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A note on the P versus NP intersected with co-NP
question in communication complexity

Stasys Jukna *#

Abstract

We consider the P versus NP N co-NP question for the classical two-party communi-
cation protocols: if both a boolean function f and its negation —f have small nondeter-
ministic communication complexity, what is then its deterministic and/or probabilistic
communication complexity? In the fixed (worst) partition case this question was an-
swered by Aho, Ullman and Yannakakis in 1983: here P = NP N co-NP.

We show that in the best-partition case the situation is entirely different: here P is
a proper subset of NP N co-NP. This resolves an open question raised by Papadimitriou
and Sipser in 1982. Actually, we prove even stronger separations: P is a proper subset
of RPN co-RP, and NP Nco-NP is no longer a subset of BPP.

1 Introduction

Understanding the relative power of determinism, nondeterminism, and randomization is
fundamental in any model of computation. In the Turing machine model this leads to
the well-known P versus NP versus BPP and similar questions. While in this model such
questions remain widely open, some progress was made in simpler (but still fundamental)
models, like decision trees or communication protocols.

In the decision tree model when the complexity measure is the depth of a tree we have that
P = NPNco-NP [3, 7, 19] and even P = BPP [15]. Interestingly, the situation is different if
we measure the size of a tree instead of its depth: then P # NP N co-NP [11]. Similar results
were obtained for various restricted models of branching programs—a generalization of de-
cision trees. In particular, for read-once branching programs we have P # NP Nco-NP [11]
and even NP Nco-NP ¢ BPP [18].

In this paper we consider the classical model of two-party best-partition communication
protocols and show that here P £ NP N co-NP. Actually, we establish stronger separations
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in this model: here P G RPNco-RP G NPNco-NP ¢ BPP. This, in particular, resolves
an open question of Papadimitriou and Sipser [16] and contrast with the situation in the
fized-partition case where P = NP Nco-NP G BPP [1, 21]. Proofs themselves are amazingly
simple—as it often happens with the results of this type, most of the work is usually done
by a careful choice of separating functions.

2 The model

The model we consider is the classical model of two-party communication protocols intro-
duced by Yao in [20] (see also the monographs [8, 13| for more information). Recall that in
this model, the set of variables X is partitioned in two parts whose sizes differ by at most
one; such a partition is called balanced. There are two cooperative but distant players, Alice
and Bob, who wish to compute a given boolean function f(X). Each player has unlimited
computational power and full knowledge of the function. However, each player has only
partial information about the input: Alice has access only to the variables in the first part
and Bob only to the variables in the second part of the partition of X. The objective is to
compute the function with as small an amount of communication as possible. The measure
of complexity is the amount of communication on the worst-case input.

After the partition of the set of variables X is fixed, the players must use it for all inputs.
The subtle point, however, is whether the players can choose the (most convenient for a
given function) partition—this is the best-partition (called also variable-partition in [13])
case—or they must use some fixed in advanced “bad” partition—this is the fized-partition
case. The best way to see the difference is to consider the equality function EQ(z,y) which
tests whether two given binary strings x and y of length n are equal. If Alice gets = and Bob
y then the best what the players can do is that Alice sends her entire string x to Bob—it
can be easily shown that no protocol can do better. On the other hand, if Alice takes the
first n/2 bits of x and y, and Bob takes the rest, then 2 bits of communication are already
enough.

There are also three natural modes of communication: deterministic, nondeterministic
and probabilistic. In a nondeterministic communication game the protocol first guesses some
binary string, tells this string to both players, and players then communicate determinis-
tically according to that string. In a probabilistic protocol Alice and Bob are allowed to
(privately) flip a random coin. That is, in this case for each input the messages may depend
on two strings chosen independently, according to some probability distribution. Such a
protocol computes a given function with bounded error if for every input it outputs a cor-
rect value with probability at least 2/3. That is, such a protocol may err on both accepted
and rejected inputs. A probabilistic protocol computes f with one-sided error if it rejects
each input in f~!(0) with probability 1 and accepts each input in f~!(1) with probability at
least 2/3.

We adopt the following convention for discussing different communication complexity
measures of f in the best-partition case: D(f) for the deterministic complexity, N(f) for



the nondeterministic complexity, R(f) for the probabilistic bounded error complexity, and
RY(f) for probabilistic one-sided error communication complexity.

3 Previous work

Having three modes—deterministic, nondeterministic and probabilistic—and having the (ad-
mittedly far-fetched) analogy with the P versus NP question, one may ask whether, say,
NP = co-NP or P = NPNco-NP or P = RPNco-RP or NPNco-NP C BPP in the context of
communication protocols. Here we use the common names for the analogs of the complexity
classes: P (resp., NP, BPP and RP) consists of all boolean functions in n variables whose de-
terministic (resp., nondeterministic, probabilistic bounded error, and probabilistic one-sided
error) communication complexity is polynomial in logn. It is clear that P C RP C NPNBPP
in both the fixed- and the best-partition case.

In the fized-partition case most of these problems are already solved. In particular,
the following separations are known. (Of course, this has nothing to do with the relations
between Turing machine classes.)

e NP # co-NP. This can be easily shown using the equality function EQ(z, ).

e BPP ¢ NP and P # RP. This was proved by Yao [21]: =EQ(z,y) can be computed by
a probabilistic (even one-sided 1/n-error) protocol with only O(logn) bits of commu-
nication.

e NP ¢ BPP. This was proved by Babai, Frankl, and Simon [2] using the set-disjointness
function DISJ(z,y), which outputs 1 iff >  z;y; = 0. They proved that this func-
tion has probabilistic communication complexity 2(y/n). This lower bound was im-
proved to 2(n) by Kalyanasundaram and Schnitger [12]; a simpler proof was found by
Razborov [17].

Interestingly, the P versus NP M co-NP question in the fixed-partition model has a positive

answer:
P =RPNco-RP = NPNco-NP ; BPP.

This is a direct consequence from the following (somewhat surprising) result of Aho, Ullman,
and Yannakakis [1].

Theorem 1 ([1]). If f and —f have nondeterministic communication complezities ny and
n-y, then the deterministic communication complezity of f does not exceed O (max{ng,n-;}?).

This result was later improved in different ways. Halstenberg and Reischuk [6] have
strengthened the upper bound to the form O(ns-n_;). Lovédsz and Saks [14] have strength-
ened this last upper bound by showing that n; can be replaced with the triangular rank of
the corresponding communication matrix of f. The tightness of the theorem was proved by



Fiirer [5] using so-called “list inequality” function. This was recently improved by Jayram,
Kumar and Sivakumar [9] by showing that, for the iterated set-disjointness function f, even
the probabilistic bounded error communication complexity is Q(ns - nyf).

The best-partition model is more difficult to analyze, and here the situation was less
clear. The first non-trivial separation in this case was proved by Papadimitriou and Sipser
[16]. Using the triangle-freeness property of graphs and an elegant combinatorial argument,
they proved that NP # co-NP also in this case. The proof was via a reduction to com-
puting —DIsJ(z,y) in the fixed-partition case. Using probabilistic arguments, this result
was extended in [10] to the case where a protocol is allowed to use different partitions for
different inputs (the logarithm of the number of used partitions is, however, a part of the
complexity): even in this model the triangle-freeness function has exponentially high non-
deterministic communication complexity. This, together with the fact, proved in [4], that
using k + 1 partitions instead of k£ partitions may exponentially decrease the number of com-
municated bits, shows that in the context of communication complexity the corresponding
classes NP and co-NP are indeed very different.

In the same paper [16] (this was one of the first papers to study questions of this type in
communication complexity) Papadimitriou and Sipser asked whether P # NPNco-NP for the
best-partition protocols. The question is important because it exposes something about the
power of lower bound arguments. That is, fooling set and other arguments, used for the best-
partition protocols, apply not only to deterministic but also to nondeterministic protocols.
Since D(—f) = D(f), we can prove a lower bound on D(f) by arguing about either f or —f.
But if both the function and its negation have low nondeterministic complexity under some
partitions of variables, other arguments are needed to show that D(f) must be large for any
partition.

To our best knowledge this question remained unsolved or, at least, its solution was
not published. The only result in this direction we are aware of is the claim in [1] that an
appropriate modification of the triangle-freeness function should separate P from NP N co-NP
in the best-partition case. But the proof—which should (apparently) involve the argument
for the triangle-freeness function used in [16]—was not given.

4 The result

In this paper we prove that P ## NP N co-NP for the best-partition protocols. Actually, we
establish even stronger separations P # RP Nco-RP and NP Nco-NP ¢ BPP. Thus, in the
best-partition case the situation is entirely different: here we have that

P G RPNco-RP G NPNco-NP Z BPP.

This is a direct consequence of the following theorem.
Theorem 2. There are explicit boolean functions f and g in n? variables such that:

(i) both N(f) and N(—f) are constants but R(f) = Q(n);
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(ii) both R'(g) and R'(—g) are O(logn) but D(g) = Q(n).

5 Proof of Theorem 2(i)

We define the boolean function separating NP N co-NP from BPP in the best-partition case
as follows. The function f(X) (let us call it the good matriz function) has n? variables where
n is a sufficiently large positive integer. Assume that the set of input variables X is arranged
into an n x n matrix. Hence, inputs for f are 0/1 matrices A : X — {0,1}. Say that a

row/column z of such a matrix is good if it contains precisely two 1’s, and bad otherwise.
Let f(A) =1 if and only if

(i) at least one row of A is good, and

(ii) all columns of A are bad.

Lemma 1. Both N(f) and N(—f) are constants.

Proof. To compute f(X) the players take a partition of X where Alice gets the first half of
the columns and Bob gets the rest. Given an input matrix A : X — {0, 1}, the protocol first
guesses a row 7 (a candidate for a good row). Then, using 3 bits, Alice tells Bob whether all
her columns are bad, and whether the first half of the row r contains none, one, two or more
I’s. After that Bob has the whole information about the value f(A), and can announce the
answer.

In order to compute —f(X) the players take a partition of X where Alice gets the first
half of the rows and Bob gets the rest. Given an input matrix A : X — {0, 1}, the protocol
first guesses a column ¢ (a candidate for a good column). Then, using 3 bits, Alice tells
Bob whether there is a good row among her rows, and whether the first half of the column ¢
contains none, one, two or more 1’s. After that Bob again has the whole information about
the value f(A), and can announce the answer. O

In the proof of a lower bound on R(f) we will use the fact (mentioned in Sect. 3) that
the set-disjointness function DISJ(z,y), which outputs 1 iff Y | z;y; = 0, has high fixed-
partition communication complexity even in probabilistic protocols: if Alice gets x and Bob
gets y then R(DI1sJ) is Q2(y/n) [2], and even Q(n) [12, 17]. We will also use the (obvious) fact
that R(f) = R(—f) for every boolean function f.

Lemma 2. R(f) = Q(n).

Proof. Take an arbitrary probabilistic bounded error protocol for f(X). The protocol uses
some balanced partition of X into two halves where the first half is seen by Alice and the
second by Bob. Say that a column is seen by Alice (resp., Bob) if Alice (resp., Bob) can see
all its entries. A column is mizred if it is seen by none of the two players, that is, if each
player can see at least one its entry. Let m be the number of mixed columns. We consider
two cases depending on how large this number m is. In both cases we describe a “hard”
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subset of inputs, i.e. a subset of input matrices on which the players need to communicate
many bits.

Case 1: m < n/2 — 1. Since each player can see at most n/2 columns, we have that in this
case each player will see at least n — (n/2+m) > 1 columns. Take one column seen by Alice
and another column seen by Bob, and let Y be the (n — 3) x 2 submatrix of X formed by
these two columns without the last three rows. We restrict the protocol to input matrices
A X — {0,1} defined as follows. We first set all entries in the last three rows to 1. This
way we ensure that all columns of A are already bad. Then we set all remaining entries of
X outside Y to 0. The columns z and y of Y may take arbitrary values.

In each such matrix all columns are bad and, since n > 3, the last three all-1 rows are also
bad. Thus, given such a matrix, the players must determine whether some of the remaining
rows is good. Since all these rows have 0’s outside the columns x and y, this means that the
players must determine whether x; = y; = 1 for some 1 < 7 < n — 3. That is, they must
compute —DISJ(z,y) which requires 2(n) bits of communication.

Case 2: m > n/2. Let Y be the n x m submatrix of Y formed by the mixed columns. Select
from the i-th (i = 1,...,m) column of ¥ one entry x; seen by Alice and one entry y; seen by
Bob. Since m < n and we select only 2m entries, there must be a row r with ¢ < 2 selected
entries. Let Y be the n x (m —t) submatrix consisting of the mixed columns with no selected
entries in the row 7. We may assume that m — ¢ is odd and that m —t < n — 2 (if not, then
just include in Y fewer columns).

Now restrict the protocol to input matrices A : X — {0,1} defined as follows. First we
set to 1 some two entries of the row r lying outside Y, and set to 0 all the remaining entries
of r. This ensures that the obtained matrices will already contain a good row. After that we
set all the remaining non-selected entries of X to 0. Since each obtained matrix A contains
a good row (such is the row r) and all columns outside the submatrix Y are bad (each of
them can have a 1 only in the row r), the players must determine whether all columns of
A in Y are also bad. Since all non-selected entries of Y are set to 0, this means that the
players must determine whether x;+1; < 1forall7=1,...,m—t. That is, they must decide
whether Z:’:lt z;y; = 0, i.e. to compute the set-disjointness function D1sJ(z, y), which again
requires 2(m — t) = Q(n) bits of communication.

This completes the proof of Lemma 2, and thus, the proof of Theorem 2(i). O

6 Proof of Theorem 2(ii

The desired separating function g(X) (let us call it the odd-even function) is defined in a
similar way as the good matrix function used in the proof above. As before, inputs for g(X)
are n X n matrices; this time we require that n is even. Say that a row/column of such a
matrix is odd (even) if it contains an odd (even) number of 1’s. Let g(A) = 1 if and only if

(i) A has at least one odd row, and



(ii) all columns of A are odd.

The nonequality function is a boolean function NE(z, y) in 2n variables such that NE(z, y) =
1iff x # y, i.e. is the strings = and y differ in at least one coordinate. It is known (see [21]
or Example 3.9 in [13]) that R'(NE) = O(logn).

Lemma 3. Both R'(g) and R'(—g) are O(logn).

Proof. Using the same partitions of X as in the proof of Lemma 1, we see that the com-
putation of the odd-even function g and its negation —g reduces to the computation of the
nonequality function NE(z,y), where z is a string of parities of rows/columns seen by Alice
and y is a string of parities of rows/columns seen by Bob. Indeed, to compute g it is enough
to decide whether z # y (there is an odd row) whereas for —g it is enough to decide whether
x # y @ 1 (there is an even column). O

Lemma 4. D(g) = Q(n).

Proof. The idea is the same as in the proof of Lemma 2. Still there are some technical
differences, so let us give the whole proof. Take an arbitrary deterministic protocol for g(X)
using some balanced partition of X. As before, let m be the number of mixed columns.

Case 1: m < n/2—1. In this case each player can see at least one column. Take one column
seen by Alice and another column seen by Bob, and let Y be the (n — 1) x 2 submatrix of
X formed by these two columns without the last row r. We restrict the protocol to input
matrices A : X — {0, 1} defined as follows. We set to 1 all entries in the last row r, and set
to 0 all remaining entries of X outside Y. The columns x and y of Y may take arbitrary
values such that the resulting vectors are even. This way we ensure that all columns of A
are odd. Moreover, the last row r is even since n is even. Thus, given such a matrix A,
the players must determine whether some of the remaining rows is odd. That is, they must
determine whether z # y, which requires Q(n) bits of communication.

Case 2: m > n/2. Let Y be the n x m submatrix of Y formed by the mixed columns. Select
from the i-th (i = 1,...,m) column of ¥ one entry x; seen by Alice and one entry y; seen by
Bob. Since m < n and we select only 2m entries, there must be a row r with ¢ < 2 selected
entries. Let Y be the n x (m — t) submatrix (¢ < 2) consisting of the mixed columns with
no selected entries in this row 7. We may assume that m — ¢ is odd (if not, then just include
one column less in Y).

Now restrict the protocol to input matrices A : X — {0,1} defined as follows. First we
set the part of the row r lying in Y to 0’s and the rest of r to 1’s. Since n is even and m —t is
odd, this ensures that the obtained matrices will already contain an odd row. After that we
set to 0 all the remaining non-selected entries of X. Since each obtained matrix A contains
an odd row (the row r) and all columns outside the submatrix Y are odd (each of them has
a 1 in the row r and 0’s elsewhere), the players must determine whether all columns of A
in Y are also odd. That is, they must determine whether z; # y; for all s = 1,...,m — t.



Or equivalently, they must decide whether x = y & 1 for vectors z = (z1,...,2, ;) and
Yy = (Y1,---,Ym—t), which again requires Q(m — t) = Q(n) bits of communication.
This completes the proof of Lemma 4, and thus, the proof of Theorem 2(ii). O

Note that the requirement that the partitions of the set of variables X are balanced is
not crucial. The same argument works also in the case when the partitions are only “almost
balanced” in a sense that each player gets access to at least a A fraction of all variables,
for some 0 < A(n) < 1/2. The proofs of Lemmas 2 and 4 remain the same with only one
difference: this time we consider the two cases depending on whether m < An — 1 or not.
Since each player can see at most (1 — A)n rows, we have that in the first case each player
will see at least n — (1 — A)n —m > 1 rows. The rest of the proof is the same. The obtained
lower bounds on R(f) and D(g) are then of the form Q(An).
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