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Abstract

The worst-case complexity of an implementation of Quicksort depends on the random
number generator that is used to select the pivot elements. In this paper we estimate the ex-
pected number of comparisons of Quicksort asafunction in the entropy of the random source.
We give upper and lower bounds and show that the expected number of comparisonsincreases
from n log n to n?, if the entropy of the random source is bounded. As examples we show ex-
plicit boundsfor distributions with bounded min-entropy, the geometrical distribution and the
d-random source.

1 Introduction

Randomized QuickSort is the well known version of QuickSort (invented by Hoare [Ho]) where
the array element for splitting the array in two parts (the ”pivot” element) is selected at random.
It is also well known that the expected number of comparisons (for every input permutation of
the array elements) is (21n2) - nlogy n — ©O(n). Here, the expectation is taken over the random
choices done in the algorithm. This analysis assumes random numbers which are independent and
uniformly distributed.

Here we analyze randomized QuickSort without assuming such an high entropy” of the un-
derlying random source. Using a random number generator with a low entropy can result in a
worst-case behavior that can go up to ©(n?). An extreme example is a ”very bad” random number
generator that produces only ”1” as output. That is, in each recursive call of QuickSort the first
array element is selected as pivot element. A worst case input in this case is the already sorted
array.

Related work has been done by Karloff and Raghavan [KR] (see also [To]) where the special
case of a linear congruence generator is considered and a worst-case behavior of Q(n?) is shown.

Recursion for expected number of comparisons

Let 7'r(n) be the expected number of comparisons done by randomized QuickSort, when operating
on an input array (a[1],...,a[n]) whose elements are permuted according to = € .S, that is,

alr()] <a[x(2)] <--- <alx(n)],

where S,, is the set of all permutations on {1,...,n}.

Let X be a random variable taking values between 1 and n (not necessarily under uniform
distribution) which models the random number generator that is used to pick out a pivot element
a[X].
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We obtain the following recursion for the expected complexity (i.e. number of comparisons)
T(n) = maxyes, Tr(n). We have T'(n) = 0 for n < 1; and for n > 1 we get

T(n) = max Tr(n)
n
= (n - 1) + maxz bi - (TW(Z - 1) +T7r(n - Z))
e
n
< (n—-1)+ ﬂ%ig pi <¢Ié1§i;X1Tq>(i —-1)+ ‘I’IEI?;);T‘I/(” — z))

= =D+ max Y i (TG = 1)+ T(n—1)
=1

That is, there are n— 1 comparisons with the selected pivot element, and depending on the rank
i of the pivot element within the array, there are 7'(< — 1) and 7'(n — ¢) additional comparisons.
Here p; is the probability that the pivot element has rank ¢ within the ordering of the array, that
is, p; = Pr(w(X) = ). If the rank is not uniformly distributed among the numbers 1 to n, a
worst case input permutation can be constructed such that the middle ranks receive relatively low
probability and the extreme ranks (close to 1 or close to n) get relatively high probability, resulting
in a large expected number of comparisons.

We give upper and lower bounds on the expected number 7'(n) of comparisons. Lower bounds
are given with respect to a fixed input sequence (the already sorted list of elements).

We can show (see Theorem 1) that T'(n) < g(n) - n - log,n for any function g(n)
greater than 1/ (min, » . , p;H (i/n)), where H (i/n) is the binary entropy function. Note that
min, Y ;- p;H (i/n) is independent of the permutation of the elements, i.e. is identical for all
distributions p and ¢ such that p; = ¢, ;) for all  and some permutation 7.

The lower bound (see Theorem 3 and 4) is derived for a fixed permutation (the sorted list of
elements), where we can assume that the order is preserved in all recursive calls of QuickSort.
Therefore the lower bound T'(n) > n - g(n) (Theorem 4) is w.r.t. any function g(n) less than
1/ 3% piH (i/(n + 1)), where p; is the probability of selecting a[¢] as a pivot element.

2 Upper bound on the number of expected comparisons

Let (P,) denote a sequence of probability distributions where P,, = (p1 5, ..., Pnn) is a distribu-
tion on (1,...,n). In the following we use p; to denote p; ,,, since n is determined by the size of
the array.

Theorem 1 We have T'(n) < g(n)nlog, n for any monotone increasing function g with the prop-
erty

where H(z) = —zlog, = — (1 — ) log, (1 — x) is the binary entropy function (Shannon entropy).



Proof. Using the above recursion for 7'(n) we obtain

T(n) = (n—1)+maXZpl T(i—1)+T(n—1))

71'€n4

< n+ mfxz pi-(g(i —1)(i —1)logy(i — 1) + g(n — i)(n — i) logy(n — 7))
i=1
= n +9(”)”¥ggs; pi- ( logy @ + <1 - E) logy(n — z))

n . .
i 7
= n+gn)n m%x E_ i - (E logy — - + (1 — —> log, (1 — —> + log, n)

=1
" 1
p— 1 _ 1 . H pa—
n+g(n)nlogyn — g(n)n min ; pi <n>
To finish the induction proof, this last expression should be at most g(n)n log, n. This holds if and
only if
-1
CHEYEI0)
as claimed. O

Example: In the standard case of a uniform distribution p; = % we obtain:
2 (1 Z": (i
—\n P n

1

1 -
</ H(x)dx) =2In2 ~ 1.38 .
0

Another Example: In the median-of-3 version of QuickSort (cf. [Kn,SF]), 3 different elements are
picked uniformly at random and the median of the 3 is used as the pivot element. In this case

Di = %)((712)) Here the constant factor of the n log n-term can be asymptotically estimated by

-1

This is asymptotically equal to

1 -1

12In 2
<6/ z(1 —x)H(x)d:v) = 711 ~ 1.18
0

We ignore here the additional number of comparisons between the 3 elements to find out their
median — but this does not have an influence asymptotically.

Sorting the probabilities

Using the symmetry of the function H around 1 5 and its monotonicity, we get:

n .
. 7
min Yoot (1) > 52%;.2% “(5:)
1= :



Here, the g; are a reordering of the p; in the following way (assuming n is even):

qo = DPn q = D1
42 = Pn-1 q3 = D2
n—-2 = Pn/2 A4n-1 = Pn/2-1

This new representation has the advantage that the H-values in the sum are in increasing order,
and we can determine which permutation = € S,, actually achieves the minimum. Namely, the
minimum is achieved if the ¢; are ordered in decreasing order. (This is in accordance with the
statement in the introduction that the worst case is associated with the situation that the extreme
ranks occur with higher probability than the middle ranks.)

Lemma 2 Given a sum of the following form

Za]‘bﬂ(j), a,j,bj Z 0
7j=1

where the a; are sorted in strictly increasing order and the permutation 7 can be chosen arbitrar-
ily, the minimum value of the sum occurs when the permutation 7 is such that the b, are sorted
in decreasing order.

m(j

Proof. Suppose that two elements b, b’ are in the "wrong” order, i.e. b < b'. We compare the
situation before and after exchanging b and b’:

(aib + ajb’) — (aib' + ajb) = (ai — a,j)(b — b,) <0

This means, interchanging b and o’ this way strictly decreases the value of the sum. Furthermore, it
is easy to see that the decreasingly sorted order can always be achieved by swapping two elements
which are in the "wrong” order (e.g. like in the BubbleSort algorithm). |

3 A lower bound

As we saw in Section 1, the running time of QuickSort is given by the recursion
n
T(n)=n—1+> p;i-(T(i—1)+T(n—1),
=1

where p; is the probability of choosing the element with rank 4 as pivot element.

To estimate a lower bound for the worst-case running time of QuickSort, we consider as input
the already sorted array of numbers. Further we assume that the partitioning step of QuickSort
leaves the elements of the two sub-arrays in the same relative order as in the input array.

Recall that pivot-elements are chosen according to a sequence of probability distributions (P;),
where distribution P; defines the probabilities on arrays of size i, i.e. P; = (pi1,...,pi:). Note
that if the p; ; are sorted in decreasing order, then a worst-case input is the already sorted sequence
of numbers. In fact, if the sequence of probability distributions (P;) is sufficiently uniform, it
should be possible to construct a worst-case input by sorting probabilities as described in Section
2.



Theorem 3 For any sequence of probability distributions (P,) it holds that T'(n) > ¢ - g(n) - n
for some constant ¢ > 0, if for all n > ng, g satisfies the two conditions

noo P12 -2\
0= (7S (1~ 0 i)

and

9() > forall 0<i<n.

S|

Proof. Let P = (py,...,p,) be adistribution where p; is the probability that we choose as a pivot
element the element with rank 7. For n > 2, it holds

Ti—1)+T(n—1) > (i_l)'g(if1)+(n.—i)-g(n—i)‘ |
= n~g(n).<(Z_1)'9(1_1)+(n—2)-g(n—z)>

n-g(n) n-g(n)
i—1)2 n—1)32
> n-g(n)~<( n21) +( n2)>
i—1)?  (n—i)?
— gt =gt (1= )
Therefore,
Tn) = n—1+ p(T(i—1)+T(n - 1))
i=1
(i — n—1)?
> n—1+n-g(n)—n-gn E:m 1 —(nQ))

M)) - O

n

The induction hypothesis follows if g(n) < (%1 A 1§ g Gt

n Tl

The lower bound, Theorem 3, can be given using the entropy function. This shows that up to a
logarithmic factor we yield matching upper and lower bounds.

Theorem 4 For any sequence of probability distributions (P,,) it holds that T'(n) > ¢ - g(n) - n
for some constant ¢ > 0, if g satisfies the two conditions

-1
g(i) _ i .
< szn <n+1>> and o(n) > - for 0<i<n.

Proof. We follow the proof of Theorem 3. For n > 2

617 (i)

n2

. <(i =1 UL (n+1>) —n-gn)H <n+1)

> o) < neg) (1)

n+1

Ti—-1)4+Tn—1i) > ng(n)(




The last inequality follows from Lemma 5 below. Therefore,

T(n) = n—l—l—me (i—1)+T(n—1))

> n—1+n-g(n)—n-gn szn <n+1>

-1
Then the induction hypothesis follows if g(n ( sz n ( 1 >> . 0
n

Lemma5 Forintegers n > 5 and ¢ with 0 <7 < n,

(SN T

n? n?

Proof. We use the known inequalities —In(1 — ) > x resp. —logy(1 — x) > 5, that hold for
0 <z <1.Sowe get

(i—1)2+(n—i)2+H< i >

n? n? n+1

P2 —2i +14n? —2in +i? i | i ) i | ) i
n2 n+1 g2n+1 n+1 82 n—+1
7

2 -2i+140*—2in i oo (1 P—iHI\ _n—itd
- 9 TL—|—1 g2 22 n+1

n n+1 n—+1
- 2i2—2i+1+n2—2in+ i n—i+l m—it+l /I
n2 n+l1 n+1 n+l n+1
2% —2i+1+n?—2in+2in—2i>+2i n?+1
n n
For the second last inequality, we use that (n + 1)2In2 < n? for n > 5 and set ng = 5. O

Remark: Actually, the Lemma holds for n > 1, not only for n > 5. The remaining 14 cases
(n,i) = (1,0),(1,1),...,(4,4) can be checked by computer.

4 Distributions with bounded entropy

The uniform distribution on [1,n] = {1,...,n} has maximal entropy. In this section we consider
distributions which have bounded entropy.

Uniform distributionson a subset of {1,...,n}

First we consider distributions with positive probability on subsets of [1,n]. Let t(n) = o(n) be
a time constructible monotone (increasing) function. Define a distribution P = (p4,...,p,) such
that

1/t(n), ifrank a; <t(n)/2
pi = < 1/t(n), ifranka; >n—t(n)/2
0, otherwise



That is, we choose the pivot element randomly using a uniform distribution among only the worst
t(n) array elements.
Now > 7" p;H (i/(n+ 1)) resp. > I | p; - H(i/n) are bounded as follows:

Zj:le<%> > %10,9;(5—:))

This gives T'(n) < nlog(n) - t‘(‘—g) as an upper bound and 7'(n) > t(fﬁjgn as a lower bound.

Proof. An upper bound 7'(n) < g(n) - n - logs n can be estimated as follows.

n ; Hm/2 ; g HW/2 ;
Ern) () - & EC)
P n £~ {(n) n t(n) 4 n

i=1 i=1
2 Hn)/2 7 n—1 n—1
= i 2 (s (5) + e ()
9 t(n)/2 n 9 on t(n)/2
= i & cos(7) = t(n)10g<t( )> 2!
2 o 2n \ (t(n)/2) - (t(n)/2+1)
= et <t<n>> 2
t(n) 2n
I log <t(—n)> .
With B n
9(n) = t(n) log(2n/t(n))
it follows from Theorem 1 that
4n? logy n




In the same way the lower bound can be calculated:

() - 25 () - S ()

i=1 i=1
g L ' i n—i+1, (n—i+l
N —)Z < <n+1>+ n+1 log( n+1 >>
t(n)/2
2 ) n+1
< ity 2 # ()
4 Hn)/2 n+1
= (n+ Dt(n) ; ilog <T>
A /2 we
= CE) Zl ilog(n+1) — Zzl ilog1
4 t(n)/2 t(n)/2
< (n+1 Zzlog n+1) ;zlog n)/2) — 1)
< ;((Z):;) (log (n+ 1) — log (n) + 2))
t(n) + 2 4(n+1)
: 2<n+1>1°g< ) >

where we use that 3°"/2 i1og i < 1/ i(log(£(n) /2) — 1) (see Appendix, Lemma 10).
With the function
2(n+1)

(t(m) + 1) log (DY)

i 2n(n +1) o
t = (t(n) + 1) log (45752 ) " (’5(”) tog (;(lg)))

Min-Entropy

A distribution (py, ..., p,) has min-entropy k (cf. [Lu]) if p; < 2=* forall i. Let P = (py,...,p,)
be a dlstrlbutlon with min-entropy k. Then we get

Prog;( n) < 4= as an upper bound and T'(n) > 52— as a lower bound.
Qk/Q
sz (i/n) > 2 Z o H(i/n)
> (same as above, with ¢(n) = 2F)
>

2k 1 2n



and

n i 22 i
L H < 2 — . H(——
sz <n+1> - ;2’9 <n—|—1>
ok 41 2 1
+ 1g<(n+ ))

o(n+1) ok
and thus ) :
4dn 0gy N
T(n) < —— . ——22°
() < S Togy(2n/27)
and

2n(n +1)
T(n
= (2F + 1) log (25

So, for min-entropy 0 (this includes the deterministic case) we get

Ty < 400 Jogan o lomen
1 logy(2n) logon + 1
and )
T(n) > nn+1) n

“log(2(n+1)) ~log(n+1)+1
and for min-entropy log, n (all pivot elements are equally distributed), we have
4n? logyn

T(n) < —
(n) < n  logy2

=4nlogyn .

Bounds for geometric distributions

We consider the case that pivot elements are selected using a geometric distribution. The proba-
bility of picking an element with rank 4 as pivot is given by p; = ¢*~'(1 — ¢). More generally,
we allow the geometric distribution to depend on the size n of the array, i.e., we define (P;) using
qg:=1-— f% for some (time constructible monotone) function f.

To estimate a lower bound on the number of comparisons, we use Theorem 3 and estimate

n . .

S ps (1 - (125)2 - (”;2”2) < 9™ for a constant c.
=1

Proof. Using the fact that

qi_<1 1 )i_<1 1 >f(”)'f<n> < o7
U ) U fm) - ’




it follows that

gp" <1 (@ 7—121)2 B (n;;;)2>

L& 1?0
= q;q(l q)<1 —

(n —;’)2)

n
- #Zqi(l—q) (2ni + 20 — 2i* — 1)
i=1

IN

1 << .
=1

_ (2n+ 2)f(n) 1
= W2 ) - >;<l 7o)

We split the sum and see that for £ = 0,1,2,...

Then we get

Using Theorem 3, we get a lower bound of ¢/n?/ f(n) for the running time of QuickSort.

(k+1)f(n) i
Z <1‘ﬁ> )

i=kf(n)+
(k+1)f(n) , . f(n

< Z e‘ffn) tnwy =
i=kf(n

.

IN

(n)
Z Ty Hnk+1) _

efk+ln(k+1) . f(n)

IN

n

)

Sl (- 7) 7

[n/f(n)] (k+1)f(n
(2 +2)f (

k=0 i=kf(n)+

(n/f(nﬂ
2n+2)f(n
( )f(n) 3

() 1) 2

(2n+2)f(n)?> =k +1
)—1) 2 ek

IN

IN

k=0

cf(n)

for a constant c.

~
~

)

1

‘]

) (2ni + 2i)

1

fn)

_kf(n)+j +In kf(n)+j

f(n) f(n)

f(n)

o~ kHn(k+1) Z o)

J=1

fn)/ f(n)

e—k+ln(l<;+1) . f(n)

To get an upper bound for geometric distributions we estimate

n ; 1 (f(n) —n- fn/f(n))
Zzlle<%> > ogn n)—mn-e

10

n
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2

which gives T'(n) < F(my 8S Upper bound, if f(n) = o(n).
Proof.

. i l—g~x~ i, (1

Sw () = e ()

; n q 4 n

i=1 1=1
l—g~~ . [ n _ n—i n

= —qul<—log—,+ log )

9 = n 1 n n—1

l—g~~ ;[ n

— ql<—log—,>

1— n—1
> qloganz-i
=1

v

qn —
1—¢ q"(ng—n—q) q )
= logn< +
qn (1—q)? (1—-q)?
logn (¢" '(ng—n—q) 1
= +
n 1—g¢q 1—g¢q

i —1_ _1_ i
We againset ¢ := 1 7o to obtain

ile@) _ logn (1_ﬁ>n_l(n(l_1ﬁ)_n_l+%)+ }

lognf(n) _n=1  2n >
> 1—¢ 7.
- n fn)
clognf(n) .
> for some constant ¢ > 0 if f(n) = o(n)
n

So we have an upper bound for the worst-case running time of 7'(n) < Jfgf) for some constant
c>0.

5 Thed-random source
A general model of a random bit generator is the §-random-source. Since the bias of each bit is

a function of the previous output, it can be applied as an adversary argument and is particularly
suited for worst-case analysis. See also [Pa, SV, AR].

11



Definition 6 (See [AR]) A o¢-random-source is a random bit generator. Its bias may depend on
the bits it has previously output, but the probability to output ““1”> must be in the range [0, 1 — d].
Therefore, it has an internal state w € {0, 1}*, denoting its previously output bits.

To obtain a random number X in the range 1,...,n from the é-random-source, we output
[log n] bits and interpret them as a number Y. Then, we set X := (Y mod n) + 1.

1

Lemma 7 (See [As]) For each p with 0 < p < 3,

neIN:

there exists a constant ¢, such that for all

S|

oH(p)n 2]

0 22 850 oo

J

Il
o

Lemma 8 (deMoivre-Laplace Limit Theorem) Foreach p, 0 < p < 1,
Lpn] n 1
: k(1 _ o=k — =
A kzo (k)p (1=p) 2

Proof. Let S, , be a binomially distributed random variable with parameters » and p. The nor-
malized binomial distribution can be approximated by the normal distribution ®, so

Lpm]
. n k —k o .
i 3 (L) pr =t s, <l
k=0
= lim Pr np P <0
n—o00 np(l_p)
= 9(0)
1
2

Theorem 9 For each d-random-source, 0 < § < % there exists ng € IN, such that for each
n > ng, and each permutation 7, Theorem 1 can be applied with

1 _
on) = €(0) - O,

where the random bits are produced by a §-random-source (modulo n) and ¢(9) is a constant that
depends on ¢.

Proof. From the symmetry and monotony of the entropy function it follows that for each s

n . s—1

7 S
oot (5) 2 1w Xon ) 4 (5), @
1= g=

where p; depends on 7 and on the internal state & of the random source.
Now we examine the two factors on the righthand side of (1) separately. We set

k := [logn]

and



Since
b :{ Prly = n(j)], n+m(j) > 2
J PrlY =m(j)] + Pr[Y = 7(j) +n| otherwise '

we get for the first factor of (1)

s—1
su . < su max PrlY e M
P;pj = 0P Mot =2 [ ]

Lok

< > (k-)éf(l — §)k,

=0 N

Here we use the result from [AR], that the maximum probability of hitting a set of a certain size
can be achieved by an “extreme” §-random-source that always outputs “0” with probability 9.

Since by Lemma 8
k)

kN o1
li S =6k =2
kggojzo (]) ( ) 2’

there exists some constant ¢/(4), so that
s—1
sup ij < d(6).
j=1

Now we consider the right factor of the equation above. We use the monotony of H (x) on the
intervall [0, 3] and Lemma 7:

0o o 2

We consider § < 1 (so that H(5) < 1) and use that H(z) > —z log . So we get

H(s)zq@y

2n

%m®lm-k1—ﬂw»k—mgﬂ@4.

4k 4k

For k big enough (k > kq corresponds to n > ng), there is a constant ¢” () so that

H<i>zy@y¢@2wwﬂw

2n

Combining the results, there is a np € IN and a ¢*(¢), such that for all n > ng, and all
permutations 7 on {0, ...,n — i} and all states @ € {0, 1}* of the generator the following holds:

}:pwf{<l> > ¢*(8) - /Tlogn] - 2H@)-Dllogn]
n
i=1
Z %1/10gnnH(5)1 ,
C

which leads to the expected running time of 7'(n) < ¢(8) - n2>~#©) . {/Togn. m

13
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Appendix

Lemmal0 For0<i<n

n n
ZilogQi > Zi(loan -1) .
i=1 i=1

Proof. Let S(n):= " ,ilog, i. We prove the lemma by induction.

n/2 n
S(n) = Zilogﬂ—i— Z i(loggn — 141+ logy (i/n))
i=1 i=n/2+1
n/2 n n
> ) i(logy(n/2) = 1)+ Y i(loggn—1)+ > i(1+log, (i/n))
1=1 i=n/2+1 i=n/2+1
n n/2 n
= Zi(loggn -1)— Zz + Z i(1 4 logy (i/n))
i=1 i=1  i=n/2+1
n n/2 n
> Y illogan—1) =Y i+ > i(2i/n—1)
i=1 =1 i=n/241
= i(logom—1)=> i+2 Y  i*/n
i=1 i=1 i=n/2+1
— i(logyn — 1)+EZ(2(n/2—l—i)2 —ni—n(n/2+1))
i=1 i=1
n n/2
= i(loggn — 1) + — Z 2i>
i=1 i
> S iflogyn — 1)
i=1
a
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