, k, and (.

Proof: We fix the values ¢ and ¢ claimed in Lemma 19. We take a restriction on the
circuit by leaving a variable unrestricted with probability P = en/(22X ) independently for
each of the variables. We assign 1 to the rest of the variables. Clearly, the restricted circuit
computes the AND of the remaining variables.

With probability of at least 1/2, the number of the remaining variables is at least ng =
Pn/2 = en?/(44X).

The pairs related by a MOD,,, gate in the restricted circuit are simply those pairs related
by this gate in the unrestricted circuit that both remain unrestricted.

The expected number of pairs related by a single gate in the restricted circuit is at most
X P? = eng/11. Unfortunately, the deviation can be large, it is easy to construct n gates
relating n — 1 pairs each, such that any restriction to n’ variables has a gate relating n’ — 1
pairs. Thus it is important, that for Lemma 19 we need not bound the number of related
pairs, only the size of a set covering each.

Lemma 19 proves the Theorem if there is a restriction leaving ng variables unrestricted
and making every MOD,,, gate G admit a set of Hg of size at most eng containing at least
one of every pair related by G in the restricted circuit.
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Let us bound the probability that this is not the case for a fixed MOD,, gate G. Take a
maximal matching on pairs of unrestricted variables that are related by G. Clearly the set
H of the endpoints of these edges satisfies that no pair is related outside H. Thus it suflices
to bound the probability that |H| > eng. This is exactly the event that all the variables
involved in the j = [eng/2] pairs of the matching remain unrestricted. Consequently, the
probability that there exists an H, |H| > eng is at most the number of choices for the matching
multiplied by P2 which is the probability that the variables remain unrestricted. Hence if
S(f) P% < 1/2, where S is the size of our circuit then Lemma 19 proves our Theorem. The

alternative is § > (2(§)P2j)_1 > (erP2)] proving the same bound. O

Next we show that the bound in Theorem 20 is tight.

Theorem 21 Ifm is not a power of the prime p, and X > 0 is arbitrary, then the n variable
AND function is computable by a (3_,, MOD,,, AND) circuit of size (2m)”2/(2X) such that
the total number of pairs of variables related by any MOD,, gate in the circuit is al most X .

Proof:  Compute AND of the variables in two levels with AND gates, first computing the
AND of [r?/(2X)] classes of at most [2X/n] variables each. Then place a MODL gate of
fan-in 1 onto the top. Apply Lemma 18 to replace the top two levels by the modulo p sum
of (2m)”2/(2X) MOD,, gates. The inputs of these new gates are linear combinations of the
outputs of the gates computing AND for a single class.

Note that Lemma 18 works only if m is not a multiple of p. Otherwise use that MOD,,
gates can simulate MOD, gates if ¢ divides m. O

We remark that the proofs of Lemma 19 and Theorem 20 use Theorem 14 for the lower
bound, so they apply to circuits computing OR or MOD, with r not dividing mp®, not just
for AND. The upper bound in Theorem 21 can also be applied to these functions.
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