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Testing Basic Boolean Formulae *

Michal Parnas’ Dana Ron! Alex Samorodnitsky®

Abstract

We consider the problem of determining whether a given function f : {0,1}" — {0,1}
belongs to a certain class of Boolean functions F or whether it is far from the class. More
precisely, given query access to the function f and given a distance parameter €, we would like
to decide whether f € F or whether it differs from every g € F on more than an e-fraction
of the domain elements. The classes of functions we consider are singleton (“dictatorship”)
functions, monomials, and monotone DNF functions with a bounded number of terms. In all
cases we provide algorithms whose query complexity is independent of n (the number of function
variables), and linear in 1/e.

1 Introduction

The newly founded country of Eff is interested in joining the international organization Pea. This
organization has one rule: It does not admit dictatorships. Eff claims it is not a dictatorship but is
unwilling to reveal the procedure by which it combines the votes of its government members into
a final decision. However, it agrees to allow Pea’s special envoy, Tee, to perform a small number of
experiments with its voting method. Namely, Tee may set the votes of the government members
(using Eff’s advanced electronic system) in any possible way, and obtain the final decision given
these votes. Tee’s mission is not to actually identify the dictator among the government members
(if such exists), but only to discover whether such a dictator exists. Most importantly, she must
do so by performing as few experiments as possible. Given this constraint, Tee may decline Eff’s
request to join Pea even if Eff is not exactly a dictatorship but only behaves like one most of the
time.

The above can be formalized as a Property Testing Problem: Let f : {0,1}" — {0,1} be a fixed
but unknown function, and let P be a fixed property of functions. We would like to determine, by
querying f, whether f has the property P, or whether it is e-far from having the property for a
given distance parameter e. By e-far we mean that more than an e—fraction of its values should
be modified so that it obtains the property P. For example, in the above setting we would like to
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test whether a given function f is a “dictatorship function”. That is, whether there exists an index
1 < i < n, such that f(z) = z; for every z € {0,1}".

Previous work on testing properties of functions mainly focused on algebraic properties
(e.g., [BLR93, RS96, Rub99]), or on properties defined by relatively rich families of functions such
as the family of all monotone functions [GGLT00, DGL99]. Here we are interested in studying
the most basic families of Boolean functions: singletons, monomials, and DNF functions.

One possible approach to testing whether a function f has a certain property P, is to try and
actually find a good approximation for f from within the family of functions Fp having the tested
property P. For this task we would use a learning algorithm that performs queries and works
under the uniform distribution. Such an algorithm ensures that if f has the property (that is,
f € Fp), then with high probability the learning algorithm outputs a hypothesis h € Fp such that
Pr[f(z) # h(z)] < €, where € is a given distance (or error) parameter. The testing algorithm would
run the learning algorithm, obtain the hypothesis h € Fp, and check that h and f in fact differ
only on a small fraction of the domain. This last step is performed by taking a sample of size
©(1/¢) from {0,1}" and comparing f and h on the sample. Thus, if f has the property P then it
will be accepted with high probability, and if f is e-far from having P, so that Pr[f(z) # h(z)] > €
for every h € Fp, then it will be rejected with high probability.

Hence, provided that there exists a learning algorithm for the tested family Fp, we obtain a
testing algorithm whose complexity is of the same order of that of the learning algorithm. To be
more precise, the learning algorithm should be a proper learning algorithm. That is, the hypothesis
h it outputs must belong to Fp.!

A natural question that arises is whether we can do better by using a different approach. Recall
that we are not interested in actually finding a good approximation for f in Fp, but we only
want to know whether such an approximation ezists. Therefore, perhaps we can design a different
and more efficient testing algorithm than the one based on learning. In particular, the complexity
measure we would like to improve is the query complexity of the algorithm.

As we show below, for all the properties we study, we describe algorithms whose query com-
plexity is linear in 1/¢, where € is the given distance parameter, and independent of the input size
n.2 As we discuss shortly, the corresponding proper learning algorithms have query complexities
that depend on n, though only polylogarithmically. We believe that our results are of interest both
because they completely remove the dependence on n in the query complexity, and also because
in certain aspects they are inherently different from the corresponding learning algorithms. Hence
they may shed new light on the structure of the properties studied.

1.1 Our Results

We present the following testing algorithms:

e An algorithm that tests whether f is a singleton function. That is, whether there exists an
index 1 <4 < n, such that f(z) = z; for every z € {0,1}", or f(z) = Z; for every z € {0,1}".
This algorithm has query complexity O(1/e).

e An algorithm that tests whether f is a monomial with query complexity O(1/e).

!This is as opposed to non-proper learning algorithms that given query access to f € Fp are allowed to output
a hypothesis h that belongs to a more general hypothesis class 7' D Fp. Non-proper learning algorithms are not
directly applicable for our purposes.

2The running times of the algorithms are all linear in the number of queries performed and in n. This dependence
on n in the running time is clearly unavoidable, since even writing down a query takes time n.



e An algorithm that tests whether f is a monotone DNF having at most £ terms, with query
complexity O(£2/e).

We note that the above results improve on those presented in an extended abstract of this
work [PRS01al.

Techniques Our algorithms for testing singletons and for testing monomials have a similar struc-
ture. In particular, they combine two tests. One test is a “natural” test that arises from an exact
logical characterization of these families of functions. In the case of singletons this test uniformly
selects pairs z,y € {0,1}" and verifies that f(z Ay) = f(z) A f(y), where z Ay denotes the bitwise
‘and’ of the two strings. The corresponding test for monomials performs a slight variant of this
test. The other test in both cases is a seemingly less evident test with an algebraic flavor. In the
case of singletons it is a linearity test [BLR93] and in the case of monomials it is an affinity test.
This test ensures that if f passes it then it has or is close to having a certain structure. This
structure aids us in analyzing the logical test. We note that our current analysis of the affinity test
differs from the one presented in previous versions of this work [PRS01a, PRS01b]. In particular, in
previous versions we used the Discrete Fourier Transform, while here we build on basic probabilistic
arguments.

The testing algorithm for monotone DNF functions uses the test for monomials as a sub-routine.
Recall that a DNF function is a disjunction of monomials (the terms of the function). If f is a
DNF function with a bounded number of monotone terms, then the test will isolate the different
terms of the function and test that each is in fact a monotone monomial. If f is far from being
such a DNF function, then at least one of these tests will fail with high probability.

1.2 Related Work
1.2.1 Property Testing

Property testing was first defined and applied in the context of algebraic properties of func-
tions [RS96], and has since been extended to various domains, perhaps most notably those of
graph properties (e.g. [GGR98, GR97, AFKS99]). (For surveys see [Ron01, Fis01]). The relation
between testing and learning is discussed at length in [GGR98]. In particular, that paper suggests
that testing may be applied as a preliminary stage to learning. Namely, efficient testing algorithms
can be used in order to help in determining what hypothesis class should be used by the learning
algorithm.

Linearity Testing and its Variants As noted above, we use linearity testing [BLR93] in our
test for singletons, and affinity testing, which can be viewed as an extension of linearity testing,
for testing monomials. Other works in which improvements and variants of linearity testing are
analyzed include [BCH'95, AHRS99].

Testing the Long-Code We note that a test which is very similar to our test for singletons
was applied to testing the Long-Code [BGS98]. Specifically, Bellare, Goldreich and Sudan [BGS98]
consider the following task. For an integer ¢, let F; be the set of all Boolean functions over {0, l}e.
Let G be a function from F; to iO, 1}. The goal is to test whether G has the following property:
there exists some fixed a € {0,1}" such that G(f) = f(a) for every f € F,. In such a case G is the
code-word of length 22" corresponding to the plain-text a.



In order to better understand the relation to our problem, we view each string a € {0, 1}Z as an
index between 0 and 2¢ — 1, and each function f € F, as a string of length 2¢ that corresponds to
the truth-table of f. Then the test should accept G if there exists some index a such that for every
[, G(f) = f(a). The test should reject f if for every a, G(f) # f(a) on more than an e-fraction of
the strings (functions) f. In other words, testing the Long-Code is equivalent to testing monotone
singletons over {0,1}" when n = 2¢. Thus we extend the Long-Code/singletons test to any n, while
simplifying the analysis.

Testing k-Juntas Following the publication of the extended abstract of this work [PRSO01al, a
recent work [FKR™02] addresses the problem of testing whether a Boolean function depends on at
most k variables, for a given parameter k. In [FKR102] it is shown that this “k-junta” property
can be tested using a number of queries that is linear in 1/e and polynomial in k. It is also noted
that the k-junta testing algorithm can be applied as a subroutine to testing monomials using a
number of queries that is O(1/e).

1.2.2 Learning Boolean Formulae

Singletons, and more generally monomials, can be easily learned under the uniform distribution.
The learning algorithm uniformly selects a sample of size ©(logn/e) and queries the function f
on all sample strings. It then searches for a monomial that is consistent with f on the sample.
Finding a consistent monomial if such exists can be done in time linear in the sample size and in
n. A simple probabilistic argument, which is a slight variant of Occam’s Razor [BEHWS87] 3, can
be used to show that a sample of size ©(logn/e¢) is sufficient to ensure that with high probability
any monomial that is consistent with the sample is an e-good approximation of f.

There is a large variety of results on learning DNF functions, and in particular monotone
DNF, in several different models. We restrict our attention to the model most relevant to our
work, namely when membership queries are allowed and the underlying distribution is uniform.
The best known algorithm results from combining the works of [BJT99] and [KS99], and builds
on Jackson’s celebrated Harmonic Sieve algorithm [Jac97]. This algorithm has query complexity
0 (r- (lﬂg:—” + ﬁ—;)), where r is the number of variables appearing in the DNF formula, and £ is
the number of terms. However, this algorithm does not output a DNF formula as its hypothesis.
On the other hand, Angluin [Ang88] describes a proper learning algorithm for monotone DNF
formulae that uses membership queries and works under arbitrary distributions. The query com-
plexity of her algorithm is O(ﬁ -n + £/€). Using the same preprocessing technique as suggested
in [BJT99], if the underlying distribution is uniform then the query complexity can be reduced
to O (@ +4- (7‘ + %)) Recall that the query complexity of our testing algorithm has similar
dependence on £ and 1/e but does not depend on n.

1.3 Organization

We start with some necessary preliminaries in Section 2. In Section 3 we present our algorithm
for testing singleton functions. The algorithm for testing monomials is presented in Section 4, and
the algorithm for testing monotone DNF in Section 5. In Section 6 we discuss a possible simpler
alternative to the singleton test.

3Applying the theorem known as Occam’s Razor would give a stronger result in the sense that the underlying
distribution may be arbitrary (that is, not necessarily uniform). This however comes at a price of a linear, as opposed
to logarithmic, dependence of the sample/query complexity on n.



2 Preliminaries

We shall use the following definitions.

Definition 1 Let z,y € {0,1}", and let [n] % {1,...,n}.

We denote by |z| the number of ones in the vector x.

We write y = x if in each coordinate y; > x;.

Let 2= % {z €{0,1}": z < z}. Hence, |2%| = 27,

Let x Ny denote the string z € {0,1}" such that for every i € [n], z; = z; A y;.

o Let z @y denote the string z € {0,1}" such that for everyi € [n], z; = z; D y;.

Definition 2 (Singletons, Monomials, and DNF functions) 4 function f:{0,1}" — {0,1}
is a singleton function, if there exists an i € [n] such that f(x) = z; for every x € {0,1}", or
f(z) = z; for every x € {0,1}".

We say that f is a monotone k-monomial for 1 < k < n if there exist k indices i1,...,ig € [n],
such that f(z) = xy, A--- N, for every € {0,1}". If we allow some of the zi; s above to be
replaced with T;;, then f is a k-monomial. The function f is a monomial if it is a k-monomial for
some 1 <k <n.

A function f is an £-term DNF function if it is a disjunction of £ monomials. If all monomials
are monotone, then it is a monotone DNF function.

When the identity of the function f is clear from the context, we may use the following notation.

Definition 3 Define Fj et {z|f(z) =0} and F, e {z|f(z) = 1}.

Definition 4 (Distance between functions) The distance according to the uniform distribution
between two functions f,g : {0,1}" — {0,1} is denoted by dist(f,g), and is defined as follows:

. def
dist(f,9) = Pryeqo1yn[f (@) # g(@)]-
The distance between a function f and a family of functions F is dist(f, F) def minge 7 dist(f, g).

If dist(f, F) > € for some 0 < € < 1, then we say that f is e-far from F. Otherwise, f is e-close to
F.

Definition 5 (Testing Algorithms) A testing algorithm for a family of boolean functions F over
{0,1}" is given a distance parameter €, 0 < € < 1, and is provided with query access to an arbitrary
function f:{0,1}" — {0,1}.

If f € F then the algorithm must output accept with probability at least 2/3, and if f is e-far
from F then it must output reject with probability at least 2/3.



3 Testing Singletons

We start by presenting an algorithm for testing singletons. The testing algorithm for k-monomials
will generalize this algorithm. More precisely, we present an algorithm for testing whether a function
f is a monotone singleton. In order to test whether f is a singleton we can check whether either
f or f pass the monotone singleton test. For the sake of succinctness, in what follows we refer to
monotone singletons simply as singletons.

The following characterization of monotone k-monomials motivates our tests. We later show that
the requirement of monotonicity can be removed.

Claim 1 Let f : {0,1}" — {0,1}. Then f is a monotone k-monomial if and only if the following
two conditions hold:

1. Pr[f =1] =1/2*;
2. Va:,y, f(:v/\y) = f(.’E) /\f(y);

Proof: If f is a k-monomial then clearly the conditions hold. We turn to prove the other direction.
We first observe that the two conditions imply that f(z) = 0 for all |x| < k, where |z| denotes
the number of ones in z. In order to verify this, assume in contradiction that there exists some z
such that |z| < k but f(z) = 1. But now consider any y such that y; = 1 whenever z; = 1. Then
z Ay = z, and therefore f(z A y) = 1. But by the second item, since f(z) = 1, it must also hold
that f(y) = 1. However, since |z| < k, the number of such points y is strictly greater than 2"*,
contradicting the first item.

Next let y = A cp, - Using the second item in the claim we get:

f)=f(N\ =)= A\ flz) =1

zeF zeF

However, we have just shown that f(z) = 0 for all |z| < k, and thus |y| > k. Hence, there exist &k
indices 41, ..., i such that y;; =1 for all 1 < j <k. But y;; = Ayep, =i;- Hence, ;) = ... =z =1
for every « € Fy. The first item now implies that f(z) = z;; A ... Az;, for every z € {0,1}". W

Definition 6 We say that z,y € {0,1}" are a violating pair with respect to a function f : {0,1}" —
{0,1}, if f(x) A fy) # flz Ay).

Given the above definition, Claim 1 states that a basic property of monotone singletons, and
more generally of monotone k-monomials, is that there are no violating pairs with respect to f. A
natural candidate for a testing algorithm for singletons would take a sample of uniformly selected
pairs z,y, and for each pair verify that it is not violating with respect to f. In addition, the test
would check that Pr[f = 0] is roughly 1/2 (or else any monotone k-monomial would pass the test).

As we discuss in Section 6, we were unable to give a complete proof for the correctness of
this test. Somewhat counter-intuitively, the difficulty with the analysis lies in the case when the
function f is very far from being a singleton. More precisely, the analysis is quite simple when the
distance ¢ between f and the closest singleton is bounded away from 1/2. However, the argument
does not directly apply to ¢ arbitrarily close to 1/2. We believe it would be interesting to prove
that this simple test is in fact correct (or to come up with an example of a function f that is almost
1/2-far from any singleton, but passes the test).



In the algorithm described below we circumvent the above difficulty by “forcing more structure”
on f. Specifically, we first perform another test that only accepts functions that have, or more
precisely, that are close to having a certain structure. In particular, every singleton will pass the
test. We then perform a slight variant of our original test. Provided that f passes the first test,
it will be easy to show that f passes the second test with high probability only if it is close to a
singleton function. Details follow.

The algorithm begins by testing whether the function f belongs to a larger family of functions
that contains singletons as a sub-family. This is the family of parity functions.

Definition 7 A function f:{0,1}" — {0,1} is a parity function (a linear function over GF(2)) if
there exists a subset S C [n] such that f(z) = ®icsz; for every z € {0,1}".

The test for parity functions is a special case of the linearity test over general fields due to
Blum, Luby and Rubinfeld [BLR93]. If the tested function f is a parity function, then the test
always accepts, and if f is e-far from any parity function then the test rejects with probability
at least 9/10. The query complexity of this test is O(1/e). Specifically, the test uniformly picks
O(1/€) pairs z,y € {0,1}" and checks that f(z) ® f(y) = f(z D y).

Assuming this test passes, we still need to verify that f is actually close to a singleton function
and not to some other parity function. If the parity test only accepted proper parity functions,
then the following claim would suffice. It shows that if f is a non-singleton parity function, then a
constant size sample of pairs z,y would, with high probability, contain a violating pair with respect

to f.

Claim 2 Let g = ®jesz; for S C [n]. If |S| is even then

1 1
Prlg(z Ay) = g() Ag(y)] = 5 + g5

and if |S| is odd then . .
Prlg(z Ay) = g(@) Ag()] = 5 + 557

Proof: Let s = |S|, and let z,y be two strings such that (i) z has 0 < ¢ < s ones in S, that is,
{¢ € S: xzy=1} =1; (ii) z Ay has 0 < k < i ones in S; and (iii) y has a total of j + k ones in S,
where 0 < 5 < s — 1.

If g(x Ay) = g(z) A g(y), then either (1) 7 is even and k is even, or (2) ¢ is odd and j is
even. Let Z; C {0,1}" x {0,1}" be the subset of pairs z,y that obey the first constraint, and let
Zy C {0,1}" x {0,1}" be the subset of pairs z,y that obey the second constraint. Since the two
subsets are disjoint,

Prlg(z Ay) = g(2) Ag(y)] =2 " - (1Z1| + | Z2) (1)
It remains to compute the sizes of the two sets. Since the coordinates of z and y outside S do not
determine whether the pair z,y belongs to one of these sets, we have

|Zy| = 2n ¢ . on . ( ZS: <S> XZ: (;) si (s R Z)) (2)
i=0,i even \'/) k=0 even j=o \ J

e (£ OE0.5.60) o
i=0,i odd \*/ k=0 j=0,j even \ 7

and



The first expression equals
92n—2s (225—2 + 25—1) — 92n-2 + 92n—s—1 _ 92n (2—2 + 2—(5—}—1)).

The second sum equals 22* - (272 + 21 if 5 is odd and 22" 2 if 5 is even. The claim follows by
combining Equations (2) and (3) with Equation (1). H

Hence, if f is a parity function that is not a singleton, that is |S| > 2, then the probability that
a uniformly selected pair z,y is violating with respect to f is at least 1/8. In this case, a sample of
16 such pairs will contain a violating pair with probability at least 1 — (1 —1/8)16 >1—e=2 > 2/3.

However, what if f passes the parity test but is only close to being a parity function? Let g
denote the parity function that is closest to f and let ¢ be the distance between them. (Note that
g is unique, given that f is sufficiently close to a parity function). What we would like to do is
check whether ¢ is a singleton, by selecting a sample of pairs z,y and checking whether it contains
a violating pair with respect to g. Observe that, since the distance between functions is measured
with respect to the uniform distribution, then for a uniformly selected pair z,y, with probability
at least (1 — 6)2, both f(z) = g(z) and f(y) = g(y). However, we cannot make a similar claim
about f(z Ay) and g(z A y), since z A y is not uniformly distributed. Thus it is not clear that we
can replace the violation test for g with a violation test for f. In addition we would like to verify
that ¢ is not the all-0 function

The solution is to use a self-corrector for linear (parity) functions [BLR93]. Given query access
to a function f : {0,1}" — {0,1}, which is strictly closer than 1/4 to some parity function g, and
an input z € {0,1}", the procedure Self-Correct(f,z) returns the value of g(z), with probability at
least 9/10. The query complexity of the procedure is constant.

The above discussion suggests the following testing algorithm.

Algorithm 1 Test for Singleton Functions

1. Apply the parity test to f with distance parameter min(1/5,¢€). If the parity test rejects then
reject.

2. If Self-Correct(f,1) = 0 then reject (where 1 is the all-1 vector).
3. Uniformly and independently select m = 64 pairs of points x,y.

e For each such pair, let by = Self-Correct(f,z), by = Self-Correct(f,y) and bgpry =
Self-Correct(f,z N vy).

o Check that bypny = by A by.

4. If one of the checks fails then reject. Otherwise, accept.

Theorem 1 Algorithm 1 is a testing algorithm for monotone singletons. Furthermore, it has a
one sided error. That is, if f is a monotone singleton, the algorithm always accepts. The query
complezity of the algorithm is O(1/¢).

Proof: Since the testing algorithm for parity functions has a one-sided error, if f is a singleton
function then it always passes the test. In this case the self corrector always returns the value of
f on every given input point. In particular, Self-Correct(f,1) = f(1) = 1, since every monotone



singleton has value 1 on the all-1 vector. Similarly, no violating pair can be found in Step 3. Hence,
the test always accepts a singleton.

Assume, without loss of generality, that ¢ < 1/5. Consider the case in which f is e-far from
any singleton. If it is also e-far from any parity function, then it will be rejected with probability
at least 9/10 in the first step of the algorithm. Otherwise, there exists a unique parity function g
such that f is e-close to g. If g is the all-0 function, then f is rejected with probability at least
9/10. Otherwise, g is a parity function of at least 2 variables. By Claim 2, the probability that a
uniformly selected pair z,y is a violating pair with respect to g is at least 1/8. Given such a pair,
the probability that the self-corrector returns the value of g on all the three calls (that is, b, = g(z),
by = g(y), and byay = g(z A y)), is at least (1 — 1/10)® > 7/10. The probability that Algorithm 1
obtains a violating pair with respect to g and all calls to the self-corrector return the correct value,
is greater than 1/16. Therefore, a sample of 64 pairs will ensure that a violation byny # by A by
will be found with probability at least 9/10. The total probability that f is accepted, despite being
e-far from any singleton, is hence at most 3 - (1/10) < 1/3.

The query complexity of the algorithm is dominated by the query complexity of the parity
tester which is O(1/€). The second stage takes a constant time. W

4 Testing Monomials

In this section we describe an algorithm for testing monotone k-monomials, where k is provided
to the algorithm. We discuss later how to extend this to testing monomials when k is not speci-
fied. As for the monotonicity requirement, the following observation and corollary show that this
requirement can be easily removed, if desired.

Observation 3 Let f: {0,1}" — {0,1} and let z € {0,1}". Consider the function f,: {0,1}" —
{0,1} that is defined by f,(z) = f(xz ® z). Then the following are immediate:

1. The function f is a k-monomial if and only if f, is a k-monomial.

2. Let y € Fi. If f is a (not necessarily monotone) k-monomial, then fy is a monotone k-
monomial.

Corollary 4 If f is e-far from every (not necessarily monotone) k-monomial, then for every y €
Fy, fz is e-far from every monotone k-monomial.

We next observe that we can also assume without loss of generality that ¢ < 27%%2 or else the
testing problem is trivial.

Observation 5 Suppose that € > 27512, Then:

1. If Pr[f = 1] < §, then f is e-close to every k-monomial and in particular to every monotone
k-monomial.

2. If Pr[f = 1] > £, then f is not a k-monomial.
Proof: If Pr[f = 1] < § then for every k-monomial g,

dist(f,9) = Prl[f =1Ag = 0]+ Prlf =0Ag =1 < Pr[f = 1]+ Prlg =] < s +27F <.
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Since € > 27%2_if Pr[f = 1] > £ then Pr[f = 1] > 27%, while by the definition of a k-monomial,
Piff=1=2"*% N

By Observation 5, if the algorithm receives parameters ¢ and k such that ¢ > 27%%2 then
it simply needs to obtain an estimate a for p = Pr[f = 1] such that the following holds with
probability of at least 2/3: if p > €/2 then a > 3¢/8, and if p < €/4 then a < 3¢/8. By a
multiplicative Chernoff bound, such an estimate can be obtained using a sample of size O(1/e).
The algorithm accepts if @ < 3¢/8 and rejects otherwise.

Hence, from this point on we can assume that e < 27512,

We now present the algorithm for testing monotone k-monomials. The first two steps of the
algorithm are an attempt to generalize the parity test in Algorithm 1. Specifically, we test whether
F is an affine subspace.

Definition 8 (Affine Subspaces) A subset H C {0,1}" is an affine subspace of {0,1}" if and
only if there exist an x € {0,1}" and a linear subspace V' of {0,1}", such that H =V @ x. That is,

H={y|ly=v®uz, for somev € V}.

The following is a well known alternative characterization of affine subspaces, which is a basis for
our test.

Fact 6 H is an affine subspace if and only if for every y1,y2,y3 € H we have y1 ® yo G ys € H.

Note that the above fact implies that for every y1,y2 € H and y3 ¢ H we have y1 @ yo Dys ¢ H.

Algorithm 2 Test for monotone k-monomials

1. Size Test: Uniformly and independently select a sample of ©(2%) strings in {0,1}". For each
x in the sample, obtain f(x). Let a be the fraction of sample strings x such that f(z) = 1. If
loo — 27F| > 2-(k+5) then reject, otherwise continue.

2. Affinity Test:
(a) Set § =1/36.
(b) Uniformly and independently select m = 23/(e - §) points ay,...,an, € {0,1}".

(¢) Uniformly and independently select m' = 4/6 pairs of points (1,y1)s-- - (Tm/sYmr) €
Fl X Fl.

d) If for some 1 < i <m,1<j<m, the equality f(a;®z;®dy;) = f(a;) does not hold,
DY
then reject.

As we show in our analysis, passing this step with sufficiently high probability ensures that f is close
to some function g for which g(z) ® g(y) ® 9(2) = g(z ® y @ 2) for all z,y,2z € G = {z|g(z) = 1}.
That is, G is an affine subspace.

3. Closure-Under-Intersection Test:

(a) Uniformly and independently select 32 points x € F}.

“Here and in most of what follows we use y; (similarly, ;) to denote strings in {0,1}", and not single bits. We
find this notation easier to read than the alternative notation y*. We use the latter only when necessary, that is when
we need to refer to particular coordinates y; of the string.
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(b) Uniformly and independently select 2¥+3 points y € {0,1}".

(¢) If for some pair z,y selected, Self-Correct(f,xAy) # Self-Correct(f,y), then reject. Here
Self-Correct is a procedure that given any input z and oracle access to f, asks a constant
number of queries and returns with high constant probability, the value g(z), where g is
as described in Step 2.

4. If no step caused rejection, then accept.

In both the affinity test and the closure-under-intersection test, we need to select strings in Fy
uniformly. This is simply done by sampling from {0,1}" and using only z’s for which f(z) = 1.
Since in both tests the number of strings selected from Fj is a constant, the total number of queries
required is O(2¥) = O(1/¢) (recall that we can assume that e < 27%+2).

We now embark on proving the correctness of the algorithm.

Theorem 2 Algorithm 2 is a testing algorithm for monotone k-monomials. The query complezity
of the algorithm is O(1/e).

The proof of Theorem 2 is based on the following two lemmas whose proofs are provided in
Subsections 4.1 and 4.2 respectively.

Lemma 7 Let f be a function for which |Pr[f = 1] — 27%| < 27%=3, If the probability that the
affinity test accepts f is greater than 1/10, then there ezists a function g : {0,1}" — {0,1} for
which the following holds:

1. dist(f,g) < ¢€/2°.

2. G4 {a: g(a) =1} is an affine subspace of dimension n — k.

3. There ezists a procedure Self-Correct that given any input a € {0,1}" and oracle access to f,
asks a constant number of queries and returns the value g(a) with probability at least 1—1/40.

Furthermore, if Fy is an affine subspace then the affinity tests always accepts, g = f, and Self-
Correct(f,a) = f(a) with probability 1 for every a € {0,1}".

Lemma 8 Let f : {0,1}" — {0,1} be a function for which |Pr[f = 1] — 27%| < 27%=3. Suppose
that there exists a function g : {0,1}" — {0,1} such that:
1. dist(f,g) < 27k73,

2. G4 ¢ {z : g(z) = 1} is an affine subspace of dimension n — k.

3. There exists a procedure Self-Correct that given any input a € {0,1}" and oracle access to f
returns the value g(a) with probability at least 1 — 1/40.

If g is not a monotone k-monomial, then the probability that the Closure-Under-Intersection Test
rejects is at least 9/10.
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Proof of Theorem 2: If f is a monotone k-monomial, then Pr[f = 1] = 27*. By a multiplicative
Chernoff bound, for the appropriate constant in the O(-) notation, the probability that it is rejected
in the first step of Algorithm 2 is less than a 1/3. By the definition of k-monomials, f always passes
the affinity test and the closure-under-intersection test.

Suppose that f is e-far from any monotone k-monomial. We show that it is rejected with
probability greater than 2/3.

1. If |[Pr[f = 1] — 27%| > 2753 then by a multiplicative Chernoff bound, f is rejected in the
first step of the algorithm with probability at least 9/10.

2. Otherwise, |Pr[f = 1] — 27%| < 27573, If f is (¢/25)-far from every function g such that
G1 ={z: g(z) = 1} is an affine subspace of dimension n — k, then by Lemma 7 it is rejected
in the second step of the algorithm (the affinity test) with probability at least 9/10.

3. Otherwise, both |Pr[f = 1] — 27%| < 27573 and f is (¢/2%)-close to a function g as described
in the previous item. Since f is assumed to be e-far from any monotone k-monomial, the
function g cannot be a monotone k-monomial. Since e < 272 then ¢/2° < 27%~3 and
therefore f is 2% 3_close to g. Hence, by Lemma 8, f will be rejected with probability at
least 9/10 in the third step of the algorithm (the closure-under-intersection test).

Summing up, we get that the probability that f is accepted by the algorithm is less than a 1/3, as
required. W

4.1 Analysis of the Affinity Test

In this subsection we prove Lemma 7. To this end we define the function g as follows:

g(a) ey if Pryyer [f(a®z®y) =1] > 1/2  and g(a) 4 ) otherwise. (4)

We shall prove two lemmas from which Lemma 7 follows.

Lemma 9 If the probability that the affinity test accepts f is greater than 1/10 then dist(f,g) <
€/25.

Lemma 10 If the probability that the affinity test accepts f is greater than 1/10, then for every
a,b,c € Gy we have (a®bdc) € Gy.

Proof of Lemma 9: By definition,
dist(f,g) =27" - (|[F1 \ G1| +[G1 \ Fi1).
We observe that for any particular a € F; \ Gy

Pryyerm [f (a@z@y) # f(a)] = Proyer [f (a®zdy) = 0] > 1/2
where the equality follows from a € Fi, and the inequality from a ¢ G;. Similarly, for any particular
a € G1 \Fl,

Pryyerm [f(a®z@y) # f(a)] = Prayer [f (a®z®y) = 1] > 1/2.

Assume, contrary to the claim, that dist(f,g) > €/25. Then with probability at least 1 — (1 —
6/25)25/("‘5) > 1 —e /9 one of the a;’s selected in Step 2b of Algorithm 2 is in the symmetric
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difference (F; \ G1) U (G1 \ F1). For that a;, with probability at least 1 — (1 — 1/2)4/5 >1-—
e~2/° Algorithm 2 selects, in Step 2c, a pair (z;,v;) such that f(a;) # f(a;®z;®y;). Hence, the
probability that f is rejected in this case is greater than (1 —e™1/%)(1 —e~2/%) > 9/10, for § < 1/5.
But this contradicts the premise of the lemma by which f is accepted with probability greater than
1/10. W

In order to prove Lemma 10 we introduce some notation and prove a few claims.
For any a € {0,1}" let

WP(a) Y {(z,y) € i x i : f(a@z®y) # f(a)} (5)

be the set of witness pairs (x,y) that together with a constitute evidence against the affinity of Fj.
Let

H={a€c{0,1}": |[WP(a)| > 6 |Fi|*} (6)
be the set of heavy points a € {0,1}" for which there are relatively many pairs (z,y) € Fy x F}
that together with a constitute evidence against the affinity of F7.

The claim below follows from the definition of H and the test, similarly to Lemma 9, where we
take into account that e < 27%*2 (see Observation 5 and the discussion following it).

Claim 11 If the probability that the affinity test accepts f is greater than 1/10, then |H| < § -
2n—k:—1_

In all that follows we assume that the affinity test accepts f with probability greater than 1/10.
Since we assume that |Fy| > 2"~%~1 it directly follows from Claim 11 that |[H| < § - |Fy|.

By the definition of g we know that for every a € {0,1}", Pryyer [g(a) = f(a®zdy)] > 1/2.
In the claim below we show that this agreement probability is actually higher.

Claim 12 For every a € {0,1}", Pryyer [g(a) = f(a®zdy)] > 1 — 44.

Proof: We fix a and let o Pryycr g(a) = f(z@y®a)]. By the definition of g(-), v > 3.
We are interested in strengthening this bound. Consider the following equality and inequality for
Pray w0 er [f(a®z10y1) = f(aBz2@y2)]:

Przl,wz,yl,y26F1 [f(a®x1®y1) = f(aEBfEQ@yQ)]
= Pryy w1 e [(f(a®z10y1) = g(a)) A (f(a®z2@y2) = g(a))]
+  Pray sy poer [f(a®z10y1) # g(a)) A (f(a®22Dy2) # 9(a))]
= Y+ (1—7y)? (7

and,

Pre, 291 90eF [f(a®Z10y1) = f(aDz2Dy2)]
> Pry gy ek | fa®z1®y1) = f(aDr1DT2DY1DY2))
A (f(a®z20y2) = f(aDT1DT2DY1DY2)) ]
= 1= Pryy gy, 0erm [ (f(a®z10y1) # f(aDT1DT2DY1DY2))
V (f(a®z2@y2) # f(a®z1D120y10Y2)) |
> 1 —2-Pryy gy mer | f(a®T10y1) # f(a®r10220Y10y2) )- (8)
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Subclaim 12.1 Pry, 2, 41 o | (f(a®z1®y1) # f(aDr1@22@y1DYy2)) | < 26.

Proof: We bound Pry, 4, 41p.cr | (f(a®z1®y1) # f(a®z1®22@Yy1Dy2)) | by the sum of two terms:

Pryy zouryec | f(a®r1By1) £ f((aDz1BY1)DTa®yo)

]
< Prll,yleFl[(aeaxl@yl) € H] El’leaf)lc {Pr$2,y2€F1 [f(a,) 7é f(GIEB-Iz@yz)]}

+ Proyer[(a®z:10y1) ¢ H] o {Praymer [f(a') # f(a'@z20y2)]} - (9)
By the definition of H and since Pry,  cr, [(a®z1®y1) ¢ H] < 1, the second term in the above sum
is bounded by §. It remains to bound the first term by ¢ as well. We shall use the trivial bound of
1 for maxg e {Pray yoerm [f(a') # f(a'@®z2@®y2)]}, and show that Pry, 4 er [(a®z1®y1) € H] < 6.

For each choice of z1 € Fj, consider the set B(a,z1) def {y1 € F1 : a®z1®y; € H}. Since for
each pair y1,y] € Fy such that y; # y} we have a®z1®y; # adz1®y], then there is a one-to-one
mapping from B(a,z1) into H. Therefore, |B(a,z1)| < |H| for every z; € F;. It follows that

1

Proyeml(@dnion) € H) = 75 3 |Blao)
1 T1€EF
|| 3 |Fy]
< < =4 10
TR 10

where we have used Claim 11 in the last inequality. O

Subclaim 12.2 Let % < v <1 and suppose that v> + (1 — )2 > 1 — 3, for some 0 < B < 1. Then
y>1-p.
Proof: If 42+ (1 —+)%2 > 1 - f3, then 2y(1 — ) < . Since v > 1/2, this implies that 1 —y < 3, or
equivalently that vy >1—- 4. O

By combining Equations (7) and (8) with Subclaim 12.1, we obtain that 7%+ (1 —~)? > 1 — 44.
Claim 12 follows by applying Subclaim 12.2. W

Recall that in order to prove Lemma 10 we need to show that for every a, b, c € G1, g(a®bdc) =
1. That is, by the definition of g, we need to show that Pry ycr, [f((a®bDc)®zdy) = 1] > 1/2 for
every a,b,c € G1. To this end we first prove the following related claim.

Claim 13 For every a,b,c € Gy
Pre, y1 m0.90,23.0s6 0 Lf ((a@21@y1) @ (0D22Dy2) B (cDr3Dys)) = 1] > 1 — 144.
Proof: We first observe that by the definition of W P(-) (see Equation (5)) we have:

Pl g1 oo wsysc B L (097101 S (0 220ys) ©(cOz3By3)) = 1]
> Py g z0.0sms9sck [(a®T1®y1) € Fi \ H and
((bDz2®Y2), (cBz3DY3)) € (Fy X F1) \ WP(a®z1Dy1)]
> Pry, yerm [(a®z1®y1) € Fy \ H]

X 0 Pre, o e (002200), (c02309) € (1 x F)\WPW)L (1)
1
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By Claim 12 and since a € G, we know that Pry, 4 e [(a®@z1®y1) € F1] > 1-44. By Equation (10)
we know that Pry, 4, er [(a®z1®y:1) € H] < 6. Hence,

Przl,ylepl[(a@xl@yl) e I \H] >1—56. (12)

It remains to bound the second term in the product above in Equation (11). By Claim 12,
and since b,c € G1, we know that Prg, ,cr [(0®z2@y2) € Fi] > 1 — 4§ and similarly that
Pry, ysem [(c®z3Dys € Fi] > 1 —46. Hence

(1 — 46)*
1—84. (13)

Pry, yo,zsyseF [((0OT2@y2), (cDz3®y3)) € (F1 x F1)] >
>

Let us fix some a' € F; \ H. By the definition of H we know that [WP(a')| < 6 - |F1|?. For any
fixed zo,z3 € F let

déf{

B(d',b,c, z2,13) (y2,y3) € F1 X Fy : ((bDT2DYys), (cDr3Dys)) € WP(d')}-

Observe that for every two different pairs (y2,ys), (v5,y5) € F1 x Fy (i.e., such that either y, # v
or y3 # ys), the pair ((b®z2®y2), (cPx3Dys)) differs from ((bDz2Dyh), (cDz3dys)). That is, there
is a one-to-one mapping from B(a’, b, ¢, z2,x3) into W P(a'). It follows that for every zs,z3 € F1,

|B(d',b,¢, 22, 23)| < [WP(d)| < 8- |F?

and so
1
Pro, ys,25,9scr [(0022®y2), (cDx3Dy3)) € WP(a')] = |y |4 > |IB(d,b,c, 32, 33)|
1 T2,x3€F
§-|Ff?
1) 14
— |F1|2 ( )

The claim follows by combining Equations (11)-(14). W

We are now ready to prove Lemma 10.

Proof of Lemma 10: Consider any fixed choice of a,b,c € G1. If a = b then (a®bdc) = ¢, so
that (a®b®c) € Gy and the claim holds by definition. Similarly for the case a = ¢ or b = ¢. Hence
we may assume from now on the all three points a, b, ¢ are different.

Assume contrary to the claim that there exist a,b,c¢ € Gy such that g(a®bdc) # 1. By the
definition of ¢ this means that Pry ycr [f((a®b®c)®rdy) = 1] < 1/2. In other words, if we let

O(a,b,¢) © {(z,y) € Fy x Fy : f((a®boc)@rdy) = 1}

then |O(a,b,c)| < |Fi|?/2. We shall show that this contradicts Claim 13.
For every fixed choice of x1,x2,y1,y2 € F1, let

O(z1,22,y1,Y2) o {(z3,y3) € Fi x F1 : ((1®z2Dx3), (11Dy20y3)) € O(a,b,c)}.

(In order to be consistent with previous notation, we should have let O(x1, z2,y1,y2) be denoted by
O(a,b,c,x1,x2,y1,y2), but have chosen the above notation in consideration to the reader.) Then
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similarly to what we have argued before for similar subsets, |O(z1, z2,y1,y2)| < |O(a, b, c)|. Hence,

Pr$1,$2,$3,y1,y2,y3€F1[((371@552@-733)7 (y1®y2®y3)) € O(a'a b, C)]

1
= > |0(x1, 72, Y1,2)|

T1,%2,Y1,Y2€F1
|0(a, b, c)|

FE < 1/2. (15)

Recalling that O(a,b,c) C Fy x Fy, this implies that

Pryy 555,190,561 f ((aDT10Y1) B (0DT2DY2)B(cOT3DY3)) = 1]
< Pr$17$2;$35y11y2yy36F1[(($1®x2®$3)’ (yl@y2@y3)) € O(a,b, C)]
+ Pr$1,$2,$3,y1,y27y36F1[(($1®$2®$3)7 (1©y20y3)) ¢ F1 x F1]. (16)

By Equation (15), the first term in the sum above is less than 1/2. We turn to bound the second
term.

Pra,y 20,0591 y0,mse 1 [((T10T2023), (y1@y20y3)) & F1 X F1]
2 Pry, gy gecr [(21Pz2®x3) ¢ Fi]
2-Prgem[r1 € H]
+ 2-Pryeplr1 ¢ H] - ngg Pry, zsem (21 BT2DT3) ¢ Fi

Ty

2-(0+90) (17)

IA N

IA

where in the last inequality we have applied Claim 11 and the definition of H. Thus we get that

Pryy 2o,23.91,02 361 Lf ((a©T10Y1) @ (bO120y2) D (cODz3Dys3)) = 1] < (1/2) + 46 .

But for § < 1/36 we get a contradiction to Claim 13. W

Proof of Lemma 7: Suppose that the affinity test accepts with probability greater than 1/10,
and let g be as defined in Equation (4). By Lemma 9 we have that dist(f,g) < €/2° as required. By
applying Lemma 10 we get that GG; is an affine subspace. Furthermore, its dimension must be n—k
given the premise of the lemma concerning the size of F;. The last item in the lemma follows from
the definition of g: Given any input a, the procedure Self-Correct simply selects a sufficiently large
(but constant) number of pairs z,y € Fi, and returns the majority value obtained for f(a®z®y).
By Claim 12 it returns the correct value g(a) with high probability.

If Fy is an affine subspace then by Fact 6 the test always accepts f, and by definition of g in
Equation (4), g = f. Finally, the procedure Self-Correct as defined above always returns f(a) for
every a € {0,1}". W
4.2 Analysis of the Closure-Under-Intersection Test

In this Subsection we prove Lemma, 8.
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4.2.1 Properties of Affine Subspaces

We first recall several simple properties of affine subspaces.

Claim 14 Let H be an affine subspace such that H =V & z, where z € {0,1}" and V C {0,1}"
1s a linear subspace. Then,

1. z € H.

2. For every z € H we have that H =V @ z. By the definition of the @ operator, we thus also
have that V = H & z, for every z € H.

3. |H| = |V| = 24mV.

Claim 15 Let H, H' be two affine subspaces of {0,1}", such that H ¢ H'. Then:

HNH| 1
=l
H|  ~2

Proof: The claim follows from the corresponding property of linear subspaces, namely V ¢ V'
implies that [V NV'|/|[V|<1/2. A

The following corollary is immediate:

Corollary 16 Let H, H' be two affine subspaces of {0,1}" such that H' C H. Then either H' = H,
or |H'| < |H|/2.

Claim 17 Let H, H' be two affine subspaces of {0,1}" such that H' C H and let y € H'. Denote
by V' the linear subspace such that H = V' @y, and by V the linear subspace such that H =V &y.
Then:

1. V' CV.

2. For any x € V we have (H' @ z) C H, and for any x ¢ V we have (H' & ) N H = {).

Proof: By definition, V! = H' @y C H @ y = V. This proves the first part of the lemma.

Now let z € V. Since V and V' are linear subspaces and V' C V., then (V' @ z) C V.
Thus, H oz = (V' oy ez = V' ®&z)dy CV &y = H. On the other hand, let z ¢ V.
Observe that (V'@ z)NV = (. Since H @z = (V' ®dy)®dz = (V' @ z) &y, we get that
(Hez)NH=(V'®z)dyn (Va&y) =0. This concludes the proof of the claim. N

4.2.2 Auxiliary Claims

In order to prove Lemma 8 we will need several auxiliary claims. The first claim relates affine
spaces that correspond to k-monomials and monotonicity.

Claim 18 Let H be an affine subspace of {0,1}" of size 2"*. Assume also that H is monotone.
Namely, if ¢ € H and y > z, theny € H. Then H = {z : z;, = 1,...,z;, = 1}, for some subset
11, ..., Of coordinates.



18

Proof: Let V be an n— k dimensional linear subspace and let y € {0,1}" be such that H =V @& y.
Let vy, ...,v,_k be a basis of V. Consider an (n — k) X n matrix with rows vy, ..., v, k. Its rank is
n — k, and therefore it has n — k linearly independent columns. Without loss of generality, these
are the first n — k columns. Therefore the restriction of the rows to the first n — k coordinates is
a basis of {0,1}"*, and thus it spans all the vectors in {0, l}nfk and in particular the first n — k
coordinates of y. It follows that there is a vector v € V, namely a linear combination of the rows,
that is equal to y on the first n — k coordinates. Therefore, z = (v @ y) € H is 0 on the first n — k
coordinates.

Since H is monotone, if |z| < k, or there exists a 2’ % z such that 2/ € H, then |[H| > 2"k,
contradicting our assumption on H. Hence H = {z : z;, = 1,...,x;, = 1} where i1,...,i; are the
coordinates on which zis 1. W

Recall that by the premise of Lemma 8, there exists a function g such that dist(f,g) < 27%73,

and G; ¥ {z : g(x) = 1} is an affine subspace of dimension n — k. Claim 18 implies that if g is not
a k-monomial, then the affine subspace G1 cannot be monotone. We shall use this, together with
the fact that f and g are close, to prove that there are many pairs z € Fy, y € {0,1}" such that
f(y) # f(z Ay). To this end we define the following subsets.

Definition 9 Let z € {0,1}" and z € 2*. Define G(z, 2) %ef {y| z Ny = z}.

We shall show that for many pairs (z,z), with z € G; and z € 2%, the function g is far from
constant on G(z, z). Since the functions f and g are close to each other, this will imply the existence
of many violating pairs, as desired. First, we prove some properties of the subsets G(z, z).

Claim 19 For every z € {0,1}" and z € 2%, G(z, 2) is an affine subspace of {0,1}" of size 2717,
Furthermore, for every x € {0,1}", the affine subspaces {G(x, z)},co= partition {0,1}".

Proof: These facts about G(z, z) follow easily from the following observation: for a fixed z, the
map my : Yy — £ Ay is a linear map from {0,1}" to 2%, and G(z,z) =m;'(z). W

Claim 20 Let z € Gy be such that there exists z € 2% for which G(z,z) C Gy. Then, G(z,z) C Gy.

Proof: We first show that G(z,2) ® z @ z C G1. Since (7 is an affine subspace, by Fact 6, is it
enough to show that z and z lie in Gy, and that G(z,z) is a subset of G;. Taking into account
the assumptions of the Claim, we only need to show that z € G;. Since z < z, we have z A z = 2.
Hence, z € G(z,2) C G;.

Next, we show that G(z,z) C G(z,2) ® @ z. Take y € G(z,z). Now, define ' as follows. If
zi = 1, then y} = 1 (in this case always z; = 1). If z; = 0 and z; = 1, then y} = 0, and if z; = 0 and
z; = 0, then y; = y;. Thus, ¥’ Az = z and so ¢y’ € G(z, z). It is also easy to verify that y ®zdz = y.
(Note that y > z, and therefore z; = 1 implies that y; = 1). Hence, y € G(z,2) ® @ z. Since we
have shown that G(z,z) ® z @ z C Gy, the claim follows. W

We shall be interested in the following set:

x ¥ eGi: Gz,z) C Gy (18)
Thus X consists of those £ € G for which every y »= z is in G1. Since, by Claim 18, the set G
is not monotone, then necessarily X # G;. As we show momentarily, X is actually significantly
smaller than GG1, and we shall exploit this in our proof.
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Claim 21 The set X is an affine subspace of G1. Furthermore, if g is not a k-monomial then
|X] < 531Gl

Proof: By Fact 6, in order to prove the first part of the lemma it suffices to show that for every
zl, 2%, 2% € X, we have ' @ 22 @ 23 € X. Let us fix z',2%,2% € X, and let z = z' @ 22 @ 3.
To show that x € X we have to show that G(z,z) C G;. Namely, that for every y = x, we have
y € Gq. Let y > z. Then there exist y',y?, y® such that y = y' GB.y2 ®.y3, where y/ > 27 for
j =1,...,3. (To verify this, choose a coordinate i: (1) If y; = z;: set y! =z forall j. (2) Ify, =1
and z; = 0: Set yzj =1 for all j.) That is, 3/ € G(27,27) C G. Therefore 4/ € G, for all j, and so
y=y' @y’ ®y’ € G.

By Corollary 16, since X is an affine subspace of G1, either X = G1, or |X| < %|G1|. If X =Gy,
then for any z € G1 we have G(z,z) = {y: y = z} C G1, namely G is monotone. By Claim 18,
g is a k-monomial, which contradicts our assumptions. Therefore, |X| < 1|G;|. W

In the next claim we show that for every z € G; \ X, the function g is far from constant on
G(z, z), for many z € 2*. Observe that this is trivially true if g is a monotone monomial, since in
this case the set G1 \ X is empty.

Claim 22 For every z € G1 \ X, and for any fized function h:{0,1}" — {0,1},

1

77 2 Priecaloly) #h(2)] 22°F.

ZE2®

Proof: Let us fix z € G1 \ X and a function h. For every z € 27, if h(z) = 0 then

Prycate,)l9(y) # h(z)] = %
and if h(z) =1 then
Prycc(a,2)[9(y) # h(2)] = % :1_%.
Hence,

But, for all z € 2%, G(z,z) € G1 (otherwise, by Claim 20, we would have G(z,z) C G1, and so
z € X). Thus, by Claim 15, [€@&2001] < 1. Combining this with Equation (19),

G(z,2)]
1 |G(z,z) NGy
== Prycc(e,)l9(y) # h(2)] > — A
ge 2 P 7% G
= 27" 3 |G(z,2) NG| = 27" |Gy = 27F  (20)
z€2%

In the last sequence of steps we have used the following: (1) |G(z, z)| = 2"~'* for every z (Claim 19);
(2) For every z, the subsets G(z, z) form a partition of {0,1}" (Claim 19); (3) G is of size 2" ¢
[ |
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4.2.3 Proof of Lemma 8

Let g be the function ensured by the premise of Lemma 8. If g is not a k-monomial then by
Claim 21 we know that |X| < |G1|/2. In other words,

1
G \X] 2 JlGi] 2 A

where the second inequality follows from the fact that G is an affine subspace of dimension n — k.
Since dist(f,g) <27%3 where | |F;| — 2" % | < 2" %73 we know that

(FiNGy)\ X| >2n k2,

Hence, with probability of at least 1 — (1 — 1/4)32 > 1 — =8, Algorithm 2 obtains in Step 3a, a
point z € (F; NG1) \ X. Let us denote this point by z'.
Since z! € G1 \ X we know by Claim 22 that
1 _
ol > Prycui o) #9(2)] > 275 (21)
zeow!

By Claim 19, |G(z', z)| = 2"~/ and so we have that

i Y Prea o) 290 = g O ot |9 € G2) - gl) # 9())
ze?ml z€2°”1
= 2% {y €0,1}": g(y) # g(a’ A9)}
= Pryeqouynlo(y) # g9(z' Ay)] (22)
By combining Equations (21) and (22) we have that
Prycqo13[9(y) # g9(z=' Ay)] =27 (23)

Hence, with probability of at least 1 — (1 — 2"“)216+3 > 1—e~®, Algorithm 2 will select, in Step 3b,
such a point y' € {0,1}" for which g(y') # g(z' A y'). Finally, if both calls to Self-Correct, in
Step 3c, return correct values, which occurs with probability of at least 1—1/20, then the algorithm
will reject as desired. The lemma follows by combining all error probabilities. .

4.3 Testing Monomials when £ is Unspecified

Suppose that we want to test whether a function f is a monomial without the size of the monomial,
k, being specified. In this case we start by finding k. We obtain an estimate « to Pr[f = 1],
by taking a sample of size ©(1/¢). By a multiplicative Chernoff bound, such a sample ensures
that, with high probability, if Pr[f = 1] > ¢/2 then a > ¢/4, while if Pr[f = 1] < ¢/8, then
a < €/4. Hence, if a < €/4 then we can immediately accept. This is true, since we may assume
that Pr[f = 1] < €¢/2, and so f is close to every monomial that contains at least log(2/¢) literals.

Otherwise, we may assume that Pr[f = 1] > ¢/8, and a multiplicative Chernoff bound implies
that, with high probability, (1 —1/4) - Pr[f = 1] < a < (1 + 1/4) - Pr[f = 1]. Now, we look for an
integer k for which 4/5a < 27% < 4/3a. If there is no such integer, we reject. If there is, there is
at most one, and we choose it as our estimate for k. If f is in fact a monomial, then this estimate
of k is correct with high probability. Given this k, we proceed as before.
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5 Testing Monotone DNF Formulae

In this section we describe an algorithm for testing whether a function f is a monotone DNF
formula with at most £ terms, for a given integer £.

In other words, we test whether f = Ty VT3 V --- V Ty, where £/ < £, and each term T; is a
monotone monomial. Note that we allow the size of the terms to vary. We assume, without loss of
generality, that no term contains the set of variables of any other term (or else we can ignore the
more specific term), though the same variable can of course appear in several terms.

The basic idea underlying the algorithm is to test whether the set F} def {z: f(z) = 1} can be
“approximately covered” by at most £ terms (monomials). To this end, the algorithm finds strings
z; € {0,1}" and uses them to define functions f; that are tested for being monomials. If the original
function f is in fact an ¢-term DNF, then, with high probability, each such function f; corresponds
to one of the terms of f.

The following notation will be useful. Let f be a monotone /-term DNF, and let its terms be
Ty,...,Ty. Then, for any z € {0,1}", we let S(z) C {1,...,£} denote the subset of indices of the
terms satisfied by z. That is:

S(z) ¥ fi: Ti(z) =1} .
def

In particular, if f(z) = 0 then S(z) = 0. This notion extends to a set R C F;, were S(R) =
Uger S(z). We observe that if f is a monotone £-term DNF, then for every z,y € {0,1}"

S Ay)=S@)NS(y) -
We shall also need the following definitions.

Definition 10 (Single-Term Representatives) Let f be a monotone £-term DNF. We say that
x € Fy is a single-term representative for f if |S(z)| = 1. That is, x satisfies only a single term in

7.

Definition 11 (Neighbors) Let x € Fy. The set of neighbors of =, denoted by N(z), is defined
as follows:
def
N(z) = {y| f(y) =1 and f(z Ay) = 1}.

The notion of neighbors extends to a set R C Fy, where N(R) o Uzer N(z).

Note that the above definition of neighbors is very different from the standard notion (that is,
strings at Hamming distance 1), and in particular depends on the function f.

Consider the case in which z is a single-term representative of f, and S(z) = {i¢}. Then, for
every neighbor y € N(z), we must have i € S(y) (or else S(z A y) would be empty, implying that
f(x Ay) = 0). Notice that the converse statement holds as well, that is, ¢ € S(y) implies that z
and y are neighbors. Therefore, the set of neighbors of z is exactly the set of all strings satisfying
the term T;. The goal of the algorithm will be to find at most £ such single-term representatives
z € {0,1}", and for each such z to test that its set of neighbors N(z) satisfies some common term.
We shall show that if f is in fact a monotone /-term DNF, then all these tests pass with high
probability. On the other hand, if all the tests pass with high probability, then f is close to some
monotone ¢-term DNF.

We start with a high-level description of the algorithm, and then show how to implement its
main step of finding single-term representatives.
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Algorithm 3 Test for Monotone /-term DNF

1. R <+ (. R is designated to be a set of single-term representatives for f.
2. Fori=1tol+1 (Try to add £ single-term representatives to R):

(a) Take a uniform sample U; of size mq = © (Llog€/e) strings. Let W; = (U; N F1) \ N(R).
That is, W; consists of strings = in the sample such that f(x) = 1, and z is not a
neighbor of any string already in R.

Observe that if the strings in R are in fact single-term representatives, then every x € W; satisfies
only terms not satisfied by the representatives in R.

(b) If i =€+ 1 and W; # 0, then reject.
If there are more than ¢ single term representatives for f then necessarily f is not an /-term
DNF.

(¢) Else, if Jmmil < § then go to Step 3.
The current set of representatives already “covers” almost all of F3.

(d) Else (% >z andi< E), use W; in order to find a string x; that is designated to be a
single-term representative of a term not yet represented in R. This step will be described
subsequently.

3. For each string z; € R, let the function f; : {0,1}" — {0,1} be defined as follows: fi(y) =1
if and only if y € N(x;).
As observed previously, if z; is in fact a single-term representative, then f; is a monomial.

4. For each f;, test that it is monomial, using distance parameter ¢ = o7 and confidence 1 — &

(instead of % — this can simply be done by O(log¥) repeated applications of each test).
Note that we do not specify the size of the monomial, and so we need to apply the appropriate variant

of our test, as described in Subsection 4.3.

5. If any of the tests fail then reject, otherwise accept.

The heart of the algorithm lies in finding a new representative in each iteration of Step 2. This
procedure will be described and analyzed shortly. In particular, we shall prove the following lemma.

Lemma 23 Suppose that f is a monotone £-term DNF, and let R C {0,1}" be a subset of single-
term representatives for f such that Pr[z € (F1 \ N(R))] > €/8. Let U; be a uniformly selected
sample of m; = © (Llogl/e) strings, and let W; = (U; N F1) \ N(R). Then there ezists a procedure
that receives W; as input, for which the following holds:

1. With probability at least 1 — é, taken over the choice of U; and the internal coin flips of the
procedure, the procedure returns a string x; that is a single term representative for f of a term
not yet represented in R. That is, |S(z;)| = 1 and S(z;) N S(R) = 0.

2. The query complezity of the procedure is O(¢log?£/e).
Conditioned on the above lemma we can prove the following theorem.

Theorem 3 Algorifhm 3 is a testing algorithm for monotone £-term DNF. The query complexity
of the algorithm is O(£2/e).
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Proof: We shall use the following notation: for any set R C {0,1}", let

P(R) € Prlz € (F1 \ N(R))]

Suppose that f is a monotone /-term DNF, and consider each iteration of Step 2. By Lemma, 23, if
all strings in R are single-term representatives for f and p(R) > €/8, then with probability of at least
1-—- é, the procedure for finding a single term representative in fact returns a new representative
(of a term not yet represented in R). Hence, the probability that, for some iteration 4, the string
x; returned by the procedure is not a single-term representative, is at most 1/6. Conditioned on
such an event not occurring, Algorithm 3 completes Step 2 with a set R that contains at most £
single-term representatives for f.

In such a case, by the definition of single-term representatives, each f; defined in Step 3 of
Algorithm 3 is a monotone monomial. For each fixed f;, the probability that it fails the monomial
test is at most &. By applying a union bound, the probability that any one of the f;’s fail, is at
most %. Adding up the error probabilities, we obtain that f is accepted with probability of at least
2/3.

We now turn to the case in which f is e-far from being a monotone £-term DNF. Consider the
value of p(R) at the start of each iteration 7 of Step 2. Observe that p(R) does not increase with .
If p(R) > €/2, then, by a multiplicative Chernoff bound, the probability that % < €/4 (causing
Algorithm 3 to exit Step 2) is smaller than é. Hence, the probability that Algorithm 3 completes
Step 2 without rejecting and with a set R for which p(R) > €/2, is at most 1/6.

Conditioned on such an event not occurring, consider the functions f; defined in Step 3 of
Algorithm 3. We claim that at least one of these functions is g;-far from being a monomial. To
verify this, assume in contradiction that all these |R| < £ functions are 5;-close to being monomials.
For each such function f;, let g; be a closest monomial to f;, and let g =g1 V g2 V...V g|g. Then
dist(f,g) < |R|-5; +P(R) < ¢, contradicting the fact that f is e-far from any £-term DNF. Thus, let
ft be one of the f;’s that is 5;-far from being a monomial. The probability that the monomial test
does not reject f; is at most é. Adding up the error probabilities, f is rejected with probability of
at least 2/3.

Finally, we bound the query complexity of Algorithm 3. There are at most £ + 1 iterations in
Step 2 of the algorithm. In each iteration, m; = O(£log¢/¢) strings are queried in Step 2a. By
Lemma 23, O(£log? £/€) strings are queried by the procedure for finding a new representative that
is called in Step 2d. By Theorem 2, testing that each of the at most ¢ functions f; is a monomial,
requires a total of £- O(1/€') - O(logf) = O(¢2/€) queries. Therefore, the total number of queries
performed by Algorithm 3 is O(¢%/¢). W

5.1 Finding New Representatives

Suppose that f is a monotone ¢-term DNF with terms 77, ...T;, and consider an arbitrary iteration
i in Step 2 of Algorithm 3. Assume that R C {0,1}" is a subset of single-term representatives for

f, such that Pr[z € (F; \ N(R))] > ¢/8. Let N(R) e p \ N(R) be the set of all the strings that

are not neighbors of any string in R, and let 3(@) def {1,...,£}\ S(R) be the set of indices of terms
not yet represented in R. By definition, W; C N(R), and for every z € W; we have S(z) C S(R).
Given a string g € W;, we shall try to “remove” terms from S(zg), until we are left with a

single term. More precisely, we produce a sequence of strings xy, ..., z,, where xyg € W;, such that
0 # S(zj+1) C S(zj), and in particular |S(z,)| = 1. The aim is to decrease the size of S(z;)
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by a constant factor for most j’s. This will ensure that for » = O(log/), the final string z, is a
single-term representative as desired.

How is such a sequence obtained? Given a string y; € N(z;), define zj11 = z; A y;. Then
f(zjq) =1 (ie., S(zjy1) #0), and S(z;41) = S(z;) N S(y;) C S(z;). The string y; is acquired
by uniformly selecting a sufficiently large sample from {0,1}", and picking the first string in the
sample that belongs to N(z;), if such exists. The exact procedure follows.

Procedure for finding a new representative, given W; C N(R):

1. Let the strings in W; be denoted wy, ..., w ;.

2. Uniformly and independently select r = O(logl) samples, Yy, --,Y,_1, each consisting of
me = O(Llog/€) strings from {0,1}".

3. found <+ FALSE; t + 0;
4. While found # TRUE and t < |W;| do:

(a) t < t+1; zp ¢ wy.
(b) For j=1tor

i. If Yj_1 N N(zj—1) = 0 then exit the “for” loop and go to (4a).

ii. Otherwise, pick the first string yj—1 € Y;_1 " N(zj_1), and let x; = ;1 N y;j_1.
(c) If j=r then found < TRUE.

5. If found = TRUE then return x,. Otherwise, return an arbitrary string.

We first prove that if Y; intersects N(z;), then the probability that the size of S(z;41) is
significantly smaller than that of S(z;) is at least a 1/3. Observe that since the sample Y; is
uniformly distributed in {0, 1}", then Y; N N(z;) is uniformly distributed in N(z;).

Claim 24 Let x; be a fized string. With probability of at least a 1/3 over the uniform choice of a
string y; € N(z;), |S(zj Ay;)| <1+ 2-(|S(z;)| - 1).

Proof: Without loss of generality, let S(z;) = {1,...,t}. We partition the set of neighbors N(z;)
into disjoint subsets N;(z;), for 1 <4 <, where

Ni(zj) ={y € N(zj) : i € S(y) and for every ¢’ <1, i ¢ S(y)}.

Since y; is uniformly distributed in N(z;), we can view it as being selected by first choosing ¢ with

probability ||]]\\];'((;j'))“, and then selecting y uniformly in N;(z;).

Consider the case y; € Ni(z;). In order to select a string uniformly in N;(z;), we first set to
1 all the bits corresponding to the variables in 77, and then set the remaining bits to 0 or 1 with
equal probability. Since for every i # 1 there is at least one variable that appears in T; and not in
T1, we have that

DN | =

Pr(T;i(y;) =0 | y; € Ni(z;)] >

It follows that the expected number of indices i € S(xz;), 1 # 1, for which T;(y;) = 1 is at most
(t — 1)/2. By Markov’s inequality, the probability that there are more than (1 — «)(t — 1) terms
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T;, @ # 1, satisfied by a uniformly selected y; € Ni(z;), is at most 2(11—_a) Setting a = 1/4, we get
that, with probability of at least a %, over the choice of a uniformly selected y; € Ni(z;), we have
that |S(zj41)] <1+ 2. (|S(z;)| — 1). It is easy to see that for any N;(z;), i > 1, this probability

is at least as large. In particular, note that for i = ¢, for any y; € Ny(z;), |S(zj41)|=1. W

The next corollary follows directly from Claim 24 and the fact that |S(zg)| < £.

Corollary 25 Let r = c-log#, where ¢ is a sufficiently large constant, and let xo be a fized string
in W;. Consider the following process, consisting of v steps, where in the j’s step we uniformly and
independently select a string y;—1 € N(zj_1) and set z; = xj_1 Ay;j—1. Then, with probability of at
least 1 — %8@ over the choice of yg,...,yr—1, we obtain |S(z,)| = 1.

Finally, we bound the size of a sample Y; sufficient for acquiring a string y; € N(z;) with high
probability. We first define a “good initial string” xzy. This is a string that satisfies only relatively
“large” terms.

Definition 12 A string xo will be called a good initial string if for every i € S(zo), Pr[T; = 1] > .

Recall that N(R) = Fy \ N(R) and define the set:

Good & {:v € N(R) | z is a good initial string} .

Claim 26 Suppose that Pr[z € N(R)] > §. Then the probability, taken over the choices of U;, that
W; does not contain any good initial strings, is at most %se‘

Proof: Recall that 5(R) % Pr[z € N(R)], and that S(R) % {1,...,£} \ S(R). For any i € S(R),

consider the event

E;  {z € N(R) and Ti(z) = 1}.

By definition, p(R) = Pr |U,c5(r) Bi|- Let

_ p(R
Ssman(R) = {’l € S(R) and Pr[E;] < ]%e)} .
Clearly, for any term ¢, Pr[T; = 1] > Pr[E;]. Therefore, if x € (UiGE(R) EZ) \ (Uiegsmall(R) EZ) then
S(z) € S(R) \ Ssman(R), and therefore for all i € S(z) we have that Pr[T;(z) = 1] > Pr[E;] >
I%IP > 167+ Thus, z € Good. Therefore,

Pr[Good] > Pr U E; |\ U E;
| \i€S(R) i€Ssman(R)
> Pr| | E|-Pr| U E
_Z'EE(R) Z.Egsmall(R)
> p(r)—¢- B 2D,

20 2
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Since p(R) > ¢ and the size of the sample U; is ©(£log£/¢), then the probability that W; does not
contain any good initial string is, for a sufficiently large constant in the ©(-) notation, smaller than

The next claim follows from the definition of a good initial string.

L
18¢°

Claim 27 Let mg = ¢y -£logl/e and r = co -log £, where c1,co are sufficiently large constants. Let
Y1, ..., Y, be samples of my strings each, and suppose that xg is a good initial string. Then, for each
1 <j <, the probability that Y; N N(z;) # 0 is at least 1 — @.

We can now complete the proof of Lemma 23, and hence the correctness of Theorem 3.

Proof of Lemma 23: By the premise of the lemma, Pr[z € N(R)] > ¢/8. By Claim 26, the set
1

W, contains a good initial string with probability at least 1 — 15;. Conditioned on this event, let
us fix such a string zp, and consider the execution of Step 4b in the procedure. By Claim 27, the
probability that there exists a j < r for which the sample Y; does not contain a string in N(z;) is
at most 1&;. Since the strings in Y; are uniformly selected from {0,1}", the strings in Y; N N(z;)
are uniformly distributed in N(z;). Hence, conditioned on each Y; containing a string from N(z;),
we can apply Corollary 25 and get that with probability of at least 1 — %85, |S(z;)| = 1. Since
zo € N(R), necessarily z,, € N(R). Therefore, with probability of at least 1 —3- %se =1- é, taken
over the choices of U; and the samples Y}, the procedure returns a string z, that is a single-term
representative for f of a term not yet represented in f.

The number of queries performed by the procedure is 7 - mg = O(£log? £/€) as promised. W

6 Testing Singletons Without Testing Linearity

Recall that by Claim 1 an alternative characterization of singletons is that Pr[f = 1] = 1/2, and
furthermore that there are no violating pairs z,y € {0,1}". That is, there are no z,y such that
flxANy) # f(z) A f(y). We show that the following simple algorithm that checks these properties,
is a testing algorithm for singletons if f is not too far from a singleton function. Let Fgne denote
the class of singletons. The algorithm will receive a value 7y such that minge 7, dist(f,g) < % —Y0-
That is, 7 is a lower bound on the difference between 1/2 and the distance of f to the closest
singleton. We shall think of vy as a constant.

Algorithm 4 Test for Singletons with lower bound ~yg

1. Size Test:  Uniformly select a sample of m = ©(1/€%) strings in {0,1}". For each z in
the sample, obtain f(x). Let a be the fraction of sample strings x such that f(z) = 1. If
| — 1/2| > €/4 then reject, otherwise continue.

2. Closure-Under-Intersection Test:  Repeat the following @(671’)’071) times: Uniformly select
z,y € {0,1}". If z and y are a violating pair, then reject.

3. If no step caused rejection, then accept.
Theorem 4 If f is a singleton, then Algorithm 4 accepts with probability of at least 2/3. If f is e-

far from any singleton where € is bounded away from 1/2, then the algorithm rejects with probability
of at least 2/3. The query complezity of the algorithm is O(1/€?).
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Proof: If f is a singleton then Pr[f = 1] = 1/2. By an additive Chernoff bound, and for the
appropriate constant in the ©(-) notation, the probability that it is rejected in the first step of
Algorithm 4 is less than a 1/3. By the definition of singletons, f always passes the closure-under-
intersection test.

Suppose that f is e-far from any singleton and let ¢ be its distance to the closest singleton.
Thus € < § <1/2 — 7. We show that f is rejected with probability greater than 2/3.

L. If [Pr[f = 1] —1/2| > §, then f is rejected in the first step of Algorithm 4 with probability of
at least 5/6.

2. Otherwise, |[Pr[f = 1] —1/2| < § < %. In this case, as we show shortly in Lemma 28, the
probability of obtaining a violating pair is at least g(% —0) > ¢ -7. Therefore, f will be
rejected with probability of at least 5/6 in the second step of the algorithm (the closure-
under-intersection test).

Thus, the probability that f is accepted by the algorithm is at most a 1/3, as required. W

Lemma 28 Let 0 be the distance of f to the closest singleton. If Pr[f(x) = 1] > % — %, then the
probability of obtaining a violating pair is at least g(% —9).

Proof: Let z; be the closest singleton to f, so that Pr[f(z) # z;] = ¢. Define
G ={z|f(z) =1z, =1}, B1=F\G,
Go = {z|f(z) = 0,2, =0}, By = Fp\ Go.

A simple counting argument shows that there are (3 — §)2" disjoint pairs z,z’, such that: (1)
z € G1, ' € Go; (2) z and z' differ only on the i’th bit. To see why this is true, simply match
each z € G to a point z’, which differs with z only on the i’th bit. Thus, there are at least
|G1| — | B1| points z € G that must be matched to points =’ € Go. But |G1| + |Bo| = 2”1, and
|Bi| + | By| = 62" and therefore |G1| — |Bi| = (3 — §)2".

Now consider any point y € By, and let z € Gy, ' € Gy be a matched pair as defined above.
Then zAy = z'Ay, but f(z)Af(y) = 1 while f(z')Af(y) = 0. Therefore, either f(zAy) # f(z)Af(y)
or f(z' ANy) # f(z') A f(y), and so either y and z are a violating pair, or y and z’ are a violating
pair.

Since Pr[f(z) = 1] > 4 — 4, then |G1|+|B1| > 2"(1 — ). Using again the fact that |G1|—|B;| =
(3 — 6)2", we get that |Bi| > §2"~2. It follows that the probability of obtaining a violating pair, is
at least %(% -4). N

The above analysis breaks when f is actually almost 1/2 — far from every singleton, since in
this case ¢ is close to 1/2, and the probability %(% — 0) of obtaining a violating pair is not bounded
from below. Another disadvantage of Algorithm 4 is the two sided error probability for testing
singletons, as opposed to the one sided error we achieved in Algorithm 1 when we added the parity
test.

Algorithm 4 can be generalized to testing k-monomials, with a query complexity of O(1/¢€2).
The probability of choosing a violating pair can be shown to be at least g(Q*k — 0). Thus the
requirement here is that § will be strictly smaller than 2. Notice that requiring that § = O(1/2*)
is not really a restriction: every function f for which Pr[f(z) = 1] is approximately 2% is O(27%)-
close to being a monomial, and our algorithm first verifies that in fact Pr[f(z) = 1] is approximately
27k The restriction is in requiring that it be strictly smaller than 2%,
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Another alternative test for singletons is to replace the relatively expensive test of checking
whether Pr[f(z) = 1] is approximately 1/2, by extending the notion of a violating pair. We will say
that z,y € {0,1}" are a violating pair if f(z Ay) # f(z) A f(y) or if f(zVy) # f(z) V f(y). Then
in a similar way to the proof of Lemma 28, it can be shown that the probability of obtaining a
violating pair is at least %(% —6) (In this case the size of either By or B is at least 62"~ 1. Therefore
choosing y € By or y € By and z,z’ as before, will result in a violating pair either to the A test
or to the V test). The query complexity of this algorithm will be only O(1/¢), and it will have a
one-sided error. Unfortunately this algorithm does not extend to testing monomials.

Further Research

Our results raise several questions that we believe may be interesting to study.

e Our algorithms for testing singletons and, more generally, monomials, apply two tests. The role
of the first test is essentially to facilitate the analysis of the second, natural test (the closure
under intersection test). The question is whether the first test is necessary.

e The query complexity of our algorithm for testing ¢-term monotone DNF has a quadratic
dependence in £. While some dependence on £ seems necessary, we conjecture that a lower
dependence is achievable. In particular, suppose we slightly relax the requirements of the
testing algorithm and only ask that it rejects functions that are e-far from any monotone DNF
with at most ¢-£ (or possibly £¢) terms, for some constant c. Is it possible, under this relaxation,
to devise an algorithm that has only polylogarithmic dependence on £7

e Finally, can our algorithm for testing monotone DNF functions be extended to testing general
DNF functions?
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