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Theorem 1. Assume that A, B are finite families of sets such that every set in
A has at most m elements, every set in B has at most n elements, and every
set in A intersects with every set in B. Then there exists an element ¢ such that
[{Ae€ A|ce A} 1 {B € B|ce€ B}| 1
Z > 5
| Al 2n |B| 2m
Proof. Assume the contrary and let A, B be independent random variables that

are uniformly distributed in A, B respectively. Then the probability of the event
Jde (¢ € ANB) is equal to 1. Hence

> Problce ANB] > 1.

Let Cy consist of those ¢ for which % = Prob[c € A] < 5, and C; of
the remaining ¢’s. Note that by our assumption for any ¢ € Cy, Prob[c € B] =
JiBilBB“ce—B}—l < 5= holds. We have therefore

Z Problce ANB] = Z (Prob[c € A] - Prob[c € B])

ceCy ceCy

1 1 1
_ . < . - . <
E Probjc € A] < 5 Ec Probfc € A] 5 E[JA]] <

<
2m ceCy
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In a similar way we obtain

1
> Problce ANB] <z,
ceCy
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a contradiction. O

This theorem can be used to obtain a new statement of the following type:

if DNFs Fy, F1 are small and the formula Fy A F} is not satisfiable,
then given an assignment, we can either certify that Fp is false on
that assignment or certify that Fy is false on that assignment by
probing only a small number of variables.

In the known result of this kind [1, 2, 3] the number of probed variables is
at most mn, where m,n are maximum fanins of ANDs in Fy, F, respectively.
Theorem 1 yields a sometimes better bound of 2mIn N + 2n1n M, where M, N
are the numbers of ANDs in Fy, F} respectively.

Theorem 2. Assume that Fy is a DNF that is an OR of M ANDs of fanin
at most m, and Fy is a DNF that is an OR of N ANDs of fanin at most n.
Assume that the formula Fo A Fy is not satisfiable. Then given an assignment
a, we can either certify that Fy is false on a or certify that Fy is false on a by
probing at most 2mIn N + 2nln M + 2 variables.

Proof. Let C be an AND from Fy. We interpret C as the set of all its literals,
and let A = {C | C is an AND from Fy}. Let B be obtained in the same way
using F} instead of Fp, but this time we flip all literals, i.e., z € C' € F} gets
replaced by z, and T gets replaced by z. Then the unsatisfiability of Fy A F3
means that each set in A intersects with each set in B. Applying Theorem 1
we find a literal that belongs to many sets from both A, B and we probe its
underlying variable z. Then either we learn that at least % ANDs from Fj are
false on a or we learn that at least % ANDs from F;j are false on a.

Update Fy, F1 by deleting false ANDs. Again Fy A F; is unsatisfiable thus
we can form new A, B and apply Theorem 1. Repeat this until one of Fy, Fy
has no ANDs. If this is Fy then it is false on the given assignment. Otherwise
F is false.

Let us estimate the number of evaluated variables. Let ¢o be the number of
times when at least a fraction 1/2n of ANDs from the current Fy was deleted,
and t; be the number of times when at least a fraction 1/2m of ANDs from F;
was deleted. We have then

1 \to—1 1 \ti—1
M(l——) > 1, N(l——) >1

2n 2m
Therefore
to— 1< — InM < 2nln M.
T Ty =M
Analogously, t; < 2mIn N + 1. O

The bound in Theorem 1 is tight up to a multiplicative factor of 2, as the
following example shows:

A={A;]i=1,2,...,n}, where A; = {{i,j) |j=1,2,...,m},
B={B;|j=1,2,...,m}, where B; = {(i,j) | i=1,2,...,n}.



For any c we have

{AcAlce A} 1

HBeB|ceB} 1
Al n’ |B| oom
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