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An enumerable undecidable set with low prefix
complexity: a simplified proof
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Let KP denote prefix complexity.

Theorem 1 (Solovay, Calude and Coles). There is an enumerable unde-
cidable set A such that KP(A1.,) < KP(n) + O(1). (Here A1, stands for the
prefiz of length n of the characteristic sequence of A.)

Solovay [2] proved the statement without enumerability requirement and
Calude and Coles [1] added this requirement. Both Solovay’s and Calude and
Coles’ proofs are rather involved (the latter one is 8 pages long). In the present
paper we propose a simplified proof of Solovay—Calude—Coles theorem.

Proof. The set A will be defined as a result of an infinite algorithmic process.
To define this process fix an enumeration of all programs p;, ps, . .. such that the
function (pg,n) — pr(n) is computable. In order to ensure that A is undecidable
we will associate with every program py a number ny such that pg(ng) is either
undefined, or defined and different from A(ny) (where A(ng) is 1 if ng, € A and
0 otherwise). To do so we start with ny = 2k (say) and with A = ). Then
we enumerate the graph of the function (pg,n) — pr(n). If (for some k) we
find that pg(ng) is defined and different from 0 we add ny to A. In this way
we will obtain an enumerable undecidable set. However it may not satisfy the
inequality KP(A;.,) < KP(n) + O(1).

To ensure this inequality let us first rewrite it using a priori distribution
m(z) as follows: m(A4;.,) > m(n)/c for some positive ¢ and all n. As a priory
distribution is maximal among all lower semicomputable distributions, it suffices
to define a lower semicomputable distribution g on {0,1}* such that ¢(A;.,) >
m(n)/2 for all n. The distribution g will be defined in parallel with A.

To do this run an algorithm enumerating m(n) from below. Observing aris-
ing lower bounds for m(n), we enumerate ¢ from below: if we find (for some n)
a new rational r < m(n), we increase g(A4;.,) to r/2 (for the current value of
Ai:r). This obviously will ensure the inequality g(A;.,) > m(n)/2. The prob-
lem however is that the function ¢ defined by our process may not satisfy the
inequality »°, ¢(y) < 1. In other words, it may be not a distribution.

*Work was done while visiting LIM, Université de Provence.



Now comes the crucial point. To force ¢ to be a distribution we will some-
times change ny, for some k. For any particular k the value of ng will be changed
only finite number of times, thus changing n; will not disturb undecidability of
A.

More specifically, we keep true the following invariant

Z m(i) < 27k for all k£ such that pg(nx) has not yet been defined.

ian

To this end, once we see that for some k with py(ng) not yet defined the known
lower bounds for m disprove this inequality we assign ny, a greater value different
from all current n;’s and such that the inequality is true (for currently known
lower bound for m). Every n; may be changed only finitely many times: once
ny has become so great that ), m(i) < 2% it remains unchanged forever.
It remains to show that }° ¢(y) < 1. The sum of g(y) over all prefixes y
of the characteristic sequence of A is at most 1/2 as g(z) < m(|z|)/2 for any
z. However, since A has been changed (infinitely) many times, ¢(y) may be
non-zero also for prefixes y of the previous values of characteristic sequence of
A. For any such y there is a step t such that y was a prefix of characteristic
sequence of A on step t but not on step t+ 1. In other words, ny was added in A
on step t for some ny not greater than |y|. Let A® denote the value of A before
adding ny in A. The invariant implies that the sum of g(y) (on step t) over all
prefixes of characteristic function of A? of length nj or more is at most 27%~1.
On later steps ¢(y) remains unchanged for all such y’s. Hence the limit value of
the sum of q(y) over all prefixes of characteristic function of A* of length ny, or
more is at most 27%¥~1. Observe now that for any k only one n; may be added
to A (we add ny, in A only when we have found that pg(ny) is defined and in this
case we do not change n; any more). Hence the sum of g(y) over all y that are
not prefixes of characteristic function of A4 is at most Y po, 27"t =1/2. O
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