Electronic Colloquium on Computational Complexity, Comment 1 on Report No. 12 (1999)

Rather late in the day, we’d like to add a couple of comments regarding Theorem 16 in the
report, which says that computing the number of paths in planar width-2 BPs is complete for NC1
under ACC0 (mod 5) reductions.
1. The Theorem in the report claims completeness, but as is clear from the proof, only hardness
is established. In fact, as far as we know, whether paths in planar width 2 branching programs
can be counted in Boolean NC1 is still open.
2. The hardness proof as stated is flawed, but fixable. Here’s the way the proof is stated.
(a) The 2x2 integer matrices with determinant 1 mod 5, with the binary operation of matrix
multiplication in Z5 , form a non-solvable group (commonly denoted SL(2,5)). So, by
Barrington’s result ([Bar89]), the word problem over this group is complete for NC1 .
(b) By [Gur90] (FOCS 99 Thm 3.1), every matrix over non-negative integers with determinant 1 can!be written as a product
of a sequence of triangular matrices each either
!
1 1
1 0
U=
or L =
. So the word problem over SL(2,5) reduces to the word
0 1
1 1
problem over L and U . This product is a width-2 planar BP.
(c) Hence every NC1 language can be reduced to counting paths mod 5 in a width 2 planar
BP.
The flaw is in step (b). The matrices U and L have determinant 1 over the integers. Thus
any product over U and L will have determinant 1 over the integers. It cannot produce a
matrix with determinant, say, 6 or 11. But!such matrices
! are present in SL(2,5). Using U , L,
3 3
0 2
one cannot produce matrices like
or
.
1 3
2 0
So to use Gurevich’s construction, one first needs to show that for every matrix M in SL(2,5),
there is a matrix N with non-negative integers, with determinant 1 over integers, such that
each entry of N is equivalent, modulo 5, to the corresponding entry in M . It turns out that
this statement is indeed true, but it is not needed at all. Even Gurevich’s construction is not
needed. Just replace step (b) in the proof by the following:
(b’) Dickson’s theorem for finite groups (see!for instance [Gor68]) tells us that SL(2,5) is
1 0
and T . But the first matrix is just L2 , so L
exactly the group generated by
2 1
and T generate SL(2,5).
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