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Abstract. In this paper, we study two questions related to the problem of testing
whether a function is close to a homomorphism. For two finite groups

�
	��
(not

necessarily Abelian), an arbitrary map 
�� �����
, and a parameter ��������� ,

say that 
 is � -close to a homomorphism if there is some homomorphism � such
that � and 
 differ on at most ��� � � elements of

�
, and say that 
 is � -far otherwise.

For a given 
 and � , a homomorphism tester should distinguish whether 
 is a
homomorphism, or if 
 is � -far from a homomorphism. When

�
is Abelian, it

was known that the test which picks � �!��"#�%$ random pairs & 	!' and tests that
(�)&*$,+-
(� ' $/.0
(�)&1+ ' $ gives a homomorphism tester. Our first result shows
that such a test works for all groups

�
.

Next, we consider functions that are close to their self-convolutions. Let 23.46587 � �:9 �<; be a distribution on
�

. The self-convolution of 2 , 2>=?. 4�5 =7 � �@9�<;
, is defined by

5 = A .CB-DFE G6HJILK DMGMN A 5 D 5 G . It is known that 2C.O2 = exactly
when 2 is the uniform distribution over a subgroup of

�
. We show that there is

a sense in which this characterization is robust – that is, if 2 is close in statistical
distance to 2>= , then 2 must be close to uniform over some subgroup of

�
.

1 Introduction

In this paper, we focus on two questions that are related to the problem of testing
whether a function is close to a homomorphism.

For two finite groups PRQTS (not necessarily Abelian), an arbitrary map UWV8PYXZS ,
and a parameter [@\Y]^\`_ , say that U is ] -close to a homomorphism if there is some
homomorphism a such that a and U differ on at most ]cb Pdb elements of P . Define e , the
probability of group law failure, by

_/fge�hjilkm8n oqp Uqrts(uwv@Uqryx*ulhzUqrysWv{x*u!|~}
Define � such that � is the minimum ] for which U is ] -close to a homomorphism. In
[3], it was shown that over Abelian groups, there is a constant e�� , such that if e{�je#� ,
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then the one can upper bound � in terms of a function of e that is independent of b Pdb .
This yields a homomorphism tester with query complexity that depends (polynomially)
on _�� ] , but is independent of b Pdb . In particular, the writeup in [3] contains an improved
argument by Coppersmith [4], which shows that e � \������ suffices, and that � is upper
bounded by the smaller root of s?r�_�f�s(u1h e (yielding a homomorphism tester with
query complexity linear in _�� ] ). Furthermore, the bound on e � was shown to be tight
for general groups [4].

Our first result is to give a relationship between the probability of group law fail-
ure and the closeness to being a homomorphism that applies to general (non-Abelian)
groups. We show that for e#�j\������ , then U is � -close to a homomorphism where�Yh r	��f�
 � f���
 eJu�� _�� � e���� is the smaller root of �8s f��8s � hZe . The condi-
tion on e , and the bound on � as a function of e , are shown to be tight, and the latter
improves that of [3].

Next, consider the following question about distributions that are close to their self-
convolutions: Let � h������ b a�� P�� be a distribution on group P . The convolution of
distributions � Q�� is

 h��"!#��Q%$ m h &ocn ')(�*%+#o,'.- m � o�/0' }
Let �21 be the self-convolution of � , �3!4� , i.e. �51m h76 ocn ')(�*%+ o,'.- m � o � ' . It is known
that � h8�21 exactly when � is the uniform distribution over a subgroup of P . The
question considered here is: when is � close to �91 ? In particular, if :�;=<)>�r?�1Q��@1)uWh�� 6zm�(�* b � m f�� 1m b � ] for small enough ] , what can be said about � ? We show that �
must be close to the uniform distribution over a subgroup of P , that is, for a distribution
� over a group P , if :A;B<)>�r	� Q��3!2�
u��O]^�Y[*} [*_�CA� , then there is a subgroup S of P
such that :�;=<)>�r?�1Q.DFE u/�HG ] , where DIE is the uniform distribution over S . On the other
hand, we give an example of a distribution � such that :A;B<)>�r	� Q��J!#�
u#KO} _�G8[�
 , but �
is not close to uniform on any subgroup of the domain.

A weaker version of this result, with a somewhat more complicated proof, was used
in the original proof of the homomorphism testing result in [3]. The earlier result was
never published since the simpler and more efficient proof from [4] was substituted.
Instead, a separate writeup of weaker versions of both of the results in this paper, by the
current set of authors, was promised in [3]. This paper is the belated fulfillment of that
promise, though the earlier results have been strengthened in the intervening time.

To give a hint of why one might consider the question on convolutions of distribu-
tions when investigating homomorphism testing, consider the distribution �ML achieved
by picking s uniformly from P and outputting Uqrts(u . It is easy to see that the error prob-
ability e in the homomorphism test is at least :A;=<)>�r?�9L Q��NLO!@�@L u . Unfortunately, this
last relationship is not in the useful direction. In fact, the relationship between the re-
sult in this work and the original proof of the homomorphism test is more complicated
than the present direct proof of the homomorphism test, and is omitted. However, in
Remark 2 of Section 3, we present a relationship between homomorphism testing and
distributions close to their self-convolution.

Related work: The homomorphism testing results can be improved in some cases: We
have mentioned that e#� \P����� is optimal over general Abelian groups [4]. However,



using Fourier techniques, Bellare et. al. [1] have shown that for groups of the formr�� ���~u�� , e#��� 
�GA� _���C suffices.
Several works have shown methods of reducing the number of random bits required

by the homomorphism tests. That is, in the natural implementation of the homomor-
phism test, �����	� b Pdb random bits per trial are used to pick s Q%x , and then test thatUqrys(u�
�Uqryx*u>h0Uqrts�
 x*u . The results of [6, 5, 2, 7] have shown that fewer random bits
are sufficient for implementing the homomorphism tests. The recent work of [7] gives a
homomorphism test for general (non-Abelian) groups that uses only r%_

�� r%_�u%u������ � b Pdb
random bits. Given a Cayley graph that is an expander with normalized second eigen-
value � , they show that for

�%�������� \j_ , � is upper bounded by 
~e��*r�_wf�� u .

2 Non-Abelian homomorphism testing

In this section, we show that the homomorphism test of [3] works over non-Abelian
groups as well. As in the Introduction, we define e , the probability of group law failure,
by

_/fge�hjilkm8n oqp Uqrts(uwv@Uqryx*ulhzUqrysWv{x*u!|~}
We prove the following:

Theorem 1. If e \ ����� then U is � -close to a homomorphism, where � h p �:f
 � f���
 eF| � _��^\�e���� is the smaller root of � s�f �8s � h e .
The rest of this section is devoted to proving the theorem, and showing that the

parameters of the theorem are tight.ilk m8n o r��*u is the probability of � when s QTx are independently selected from P with
the uniform random distribution.

Given two finite groups PRQTS (not necessarily Abelian), and given an arbitrary mapU V(P X S (not necessarily a homomorphism) we will construct a map a V(P3X S ,
which (under certain conditions on U ) will be a group homomorphism and will agree
with U on a large fraction of its domain P .

Given U V8PYXZS , with associated e1\J�A��� , we define adV8POXZS by

a,r?� ulh�� � �!�#"�; > x m�(�*%$ Uqr?� v{s(uwv@UqrysLu �,��& }
That is, we evaluate the bracketed expression for each s �@P , and let aLr	� u be the value
most often attained. Define ] ' , ] and � :

_/fg]�' h i km $ Uqr?� v sLu%Uqrts(u � � h aLr	� u &

]>h�(*) +' ],'
_/fg��h i km�p Uqrts(ulh aLrts(u |

Lemma 1. If e1\3�A��� then ] ' �.-] where -] is the smaller root of sdf s � hze .



Proof: For � �@P , define

� ' h ilkm8n o�(�* $ Uqr?�dv{s(u/v:Uqrts(u � � h Uqr?�dv{x*u�v:Uqrtx*u �,� & }
By rearranging, we have

� ' hzilk m8n o�(�* $ Uqr?��v x*u � � v@Uqr?�dv{s(u>h Uqryx*u �,� v@UqrysLu &� ilk m8n o�(�* $ Uqr?��v x*u � � v@Uqr?�dv{s(u>h Uqryx � � v sLu��{Uqryx*u � � v:Uqrts(u hzUqryx �,� v{s(u & }
Each of the latter two equations is a random instance of the test equation Uqr��,uLv Uqr�� u �h
Uqr�� v�� u , or equivalently, Uqr	�Lu �,� v Uqr�� v
� u �hYUqr�� u , so each holds with probability_/fge , and, by the union bound, they both hold simultaneously with probability at least_/f��8e . So we have

� ' � _/f��8e��3GA���*}
If we partition P into blocks

� ' n ' h���s �{Pdb Uqr?� v{s(uwv@UqrysLu �,� h�
 �
with relative sizes / ' n ' hOb � ' n ' b �*b Pdb , then

& ' / ' n ' h0_
� ' h & ' / � ' n ' �%(�) +' / ' n '

so that (�) + ' r / ' n ' u�� GA��� , and aLr	� u<h �!"�a � � s ' r / ' n ' u is well defined. By definition,_/fg] ' h (*) + ' r / ' n ' u��JGA��� . Since _/f�] ' � _���� , we also have

� ' �jr�_<f�]�'�u � 
 ] � '
_/f��8e �j_/f��8]�' 
 � ] � '

e � ] ' f�] � ' Q
and since ] '�\ _���� , we conclude that ] ' � -] , the smaller root of s f s � h e , as
required. ��

Corollary 1. If e \H�A��� then ] ' \j_���� and ] \ _���� .
Lemma 2. If e1\3�A��� then a is a homomorphism.

Proof:
IDENTITY: a,r�_culh0_ . Immediate since each value s gives Uqr�_ v�sLuwv{Uqrts(u � � hO_ .
INVERSE: aLr	� �,� u hYa,r?� u �,� . There is a one-one correspondence between s satis-

fying Uqr?�:v sLu
v UqrysLu � � h aLr	� u and x satisfying Uqr?� �,� vWx*u
vgUqryx*u �,� h aLr	� u �,� ,
namely x h���v s .



PRODUCT: a,r?� u v aLr / u1h3aLr	�Wv / u . Each of the following three equations holds
with probability at least _/f�] �3�A��� on random choice of x :

a,r?� ulh Uqr?��v x*uwv@Uqryx*u � �
a,r / ulhzUqryx*uwv@Uqr / � � v x*u �,�

a,r?��v / ulhzUqr?� v x*u�v@Uqr / � � v x*u �,�
(In the definition of a , we substitute xWhOs in the first equation, and xWh / v@s in the
second and third.) By the union bound, all three equations hold simultaneously with
probability at least _ f �~]���[ ; that is, there is at least one value of x satisfying all three
equations. Substituting one such value of x and combining these three equations, we
conclude a,r?� u�v aLr / ulh�a,r?� v / u , as desired. ��

Lemma 3. � � e 
 ] .
Proof:

��hzilk�' p Uqr?� u �h�a,r?� u |� ilk�' n m $ Uqr?� u �h Uqr	��v{s(uwv@UqrysLu � � & 
 i k�' n m $ a,r?� u �hzUqr?� v sLuwv:Uqrts(u �,� &� e 
"� ��� "��~a�� ' rt]�' u���e 
 ]�}
��

Lemma 4. ] � � ry�Rfg� � u .
Proof: ilkm8n o $ Uqrys(u/v:Uqrtx u �,� �h aLrtsWv x � � u &
is the average value of ] ' (over random choices of � ), and so is bounded by ] . This
group law failure will hold at least if either of these two mutually exclusive events
occurs, since a is a homomorphism:

– UqrysLu h�a,rysLu��{Uqryx*u �h a,ryx*u��
– UqrysLu �h�a,rysLu��{Uqryx*ulh a,ryx*u�}

Each of the two events has probability � r%_ f � u , since s QTx are chosen independently.
So ] � � r%_/f � u�
 r%_/f � u�� h�� ry�Rfg� � u6}
��

Corollary 2. If e \H�A��� then �{\ � ��� �	 \ [*} � _8_)
 .
Proof: If e \��A��� then ] \0_���� , and Lemma 4 implies either �@\ � �
� �	 \ [*} � _~_ 
 or

� � ���
� �	 ��[ }���C�CA�*} The latter is inconsistent with �{� e 
 ] \JG���� (Lemma 3). ��

Lemma 5. If e1\3�A��� then e � � � f �8� � .
Proof: Since a is a homomorphism, the inequality Uqrts(u v Uqryx*u �h`Uqrtsgv@x*u (which
has probability e ) will hold in at least the following three mutually exclusive events:



– UqrysLu h�a,rysLu��{Uqryx*ulh a,ryx*u �:Uqrys v x*u �h�a,rys v x*u ;
– UqrysLu h�a,rysLu��{Uqryx*u �h a,ryx*u �:Uqrys v x*ulh�a,rys v x*u ;
– UqrysLu �h�a,rysLu��{Uqryx*ulh a,ryx*u �:Uqrys v x*ulh�a,rys v x*u .

Each event has probability at least ��f"� � � . Taking the first for example, we have (by
pairwise independence of the arguments)

ilkm8n oqp Uqrts@v x*u �h aLrtsWv x*u |Lh �
ilkm8n oqp UqrtsWv{x u �h a,rysWv{x*u �{Uqrts(u �h aLrts(u |,h � �

ilkm8n o p UqrtsWv x*u �h aLrts@v x*u �:Uqrtx u �h aLrtx*u!|Lh � �

i km n oqp UqrysWv{x*u �h a,rys v x*u � �cUqrts(u �h aLrts(u��:Uqryx*u �h aLrtx u0�#| �J�J� �

ilkm8n oqp UqrtsWv x*u �h aLrtsWv x*u � �cUqrts(ulh aLrts(u �:Uqrtx ulh aLrtx*u.�#| � �Rf��J� �
Since the three events are mutually exclusive, their probabilities add, giving

e � � rt� f��J� � u6}
��

Lemma 6. If e1\3�A��� then � is bounded by the smaller root of �8s f �8s � h e .
Proof: Combine Corollary 2 ( �:\�[*} � _8_)
 ) with Lemma 5 ( e � � � f �8� � ). ��

This finishes the proof of Theorem 1.

Example 1. The bound e \ ����� is tight. The following example has e h �A��� and]:h _���� , but � h _ f0_���� � �,� is arbitrarily close to 0. Here the groups are written
additively rather than multiplicatively.

U V!� ��� � X �#��� � �,�
Uqr?��� 
": ulh�� QT[ ���
\J� � � � Q�: � �~f�_8QM[*QF_��

The group law Uqrts(u 
 Uqryx*u^h Uqrts 
 x*u is violated exactly when s h���� 
�: , x h� � 
 : , s�
YxYh�� r�� 
 � 
 : u
f : ( �
	 � � , : ��� f�_8QF_�� , which happens with
probability exactly 2/9. Each homomorphism a�� V � ��� � X � ��� � � � is given by an
integer � ���c[*Q#_~Q#}F}#}6Q�� � � � f _�� , namely a��~r �@u^h ��� r (��
	 � � � � u6QM[ � � \ � � .
Each homomorphism a�� agrees with U in exactly three arguments: if Uqr?�	� 
 : u ha��~r?� � 
 : u with : � �~f�_~QT[*QF_�� and [R� � \ � � � � , then

�(r?�	� 
 : u h � r (��
	 � � � � u
� h3: � � r%_/f � � u r (��
	 � � �,� u6Q

since _?f � � is invertible r (��
	 � � �,� u ; so that for each of three possible values of : we
have exactly one argument �	�%
 : where the two maps agree. This yields ��hO_Lf ����� � .



Example 2. The bound � ��f � � � � e is tight. Choose � 1 with [R\��51 �j_���� , choose �
an arbitrarily large odd positive integer, and define U@V!�#��� X �#��� by

Uqrys(ulhO_�� � 1 \ s
� \J� � 1 }

(Again the groups are written additively.) Since � is odd, the only possible homomor-
phism a is aLrts(u��z[ . We have

��h i km�p Uqrts(u hO_�|(h � 1 
��Rr�_���� u�}
The error �Rr�_���� u is due to rounding errors.

ilkm n oqp Uqrys(u>h Uqryx*ulhO_�|(h � � }
This comes from independence of s QTx .

i km8n o?p UqrysLu h Uqrtx*ulhzUqrts 
-x*ulhY_�|Lh [*}
The third equation comes from the fact that s ���WQ%x ���@Q�rys 
Yx u���� cannot simulta-
neously lie in the interval rt� 1!Q�� �51 u , nor can s ���@Q%x ���@QFrts�
 x�f	� u���� . So an errorUqrys(u#
 Uqrtx u �h Uqrys 
 x*u will happen precisely when exactly one of UqrysLu6QMUqrtx*u6QMUqrts 
Rx u
is 1. We calculate from the above equations that

ilkm8n oqp Uqrts(u hO_8Q Uqryx*u h [ QMUqrys 
 x*ulh [ |(h �Rf��J� � �
similarly, ilkm8n oqp Uqrts(u hz[*Q Uqryx*u hY_~QMUqrys 
 x*ulh [ |(h �Rf��J� � Q

ilkm8n oqp Uqrts(u hz[*Q Uqryx*u h [ QMUqrys 
 x*ulhY_#|(h �Rf��J� � }
These are the only three ways the group law failure can arise, and they are mutually
exclusive, yielding: e h�� rt� f��J� � u6}
3 Convolutions of distributions

In this section, we show that for a distribution � over a finite group P , if b ��f � ! �^b ��]
then � is e -close to the uniform distribution over a subgroup of P .

We let capital letters �1Q���Q  denote distributions over group P and subscripted
uncapitalized letters � m Q /6o denote the probability of a particular element. 
WQ�� Q�
/QMS
will be subsets of P .

We let D�� denote the uniform distribution on ��� P .
We let :A;B<)>�r	� Q�� u<h �� b � f �{b . Note that distances satisfy the triangle inequality,

i.e., :�;=<)>�r?�1Q  uw�J:�;=<)>�r?�1Q�� u

 :A;=<)>�r?�dQ  u . Also it is easy to see that :A;B<)>�r	��! �dQ���! uw� :A;=< >�r	�dQ  u .



It will also be convenient to consider a second kind of convolution,

 h����#��Q%$ m h &ocn ')(�*%+#m�o,- ' � o�/0' }

When we have uniform distributions on subsets of equal size, the two convolutions
enjoy the following relation:

Lemma 7. Let 
 Q �>Q 
 be subsets of a finite group P , with b 
�bqh b �{bqh b 
^b h�� .
Then

:A;=<)>�r D��^Q.D�� ! D	�?ulh�:�;=<)>�r D��/Q.D��
� D�� u6}
Proof: For any two distributions �1Q�� , since b � b8hCb � b~hY_ , we have

:A;=< >�r	� Q��^ulh &'���
���� r?� m f /6m ulh &'�������� r /�m f � m u�}

Then

:A;=< >�r D � Q.D � ! D � u h 6 m�( � p r D � u m f r D � ! D � u m |h 6 m�( � p �� f 6 o�( � n ')( � n o,'.- m
� �
�
��� �

�
� |hY_/f �

��� b � rys QTxLQ 
 u V8s � 
 Q%x � �>Q 
 � 
/QTx 
�h s � bh 6 o�( � p �� f 63')( � n m�( � n o '�- m
� �
�
��� �

�
� |h 6 o�( � p r D � u o f r D � � D � u o |h�:A;=<)>�r D � Q.D � � D � u6}

��

Remark 1. The lemma does not hold for arbitrary distributions, nor for uniform distri-
butions on subsets of different sizes.

Overview of proof: We will embed P in a larger group �Yh Pjv � ��� for suitably
large � , and consider a distribution � induced from � , namely /�� m8n ��� h � m ��� . This
will alleviate problems later when we have to round to integers. We show that if � 1 h� !4� is close to � , then there is a set 
 ��� such that � is close to D � . We next
show that 
 must be close to a subgroup -S of � , and further that this subgroup is of
the form -S hCS v �#��� . Then � is close to the uniform distribution on -S , and � is
close to the uniform distribution on S . A bootstrap lemma allows us to claim that once
� is moderately close to DFE , then it is very close.

Expanding the group: Pick � suitably large. Define � h P v �#��� , with elements
� rys Q�� u/V s �WPRQ�� � �#����� and group law rts Q � u#ryxLQ � u�h`rts xLQ�� 
!�*u . The distribution
� on � is given by �Cv D#"%$ � , that is, /�� m8n ��� h � m r%_���� u . Defining � 1lh � !2� and�21(h�� !#� , it is immediate that :�;=<)>�r?��Q�� 1)ulh�:�;=<)>�r?�1Q��@1 u .
� is close to uniform on a subset: Our first theorem shows that if � 1Lh���! � is close
to � , then there is a set 
 �&� such that � is close to D � .



Theorem 2. Let � be a finite group. Let � be a distribution on � for which no element
has probability more than _���� . Let _���C � ] � [ be a constant. If :�;=<)>�r?��Q�� ! � uw� ]
then there is a set 
 ��P such that :A;=< >�r	�dQ0D � u@��] 1 where ] 1 h �8] 
 �Rr�_���� u .
Further, :A;=<)>�r D	� Q0D��H! D	�
uw�H�8]�
��Rr ] � u 
��Rr�_���� u .
Proof: Let � 1 h � !O� . In the rest of the proof, relabel the elements such that/ � � / � � / � � }#}F} , i.e., 1 corresponds to the element of � with the highest probability
mass. For given s �WP , the � elements /�� m n � � Q � � � ��� , are equal, so we arrange that
they are contiguous in this ordering.

For � � _ , let ����� � h�6 �� - � / � be the sum of the � highest probabilities. Also, let����� 1� h 6 �� - � / 1� be the sum of the probabilities with respect to � 1 of the � most likely
elements with respect to � .

Let � � h ����� �� 
 � 6 � 
 � /
�
� . It is not hard to see that ����� �

� � � .

Claim. � �
� ����� 1� .

Proof: [of claim] Construct a bipartite graph, where D0h � �
	<VA<M� ��� and
� h�� ��	<V

< � ��� are disjoint sets of nodes. For all < � � , let �
	dh8� r	� m Q � o u V?s !
x h <�� .
Let the weight of each edge r�� m Q � o u in ��	 be / m / o , and the weight of ��	 be �4>�r���	#ulh/ 1 	 h 6 ��� � n ��� � (���� / m / o . Let � h r D/Q � Q��1u where �`h�� 	 (�� ��	 . Since � is a group,
each vertex is of degree b �db , and there are no multiple edges. The weight of � is the
total weight of all edges, i.e., �4>�r�� � ulh 6 	 / 1 	 hY_ .

Because of the initial relabeling of � , � � and � � correspond to the elements with
the �! �" highest probability mass. Let � � be the graph induced on vertices � _l}#}F} � �
according to this relabeling. Notice that �4>�r�� � ulh ����� 1� .

We show how to transform � � into the graph � 1� by a series of edge swaps such
that �4>�r�� � u-�#�4>�r��%1� u , where �%1� is the complete bipartite graph between vertices
� � Q#}#}F}�Q � � and � � QF}#}#}FQ � � , along with � multiple edges between � � and � � for each
� �!� . From this the claim follows since � � h$�4>�r%�%1� u .

Edge Swap: Let �LQ � 1tQ�&%Q�&?1 � _ be such that �W\'&	1tQ � 1 \'& . Suppose the edgesr�� � Q �)(tu and r��*(,+�Q � � +!u exist. The swap consists of deleting these two edges and
adding the two new edges r	� � Q � � + u and r��*( + Q �)( u .

After each edge swap, the new weight minus the old weight is r / � f / ( + u�r / � + f / (tu .
This is nonnegative because �`\#&	1 implies that / � � / (,+ and � 1�\-& implies that/ � + � / ( .

The first part of the swap sequence to go from � � to �%1� is as follows. For all �LQ �51,�
� such that there is no edge r	� � Q � � +!u , there must exist an &���� and an & 1 � � such
that edges r	� � Q �)( u and r��*( + Q � � + u exist. This is because each vertex has degree � in � �
and initially there are no multiple edges among the first � vertices and we retain these
properties throughout the swap sequence. Use an edge swap to delete these two edges
and add the two edges r	� � Q � � + u and r�� (,+ Q � ( u . Note that r	� � Q � � + u is not a multiple edge,
although r�� (�+ Q � ( u might be. Still, since &�Q�&	1 �!� the swap does not create multiple edges
among the first � vertices on each side of the bipartition. This sequence of swaps creates
a complete bipartite graph among the first � vertices on each side of the bipartition.



The rest of the swap sequence is as follows. For all � ��� , if there are not � multiple
edges from � � to � � then there must be an & � � and an & 1 � � such that r�� �8Q � ( u andr�� ( + Q � ��u are both edges. Use an edge swap to delete these two edges and add the edgesr�� � Q � � u and r��*(,+ Q �)( u . This eventually reaches � 1 , thus proving the claim. ��

We will define an 
 such that :�;=<)>�r?��Q.D�� u is small. Pick � with _���
 �j� � ����
 ;
later we will specify � h ����G . Select � with ������� � � \z��� ������� . Set

� h / � . Set
� h�� _�� ��� . Let the distribution -D assign weight

�
to the first � elements, and a weight_ f � � \ �

to the r � 
C_cu st element. Let �Yh � if /�� � � � -� � � � , and �Oh � 
C_
otherwise. Let 
 consist of the first � elements, so that :�;=<)>�r -D Q0D��
u \ � h �Rr�_���� u .
Also define aRh / � .

The distribution � differs from -D in three places. For ; � � , /
	 � -� 	 ; define� h 6 	
� � r / 	 f -� 	 u . For ; � � , / 	 � -� 	 ; define e1h 6 	 
 � r / 	 f -� 	 u . For � \J;w� � ,
/ 	 � -� 	 ; we have

� 
 e h 6 � � 	
� � r -� 	 f / 	 u . So :�;=<)>�r?��Q -D ulh � 
 e .
For � \ ; � � we have ag� / 	 � �

, so that / �	 � rya 
 � u / 	 f-a � . Similarly for
; � � we have [d� / 	 � a , so that / �	 � a / 	 . Recall also that � � 
 � hj� 
 �Rr%_���� u
and � � hY_ 
��Rr�_���� u . This enables the following computation:

] � ������� f ����� 1�� ������� f � �hOr � � 
 � uqf r � � 
 � u � f � 6 �� � � / �	 f � 6 	 
 � /
�	

� r � � 
 � u�r%_<f � � f � uqf � 6 �� � � p r)a 
 � u /�	 f a � | f � 6 	 
 � a /�	hOr � � 
 � u�r%_<f � � f � uqf ��r)a 
 � u 6 �� � � / 	 
 ��r �{f �:u a � f � a 6 	 
 � / 	hOr � � 
 � u�r%_<f � � f � uqf ��r)a 
 � u#r � � f � � f � fge u 
 � �La � f � � a � f � a ehOr � � 
 � u�r%_<f � � f � uqf ��r)a 
 � u#r�_<f � � f � f�e u 
 ��a f � � a � f � a e 
��Rr�_���� uhOr�_<f � � f � u�r � � 
 � f ��a1f � � u 
 �grya 
 � u#rte u 
 � a1f � � a � f ��a e 
��Rr%_���� uhOr�_<f � � f � u�r � u f r�_/f � � f � u#r � a u 
 � � e 
 ��a1f � � a � 
��Rr%_���� uhOr�_<fg� u�r � u 
 � � e 
 � a � 
��Rr%_���� uhOr�_<fg� u�r � u 
zry�Rf � u%e 
 � a � 
��Rr�_���� u� r�_<fg� u � 
 �*e f � e 
��Rr%_���� uh p r%_<fg� u � 
 �*e�|�
 ���� � ��� � � � p r�_/fg� u � fg�*e�| � f p r�_/fg� u � 
-�*e�| � � 
��Rr�_���� u
� p r%_<fg� u � 
 �*e�| f ���� � ��� � � p r%_<f � u � 
-�*e�| � 
��Rr�_���� u
h��df � ���� � ��� � � 
��Rr�_���� u

where �`h r�_ f � u � 
0�*e . Now
� � � 
 �Rr�_���� u and ej� _ f � so that �`hr�_/fg� u � 
 �*e �J� � r�_/fg� u is less than the larger root of

s �

8� r%_<f � u f s 
 ]�h [*Q

namely

p r�_<fg� u � 
 �*e�| �3�J� r%_/f � u�
��Rr%_���� u��J� � r�_/fg� u p _ 
�� _/f�],�c� r�_ f � u�|
(since ],�c� r%_/f � u/\jr%_���C u��*r�_���
^v ����
 u>\z_ ), so it must be less than the smaller root:

p r�_<fg� u � 
 �*e�| �3�J� r%_/f � u p _<f � _/fg],�c� r%_<fg� u | 
��Rr�_���� u�Q



remembering the error term.
Substituting �dh�����G , we have

� � 
"�8e1� _��
G
�
_/f�� _/f ��G� ]�� 
��Rr%_���� ulh�G8] 
��Rrt] � u 
��Rr%_���� u6}

By the triangle inequality,

:A;=< >�r	�dQ0D � u��H:A;=< >�r	�dQ -D u 
 :A;=<)>�r -D Q0D � ulh � 
 e 
��Rr�_���� u�}
One can calculate that if ]�\ _���C then

� 
�e�\ �8] , establishing the theorem. For later
use, we also note that if ]<\�[ } [ _)C�� then

� 
 e1\3� } �8] .
Repeatedly applying the triangle inequality, we can obtain:

:�;=<)>�r?��Q.D�� !�D	�
uw�H:�;=<)>�r?��Q�� !��^u�
N:�;=<)>�r?��Q�� !�D�� u 
N:A;=< >�r	�dQ0D�� !�D�� uw��] 
9� r � 
 e u�}
To obtain :A;=< >�r D	�1Q0D�� ! D	� u we could apply the triangle inequality again. Instead,
we recall that � differs from -D , and hence D	� , in three pieces, namely (up to errors
of order �Rr�_���� u ) � (before � ), f � fze (between � and � ), and e (after � ). The
convolution D	�H! D�� is everywhere bounded by �lr�_�� � u � hO_���� . So when we change
� to D�� and monitor the change in :�;=<)>�r��LQ.D��H!2D�� u , the first change of

�
is driving

us closer to D � !%D � , while the other two changes of
� 
We and e might drive us further

away. The net result is

:A;=< >�r D��^Q.D	� ! D�� uw�J:�;=<)>�r?��Q.D��H! D�� u 
 �� p f � 
zr � 
 e u 
 e�| 
��Rr%_���� u� ]�
 � � 
 �~e 
��Rr�_���� u
� ]�
 ������ _/f�� _/f �	�	 ]�
 
��Rr%_���� u
h��8] 
��Rrt] � u 
��Rr%_���� u6}

This establishes the second part of the theorem. ��

� is close to uniform on a subgroup of � : Next we show that if the uniform distribution
on 
 is close in distance to its convolution with itself, then 
 is close to some subgroup-S of � .

Theorem 3. Let � be a finite group and 
 a subset of � . Let � h :A;=<)>�r D � Q0D � !D�� ulh�:A;=< >�r D��^Q.D	� � D�� u . If � \j_���� then there is a subgroup -S of � with b 

� -S b 
b -S�� 
�b � �8� b 
�b .
Proof: Let �@h b 
�b . Let

� h D	�&� D	� so that

� m h _
�
� b � rtx(Q 
 u�V8x(Q 
 � 
 Q%s x h�
 � b }

If � is the identity element of � , we see ���/h �
� , and � m � �

� for all s �:P .
We need to establish a triangle inequality on quantities such as r	� � f � m u .



Lemma 8. For s QTx � � , the quantities r�� � f�� m u , r�� � f � o u , r�� � f�� m�o u are nonnegative
and satisfy the triangle inequalities:

r�� � f � m u 
zr�� � f � o u � r�� � f � mFo u (1)

r�� � f � m u 
zr�� � f � m�o u � r	� � f � o u (2)

r�� � f � o u 
zr�� � f � mFo u � r�� � f � m u (3)

Proof: If � m h � m ��� � , with [ � � m � � , then there are � m elements 
 � � such that
both 
 and s 
 are in 
 ; call such 
 “good elements” for s . There are � f � m elements 

such that 
 � 
 and s 
 �� 
 ; there are � f � m elements 
 such that 
 �� 
 and s 
 � 
 ;
call the latter two kinds of 
 “bad elements” for s . The number of bad elements for s is
�*r �{f � m u h���� � r�� � f � m u . If 
 is neither good nor bad for s it is “neutral” for s .

For each 
 � � , consider the three elements 
 Q%x 
 Q%s x 
 . If all three are in 
 , then
we have found good elements for each of s Q%xLQ%s x . (Namely, 
 is a good element forx and for s x , and x 
 is a good element for s .) If exactly two are in 
 , then we have
found bad elements for exactly two of s Q%xLQ%s x , and a good element for the other. (For
example, if 
 Q%s x 
 ��
 and x 
H�� 
 , then 
 is good for s x , 
 is bad for x , and x 
 is
bad for s .) If exactly one of 
 QTx 
 Q%s x 
 is in 
 , then we have bad elements for exactly
two of s QTx(QTs x and a neutral one for the other. If 
 QTx 
 Q%s x 
"�� 
 then we have found
neutral elements for all three. The important point is that the “bad elements” come in
pairs, each time contributing to two of �*r �{f � m u�Q�� r �{f � o u6Q.�*r �:f � m�o u . Setting

� hOb � 
RV 
 bad for s x and x � b
� hCb � 
RV 
 bad for s x �%x 
 bad for s � b
" hOb � 
RV 
 bad for x �%x 
 bad for s � b Q

we find � r �{f � m ulh � 
 "
� r �{f � o ulh � 
 "
� r �{f � mFo u>h � 
 � }

This establishes the triangle inequality among �*r � f&� m u6Q.�*r �Wf�� o u�Q�� r �Wf&� m�o u , and
hence the lemma. ��

Next we show an “excluded middle” result for
�

.

Lemma 9. Let �:\ _���� . For all s � � , either � m � �8� ���g\ �� � or � m � r�_ f � � u�� � ��� � .

Proof: Assume the contrary: for some s � � ,
� �
� \�� m \ �,�L� �

� . Choose any x � 
 .
If s x � 
 , use triangle inequality (3) to deduce

r�� ��f � o u 
zr�� �>f � mFo u � r�� ��f � m ub r D�� u o f � o b 
zb r D	��u m�o f � mFo b � r�� ��f � m u � �
� f r

�
� f

� �
� ulh

� �
� }

If s x��� 
 , use triangle inequality (1) and r D � u mFo hz[ to deduce

r�� ��f � m u 
zr�� ��f � o u � r�� ��f � mFo ur	� ��f � o u 
 � m�o � � mb r D�� u o f � o b 
 b r D�� u m�o f � m�o b � � m � � �� }



Summing over x � 
 ,

&o�( � p b r D � u o f � o b 
 b r D � u m�o f � m�o b |��!�
� � �

��� h�� �*}
Then use

:A;=<)>�r D � Q � ulh &o�( � b r D � u o f � o b
and

��:�;=<)>�r D � Q � ulh &' (�� b r D � u ' f � ' b
� &o�( � b r D � u m�o f � m�o b

to deduce r%_ 
"�~u=:A;B<)>�r D � Q � u �J� �
�8� h���:A;=<)>�r D � Q � u �H�8�*Q

contradicting our hypothesis and establishing the lemma. ��
The excluded middle gives us a natural candidate for our subgroup -S .

Lemma 10. Let �g\C_���� . Define -S h ��s�� � V � m � �� � � . Then -S is a subgroup of
� .

Proof: -S contains the identity � because ���Wh _���� . -S is closed under inverse: 

is good for s if and only if s 
 is good for s � � , whence � m h�� m���� and � m h � m���� ,
so sJ� S � s �,� ��S . Closure under the group operation follows from the triangle
inequality (1): if s QTx � -S then

� m�o � � m 
 � o f � � � �
��� 
 �

��� f
_
� h

_
� �

so that (by the excluded middle) � m�o � �� � and s x � -S . ��
Finally we show that -S is close to 
 .

Lemma 11. With �-\ _���� and -S as above, the symmetric difference between 
 and-S satisfies:

b -S�� 
�b 
zb 

� -S b � �J�
_/f�� � b 
�b �J� � b 
�b }

Proof: We have

� � h ��:A;=< >�r D � Q � ulh 6 m�(�� b r D � u m f � m bh 6 m�( � r �� f � m u 
 6 m�(���� � r	� m fg[ u� 6 m�( � �
	E r �� f � �� u 
 6 m�(�	E � � r �� f � �� uh �,�L� �
� � b 

� -S b 
 b -S � 
�b 


which, with b 
�b h � , proves the lemma. ��
��



B is close to a subgroup -S : We can push these results back to the distributions � :

Theorem 4. Let � be a finite group. Let � be a distribution on � . Let 
 ��� be a
subset. Given ]�Q � QTe such that:

– :�;=<)>�r?��Q�� !#� u���] ;
– :�;=<)>�r?��Q.D	� u�� � 
 e (as in Theorem 2);
– ��h ]�
"� � 
"�8e^\z_���� ,

then there is a subgroup -S of � with :A;=< >�r	�dQ0D 	E u/\ � 
�e 
"� � � r�_ f��8� u . The same
is true if we replace the first condition with

:�;=<)>�r?��Q�� �#� u���]�}
Proof: As in Theorem 2, we have we have:

:�;=<)>�r D � Q.D � ! D � uw��]�
 � � 
"�8e 
��Rr%_���� ulh � 
��Rr�_���� u6}
(This remains true if we replace “ ! ” by “ � ” throughout.) Then by Theorem 3, we con-
struct a subgroup -S with b 

� -S-b 
zb -S�� 
�b8� � ����(� � b 
�b .

A direct calculation shows that if b 
�b8h � , b 

� -S-b8h / , and b -S�� 
�bJh�� , then

:�;=<)>�r D � Q0D 	E ulh�� �5� r �*
"� f / u if � � // � � if ��� /
For a fixed value of � 
 / this distance is maximized when �Rh [ ; so we have

:A;B<)>�r D � Q.D 	E u�� _
� v

�J� �
_/f �8� h

� �
_/f�� � }

Finally, :A;=<)>�r?�dQ0D 	E u��J:�;=<)>�r?��Q.D � u 
":A;B<)>�r D � Q0D 	E u�� � 
 e 
 � ����(� � . ��

Reverting to original group: The group -S respects the block structure of � h P v
� ��� , in the sense that for all s �h ��� P and �~Q ��� � ��� , � � m8n ��� h � � m n � � , with �
as defined in Lemma 8, so that rys Q � u � -S � rts Q �*u � -S . Further, one can verify
that � � � n � � � � � m8n � � , so that if any rys Q �*u"� -S with s �h � , then the entire block

� r � Q �*u�V � � �#����� is in -S . (Note that if it were the case that there were no rys Q �*u � -S
with s �h � , then S h�� �A� , which is a subgroup of P .) This implies that -S is of the
form -S hzS v �#���@}
It is obvious that S is a subgroup of P , and that

:A;=< >�r	� Q0DIE
u>h3:A;B<)>�r	�dQ.D 	E u�}
We tie in with Theorem 2.

Theorem 5. Let � be a distribution on the finite group P . Let :A;B<)>�r	� Q���!4�
u �Y] �[*} [*_)C�� . Then there is a subgroup S � P with :�;=<)>�r?�1Q.D E
u/�H� _�] .



Proof: Pass to � and � , with

:�;=<)>�r?��Q�� !#� u���]�}
A computation shows that with ] \�[ } [ _)C�� , we have

� � 
"�8e^� �%�� � _/f�� _/f ���	 ] 
 
��Rr�_���� uw�JG } _F]� 
 e^�J�*} �~]F}
From Theorem 2 we have a subset 
 with

:A;=< >�r	�dQ0D � u�� � 
�e1�J� } �8]�}
Then apply Theorem 4 with � h ] 
�� � 
J�~e�� � } _�]�\ _���� to find the subgroup -S ,
and use the triangle inequality:

:�;=<)>�r?��Q.D 	E u��J:�;=<)>�r?��Q.D � u

�:A;B<)>�r D � Q0D 	E u�� � 
�e 
 �J�
_/f �8� \3� } �8] 
��8�:�H� _�]�}

Reverting to the original distribution,

:A;=<)>�r?� Q0DIE ulh�:A;=<)>�r?�dQ0DIE uw�H�*_F]�}
��

Once we have bounds on :A;B<)>�r	� Q�� ! �
u (or :A;=< >�r	� Q�� � �
u ) and a subgroup S with
small :�;=<)>�r?�1Q.DFE u , we can improve the numerical estimates of :A;=<)>�r?� Q0D E u .
Theorem 6. Given a distribution � on P and a subgroup S ��P with

:�;=<)>�r?�1Q�� !#� ulh ] ��[ } [A�
:A;=<)>�r?� Q0DIE ulh�����[*} 


then we can conclude
:A;=<)>�r?� Q0D E uw�HG8]�}

Proof: Define � h b S b . Define � h :�;=<)>�r?�1Q.D E u . Define �3h�6 m�(�*
� E � m , and
remark � ��� . Let � h ���2� where � is either ! or � (or any Latin square operator
respecting the subgroup S , that is, mapping S v{S to S ). 6 m�(�* � E /6m � ����r�_wf �?u ,
so :A;=<)>�r?� Q��^u � 6 m�(�*
� E r /6m f�� m u � ����r�_<f �?u f � h �Wf���� � .

From �����{� [*} 
 and ]
� [*} [�� we can compute that � is less than the larger root
of s�f�� s � hz] , so that � is bounded by the smaller root of that equation, namely

� � _/f 
 _/f C~]

 � _~} �8]/\�[ } _~}

Define ��hOr�_/f �?u���� , the average value of � on S . For s �{S , let � m h�� 
 � m ,
so that 6 E � m hz[ and set �

h�& E b � m b }



We have �
� � r � f �?u�}

This is because � � h$� 
H6 E b �� f � m b � � 
 6 E b � m b 
 � . We also have�
h & m b � m b8h & E b � m f � b � & E rMb � m f�_�� � b 
 r%_����{f ��u%u/� r	� � f �?u�
 � h � �(Q

� � f���� �
�
�H� � }

For s �@S define
� ��< m h &o���'.- m�+ ocn ' $( E � o � ' }

Then we have /6m h &o���'�- m�+ ocn ')( E r � 
 � o u#r � 
 � ' u 
 � ��< m
/ m h � � � 
 �
r & E � o 
 & E � ' u 
 &oJn ' ( E + o���'.- m � o � ' 


� ��< m h � � � 
 &oJn ' ( E + o���'.- m � o � ' 

� ��< m

because 6 E � o hz[ . Then

b / m f � b � b �Wf � � b
� 
 &ocn ')( E + o���'.- m b � o � ' b 


� ��< m

& m b /6m f � b*� r�� f � � u 
 &oJn ' ( E b � o � ' b 
 � � h'� f � � 

� � 
 � � h ��


� � }
Then

��:�;=<)>�r?�1Q�� ulh 6 m�( E b � m f / m b 
 6 m $( E b � m f / m b� 6 m�( E b � m f � bcf 6 m�( E b / m f � b 
zr�� f���� � u�
�
f�r���


� � u 
zr�� f���� � uh
�
f
� � f���� ��

f
� � �J�8] 
"��� � }

From �
�H� �d�H� rt[ } 
 ulh [*} C�8]�
 ��� � \J� rt[*} [�� u 
"� rt[*} _�u � h [ } _)
 Q

we see that

�
is smaller than the larger root of s^f@s � h��8] 
���� � , so that it is bounded

by the smaller root:

�
� _/f 
 _/f C~]lf�C�� �

� � _/f � _/f�C8] f C r�_8} � ]6u �
� \3� } �8]�}

We conclude
:�;=<)>�r?�1Q.DFE u��3��� 


�
�JG8]F}

��
Combining the last two results, we have:



Theorem 7. Let � be a distribution on the finite group P . Let :A;B<)>�r	� Q���!4�
u �Y] �[*} [*_)C�� . Then there is a subgroup S � P with :�;=<)>�r?�1Q.D E
u/�HG ] .
Proof: From Theorem 5 we have such a subgroup S with :A;=< >�r	� Q0D E u:� � _�]@�[*} ��CA�A� \�[*} 
 . Since [*} [*_�CA�1\�[ } [A� , Theorem 6 applies, giving :�;=<)>�r?�1Q.D E u��3G ] . ��
Example 3. Let PCh.�#��� with � a large prime integer. Let � � h��,r ��
~[ f b � b u whenf2� [8[^\!� \ f�_ or _����g�3� [8[ and � � h [ otherwise, where � hY_���GAG�C8[~[ is chosen
to normalize � . Then :�;=<)>�r?�1Q��3! � u2K [*} _�G��A� , but :A;B<)>�r	� Q.D E u h3_ f��Rr�_���� u for
any subgroup S of � ��� .

A gap remains.

Remark 2. The two notions explored in this paper (homomorphism testing, and dis-
tributions close to their self-convolution) are related. Given a map (not necessarily a
homomorphism) U-V P`X S between two finite groups, we can construct the product
group P`v{S h � rys Q%x*u�V s �:PRQ%x �:S��
and a distribution � :

� � m8n o � h � _�� b Pdb if xRhzUqrys(u[ otherwise

Then we have the identity

:A;B<)>�r	� Q��"!#� u hjilkm n oJp UqrysLuwv:Uqrtx*u �h Uqrys v x*u!|!}
If U is close to a homomorphism a , then � is close to the uniform distribution on the
subgroup � rts Q�a,rysLu%uwV8s �{P�� . But the correspondence is not exact: the map U given in
Example 1 is not at all close to any homomorphism a on all of P , but there is a subgroup�S of P v S with :A;B<)>�r	� Q.D��E u:h �A��� , namely

�S h � r?��� Q �Fu V/[ � � \8� � �,� � .
The difference comes because a is required to be a homomorphism on all of P . We
could relax the requirement, and notice that there is a large subgroup P 1 of P (namelyP 1,h ������� , with b P 1 b h b Pdb ��� ) and a homomorphism a51?V P 1 X S that agrees with U
on this subgroup. The subgroup

�S of P v:S is associated with PM1 and a�1 .
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