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Abstract : k-SAT is one of the best known among a wide class of random constraint satisfaction problems
believed to exhibit a threshold phenomenon where the control parameter is the ratio, number of constraints
to number of variables. There has been a large amount of work towards estimating the 3-SAT threshold. We
present a new structural (or syntactic) approach aimed at narrowing the gap between the exact threshold
and upper bounds obtained by the first moment method. This is based on the notion of typicity, specific
definitions of which may vary so as to encompass any purely formal property of a random formula which
holds with high probability. The idea is that the formulae responsible for the gap tend to be atypical, hence
restriction to typical formulae will give a better bound. In this paper, the method is carried through using
an uncomplicated definition in terms of the numbers of signed occurrences of variables. We demonstrate its
ability to combine with previous techniques (locally extremal solutions) and make new ones practical (the
systematic unbalancing of signs in formulae), resulting in a significant drop of the upper bound to 4.506. We

also hint at its versatility in applying to other problems, such as the colourability of random graphs.

1 Introduction

The last decade has seen a growth of interest in phase transition phenomena in hard combi-
natorial decision problems, due to resulting insights into their computational complexity and
that of the associated optimization problems. There is a fast growing body of theoretical
investigations as well as ones exploring algorithmic solver implications. Latterly, moreover,
statistical physics studies have also shed new light on these phenomena, whence a further
surge in interest. Among the various and extensive contributions, let us single out a few:
[7, 10, 9, 39, 6, 24, 38, 34, 21, 12, 40, 4, 11, 42]. Several surveys can be found in [17].

One of the most challenging phase transitions, with a long history of results, concerns the
problem of 3-Satisfiability (to satisfy sets of clauses of length 3, i.e. disjunctions of 3 literals).
[17] contains a survey which we briefly summarize and update here. Experiments strongly
suggest that satisfiability of random 3-SAT formulae (the 3-SAT problem) exhibits a sharp
threshold or a phase transition as a function of a control parameter, the ratio ¢ of the number
of clauses to the number of variables. More precisely, this would mean the existence of a
critical value ¢ such that for any ¢ < ¢y the probability of satisfiability of a random 3-SAT
formula tends to 1 as n — oo, and for ¢ > ¢y it tends to 0. Over the years, two series of
bounds for ¢y have been established, the lower bounds being : 2.9 (positive probability only),
2/3, 1.63, 3.003, 3.145, 3.26, 3.42 (see [8, 9, 6, 22, 1, 2, 33]), and the upper bounds: 5.191,

*A preliminary short version of this paper appeared in the Proceedings of the Eleventh ACM-STAM
Symposium on Discrete Algorithms, pages 124-126, San Francisco, California, January 2000.

ISSN 1433-8092



5.081, 4.762, 4.643, 4.602, 4.596, 4.571, 4.506 (see [20, 37, 30, 13, 34, 27, 28, 32, 14]). These
upper bounds are quoted in decreasing numerical order, and were obtained independently
of each other. The last one, 4.506, was briefly presented in [14]. The present paper gives a
detailed proof, emphasizing the potential of the main innovation, which we called the struc-
tural or syntactic approach, in contrast to the semantic approach hitherto used to establish
upper bounds. A few general comments are in order. Thanks to this structural approach, a
jump from 4.643 to 4.506 was obtained. Developments since then have confirmed the inter-
est and versatility of this technique. Further refinements of the semantic approach, together
with subtle and sophisticated probabilistic and analytical results, have so far not matched
the 4.506 bound, giving 4.571 as announced in [32]. And we recently applied our structural
approach to the equally challenging 3-colouring problem. It turned out to combine well with
the decimation technique we had used for the 3-XORSAT problem [15], lowering the best
upper bound from 2.4945 ([31, 25, 19]) to 2.427 [16].

In the remainder of this section, we present the probabilistic model for 3-SAT we work with,
then give an overview of our approach leading to the bound of 4.506. The subsequent sections
contain the detailed calculations.

1.1 Probabilistic model.

Let V,, = {x1,...,x,} be a set of n boolean variables, L, = {x1,Z1, ..., x,, T, } the correspond-
ing set of positively and negatively signed literals. In this paper we use the ordered-clauses
model. Here an n-formula F'is simply a map to L,, from the formula template A.,, an array
of ecn clause templates consisting each of 3 ordered places or cells. If the literal [ is the image
under F' of cell &, we also say that it fills £. The set €2 (n,c) of n-formulae is made into a
probability space by assigning each formula the probability 1/ (€ (n,c)| = (Qn)fgc".

Each truth assignment A : V,, — {0,1} is conventionally extended to L, so that A(z;) =
1 — A(x;), and is said to satisfy the clause Cy if A (l) = 1 for some [ € C}, and the formula
Fif it satisfies all its clauses; in which case A is a solution of F, and F is satisfiable. The
probability of satisfiability of a random formula F of Q (n,¢) is denoted by Pr,, . (SAT).

A few words in comparison with the non-ordered-clauses model, also very usual. Here a
clause is a set of 3 literals with distinct underlying variables, and a random formula is a
sequence of m = cn clauses drawn independently and uniformly among the 23 (g) possible
clauses. Convergence to 0 (resp. 1), as n — oo, of Pr,, . (SAT) is readily seen to imply the
same for the probability in the non-ordered-clauses model. Thus our upper bound of 4.506,
once proven in the ordered-clauses model, will hold in both.

1.2 Outline.

We give first a general idea of our approach stemming from concrete experiments. A
computer-based generator of random formulae churns out mechanically, as the case may
be, only satisfiable, or only contradictory formulae. To say that certain formulae are never
produced (within a realistic timeframe) simply means that they form a set of vanishingly
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small probability; and, due to the very dumbness of the generator, the distinction between
‘likely’ and ‘unlikely’ formulae must be possible on a very basic level, considering only their
form or structure. Ideally, we would like an exact criterion for ‘likely’” or ‘typical’ formu-
lae; possibly, then, the first moment method, restricted not to particular types of solutions,
but to formulae with this particular property, might give us the exact value of ¢y. Such an
exact characterization is elusive, though, and unlikely to emerge in a simple, usable form.
Rather, in this paper we show the usefulness of an uncomplicated partial characterization
in terms of the numbers of occurrences and signs of the variables. The pure effect on the
expectation of restricting the formulae becomes only part of the story. Equally important is
the fact that, far from interfering with other approaches, the added structure actually helps
in otherwise difficult or hopeless enumerations. Thus we do not need, e.g., sophisticated
probability results. And, particularly, we are able to introduce at virtually no cost some
structural manipulations on the balancing of the signs of occurrences per variable which
would be impractical in the purely semantic approach. On the other hand, to attain full
rigour the method does require fairly lengthy calculations, notably to bound errors arising
from the finite size of formulae, and thoroughly to justify the optimization procedures. These
remain relatively elementary, though, and, in the case of the error estimates, fairly routine.

Practically we first characterize the asymptotic distribution of the signed occurrences per
variable, namely :

Lemma 1.1 For any integers 0 < p < z, define Ky, = 2_9”@)]) (x,\), where A = 3¢
and p(x,\) is the Poisson probability mass function of mean X\, i.e. p(x,\) = e *\*/z!.
Let the random variable w,, be the proportion of variables of a random formula having
x occurrences, among which exactly p have a positive signature. Then for any ¢ > 0,

lim, oo Pryy o (|Wap — Kzp| >¢€) = 0.

It can be seen easily that Lemma 1.1 implies that an upper bound on the satisfiability
threshold is obtained by calculating the expected number of solutions of a typical formula
(in a sense to be specified shortly, but roughly meaning that for most (x, p), there are nearly
k. pn variables having x total, p positive, occurrences). Typical formulae, however, also
provide us a strong means to go further in the structural manipulation of formulae. But
we need first to recall the definition of particular solutions which in [13] we called PPSs
(for Positively Prime Solution, symmetrically there are NPSs). Note that these restrictive
solutions have been introduced independently by Kirousis et al. in [34] under the terminology
of locally maximal solutions and single-flip technique.

Definition 1.1 A Positively Prime Solution (PPS) A of a SAT formula F' is a solution of
F such that no variable of F' with the value 1 under A can be singly inverted (or switched)
to 0 unless at least one of the clauses of F' becomes unsatisfied, that is, the new assignment
is no longer a solution of F.

Any satisfiable formula has a PPS, but some have very many: they provide extremely useful,
yet somewhat limited restriction. A means to enhance this is unbalancing, which we now
introduce on an intuitive level.



When enumerating formulae with a view to computing an expectation, we usually count
as different some formulae (very many, in fact) which really are the same from the point
of view of satisfiability. This happens in more than one way. Some formulae differ from
each other by a permutation on the set of clauses, or on the set of variables; these, however,
are fairly transparent. What concerns us here are formulae deduced from one another by
renaming certain variables, in the restricted (and usual) sense of inverting the signs of
all their occurrences. Their significance to us stems from the fact that unlike those just
mentioned, they are not neutral with respect to PPSs. Consider, e.g., a pure variable (one
which has all of its occurrences of the same sign). This sign is indifferent as far as ordinary
solutions are concerned, but a solution in which a negated pure variable takes the value 1
cannot be a PPS, while an unnegated pure variable has the best chances that many of the
solutions giving it the value 1 will be PPSs. Similarly, a variable with more positive than
negative instances is likely to kill fewer PPSs than the reverse. Therefore, of two formulae
which differ only by the systematic inversion of some variables, the one with more negatively
unbalanced variables may be assumed to have fewer PPSs. To be precise, call two formulae
equivalent if one can be obtained from the other by renaming certain variables. Clearly,
this is indeed an equivalence relation R on the set ©(n, ¢) of 3-SAT formulae on n variables
with cn clauses; R results in the partitioning of formulae with respect to equivalence modulo
variable renaming, and the cardinality of the equivalence class of a formula F is 2U+(),
where v, (F') is the number of unbalanced variables in F' (variables having unequal numbers
of positive and negative occurrences; note that an absent variable is, by definition, balanced).

Since negatively unbalanced variables tend to inhibit PPSs, we have a good candidate for the
formula with the fewest PPSs within each equivalence class C: namely, the totally unbalanced
representative '~ obtained from any F' € C by renaming exactly those variables which have
more positive than negative occurrences. Moreover we have an easy criterion for a formula
to be the totally unbalanced representative of a typical formula, namely that the proportion
of variables having x total, p positive occurrences be 2k, , if © > p; K, if = 2p; and 0 if
x < 2p. So these representatives, or, as we shall say, the typical totally unbalanced formulae
(by abuse of language, since they are actually not typical at all) can be defined just like the
typical formulae, only using instead of the x,,’s their totally unbalanced counterparts, the
Rz p's defined by :
26z if x> 2p
Kep =14 Kgp 1f x=2p (1)
0 if x<2p

All equivalence classes of such representatives have the same number of elements, namely:
22n2z>2p Rz,p — 2”21>2p Exvp‘

Calculations with typical totally unbalanced formulae are no harder than with plain and
ordinary typical formulae, in fact they are much the same with K replacing &, and the
specifics of the distribution tend to intervene only in the very last stages. Computing (via a
simple technical device) the expected number of PPSs of the former rather than the latter,
then multiplying by the above size of equivalence classes, we get what amounts to a ‘skewed’
expectation where each formula is counted, not according to its own number of PPSs, but
to that of its representative with fewest PPSs. It is this, combined with the gain already



inherent in the restriction to structured formulae per se, that affords us a very significant
improvement on the upper bound of 4.643 resulting from the expectation of PPSs alone [13].

Before proceeding, we have to take account of some practical remarks raised by the foregoing
considerations. (i) The x,,’s or the K, ,’s constitute an infinite family and are all # 0, while
a formula has finite length; (ii) The proportions v, , of variables having x total, p positive
occurrences in a formula F € Q (¢,n) must verify » v, , =1 and ) zv,, = 3c = A, where
the sums are in effect finite, while the equalities ) k,, = 1 and ) | xk,, = A only apply with
infinite sums (series); (iii) The &, ,’s are irrational, so they cannot be exact proportions even
for special values of n. Thus, in order to derive a rigorous argument, we define what we call
formulae obeying a given distribution of signed occurrences to a specified approximation :

Definition 1.2 Let = = (£, ,)o<p<z be a family of nonnegative real numbers satisfying the
relations 3 070> 0 0 8ap = 1 and 32070300 g2, , = A Given a real € > 0 and an integer
Tmaz, @ formula F € Q(n,c) is said to obey the distribution = to the accuracy (€, Tmas) iff
for 0 < p < x < Xz, the number of variables having x occurrences in F, p of which are
positive, lies between (&, , —e)n and (§,, +¢e)n. The set of formulae in 2(n, c) obeying = to
the accuracy (€, Tymqas) will be denoted by F(=Z, €, Tmag, N, C).

The term ‘typical formula’ will sometimes be used loosely to indicate a formula which obeys
the distribution (k,,) to the accuracy (e, Zmay) for some (large) 4, and some (small) .

Henceforth the distributions of the &, ,’s and of the &, ,’s (corresponding, of course, to some
value of A = 3¢) will be denoted by = and EO, respectively. Also, when the context makes the
various parameters clear, we will often use the abbreviated notation E[PPS] for the expected
number of PPSs of formulae drawn uniformly from F(Z, ¢, 40,1, ¢). Strictly speaking, a
direct calculation of the expectation of PPSs of typical totally unbalanced formulae would
involve an awkward change of probability space. The same end result can be achieved much
more conveniently by introducing an ad hoc r.v. on the original probability space 2(n, c),
then linking its expectation to the probability of satisfiability:

Proposition 1.2 Define the r.v. X, ez 00.c 00 Q(n,c) by:

9" Lesrher 5 PPS(F) it F € F(Z0,, Tomaz; 1, €)

X ezmane(F) = { 0 otherwise

and set p=p, =0 n  Kopp A =Dy, =1/2 (Tme/2+1). If, for some integer
Tpmaz and some e > 0, 20HEANE[X, . ] tends to 0 asn — 0o, then so does Pr, . (SAT).

(Remark: It will be clear from the proof that this remains true if instead of PPSs we use
any class of solutions such that any satisfiable formula possesses at least one solution in this
class, e.g. prime implicants [5], ‘double flips’ [34].)

The rest of our plan will be to compute an explicit expression of E[X,, ., .| as sums of
combinatorial terms, then an asymptotic exponential upper bound of this expectation. This



will be obtained as a function of values of parameters satisfying a system of equations, which
will be reduced to two equations in two unknowns. Careful study of these equations, coupled
with numerical calculations, will show that for =y = (k,,), ¢ = 4.506, and appropriate values

A
of Tpee and €, 9(Pomas te ‘”"‘”)”E[Xm&xmwc] tends to 0 as n — 0.

Note: typical graphs and 3-colourability. For the 3-colourability of random graphs
G (n,cn), the counterpart of a PPS is a rigid colouring (see references in [31], [19]). The
typical feature we exploit for this problem is the degree sequence of nodes which corresponds
to the above-defined =y and, for G (n,cn), is Poisson with parameter 2c. However, unbal-
ancing, as utilized in this paper for 3-SAT, has no direct equivalent. Instead, we apply a
colourability-preserving decimation procedure similar to that in [15]. Namely, vertices of
degrees 0, 1 and 2 are randomly and iteratively removed, leaving a typical random graph of
minimal degree 3, with a truncated Poisson degree sequence, the parameter of which is no
longer 2c. The expected number of rigid colourings of such a graph turns out to be o(1) for
¢ > 2.427, our new upper bound [16], and a significant improvement on the previous one,
2.4945.

2 Basic structural results on random 3-SAT formulae

We have first to prove Lemma 1.1. Here the classical limit theorems of probability do not
apply, and some form of large-deviation inequality has to be used. One method is to first
obtain the expectation of w,, as k,,, then apply the method of bounded differences (see,
e.g., [26], pp. 16, 221). Or, a proof using Poissonization may be of independent interest,
giving stronger bounds, so we include a detailed one in Appendix A. Interestingly, Lemma
1.1, which is all we need, uses the full power of neither approach.

The quantity |{(z,p) : 0 <p <2 < Tyaz} | = (Taz + 1) (Timaz +2)/2 is encountered repeat-
edly in the sequel, we denote it D (%,,4,) or simply D.

Proof of Proposition 1.2. With the equivalence relation R as in Section 1.2, and R
induced by R on F(Zo, 5, Tmaz, 7€), the quotient (canonical) map F(Zo, 5, Tmaz, ) —
F(Z0, 5+ Tmaz» M5 €) /R maps F to the (class of the) formula F~ obtained by renaming all
variables of F' having more positive than negative occurrences.

Recall that w, ,(F') denotes the proportion of variables in a formula F' € (n,c) having «
total, p positive occurrences. Then :

Wap(F) + wepp(F) if z>2p
wap(F7) =4 wap(F) if x=2p
0 if z<2p

A single F~ € F(Eg,%,xmm,n,c)/ﬁ may come from at most 2"«"7) formulae (not all

necessarily in F (io, 5+ Tmaz,M,c)). Taking into account that if x > 2p, we have k., =



Kep + Kepp (because Ky p = Kz .—p), We have:

‘wLP(F) - K'x,p’ + ‘wx,x—p(F) - Hx,x—p‘ S % + % =& lf xTr > 2p
|w$,p(F_) - ’%$,p| S ‘wx,p(F) - H@p’ S % <e€ if x= 2p
0 if x < 2p,

so that ’.7:(50, %,xmm,n,c)/ﬁ‘ < ‘]:(éo,a,xmm,n,c)
for the number of unbalanced variables in a formula,

. Further, recalling our notation v, (F')

W
- (n ! - Z wWep(F7) <1 Z wap,p(F7)
0<2p<z 0<2p<zmaz
~ Tmax €
S Y R ()
0<2p<Tmax
~ ~ Lmax €
= > Fapt Y. n2p,p+( ; +1>5
0<2p<z 2p>Tmax

Therefore, since Kop, = Kopyp,

T, 0) R

< 9 Togapcafen ¢ 9(FBemas Horman )7 ’f(éo,e,xmax,n,c)’

‘f(EmE?xmaxanvC)’ < 22n20§2p<$ Fop % Q(EA”C’"”—'—pzmaz)n X ’}-(507

~ ‘

Remark. Our bound on v, (F~) might at first sight seem too loose, since, instead of allowing
all unbalanced variables to be renamed in any combination, we should really pick half of
each group of k;,.n and rename only these. Actually, the two bounds do not differ in their
exponential orders of growth as n — oo.

Note that F' is satisfiable iff F'~ is. So,

€
F(Zo0, =, Tmaz, 1, ¢) N SAT (n, c)‘ < 22 Xo<apn iz w 9FAN

2

X ‘]—"(EO, €, Tmaz, N, ¢) N SAT(n,c)

We are now able to show that if 2(°+*2)" x E[X,, ... ] tends to 0, then so does the proba-
bility of satisfiability. Indeed:
|SAT (n,c)|

€2(n, ¢)]
|F(Z0, 55 Tmaz: 1, ¢) N SAT (0, c)|
B ©2(n, ¢)]
Z HE € SAT(n,¢) : |wap(F) — Kap| > 5}

€2(n, ¢)]

Pr, . (SAT) =

+

0<p<z<Tmaz
By Lemma 1.1, each of the D (z,,4:) terms of the last sum tends to 0 as n — 0o, hence:

921 Y g<opes Kap v (EA+PIN o ‘f(éo,g,xmax,n, c)NSAT(n,c)

€2(n, ¢)]

Pr, . (SAT) < +o(1)
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So,
22n20§2p<x Kep v 2(€A+p)n

Pr, .(SAT) < 00 X Z 1+ o(1)

FE]—‘(EO,E,IWMI,n,c)ﬂSAT(n,c)
Now, since any satisfiable formula has at least one PPS, we can write:

9(eA+p)n

Pr, (SAT) < ——— x > 92 Lozop<a for 5 PPS(F) + o(1)
wal
EF(Z0,&,Zmaz,N,C)
2(€A+P)n y Z X (F>+ (1) 2(p+5A)n > E[X ]+ (1)
= n,€,Zmax,C O = n,€,Zmax,C O
Q(n, ¢

FE}'(EO y&Tmaz 7TL,C)

3 Combinatorial analysis of the expectation.

3.1 The set O.,, . nec-

In order to estimate the expected number of PPSs of formulae in F (EO, €, Timaz, N, ), we shall
first compute the number of such formulae having fixed values of the proportions w, ,(F’) for
0 <p<2x< T It will be convenient to characterize these formulae as associated with
an element of the set O.,, .. C QF of vectors @ = (0, ,)o<p<r<in., such that (with the
notation I, = {0,2,2 .. =1 1} which applies throughout the sequel):

Ymon)

(i) ez,p € I, 0<p<z<Ta;
Tmax T

(i > D ler =1
=0 p=0

(111) |9$,p - %ﬂﬁ,p| S 57 0 S p S € S xmax;

It is clear that a formula F is in F(Z, €, Zmaa, n, ¢) iff the vector (Wap(F))o<p<a<amas 18 i
O zmanmec- For 0@ € O, . we denote by F(6) the subset of .7-"(%0, €, Limaz, N, €) consisting
of those formulae F' such that for 0 < p < 2 < Zya, wep(F) = 0,,. We are able to focus
on the number of elements of F(#) mainly because, as the following lemma shows, the
relatively small (i.e. polynomial) size of ©.,, .. ». means that, as far as exponential orders
are concerned, it makes no real difference whether @ is kept fixed or allowed to vary within

@vamaz ,1,C

Lemma 3.1 [0, nc| < (2en)”

Proof. If the vector 0 is in O, ;.. nc, then for 0 < p < x < z,,4,, 0,1 is an integer
comprised between (k,, — ¢)n and (K, + €)n, so there are at most 2en possible values for

0,, M



3.2 Counting formulae with a given PPS and fixed proportions of
variables having given numbers of occurrences

For some given € and ,,,,, we now consider a fixed vector 8 € ©,,, ... .. and a truth value
assignment A € {0,1}"". Let F(6, A) be the set of formulae F' € Q(n,c) such that A is a
PPS of F' and that for 0 <p <2 < 40, Wap(F) = 0, Thus:

2

E »Tmazxn,C AE{O I}Vn

omn Zz>2p Ka,p

Proposition 3.2 E (X, ;,...c) = Q0 0]
n,c

Our next goal is to estimate the size of (8, A) for a fixed @ € O.,,... n. and A € {0,1}"".
Abundant use will be made of the quantities 7 = 7(0, ¥p4r) = 1 — D o pcrey,. Uup and
0=0(0,Tmu) =\ — ZOSprSxmaz x0,,. T is, of course, nonnegative by definition; for any
F € F(0,A), T represents the proportion of variables having more than z,,,, occurrences in
F. Also, o is nonnegative, since for F' € F(0,.A), it represents the proportion of literals in
F (among the total An) whose underlying variables have more than x,,,, occurrences.

Given a formula F' and a truth assignment 4, we say that a clause of F is of type (A, 7)
(0 < j < 3) iff it has j nonzero literals under A. To say that A satisfies F' means that F
has no clauses of type (A,0).

We are now going to specify in great detail the contribution of the different variables to the
satisfaction of type-(A, 1) clauses. While this may seem complicated, it is in fact crucial in
later obtaining a system of only two equations which can be studied rigorously. Suppose,
then, A is a PPS of F' € F(0,.A), let v be one of the variables having z total, p positive oc-
currences in F, and ¢ its number of occurrences in type-(.A, 1) clauses as the unique satisfying
literal. If v has value 1 under A, then ¢ = p—j for some j with 0 < j < p—1; excluding j = p
expresses exactly that A is a PPS. If v has value 0 under A, then ¢ = j — p for some j with
p < 7 < x. Since the two cases cover exactly once each possible j between 0 and x, they can
be conveniently coalesced by saying that for any variable there is a unique j7 with 0 < 57 < x,
such that |p — j| of its occurrences are in type-(.A, 1) clauses, the value of the variable under
A being then automatically determined by the sign of p — j. It is 1/2(1+ (p—7) /|p — j|)
if 7 # p and by convention 0 if j = p. We call such a variable a variable of type (A, z,p, j),
and thus to say that A is a PPS of F' € F(0,.A4) means exactly that every variable is of
type (A, z,p,j) for some z, p and j with 0 < p < x and 0 < j < z. In our enumerations,
however, we will only enforce this condition for x < x,,4,. The variables with more than
Tmaz OCCUrTences, or heavy variables, will be considered unconstrained, and we will broadly
overestimate the number of corresponding choices. If our expectation calculated by excess
tends to 0, so does the true expectation.

Recall that we use the notation I,, = {0,1/n,2/n,...,1 — 1/n,1} . Given the vector @ €0, ,, .. .,
the assignment A, and rationals 7, 74,73 € Ien and g, ; € Iy (0<p,j << Tma), We
proceed to count the formulae in F(6,.A)

z,pT

e consisting of y,cn clauses of type ¢, i = 1,2, 3, and
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e such that the number of variables of type (A, z,p, j) is p,, j#z,n for 0 < p,j <z <

xmax-

We assume, of course, v; + 75 + 73 = 1 and Zf:o Popp; = 1Hor 0 < p,j <2 < Typgs. Let
Z (0,4, m,n,c) be the number of such formulae.

The empty formula template A.,, contains An cells, with A = 3c. We first choose those which
will correspond to each type of clause, and within each group, those to be filled with literals
of value 1. This can be done in A, (7, c) ways, where

(cn)!
A, = 3(rt+r2)en
(0 = T (e (yen)!

Second, among the n variables we choose, for 0 < p < x < %44, the 0, ,n which will
have z total, p positive occurrences, and among these the p, , .0, ,n which will be of type
(A, 7, p,j). Recall that given p, , ; the values under A of the p, , .0, ,n corresponding vari-
ables are automatically determined. We complete the specification of A by choosing the
values of the remaining 7n heavy variables (recall 7 =1—3%"_ _ .. 0,,). The number
of possibilities is:

| |
B, (0,p) =2 = I1 o)

CEOLY | (ES— ) 0<p<z<Tmas | (Hzp 0zpm)

Finally, we effectively fill the cells with the variables of different types. Let M, (8,~, )
be the number of ways to do this and obtain a formula in F(60,.4) meeting our require-
ments. We start with the heavy variables, which must have on occurrences (recall o =
A = D 0<cp<o<ama, P0zp). We assign their occurrences to cells, which automatically deter-
mines the sign of each occurrence, having already completely specified A on the one hand,
and the contents, 0 or 1, of each cell, on the other. We bound the ways to assign all the
occurrences of heavy variables to cells by the quantity

The v,cn clauses of type (A, 1) contain v, An cells, v,cn of which are already reserved for
nonzero literals. Among these, some already contain occurrences of heavy variables. Let
their number be on; this is not an independent parameter since

6'\1 = 71€ — Z gm,p Z |p - J| :U/x,p,j‘ (2>

0<p<z<Tmaz 0<j<z

There remain ;¢ — o1 cells to be filled in this group. These are filled with the p — j
unnegated occurrences of variables of type (A, x,p,7) with 0 < j < p—1 and the j —p
negated occurrences of variables of type (A, x,p,j) with p < j < x. Thus the number of
ways to fill the y,¢ — 7 cells is :

o [CREEAL

HOSPSISme 5;(1) (p - j)!uz,p,ﬁw,pn H;?:p (] o p)!uz%jgm’pn
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Next, we fill the cells already reserved for nonzero literals, which do not pertain to clauses
of type (A, 1). It will be convenient to introduce the normalized nonzero spread of F' under
A, namely

Y =1/3 (71 + 275+ 373) . (3)

Among the \Yn cells in total which are to receive nonzero literals, let oin ones contain
occurrences of heavy variables. o1, like 71, is a known quantity:

o=\ — Z Ozp [p Z Hapj T (z —p) Z Nx,p,j] : (4)

0<p<z<Tmac 0<j<p-1 p<j<w

For the AMyn — (o7 — &1) n — y,cn remaining cells in this group, we have available, for each
variable of type (A, x,p, j) with 0 < j < p—1, the p unnegated occurrences less p— j already
placed; and if the type is (A, z,p, j) with p < j < z, the z — p negated occurrences less j —p
already placed. Thus, the number of ways to do the assignment is

[(M/J —ne—oto)n)

HOSPS$Sx'mam jf ]“LI b JGT ph I—[‘7 =p (I — J)"u'z P, JGT pT

My =

Lastly, we deal with the A (1 — ) n cells reserved for null literals, of which (o — o1)n are al-
ready filled. For the remaining ones, we have x —p occurrences of variables of type (A, z,p, j)
with 0 < 7 < p—1, and p occurrences if p < j < z. So, we can fill them in M3 ways, where

{AA —9) =0+ oin}!

(x_ )Z] (]lu‘zpj 1p"plzj p:u‘szGTPn

Mz =

H0§p§1‘§$maac
To sum up, M,, (0,v,pn) < MyMsoM;sn(0,n,c), so that

Z(0,7v,p,n,c) <A, (v,¢) B, (0, 0) MiMaMsn(0,n,c). (5)

3.3 The expectation.

It follows from (5), the preceding discussion, and the definition of F(,.A), that, setting
g, = Ulgkgn I;., we have

> IFO, A <n(0.n.c) > Au(v,0) Y Bu(0, 1) MiMoMs, (6)

Ae{0,1}"» ~y€len =y
where the summation is under the constraints
Yitre+rs=1 (7)

and

Zﬂz,p,j =1, 0<p<2< Thass (8)
§=0

11



and where o1 and 7, are expressed in Mj, My and M3 as functions of v and p, see (4) and
(2).
We now introduce a modified form of (4) which will be convenient later. We set
aI,p = Z Mx7p,j7 (9)
0<j<p-1

the proportion of variables with z total, p positive occurrences having the value 1 under A.
Taking account of (8), (4) can be written using only the a, ,’s:

Mp—oy=K(@)— > Hyp(0)as, where (10)
0<p<z<max
K (0) = Z (x —p) by, and, for 0 < p < < Xppap : Hyp(0) = (x — 2p) b,
0<p<z<Tmaw

From Lemma 3.1, Proposition 3.2, and (6), we get, for any fixed 8 € O, .. ne:

2” Zw>2p kﬁ?»l’

E anmmaz,c <
( =y ) (277/))\”

(2en)” 0 (0,1,0) Y An(v.¢) Y Bu (6, ) MiMaMs,
~EIen peJn
(11)
subject again to (7) and (8).

4 Asymptotics.

4.1 Bound for the exponential order.
Still for a fixed 6, we now bound the general term of (6), using a standard inequality for

multinomial coefficients:
r r"
S o
rMTro ... Tg ryryT..rg?

which gives first, taking account of (7):

30
An(vy,0)/m <

= s (3y3) ™Y
further,
1
1/n T .
Bn(9>lJ’) / S 2 Oz,p’
LS U G U A (B § v
0<p<e<tmazr  0<p<z<maz \J=0

. - Y1c—01
(710_ 0.1)710 o1 (%) 1

Mll/n S :
p—1 T
M | =t 16 —pﬂ“”’jez’p]

0<p<z<Tmas |Jj=0 Jj=p

12



next, bearing in mind that, by (10), Ay — o1 does not depend on n:

[()‘¢ — Y€ — 01+ 81> %} Ap—yic—0o1401

M, < ;
p—1 T
M [T svrter [T @ = jpmnter
OSPSLBSmmam ]:O .j:p
and, using (9):
A1—=)+o1—0
AL — B

> H [(x _ p)!a%pp!l—ax’p]%,p .

0<p<z<Tmax

So, writing (p — j)!5! :p!/(?) and (j —p)!l(z —j)! = (= —p)!/@:ﬁ) :

n /\1[)7’)/1070'1+81
] x

MMM < (e = Gy ) [(/W —ne— o1+ -

—1

0z,
P uz, .7 i — Mz, 7
. I ()" 11 ()"
(ﬁ)%c o1 H Jj=0 J=p
e _ p)!lfam,p}(?z,p ’

0<p<r<Tmax [p!azyp (x

Bounding the sum in (6) by its maximum term times the number of terms |I.,||J,| with
|| < n(n—+3)/2, we get, after some simplification and whenever ¢ < 5:

> o <] ) ;
’ o v A— | _ | 0z,p
Ae{0,1}Vn 7 (=o)e OSpspsxmm Pz = p)!0a
1 _ = 710—51
(6n%)" max (%ﬂfl 321/0) X (12)

Yi€lens tapi€n (11757 (373)7°]°
B(1 =) +01/c— o/ By —y, — gy /e 4 5 o)

T Oa.p
. l”’z,p,j
Il [H (e22) ]

Y

0<p<zr<Tmaz |Jj=0
where the maximum is subject to all the above constraints (7) and (8), and where

() i 0<j<p-1,
hopj =

(7P if p<j<a

Jj—p
Since (?) = (pf j), it may be observed that h, , ; is the number of ways to select , among the
literals with value 1 under A associated with a given variable of type (A, x,p, ) (assumed
distinguishable), those (if any) destined to prevent the flipping of that variable.

Finally, still for a fixed value of @ € O, ;... n., We can extend the max in the above estimate
to arbitrary real values of the ;’s and of the y, , ;’s in [0, 1], subject to the stated constraints.

13



4.2 A priori bounds on the main parameters.

We are about to replace our estimate (12) by one that is uniformly valid for all @ €O, .. ..,
and to that end will require that ¢ be bounded from above and below, and will have to check
some inequalities involving c,e and x,,,,. To give our estimate in reasonable generality,
we assume 0 < Cpin < ¢ < Cpae With, for the moment, only a mild and fairly arbitrary
constraint on ¢, and Cuae, SaY 3 < Cnin < Cmae < 9; correspondingly, A is restricted
t0 [Amin, Amaz] With 9 < Apin < Amae < 15. Later, we will be more specific and impose
Crmin = C = Cmaz = 4.506.

For such an interval [¢pin, Cmaz], it 1S easy, by elementary expectation calculations, to de-
termine intervals [Y1min, Yimaal - [Vamins Yamaz] - [Yamin: Yamaz! » [@min: Ymaz] » such that for ¢ €
[Cmin, Cmaz), the probability that a formula in Q(n,c) has a solution with at least one of
Y15 V2, V3, Y falling outside the corresponding range is always exponentially small. For exam-
ple, for [Cmin, Cmaz] C [3, 5] we can take these intervals to be [0.21,0.65] , [0.21,0.65] , [0.017,0.32]
and [0.47,0.68] , respectively.

This means that in investigating, by more sophisticated means, the probability that a formula
in Q(n, c) is satisfiable, we need only consider solutions, or indeed PPSs, with v,,7,,v; and
1 in their respective intervals. Thus, we can define the rv. X, ., . with these more
restricted PPSs, and F(6, .A) similarly. All that we have said up to now goes over, notably
Propositions 1.2 and 3.2; and (12) holds, with the maximum subject to these additional
restrictions, viz

ij S [7j minvfyj max} ’ ] - 1’273; ¢ S [wmz‘mwmax} : (13>

Henceforth we assume these additional constraints throughout; we also fix ¢ = 107! and
Tomaz = 90.

4.3 The O-free estimate.

Deriving from (12), at controllably small cost, an estimate where the fixed but unknown
0, ,’s are replaced by the known k,,’s, is a matter of easy but tedious calculations which
we will only sketch. Anyway, one could get by with coarser bounds than we give by simply
choosing a smaller € and larger x,,,,. Note that we have relied on x,,,, being even to simplify
some of the calculations slightly.

One somewhat delicate point is how to deal with the numerous quantities of the form x*
where x is unknown but ‘near’ some known y. We use the following very elementary lemma,
not sharp but sufficient, so not worth improving.

Lemma 4.1 Let L be the function n — (277)_277 on R,. Then whenever x,y,n are positive
reals with n < 0.05, |z —y| <7, and x < 30, we have L (n)”" < y¥/z* < L(n).

Proof.  (outline) For z < 30, we study the function f, (h) = ( +h)“™" on the interval
I, (z) = [max (—z, —n) , 7], showing that whenever |h| <5, f. (h) /2" falls between L (1)~

14



and L (n). This is done by elementary monotony considerations, distinguishing the two cases
|h| > x and |h| < x, the second being split into two subcases where the double inequality
1/e —n < x < 1/e+ n either holds or not. W

4.3.1 Eliminating the ¢’s and 7, and withdrawing 0 from ¢ and ~.

From 7 <1—3% Kep+ D, 1000 — Fapl, we get, in terms of D = D (240,
T (Oaxm(w? )\) S Rl (67 xma:(;)

uniformly for all @ € ©.,, ... ». and all relevant \, where

)\Imaz +1

Rl (57 l’maz) — ﬁ +eD (xmaz) .

Similarly, from o < ()\ =D e a:T%%I)) + 20 p |0y — Kup| we obtain, in terms of P (§) =

E(E+1)(E+2)/3 that 0 (0,2maz, A) < Ra (€, Tmaz) , again uniformly for all @ € ©, ;.. ».

and relevant A\, where
)\Imacv+1

RQ (57 xmaac) = 12 | + 6P)Q (:Emax) .

xmaz-

As for oy and 7, we simply use 71 < 01 < 0.

Turning to ¢ and -, from (2) and (4) there are natural candidates for the -free versions of
v, and 1, namely

51 = % Z 7%m,p [ Z (p _J> :U'z,p,j + Z (.7 _p) Nm,p,j] ) (14>

0<p<z<Tmaz 0<j<p—-1 p<j<w

¢ = %Z%x,p lp Z ,um,p,j + (3: _p> Z :u:p,p,j] ) (15>

0<j<p—-1 p<j<z

or, equivalently so long as (8) holds, cf. (10):

1]~ -
o= [K - > Hwax,p] (16)
0<2p<r<Tmazx
with _ ~
K = Z (x —p)Ryp and  H,p= (v —2p)Kap,
0<2p<z<Tmaax

which is the definition of ¢ we adopt, since it will be helpful subsequently.

Observing that from (7) and (3), we have 7, = 3(1 — ¢) — 27y, and 753 = v, — 2 + 3¢, we
define the -free versions of v, and 4 as respectively

By=3(1—1)—26, and f[3=03; —2+ 3. (17)
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Using the above bounds on o, it is easy to estimate |¢p — 9|, |ﬁj —7,|, and the worst-
case error incurred in replacing ¢ by ¢ and the §;’s by the v,’s in (12). Setting P3({) =
E(E+2)(26+3)/8 and

N
RS (67 xmax) = - + N [PQ (xmaz> + P3 (xmax)] )

we find

|0 — ] < R3 (€, Trmac) ; 181 — 71| < 3R3(g, Tnaa) }
’62 - /72| S 9R3 (87 xmam) ) ‘/63 - 73| S 6R3 (87 xmar) )

and therefore the constraints (13) imply the following ones on p :

63‘ € [ﬁg mimﬁj ma,:r] ) ] = 17273; ¢ € [(bmma ¢mam] (19>
where B1,in = Yimin — 383 (€, Tmaz) s Bimaz = Vimaz + 383 (€, Tmaz) , and so on.

Since R3 (€, Tmaz) < 1.035 1072, from (18) and (19) we see that all of 3y, B35, B3, &, 3¢ — By,
and 3 (1 — ¢) are positive, < 30, and at a distance of less than 0.05 from the corresponding
0-dependent quantities. This allows us, using also 0 < Ry (&, Zymaz) < 1.54 1078, repeatedly
to apply Lemma 4.1 and get:

1

n

A
Z | F(6,A)] < G1 (& Tmaz) 3° (/\n))‘ (SL) X

Ae{0,1}"n €
(6n%) {Bo— B0 B -9 5™ 35,) ]
n :u‘z,p,j%}[%vl] - o Ozp
[1 [P (@—p)0,]] (;:_a) »
0<p<z<Tmaz 7=0 Z:PsJ
where

18 e R2(€7xmaz)
Gl (5, xma:c) — 2R1(5,mmax)L (Rl (5, xma:ﬂ)) L (R2 (8, .Tmag;)) <)\ ) ) X

()] [ i) (E )]
(L (3Rs (¢, Zmax)))* L (9Rs (€, Zmaa)) L (6Rs (€, Zmaz)) 37 7mes) |7

and the max is subject to (8) and (19).

4.3.2 Removing 0 from the powers-and-factorials product.

Since the only real difficulty is, possibly, getting started on the right path, we only indicate
how we break down the error incurred from replacing the 6, ,’s by the x,,’s, into three
factors A, B, C, to be estimated separately. We have

1 ABC
<

z Ha K, p,j Por = ~ i P i e p,j e
Pz = )6y TT (222 T (el =R T (52)
SLPSTSTmax J=

ha.p.i
=0 T,p,]

1

0<p<z<Tmax
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(note the change of domain for the index p), with

! | - Mz p,j Pa,p,j ~bap
A = 1T pl(x — p).ex,pH (h_p]) ,

1<p<z<Tmaz, 2p>x _7:0 e

AN
B = Rap
()
0<2p<z<Tmax ’
TN Rap=Oap
oI iG]

0<2p<z<Tmax 7=0 Z:p>]

We find A < G4 (€, Tmaz), B<Gp(,Tmaz), C < Go (€, Tmaz, A) , with
G(A (67 wmaa:) = 12823%%‘”6 (z?,Lam+2anag¢—1)€L (5) A Emaatd) )
Gp (&, Tmaz) = H (1+¢) 5] <(1+ 5)”2‘”” (zmaaz+1) :
x=0
and, using the fact that
2\ —log 2
for all A € [Anins Amaz) s Tmaz = —og7 (20)
log A — log 2
GC (57 Tmax /\) =
2 )\ Tmazx Tmaz+8 tmartl y
(J}maw + 1)zma2:c+ 217;4119” (-Tmaa:+1)(1'maa:—7) {2$max+4 |:e—)\ (_) :| }
2
Observing that since
Tmaz > Amaz; (21)

e ( %)xm“ increases with A within our range of interest, and setting G5 (&, Zimaz) =

Ga (€, Tmaz) GB (&, Tmaz) Go (€, Timaz, Amaz) , We conclude that, for any ¢ in our chosen range
and the max being again subject to (8) and (19):

3=

3=

S FO.A| < G (e ) G (6 Tna) 3 (A (Si) (67)

e
Ae{0,1}V»

X (22)

{Go— ) 31— 5™ (35,

max
Mz,p,je[ovl}

Ra,p
€T . uz, ,J
Il [p! (v = Py TT (f222) ]
j=0

h .
0<2p<z<Tmac P

Note that the p, , ;’s with 2p > x are now irrelevant, having vanished from the bound (they
do not actually figure in 3,, 5, 33, or ¢), and thus the equality constraints under which we
now perform the maximization are just (8) for 0 < 2p < = < Tya-
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5 Maximization.

By (19), for ¢ within our range, the max on the r.h.s. of (22) may be restricted to vectors
pn € U, where

U= ﬁl_l (]61min7 Blmam[) N 62_1 (]BQmin? 62ma$[) N 551 (]63min7 ﬁ?)maac[) N ¢_1 (]¢mm7 (bmax[) )

is an open subset of RY where N = N (Zy102) = 1/24 (Tmaz + 2) (422, + 13T a0 + 12)
(recall that we have dropped the irrelevant variables ju, , ; with p > 2/2). For the moment,
we do not further specify these reals; we do so later when restricting ¢ to a single value. (We
do already assume 3¢,,,, > B1mae though). For now, (22) leads to the following problem of
constrained maximization:

X op 2. |
“511@“” 0g2pgngxmm : Z Hepg 108 <,Ux p.J ) (23)
+c{(3¢ — 3,) log (3¢ — 51) [3(1—=¢)]log[3(1—¢)] — Bylog By — B3log (333)}

subject to the constraints (8) which we rewrite as

Cep =0, where Cop=—1+ Z P i (24)

This is not yet amenable to traditional differential techniques, since the set RY N/ is not
open. However, it is not difficult to bar out the vectors on the boundary as candidates for
global, indeed even local, maximizers, as we now proceed to do.

Let us compute the gradient of the function of g maximized in (23), say fi (u). For the
quantity inside the braces, using (17) and (7), and setting

9(1—¢) B 53 (8, + 6¢ — 3)*
= 2\ T 9P d - —
U=Go-mn ™ VTN SGe-008 30,66 A
we obtain for V f; :
3log 332—‘_%) Vo — log (36 — B,) V5, — log 5.V 3, — l0g (33:) .V, — VA, — Vj, — V5,

= —3logUVe¢+log(V —1).Vj,,

so, taking the (z,p, j)-coordinate:

ofi ) Fep loguj;j—1+(x—2p)1ogU+(p—j)1og(V—1) , 0<j<p-1;
Ottapg | Fap [log 122 =1+ (j = p)log (V = 1)) p<j<u.
(25)

With this knowledge, we can establish:

Lemma 5.1 No feasible vector p (i.e. p €RY NU satisfying (24)) having at least one null
coordinate can be a local mazimizer for the problem (23).
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Proof. Choose j; and jp such that p,,; =0 and p,,;, # 0, and consider the real-valued
function fi defined on |0, 1, ,;, [ by fi (€) = fi (pe), where p differs from g only in the
(z,p,j1) and (x,p, j2) coordinates, the former being equal to £ and the latter to yu, ,;, —&.
Of course, for sufficiently small £, p, is still feasible, so it suffices to show that 0 is not a
local maximum for f;. But, using (25):

e i TR

"%x,p 85 ’%%P 8%@,3’1 - a'u%mé
Ry p.i Ry p.i
= log R log % + R%P,jhh log [U (”’5)} + Sp,j1,j2 1Og [V (”’E) - 1] )
5 'uI»sz 5

where |Ryp 10| < Tmae and Sy, jo| < Tmaz. As & — 0+, the first term on the right tends
to 400, the second remains bounded, while, since p is feasible,

9(1 - ¢max> 63m'm 9(1 - ¢mzn) ﬁ?)ma:p
U
(3¢max - 51min) ﬁ2max = (Mg) = (ggbmm - ﬁlmaa:) ﬁ2min

and ) )
Bomi 33
min <V ) — 1< max 7
3 <3¢maz - 6lmin) 53max ( 5) 3 (3¢mzn - Blma:r}) 53min
so the third and fourth terms stay finite too. All in all, df;/0¢ is seen to tend to 400 as
¢ — 0+, so obviously (e.g., from the mean value formula) 0 cannot be a local maximum for

fiom

So, the set constraint in problem (23) may be replaced by p € O, with O =0, 4+oco[" NU
(an open subset of RY), allowing a study of local optima by traditional differential methods.
f1 1s readily seen to be bounded in O, since for > 2p all h,, ;’s are < 2*7P~1; thus, if some
number M bounds from above all local maximizers in O, then f; (u) < M for any feasible

u.

Since all constraints are affine, we do not actually need any further constraint qualification
such as linear independence of the gradients, though this is clearly the case. The classical
method of Lagrange multipliers applies [36]: a necessary condition for optimality of f; at
some feasible pu* € O is stationarity in the sense that there exist real numbers A, ,, 0 <
2p < x < Tynae, Such that at p*:

Vh+ Y ApVGC, =0 (26)

0<2p<z<Tmax

Now take the (z, p, j)-coordinate of (26), using (25): since K, , # 0 whenever 2p < z, we get,
for 0 < j<p-—1andp<j <z respectively:

A, . A, .
Mo pj = Napj €XD (~ P 1) Ur—2r (V—-1)""7 and P pj = N pj €XD <N L 1> (V—1)y"".

Kaz,p Ka,p
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The Lagrange multipliers are determined by plugging this back into the constraints (24):

A,
1 = exp (~—’p — 1)
Fap

= exp ({\x’p = 1> (U (VP — 1)+ V&P

Ka,p

p—

oS Q- S () v

j=

Hence a necessary (and sufficient) condition for stationarity is that the N (2,,4,) unknowns

Hypi0 < 2p < & < Tyaa such that 0 < j < z, satisfy the following system of N (Z42)
equations: |
A gy,
Hypi = | (28)
(jig) U’””’SX/_P?;)?V%:) it p<j<uz

(where of course U and V' are themselves fairly complicated functions of the u’s). Note also
p—1

that for any solution p, the quantity a,, = > i=0 Map,; has the summation-free expression:
Us=2r(Vr —1) ] 1
Oéx7p = ) — — = —_ .1’—2p
WDV I G (1 )

and systematically equals 0 for p = 0. Further, under the same conditions the coefficient of

Kap .
—L in 3, has the value
c

1
Ua=2 (Vr — 1) + Vor
V —1pU*2VP 4 (x —p) V=P
Vo Ur(Ve— 1)+ Ve

U””—Qpéh(f) (V- 1)h+§l<x;p) (V- 1)’]

=0

where again the summation in j has disappeared. The system (28) may seem hopeless at
first sight. However, all unknowns can be extracted in terms of just two (affine) functions
of themselves, ¢ and (3;. This has the following consequence. Consider the system S* of
N (Zmae) + 2 equations in as many unknowns obtained by viewing ¢ and /3, as two further
unknowns, and (16) and (14) as two additional equations. A solution of (28) immediately
gives one of S*, and conversely. Solving (28) amounts to solving S* by trivially eliminating
¢ and 3,. But the property just stated means that there is a better way to solve S*, namely
eliminating the u’s, leaving just 2 equations in 2 unknowns. So, viewing now U and V as
functions of ¢ and 3, only, we plug the r.h.s.’s of (28) into (16), (14) to obtain

~ 1
ANp=K— > Faplz—2p) |1- — , (29)
1<2p<a<@mac L+ (3)" "=V
V-1 _ pU*™2PVP 4 (xz —p) V=P
.

0<2p<z<Tmax
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Having solved this in ¢ and 3,, we plug them into (28) and obtain the p’s. While still highly
nonlinear, the system (29, 30) can, as we shall show, be rigorously analyzed. But what we
certainly cannot do is to exploit convexity considerations as in [13], [5]: here the objective
function is not concave.

6 The equations: analysis and numerical resolution.

6.1 Preliminary transformations.

In the sequel, (¢, 3,) will mostly denote an arbitrary solution of (29, 30) or an equivalent
system. Before we proceed, it will be helpful to rearrange some of the already obtained
expressions in a more convenient form.

6.1.1 The expectation revisited.

Assume that we have a solution (¢, 3;) to the system (29, 30) and that the corresponding
parameters p do give rise to the (global) maximum appearing in (22). We show that our
bound on the expectation simplifies to a formula where the parameters p only intervene via
the two quantities ¢ and 3, (and U and V' viewed as functions of these).

First we have, in view of (28) and taking into account (8), (14), (9), and (16):
H [f[ (qu,p,j ) Mz,p,]’] Ra,p B UIN(f)@ (V _ 1)51c
0<2p<i<aman Lm0 hiﬁ,pd H [Uz—2p (Vp — 1) + Vr—p]m,p
0<2p<z<Tmax

Call the inverse of the r.h.s. g2 (¢, 3;), plug it back into (22), and modify (11) accordingly,
. D/n .
using (2en)”"" < exp (2¢D/e) :

N 2XesmFerexp (2eD/e)

(P! (& = p)lFia )
0<2p<e<Tmas (31)

— B,)3 EPANECEON
G (€. ) 92 (6, 1) [<3¢ 5" 31— )

E (Xn,e,mmazyc)l/n S (6”3)% SC (6_):3) Gl (87 Im(zm) X

B B
2" (305)™
This is essentially the estimate that will serve in our numerical evaluations. It is possible

further to transform it so that all exponents become fixed (i.e. independent of ¢ and f3,),
but this, although noteworthy, will not be used here.

Let us emphasize that the function of ¢ and (3, on the right of (31) has little to do with
the objective function in (22) (a function of p, anyway). All we say is that it dominates
E (Xn7a7xmaz7c)1/n for some pair(s) (¢, 5,) satisfying the system (29, 30), and our final bound
will be valid for any such solution, without having to assume or prove uniqueness. Although
it can be seen that (29, 30) actually characterizes stationary values of that function too, the
(in fact unique) solution is not a maximum but a saddle point.
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6.1.2 A modified form of the second equation.

The numerator of the fraction in the sum on the right-hand side of (30) can be written
pU* VP (z —p) VP = (2p — 2) U™ (VP — 1)+ (z — p) [UT2 (VP — 1) + V" P 4pU" ",
so that (30) also reads

V-1
e =

— Z H, pa,, + Z (. —p) Kayp

0<2p<z<Tmaz 0<2p<x<Tmax

_ e
DI (VP — 1)+ Voo

2<2p<x<Tmaz

The second sum is by definition K, while if (29) is verified, the first is K — \¢. Thus the
system (29,30) is equivalent to (29,32), where (32) is as follows:

V-1
pre=——

(32)

_ pUx—Qp
L

2<2p<z<Tmax

6.1.3 The monotone behaviour of U and V in each variable separately.

Set [VieWing ﬁ?? 63 as fUIlCtiOHS BQ? 53 Of ¢’ ﬁl’ Cf‘ (17)] D¢7B1 = [gbmzna ¢ma:r:] X [51min7 ﬁlmaz] N

Bz_ ! ([Bamins Bamaz)) N B;l ([B3mins Bamaz)) - Within our range of ¢, we can disregard pairs
(¢, 8,) & Dyp,, so we will limit our study of (29,32) to Dy s, .

For fixed ¢ and variable 3, within Dy g , then, U increases (strictly) as the quotient of an
increasing numerator by a decreasing denominator.

For fixed (3, U increases (strictly) in ¢ since (3,,,,, < 1 implies

dloglU  —1 +i_ 3 +i_ 203, N 6(1—p4)
0  1—0¢ By 3¢0—0, B (1-90)By B3(36—0)

(As an unconstrained linear combination of the s, , .’s, 3, does reach values > 1.)

>0

For fixed ¢, V' —1 has a decreasing numerator, while the denominator, three times a product
of factors with a constant sum, increases until 3, reaches (3;,, such that 8, = 3¢ — 5;;
however, 31y, = 1> (1,4, S0 V decreases on Dy g, .

For fixed (3,, V — 1 also decreases owing to a decreasing denominator and increasing numer-
ator.

To sum up: with either variable fixed, U increases and V' decreases in the other variable.
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6.1.4 Bounds on U and V.

We henceforth set ¢ = ¢in = Cmaz = 4.506. All the foregoing remains valid, but some in-
equalities become tighter, starting with (13) and (19); in the latter we can now take f34,,;, =
By = 0.33018; By, 0r = Boprgs = 0.52801; 85 - = 0.077639; By, = 0.21782:6, .
0.525245; and ¢,,,, = 0.619063. (Also, e.g. now R3 (€, Tpa,) has a smaller value < 1.104 1071

These limitations imply helpful ones on U and V : U < Upaz1 = 269268, U <
Unaz2/ (V — 1) where Uppaee = 0.687424, V' > Vi = 1109255, U/V > (U/V) =
11.2022; we need and prove better ones than the last two.

maxr

mazxl

We solve the constrained minimization problem (with variables ¢ and (,): minimize V,
subject to the 8 linear constraints written above. These define a convex polygonal domain
(Dy,,, actually) with 8 sides in the plane (¢, 3;). Due to the decreasing character of V' in
each variable, the minimum can obviously not be attained at an interior point, nor along any
side other than the two given by 35 = (3,4 and By = By, V is easily seen to decrease
in 3, along the first and to increase in [3; along the second, so the minimum is attained at
their intersection, and is found equal to:

363771(1:8 (262min + 363maw)

We can maximize (U/V) in a very similar way, since it increases in each variable separately.
Again, the maximum must be along one of the same two sides of the same polygon, as seen

using the form U/V =27 (1 — ¢) 33/ [B, (B, + 64 — 3)2} , and equals

(g) — 9 [2 (1 /83771(1.1’) 62mm] ﬁgmax = 1.64966.
V max2 ﬁQmin (52min + 3ﬁ3max)

Vininz = 1 = 1.126983.

6.2 Outline.

From now on, c is taken to be equal to 4.506. The remainder of the paper is devoted to
showing that for this ¢, the product 2 +*2)"E (X,, ., . .) tends to 0 as n — oo. Since
the probability of satisfiability decreases in ¢, this will establish that the threshold is below
4.506.

Figure 1 in Appendix B shows the pairs (¢, 3;) which solve each equation (29),(30). While it
clearly suggests that the system (29, 30) has a unique solution, we present a strictly rigorous
analysis. It exploits special features of this system, leading to numerical calculations which
can be reliably and routinely performed to any desired precision.

A close study of the 2 equations, written in an equivalent form Fq; = 0 and Egy = 0, shows
that each defines ¢ as a unique decreasing function of 3;; then a constructive numerical
procedure is applied to narrow down the location of any common root. Uniqueness is neither
assumed nor proven, though this could be done with a little more effort.

Actually, it suffices to establish the (strict) monotony of Fq; and FEg¢y in each variable
separately; the monotone behavior of the corresponding implicit functions follows. And it
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turns out that it is easier to reason directly in terms of this separate monotony, and that in
this approach strictness is not used.

There is a slight restriction to the monotony of E¢;, which does not affect the end result. A
precise statement follows.

Proposition 6.1 i) Fqy decreases strictly in each variable separately over the whole domain
of interest Dy g, .

(”) For any ¢ < [¢min7¢ma:r}] (T@Sp. any 51 < [ﬁlmin?ﬁlmux])i there exists 5; (Qb) S 1
(resp. ¢" (0,) < 1) such that Eq (¢,.) < 0 over the interval |37 (¢),1], (resp. such that
Eq (., 8,) <0 over the interval [¢* (8,),1]) and that Eq, (¢,.) decreases strictly on [0, 57 ()]
(resp. Eq (.,03,) decreases strictly on [0,¢" (8,)]). In particular, if Eq (¢,03,) = 0, then

B1(¢) > By and ¢" (B;) > &.

The proof is given in Appendix B. Note that the separate monotony of E¢; actually holds
over the whole of [@,,ins Pimax) X [B1imins Bimaz)s although we only prove it in the smaller
Dy 3., since it is not really needed in the whole rectangle. Also, one should not confuse the
monotony of Fgq; in ¢ and (3, separately, which is subject to the stated restrictions, with
the monotony of the implicit function ¢ () defined by Eq; = 0, which does hold on the
whole interval [1,,:n, B1maz)- 10 fact, although Proposition 6.1 could be made more precise
and then used to show the existence, uniqueness, and globally decreasing character of the
implicit functions defined by Fq; and Eqy, we will not do so, since we do not need to. We
could actually remove the word ‘strict’ and still proceed to the final subsection.

6.3 Root localization.

All pairs (¢, 3;) below will be assumed, sometimes without an explicit reminder, to be
feasible, i.e. in Dy (a convex polygonal domain, as remarked above). If Eq; and Eq,
happen not to have a feasible common root, then anyway a.e. formula is unsatisfiable.
Using Proposition 6.1, we shall show that any feasible common root must lie in a small
rectangle R = [(b_, ¢+} X [61_,51+}, and that on the whole of R, the product by 2(P+s2)
of our bound (31) for the expectation, is strictly less than 1. Since we already know the
(global) maximizer for (22) to exist and necessarily to give rise to such a common root for
which, besides, (31) will be valid, this will show our chosen value of ¢, 4.506, to be above the
threshold without even the need for a direct proof of either existence or uniqueness of such

a (¢",31).

We determine R explicitly, together with four numerical sequences which bear witness to
the fact that no solution can lie outside R, owing to Corollary 6.4 below. This amounts, in
a rigorous presentation, to a very elementary numerical procedure which starts at a corner
of the rectangle [@,,:, Pmaz) X [Bimin: Bimae) containing Dy g , and spirals its way towards a
solution.

From Proposition 6.1 follows
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Lemma 6.2 Let Eq be either Eqy or Eqy, A = ((bA,ﬁLA), B = (qu,ﬁl?B), both assumed
feasible. (i) If Eq(A) >0 and B < A (meaning ¢ < ¢, and B, g < 3 4), then Eq(B) > 0;
(i1) If Eq(A) <0 and A < B, then Eq(B) < 0.

Proof. Do it in two steps, changing one coordinate at a time; for (i), use monotony; for
(ii), use monotony if Fq = Eqs, and if Fq = Fq, use the fact that if Fq; is negative, then
it stays so if a single coordinate is increased. W

This in turn implies

Proposition 6.3 Let feasible points A = ((ﬁo,ﬁl’A) and B = ((ﬁo,ﬁl’B) have the same ¢-
coordinate, while C' = (QSC,BLO) and D = (ng, 5170) have the same [3,-coordinate.

(i) If B15 < Br.a, Eqi(A) > 0 and Eqy (B) < 0, then the closed rectangle [¢
[ﬁLB,ﬁLA} contains no feasible common root to E'qy and Eqs.

(ii) If B4 < B1p, Eqi(A) <0 and Eqy (B) > 0, then the closed rectangle [¢
[ﬁLA,BLB} contains no feasible common root to Eq, and Eq,.

(iii) If 6o < ¢p, Eq(C) < 0 and Eq, (D) > 0, then the closed rectangle [¢¢, ¢p| X
[B1mins Bimaz) cONtains no feasible common root to Eq; and Eqs.

() If ¢p < ¢, Eqa(C) > 0 and Eq, (D) < 0, then the closed rectangle [¢p, do] X
[B1mins Bimaz) cONtains no feasible common root to Eq; and Eqs.

X

min>? ¢max]

X

man> ¢max]

Proof. (i) Let P = (¢, ;) be an arbitrary feasible point of the rectangle. We show that
it < ¢, then P is not a solution of Eq;, while if ¢ > ¢,, P fails to satisfy Fqs. Indeed, in
the former case we have P < A, so we use (i) of Lemma 6.2 with Eq = Eqy; in the latter,
B < P, so we apply (i) of the same lemma with Eq = Eqs.

(i), (i1i) and (iv) Very similar (or actually the same up to notation). W

As an obvious corollary, we obtain the final link leading to the main result of this paper:

Corollary 6.4 Let four finite sequences ¢, < ¢; < ... < @y, IO > ﬁfl > > ﬁiK,
¢8_ > gbii_ > > ¢}:7 ﬂl_,O < 51_,1 <. < BI,L with (bg = gbmin? IO = 61ma:v7 (z)a_ = quaac and
B1o = Bimin verify (all pairs (¢, 3,) considered being feasible):

EQl(gbl_’ I’L) > 0’ OSZSKﬂ Eq2(¢;76iz+l)<07 OSZSK_].,
Eq (6. 81;) < 0, 0<j<1L, Egs (67,081,01) >0, 0<j<L—1.

Then no feasible common solution to Eq, and Eqs can lie outside the rectangle ]qb;{, gbz[ X

1810 Bl |-

Proof. Successive applications of Proposition 6.3 (i) with A = (@_ , fl) and B =
(¢7,07,:41) exclude feasible points in the band [¢,in: Pmas) X [B1 K41 Brmaz)- We simi-

laﬂy exclude [(bmzm ¢mam] X [ﬁlminv BiL—&-l} ) [¢min7 ¢;{] X [51mz‘n7 Blmaz]? and [(éJLr? (bmam} X
[ﬂlmi’m ﬂlmaaz] .
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All that remains to do is explicitly to give our four sequences as above, and to check that
the hypotheses of the corollary obtain and that the bound (31) is uniformly strictly less than
one on the whole rectangle R = [gb[}, ngJLr] X [BIL,ﬁiK} (the bound being independent of
sufficiently large n).

We first compute the product G (€, Tmaz) G2 (€, Tmaz) €xp (26D /e) appearing in (31), to be
less than 1+ 107",

We then determine sequences ¢; and ﬁfz as above, with K = 62, and sequences ¢; and
By with L = 52 satisfying the requirements of Corollary 6.4 (including those regard-
ing feasibility), and such that R = [qﬁ]},qﬁﬂ X [ﬁiL, fK} = [0.56383217,0.56383249] x
[0.44651403, 0.44651478]. Taking into account the monotony properties of U, V', and of the
functions x +— 2%, x — a¥ and = — y*, an upper bound for the right-hand side of (31)

throughout R is seen to be the product of (6n3)1/" by

)\ A 22x> pEW,P
(14+1077) x 3° (—) : ——— X
Ge I1 P! (z = p)!Rap] ™"

0<2p<z<Tmaax

[T [ (0 -1)]""

Ny BTKHC
(V — 1) 7 0<2p<z<Tmaz

[\j()\qbZ—IN{)

c

(807 — B7,) ™ P [3(1 — o)) 0%

o )

B (38,)”

where U = U(fbfa iK)? V= V(¢;(aﬁiL)? [j- = U((b;{?ﬁiL)’ f/ = V(¢JLra 1+,K)> 32 =
3(1—¢})—208{x, and By = 311 —2+3¢x. The product of this bound by 2°7¢4 < 14107
is computed to be < 0.9999885. So, for ¢ = 4.506, Zynee = 56, and € = 107, the product
20pFAE (X, ., ) is less than 6n® 0.9999885", and we conclude using Proposition 1.2
and the decreasing character of Pr,, . (SAT) as a function of c.
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Appendix A

Proof of Lemma 1.1 (As stated, what we prove is actually stronger.) In the ordered-
clauses model, if the number of occurrences of variable z; is K, the random vector (K;),,.,,
follows a multinomial law of parameters An,p; = ... = p, = 1/n, where A\ = 3c. Also, the
number of positive occurrences of variable z; is modelled by the r.v. §; = E]K:"IXZ-J-? with
X;; iid. B(1,1/2) coin tosses, constructed to be independent of the multinomial vector
(cf. Th. 2.19 of [29]). For z € N, S;, = > 7| Xi; has a binomial B (z,1/2) distribution (in
the probabilities, indices n, ¢ are implied):

Pr(S;=p|K; =) =Pr(Si, =p|K; =) =Pr(Si, =p) = %(}f) (33)
The number of variables having x occurrences is N, = X} 1¢x,—,y, while those having x
occurrences out of which p are positive is Wy, = > " | 1ik,—0 si2p}-
We use the large deviation property of binomial r.v.s in the following form:
Define h(q,t) = (¢+t)Log(1+1t/q) + (1 —g—1t)Log(1—t/(1—¢q)) ift < 1—g¢q, +o0
otherwise; and ¢(q,t) = min{h(q,t),h(1 —q,t)}. Let Y be the sum of n independent
indicator variables with common expectation ¢; then for any ¢ > 0,

Pr

Y
— - q' > 5) < 2¢~cl@en, (34)
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We also use the fact that a Poisson r.v. with integral mean p cannot have too small a
probability of equalling u: there is, as can be seen from a variant of Stirling’s formula, an
absolute constant Cjy > 0 such that if Z is Poisson with integer parameter ;> 1, then

Pr(Z — ) > % (35)

Recall that the Poisson probability mass function, e *\*/z!, is denoted by p (z, \).

Now consider a Poisson r.v. M with mean An, and construct (e.g., Lemma 5.9 in [29]) a
random vector (L;),1 <14 < n that is multinomially distributed conditionally on M, i.e.:

Pr(() = (M =m) = (1) )

Probabilities and expectations in the Poissonized model will be subscripted with a A. In
particular,
Pry((Li) = (1) [M = An) = Pr ((K;) = (1)) - (36)

The law of the vector (L;) is obtained by deconditioning, giving a sum with just one nonva-
nishing term:

Pr, (L) = (I;)) = ZPU (1) |M =m')Pry (M =m)

L)« Lt
(%zi!) n” >t Xp@:l“”) :Ee Azi!‘

So (summing w.r.t. all coordinates but one), the L; are independent, each being Poisson with
mean A. We let X/ beii.d. coin tosses in the Poissonized model which are also (completely)
mdependent of the vector (Ll,M), so that in this model, the ‘number of occurrences of
variable z;” is S| = Z ~1 X[ ;. We also consider, for z € N, 5], = >>7 | X/, which has a
binomial B (z,1/2) dlstrlbutlon, on account of our 1ndependence hypotheses

1
Pry (S; =p|L; =x) =Pr\ (S, =p|Li =x) =Pr, (S|, =p) = % <;) (37)
In terms of the indicators U; (x) = 1{z,—a}, Vi (p) = l{S{:p}, and Wy, , = l{Li:x,szp} =

Ui (z) VZ ( ), the ‘number of variables with x occurrences, p among them positive’ is W, =
> iy Wi, We will need the following lemma, to be proved later.

Lemma A.1 In the setup just defined, the law of W
as the law of Wy ,,.

+ps conditional on M = An, is the same

Clearly then, by (37):
E)‘VV;xp =Pr) (S =p|L; =2)Pr) (L; =x) = - (x)p(%)\) —_—
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By (34) we have:

/!

( W,
PI‘)\ e

We now depoissonize, i.e. we decompose w.r.t. the values of M:

Ka.p

> 5) < 2eCERapIn,

_ W,
% c(e,ka,p)n > ZIPI.)\ (‘ ;JJ — Kap

m

> e \M:m’) Pr), (M =m/)

!/

|14
Z PI‘A (’ ;710 — Rgp

> |M:/\n>Pr)\(M:)\n).

By Lemma (A.1) and (35), this implies

W,
Pr (‘ P — Kep

2 E) S i\/)\ne_c(‘svﬁlﬂﬂ)n’
Co

n

which is stronger than Lemma 1.1.

Proof of lemma A.1. The law of a random vector determines that of the sum of its
components, and the same holds for the conditional laws relative to some event (e.g., [35],
p. 218, end of § 14).

So, it is sufficient to show that the law of the random vector (W/{xp)l <i<n?
M = An, is the same as the law of (W; ), ..,,, where W; ;. , = l{Ki:x,gi;p}i: Lik,—o) L{s,=p};
and this, in turn, will follow if we show that the conditional law of the 2n-dimensional random
vector (L;, S!)i<i<, is the same as the law of (K;,S;);.,.,,. Now, for any N"-valued vectors

(li)1gi§n and (pi)1gi§n>

conditional on

Here the event A = ,.;-, {Sg’li =p;} is independent of the conjunction B N C, with
B = (Nicjenili =1} and C = {M = An}, so Pry(A|BNC) = Pry(A). Applying the
generally-valid

P(ANnB|C)=P(A|BNC)P(B|C),

and using (36), we see that

Although the K are not independent, our setup does ensure that the events (), ... {Si,, = p:}
and (,«;<,, {&i = [;} are independent, so

Pr ((K; = l;, Siy, = pi)) = Pr ((Siy, = pi)) Pr ((K; = 1)) . (39)

But, by (37) and (33), the first factors on the right in (38) and (39) are both equal to
T2 (). "
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Figure 1: The solutions (/3;, ¢) of equations (29) (dashed
line) and (30) (solid line)

Appendix B

We start with the equation that is monotone on the whole of Dy g, .

B.1 The second equation, separate monotony.

We use the modified form (32), and deal successively with fixed ¢, variable [3;, and the
reverse. First, some considerations which apply to both. (32) can be rewritten equivalently:

1 V-1 1
=FEq = —Fic+ A - — Ryp—r— |1 — — )
mmm=nens(i-p)e 8 ety |- ]

1<2p<z<Tpmacx
(40)

Call the denominator of the last fraction D, ,. We differentiate w.r.t. one variable, leaving
the other fixed. The derivatives are denoted simply by a prime because the context will
always make the meaning clear. The following equality holds in either case.

V-1 - 1 VIV — (p+ 1) VP 41 L .
V (VP —1) D.,|J] V2 (Ve — 1) D,,

—_ 1 Q $_2p_1 / ! 1 /
v (v) (x —2p) v_r 1 —— —i—pv :
V(vr—1) DZ, Uu Vv Ve Vptl

It will be shown, in the relevant subsections, that
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Lemma B.1 Let X =3¢p—1,Y =3¢0—0,, Z=Y — X =1—-p,. We have
U’ \V& —V!
U VvV vViy-1D
where R is a positive quantity such that for fized ¢
Y

= V-1
R=3V -1,

R,

while for fized (3,

Y 1
S=—(V-1)+-.
R < Z( )+2

It follows that

V-1l [, 1 L =V (pVPH - (p+ 1) VP + 1 L]
V (Ve —1) D,, A E (Vp — 1) D,,
(g)x—2p—1 V_1
) . _
+ vrDz, {(m 2p) R pr_l] .

The two terms inside the curly brackets on the right will be called A, , and B, ,, respectively.
We need to study the fraction in V' that occurs in A, ,:

pVPHl— (p+ 1) VP +1
(Ve —1)°

Lemma B.2 For nonzero p, the quantity decreases in V. > 1 (and

tends to # as V—1+4+0).

A standard exercise in derivatives and infinitesimals.

B.1.1 Fixed ¢, variable j3,.

Proof of Lemma B.1 (fixed ¢). Note that 3, = —3X +2Y, 33 =2X — Y also, V'/V =

Tvgﬁiyzx (Y =3X)and U'/U = = (1 - X) Y s0

[ R

That R is positive results from the fact that (U/V) is increasing and V' decreasing (in ;).
|

We now show that R can be expressed as a function of V' alone.

Proposition B.3 For constant ¢,

e VAU

3V +1

and this function is concave in V > 1.
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Proof. Indeed, Y/X = (R+1)/V and V — 1 = (2% —3)*/[3(2 - X) ], whence a
second-degree relationship between V' and R + 1 which can be solved in R + 1

3V
Rol= i [V+1+w\/V(V—1)}

where w = £1. The coefficient of w in R — 1/2 is larger than the w-free term, while from
the definition and (17), R — 1/2 is seen to equal 1/6 Y/ X (3,/3; which is positive on Dy g3, .
Therefore, w must be +1. As for concavity, R” is found to have the sign of 11V? — 30V +
3—16(V—-1)y/V(V—=1),or,interms of W =V —1:

W2 —8W — 16 — 16W /W (W + 1) < =5W? —8W — 16 < 0.

|
Corollary B.4 We have the following affine upper bound for R: whenever V- > Viina, and
irrespective of the constant value of ¢,
R S CL1V + bl,
where a1 = 2.4427 and by = —1.8194.
Proof. The curve is below its tangent at any point, but since we need better and better

estimates as V' decreases, it is appropriate to choose the tangent at V,,;,2. This gives the
stated values of the coefficients. W

Since —V’/V? > 0, in order to prove that 40 decreases in 3; it (amply) suffices to show that

ADpin => A+ B, where A = Z PRy pAyp and B = Z DPRapBaps
2<2p<z<Tmax 3<2p+1<z<Tmax
and A\o,,;, = 3 x 4.506 x 0.525245 > 7.1.

For A, we use Lemma B.2:

A< Z it pVE L —(p+ ) VP, +1 _ 1 ]
=~ x,p 2 r—2 )
2<2p<2<Tmas (vawm - 1) 1+ (%)ma;;

or less than 1.894. As regards B, we keep only the positive terms. Using Corollary B.4 and
the inequality m < ﬁ which is valid for any pair (r, s) of positive reals :

~aV —|b
B< > pla—2p) Rew (Vo = 1)
3<2p+1<z<Tmax

But,

aV—|b|_|b|ﬁV—1 1

(ve—1) "N V-1 14+V+V24 . Vel
Since a > |b], the homographic fraction on the r.h.s. decreases in V' > 1, as does the last
fraction. So, our bound for B can be made independent of V' > V., by evaluating it at
Vinina- This yields B < 4.2269, so the sum A + B is less than 6.125. This closes the case of
fixed ¢, variable [3;.
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B.1.2 Fixed j3,, variable ¢.

Proof of Lemma B.1 (fixed 3;). Here we use Y and Z. Observing that g, = =Y + 37,

ﬂ}i =Y =27, we find V')V = 65557 (3Z = 2Y) and U'JU = —15 + 325 + 517, s0
that

VIV -1 B YV (Vv -1)
Vi(1-9) Ba33V"
As before, R must be positive, and since the first term is negative, it suffices to show
that the sum of the remaining two has the expression stated above for S. Remarking that

R - 1.

V—-1= % (ﬁ — —3¢i51> and also V = —512}(/;3?;), we obtain from the expression of V'/V :
SYV(V—1) | YW L Y3ZovV[-1
ByB5V" 2Z(2Y -3Z) 2 Z 2 Y 3(Y-22)]°
and conclude using (17). [

We now express S in terms of V' alone:
Proposition B.5 For V> 1 and V # 4/3,
1 —1
sz§+% [V—2+\/V(V—1)],

a concave function of V' > 1 which does not actually have a singularity at V = 4/3.

Proof. Since Y/Z = (S—1/2)/(V—-1) and V = (3 — 2%)2/ 3% (£ —2)], we have a
relationship between S; = (S — %) and W = (V — 1) which is quadratic in each separately,
0= BW —1)82 —6W (W —1)S; — 9W?, which we solve in Si:

3w
3w -1
However, since Z is constant, S cannot present a singularity at W = 1/3, which rules out
w = —1 in that vicinity, and by continuity for all W. (We can also, for W # 1/3, derive

Si

[W—Hw W(W+1)].

straight contradictions from w = —1, as done in the fixed ¢ case.)
As to concavity, for 0 < W # 1/3, we easily check that
d*S —-3(6W +9)

ave > <0;
A(W + 1) [16W (W + 1)? + (112 + 30W + 3) W(W+1)]

for W = 1/3, this second derivative extends by continuity, hence d?S/dV? also exists and is
negative there. W

Corollary B.6 We have the following affine upper bound for R: whenever V> V,in2, and
irrespective of the constant value of (3,

R S a1V + bl,
where a; = 2.2377 and by = —1.7173.
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Proof. The coefficients are those of the tangent to S at V = V,;,2. Note that again, we
have a; > |b1’ |

Proving that (40) decreases in ¢ now boils down to showing that, with similar notations to

the above:

V(v -1 ~ ~
¥—|—A+B, where A = Z PRy pAzp and B = Z DKy pBap-

V
2<2p<z<Tmax 3<2p+1<z<Tmax

(41)
(of course, all derivatives are now understood to be in ¢ for constant 3,.)

For A, we again have the bound 1.894. For B, the same estimate again applies, mutatis
mutandis, i.e. with a; and by replacing a and b respectively. This gives

alvmin2 - |b1 |

B < Z p ('T o 2p) %x,p 4 (Vp _ 1)

3<2p+1<x<Tmazx min2

< 3.643.

And finally, from the expression of V'/V and V = (3, + 6¢ — 3)* / (365Y):

V(V-1)  By(8:+6¢—23) 1
— = = 6—6p—4 6¢ — 3
which is maximized by equating the two factors on the right (with a constant sum), so that
VIV -1 _ A= Bimin)
— < . .
A v < T6 < 0.566

Bringing all this together, irrespective of the constant value of 3, for the right-hand side of
(41) we obtain the bound 1.894 + 3.643 + 0.566 = 6.103, which is indeed less than 7.1.

B.2 The first equation, separate monotony.

Actually, as already stated, monotony does not always hold on the whole of Dy g for the
first equation

K 1
0=Eq=K-X~- Y  Fpplz—2p)|1- _ 7 (42)
2<2p<2<Tmaz L+ (%) P (1—-V-r)

at least not in 3;, nor is it strictly needed in order reliably to locate any solution of the
system. We shall only prove that, with one variable kept fixed :

Claim 1. Eq, decreases from a positive to a negative value, then stays negative.
i.e., the region where monotony may fail contains no solutions anyway. We write the fraction

in (42) as 1/ (1 + E, ).
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B.2.1 Fixed ¢, variable ;.

Lemma B.7 E,, increases in 3, for v > 2p + 2, while for x = 2p + 1 it increases at least

for 0 < 3, < B} where 7 = V3 -3 (V3-1)¢.

Proof. Note that ¢,,;,, > 1/3 and 3 —3 (V3 — 1) ¢4, > 0, so that 5] is indeed between

0 and 1. It is readily seen that Ey; = [27(1 — ¢) 85/ (B, + 6¢ — 3)3}2, so that (with X,
Y, Z as before) 0E, /03, has the sign of 2/5; — 3/ (8, +6¢ —3), or of 2(2Y —37) —
3(Y —2Z) =Y > 0. Therefore, for z > 2p + 2, recalling that U increases and V' decreases,
E. ,, which for p > 1 equals (Q)Idpf2 Eyq (1 + = + v2 +ot e 1) clearly increases. For
xr = 2p + 1, the derivative 0F3,/00; of E3; = 27( ¢) B2/ (B, + 6¢ — 3)* has the sign
of =2/8y+2/B5 —4/ (6, + 6¢ — 3), or of (YQ/X2 3). As (3, increases from 0 to 1, Y/X
linearly decreases from 3¢/ (3¢ — 1) to 1, passing through /3 for 3, = B}. Therefore,
Es 1 increases for 0 < 3, < (7, then decreases; and we see that for v = 2p+1, E,, =
Es1(1+ ¢+ g5 + ... + 75=7) of necessity increases in 8, for 0 < 8, < 5;. ®

Now consider Eq; deprived from the terms such that x = 2p + 1; we call this Eqj. Ob-
viously Fqy < Eqf, and from Lemma B.7 Eqj decreases for 0 < (3, < 1. Thus, to
prove Claim 1 it suffices to show that Fgqf is negative at §7. However, at 3] we have
U=31-¢)/Bp—1), V =2/y/3, so that U/V decreases in ¢ > 1/3. Hence at [3],
whatever the fixed value of ¢ € [¢

min? ¢ma:p] .

- 1
qu < K Agbmzn Z KRzp (ZL’ - 2p) -

z—2p P
4<2p+2<a<Tmaz 1+ (3\[ 31¢ ‘f’miﬂcl) (1 — <§) >

which is less than —0.157 < 0.

B.2.2 Fixed j3,, variable ¢.

Lemma B.8 E,, increases in ¢ for x > 2p+ 3 (provided 31 > Bymin), while for 2p +1 <
x < 2p+ 2 it increases at least for 0 < ¢ < ¢*, where

o= L5 9 _25_\/3<1—61N46%+4ﬁ1+3
12 2 -3, ! 2—0;

This value decreases from 3/4 to 1/3 as (3, increases from 0 to 1.

Proof. As before, £, , increases whenever F,_ 5,15, does, because E, , = F; 2,121 X

(14 % + g2 + ... + 75=1), and since U/V is increasing, E,, increases whenever E,,, does
for some zy < z. Therefore all we have to show is that E51 increases, and that for 0 <
¢ < ¢ so does Ey;. Regarding the former, Es; = 3° (1 — ¢)° 85/ [3, (8, + 66 — 3)°] has a
derivative OFs 1 /0¢ with the same sign as —3/ (1 —¢)+3/6,+18/85—48/ (5, +6¢ — 3), or as
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2X2—TZX+7(7— Z). However, the discriminant Z2 (82 — 7) = (1 — 3,)” (1 — 83,) of this
quadratic function of X remains negative so long as 31 > [34,,:,, hence the required monotony.
Coming now to 0F31/0¢, it has the sign of —1/ (1 — ¢) — 3/85+ 6/35 — 24/ (5, + 6¢ — 3),
orof 2(1+ Z)X? - Z (11 +2Z) X + Z*(11 — Z). This equals zero for

Z 1
x=2 24— 77— 127+ 11) 4
4[+Z+1 9+ w3V + } (43)
where w = +1; however, recalling that ¢ cannot exceed 1 — 23,/3 = (1 +2%) /3 lest 3,
should become negative, we see that X — 27 cannot be > 0, while if w were +1, X — 27
would be the product of Z/(Z + 1) by a strictly decreasing function of Z reaching 0 for
Z = 1. Hence w = +1, and ¢" is then read from (43). The last assertion is straightforward.
|

Now consider Eq; deprived from the terms such that 2p +1 < x < 2p + 2; we call this
Eq;*. Obviously Fq; < Eqi*, and from Lemma B.8 Eq;* decreases for 0 < ¢ < 1. Thus, to
prove Claim 1 it suffices to show that for any 5, € [B1,ims Bimaz) s F@T 1S negative at ¢*.
Call the corresponding values of U and V, as functions of 3,, U* and V* respectively. In a
moment, we will show that U*/V* and V* behave like their unstarred, fixed-¢ counterparts,
i.e., the first increases and the second decreases in 3;. Then, an upper bound for Eqj* in
some interval [3,;, 0,y] is given by M [3,,, B,] defined as:

_ 1
K — A" [B1m] — Z Fap (T —=2p) |1 = . b
5<2p+3<2<Tmaz 1+ (%) [ﬁlL]w_Qp (1 N (V*Vng]) )

Straightforward numerical calculation yields (still, of course, for ., = 56)
M[.33,.39] < —.051, M [.39,.428] < —.051,
M [.428,.468] < —.062, M [.468, .529] < —.055,

establishing our final point. Now as promised:
Lemma B.9 V* is a decreasing, U*/V* an increasing function of B, € [0, 1].

Proof. Set A=9—+/3/3+48, +46;, B=4—23,,s0that 3< A <6,2< B <4, and

S A? U 3 (A-B)

- 3(A-B)(A+3B)’ Ve 8(1—p) (3B —A)
We take derivatives w.r.t. (3, noting that A’ = —6(1+25;) /(9 — A). First, V* has the
sign of AB' — A'B = 2/ (9 — A) [30 B, +21 — 9v3/3+ 45, + 453] < 0. As for U*/V*,
the factor in square brackets on the right is increasing, so it suffices to show that each
of (A—B)/(1—p,) and (A— B) /(3B — A) increases too. The derivative of the latter
has the sign of A’B — AB’, positive as we have just seen; the derivative of the former is
(A" (1= B,) + A—2] /(1= B,)% so has the sign of —6 (1 +28;) (1 — 8,)+(A —2) (9 — A) =

TV3y/3+468, +48] —15—-183,>0. m

This ends the proof of Proposition 6.1.

B(1+28,)+(9—-4)].
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