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Abstract

Based on experimental results N. Duffield, C. Lund and M. Thorup [DLT2] conjectured that
the variance of their highly successful priority sampling procedure is not larger than the variance
of the threshold sampling procedure with sample size one smaller. The conjecture’s significance
is that the latter procedure is provably optimal among all off-line sampling procedures. Here we
prove this conjecture. In particular, our result gives an affirmative answer to the conjecture of
N. Alon, N. Duffield, C. Lund and M. Thorup [ADLT], which states that the standard deviation
for the subset sum estimator obtained from k priority samples is upper bounded by W/vk — 1.
(W is the actual subset sum.)

1 Notations

Let wi; > wse > ... < w, be nonnegative weights. Let w; > 0. We define the polynomial

n

P(B) = (1= wiB)(1 —wf) - (1 —w,f) = [[(1 — wiB3).

i=1
For every integer 0 <[ < n we also define the polynomial

n

P(B) = (1 — w1 B)(1 —wisaf) - (L —wpf) = [ (1 —wiB3).

1=l+1

Thus Py = P. For a function f and a non-negative integer ¢t we denote the t*® derivative of f by
f® . For t = 1 we also use the usual f’ notation. Let

N ={l+11+2,... ,n}

We have:

P = (—1)t! > Iw I @-wis) (1)

SCNy; |S|=t i€S  ieN\S

A sum with higher upper index than lower index, such as 2(1) exp is considered an empty sum
with value 0.
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2 The Priority Sampling

Fix a sample size k < n. The priority sampling scheme of N. Duffield, C. Lund and M. Thorup is
as follows: Select ayq,... ,a, independently, randomly and uniformly from (0, 1]. For 1 <i <n we
define priority ¢; = w;o; 1 Let ¢ be the (k+ 1)t largest priority (a probability variable, depending
on the a;s) and define probability variables w; = max{w;, ¢} Xw;a;>q, Where Xu,a,>q is the indicator
function of the event that w;c; > g. This scheme finds its ancestors in [C, AGPR, AFT, DLT1,
GM, HHW, OR, PKC]. For a complete hystory see [DLT2]. N. Duffield, C. Lund and M. Thorup
have proved that

2. w; and u; are independent.

N. Alon, N. Duffield, C. Lund and M. Thorup in [ADLT] show that the variance of ) " | w;
is O(W?/k) and state as a major challenge to replace the big order with W?2/(k —1). Our first
theorem verifies this conjecture:

Theorem 1. Var (30 ;) < W?/(k —1), where W =Y, w;.

3 The threshold sampling

Threshold sampling is a simple sampling procedure that estimates ), ; w; and has the least vari-
ance among all sampling procedures for which the expected sample size is the same.

Fix a threshold, 7 and define w; = w; if w; > 7. Otherwise select «; € (0,1] randomly and
uniformly and independently from other «;s, and set w; = 7 if wiai_l > 71, else set w; = 0. Like
in the case of the priority sampling w; is considered to be in the sample if w; > 0. Since w;s are
independent random variables with

(for i: w; <7),

P with probability w;/7;
"1 0 with probability 1 — w;/T;

it follows that the expected sample size is

. 1
Hilw; > 7} + - Z w;.

tw; <T

In order to compare threshold sampling with priority sampling we need to set the expected
sample size (nearly) the same. First observe that for a fixed k& > 0 there is a unique threshold
7 such that the expected sample size, when the threshold is set to 7 is exactly k. Indeed, it is
not hard to show that as 7 descends from infinity to w,, the expected sample size monotonly and
continuously increases from zero to n, and that the increase is strict. In particular, we have:
Lemma 1. For 1 <Il<nlet s = %ﬁwi—i—l—l. Then for 1 <1 <mn—1 it holds that s; < s;41.

This lemma can be shown by direct calculation or by simply alluding to the fact that s; is the
expected sample size when the threshold is set to w;.

N. Duffield, C. Lund and M. Thorup have conjectured that the variance of the k-sample priority
sampling procedure is smaller or equal than the variance of the threshold sampling procedure with
expected sample size k — 1. Our main result is to prove this conjecture:



Theorem 2. Var(} [, w;) < Var(> !, w;), where sample size for the priority sampling is k,
and the threshold for threshold sampling is T_1.

As a result the priority sampling procedure is almost optimal for sample size k£ while having
many advantageous properties the threshold sampling does not have.

Definition 1. For the rest of the paper let £ be the smallest index for which T,_1 > wp. Alterna-
tively, ¢ is the smallest integer for which sy of Lemma 1 is greater or equal than k — 1.

From now on we shall be concerned with the case when 7 = 7,._1. Let us denote Z?:zz w; by
W’. From

n
k — 1 = expected sample size = /¢ — 1+ Zwi/m,l =0—14+W'/m_1,

i=/
we obtain:
Wl
Tk—lzm, (2)
Var Zn:u?‘ = Var Zn:d} :Zn:w‘(m 1—wg) = (W,)Q—Zn:wz (3)
= = = Z k=t "

4 The Variance of the priority sampling

Because of 1. and 2. of section 2 we have that

n

Var (Z} w) = Z}E (6:%) =) wy. (4)

=1

Our efforts will mainly go to express > . | E (11312) For the sake of convenience we introduce
the convention wy = oo, wy 1'—= 0. For 0 <1 < k let y; be the indicator function of the event
that w; > g > wyypq1. Since ¢ is always at least wyy1, we have 1 = Zf:o X: (here 1 means the
characteristic function of the entire event space, i.e. the identically 1 function). For 0 <[ < k
define:

Al =F <Xl id}zz) .
i=1

The first term in (4) is exactly Zf:o A;. To express A; we further decompose the event w; > ¢ >
wiy1. Let I < 7 < n be an index and let S C N; be a set of size £ — [ that does not contain j.
Define x; ;s as the characteristic function of the event

(¢ = wjajl) A (wp>q>wr) A /\ (wia;l > q).
€S

For the above event the sampled elements are exactly those that have indices from S U{1,... ,l}.
For i € S we have w; = ¢q. For i € {1,...,l} we have w; = w;. For the other elements w; = 0,

hence they are not in the sample. The probability that w;o; > wjaj_l (for fixed o) is ww; Q.
The probability for wial-_l < wjaj_l is 1 — ww;

;o Q. Therefore



n
E <Xl,j,S Z wz’2> =
i=1

| S w?t (k= Do) | [Twwsta) [ (- wws'a) doy

-1 ] 1
W Sag<wiw g\ (<< ieS iEN)\S;i]

1

Replace parameter «; in the integral with 8 = w; oy and rewrite the above integral as

wj/_l @Rk [Jws I G-wipds =
wy <B<w

1<s<l €S €N \(SU{j})

/ S W (k-0 # [ e [[ (- wib)ds
w; t<B<w; Y

1<s<1 1€SU{j} iEN\(SU{5})
. n .
Since X1 = > 7 111 2 scN;. |S|=t; jgs X1,j,8» We can write:

A= Z E (Xl,j,s Z ’lf)z‘2>
i1

SCNy; |S|=k~1; j&S

-y [ S eremne ) T ow [ G-

SCNy; [S|=k—1; jgs i 1<s<l i€SU{j}  iEN\(SU{i})
_1)k—i+1 wi - e
STl N D SRR CEYI) P
R/ 1<s<l
For 0 <1 < k we can write A; = B; + C}, where By = C, = 0 and
-1
_ (= o [ okt plk—141) :
B = NCEOR Zws - PN g (1 #0);
1<s<l 1
-1
(DR e ki)
C[ - m . 5 2Pl dﬁ (l 7é k)
wy

5 Integration

In this section we compute the primitive functions of the integrals of the previous section. By

repeated integration by part we get:
Lemma 2. Let t and s be non-negative integers, s > t + 1. Let f be a function such that f(l) _
FLf@ ) emist. Then

t

0o
/:th(s) _ Z(_l)tJrrﬁﬂrf(s 1-t+ )

r=0



From Lemma 2 we obtain:

N

—1
/ﬂkl})l(kl‘i’l)dﬂ — (_1)k+l+’f (k — l)'ﬂT_Pl(T)’ (5)

7!

[e=]

>3

—2

) _1—9)

/,Bk_l_QPl(k H—l)dﬁ _ (_1)k+l+rwﬁraﬁ’+2) (fOI‘ 1 <k-— 2) (6)
r=0 ’

We are left to compute the integral associated with C_1. Notice that this is the only integral
among the Cjs in which 3 has a negative exponent. We use the estimate:

Lemma 3.
-1

Wi
Cr-1 < wp—1 /_1 P;f;Q_)ldﬁ = wp—1 (F_y(wy ") = Py (wi 1)) -

k-1

6 Properties of P, and its derivatives
Let 0 <1<k, 1<r fixed.
Lemma 4. P, and its higher derivatives are continuous. Moreover, (—1)"Pi(3)™) > 0 on (0, wlj_ll),
The lemma easily follows from (1). From (1) we also obtain:
Lemma 5. For 0 <[ <k and 1 <r we have:
POwil) = 0 (7)
FOwih) = —rwna P ) ®)

Definition 2. For 0 <[ <k and 0 <r we define the constants:

) A
nr = Sl wr B0 ),

By Lemma 5 we have:

(=" _ _
! le:IPl(’")(lerll) = Pi+1,r-1- (9)

7 An interpretation of p;,

Fix [. In this section we reinterpret p; o, p;.1,p1,2, ... as a probability distribution related to an inde-
pendent sequence of Bernouli trials with different biases. Indeed, let X;;1,... , X, be independent
zero-one valued random variables such that Prob(X; = 1) = w;/w; and Prob(X; =0) = 1 —w;/w.
Then

Prob( Z Xi=r)= Z H %Z H(l —waw; ) = (_%)warﬁ(r)(wl_l).

i=l+1 |S|=ricS ' igS



The generator function for 77", | X; is

Gy = [ -2 a2 =l
i=l+1 v i v

Also, G(A) = Y72, p(1,7)A". Thus we have:

Lemma 6.

erl,r = G'(1)= —

o0
Sorr-lp, = G'y= Y U
r=2

w
I+1<i#£j<n L

8 Summing it up

Recall that for 0 <[ <k —1:

(—pF-t /wl“ gh—l- 2P(k D45 (£ k).

Ch=—+—"—
(k=1=1 Jy1

and Cy = 0. Let | <k — 2. From (2) we can express

w
C, = (=D k_l_Q(_l)rH Mﬁrp(“ﬂ) -
k=11 r! ! .
r= wl
We simplify the above expression as
k;—l—2 Wi
Cr = rpirt?
-l X S|
= wl
Thus C[ = Dl - El, where
k—1-2 k—1-2
1 (=D)" o r+2), 1 2 (r+1)(r+2)
Dl = L—1—-1 Z rl wl TP)ZT (wl ):wl Z k—1]— plﬂ“+2’
r=0 r=0
k—1—2 k—1—-2
1 (=D pr+2) ! (r+1)(r+2)
B = =7 Y —rwih B i) =ty ) e
r=0 r=0
By renaming the running indices in the above expressions we can write:
k—1 k—1
o, (r—1)r (r—1r
Dy = w m wy Z Pl s
r=2 r=0
k—l—-1 —(I41)
9 r(r+1)
B o= wiy ; 1P = wz+1 Z k: pz+1,r

(10)

(11)



Similarly, for B; (1 <1 < k) we have:

(k=1 ~1
1<s<l .
.
k—1 . I+1
2 (_1) (r)
- Z Ws ol Ry =
1<s<i r=0 1
<s< w;
k-1 . k-1 .
o~ (D" w1 o (-1) M, —1y
Ws o P (wy) — W ol w P (wy) =
1<s<1 r=0 1<s<1 r=0
k—1 k—1—1
2 2
ws pl,’l"_ ws Z lerl,T'
1<s<l  r=0 1<s<l r=0

How about C;_1? From Lemma 3 we estimate
Cr-1 < wi— (Pi:;—1(w/;1) - P/;—l(wl;—ll)) =
—wp—1 Py (wi ) — wp—wi Pe(w;, )

—wi_1 Pp_y(w;t)) — wiPi(wpt) = wi_1pE-11 — WPk (12)

IN

We denote the right hand side by C}_,. Now we start to compute the total. A comparison of the
negative terms of B; and the positive terms of B;1; shows that

k k k k—l
D Bi=3 Bi=) ui) pr (13)
1=0 =1 =1  r=0
Let us pay attention to the form of our expressions for D, Ej, C}_, and Zf:o B;. We find that
k k k—2 k—
Y Bi+C)<> B ZEl+Ck 1-2“&291 )Py
1=0 1=0 1=0 1=0

for some coefficients 0;(r) (0 <1<k, 0 <r <k —1), where 0;(r) does not depend on the weights,
only on k, [ and r. First we compute these coefficients in the typical case, i.e. when [ does not
equal to 0, k — 1 or k. For 1 <1 <k — 2 from (10), (11) and (13) we get:

r(r+1) N r(r—1)

Oy =1-——7 +ti -1

(14)

The above is a second degree polynomial in 7, which is equal to 1, when r = 0 and has roots at
k—{land k —1—1. Hence for 1 <[ < k — 1 we have:

(k—l—-r)k—1—-1-1)

) = e ==

(15)

Next we compute Dy outright instead of computing the 6y(r)s. Keeping in mind that in our



shorthand notation w ! stands for 0, we have:

k—2
1 (D" 42 -1y = L p@gy
Do_k_lr:() 1 Wo Fy " (wg )—mpo 0) =
1<i,i'<n
W2 =3 wy
k—1 )
Finally, we compute the missing special cases:
(9]{,1(0) = 1-040=1;
1x2
he1(l) = 1- 22 11=0;

0,00 = 1—1=0.

Note that in (10), (11), (12) and (13) r never exceeds k — [. Summing up everything we get:

e

-2

n 2w 2
R W=e—=>"  w:
Var() wi)ﬁ—kélll Lo wiopko10 + ) WP 91 )Py — E w}
=1 =1 7

K‘

I
o

where 0;(r) is as in (14). From this expression we can easily prove:

Theorem 3.

° 7% g W
(e) st g

Proof: From (15) it follows that 6;(r) <1 for 1 <1< k — 2 0 <r <k-—1I Sincepy, (r>0)
is a probability distribution for a fixed I, it follows that Z (r)pir < 1. Also Pr—1,0 < 1. Thus
the sum of the second and third terms of (16) is upper bounded by ZZ L w?, and the theorem

follows. As a consequence of Theorem 3 we get Theorem 1.

9 The ¢ and ¥ functions

Although for general 0 <[ < k we defined 6;(r) only for 0 < r < k — [, by Expression (14) in the
special case when 1 <[ < k—2, we can extend 6;(r) to the case, when r is an arbitrary non-negative

integer. Towards proving Theorem 2 from 16 we define:
(P(UH, o 7wn) - w12 Z Hl(r)plﬂ“;
r=0

Y(wy, ... wy) = leZHl(r)plm.
r=0



Remark 1. We did not index ¢ and v with l. Syntactically, I can be deduced from the number
of arguments, since k and n are considered fized. In our view ¢ and v are functions of a variable
length argument list of positive numbers x,x1,xo,... , Ty, with the requirement that x > x; for
1 <i<m. We define p, as the probability of having r ones in the sum of m independent Bernouli
trials, where the i™ trial has bias x;/x towards 1. Then

(K —r)(K —r—1

QO(LE,J/‘l 71:m) = .172; ( Kzg—( — 1) )pTa
B (K —7)(K —r—1)

e ) = 2y gy,

for some fized K given in advance. In our case K =k —[.
In order to show that 1 is an upper bound on ¢, it is sufficient:

Lemma 7. Let 1 <1 <k —2. For every integer r > 0 it holds that 0;(r) > 0
Indeed, this is straightforward from (15).

Consequence 1. For 1 <1<k —2 we have p(wy,... ,w,) < Y(wy, ... ,wy).

While we can only estimate ¢, we can compute ¢ exactly:

E:l i w;W; 2’[1)1 E n_ W;
2 +1<i#j<n J i=l+1
.. n) = — = — . 17
w(wl, , W ) wy + (k l)(k l 1) I ] ( )

Indeed, using (14) we get:

_r(r+1) 7“(7‘—1)_1_1“(7‘—1) r(r—1)  2r
k—1 k—1—-1 k—1 k—1-1 k-1
r(r—1) 2r

1+(k—l)(k—l—1)_k—l'

Oi(r) =1

Then Equation (17) follows from Lemma 6.

10 The monotonicity of ¢

Before making our variance estimates we need one more lemma that concerns the monotone de-
creasing property of ¢ in its second, third, etc. variables.

Lemma 8. Let 1 <1 <k —2 and leti > 1. As w; decreases (but stays greater or equal than 0),
o(wy, ... ,wy,) does not decrease. Above we assume all other arqguments stay the same.

Proof: Recall how we got p;, from n — [ independent Bernouli trials. Consider the set of
n — [ — 1 Bernouli trials, which leaves out the one associated with w;, and denote the probability
that in this set of trials we obtain r ones by p, . Define p = w;/w; and ¢ = 1 — w;/w,. As wj;
decreases, p decreases and ¢ increases while their sum remains 1. Clearly,

Plr =P XDy +qXDp, (18)



for every 0 < r. Above we have set p_; to 0. Define

_ O(r) ifr <k—1
791("")_{0 if > k-1

We have
o
o(wy, ... ,wy) = le Zﬁl(r)plm.
r=0
We also have that ¥;(r) > ¥;(r + 1) for every integer r > 0. From (18) we obtain:

o0
plwi, . wn) =wi Y () pxp g +gxp;) =
r=0

o0

wi Y (Oi(r+ Dp +94(r)q)p; .
r=0

The lemma is now implied by the monotone non-decreasing property of ¥;(r + 1)p + ¥;(r)q in gq.

11 Proof of Theorem 2

First we outline the proof. Define ¢; = p(wy,... ,wy), ¥y = Y(wy,... ,wy,). Thus the right hand
side of (16) is

W2 . 7'1_ ’U)2 k—2 n
e e NN S e
=1 =1

For 1 <m <k — 1 define

n 2 n 2 k—2 n
v = icm ;C)_ mzz_m S BRI S
l=m i=m
We shall prove:
Lemma 9. V41 = Vi — ©m + U for 1 <m < k — 2.

Consequence 2. V,, is non-decreasing in m.

Lemma 10. If for some 1 <m < k —1 we have Limm Wi > Wy, then it holds that

k—m

These lemmas now imply Theorem 2, since if m is the first index for which % > w,y, then,
using Lemma 1 we have m = ¢ < k — 1. Expressions (3), (16) and the above lemmas then imply

Var iﬂ)‘ :(W/)Q—iw.2>V:V >Vi>V 3 .
i L—¢ ;. = Ve m = V1= var sz .

i=1 =74 1=1

10



Proof of Lemma 9: Using (17):

Vm — Pm +¢m =
k—2

Ym<igj<n Wil 2 ~
[ + wip_1Pk-10 + Z 1= Z wi + Yy =
l=m+1 i=m

Domi<igj<n Wiws + 2wm D wi 2 o ~
ra—— + Wip_1Pk-10 + Z P = Z wi +

I=m+1 i=m+1

N Dompi<igj<n Wili  2Wn 31 4 Wi _

(k—m)(k—m—1) kE—m
> H1<itj<n WiWj = .
mlsizisn + wi_ipr-10 + Z Y1 — Z Wi = Ving1.

k—m-—1 ,
l=m+1 i=m-+1

Proof of Lemma 10: Let m be the (first) index for which % > w,,. For the rest of the

section we fix this m. ByLemmalwehave%Zwtformgtgk—l. Form<t<k-1

define -

n 2 n k—1 9 k—2
(i wi) 2 9 2izt Wi
v = ~==m — ) wi + Wi_1Pk—10 — — — =+ E @
I=t

k—m = k
Clearly,
Vin < U
(Z?—m wi)Q = 2
S+ S o)
k—m i=m

Hence we are done if we can prove that vy, < vy < ... <wvp_1.
Lemma 11. Proof: For any m <t <k — 2 we have vy < vy1.

For m <t < k — 2 we have:

k— k—1 k—1
Vet — vy — Zi:tl w; . D il Wi - wy D i1 Wi _y (19)
R k—t—1 "7 k=t (k-t)k—t—1) "

In order to upper bound ¢; we shall use the monotonicity property from Lemma 8. Recall that
wy < % holds. Hence:

n
Wy + Wep1 F Wipo + w1 < (K —twy < ZW\
i=t

Introduce 0 < w} < w; for k < i < n in any manner such that " w; + S, w/(i) = (k — t)w;

11



holds. Then from Lemma 8 and (16):

o1 < o(wy, . .. ,wk,l,w;,... y W) < P(wy, ... ,wk,l,w;,... JWp) =
2
k— n k— n k— n
- (Zi:tlﬂ w; + Y w;) - Zz’:t1+1 w?+ Y (W) 2wy (Zz’:tlJrl wi + Y wé) B
vt k—t)k—t—1) k—t -
wpy Bt =P = T wf + M () 2k~ t - Duf
¢ (k—t)(k—t—1) kE—t -
k_
w? 4 (k—t = 1)*wf = 00 wf C2(k—t-Nwi
¢ (k—t)(k—t—1) kE—t
E—1
w? 4 —— Yice Wi (k—t—1uw? _
k=t (k—t—1) k—t
E—1
th Zi:t-l-l wz'2

k—t (k—t)(k—t—1)

Replacing the above into (19) the right hand side cancels to 0.
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