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Abstract. In this paper, we study two questions related to the problem of testing
whether a function is close to a homomorphism. For two finite groups G, H (not
necessarily Abelian), an arbitrary map f : G — H, and a parameter 0 < e < 1,
say that f is e-close to a homomorphism if there is some homomorphism g such
that g and f differ on at most €| G| elements of G, and say that f is e-far otherwise.
For a given f and e, a homomorphism tester should distinguish whether f is a
homomorphism, or if f is e-far from a homomorphism. When G is Abelian, it
was known that the test which picks O(1/¢) random pairs z,y and tests that
f(z) + f(y) = f(z + y) gives a homomorphism tester. Our first result shows
that such a test works for all groups G.

Next, we consider functions that are close to their self-convolutions. Let A =
{aglg € G} be a distribution on G. The self-convolution of 4, A" = {ay|g €
G}, is defined by a;, = 30 cq.,.—, @yaz. Itis known that A = A’ exactly
when A is the uniform distribution over a subgroup of G. We show that there is
a sense in which this characterization is robust — that is, if A is close in statistical
distance to A’, then A must be close to uniform over some subgroup of G.

1 Introduction

In this paper, we focus on two questions that are related to the problem of testing
whether a function is close to a homomorphism.

For two finite groups G, H (not necessarily Abelian), an arbitrarymap f : G — H,
and a parameter 0 < e < 1, say that f is e-close to a homomorphism if there is some
homomorphism g such that g and f differ on at most €|G| elements of G. Define 4, the
probability of group law failure, by

1-5=Pr[f(2) x f(y) = f(& x y)].

w,y

Define 7 such that 7 is the minimum e for which f is e-close to a homomorphism. In
[3], it was shown that over Abelian groups, there is a constant do, such that if § < &g,
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then the one can upper bound 7 in terms of a function of § that is independent of |G].
This yields a homomorphism tester with query complexity that depends (polynomially)
on 1/e, but is independent of |G|. In particular, the writeup in [3] contains an improved
argument by Coppersmith [4], which shows that 6o < 2/9 suffices, and that 7 is upper
bounded by the smaller root of z(1 — z) = § (yielding a homomorphism tester with
query complexity linear in 1/¢). Furthermore, the bound on &, was shown to be tight
for general groups [4].

Our first result is to give a relationship between the probability of group law fail-
ure and the closeness to being a homomorphism that applies to general (non-Abelian)
groups. We show that for o < 2/9, then f is 7-close to a homomorphism where
7 = (3 —+9-245)/12 < §/2 is the smaller root of 3z — 62® = §. The condi-
tion on 4, and the bound on 7 as a function of §, are shown to be tight, and the latter
improves that of [3].

Next, consider the following question about distributions that are close to their self-
convolutions: Let A = {a,|g € G} be a distribution on group G. The convolution of
distributions A, B is

C=AxB,c,= Y,  ayb..

y,2€G; yz=x

Let A’ be the self-convolution of A, A x A, i.e.a; = >, q..._, aya.. Itis known
that A = A’ exactly when A is the uniform distribution over a subgroup of G. The
question considered here is: when is A close to A’? In particular, if dist(4,A') =
3 Y wcq las — aly| < e for small enough e, what can be said about A? We show that A
must be close to the uniform distribution over a subgroup of G, that is, for a distribution
A over a group G, if dist(4, A x A) < e < 0.0182, then there is a subgroup H of G
such that dist(A,Ug) < 5¢, where Uy is the uniform distribution over H. On the other
hand, we give an example of a distribution A such that dist(A, A x A) = .1504, but A
is not close to uniform on any subgroup of the domain.

A weaker version of this result, with a somewhat more complicated proof, was used
in the original proof of the homomorphism testing result in [3]. The earlier result was
never published since the simpler and more efficient proof from [4] was substituted.
Instead, a separate writeup of weaker versions of both of the results in this paper, by the
current set of authors, was promised in [3]. This paper is the belated fulfillment of that
promise, though the earlier results have been strengthened in the intervening time.

To give a hint of why one might consider the question on convolutions of distribu-
tions when investigating homomorphism testing, consider the distribution Ay achieved
by picking z uniformly from G and outputting f(z). It is easy to see that the error prob-
ability ¢ in the homomorphism test is at least dist(Af, Ay = Ay). Unfortunately, this
last relationship is not in the useful direction. In fact, the relationship between the re-
sult in this work and the original proof of the homomorphism test is more complicated
than the present direct proof of the homomorphism test, and is omitted. However, in
Remark 2 of Section 3, we present a relationship between homomorphism testing and
distributions close to their self-convolution.

Related work: The homomorphism testing results can be improved in some cases: We
have mentioned that §, < 2/9 is optimal over general Abelian groups [4]. However,



using Fourier techniques, Bellare et. al. [1] have shown that for groups of the form
(Z/2)", do < 45/128 suffices.

Several works have shown methods of reducing the number of random bits required
by the homomorphism tests. That is, in the natural implementation of the homomor-
phism test, 2log |G| random bits per trial are used to pick z,y, and then test that
f(z) + f(y) = f(z + y). The results of [6,5, 2, 7] have shown that fewer random bits
are sufficient for implementing the homomorphism tests. The recent work of [7] gives a
homomorphism test for general (non-Abelian) groups that uses only (1+o0(1)) log, |G|
random bits. Given a Cayley graph that is an expander with normalized second eigen-
value -y, they show that for % < 1, 7 is upper bounded by 44 /(1 — ).

2 Non-Abelian homomor phism testing

In this section, we show that the homomorphism test of [3] works over non-Abelian
groups as well. As in the Introduction, we define §, the probability of group law failure,
by

1-d6="Pr[f(z) x f(y) = f(z xy)].

w’y

We prove the following:

Theorem 1. If § < 2/9 then f is 7-close to a homomorphism, where 7 = [3 —
V9 — 246]/12 < §/2 is the smaller root of 3z — 622 = 4.

The rest of this section is devoted to proving the theorem, and showing that the
parameters of the theorem are tight.

Pr, (%) is the probability of x when z, y are independently selected from G with
the uniform random distribution.

Given two finite groups G, H (not necessarily Abelian), and given an arbitrary map
f : G — H (not necessarily a homomorphism) we will constructamapg : G — H,
which (under certain conditions on f) will be a group homomorphism and will agree
with f on a large fraction of its domain G.

Given f : G — H, with associated § < 2/9, we define g : G — H by

9(a) = majority,cc [f(a x 2) x f(2)7].

That is, we evaluate the bracketed expression for each z € G, and let g(a) be the value
most often attained. Define ¢,, € and

1— o =Pr[f(ax 2)f(z) * = g(a)]
€ = maxe,
1—7=Prf(2) = g(a)

Lemma 1. If§ < 2/9then e, < € where ¢ is the smaller root of z — 2% = 4.



Proof: Fora € G, define

pa= Pr [flaxz)x flz)™" = flaxy)x fy)7'].

z,ye€G
By rearranging, we have
Pa =Ptayea [flaxy)™ x flaxa) = f(y) " x f(x)]
> Proyec [flaxy) ' x flaxz)=fly ' xa) A fly) ™ x f(z) = fly™" xa)].

2

Each of the latter two equations is a random instance of the test equation f(u) x f(v) =

f(u x v), or equivalently, f(u)~! x f(u x v) < f(v), so each holds with probability
1 — 4, and, by the union bound, they both hold simultaneously with probability at least
1 — 24. So we have

Do >1—26>5/9.

If we partition G into blocks
Ba: = {z € G|f(ax z) x f(z)7" = 2}

with relative sizes b, , = |B,,.|/|G|, then

D ba.=1

Pa = Z bi,z < m?Xba,z
z

s0 that max, (bs,z) > 5/9, and g(a) = argmaz.(b,,.) is well defined. By definition,
1 — € = max, (b, ) > 5/9.Since 1 — ¢, > 1/2, we also have

pag(l—ea)z-l-ei
1-26<1—2€¢,+ 26
5Z€a—627

and since ¢, < 1/2, we conclude that e, < ¢, the smaller root of z — 2 = 4, as
required. O

Corollary 1. If§ < 2/9thene, < 1/3ande < 1/3.
Lemma 2. If § < 2/9 then g is a homomorphism.

Proof:
IDENTITY: g(1) = 1. Immediate since each value z gives f(1 x z) x f(z)~! = 1.
INVERSE: g(a~!) = g(a)~!. There is a one-one correspondence between z satis-
fying f(a x z) x f(z)~! = g(a) and y satisfying f(a™" x y) x f(y)~' = g(a)™,
namely y = a x z.



PRODUCT: g(a) x g(b) = g(a x b). Each of the following three equations holds
with probability at least 1 — e > 2/3 on random choice of y:

g(a) = faxy) x fly)™

9(®) = fly) x fF(O~! xy)~!
glaxb) = flaxy) x fO~ xy)™
(In the definition of g, we substitute y = z in the first equation, and y = b x z in the
second and third.) By the union bound, all three equations hold simultaneously with
probability at least 1 — 3e > 0; that is, there is at least one value of y satisfying all three

equations. Substituting one such value of y and combining these three equations, we
conclude g(a) x g(b) = g(a x b), as desired. O

Lemma3. 71 <J +e.

Proof:

T = Pry [f(a) # 9(a)]
< Prog [f(a) # flax ) x f(2)7'] + Pra, [9(a) # flax z) x f(2)7"]
< 6+ Average,(e,) < +e.
O
Lemmad4. € > 2(r — 72).

Proof:

Pr [f(z) x f(y) " # gla x y")]

‘z-,y

is the average value of ¢, (over random choices of a), and so is bounded by e. This
group law failure will hold at least if either of these two mutually exclusive events
occurs, since g is a homomorphism:

- f(z) = g(@) A f(y) # 9(v);
- f(x) #g(@) A f(y) = 9(y)-

Each of the two events has probability 7(1 — 7), since z, y are chosen independently.
So
e>1(1—=7)+ (1 —7)7 =2(1 — 7°).

O

Corollary 2. If§ < 2/9then < 8=¥3 < 0.2114,

Proof: Ifd < 2/9thene < 1/3,and Lemma 4 implies either 7 < 3_6*/?7 < 0.2114 or

T > %ﬁ > 0.7886. The latter is inconsistent with 7 < § + € < 5/9 (Lemma 3). O
Lemma5. If§ < 2/9thend > 37 — 672,

Proof: Since g is a homomorphism, the inequality f(z) x f(y) # f(z x y) (which
has probability §) will hold in at least the following three mutually exclusive events:



- f(@) =g(@) A fly) =g(y) A f(z xy) # g(z xy),
- f(@) =g(@) A fly) # 9(y) A f(z xy) =gz xy),
- f(z) #9(@) A fly) = 9(y) A f(z xy) = g(z x y).

Each event has probability at least 7 — 272. Taking the first for example, we have (by
pairwise independence of the arguments)

E;[f(:vxy) #£glzxy)l=r1

Prif(@xy) # g(@ xy) A f() # g(a)] = 7°
Pr(f(z xy) # 9(z x y) A f(y) # 9(y)] = 7°
Pr(f(z xy) # 9( x y) AN{f(z) # 9(2) V f(y) # 9(9)}] < 27
Pr [f(z x y) # gla x y) A{f(2) = @) A Jy) = g@)}] > 7 27
Since the three events are mutually exclusive, their probabilities add, giving
§ > 3(r —271%).

O
Lemma 6. If § < 2/9 then 7 is bounded by the smaller root of 3z — 6z = 4.

Proof: Combine Corollary 2 (7 < 0.2114) with Lemma5 (6 > 37 — 672). O
This finishes the proof of Theorem 1.

Example 1. The bound § < 2/9 is tight. The following example has 6 = 2/9 and
e = 1/3,but 7 = 1 — 1/3*¥=1 is arbitrarily close to 0. Here the groups are written
additively rather than multiplicatively.

f:Z/3F - Z/3k1

f(30+d)=00<t<3*1de{-1,01}

The group law f(z) + f(y) = f(x + y) is violated exactly when z = 3( + d, y =
3m+d z+y = 3+m+d) —dmod3*, d € {—1,1}, which happens with
probability exactly 2/9. Each homomorphism g; : Z/3F — Z/3*=1 is given by an
integer j € {0,1,...,3*=1 — 1}, namely g;(m) = jm (mod 3*71),0 < m < 3F.
Each homomorphism g; agrees with f in exactly three arguments: if f(3m + d) =
g;(3m +d) withd € {-1,0,1} and 0 < m < 3*~1, then

j(8m+d)=m (mod 3*¥°1)

m=dj/(1-3j) (mod 3¥1),

since 1 — 3 is invertible (mod 3*~1); so that for each of three possible values of d we
have exactly one argument 3m + d where the two maps agree. This yields 7 = 1—3/3F.



Example 2. The bound 37 — 672 < 4 is tight. Choose 7/ with 0 < 7/ < 1/3, choose N

an arbitrarily large odd positive integer, and define f : Z/N — Z /2 by
fle)=1e1< % <27,

(Again the groups are written additively.) Since IV is odd, the only possible homomor-

phism g is g(z) = 0. We have

T= Pmr[f(a:) =1]=7"+ O(1/N).
The error O(1/N) is due to rounding errors.
Prif(@) = f(y) =1] ="
This comes from independence of z, y.
Pr[f(e) =f(y) = fz+y) =1 = 0.

The third equation comes from the fact that z/N,y/N, (z + y)/N cannot simulta-
neously lie in the interval (7',27"), nor can «/N,y/N,(z + y — N)/N. So an error

f(@)+f(y) # f(z+y) will happen precisely when exactly one of f(z), f(y), f(z+y)
is 1. We calculate from the above equations that

Prlf() =1,/(y) = 0, f(s +y) = 0] = 7 — 27%;

similarly,
Pr [f(z)=0,fly) =1, f(z+y) =0] =7 — 272,

Pr(f(a) = 0, f(y) = 0, /(@ +y) = 1] =7 — 2r°.

These are the only three ways the group law failure can arise, and they are mutually
exclusive, yielding:
§ =3(r —21%).

3 Convolutions of distributions

In this section, we show that for a distribution A over a finite group G, if |[A— Ax A| < e
then A is §-close to the uniform distribution over a subgroup of G.

We let capital letters A, B, C' denote distributions over group G and subscripted
uncapitalized letters a,, b, denote the probability of a particular element. X,Y, Z, H
will be subsets of G.

We let Ug denote the uniform distributionon S C G.

We let dist(A, B) = %|A — BJ. Note that distances satisfy the triangle inequality,
i.e., dist(A,C) < dist(A, B) +dist(B, C). Also it is easy to see that dist(A * B, A x
C) < dist(B,C).



It will also be convenient to consider a second kind of convolution,

C=AeB, ¢, = Z ayb..

y,2€G; zy==z

When we have uniform distributions on subsets of equal size, the two convolutions
enjoy the following relation:

Lemma7. Let X,Y, Z be subsets of a finite group G, with | X| = |Y| = |Z| = n.
Then
dist(Ux, Uy * Uz) = diSt(Uy, Uz e Ux).

Proof: For any two distributions A, B, since |A| = |B| = 1, we have

dist(A,B) = Z (ag —bg) = Z (by — az).

Az >ba a4z <ba
Then

dist(Ux,Uy *Uz) = 3 e x[(Ux )z — (Uy x Uz),]
ZE X[%_ZerzeZ,yz av( )(
1|{(:t:y, 2):xeX,yeY,z
(

)

3=
3=

€ Z,yz = z}|

)]

3=
3=

= Zer[ EzEZ zEX,yz=x (
=2 yevl(Uy)y — (Uz o Ux),]
= dlSt(Uy, Uz e Ux)

O

Remark 1. The lemma does not hold for arbitrary distributions, nor for uniform distri-
butions on subsets of different sizes.

Overview of proof: We will embed G in a larger group F' = G x Z /N for suitably
large IV, and consider a distribution B induced from A, namely b, ;) = a./N. This
will alleviate problems later when we have to round to integers. We show that if B’ =
B x B is close to B, then there is a set X C F such that B is close to Ux. We next
show that X must be close to a subgroup H of F', and further that this subgroup is of
the form H = H x Z/N. Then B is close to the uniform distribution on A, and A is
close to the uniform distribution on H. A bootstrap lemma allows us to claim that once
A is moderately close to Ug, then it is very close.

Expanding the group: Pick N suitably large. Define FF = G x Z /N, with elements
{(z,7) :x € G,j € Z/N} and group law (z, ) (y, k) = (zy,j + k). The distribution
Bon Fis given by A x Uz, that is, b(,,;y = a,(1/N). Defining B = B x B and
A" = A x A, itis immediate that dist(B, B') = dist(A, A").

B is close to uniform on a subset: Our first theorem shows that if B = B x B is close
to B, thenthereis aset X C F such that B iscloseto Ux.



Theorem 2. Let F' be a finite group. Let B be a distribution on F for which no element
has probability more than 1/N. Let 1/8 > € > 0 be a constant. If dist(B, B x B) < €
then there is a set X C G such that dist(B,Ux) < € where ¢ = 3¢ + O(1/N).
Further, dist(Ux,Ux * Ux) < 6e + O(€2) + O(1/N).

Proof: Let B’ = B x B. In the rest of the proof, relabel the elements such that
by > by > b3 > ..., 1.e, 1corresponds to the element of F' with the highest probability
mass. For given z € G, the N elements b(, 1), k € Z/N, are equal, so we arrange that
they are contiguous in this ordering.

Forn > 1, let sum,, = }°7_, b; be the sum of the n highest probabilities. Also, let
sum), = Z;Ll b; be the sum of the probabilities with respect to B’ of the n most likely
elements with respect to B.

Let a,, = sum? +n Yisn b3. Itis not hard to see that sum,, > oy
Claim. a, > sum,.

Proof: [of claim] Construct a bipartite graph, where U = {u; : s € F}and V = {v; :
s € F} are disjoint sets of nodes. For all s € F, let B, = {(uy,vy) : ¢ *y = s}.
Let the weight of each edge (u,,u,) in E; be b, b, and the weight of E; be wt(E;) =
by = 2 (ua,0,)eB, Daby- Let G = (U, V, E) where E = |, E;. Since F s a group,
each vertex is of degree |F'|, and there are no multiple edges. The weight of G is the
total weight of all edges, i.e., wt(Gr) =), b, = 1.

Because of the initial relabeling of B, u; and v; correspond to the elements with
the 5% highest probability mass. Let G,, be the graph induced on vertices {1...n}
according to this relabeling. Notice that wt(G,) = sum,.

We show how to transform G,, into the graph G/, by a series of edge swaps such
that wt(G,) < wt(G,,), where G/, is the complete bipartite graph between vertices
Ut,. .., Uy and vy, ..., vy, along with n multiple edges between u; and v; for each
Jj > n. From this the claim follows since a,, = wt(G},).

Edge Swap: Let k,k',1,1' > 1 be such that k < I’, k' < I. Suppose the edges
(ug,vp) and (uyr, vy ) exist. The swap consists of deleting these two edges and
adding the two new edges (ug, vg) and (uy,vy) .

After each edge swap, the new weight minus the old weight is (b — by ) (b — by).
This is nonnegative because & < I’ implies that b, > by and &' < [ implies that
b > by.

The first part of the swap sequence to go from G, to G, is as follows. For all &, &' <
n such that there is no edge (ug, vy ), there must existanl > n and an I’ > n such
that edges (ug,v;) and (uyr,vy) exist. This is because each vertex has degree n in G,
and initially there are no multiple edges among the first n vertices and we retain these
properties throughout the swap sequence. Use an edge swap to delete these two edges
and add the two edges (ug, vgs) and (uy,v;). Note that (ug, vg ) is not a multiple edge,
although (u;r,v;) might be. Still, since I,1' > n the swap does not create multiple edges
among the first n vertices on each side of the bipartition. This sequence of swaps creates
a complete bipartite graph among the first n vertices on each side of the bipartition.



The rest of the swap sequence is as follows. For all j > n, if there are not n multiple
edges from w; to v; then there must be anl > j and an !’ > j such that (u;, v;) and
(ur,v;) are both edges. Use an edge swap to delete these two edges and add the edges
(uj,v;) and (uy,v;). This eventually reaches G, thus proving the claim. O

We will define an X such that dist(B, Ux) is small. Pick 7 with 1/4 < 7 < 3/4;
later we will specify 7 = 3/5. Select m with sum,,, ; < 7 < sum,. Set h = b,,. Set
p = |1/h]. Let the distribution U assign weight h to the first p elements, and a weight
1 —ph < htothe (p + 1)st element. Letn = p if byp1 > Gprr,andn = p+ 1
otherwise. Let X consist of the first n elements, so that dist(7, Ux) < h = O(1/N).
Also define g = b,.

The distribution B differs from U in three places. For i < m, b; > u;; define
B = i<m(bi —1;). Fori >n, b; > a;; define § = EDH( — ;). Form <i <,
b < d;wehave 8 +6 =3, ;. (it — bi). Sodist(B,U) = B +.

Form < i < nwehave g <b; < h,sothatb? < (g + h)b; — gh. Similarly for
i > nwe have 0 < b; < g, so that b? < gb;. Recall also that mh +p=7+0(1/N)
andnh =1+ O(1/N). This enables the following computation:

€ > sum,, — sum,,
> sum,, — Q,y,
- (mh+5) (mh+/3) Zm-',-l I3 Zz>n i
> (mh+B)(L —mh—-p Em+1[(g+h)b —ghl—m3 ., gb;
= (g+h) >y bi+m(n—m)gh—mgy .o, b
m(g + h)(nh —mh — B — §) + mngh — m%gh — mgé
(g +h)(1 —mh — B —8) + mg —m?gh —mgd + O(1/N)

( ) ) —
(mh+B8)1—mh—-p8)—m
= (mh + B)(1 —mh —B) —
=(mh+B)1—mh—p5)—m
= (1 —mh — B)(mh + 8 —mg —mh) + m(g + h)(8) + mg — m?gh — mgd + O(1/N)
= (1 —=mh—B)(B) — (1 — mh — B)(mg) + mhé +mg — m*gh + O(1/N)

(1 =7)(B) + mhé + mgB + O(1/N)

(I =7)(B) + (r — B)d + mgB + O(L/N)

(1-7)B+715—p65+0(1/N)

(1=7)8 +70) + 7t - )ﬂ—Té]"’—[(I—T)ﬂ+r(5]2}+0(1/N)

u— 47'(1 T) + O(l/N)

vV oIV

Il

where w = (1 —7)8 +70. Now 8 < 7+ O(1/N) and § < 1 — 7 so that u
(1 =7)8+ 76 <27(1 — 7) is less than the larger root of

3,'2

m—m—Fe:O,

namely

[(1—7)8+70) <21(1—7)+O(1/N) <27(1 —7)[1L + /1 —¢/7(1 — T)]
(sincee/T(1—7) < (1/8)/(1/4 x 3/4) < 1), so it must be less than the smaller root:

[(1—7)8+718] <2r(1—T7)[1—+/1—€¢/T7(1 —T)]+ O(1/N),



remembering the error term.
Substituting 7 = 3/5, we have

/ 2
1-— l—ge

By the triangle inequality,

12

26+35 < — + O(1/N) = 5¢ + O(€?) + O(1/N).

dist(B,Ux) < dist(B,U) + dist(U,Ux) = 8 + & + O(1/N).

One can calculate that if e < 1/8then 8 + 0 < 3¢, establishing the theorem. For later
use, we also note that if e < 0.0182 then 8 + § < 2.6e.
Repeatedly applying the triangle inequality, we can obtain:

dist(B,Ux*Ux) < dist(B, BxB)+dist(B, BxUx)+dist(B, Ux+Ux) < e+2(8+9).

To obtain dist(Ux,Ux * Ux) we could apply the triangle inequality again. Instead,
we recall that B differs from U, and hence Uy, in three pieces, namely (up to errors
of order O(1/N)) B (before m), —8 —  (between m and n), and & (after n). The
convolution Ux * Ux is everywhere bounded by n(1/n)? = 1/n. So when we change
B to Ux and monitor the change in dist(x, Ux * Ux), the first change of 3 is driving
us closer to Ux x Ux, while the other two changes of 5+ & and § might drive us further

away. The net result is

dist(Ux,Ux *x Ux) < dist(B,Ux *Ux) + 5 [-B + (B + 8) + 6] + O(1/N)
<e+28+35+0O(1/N)

<e+ 12 [1—,/1— 26—55] +O(1/N)
= 6e + O(e*) + O(1/N).

This establishes the second part of the theorem.OO

B is close to uniform on a subgroup of F': Next we show that if the uniform distribution
on X is close in distance to its convolution with itself, then X is close to some subgroup
Hof F.

Theorem 3. Let F be a finite group and X a subset of F'. Let 7 = dist(Ux,Ux *
Ux) = dist(Ux,Ux eUx). If T < 1/9 then there is a subgroup H of F with | X\ H|+
|[H\X| < 37| X].

Proof: Letn = |X]|.LetV = Ux e Ux so that

1
Vg = E|{(y,z) 1Y,z € X,zy = 2}

If e is the identity element of F', we see v, = L, and v, < X forall z € G.
We need to establish a triangle inequality on quantities such as (ve — vg).



Lemma 8. Forz,y € F, the quantities (v, —vy), (ve —vy), (ve —vzy) are nonnegative
and satisfy the triangle inequalities:

(Ve = vz) + (Ve — vy) > (Ve — Vzy) 1)
(Ve = vz) + (Ve = Vzy) > (Ve — vy) 2
(ve — Uy) + (ve — Uwy) > (ve — vg) 3)

Proof: If v, = k,/n?, with 0 < k, < n, then there are k, elements z € F such that
both z and zz are in X; call such z “good elements” for x. There are n — k, elements z
suchthatz € X andzz ¢ X; there are n —k, elements z suchthat z ¢ X andzz € X;
call the latter two kinds of z “bad elements” for . The number of bad elements for x is
2(n — k;) = 2n?(ve — vg). If 2 is neither good nor bad for z it is “neutral” for z.

For each z € F, consider the three elements z,yz, xyz. If all three are in X, then
we have found good elements for each of z,y, zy. (Namely, z is a good element for
y and for zy, and yz is a good element for z.) If exactly two are in X, then we have
found bad elements for exactly two of z,y, zy, and a good element for the other. (For
example, if z,zyz € X and yz ¢ X, then z is good for zy, z is bad for y, and yz is
bad for z.) If exactly one of z,yz, zyz is in X, then we have bad elements for exactly
two of z,y, zy and a neutral one for the other. If z,yz,zyz ¢ X then we have found
neutral elements for all three. The important point is that the “bad elements” come in
pairs, each time contributing to two of 2(n — k), 2(n — k), 2(n — k,,). Setting

p =|{z : z bad for zy and y }|
g = |{z : z bad for zy; yz bad for z }|
r = |{z : z bad for y; yz bad for z }|,

we find
2(n—ky) =q+r
2ln—ky) =p+r
2(n —kyy) =p+aq.

This establishes the triangle inequality among 2(n — k), 2(n — ky), 2(n — ksy), and
hence the lemma. O
Next we show an “excluded middle” result for V.

Lemma. Letr < 1/9.Forallz € F, either v, < 37/n < 5= orv, > (1-37)/n >
2

%.

Proof: Assume the contrary: for some z € F, 32 < v, < 1=2T. Choose any y € X.
If xzy € X, use triangle inequality (3) to deduce

(Ue - Uy) + (Ue - 'Ua:y) > (Ue - 'Uz)
|(UX)'_1/ _Uy| + |(UX)acy _'Uzyl > (Ve — vg) > 1_ (l - 3_T) =3

If 2y ¢ X, use triangle inequality (1) and (Ux )4, = 0 to deduce
(Ue - Uz) + (Ue - Uy) > (Ue - Uzy)

(Ue - Uy) + Uwy Z Vg
|(Ux)y — vyl + [(Ux )ay — Vay| > vz > 2.



Summing overy € X,

Z [l(UX)y - Uy| + |(UX)zy - Uz‘y” >n (3%) = 3.

yeX

Then use
dist(Ux,V) = Z [(Ux )y — vy
yeX

and

2dist(Ux,V) =D [(Ux): —vz| = Y [(Ux)ay — vay

z€F yeX

to deduce

(14 2)dist(Ux,V) > 37
31 = 3dist(Ux,V) > 37,

contradicting our hypothesis and establishing the lemma. O X
The excluded middle gives us a natural candidate for our subgroup H.

Lemma 10. Let 7 < 1/9. Define H = {z € F : v, > = }. Then H is a subgroup of
F.

Proof: H contains the identity e because v, = 1/n. H is closed under inverse: z
is good for z if and only if 2z is good for z~!, whence k, = k,—: and v, = v,-1,
soz € Hes 2 le H. Closure under the group operation follows from the triangle
inequality (1): if x,y € H then

2 2 1 1

Upy 2 Vg +Vy —Ve > o— + o— — — = —
= v ““3n 3n n  3n

so that (by the excluded middle) vy, > % andzy € H.0O
Finally we show that A is close to X.

Lemma 11. With 7 < 1/9 and H as above, the symmetric difference between X and
H satisfies:
2T

H\X|+|X\H| <
|[H\X| + [ X\ |_1_3T

|X] < 37IX].
Proof: We have

27 = 2dist(Ux,V) =3 ,cp |(Ux)z — val
= Zzex(% —vg) + ZzeF\X(Uw —0)
> eexvir(s = )+ Coemx (G — 57)
= 122 [|X\H| + |B\X|

which, with | X | = n, proves the lemma. O
O



B is close to a subgroup H: We can push these results back to the distributions B:

Theorem 4. Let F' be a finite group. Let B be a distribution on F'. Let X C F be a
subset. Given e, 3, 6 such that:

- dist(B,B x B) < ¢;
- dist(B,Ux) < 8+ (as in Theorem 2);
—T=e+28+35<1/9,

then there is a subgroup H of F with dist(B, Ugy) < B+ 0 +27/(1 —37). The same
is true if we replace the first condition with

dist(B,B e B) < e.
Proof: As in Theorem 2, we have we have:
dist(Ux,Ux *Ux) <e+28+3+O(1/N) =71+ O(1/N).

(This remains true if we replace “x” by “e” throughout.) Then by Theorem 3, we con-

struct a subgroup A with | X\H| + |H\X| < ;2| X|.

A direct calculation shows that if | X| = n, | X\ H| = b, and | I\ X | = a, then

, _Ja/ln+a—0) ifa>b
dist(Ux, Uyy) = {b/n if a<b
For a fixed value of a + b this distance is maximized when a = 0; so we have

2rn 27
1-3r 1-37

1
dist(Ux,Ug) < - X

Finally, dist(B,Uy) < dist(B,Ux) + dist(Ux,Ug) < B+ 6 + 25-. 0

Reverting to original group: The group H respects the block structure of FF = G x
Z/N, in the sense that for all z # e € G and j,k € Z/N, vy 5 = V(a,x), With v
as defined in Lemma 8, so that (z,j) € H < (x,k) € H. Further, one can verify
that v(e k) > v(a,k), SO that if any (z,k) € H with z # e, then the entire block
{(e,k) : k € Z/NY}isin H. (Note that if it were the case that there were no (z, k) € H
with z # e, then H = {e}, which is a subgroup of G.) This implies that H is of the
form

H=HxZ/N.

It is obvious that H is a subgroup of G, and that
dist(A,Un) = dist(B,Ug).
We tie in with Theorem 2.

Theorem 5. Let A be a distribution on the finite group G. Let dist(A, A * A) < € <
0.0182. Then there is a subgroup H C G with dist(A,Ug) < 21e.



Proof: Passto B and F, with
dist(B,B x B) < e.
A computation shows that with € < 0.0182, we have
28 +35 < 12 [1 —J1- ‘%56] +O(1/N) < 5.1¢
B+ 4§ < 2.6e.
From Theorem 2 we have a subset X with
dist(B,Ux) < B+ 8 < 2.6e.

Then apply Theorem 4 with 7 = € + 23 4+ 36 < 6.1e < 1/9 to find the subgroup H,
and use the triangle inequality:

< 2.6+ 37 < 21e.

2
dist(B,Ug) < dist(B,Ux) +dist(Ux,Ug) < B+3+ 1 -

37

Reverting to the original distribution,
dist(A,Ug) = dist(B,Ug) < 21e.

O
Once we have bounds on dist(A, Ax A) (or dist(A, Ae A)) and a subgroup H with
small dist(A, Ug), we can improve the numerical estimates of dist(A4, Ug).

Theorem 6. Given a distribution A on G and a subgroup H C G with
dist(A, A+ A) =€ <0.06
dist(A,Ug) = p <04

then we can conclude
dist(A,Ug) < 5e.

Proof: Define n = |H|. Define p = dist(A,Ur). Define a =3, .\ i @z, and
remark a < p. Let B = A o A where o is either % or e (or any Latin square operator
respecting the subgroup H, that is, mapping H x H t0 H). 3°, cc g b > 2a(1 — @),
sodist(4,B) > 3 cambe —az) 2 20(l —a) —a=a— 202,
From a < p < 0.4 and € < 0.06 we can compute that « is less than the larger root
of z — 222 = ¢, so that « is bounded by the smaller root of that equation, namely
1—+/1—8e

a < ———— <12 <01

Define ¢ = (1 — a)/n, the average value of Aon H. Forz € H, leta, = ¢ + 7,,
so that )", v, = 0 and set
N:Z|'Yz|-
H



We have
p>2(p— a).
Thisis because 2p = a + Y5 |2 — 72| < a + >y [72] + a. We also have

p=> rl=>las =9 <Y (laz = 1/n|+(1/n— 1)) < (2p— ) +a = 2p,

2p =20 < pp < 2p.

Res, = E aya;.

yoz=wz;y,2¢H

For x € H define

Then we have

by = Z (¥ + 7)) (¥ +7z) + Res,

yoz=z;y,2€EH

b, = nlﬁz-i-’(ﬁ(z '7y+2 7Z)+ Z Yy Yz +Res, = n¢2+ Z 7y'72+R63z
H

H y,z€EH;yoz=x y,z€EH;yoz=x

because ) v, = 0. Then

o — o?|
n

bz — 9| < + Z |vyvz| + Res,

y,zEH;yoz=z

D=l <(a—a®)+ D Iprl+e® =a—a+p’ +a” =a+ 4t
T y,2€H

Then

2dist(A,B) =Y cp las — ba| + D wgH |ag — by
2 szH |a$ N ¢| - ZzEH |bz - wl + (Oé — 2a2)
> p—(a+p?) + (a —202)
=p—p’ 20"
,u—u2 < 2+ 202.
From

u<2p<2(04)=0.8
2 + 202 < 2(0.06) + 2(0.1)% = 0.14,

we see that y is smaller than the larger root of z — 22 = 2¢ + 2¢2, so that it is bounded
by the smaller root:

1—v1—8e—8a2 1-—+/1—8€e—8(1.2¢)2
< V1 — 8¢ — 8a < V/1—8e —8(1.2¢) < 26e.
2 2
We conclude
dist(A,Un) < 2a+ p < be.
O

Combining the last two results, we have:



Theorem 7. Let A be a distribution on the finite group G. Let dist(4, A x A) < € <
0.0182. Then there is a subgroup H C G with dist(A,Ug) < 5e.

Proof: From Theorem 5 we have such a subgroup H with dist(A,Ug) < 21e <
0.3822 < 0.4. Since 0.0182 < 0.06, Theorem 6 applies, giving dist(A,Ug) < 5e.0

Example 3. Let G = Z/N with N a large prime integer. Let a,, = (240 — |n|) when
—200 < n < —1orl <n < 200anda, = 0 otherwise, where v = 1/55800 is chosen
to normalize A. Then dist(A, A * A) =~ 0.1539, but dist(A,Ug) = 1 — O(1/N) for
any subgroup H of Z/N.

A gap remains.

Remark 2. The two notions explored in this paper (homomorphism testing, and dis-
tributions close to their self-convolution) are related. Given a map (not necessarily a
homomorphism) f : G — H between two finite groups, we can construct the product
group

GxH=A{(z,y) :2 € G,y € H}

and a distribution A:

o = 1/1G| ify = f(x)
G 0 otherwise

Then we have the identity
dist(A, Ax A) = Prf(2) x f(y) # f(z x y))-

If f is close to a homomorphism g, then A is close to the uniform distribution on the
subgroup {(z, g(z)) : « € G}. But the correspondence is not exact: the map f givenin
Example 1 is not at all close to any homomorphism g on all of G, but there is a subgroup
H of G x H with dist(A,Ug) = 2/3, namely H = {(3,£) : 0 < £ < 3+-1}.
The difference comes because g is required to be a homomorphism on all of G. We
could relax the requirement, and notice that there is a large subgroup G’ of G (namely
G' = {3¢}, with |G'| = |G|/3) and a homomorphism g’ : G' — H that agrees with f
on this subgroup. The subgroup H of G x H is associated with G’ and g'.
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