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Abstract

We demonstrate a family of propositional formulas in conjunctive normal form so that a
formula of size N requires size 2V M to refute using the tree-like OBDD refutation system
of Atserias, Kolaitis and Vardi [3] with respect to all variable orderings. The lower bound
generalizes earlier lower bounds on OBDD-based proofs of unsatisfiability in that it applies for all
variable orderings, it applies when the clauses are processed according to an arbitrary schedule,
and it applies when variables are eliminated via quantification. Current symbolic quantifier
elimination algorithms for satisfiability generate tree-like proofs when run on unsatisfiable CNFs,
so this lower bound applies to the run-times of these algorithms.

1 Introduction

Ordered binary decision diagrams (OBDDs) are data structures for representing Boolean func-
tions [7, 8, 24] that are widely used when solving problems in circuit synthesis and model checking
(cf. [7, 8, 23, 11]). A large number of OBDD-based algorithms have been implemented for solving
the Boolean satisfiability problem [7, 32, 14, 9, 10, 1, 26, 25, 2, 12, 28, 16, 3, 18]. Several of these
algorithms efficiently generate proofs of unsatisfiability for CNFs known to require exponential
running times for resolution based methods (such as the n + 1 to n pigeonhole principle). More-
over, OBDD proof systems can p-simulate several proof systems, such as resolution, unary cutting
planes, and Gaussian refutations [3]. Given that they can do so much, what are the limitations of
OBDD-based satisfiability algorithms?

In this paper, we present unsatisfiable CNFs and prove exponential size lower bounds for tree-like
OBDD refutations of these CNFs. This implies run time lower bounds for satisfiability algorithms
based on explicit OBDD construction and symbolic quantifier elimination.

An OBDD is a read-once branching program in which the variables appear according to a fixed
order along every path (ie. the nodes are arranged in levels, all nodes at a level query the same
variable, and each variable corresponds to at most one level) [7, 8, 24]. The ordering restriction
enforces canonicity: For each fixed ordering, the OBDD computing a Boolean function is unique
up to a linear-time computable normal form (cf. [24]). Because of this canonicity property, the
equality test for two Boolean functions represented as OBDDs is simply a check that their OBDDs
are identical. However, the choice of variable ordering can affect the size of the OBDD by an
exponential factor and choosing a suitable variable ordering for a task is of utmost importance.
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The results of this paper apply to two classes of OBDD-based satisfiability algorithms, explicit
construction and symbolic quantifier elimination.

Explicit construction. In the literature, this is sometimes called the “OBDD apply” method.
In this method, a variable ordering is selected, the OBDD for the CNF with respect to that
ordering is constructed, and it is checked whether this OBDD is the constant false [7]. There are
two opportunities for cleverness - the variable ordering used to construct the OBDDs, and the
order in which the clauses are joined together, cf. [32, 1, 16]. Empirical studies [32, 12] and a
mathematical analysis of the implementation in which the clauses are conjoined in the same order
as the input presentation [15] have suggested that this method is incomparable with resolution.

Symbolic quantifier elimination. This method extends the explicit construction method by
strategically eliminating variables via the application of existential quantifiers [14, 1, 28, 16, 31].
To determine if a CNF A", C;(Z) is satisfiable, rather than build an OBDD for A", C;(Z), it
suffices to build one for 3 A", Ci(Z). This is can be more efficient because it is often the case
that the OBDD for 3ZF (&, ¥) are significantly smaller than the OBDD for F(Z,%). One example
of this approach is to first heuristically partition the variables into sets Xy, ... X} and the clauses
into sets Aq,... A so that for each i = 1,...k, the variables of X; do not appear in the clauses
belonging to sets A;y1,... Ay, then construct the OBDD for the quantified Boolean formula:

X |- I X2 [3X0 A\ X, X | AN O X)L A\ C(XR)
CeAq CeAs CeAy

It has been observed that symbolic quantifier elimination leads to significant speed-ups over explicit
OBDD construction on random 3-CNF's [14, 1], and that, on a certain mix of structured bench-
marks, symbolic quantifier elimination solves more instances before time-out than solvers based on
resolution or compressed resolution [16, 28].

When formalized as proof systems, these algorithms can be viewed as treelike versions of the
OBDD propositional proof system described by Atserias, Kolaitis and Vardi [3]. This proof sys-
tem is highly non-trivial: OBDDs are circuits not formulas, so this proof system is a kind of
weak extended-Frege system!. Because it is not believed possible to convert OBDDs into formulas
without an exponential blow-up, the OBDD proof system is not expected to be p-simulatable by
Frege systems. The tree-like OBDD system possesses polynomial-size refutations of the n + 1 to
n pigeonhole principle, and it can p-simulate several interesting proof systems, such as tree-like
resolution, Gaussian refutations over a finite field, and tree-like cutting planes refutations with
unary coefficients [3].

The result and comparisons with earlier work. The main result of this paper is that for
infinitely many values of N, there is an unsatisfiable CNF ® of size N so that every tree-like OBDD

refutation of ® has size at least 22({/N/1ogN) (Theorem 12). This lower bound generalizes earlier
work on proving size lower bounds for OBDD-based proofs of unsatisfiability in three ways: The
proofs can use variable elimination via existential quantifiers, the clauses of the input CNF can
be processed in any order (so long as they are recombined according to a tree-structure), and the
variable ordering of the OBDDs can be arbitrary. The two previously published results regarding
size lower bounds for OBDD-proofs of unsatisfiability either make use of a restriction on the order
in which the clauses are processed, or hold only for a fixed ordering on the variables.

nformally, Frege systems are the standard axiom-and-inference-rule style systems of propositional logic ma-
nipulating Boolean formulas whereas extended Frege systems manipulate Boolean circuits. From a computational
complexity perspective, Frege systems can be thought of as working with concepts definable in NC' and extended
Frege systems can be thought of as working with concepts definable in P. Cf. [13, 20].



In [15], Groote and Zantema prove a size lower bound for refutations in the OBDD-apply system
that conjoins the clauses of the CNF in the order of the input listing (ie. to process C1 A (Co A Cs),
an OBDD for Cy A Cj is built and then one for Cy A (Cy A C3) is built). In fact, in that paper they
give a size lower bound for refutations of a formula of the form —x A (x A 1), which is trivial to
refute if the formula is processed as (—z Az) A. Qualitatively, Theorem 12 generalizes their bound
by allowing the clauses to be processed in an arbitrary order, and also by applying to systems that
eliminate variables by quantification. However, their bound is quantitatively stronger: Where N is
the size of the difficult CNF, their bound on refutation size is 22V N) whereas ours is 22(VN/1log N)

n [3], Atserias, Kolaitis, and Vardi formalized the OBDD-based propositional proof system
incorporating symbolic quantifier elimination, and proved that for each fixed variable ordering,
there is a CNF of size N that requires size 2N ' to refute in the OBDD proof system using that
particular variable ordering. The bounds of [3] and Theorem 12 are incomparable: The bound
of [3] applies to the DAG like system as well the tree-like system whereas Theorem 12 only applies
to the tree-like system, on the other hand, the lower bound of Theorem 12 holds for all variable
orderings. The problem of proving a lower bound that holds for all variable orderings was stated
as an open problem in [3], and Theorem 12 is a solution to this problem for the tree-like case.

All implementations of OBDD-based satisfiability algorithms known to the author [14, 1, 28, 16,
31] generate proofs of unsatisfiability in the tree-like OBDD system. Moreover, the results of [15]
do not apply to these algorithms as typically there is a preprocessing analysis that chooses the
order in which clauses are combined, and many of the algorithms incorporate symbolic quantifier
elimination. The results of [3] do not apply to these algorithms because the variable ordering is
typically selected by some static analysis of the input CNF.

The technique and its comparison with earlier work. The proof is a reduction: We
produce a CNF so that if there is a small refutation of the CNF in the tree-like OBDD proof system,
then there is a low-communication randomized two-player protocol for the set-disjointness function.
The set-disjointness function has linear communication complexity [19, 30], so all refutations of
this CNF must be large. The reduction is obtained by the interpolation by a communication game
technique that has been well-used in the propositional proof complexity community for some time
now [17, 5, 3]. However, accounting for all possible variable orderings for the OBDDs corresponds
to proving communication lower bounds that hold for the best-case partition model.

The reductions of [29, 17, 3] construct a search problem in variables U and V, Search(U, V), and
a randomized one-sided-error reduction from set-disjointness (in variables X and Y) to S earch(U V)
in which player I creates an assignment to U using X and player II creates an assignment to 1%
using Y. These reductions make heavy use of the structure in the fixed partition of the variables
into U and V. In the best-case partition scenario that our reduction handles, we provide a search
problem Search(W) and show that no matter how the variables of W are partitioned into two
equal-sized sets U and V there is a reductlon from set-disjointness to the search problem i in which
player I to creates an assignment to U using X and player II to creates an assignment to 1% using
Y.

The technical heart of the analysis is a problem of the following form: Let n and m with m = ¢n
for some constant ¢ be given, and let E1, ... E,, be subsets of sets of edges over vertex set [n] and let
Vi, ... Vi be subsets of [n] so that >, Y700, |E;[Vj]] = am?(}) for some constant a > 0. Let T
be the set of all 3t-tuples (i1, .. .14, j1,. .. ji, X1,... X;) where each X}, is a copy of Ko in E;, [V}, ],
the 7;’s are distinct, the j;’s are distinct, and distinct X}’s share no vertices. How can we construct
a distribution p on T so that:

- —

1. For all (7,7, X) (k,1,Y) in the support of p that differ in O(1) many positions, u(7,7, X) =
)

5 an
(1+0(1))u(k,

d
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2. For every k.l € [t], the probability over u that the vertices of V(Xj) U V(X)) induce a copy
of Ko 4 in E;, [V}, ] N E;,[V;,] is at least O(1).

The desired range for the parameter t is t = yn, where « is constant we can solve for based on ¢,
and large enough n.

A natural first try is to take p to be the uniform distribution on 7" and thereby get Property 1
for free. If the marginal distribution on (i, 1, j,ji) were close to uniform, so that |E; [Vj,] N
E;,[V;]| has constant density with constant probability, and if conditioned on that event, the
marginal distribution on X} and X; were close to uniform, we could appeal to convexity. However,
the dependencies are legion, and it seems quite difficult to show that Property 2 holds for the
uniform distribution on 7' (if it holds at all). Moreover, the gadgets used in the reduction are
more complicated than this example and encounter even more dependencies. So we resort to an
alternative distribution with enough local independence to guarantee Property 2, but not so much
as to lose Property 1. In Section 10 we set up some simple and general sufficient conditions for
distributions to satisfy properties like Properties 1 and 2. We then show in Section 11 that the
randomized reduction (defined in Section 9) satisfies the sufficient conditions.

Future work. There are some natural “next step” questions to ask: Establishing lower bounds
for random 3-CNF's, and separating the DAG-like system from the tree-like system. As to whether
or not the unrestricted (DAG-like) OBDD system is polynomially bounded, shortly after this paper
was released on the proof complexity mailing list, Jan Krajicek released an independently produced
proof of a 2V “™ §ize lower bound for DAG-like OBDD refutations of a different family of unsatis-
fiable CNF's [21]. The techniques of Theorem 12 do not apply to the CNF's studied in his paper,
nor do his techniques apply to the CNFs of Theorem 12.

Empirically, symbolic quantifier algorithms seem to be incomparable with resolution based sat
solvers such as zChaff [28, 16]. Theoretically, however OBDD refutations can p-simulate resolu-
tion [3]. It seems that a significant factor in this gap may be that the symbolic quantifier elimination
algorithms are building tree-like proofs whereas clause learning algorithms like zChaff build DAG-
like resolution proofs (cf. [4]). It would be interesting both to implement an effective SAT solver
that constructs DAG-like OBDD refutations, and also to prove that tree-like OBDD refutations
cannot p-simulate DAG-like resolution.

Other possible extensions would be to extend the analysis to cover OBDD-based algorithms that
incorporate a dynamic variable reordering package?, and to provide an analysis for the so-called
compressed methods [9, 10, 25, 26, 27] that perform a basic DLL or Davis-Putnam search and
represent the clause database as an OBDD. These systems build OBDDs in different variables than
those of the input CNF, and therefore Theorem 12 cannot be directly applied to these systems.

Thanks. To Albert Atserias and Moshe Vardi for interesting conversations at the at the Work-
shop on New Directions in Proof Complexity held at the Isaac Newton Institute for Mathematics.
To Jan Krajicek, for securing the author’s attendance to said workshop. To Jan Friso Groote for
answering some questions about [15]. To Paul Beame for useful comments on an early draft of this
paper. To Cindy Brown and Barton Massey of Portland State University for generous hospitality.

2In principle, dynamic reordering of OBDD variables should improve running times. However, current work with
symbolic quantifier elimination algorithms for satisfiability has suggested that static variable orderings lead to better
performance than dynamic variable orderings [1, 16]. Regardless, Theorem 12 does not apply to systems using
dynamic variable reordering.



2 Notation and background

Definition 2.1 The real numbers are denoted by R and [0,1] denotes the closed unit interval. Let
n be an integer. The set of integers {1,...n} is denoted by [n]. For a set S and a non-negative
integer k, the set of all k-tuples over S is denoted by S* and the of all size k subsets of S is
denoted by (g) For a set S we let xg denote the indicator function for S with xs(a) =1 ifa € S,
xs(a) =0 isa ¢ S. The domain of xs will always clear from context. For a Cartesian product
[Lic; Xi where I is a finite set, we say that the product is “|I| dimensional” even though is no ector
space structure defined on [[;c; X;. We write X1 as an abbreviation for the product [[;c; Xi. Let
[Tic; Xi and [[;c; X; be a Cartesian product with INJ = 0. For ¥ € [[;c; Xi and § € [[;c; Xi
we write Ty to denote the concatenation of ¥ and § (an element of [[;c;u; Xi). We use the same
indices for elements in tuples as we do for the factors of the product, ie. for @ € HZ:]’ X;, we
write @ = (uj,...u:), we do not write & = (uy,...w—j;y1). Let f be a function whose domain
1s a Cartesian product HE:I X;. For each j € [t], for each ¥ € ngl X;, we write f% to denote
the Curried function with domain H§=j+1 X; and f5(§) = f(@y). Similarly, for A C szl X;,
AT ={j |z e A). Let f: [Lic; Xi = R. We say that f depends on a coordinate i, with i € I, if
there exists &,1 € [[;e; Xi with x; = y; for all j € I\ {i}, x; # yi, and f(Z) # f(y). If f depends
on the coordinate i, we say that i affects f.

Definition 2.2 We use the word “graph” to mean a simple, loopless undirected graph. We use C
to denote the (not necessarily induced) subgraph relation, ie. G C H if G = (V,E) and H = (W, F)
with V.C W and E C F (as sets). For any two disjoint nonempty sets A and B, we write
K (A, B) to denote the complete bipartite graph with partition {A, B}. Let G = (V, E) be a graph.
Let Vo CV and let Ey C E. The set of edges Ey restricted to Vy, written Ey Vo], is defined as
Eo [Vo] ={e € Ey | e C Vo}.

Definition 2.3 Let E be a set of unordered pairs over X, and define K1 2(E) = {(u,v,w) € X3 |
v#w, {u,v} € E, {u,w} € E}. Let X be a set. For U C X define pmx(U) : {(u,v) € X? |
{u,v} NU # 0} and tmx(U) = {(u,v,w) € X3 | {u,v,w} NU # O}. (The mnemonic for this
notation is “pairs over X that meet U” and “triples over X that meet U”.)

2.1 Probability notation

Definition 2.4 Let 1 be a probability distribution over a set X and let f : X — R. We write
E,[f] to denote the expectation of f with respect to n. At times, the uniform distribution over a set
will be written as U. Other times, we will write with E C S, we will write Pryeg|E] to denote the
probability that x € E holds when x is selected uniformly from S.

Definition 2.5 Letn be a probability distribution on a Cartesian product Hle X;. ForeachI C |t],
let nr be the marginal distribution of n on [[,c; X;. For each j € [t] and each & € [[]_; X;, let n®

be the probability distribution on HE:J’ X; given by the formula 1% (¥) = :ﬁ% if mi;)(Z) # 0 and 0
J

otherwise.

Notice that 77 is the marginal distribution of 7 to the coordinates [t] \ [j] conditioned on the
event that the first j coordinates take the value ¢f. An immediate consequence of the definitions:

Lemma 1 Let f: [\, X; = R, let I ={1,...i0}: E,[f] = aex; nI(U)Ena[fﬁ]



Unsurprisingly for a technique based on finding structure in a dense family of sets, we beat the
stuffing out Jensen’s Inequality and any averaging arguments that we find in the neighborhood.

Proposition:(Jensen’s Inequality) Let f : D — R, let g : R — R be a convex function, and let n
be a probability distribution on D. E,[go f] > g (Ey[f]).

Lemma 2 (Proof in Appendiz Section A.) Let X be a finite set, and let Y1,...Y, be a family of

subsets of X. Set a =13 | |Y;|/|X|, and let k be a non-negative integer: n—lk >zl | ﬂle Y| >
k

a”|X|.

Lemma 3 (Proof in Appendiz Section A.) There exists a constant ¢ > 0 so that for every undi-
rected graph G = (V,E) with |V| = N and |E| > a(g). We have that:

Prieys[K({u1}, {uz, us}) € G > o~ (5/N)

Praevs [K ({u1,uz}, {us, us, us,u}) €G] > o —(23/N)
Proposition: Let 7 be a probability measure on a space X, and let f: X — [0, 1] be measurable.
For all € € [0,1] and all ¢ > 0 n({z | f(z) > 1E,[f]}) > (1 — 1/¢)E,[f].

Lemma 4 Let X be a probability space with probability p and let f: X — [0,1]. Let e,y € [0,1] be
given. If u(f~1((7,1])) < e then E,[f] < e+ 1.

3 OBDDs, proofs and communication protocols

Definition 3.1 (cf. [8, 24]) A binary decision diagram (also known as a branching program) is a
rooted, directed acyclic graph in which every nonterminal node u labeled by a variable x,, and has
two out-arcs, one two a node t, and the other to a node f,. Sinks are labeled by Boolean values.
The function represented by a branching program is calculated by starting at the root and following a
path to the sink as follows: If the current node u is labeled by the variable x,,, and x, is assigned the
value true, then follow the arc t,, otherwise follow the arc labeled f,,. The value that the function
takes is the value labeled on the sink. The size of a binary decision diagram is its number of nodes
as a DAG. An ordered binary decision diagram (OBDD) is a binary decision diagram in which:
Along every path from the source to a sink, every variable is queried at most once, and, there is
fixed ordering so that along all paths from the source to a sink, the variables are queried consistently
with that order.

Definition 3.2 Let C be a set of clauses in variables from a set V. A OBDD derivation from C
with respect to a variable ordering < on V' is a sequence of OBDDs Fy, ..., F,, so that each
OBDD is built from the variables of V' with respect to the order <, and each F; either is a clause
i C, or follows from the preceding Fi,...F;_1 by an application of one of the following inference
rules: (A, Ap, and B are OBDDs in the variables V' with ordering <, where A = Ay as Boolean
functions, and &, §, Z are tuples of variables from V ):

: N A(Z,y) B(y,7) Az, 9)
Sub tion: — C tion: _—
ubsumption a1 onjunction A9 ABG. ) oA, )

For a set of clauses C, an OBDD refutation of C is a derivation from C whose final line is the
OBDD “false”. The size of an OBDD refutation is the sum of the sizes of its OBDDs. An OBDD
derivation Fy,...F,, is said to be treelike if each F; is used at most once as an antecedent to an
inference.

Projection:



The projection rule is a special case of the subsumption rule, however, the projection rule is the
one most used in satisfiability algorithms.

We make use of a well-known bound on the randomized two-party communication complexity
of the set-disjointness function. For more on communication complexity see [22].

Definition 3.3 Let f (X' 37) be a function. A randomized two- player protocol for f is a two-party
communication protocol in which Player I has private access to X Player II has private access
to Y and the players share access to a source of random bits, so that for all inputs X and Y
with probability at least 2/3, the players agree upon the correct value of f (X ,Y). A deterministic
protocol is one in which the answer arrived at by the players is independent of any randomness
and is uniquely determined by the input X ,57. The cost of a protocol is the maximum number
of bits communicated between the two players taken over settings of the input and the random
bits. The randomized communication complexity of f is the minimum cost of a randomized two-
player protocol that computes f. The set-disjointness function on n bits is a Boolean function
setdisgp : {0,1}" x {0,1}"™ — {0,1} with

oo 1 ifJienh), Xi;i=Yi=1
setdZSJ(X7Y):{ 0 ! E)t]herwise

Theorem 5 ([19, 30], cf. [22]) The two-party randomized communication complexity of setdisjy,
is Q(n).

All that is actually used about OBDDs is a simple connection between OBDDs and communi-
cation complexity that is the starting point for the reduction. We do not use it explicitly in this
article, however, it is an ingredient for the proof of Lemma 8 which appears in [3].

Proposition: If there is size S OBDD for a function f(z1,...z,) with respect to the variable
order z;,,...x;, , then for each k € [n], there is a two-party communication protocol computing f
with respect to the variable partition {z;,...z; }, {zi,+1,... 2, } that uses [log ST many bits of
communication.

4 The difficult CNF's: Indirect matching principles

The CNF IndMatch,, is a propositional encoding of the fact that in a graph on 3m vertices, it
is impossible to simultaneously have a perfect matching on 2m vertices and an independent set of
size 2m + 1. It is similar to CNF Match,, used by Impagliazzo, Pitassi, and Urquhart to prove
size lower bounds for the tree-like cutting planes system [17]. However, in order to prove the CNFs
difficult for tree-like OBDD refutations with respect to any variable ordering, we introduce a level
of indirection via permutations. There are two kinds of variables used in the CNF Match,,

1. The edge variables. There are are m - (3;”) many variables used to specify the matching: One

variable z? for each i = 1,...m and each e € ([3;”]). The intended semantics is that the
variable z! is equal to one if and only if the edge e is the i’th edge of the matching.

2. The vertex variables. There are (2m + 1)3m = 6m? + 3m many variables used to specify the
independent set: One variable ¥, for each j = 1,...2m+ 1 and each u € [3m]. The intended
semantics is that the variable yj is equal to one if and only if the vertex w is the j’th element
of the independent set.

The set of all these variables is MV ars,,. The following clauses form the CNF Match,,



1. (At least m edges in the matching.) For each i € [m]: \/ee([m]) zl
2
2. (Edges form a matching.) For each i,j € [2m] with i # j and each e, f € ([3;”]) with enN f # 0:
—zt Vg
e f

3. (At least 2m + 1 vertices in the independent set.) For each j € [2m + 1]: V ¢(5m) vl

4. (Vertices in the independent set are distinct.) For each i,j € [2m + 1] with i # j and each
u € [3m]: =yl V i,

5. (The vertices are independent.) For each e € ([?’g” ]) with e = {u,v}, each k € [m] and each
k

i,j € [2m+1]: =yl Vv —y v -y
Notice that the CNF Match,, has size O(m?).
The difference between the CNF IndM atch,, and the CNF Match,, is that we add variables
specifying a permutation 7, and for an assignment A to MVars,,, we interpret the independent
set not as {u | 3j € [2m + 1], A(y,) = 1} but instead as {m(u) | Ij € [2m + 1], A(y) = 1}.

Definition 4.1 Let N be given. A set Il of permutations of N is said to be pairwise independent
if for all a,b,c,d € [N] with a # b and ¢ # d: Pryeq[r(a) =c A w(b) =d] = m

It is well-known that for any finite field, the set of mappings {z +— ax +b|a € F*, be F} is a
pairwise independent family of permutations of size |F|(|F| — 1).

Proposition: Whenever m is a power of 3, there is a pairwise-independent family of permutations
for [3m], I, with |IL,,,| = 9m? — 3m.

The variables used in the CNF IndMatch,, are the variables used in Match,,, along with
new variables for encoding a permutation: There are [ = [log(|II|)] many variables that encode a
permutation from II: z1,...2;. The the variables z1,... z encode the permutations of II in some
surjective fashion. This set of permutation variables is denoted PVars,,. The set of variables
IMVars,, is MVars, U PVars,,. The CNF IndMatch,, has the same clauses of type 1, type 2,
type 3 and type 4 that Match,, has, whereas the clauses enforcing independence are as follows:

(Independence between vertices after application of the permutation.) For each a1,...q; € {0, 1},

each e € ([3;”}) with e = {u,v}, each k € [m] and each 4,j € [2m + 1], with 7 denoting the

element of II encoded by a: \/Z-L:1 zz-l_ai \% ﬁyi(u) \% ﬂyi(v) v —xzk

Notice that the CNF IndMatch,, has O(m") many clauses, and size O(m” logm).

Definition 4.2 Let 7 be a permutation of [3m]. For each variable v € MV ars,, we define

© yfr(u) ifv= y& for some j € 2m + 1], u € [3m]
m(v) = . ;
! if v=2al for some i€ [m], e € ([3?])
Lemma 6 Let ' be a refutation of IndM atch,,, with variable ordering vy, ... vy. For every w € 11,

there is a size at most |I'| refutation of Match,, that uses the variable ordering m(v1),...m(vN).

Proof: Let a be the assignment to 7 that selects the permutation 7—'. We apply the restriction o
to I', and we see that the clauses of IndM atch,, that that are not satisfied are the non-independence



clauses that do not use any 2 variables (ie. all clauses of type 1, type 2, type 3, and type 4), and
the independence clauses of the form ﬁyi,l(u) V ﬂyi,l(v) v -k for i, j € [2m + 1], u,v € [3m],

k € [m], and e € ([3;”}). Within each OBDD of the refutation, each query to g is replaced by a
query to y;(u). This means that y;, takes the place of y;(u) in the ordering.

Every OBDD is now constructed according to the query order m(v1),...w(vy). It is easily
checked that the proof structure is preserved under this substitution so that the new derivation
is a derivation with respect to the order m(v1),...7(vx) in the sense of Definition 3.2. Moreover,
each clause ﬂy;,l(u) \% ﬁyi,l(v) V -2, becomes -yl V —yi V —z¥, so that the new refutation is a

refutation of Match,,. n

5 Variable partitions and their densities

The proof of Theorem 12 has two steps. A small refutation of IndMatch,, with an arbitrary
ordering of the variables IMVars,, is used to construct a low-communication protocol for the
false clause search associated with Match,, - with respect to a “dense” partition of the variables
MVars,, between the two players. Set-disjointness is then shown to reduce to the false clause
search for Match,,- whenever MV ars,, are partitioned in a dense enough fashion.

We view the partition of MVars,, as splitting the players into an edge player, with access to
variables in Vj, and a werter player, with access to variables in V. In the reduction, the edge
player will place his set disjointness variables X; on edge variables 2! and the vertex player will
place his set-disjointness variables Y; on vertex variables .

Definition 5.1 Let m be a positive integer, and let (V1,Vrr) be a partition of MV ars,,. For each
i=1,...m, define E;(Vr) to be {e € (3m]) | 2t € Vr}. For each j =1,...2m+1, define V;(Vir) to
be {u € [3m] | v, € Vir}. Except for Lemma 9, we will not discuss more than one variable partition
at a time, so we usually write E; instead of E;(Vr) and V; instead of V;(Vrr).

An important complication is that for distinct i1,i2 € [m], it is possible that E;, # E;,. This
means that not only does the edge used in assignment matter, but the identity of the variable
specifying the edge matters as well. Similarly, it is possible that V;, # Vj,, so that identity of the
variable used to specify a vertex matters. Because the identity of the variables matters, in contrast
with the reduction of [29], we treat the objects seen by the players as assignments to the variables,
not merely sets of vertices and edges.

Definition 5.2 Let (V1,Vis) be a partition of MV ars,,. The density of (Vi,Vir), § Vi, Vir), is
defined as follows:

d(Vr,Vrr) = 2m+15z Z [Ny B Vi) N By [V,

[m]2 je[2m+1]5 ( ;n)

6 From Refutation to Search

We transform small refutations of the IndMatch,, principles into a low-communication protocol
for a search problem in the variables Mwvars,,.

Definition 6.1 Let A be an assignment to MV ars,,. We say that A is non-degenerate if it satisfies
all of the clauses from Match,, of type 1, type 2, type 3, and type 4. (Informally, this means that



the assignment selects m distinct edges and 2m + 1 distinct vertices.) An edge e € ([3;”]) 1s said to

be bad for A if e = {u,v} and there exist i,j € [2m + 1],k € [m] with A(y%) =1, A(y}) =1, and
A(xF) =1.

Proposition: If A is non-degenerate then there exists an edge that is bad for A.

Definition 6.2 Let m be a positive integer, and let (Vr,Vir) be a partition of MV ars,,. The search
problem FindBadEdge,, (V1,Vir) is defined as follows:

1. Player I has private access to the variables of Vy.
2. Player II has private access to the variables of Vrr.

3. Given a non-degenerate assignment A to MV ars,,, the players must find a bad edge of A.

Lemma 7 There a exists a constant ¢ > 0 so that for all m > 84651, if there is a size S
tree-like OBDD refutation of IndMatch,, then there is a partition (Vr,Vir) of MVars,, so that
§(Vi,Vir) > 271 and there evists a deterministic two-player protocol for the search problem
FindBadEdge,, (Vr,Vir) that uses at most clog S many bits of communication.

The proof of Lemma 7 follows from combining the following to lemmas. To prove Lemma 7, simply
take the partition of MVars,, and the size S refutation of Match,, guaranteed by Lemma 9 and
feed them into Lemma 8.

Lemma 8 (cf. [17, 8]) There exists a constant ¢ > 0 so that for all m, and every partition (Vr,Vrr)
of MV ars,,, if there is treelike OBDD refutation of Match,, of size S that uses a variable order
in which either every wvariable of Vi precedes every variable of Vir, or vice-versa, then for each
i € [n], then there is a deterministic two-player protocol for FindBadEdge,, (Vr,Vir) that uses at
most clog S many bit of communication.

Lemma 9 For m > 84651, if there exists size S refutation of IndMatch,,, then there exists a
partition of MV ars,,, Vi, Vrr), with 6§(Vr,Vir) > 2713 and a size S refutation of Match,y, in
which every variable of V1 precedes every variable of Vi, or vice-versa.

Proof: Let vy,...vy be the variable ordering of IMVars,, used by the refutation of IndMatch,,.
Let ig be the first position to split either the set of vertex variables or the set of edge variables
in half. More formally, for each ¢ = 1,... N, let vvars(i) be the number of vertex variables in
{v1,...v;}, let evars(i) be the number of edge variables in {vy,...v;}, and let iy least integer with
either evars(ig) > % - (3;7"”) or vvars(ip) > 2L . 3m. Notice that there are two possible cases:
The first is that evars(ig) > %5 - (32m) so that {vy,...v;} contains exactly % - (321) many edge
variables and {v;y41,...vn} contains at least 3 - (6m? + 3m) many vertex variables. The second
is that vvars(ig) > 2L . 3m so that {v,...v;} contains exactly 1 - (6m? + 3m) many vertex
variables and {vj;,+1,...vn} contains at least % . (3;”) many edge variables. In the first case, we

set Vi = {v1,...v;,} and Vi1 = {viy41,...vn}. In the second case, we set Vir = {v1,...v;,} and

Vi = {vig+1,...vn}. In either case, % > ?;1 |Ei| > %(3;%) and 2ml+1 ?Zml-i-l ]V]\ > 3;71. Therefore,
by Lemma 2: 3m
! 3m
Enrp . 2 VanVenVanVinvil 2 35 (1)
Je[2m+1]5
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= Y Enmlz () )

7€[m]?

We now calculate the expected value of 6(w(Vr), (V1)) over m € II. We begin by noting that
for all ¢ € [m], Ej(w(Vr)) = E;(Vr) = E; and for all j € 2m + 1], Vj(7(Vrr)) = 7(V; (Vi) = ©(V}).
For each 7€ [3m)?, let Ey = E;, N E;, and for each 7€ [2m+1]°, let V;=V;, NV;, NV, NV, NVj,.
For each {u,v} € (3m]) by the pairwise independence of the permutations, we have that:

Prren [{m(u),n(v)} € B = > (Precnlm(u) = a, (v) = b] + Prren [r(u) = b, 7(v) = a}))
{a,b}EE;
21B: B

3m(3m —1) *m
Therefore, by linearity of expectation, we have that:
Vi
Bren[Belr ()] = 3 Preltrtod o)) € 24 = (1)
tuwre() ’
And thus we bound Erecrr [0(7(Vr, Vir))|] from below as follows:

E

Z 3 My Bir (7 (V1)) [V (7 (VH))]ﬁEig(W(Vz))[ij(ﬂ(Vn))]]

mell 2 5 3m
m (2m +1) el Femi® ( ) )

i1 Vk EZ‘27TV'k
D L L s [m]}

7€[m]? je[2m+-1]5

| Ez [ (V3) Eren [|E7 [7 (V5)] ]
= Eren m
; [Z] Py mz<2m+1 |~ & ey
(\Vfl)
2

_ | 7] |Es|  (3m/32 _
= Z m2(3m Z mz Z m2(3m)< 5 )(by Equation 1)

7€[m]? ) Je[2m+1]° e[m)? 2

_ <3m2/ 32) 3 m|2E(31”) > <3m2/ 32) G) (by Equation 2)

7e[m]? 2
1(3m/32)(3m/32—-1) 1 (3m)(3m — 32)
T4 2 T 4-(32)2 2

- ((3) -2 - (3) 0-5)
() (V)

Choose a permutation 7 with m Efe[ E]e[2m+1 |E7 [ ( T)] | > (2_12 - %) (3’2”)
By Lemma 6, there is a size S refutation of M atch that uses the variable ordering 7(v1),...7(vN).
Notice that in this order, either every variable of 7(V;) precedes every variable of w(Vyr), or every
variable Of m(Vr1) precedes every variable of 7(Vr). By the above calculation, o(7w(Vr), (Vi) >
2712 Because m > 84651, we have 31> < 2713 50 §(7(Vy), 7(Vy7)) > 2712 — 2713 = 2713,

]

3m1
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7 Reduction and lower bound

The reduction from SetdZS]n(X Y) to F mdBadEdgem(Vj, Vi) uses public random coins to pro-
duce a “layout” that assigns certain variables from X variables of V7, and certain variables of Y
to variables of Viy, and hardwiring values for the rest of the variables in MVars,,. We define
these layouts in Definition 8.2 in Section 8. We denote the set of all layouts by £, and denote
the assignment constructed using layout L with set-disjointness instance ()Z' , 57) by AL7 Xy The
correctness of the reduction comes down to the following lemma:

Lemma 10 (Proof in Section 8) For every dg > 0, there exist co,c; > 0 so that for all m >
31(2/0)8, and all partitions of MV arsy,, (Vr,Vir) with §(V1,Vri1) > g, for all n with n < com,
there exists a set L, a distribution D on L with probability function u, a function A : £ x {0,1}" x
{0,1}" — {0, 1}MVarsm —and a function pe : £ x {0,1}" x {0,1}" — ([3;'1]) so that:

1. Forall Le £, (X,Y) e {0,1}" x {0,1}", all v € Vy, A, ¢ y(v) is determined by L and X,
and for allv € Vi1, A; ¢ y(v) is determined by L and Y.

2. Fordll L € L, all (X,Y) € {0,1}" x {0,1}", the assignment A, ¢y is non-degenerate.

3. For all (X,Y) € {0,1}" x {0,1}", and all e € (3m]), if e is bad for A
or setdisjn(X,Y) = 1.

LXy: then e = pe(L)

4. For all (X,Y) € {0,1}" x {0,1}" with setdisj,(X,Y) = 1, there exists S C L with u(S) >
65/27 so that for all Ac {A; 3| LeS}:

max pu(pe(L)=e€| A

= A, LES)Sl—Cl
ce()

LXY

Condition 1 is the requirement that the Player I can compute the value of A, )?,?(U) forv e Vr
without communicating with Player II, and that player II can compute AL7 X'7}7(U) for v € Vi1
without communication. Condition 2 guarantees that the assignment created is a valid instance of
the FindBadEdge,,(Vr,Vrr) problem. The function pe can be thought of as specifying a “planted
bad edge”: The reduction is based on the idea of having positions with X; = Y, = 1 create bad
edges. However, because the assignment is non-degenerate, there must always be some bad edge,
even when setdis jn()? , 17) = 0. The players knowingly create one such edge and we call this edge
the planted edge for the layout, pe(L). Condition 3 states that when setdz’sjn()z, 57') = 0, the only
bad edge is the planted edge. Condition 4 states that when setdis jn()? , 17) = 1, conditioned on the
layout coming from the set S, no assignment is overly-correlated with a particular planted edge.

Lemma 11 For all 6 > 0, there exist Co,Cy > 0 so that for all m > 31(2/6)%, for all partitions
of MV arsy,, (Vi,Vrir), with 6(Vr,Vir) > 6, for all n < Com, if there is a two-player deterministic
protocol SEARCH that solves FindBadEdge,, (Vr,Vir) using v bits of communication, then the
randomized communication complexity of setdisj, is < Cir.

Proof: Let Cy be the ¢j as in the statement of Lemma 10 with §o = . We give a one-sided reduction
that never gives a wrong answer when setdisjy, ()Z , }7) = 0, and when setdisj, ()Z , }7) =1, it gives
the correct answer with probability > ¢;6%/2?, where ¢; is the second constant guaranteed by
Lemma 10. Repeating the protocol a constant number of times and returning a 0 only if all runs
produce a 0 gives a protocol with correctness > 2/3.

12



1. Using public randomness, the players select a reduction layout L according to the distribution
D guaranteed by Lemma 10.

2. The players run SEARCH using the assignment A, ¢ and let e be the edge returned by
SEARCH. If pe(L) = e then return 0, and if pe(L) # e then return 1.

By Lemma 10, Condition 1, the players can compute the needed values of A, ; with no

communication. By Lemma 10, Condition 2, the assignment A, 3 is non-degenerate, and is

therefore a legal input for the problem FindBadEdge,,(Vr, Vir). Consider the case when X and
Y are disjoint. By Lemma 10, Condition 3, the only bad edge in AL,)?,? is pe(L), so the protocol
returns 0. Consider the case when X and Y are intersecting. Apply Lemma 10, Condition 4, and let
S be the set guaranteed for the pair X, Y. Define the event Bas B = {L € S | SEARC’H(ALXy)
pe(L)}. This is the event that the layout belongs to S and the protocol gives an erroneous answer.
Let As = {AL,X,? | L € S}. For each A € Ag, let Sy = {L € S | AL,X,? = A} and let
Ba = {L € B | A gy = A}. Because the protocol SEARCH is deterministic, for every A,
the function L +— pe(L) is constant on the set B4 (taking the value returned by SEARCH (A)).
Therefore, by Lemma 10, Condition 4, for each A € As, u(Ba) < (1 —¢1)u(S4a), and so:

uB)= 3 uBa) < Y wSA)1 —a) = (1 —e)u(S)

A€As A€As

Therefore p(S\ B) > c1u(S) > ¢16%/2%. Of course, S\ B is the event that L € S and the
protocol gives the answer 1.

7.1 The lower bound

Theorem 12 There exists a constant C' > 0 so that for sufficiently large m, every tree-like OBDD
refutation of IndMatch,, has size at least 2€™.

Proof: Apply Theorem 5 and choose N > 0 and ¢* > 0 so that for every n > N, randomized
two-player protocols for solving setdisj, require > c¢*n bits of communication. Let Cy and Cj
be the constants of Lemma 11, and let m be so large that m > 31(2/(2713))® = 31212 (so
that we can apply Lemma 11 with § > 2713), and N < |Coym| (so that we can apply Theo-
rem 5). Set n = |Coym]. Let ¢ > 0 be the constant from Lemma 7. Let I" be a tree-like OBDD
refutation of IndMatch,, of size S. Because m > 84651, we may apply Lemma 7 and choose a
partition (V7,Vir) so that 6(Vr,Vir) > 2713 and a two-player deterministic communication pro-
tocol FindBadEdge,,(Vr,Vrr) that uses at most clog S bits of communication. By Lemma 11,
there is a two-party randomized communication protocol for setdisj, on inputs from P, that ex-

changes at most C7logS bits of communication. Therefore, applying the communication bound
c*|Cgm]
for set-disjointness, C;log S < ¢*n = ¢*|Cym|, and thus S <2 L]

8 Reduction layouts

We now take a moment to discuss the gadgets underlying the reduction from set-disjointness to the
problem of finding a bad edge. The basic idea is to create a bad edge for each k with X, =Y, = 1.

13



Figure 1: The basic set-disjointness gadget. A bad edge corresponds to the situation when an edge
and both of its endpoints receive the label 1. The assignment uses: x7* = Xy, o} = =X,
. . {ur,vik} {ugwic}
Jke,1 k.2

Yo =1, yu,” =Y, and y%‘f = =Y. Notice that {ug,wy} is never a bad edge, and that {u, vy}
is a bad edge if and only if X; =Y, = 1.

Figure 2: The set-disjointness gadget at the position with a planted bad edge. A bad edge corre-
sponds to the situation when an edge and both of its endpoints receive the label 1. The assignment

uses: T In+1,1 In+1,2 — 1’ In+1,3 — 1

Tn+1 _ in+1 _ —
=0,z 1, Yunt1 = 1, Yvpyr W1

{tnt1,0n+1} P H{unt1i,wnpa} T

To do this without communicating, the players use the public randomness to choose wug, vg, wg €
[3m] with the intent to place {uy,vx} in the matching if X} = 1 and {uk,wx} in the matching if
X = 0, and to place v in the independent no matter what, but to include ug if Y, = 1 and to
include wy, if Y3, = 0. Of course, we must specify which variables are used to place the gadget, and
those variables must be available to the players under the partition. The players use the public
randomness to choose i € [m] with xf{’;k’vk}, xf{’;kvwk} € Vr (equivalently, {ug, vi}, {ug, wp} € E;,)
and ji 1,72 € [m] with YoEt gl gk € Vi, (equivalently, vy, € Vi, and ug,wy € Vi ). The
situation resembles that in Figure 1, with a bad edge occurring only if X3 = Y = 1 and only then
only at {ug,vr}. The reduction plants one of these gadgets for each k =1,...n.

Because there are m edges in the matching and 2m + 1 vertices in the set, one more vertex
must be placed in addition to the two associated with each set-disjointness gadget. A final gadget
(thought of as being at position n + 1) will contain the “planted bad edge”, in which three vertices
Upt1, Unt1, and wyiq are all placed in the set, and the‘edge {un+1,wn+1}‘is included. Because
all three vertices are placed in the set, three variables yi’;fll, yf,ZﬂQ and yfﬂ"nill’g are needed with
Un+1 € an+1,1> Unt1 € an+1,2> and wp41 € an+1,3'

The basic idea of the reduction is to randomly plant these n + 1 gadgets on disjoint variables.
However, to ensure that the probabilities work out as claimed in Lemma 10, we make use of the

density of the partition.

Definition 8.1 Fiz a partition of MV ars,,, (Vr,Vrr). Set &6 = §(Vi,Vir). For each i € [m] let
E; = E;(Vr) and for each j € 2m+1] let V; = V;(Vrr). For each i € [m], let N3(i) = {(j1,J2,J3) €
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2m + 1 | j1 # o, jo # Js. Js # J1s |Ei[Vi, NV, NV > (6/3) (%)}, and let No(i) = {(j1.j2) €
[2m +1)% | 33 € [2m + 1], (j1,72,43) € N3(i)}. Set G = {i € [m] | |N3(i)| > (6/12)(2m + 1)3}.
Of course, each of G, N3(-), and No(-) depend upon the partition (Vr,Vrr), but we drop that from
notation as we will never discuss more than one partition at a time.

Lemma 13 Letd € [0, 1] and let m be an integer > 3/§, and let (Vy,Vrr) be a partition of MV ars,,
with §(Vr,Vrr) > 9. The size of G is bounded from below as |G| > (§/12) m

Proof: Let § = 6(Vr,Vyr). Because m > 3/6 > ((6/6) — 1)/2, we have that 3/(2m + 1) < /2. By
Definition 5.2 , we have that:

2m+15Z 2. ﬁ Vil 0 Ein [V D‘_‘S(z)

[m]2 je[2m+1]> k=1
3
And therefore W Yicim] 2jefemtps |1 EilVi N Vi N V][ > 6(°5"). Because the number of
terms with j; = ja, jo = j3 or j1 = j3 is at most 3m(2m + 1) such terms can contribute at most
mi%m@m +1)2(°) = 27}5’4_1 (°) to this sum, so we have:

2m—|—13z Z Ei[Vi, NV, N Vi)l 2 (6 - 3/(2m+1))<3;n>2(5/2)<3;n>

€[m] 7€l [2m+1]3
7 distinct

Combining this with the fact that for each i € [m], |E;| < (3m) by averaging, we have that
with probability at least /6 over the choice of i,j1,j2,73, With ji, ja, j3 all distinct, that |E;[V;, N
Vi, NV,]| > (6/3) (3;”’) Therefore, with probability at least §/12 over choices of 7, there are at least
(6/12)[2m + 1] many triples j1, jo, j3 that are distinct and have |E;[V;, N'Vj, N V]| > (5/3)(33"”)
Therefore, |G| > (6/12)m

Definition 8.2 Fiz an integer m, a partition (Vr,Vir) of MV arsy,.. A reduction layout (with re-
spect to (Vr, Vrr), of length n) is a tuple (i1, . . . iny1, (J1,1,51,2)s - - - (Un,15 Jn,2)s (Gt 1,15 Jnt1,2, Jnt1,3),
(u1,v1,01), . (Unt1, Unt1, Wnt1)) from the set [m]" T x (2m +1]%)" x ([2m+1]3) x ([3m]?)" with
the following properties:

1. The indices i1,...1,4+1 are distinct.

The indices j1.1,J1,2, - - - Jn,1> Jn,2s In+1,1, Jnt1,2, Jnt+1,3 are distinct.
The integers ui, ... Un41, V1, .- Untl, Wi, ... Wpt1 are distinct.
For each k=1,...n+1, {ug,vp} € E;, and {ug, wi} € E;, .

For each k =1,...n+1, ug, vk, wg € Vj, , NV, .

Up4+1, Un41, Wpt1 € an+1 1 VJn+1 2 M VJn+1 3

For allk € [n+1], i € G.

(Jnt1,1> Jn+1,2: Jnt1,3) € Na(ing1)

© ® xRS & e

For k € [n], each (ji,1,Jk2) € Na(ik).
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The set of all reduction layouts of length n with respect to (Vr,Vrr) is denoted Ly, (Vr,Vir).
When m, n, and (Vr,Vir) are clear from context, we simply write L and call L € L a reduction
layout.

- = —

When listing the elements of a reduction layout, we will abuse notation write (7, 7, @, ¥, @) despite the
fact that a reduction layout is emphatically not a member of the product set [m]"*! x [2m+1]2"+3 x
[3m]" 1 x [3m]" ! x [3m]"+!. This matters for the purpose of computing Hamming distances. The
Hamming distance between two reduction layouts in £ is their Hamming distance as elements of
the 3n + 3 dimensional Cartesian product [m]"*t! x ([2m + 1]>)" x ([2m + 1]3) x ([3m]3)n+1. In
particular, if two reduction layouts L = (7,7, 4, ¥, W) and L* = (7%, 7%, u*, v*,w") differ in only that
(ks Vi, wi) # (ug, vy, wy) then they are at Hamming distance 1.

Definition 8.3 Fiz m,n, a partition (Vr,Vir) of MVars,,. Let L = (3,7,u,v,W) be a reduc-
tion layout from L, and let Xq,...X,,Y1,...Y, be a set-disjointness instance. We define an

assignment A, ¢y to the variables of MVarsy, as follows: Set I = {i1,...iny1}. Set J =

{105 91,25 -+ Jn1s Gn,2s Jnt 1,15 Jnt 1,2, 1,3} Set Vo= {ur, . up1, 0150 Up1, 01, o Wi} Let
B, B(L), be the lexicographically first assignment to the variables {z% | i € [m] — I, e € [3m — V]?}
Uyl | € 2m+ 1] — J, u € [3m] — V} so that B defines a matching of size m —n — 1 and an
independent set of size 2(m —n — 1) on [3m] \ V. Define Ap ¢y as follows:

Y
B(xl) ifi€[m)—1 ande € ([3m] —V)*
‘ Xk if i =i and e = {ug, v} for some k € [n]
AL,)?,?("T;) = -X,  ifi=1 and e = {uy, wy} for some k € [n]
1 if it =ip+1 and e = {upq1, Wpi1}
0 otherwise

(5(1/%) ifj€2m+1]—J andu € [3m] -V

1 if j = jra1 and x = vy, for some k € [n]

Y  ifj =Jr2 and x = uy, for some k € [n]

A oo(yl) = =Yy if j = jro2 and x = wy, for some k € [n]
b 1 if § = jns11 and T = i
1 if j = Jnt12 and x = vypq
1 if 7 = Jny1,3 and x = wp 1

0 otherwise

Notice that when both players have access to the layout L, condition 4 of Definition 8.2 ensures
that Player I can compute the assignment to all variables in V; by only consulting his private
set-disjointness variables, and conditions 5 and 6 similarly guarantee that Player can compute the
assignment to all variables in V;; by only consulting his private set-disjointness variables. This
guarantees Condition 1 in Lemma 10. The conditions 1, 2 and 3 of Definition 8.2 ensure that
A L3V is well-defined and non-degenerate. This guarantees Condition 2 in Lemma 10.

Definition 8.4 Let m and n be given. Let (Vr, Vi) be a variable partition for MV ars,,. Let X',
Y be a set-disjointness instance, and let L = (7,7,4,U,%) be a reduction layout from Ly, .. The
planted edge for X,Y, L, pe(L), is defined to be {upi1,Wni1}.

Condition 3 of Lemma 10 is the content of the following lemma.
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Lemma 14 Let L = (7, ],

U,W) be a reduction layout. If e is a bad edge of A; ¢ v then e = pe(L),
or, e = {uy, v} with X; = 1

, U,

Y, =1.
Proof: Let L = (7,7, i, U, %) be a reduction layout, and let X1, ... X,,Y1,...Y, be a set intersection
instance. Let e be a bad edge for the assignment A LEY First of all, because ( sets no bad edges,
eNV # (. Furthermore, for all e with |e N V] = 1 have ALXY( iy =0 forall i, so e C V.
Finally, for e C V, with some AL,)?,?(x:ie) = 1, we have that for some k € [n], e = {ug, v} or
e = {ug,wy}. Choose k so that e = {uy, v} or e = {ug, wx}. If kK =n + 1 then we must have that
e= {un+1, wp+1}, and e the bad edge, so consider the case when k < n. Notice that for all ¢/ # iy,
A, X Y( ) = 0. On the other hand, e is a bad edge, so there is some z% that gets set to 1, therefore

Ap gy k) = 1. We now rule out the case that e = {uy, wy,}. Because A, gy x%) = 1, we have by
construction that Xk = 0. Because e is bad, for some j, j/, Ap g Y(yuk) =land A; ¢ Y(ywk) = 1.

However, yuk and ywk cannot both be set to 1. Suppose that e = {ug, vx}. Because AL 5 Y( ) =1,
we have by construction that X; = 1. If (X;,Y;) = (1,1), then the lemma holds. Otherw1se Y, =0.
But in this case, we have that for all j, A, ¢ ?(yﬁl) = 0, contradiction to e being a bad edge. =

9 The distribution on reduction layouts

There is a technical point that we defer until after we describe the distribution: Why the experiment
does not get stuck and find itself in a position of attempting to choose an item from an empty set.
For n a sufficiently small constant fraction of m, this is ruled out by some calculations that follow
the description of the experiment.

Definition 9.1 Let (V;, Vi) be a variable partition for MV ars,,. Let G, N3(-), and Na(-) be as
in Definition 8.1. The distribution D on L is given by the following experiment:

1. For each k =1,...n+ 1: Choose i) from G\ {i1,...ix_1}.
2. Set J=10.
3. Foreachk=1,...n

(a) Uniformly choose (ji,1, jr,2) from No(ix) \ pmam1](J)
(b) Set J :=J U {jr1,jk2}

Uniformly choose (jn+1,1,Jn+1.2,n+1,3) from N3(ini1) \ tmiam41)(J)
Set J := J U {jn+1,15 Jn+1,2, Jnt1,3}
Set V* = (.

NS G

For eachk=1,...n

(a) Uniformly choose (ug, v, wy) from K1 2(Ei, [(V,, N Vi ,)]) \ tmgm (V).
(b) Set V* =V* U {uk,vg, wi}.

nv,

8. Uniformly choose (upi1, Unt1, Wpt1) from K1 2(Es, ., [(V; inire 0 Viners) D\t (V).

In+1,1
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9.

Return the layout (7,7, i, U, ).

Proposition: For all L € £, u(L) > 0.

The above proposition can be checked by iteratively noting that when we condition on the
experiment producing a prefix of L, the probability that it selects the next coordinate of L is
non-zero.

Lemma 15 Let 5y € [0,1] and let m be an integer > 450/63. Let (V1,Vir) be a partition of
MVarsy,, with 6§(Vr,Vir) > d. Let n given with v = ’%’1 For all runs of the experiment in

Definition 9.1, and for each k = 1,...n:

NG {iny ik} > ((60/12) — 7).

- N2 (i) \ ey (9) = ((60/3) — 29)(2m +1)°

- N3 (ins1) \ tmpzmga) ()] = ((d0/3) — 37)(2m + 1)

a2 (Biy [Viea N Via]) \ tmgge (V)] = (5/10 — 3v)(3m)?

~

N NS

. |IC1,2 (Ein+1 [an+1,1 nv;

In+1,2

N Viurrs)) \ im0z (V)] = (5/10 — 39)(3m)°?

Proof: Set 6 = §(V, V). Foreach k =1,...n, as we choose (j 1, jr2) (and (Jn4+1,1, Jn+1,2, Jn+1,3))s

|J| <2n < 2(n+ 1) =2ym and as we choose each (ug, vg, wg), |V*| < 3n <3(n+1) = 3ym.

1.

. Because |J| < 2n we have that tmpm,41(J) < 3(2n)(2m + 1)

. This derivation is identical to the previous, except that it uses the lower bound of |E;[V;

By Lemma 13, |G| > (6/12)m > (dp/12)m. On the other hand, |{i1,...ix_1} < n < ym.
Therefore, |G\ {i1,...ik—1} > ((00/12) — v)m.

. Because |J| < 2n, we have that pma,,11(J) < 2n(2m+1)+ (2m+1)2n < 2(2ym)(2m+1) =

2(2ym)(2m + 1) = 2y(2m)(2m + 1) < 2y(2m + 1)2. Combining this with the fact that
ix € G and therefore |Na(ig)| > |N3(ix)| > (6/3)(2m + 1)% > (59/3)(2m + 1)? we have that
| N2(ir) \ pmyam+1)(J)] = ((00/3) — 27)(2m + 1),

< 3(2ym)(2m + 1) =
3v(2m)(2m+1)% < 3y(2m+1)3. Because i, € G, |N3(ip)| > (6/3)(2m+1)3 > (80/3)(2m+1)3.

Therefore: [N (ip) \ tmpmi11(J)| = ((60/3) — 37)(2m + 1)%.

. Because [V*| < 3n, [tm(V*)| < 3(3n)(3m)? < 3(3ym)(3m)* = 3v(3m)®. We now get

a lower bound on the size of K19 (E;,[Vj, , NV}, ,]): First, because (ji,1,jr2) € Na(ir),
there exists some j' with [E;[Vy N'V;, NV ]l > (6/3) () > (60/3) (%)), so we have that
1Eiy, [Viea N Vja] = (60/3) (3;7"”) Feeding this lower bound on the edge density into Lemma 3,
we have that:

Kr2(Biy [Via 0 Vi Dl = (36/9 = (5/m)) - (3m)?

Combining the upper bound on |[tm(V*)| and with the preceding lower bound:
K12(Eiy, [Vii, 0 Vi) \tm(V*)] < ((03/9) = (5/m) — 3y) (3m)°

Because m > 450/62, we have that 5/m < §2/90 and therefore the above quantity is >
(65/9 — 03/90 — 37)(3m)* = (d3/10) — 37)(3m)*.

N

n+1,1

Vinire VWingsll = (50/3)(37271) that holds because (jn41,1, Jn+2,2: Jn+1,3) € N3(iny1)-
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The following two statements are used to prove Lemma 10.

Definition 9.2 A reduction layout L = (%, 7,4, V, W) is said to be I-switchable if (jn41,2,71,1,71,2) €
N3(il) and K({un—l-l, ul}a {Un+1’ U, Wn+1, wl}) g Ein+1 [an+1 1 N an+1 2 N V]n+1 3] N Elz [le 1 N le 2]
Let St denote the set of I-switchable reduction layouts from L.

Lemma 16 (Proof in Section 11) For all § € [O 1], for all m > 31(2/30)®, all partitions (Vi,Vir)

of MV arsy, with 6(Vr,Vir) > 6o, for all n < 53 ;2 sz, for all l € [n], w(Sh > 68 /2°.

Lemma 17 (Proof in Section 11) For every &y € [0,1] for every integer d > 1 for all m > 450/83,
for all partitions (V1,Vr1) of MV ars,, with §(V1,Vir) > &, for all n < (62/60)m, for all reduction
layouts L, L* € £ with HD(L,L*) < k, u(L*) > (62 /20)?%e=34 . y(L).

9.1 The proof of Lemma 10

To prove Lemma 10 we use the following helper lemma.

Lemma 18 (Proof immediately follows that of Lemma 10.) For all & € [0,1], all m > 450/62,
all partitions (Vr,Vir) of MVarsm, with 6(Vr, Vir) 2 do, alln < (62/20)m, and all set-disjointness
instances (X,Y), there exists an involution f : S' — S' so that for all L € S, A gyp=A

pe(£(L)) # pe(L), and p(f(L)) > p(L)(53/20)12e15.

F(L), XY

Proof:(of Lemma 10 from Lemma 18) Let dyp € [0, 1] be given. Set ¢y = 212 32 = Let m > 31(2/6)®
and n < com be given. Let (V;,Vys) be a partition of MVars,, with §(V;,Vi;) > 6. We take
L = Ly, »(V1,Vr1) per Definition 8.2, D = D, ,,(Vr, Vi1) per Definition 9.1, A : (L, X, }7) — AL,)?,?
per Definition 8.3, and pe per Definition 8.4.

Condition 1 and Condition 2 follow immediately from Definition 8.2, and Condition 3 follows
from Lemma 14. What remains to be shown is Condition 4. Let (X,Y) € {0,1}" x {0,1}" with
setdisjn(X,Y) = 1 be given. Choose [ € [n] with X; =V; = 1 and set S = . By Lemma 16,
(S > 68/29. Set ¢ = (02/20)12¢718 (The constant of Lemma 18.) We now show that for all
assignments A to MV ars,,:

mgxu(pe(L) =e|A, gy=A4 Le€ S <1/(14¢)

Let A be an assignment to MVars,, and let e € ([3 ]) be given. Let B4 ={L € S'| A
A, pe(L) = e}, let S} ={L € 8" | A, v = A}. Take take as f guaranteed by Lemma 18.
Because f maps S' to S!, we have that f(BZ) C S, because Af(L) v = AL,)?,?
that f(B4) C 84, and because pe(f(L)) # pe(L) = e, we have that f(B9) C S, \ BY. Because
f is an involution of S', it is injective, and because pu(f(L)) > cu(L) for all L, we have that
4 VB 2 (7 (B5)  can(B5) and theelor () = p(Sh \ BY) + u(53) > (1 + u(B).
Therefore: p({pe(L) = e} | {4, gy = A, L € S = wB4 | 8Y) = B i‘) . Noting that
1/(1+¢)=1—-c¢/(1+c¢), weset c; =c/(1 + c¢) and we are done with thls Lemma 10. L]

LXY —

= A, we have

Proof:(of Lemma 18) Let L = (7,7, @, v, ). We define f(L) = (7,7, w*) below. The basic
the idea is to modify the reduction layout L by swapping some vertlces between the gadgets at
positions n + 1 and [ so that the planted edge changes but the assignment remains the same.
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>
e
e : @‘:

Layout L Locally observed assignment Layout L*
for layouts L and L* when
X=Y=1

Figure 3: With layouts L and L*, when X; = X; = 1, set of vertices and edges specified by the
assignments A, y  and A;, ¢y are equal. Notice however, that the planted edge under L is {a,r}
whereas the planted edge under L* is {b, s}.

This is graphically illustrated in Figure 3. Because of the partitioning of the variables, it is not
immediately clear that L* will be a reduction layout. Among other things, we need to ensure that
{uj,wi'} € Eir and {j;, 41 1545412 Jn413} € Na(iy1q), which makes use of the hypothesis that L is
l[-switchable. We give the full definition of L* below, along with the case analysis ensuring that the
conclusions of the lemma hold.

In+1 ifk=1 u; ifi=n+1

Zz = il ifk=n-+1 uj = Un+1 ifi=1

ik otherwise U; otherwise

Jn+1.3 if k=1 £

. A . k=1

Jeg = Jiz  fk=n+1 vp = Watt 1 .

' o . Vg otherwise

Jk,1 otherwise

- _ Jnt11 if k=1 Wt vy ifk=n+1

ez = Jk,2 otherwise ke wg ~ otherwise

Jnt13 = Jia
We now check each of the properties required by Lemma 18. This is just case analysis and

rewriting. However, in order to show that f(L) € S' we make use of the hypothesis that L is
l-switchable.

The mapping f is an involution. This is verified by iterating the definition of f. Let L =

Rk sk Sk

(7, 7, @, U, W) be areduction layout, and let (¢*, 7*, @*, 0, &*) = f(L), and let (2, 7, @**, 7"*, w**) =
f(f(L)). Applying the definitions shows that:

o= i =inp1 ifk=n+1 W= uhgy =y ifk=1
iy = i, otherwise Uy = Uy, otherwise
j,ﬁ+1,3 = Ji1 ifh=1 wr,, =0 ifk=1
Je1 = Jlg=Jnt1 ik=n+1 v = ntl ! )
’ 2 . . v = vk otherwise
I = Jka otherwise
j** _ j:z+171 = jl,2 lf k = l ’LU** _ Ul* = Wnp+1 le =n-+ 1
k.2 Jho = Jk2 otherwise k Wy = Wy, otherwise
Jni1s = Ji1 = Jnt13
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A gy =

A FL)LRF This is follows from expanding the definitions and doing a little bookkeeping,

but it is kind of lengthy, so we defer it until the very end of this proof.

pe(L) # pe(f(L)). Because L = (7,7,4,v,w) is a reduction layout, {u,+1,wp+1} N {u, v} = 0.
Applying Definition 8.4, we see that pe(L) = {unt1, wni1} # {w, v} = {uh 1, w1} =
pe(f(L)).

p(f(L)) > u(L) - (03/20€3)*2. In order to show this, we need that y(L) > 0 (which holds because
L e L) and p(f(L)) > 0 (which depends on the fact that f(L) € £, which we show below).
For now we take the non-zero mass of f(L) as a given. The differences between L and f(L)
occur only at: i1 # iy, i # 65 (na1,1, Jnt1,2, Jnt1,3) 7 Ung1,1o Jnga,20 Ingr,s)s (s Ji2) #
(jlfl,jl"k), (ug, v, wy) # (uf, v, wy), and (Ups1, Vpst1, Wng1) 7# (Whiqs Vg1 wh4q). Therefore
HD(L, f(L)) < 6. We apply Lemma 17 to deduce that u(f(L)) > u(L) - (62/20)12e~18.

For each L € S!, f(L) € S'. First we check that f(L) = (7,7, 1, ¥,) is indeed a reduction layout.
We check each property from Definition 8.2:

1.
2.

The indices 47, ... 1, are distinct: This holds because 7* is a permutation of 7.

The indices j7 1,71 25 - - In1sJn2s Int1,1> Int1,2) Int1,3 are distinct: This holds because J*
is a permutation of 7.

. Theintegers uy, ... uy 1,v7,... v 1, W],... w1 are distinct: This is true because uy, ... uy_ 1,

VY5 Up g, Wi,. .. Wy is a permutation of uy, ... Upy1,01,. - Vppl, Wi, - - Wit

. Foreach k =1,...n+1, {uy,v;} € Ejx and {u},w;} € Ej:: Because

K({ula un+1}v {Uly Un+1, Wy, wn—i—l}) C Ein+1 [an+1,1 N an+1,2 N ‘/jn+1,3] N Eiz [le,1 N le,z]

we have that {u}, v/} = {unt1,wni1} € By = B, {uf,wi} = {uns1,wit € By =
Eir, {uy v} = {w, vngr } € By = EiZH’ and {uy 1, w} = {w,w} € B = EiTLH‘

For k € [n]\{l}, we have that {u},v;} = {uk, vk} € By, = Bz and {uj, wi} = {ug, wg} =
E,'k S EZZ

. Foreach k=1,...n+1, {u},v;,w;} C ‘/12,1 N ‘/};2: Because
K({ulv un+1}v {Ul’ Un+1, Wi, wn-l—l}) - Ein+1 [an+1,1 N an+1,2 N ‘/jn+1,3] N Eiz [le,1 N le,2]
we have that {u}, v}, w}} = {upy1, Wnir, wi} S Vi s NV, = Vjz, N Vi, For the
same reason, {uy 1,V 1 Wyt = {us v, iy © Vi, NV =Vie | OV . For
k € [n] \ {l}, we have that {uy, v}, w;} = {ug, vk, wr} CVj , NV}, = ijJ N ij'g.
. We have that {uy, 1,051, Wi} = {w, v, 0} SV, = Vi |, because
K({Ula un-i—l}a {Uh Un+1, Wi, wn—i-l}) - Ein+1 [an+1,1 N ‘/}n+1,2 N an+1,3] N Eiz [Vju N ‘/}l,Q]

For each k € [n+ 1], i; € G: This holds because 7* is a permutation of 7 and for each
ken+1], i €G.

(j;+1’1,j;+1’2,j;+1’3) € N3(iyq): Because L is [-switchable, (jn41,1,71,1,71,2) € N3(i),
therefore, (j;+171,j;§+172,j2+173) = (1,2, Jn+1,2,J1,1) € N3(iy) = N3 (i}, 11).

. For each k = 1,...n: (j 1,5 2) € Na(if). For k € [n] \ {I}, we have that (j} ,jj,) =

(Jk1sJk2) € Na(ir) = Na(i). When k = [, because L is a reduction layout, we have
that (jn+1,1,Jn+1,2, Jn+1,3) € N3(int1), and therefore (jn41,3,dn+1,1) € Na(in41). Thus:
(Jr1:309) = (Jn+1,3, dn41,1) € Na(ing1) = Na(if).
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This establishes that f(L) € £. That f(L) € S follows immediately from the hypothesis that
L € 8" and the definitions: (j%,1 9,771, 72) = (jnt1.2,dnt1.3 Jnt1,1) € N3(ing1) = N3(if) and

K({u?7 U:H-l}? {Ul*v U:H—lv wl*7 w;-i-l}) = K({ulv un+1}7 {Uh Un+41, Wi, wn-i—l})
Ein+1 [an+1,1 nv; nv; ] N Eiz [le,l N le,z]

In+1,2 In+1,3
= Eil [le,z N an+1,2 N ij,1] N Ein+1 [an+1,3 nv;

,77L+1,1]
= Eir Vi, O Vi, OVie N B [Vie 0 V]

N

nanl
The proof that Af(L),)’(',? = AL,)?,?: We expand the definitions of AL,)?,? and Af(L),X',?? per
definition 8.3 Notice that {ila v in—i—l} = {ZT7 oo i:;+1}7 {j1,17j1,27 s jn,lujn,Zajn+1,lajn+1727jn+1737 } =
{jilvji% . -.7';;,17j;,z’j:z+1,1’j;+1,2’j:z+1,3’ band {ug, .o Ung1, V1, Vpg 1, W - Wopt b= {ud, Up 115
vf, .. vp Wi, . wy g} Let I, J, and V respectively denote these three sets. Because 3(L)

and B(L*) are both the lexicographically first assignment to the variables

{al|ie[m]—1I, ec <[3mgv]>}u{yi|j€[2m+1]—J, u € [3m] -V}

so that [ defines a matching of size m — n — 1 and an independent set of size 2(m —n — 1),
gve haIfe that B(L) = B(L*). Write §3 for this assignment. We compare A; ¢ 3 and Ay gy
irectly:

B(xh) ifie[m]—TIandec (Bm%_v)
X if i =i, and e = {ug, v} for some k € [n] \ {l}
' - Xy if i =i and e = {uy, wy} for some k € [n] \ {l}
Ap zylae) = 1(= X)) if i =4; and e = {u, v}
0(= X)) if i =4 and e = {u, w;}
1 if i =ip41 and e = {upy1, Wt}
0 otherwise
B(xh) ifie[m]—TIandec ([3m%—\/)
X if i = i, and e = {ug, v} for some k € [n] \ {l}
. X if i =i and e = {uy, wy} for some k € [n] \ {l}
Af(L),)Z,?($Ze) = 1 if.i = Z'l‘(: Z';;Jrl) and e = {w, v }(= {up1, Wi })
0 if i = q(=iy,q) and e = {uy, w (= {u) 1, w;'})
I(=X;) ifi=ippi(=1)) and e = {unt1, wns1 H= {u],v]'})
0 otherwise
( B(y) ifje2m+1]—Jand u € [3m] -V
1 if j = ji,1 and x = vy, for some k € [n]

Yy if j = ji2 and & = uy, for some k € [n] \ {{}
Yy if j = jro and x = wy, for some k € [n]\ {I}

A ﬂﬂ(yj) _ 1(=Y) it j=jioand x =y
AT 0(= —Y}) if j = jio and & = w,
1 if j = jn-i—l,l and T = Up41
1 if j = jny12 and x = v 41
1 if j = jn+1,3 and T = wp11
0 otherwise
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B(y) ifje2m+1]—Jand u € [3m]| -V
1 if j = ji,1 and x = vy, for some k € [n]
Y if j = ji2 and x = uy, for some k € [n] \ {l}
Y, if j = ji2 and & = wy, for some k € [n] \ {{}
1 if j = Ji2(= Jpy1) and @ = w(= uy )

Ay xyWe) = 0 if j = jia(= g1y and @ = wy(= w})
(= Xy) if j = jn411(=Jip) and & = upt1 = uf
1 if j = jn41,2(= Jpy12) and & = vpg1 = vj 4
1 if j = jnt13(= jl’fl) and = wp41 = v
otherwise

10 Distributions from DDWB processes

To prove Lemmas 16 and 17, we make some detailed calculations about the distribution D. It seems
that by moving to slightly more general framework, some of the calculations and case analyses are
simplified. In Lemma 22 in Section 11 we show that the distribution D falls into this framework and
use the machinery of DDWB processes developed in this section to finish the proofs of Lemma 16
and Lemma 17.

Definition 10.1 Let t be an integer, Xi,...X; be sets, and let S; : 2;11 X — P(X;), and
F; . Hz_:ll X — PB(X;) be families of maps with i € [t]. We define the dependent domains with
blocking process for Si,...S; and F,... F;, D(S1,... S, Fi, ... Fy), recursively as follows:

1. If S1\ F1 # 0, then D(S1, Fy) is the distribution that uniformly selects an object from S\ Fy

2. If for every (uy,...u;) in the support of D(S1,...S;, Fi, ... F;), we have that Sij+1(uq,...u;)\
Fiiq(uy,...u;) #0, then D(Sy,...Si41, F1, ... Fi11) is the distribution that chooses (uq, . .. u;)
according to D(S1,...Si, F1,... F;), and then uniformly selects wjt1 from Sit1(uq,...u;) \
Fi+1(u1, PN ul)

The blockage bound of a DDWB process g, F is the smallest G >0 so that for alli =1,...t and
all @ in the support of D(S1,...Si_1, Fi,... Fi_1), |Fy(@)| < B|Si(@)|. The covering bound for S, F
is the largest k € [0, 1] so that for alli =1,...t and all 4 the support of D(S1,...Si—1, F1,... Fi_1),
|15i (@) \ Fiy(@)| = K| Xi].

The following easy fact is the crux of some induction arguments.

Proposition: Let 7 be the distribution on H:le X; given by the DDWB process S , F'. For each
a € S1\ Fy (eg. every a in the support of D(S1, F1)), the distribution 7% is generated by the DDWB
process on H§:2 X; given by S9,...5¢, Fy,... F{. If the process 5‘, F has a blockage bound < g,
then the process 5’“, F has a blockage bound < .

The following lemma is used to pass density results for the uniform distribution, such as
Lemma 3, to certain DDWB distributions.
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Lemma 19 Let [[i_, Xi be a Cartesian product, and let f : [[i_, X* — [0,1] be a function that
depends upon at most k coordinates, i1,...1;. Let U be the uniform distribution on Hle X;, and
let m be a DDWB distribution on H';f:l X; given by some S and F. If the following two conditions
are satisfied:

1. Foralld@ € [[;_y X;, if f(@) >0 then for allj =1,...k, a;, € S, (a1, ... a;;—1).
2. The DDWB process g, F has blockage bound < (.
Then E,[f] > Ey[f] — kB.

Proof: We prove the claim by induction on k. The lemma clearly holds for & = 0, as in that case
f is constant over []i_, X;, and therefore E,[f] = Ey[f]. We now assume that the lemma holds
for functions that depend on only k coordinates, and demonstrate that it holds for functions that
depend on only k£ + 1 coordinates.

Let ¢, Hle X, S , F , and be given as in the statement of the lemma- with f dependent only
upon k + 1 coordinates, i1,...4gr1. Let ¢ = i1 be the first coordinate upon which the function f
depends. Set I = [i —1] and J = [t] \ [i]. Let X7 = [[,c; Xi and X; = [[.c; X&-

We reduce to the induction hypothesis by showing that for each @ € X7, a € X, so that
(ug,...u;—1,a)isin the support of D(S1,...S;, F1,...F;), the conditions of the induction hypothesis
are met for the function f%, w1th process D(SZ P .Sf“,Fg_al,...Ff“), and distribution 7%
Observe that the distribution 7%¢ is given by the DDWB process Siﬁfl, e Sfa and Fﬁfl, . Ftﬁ“, a
process with blockage bound < (3 because S , F has blockage bound < 3. Moreover, the function
fa HJ _iy1 Xi — [0,1] depends on at most k coordinates. By specializing the hypothesis “for
all @, if f(@) > 0 then for all j = 1,...k, a;; € S;;(a1,...a;;—1)" to inputs with prefix @a and
weakening its conclusion to cover only j = 2, ...k, we have that “for all b € X so that f (ﬁal;) >0,
for all j = 2,...k, bj; € S;;(4,a,bir1,...b;;-1)". This is equivalent to “for all b € X so that
fﬁ“(g) >0, forall j =2,...k b, € Si“;“(biﬂ, ...bi;—1)". Therefore by the induction hypothesis we
have that: . .

Eraa "] 2 Eyaa [f**] — kB (3)

Furthermore, from the hypothesis “for all @ € [['_, X;, if f(#@) > 0 then Vj € [k + 1], uj; €
Si;(u1,...uj;—1)" we conclude that for all ¥ € H] L X with Es[ff] > 0, v; € Si(vi,...vi—1).
Therefore, for all @ = (uq,...u;—1) € X

Eyelf = 3 Bl = Y el < Py ‘S} —Epell™ @)

acX; GESi (u

We now bound the expectation of f with respect to 7 from below.

E-[f] = Z Z Z uab

weXr acX; beXJ
— XSNJ Fzﬁ(a) aa (1 -
- X m@3 % )1 )
ueSupp(nr) a€X; pe X ‘ ‘
=Y W) Y Y e )
ﬂ'ESupp(W]) a€S;(4) e X 4
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wESupp(nr) a€S; ()
1 = Xr@(a i .
> ‘ E da uar E
= _‘ESZ W[(u) Z~ |Sl(ﬁ) \Fz i | ( U [f ] kﬁ) by Equation 3
u€Supp(rr) a€S; (i)
. 1 — xp,@)(a) .
— - : E aa ua
ueSupp(nr) a€S; (@)
— 1 - XFZ u (CL) aa
> KB+ Y m(d) Y WEU% L]
uEsupp(mr) a€S; (@) v
— 1 ﬁa XFZ ’J (a)
> —kB+ Z (1) Z o Byaa ] = Z (71
, _ | Si(a)] L [Si(a@)]
uEsupp(mr) a€S;(a) a€S;(Q)

> —kB+ Y, m@ | Y, SE@)EUU“]IEE%)

uesupp(mr) a€S; ()

> —kp+ Y m@ | Y 1UEWW“]ﬁ)

uesupp(mr) a€S; () ’SZ( )’
— 1 da
= —(k+1)8+ Z (1) Z WEU%U ]
uesupp(mr) a€S; () v
> —(k+1)B+ Y m(@Eya[fT) by Equation 4
aesupp(ry)
= —(k+18+ Y m(DEy[f] = —(k+1)8 + Eylf]
desupp(ry)

The penultimate equality holds because the function f is independent of the coordinates of I, and
therefore, for all @ € X7, Eya[f7] = Ey[f].

Lemma 20 Let w be a distribution on the Cartesian product ngl X, given by a DDWB process
g, F with covering bound k. Let ¢ and d be arbitrary. Let @, v € H:f:l X; be arbitrary. Let Iy C [t]
so that |Ip| = d. If for alli =1,...t,

1. w(@) > 0 and 7(¥) > 0
2. Foralli e [t] \[(), Si(ul,. . .ui_l) = Si(vl,. . .1),'_1)
3. Foralli € [t] \Io, |F’Z‘(U1,. . .ui_l) D Fi(vl,. . .Ui_1)| < (C/t)|XZ|

then 7(¥) < k% n ().
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Proof: Explicit calculation reveals that:

t 1
(@) Hi:l(lsi(ul""“ifl)\Fi(“l""“i V) > H 1Si (v, -+ vim1) \ Fi(va, - vi-1)]
(U t 1 Si(ut, ... ui—1)\ Fi(ug, ... u;i_
( ) H'_ (‘S (v1,...vi—1)\Fi (v1,...05— 1)\) | 1 1)\ ( 1 1)|

. H |‘S V1, .- "Uz'—l)\ﬂ(vlw--vi—l)H H \Si(vl,...v,-_l)\Fi(vl,...vi_l)\

iclo 2 ’LL1,... ,ui_l)\Fi(ul,...ui_l) ie[t}\fo |SZ(’LL1, ,ui_l)\Fi(ul,...ui_1)|
|X| |S (Ul, -Ui—l)\Fi(Ula---Ui—1)|
<
~ Z]é_II z Ze][;f_{f |S (ul, . ,ui_l)\Fi(ul,...ui_1)|
_ H 1Si(v, ... vi1) \ Fi(vy,...vi1)| od H |Si(u1, ... ui—1) \ Fi(vy,...v—1)]
icHiVIo 1Si(ur, .o yui1) \ Fy(u, .. ue 1)! i€\ o (s ti1) \ Fi (s 1)
< H S5 (u1, --Ui—l)\ﬂ(u17---ui—1)\+!E’(Ul,-uvi—l)@Fi(ul,-.-ui—l)!
iE[t}\Io \Si(ul,...,ui_l)\Fi(ul,...ui_l)\
_ )] Xi] _ c
< dH< (¢/ ><Rd(td) < kdes
1€t]\1o H‘XZ’

Definition 10.2 We say that a function F : Hi’:l X; — P(S) is e-Lipschitz if whenever HD (i, V) <
d, we have that |F (@) ® F(0)| < ed|S].

Corollary 21 Let 7 be a distribution on the Cartesian product H';:l X; given by a DDWB process
S, F with covering bound k so that each coordinate ig € [t] affects at most a functions S; and each
F; is ¢/t-Lipschitz. Let i@,7 € [[i_, Xi be given so that w(@) > 0 and (%) > 0. Then:

F(U) < H—aHD(ﬁ,ﬁ)ecHD(ﬁ',ﬁ)/nﬂ_(ﬂ»)

Proof: Let A = {i € [t] | u; # v;} and let Iy = {i € [t] | S; depends upon some i € A}. We
apply Lemma 20: Condition 1 holds by hypothesis. By hypothesis, |Iy| < aH D(,v). Condition 2
holds because for all i € [t] \ Iy, S; depends only upon indices where @ and ¥ agree. Condition 3
holds because the F;’s are ¢/t-Lipschitz: |F;(u,...ui—1) ® Fj(vi,...vi—1)| < (¢/t)HD(4, )| X;| =
(cHD(u,?)/t)| X;]. ]
The blocking functions that we encounter in our distributions are easily seen to be Lipschitz:

Proposition:
1. The function (uq,...u;_1) +— {uq,...u;_1} from [n]*=1 to P([n]) is 1/n-Lipschitz.

2. The function ((uy,v1), ... (wi—1,vi-1)) — pmpy({u, ... wi—1,v1, ... vi—1}) from [p2]"~! to P([n]?)
is 4/n-Lipschitz.

3. The function ((u1,v1), ... (ui—1,vi-1)) +— tmp({u1,v1 ... ui—1,v;1}) from ([n]2)i_1 to P([n)?)
is 6/n-Lipschitz.

4. The function ((u1,v1,w1), ... (Wi—1,vi-1,wi—1)) = tmp ({u1, v, w1, ... w1, vi—1,w;—1}) from
([n]*)"~" to PB([n]?) is 9/n-Lipschitz.
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11 The distribution D is a DDWB distribution

We give a DDWB process S , F and show that it produces the distribution D used to generate
reduction layouts used in the reduction from set-disjointness to the FindBadEdge search lemma.
This enables us to use the machinery of DDWB distributions to prove Lemma 16 and Lemma 17.

Definition 11.1 Let (V1,Vyr) be a partition of MVarsy,. Let G, N3(-), Na(-) be as in Defini-
tion 8.1. We define a DDWB process S, F over the Cartesian product [m]"T! x ([2m + 1]2)n X

([2m + 1]*) x ([3m]3)n+1 as follows:

1. When choosing i) given iq,...ix_1: Xr = [m], Sx = G and Fy(i1,...ik—1) = {i1,. .. ig—1}-

2. When choosing (jk,1, jk,2) given, (ji,1,J1,2); - - - (Jk—1,1, Jk—1,2) (withk <n), we have Xy 14y =
[2m + 112, Sna14x(@ (1,1, 51,2), - - - Ge=1,1, Jk—1,2)) = No(ix), and:

Foiiir(@ (J1,1,01,2), - - - Gr—1,1,00-1,2)) = PMpm) 1,15 51,25 -+ - k1,15 Jk—1,2})

3. When choosing (jn+1,1, jn+1,2, Jn+1,3) given?, (41.1,51,2), - - (Jn,1,Jn,2), we have Xop o = [2m+
13, Sono (% (1,1, 51,2)s - - - (1, n2)) = N3(int1), and:

Fonpo (% (1,15 91,2)s - -« Uny1, n2)) = tmpman{ing iz, - dntsdn2t

4. For k < n, when choosing (uj,vg, wg) given 7,7, (u1, v1,wy), ... (Ug—1, Vk—1, Wg—1), Xontotk =
[Bm]3, Sonyork(T 7, (ur, vi,w1), ... (=1, vp—1, wp—1)) = K12 (E5, [V}, NVj,,]), and

Fopqoq k(% 7, (ur,v1,w1 )5 oo (Ug—1, V-1, We—1)) = tmyzpm) ({u1, v1, w1, - . Up—1, Vg1, Wh—1})

5. When choosing (Un+1, Unt1, Wnt1) given 7, 7, (ur, v1,w1), - - . (tn, Vp, wn), Xangs = [3m]3,
Sant3(7, 7, (wr, v, wi), - o (=1, V-1, We—1)) = K12 (Eip iy Vi N Vjniro N Vi1 s]), and

F3n+3(zj; (u17 U1, ?,Ul), s (’LLn, Uns wn)) = tm[3m]({u17 V1, W1, .- - Up, Un, wn})
Notice that each coordinate affects at most two of the domain functions Sj.

Lemma 22 Let § € [0,1] be given, and let m > 450/52 be given. Let (V1,Vir) be a partition of
MVarsy, so that 6(Vr,Vir) > 6o and let v = "TH The distribution D(Vr, V1) is generated by the
DDWB process S, F over the Cartesian product [m]"+! x (2m +1]%)" x (2m +1]3) x ([3m]3)n+1.
Moreover, this process has blockage bound < 30v/6% and it has covering bound > min{d3/10 —
37v,00/3 — 37,00/12 — ~v}.

Proof: That the DDWB process S , F generates the distribution D follows immediately by com-
paring the above functions with the experiment of Definition 8.2. The covering bounds follow
immediately from Lemma 15, and the blockage bounds are implicit in those calculations. [

Corollary 23 If v < §2/60, then the covering bound of the process is > 62 /20, ie. x> 62/20.

Now we use Lemma 20 to prove Lemma 17:
Proof:(of Lemma 17) Let L = (7,7, @, v, w) and L* = (7", 7%, 4", 0", w*) be two reduction layouts
from L£P with HD(L,L*) < d. Let S and F be the DDWB process for generating the distribution
DP as described in Definition 11.1.

We now check that the hypotheses of Corollary 21 are met with the process S , F over [m)]
(12m +112)" x (12m + 1) x ([3m]®)" "', with ¢ = 3n + 3, with © = 1, and with @ = L*, & = L By
Lemma 22 and Corollary 23, the DDWB process generating p has x > 62/20 and v = ’%1 < 52/60.

n+1 x
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1. (L) > 0 and p(L*) > 0. This is satisfied because L € £, and L* € L.
2. Each coordinate affects at most two of the domain functions S;.

3. This simply applies Proposition 10 to the definitions of the blocking functions. The func-
tions Fi,... F,41 are 1/m-Lipschitz. The functions Fj,ya, ... Fo,4+1 are 4/(2m + 1)-Lipschitz.
The function Fy,49 is 6/(2m + 1)-Lipschitz. The functions Fb,43,... F3,4+3 are 9/(2m + 1)-

n+1

Lipschitz. Because m = 2= = %, all of the functions are ¢/t-Lipschitz for some ¢ = (7).

Therefore, by Corollary 21:
N(L) < H—ZdeQ(d'y)/Hlu(L*)

Now we use Lemma 19 to prove Lemma 16.
Proof:(of Lemma 16) Fix m > 31(2/d)?, and let (V;,Vr;) be a partition of MVars,, with
S(V1,Vir) > 0. Let n be given so that n < 6°/(212-32-5)m. Let [ € [n] be given. Let U be uniform
distribution on [m]**! x ([2m + 1]2)n x ([2m + 1]3) x ([3m]3)n+1. Let p be the mass function for
the distribution D; view p as a distribution on [m]"*! x ([2m + 1]%)" x ([2m + 1]3) x ([3m]3)n+1
whose support is on £. Set 3 to be the blockage bound for the DDWB process generating D.
Let A C [m]"* x ([2m+1]?)" x ([2m + 1]*) x ([3m]? )n+1 be the event that: 4, € G and
int1 € G, (J11,712) € Na(ir), (nt1,2,711,012) € Ng(il) (Jn41,15 Jn+1,2: Jn+1,3) € N3(ing1), and
K ({un+1, wih {vng1, v wpgr, wi}) € By, [ij NV, 2] Ei [anﬂ VO Vi, NV, 3] Checking
against Definition 9.2 reveals that S' = £ N A, and because u(£) = 1, u(S") = u(L N A) = u(A).

Because the event .4 depends only upon the six coordinates i;, in41, (Ji,1,71.2)s (Jn+1,15 Jn+1,2, Jn+1,3),
(wg, v, wy), and (Up41, Vn41, Wn1), and the event A implies that (u, v, w;) € Ky 2 ( Vi NV, 2])
and (Un+1, V41, Wnt1) € K12 (EBinsr [Vinsrs N Vinero N Vjnsrs))s we may apply Lemma 19 to con-
clude:

p(A) = U(A) — 68 (5)

Let I denote the indices 1,...2n + 2 (so that, using our abused notation, the coordinates
of I correspond to 7,7). Let A = Aj, a note that is a subset of the event that ij,i,+1 € G,

(J11:012) € Na(ir), (Gn1,15Jn+1,2,Gn+1,3) € N3(ing1), and (fn1, 2,311,Jl2) € Ns(i;). For each
v and J set D(Tj) = |E; [V]u mvjzz] B [an+11 N Vi NV Vi, 3] ’/( ) By Lemma 3:

U(A™) > (D(7,7))® — 23/3m. Therefore:
U(A) > Ey[(D® = 23/3m) - xa] = Bu[(D - x4)*] = 23/3m > (By[D - xa))® - 23/3m  (6)

Set 6 = 06(Vr,Vrr), and let C' be the event that |{j;, 1,j12,jn+1 1,jn+1 2, Jn+1,3}| < 5. Notice
that for all (z,7) € C°, if |E;, [le N le 2N Ei, s [an+1 1V Viniao 0V, 3]|/(3m) = D(7,]) > 6/3

then (ji1,412) € Na(ig), (jn+17lajn+1,27jn+l73) € N3(int1)s (Jnt1,2:01151,2) € N3(i;), so by virtue
of (2,7) € A, {i1,in+1} € G. Moreover, we have that (jn4+11,Jn+1,2, Jn+1,3) € N3(4;). Therefore:

{(@,)) € A°| D(@,)) =2 6/3} € CU{(7,]) | (Un+1,15In+1,2> In+1,3) € N3(@) NN3(int1), {it,ins1} € G}

For each 7 with {ij,i,.1} € G we have that |N3(4;) N N3(int1)| < (6/12)(2m + 1)? and there-
fore U ({(7,)) € A°| D(7,7) > 6/3} \ C) < 6/12. By the union bound, U(C) < 10/(2m + 1) so
U{()) € A°| D(,]) > 6/3}) < 6/124+10/(2m + 1). By Lemma 4, Ey[D - xac] < /3 4+ 6/12 +
10/(2m + 1). Therefore:

28



Ey[D-xa] > Ey[D]—10/(2m +1) —58/12 = 76/12 — 10/(2m + 1)

>
> 76/12 — 6/(2(36/8)) = 76/12 — 6/12 > §/2 > 8, /2 (7)

Combining equations 5, 6, and 7, we have:

p(A) > U(A) =63 > (Eg[D - xa])® — 23/3m — 68 > (d0/2)° — 23/3m — 63

Because m > 31(2/09)®, we have that 23/3m < (1/4)(2/3)®. By Lemma 22, 3 < 30v/6% <

60/(28-32.5) /68 = (1/24)(80/2)8. Therefore:

u(A) > (80/2)° — (1/4)(80/2)% — 6(1/24)(d0/2)° = (1/2)(80/2)°
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A Elementary calculations

Proof:(Of Lemma 2 A standard application of the convexity of the function z + z*. For each

reX,letd, =|{i en]|zecY;} Setd,= ﬁerx d,. We have that d, = ﬁerx d, =
ITI\ > [Yil = an, and therefore by Jensen’s Inequality:

k
1 1 1 -k 1
= 2 I Yal = = > dh = =X (d)" = —|X](an)* = o [X]
7e[n]k =1 zeX

Proof:(of Lemma A.)

1. Conditioned on the choice of uj, the probability that {uj,us} € E and {uj,us} € FE is

2
(d%) . Because % Yoy = %2@ (g ) = a(N — 1), convexity shows that the probability that

{uy,us} € E and {u1,u3} € F is at least N3 - N(a(N —1))? = o?(1 — 2/N + 1/N3). We
now subtract out the probability that i, us,us are not all distinct, which is clearly no more
than 3/N, and we obtain the stated bound.

2. For each u; and ug, let D(uq,us2) be the number of common neighbors of u; and us. Because
the average degree of u € V is (N —1), Lemma 2 shows that <z > zcy2 D(u1,u2) > o*((N —
1)/N)?(N — 1) > a?(1 — 2/N). Conditioned on the choice of u1,us, the probability that all
edges are present is clearly (D(uy,ug)/N )4. Apply Jensen’s Inequality and we have that the
probability that all edges are present is at least (a?(1 — 2/N))4 = a®(1-2/N)* > a®(1-8/N).
We now subtract out the probability that wy,uo, us, uq, us, ug are not all distinct, which is
clearly no more than (g) /N =15/N, and we obtain the stated bound.
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