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Abstract

We demonstrate a two-player communication problem that can be solved in the one-
way quantum model by a O-error protocol of cost O (logn) but requires exponentially
more communication in the classical interactive (bounded error) model.

1 Introduction

The ultimate goal of quantum computing is to identify computational tasks where by using
the laws of quantum mechanics one can find a solution more efficiently than on a classical
computer.

In this paper we study quantum computation from the perspective of of Communication
Complexity, first defined by Yao [Y79]. Here two parties, Alice and Bob, try to solve a
computational problem that depends on z and y. Initially Alice knows only x and Bob
knows only y; in order to solve the problem they communicate, obeying to the restrictions
of a specific communication model. In order to compare the power of two communication
models one has to demonstrate a communication task that can be solved more efficiently in
one model than in the other (or argue that no such task exists).

We will be mostly concerned about the following models.

o One-way communication is the model where Alice sends a single message to Bob and
he has to give an answer, based on the content of that message and his part of input.

e Interactive (two-way) communication is the model where the players can interactively
exchange messages till Bob decides to give an answer, based on the preceding commu-
nication and his part of input.

Both of these models can be either classical or quantum, according to the nature of commu-
nication allowed between the players. The classical versions of the models are denoted by R’
and R, and the quantum versions are denoted by Q! and Q, respectively.

Communication tasks can be either functional, corresponding to the case when for each
input pair (x,y) there exists at most one correct answer, or relational, when multiple correct
answers are allowed for the same input. Input pairs without correct answers are never offered.!

!Communication tasks with ezactly one correct answer corresponding to each possible input pair are called
total functions.



A communication protocol describes behavior of Alice and Bob in response to each possible
input. The cost of a protocol is the maximum total amount of information (bits or qubits)
communicated by the parties according to the protocol.

We say that a communication task P is solvable with bounded error in a given commu-
nication model by a protocol of cost O (k) if for any constant ¢ there exists a corresponding
protocol solving P with success probability at least 1 — e. Analogously, P is solvable with
0-error if the protocol refuses to answer with probability at most € and solves P correctly
whenever it produces an answer.

In this paper we will be interested in communication problems where the quantum model
gives exponential savings.?

For O-error one-way and interactive protocols, such problems were demonstrated by
Buhrman, Cleve, and Wigderson [BCW98]. In the bounded-error setting the first expo-
nential separation has been demonstrated by Raz [R99], who gave an example of a problem
solvable in @ exponentially more efficiently than in R. Later Buhrman, Cleve, Watrous,
and de Wolf [BCWWO01] demonstrated an exponential separation for simultaneous protocols,
which is a communication model even more limited than R’.

All these separations have been demonstrated for functional problems. As of one-way
protocols with bounded error, the first exponential separation has been shown by Bar-Yossef,
Jayram, and Kerenidis [BJK04] for a relational problem. Later Gavinsky, Kempe, Kerenidis,
Raz, and de Wolf [GKKRWO07] gave a similar separation for a functional problem.

These result show that quantum communication can be very efficient, by establishing
various settings where quantum protocols offer exponential savings over classical solutions.
But does there exist a problem that can be solved by a quantum one-way or even simultaneous
protocol that is considerably more efficient than any classical two-way protocol? The full
answer to this question is not known yet.

1.1 Our result

Theorem 1.1. For infinitely many N € N, there exists a relation with input length N that
can be solved by a 0-error one-way quantum protocol of cost O (log N) and whose complezity
in the interactive classical model is ) <\]/Vlo;—g/;j\7>

The relation that we use for establishing this result is a modification of a communication
task independently suggested by R. Cleve (|C]) and S. Massar ([B]) as a possible candidate
for such separation.

Some of the intermediate steps in our proof might be of independent interest.

2  Our approach

For any m being a power of 2, let X. def gF 120g " and denote the identity element by 0. We will
sometimes refer to subsets of X, as elements of {0,1}". Define the following communication
problems.

Definition 1. Let z,y C X2, such that |x| = n/2 and |y| = n. Let z € X,,2 \ {0}. Then

n)

(r,y,2) € ngz if either [z Ny| # 2 or (z,a+ b) =0 where x Ny = {a,b}. Let ¥ = {o1,...}

2In all the examples mentioned here, the first shown super-polynomial separations were, in fact, exponential.



be a family of permutations, containing one permutation o; over [i2] for all i being powers of
2. Then (z,y,2) € P(En) if (o,2(x),0,2(y),2) € Py;)].

Definition 2. Let x C Xy,2, || = n. Let y = (y1,. .. ,Yn/4) be a tuple of disjoint subsets
of X2, each of size n, such that |z Ny;| = 2 for all 1 < j < n/4. Let z € X, \ {0} and
1 <i < n/4, then (z,y,(i,2)) € P™ if (z,a + b) = 0, where z Ny; = {a,b}.

We will show that P(™ is easy to solve in Q! and is hard for R. In order to prove the

lower bound we will use the following modification of PYQ 1

Definition 3. Let x C X2 and y C X2, such that |z| = n/2 and |y| = n. Let z C X,.
Then (z,y,z) € PY;)I ifzny ==z

We will use the following generalization of the standard bounded error setting. We say
that a protocol solves a problem with probability 0 with error bounded by ¢ if with probability
at least § the protocol produces an answer, and whenever produced, the answer is correct
with probability at least 1 —e.

Solving P§Z)1 when |z N y| = 2 requires providing an evidence of knowledge of these

elements, and intuitively should be as hard as finding them, as required by PYQI. This
(n)

intuition is, apparently, false for the quantum 1-way model (P;/, can be easily solved in Q!

with probability 1/n with small error, which is unlikely to be the case for 1557;) ;). However,

it is true for the model of classical 2-way communication; a “quasi-reduction” from P}Z) ; to

PYQJ is one of the central ingredients of our lower bound proof.
The high-level scenario of the proof is the following.

e We claim that if there exists a protocol that solves P(™) with error bounded by & then
another protocol of similar cost solves P(En) for some ¥ with probability 2 (1/n) and

error O (g).

)

gn) to that of solving P(En .

x 1

e We reduce the task of solving the problem P
e We show that the cost of solving ]5§TQ ; with probability § when |z Ny| = 2is Q (n . \/3)

e We conclude that solving P(™ with bounded error requires an interactive classical
protocol of complexity nf(1).

3 Notation and more

We assume basic knowledge of (classical) communication complexity ([KN97]).

We will consider only discrete probability distributions. For a set A we write U to
denote the uniform distribution over the elements of A. Given a distribution D over A and
some a9 € A we denote D(ap) © Pro-n [a = ag]; for B C A, D(B) dof > ven D(b). Denote

supp(D) o {a € A|D(a) > 0}.



We use the following notation.

DISJ & (z,y)|z,y € {0,1}", o[ =Jy| > 0, V1 <i < |z| : 23 =0V y; =0}
DISJ, & (z,y) € DISJ|z,y € {0,1}"}

DIST & {(@,y)|,y € {0,1}", |2| = |y| > 0, (x,y) & DISJ }
DIST, % {(x,y) € DIST|z,y € {0,1}"}

We use the standard notion of a (combinatorial) rectangle. The sides of a rectangle
will always correspond to subsets of the input sets of Alice and Bob, as defined by the
communication problem under consideration. We will use the same notation for an input
rectangle and for the event that input belongs to the rectangle.

Define context-sensitive “projection operators” -|. and -||. as follows. For a discrete set A,

xCAand I C A, let z|r NI For BC 24 let B||; & {x|;|x € B}. For a distribution D
over A, let D|; be the conditional distribution of z ~ D, subject to « € I. For a distribution

D over 24, let D||; be the marginal distribution of y def x|r, when z ~ D.
We will use special notation for “one-sided” projections of input pairs. Let (z,y) € A X B,

where A and B are input sets of Alice and Bob, respectively. Then (x,y)|a1 df o and
(z,9)|Bo def y. Similarly, define the operators ||a; and ||go for distributions and sets.

3.1 Definitions related to P\"), and P™

Define the following events characterizing input to Pgnx) 1 P(En) or pgnx) ;-

Definition 4. For j € N, let X; be the event that the input pair (z, y) satisfies |x N y| = j. For
i,j €N, let X;(i) and X2(i,7) be, respectively, the events that Ny = {i} and zNy = {7,5}.

We will use the same notation to address the subsets of input that give rise to these
events, ic., Xy Up—gi { (2, ) € X2 x X, 2|z Ny =0}, and so forth.

Let L{I(Z)l be the uniform distribution of input to sz)p Up & M1X1|| a1 and Ugo &
1><1HBO
Definition 5. For k1, .., k; € N, let Z/ll(" ik ke) def Z/llxl\;(k U..uX;, and Z/ll(;lfﬁ) def Z/ll(;l)l Uisi, -

Definition 6. Given input set A (not necessarily a rectangle), define U A = L{IX1| AU (Al) def

Uzl al and L{(BO) dOfL{AHBO Given k1, ..,k € N, let ngl""kt) dOfL{A|Xk1U U, -

Claim 3.1. For sufficiently large n it holds that Lll(z)l(Xg) > 1/3, Z/{lZl(XJ) > 1/6 and
Lll(z)l(Xg) > 1/13. On the other hand, for any t < n/2 it holds that L{I(Z)l (Uit &) < (%)t.

Proof of Claim 3.1. Think about choosing (z,y) ~ Z/{l(;l)l as selecting a random subset y C
X,2, ly| = n, followed by selecting n/2 different elements for z. Under such interpretation it

t
is clear that Z/{I(Z)l (Uist &) < (n{2) : (nQ_”n/z) . Therefore, L{I(Z)l(Xg) >1-n/2 lm > 3

and U, (Uise X)) < (2)"-(2) = (3)', forn > 2,
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Let E; be the event that ¢ € z Ny. It clearly follows from the symmetry between all E;-s
and from the fact that the events are mutually exclusive when conditioned upon X; that
n
X
to y and all the following are not in y. The former occurs with probability at least 1/n and
the latter with probability not smaller than Z/{l(:z)l(Xg), therefore Z/ll( )1(/1’ N>z ol>d

n
X n 3 =6

Similarly, Z/{1( )1(/'\,’2) > ("42) L "_11 -L[l( )1(/'\,’0) > % for sufficiently large n. B cim 3.1

n n
X n nZ- X

Z/{l( )1(/1’ 1) is equal to n/2 times the probability that the first element selected for z belongs

4 Efficient protocol for P in Q!

We give a 1-way quantum protocol S (n) that receives input to P(", communicates O (logn)
qubits and either produces a correct answer or refuses to answer. For n large enough the for-
mer occurs with probability at least % Therefore, for any given ¢ one can run t € O (log (%))
instances of S(™) in parallel, thus obtaining a O-error protocol for P(") with answering prob-
ability at least 1 — e. The communication cost of the new protocol remains in O (logn) as
long as € is a constant.

Let us see how S works.

1. Alice sends to Bob the state |a) o ﬁ > jexl9)-

. . def R def N
2. Bol? measures la) with the 2 + 1 projectors E; = > jey: )] and Eg = stZin |1,
let iy be the index of the outcome of the measurement and |a;,) be the projected state.
Bob applies the Hadamard transform over GF. g lognt1 ¢4 |aj,) and measures the result

in the computational basis. Denote by a;, be the outcome of the measurement.

3. If a;, = 0 or i9p = 0 then Bob refuses to answer, otherwise he outputs (ig, a;, ).

Obviously, the protocol transmits O (logn) qubits.

After the first measurement, if 79 = 0 then Bob refuses to answer, otherwise the register
remains in the state |a;,) = % > jeanmig |7). Denote by p; the probability that ig = i. Then
for i > 0,

pe=tr (ool -5 =~ | | 52 1k + S lal |- Yol | = 02

she jex jey:
J

and consequently, po =1 — >, op; = 1/2.

Assume that ig # 0. Bob applies the Hadamard transform to the state |a;,) =
where z N y;, = {b1, b2}, denote the outcome by |a;0>. Then

j€X2n2 (j7b1+b2>:0

and therefore Bob obtains a uniformly random element of { j € X2n2| (Jy b1 + ba) = O} as the
outcome of his second measurement.

If a;, = 0 then Bob refuses to answer, otherwise he returns a pair (i, a;,) that satisfies
the requirement. The latter occurs with probability 1 — o (1), conditioned on ig # 0. So, the
protocol is successful with probability % —o(1) > %, for sufficiently large n.



5 Solving P™ is expensive in R

nl/4
Viogn
of P(™. We will always assume this model of communication, unless stated otherwise.

In his elegant lower bound proof for DISJ, Razborov [R92] has established the following

lemma.

Lemma 5.1. [R92] Let A be an input rectangle for DISJ,, assume that n = 4l — 1. Let D
be the following input distribution — with probability 3/4 Alice and Bob receive two uniformly
distributed disjoint subsets of [n] of size I and with probability 1/4 they receive two uniformly
distributed subsets of [n] of size | that share exactly one element. Then

We will establish a lower bound of for the 2-way classical communication complexity

D(AN X)) > % - D(AN &) — 22,

We need the following consequence of Lemma 5.1.3

Lemma 5.2. Let n be sufficiently large and A be an input rectangle for DISJ,. Let D be a
product distribution w.r.t. two halves of the input, such that Alice receives a uniformly chosen
subset of [n] of size ki(n) and Bob receives a uniformly chosen subset of [n] of size ka(n),

where agy/n < ki(n) < ka(n) < azy/n for some ay, ag. Then for 6 = 4;41522 it holds that

D(ANX;) >6-D(AN X,) —272V),

Proof of Lemma 5.2. We will reduce the communication task considered in Lemma 5.1 to
that defined in the lemma we are proving. Address the former task by P’ and the latter one
by P (they both are, in fact, versions of DISJ, defined w.r.t. different distributions). We will
use m to denote the input length to P’. The distribution of input to P’ corresponding to m
will be denoted by D), The length and the distribution of input to P will be denoted by n
and D, respectively.

Let m = 4ki(n) — 1. Let T, be a transformation (z’,y') — (z,y), where r € {0,1}",
2,y € {0, 1}[7”}, and z,y € {0, 1}["]. Think of r as a uniform random string of sufficient
length (we will address this situation by “r ~U”) and of T' as a randomized transformation
of 2’ and 3 only (random bits are implicitly taken from r). In order to compute T, (z',y")
choose randomly and uniformly a pair (M, 3) of disjoint subsets of [n] of sizes m and ka(n)—1,
respectively (our choice of n guarantees that the latter value is not negative). Define (z,y)
by z|pm =2’ ylm =¥/, |37 = 0 and y|5; = 6. Note that T can be applied locally by Alice
and Bob if they share public randomness (that is, x only depends on r and 2’ and y only
depends on r and y').

We can see that (x,y) is input to DISJ, and DISJ,(z,y) = DISJ,(2',y'), so indeed
T is a reduction from DISJ,, to DISJ,. If (2',y’) comes from X; Nsupp(D),) and r ~ U
then T,.(z',y’) is uniformly distributed over X; N supp(D), for any ¢ > 0. In particular, for
ie{0,1},

P Ty e All = Pr [(m.y) € Al
o (mﬂyf)fb;n\xi[ @y ed]) = Br @) €ax]

3A direct proof of Lemma 5.2 would be simpler than that of Lemma 5.1. The latter is, in the qualitative
sense, a much stronger statement than what we need (that is caused by the implicit requirement in Lemma 5.1
for non-product input distribution).



def

For every r € {0,1}* let B, = T."*(A). It holds that

_ D;n (BT’ N Xz)

r TT’ f]:l7 ! € A - D;TL ; Br — )
(@' .y )~Din L) e 4] 12(Br) Dy, (%)
therefore D ()
E [D, (B.NX)] = =2 "2 . D(ANX).
It is clear that T, is rectangle-invariant, so B,-s are rectangles and we can apply Lemma 5.1.
/
_9=VR) = _9-9m) < g D! (BNX;)— D (B0 Xp)
re~U 135
= D (BNX;)| — — - D (BNX
TPM [ m( 1)] 135 r]NEu [ al 0)]
Dy, (X1) Dy, (Xo)
=" .DANX;)— —"—— -DANAXY).
D(X;) ( 1)~ 155 D(X) ( )

Together with the facts that D/, (Xy) = 3 and D, (X;) = 1, it implies that

D(X1)  Diy(Ro) D) o
DIANY) = iy Dy DA~y Gy 2

> Df;) - D(AN Xp) — 27Vn),
Note that
_ _ ka(n) az/n 2092 as?
D) > [~ k1 (n) k'2(n)> > (1_ @) > (1) _ <1> 7
n vn 2 4
2
D(X;) > ka(n) klfzn) D(Xy) > ;122

(the second inequality can be established analogously to the proof of Claim 3.1). The result
follows. .Lemma 5.2

5.1 Solving P implies solving P\

Lemma 5.3. Assume that there exists a protocol S of cost k that solves P™) with error
bounded by €. Then there exists a family of permutations X, such that P(En) can be solved
w.r.1. Z/{I(Z;f) with probability 2/n with error bounded by 2e by a protocol of cost O (k).

Proof of Lemma 5.3. We will use the integers from [2n2] to address the elements of Xy,2,

according to their natural ordering. Let (x,y) be an instance of PYQ ;» satisfying |z Ny| = 2.

Consider the following protocol S’.

° Letaj’:{n2/—|—1,.../,n2—|—%}Ux. F0r1§j§%—1,lety;:{n2—|—j+%"|1§k:§n}
and § = (y,yl,...,y%_l).

e Using public randomness, choose random permutations: o1 over [2n?] and oy over [%]-

7



e Run the protocol S over o1(2’, (Yoy(1), - - - » Yora(n/a))); let (i, 2) be the response by S.
e If 09(1) = i then output (o1, 2), otherwise refuse to answer.

This protocol maps the given pair (x,y) to a uniformly random instance of p®) (the deter-
ministically constructed (z’,7) forms a correct input for P(™) and the action of permutations
upon instances of P(™ is transitive). Moreover, the original problem is mapped to a uniformly
random coordinate of the instance of P(™) that is fed into S.

Denote by F the event that S’ returns an answer, by Ej the event that S’ outputs a
pair (o, z) such that (o(x),0(y),z2) € PYQI, and by Fj the event E \ Ey. By the symmetry
argument, the following holds: If S returns a correct answer then Fj occurs with probability
4/n; if S makes a mistake then F; occurs with probability 4/n. In particular, Pr [E] = 4/n
and Pr [E;] <¢e-PrE].

Let us derandomize S’. Suppose that S’ uses s random bits and let r be the corresponding
random variable. Let Ry be the set of v’ € {0,1}°, such that Pr [E;|E,r = '] > 2¢ (here
and till the end of the proof all the probabilities are taken w.r.t. (z,y) ~ Z/{l(;“f )). From the
properties of S it follows that

e-Pr[E] > Pr[E)| =Pr[E]-Pr[Ei|E] > Pr[r € Ry|-Pr [E|r € Ry - 2,
which leads to
%Pr[E] <Pr[E]—Pr[r € Ry|-Pr[E|r € Ry| =Pr[r & Ro]-Pr [E|r ¢ Ro] .

Therefore, there exists some 7o € {0,1}"\ Ry, such that Pr [E|r =r¢] > Pr[E]/2 = 2/n
and Pr [El‘E,T = 7‘0] < 2e.

Define a deterministic protocol S”, which is similar to S’ but uses 7y instead of the
random string and outputs only z. Observe that fixing r = 71y, in particular, fixes the
permutation oy & 0. Let us denote by X the family of o}-s, obtained as a result of the
described derandomization, subsequently applied to every permitted input length. We claim
that S” solves P(En) w.r.t. lel(;“f ) with probability at least 2/n with error bounded by 2¢ — this
follows from the aforementioned properties of S’ and the definition of ¥. The complexity of
S is k, as pre- and post-processing are performed locally. [ e——

5.2 Solving P\", is as simple as solving P\

We will show the following.

Theorem 5.4. Assume that there exists a protocol of cost k € o(n) Nw (1) that solves P(En)
for some ¥ w.r.t. lel(z;f) with probability v € w (27%) and error bounded by 10722, Then 1557;)1
can be solved w.r.t. Ul(z;lz)

(0] (k+10g2(n/7)).

with probability in 0-error setting by a protocol of cost

-y
k2-log?(n/7)

(n)
1

The proof will be done in several stages. Note that the relation P;/,

is a special case of

P(En), we will reason about properties of the former whenever generality of the latter is not
essential.



Lemma 5.5. Let n be sufficiently large and A be an input rectangle for Pgnx)l, such that
Lll(z;ll)(A) € 27" Mo (1). Assume that for some constant 0 < e < 1 and Iy C X2, |Iy| > n?

1t holds that ) .
>ou (X)) < 15

i€lp
Then ULV (X)) < e.

The intuitive meaning of this lemma is that a rectangle that selectively accepts input
pairs from &; (mostly from U;gz X (7)) must reject pairs from Xy with high probability.

Proof of Lemma 5.5. In this proof we will casually view input pairs (z, y) as 4-tuples (z1, 22, y1, y2),
where 2|7 = 21, 2|1, = 22, yliz = v1, Ylr, = v

Let cp & Ugo’l)(/l’g) € Q(1), in terms of this value we will derive a lower bound on the
probability that a uniformly chosen X;-instance from A intersects over Ij.

Let (z,y) = (z1,22,y1,%2) ~ U,(qo’l)
the following events:

. Assume that the values 21 = z} and y; = y}. Define

e E) denotes the event that |2}]| < % and |y)| < 2?"

e F, denotes the event that Pru(o,l) [Xg‘azl =i,y = yﬂ > 2.
A

e F5 denotes the event that

0 n;0 8 1
H {Z,{Ig)‘xl =z, = ?/1} > H [ul(xl)”IOXIO] - <5 + 1) log (W) '

e F, denotes the event that

(n;0) ! / (n;0) 8
H u1><1 ‘331 =z, =y| <H Z/[1><1 H10><10 + log <—n-01 ) .
|: ] |: :| 60 . ul(x717 )(A)

Observe that none of the events depends on the values of x5 and y». Our first step will
be to show that all four events hold simultaneously with non-negligible probability. This will
let us apply Lemma 5.2 to many “subrectangles” of A defined over Iy x Iy, which, in turn,
will lead to the desired lower bound.

The event E; occurs with probability 1 — 272 if (2, y]) ~ Lll(z;?’l)HEXE, due to the

Chernoff bound. In our case (z},v)) ~ L{I(LXO’I)HEXE, but on the other hand, UI(Z;?’I)(A) €

27°(") and therefore Pru(o,l) [Er] € 1—0(1).
A
We know that

0,1
Uf(; )(Xo) = %1) f((’)rl) [(Xo|z1 = 2,51 = ¥i] | =<0,
(@Y1~ Uy g« Uy

which implies that Pru(OJ) [Eo] > 5.
A



Let us see that F3 occurs with high probability. Observe that

H |:uj(40)i| =H :U,Exo)HEXE} + 1(10) (@2, y2|w1, 1] 5

H [Uf’i;?)] =H Z/{1><1 HIO><[O:| + H [$2,y2|:131,y1] (1)
ulr

1><1

;0
= U0 g, + U oo

where the last equality follows from the fact that Z/{l(;“lo )is a product distribution w.r.t. the

. . . . ;0 ;0 .
marginal projections considered above. Moreover, UI(ZI)HExE and Z/{I(ZI)H Iox I, are uniform
over their supports, and therefore

H (U I7.05] < B [UEY I 2)

and
H [z, p|tn=2,n=y] <H [ufi;?)llzoxzo] ; (3)

Z/{,(AO) ”IO xIp

for any («,y}) in the support of L{I(on’l) 757+ In particular, (2) and (1) imply that

1 sl = 00 ]~ (10 0] - e ] ) (@

Observe that both Z/{l(z;? ) and ugo) are uniform over their supports; moreover, the latter
support is a subset of the former. This leads to

(n;0)
H [Ul(z;?)} -H [U(O)} = log ‘SULUI(XO{;‘ = log <

1
‘suppUA ‘ m) 7

that, together with (4), gives

n; 1
E [H [UEAO)‘xl = 33/1791 = yi]] >H [ul(x’?)”loxlo] — log <L{(T)(A)> )
1x1

where the expectancy is taken w.r.t. (@), y)) ~ (0 2

that Pr (0 1) [Eg] > 1-—2
Uy”

Il= ToxT;- Together with (3), this implies

Let us denote by G the set of pairs (2], y}) that falsify the condition of E4. Then, starting
from (1), we get

H |:ul><1 ”onlo] +H |:ul><1 HonIo} =H [Ul(’flo)] > H [Ul(’if)((xl,yl) € G]

[ (ulxl ||Io><Io)
[ (ulxl ||Io><Io)

] + H [332 y2‘331 yl]
¢ I(Zi))v(x 1,91)€G ’ ’

(n;0) 8
o) +H [ ] + 1o (W)

1x1
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where the last inequality is implied by the definition of G. Therefore,

H [(lel ”onlo)‘G] H [ule HIO”J log <m) '

The both arguments of H [-] in the last inequality are uniform distributions over their
supports, one being a subset of the other, that gives us
CJ

: (n:0)
1°g< n; ) H (U o |~ H | (U ot
U |75, 75(G) [ wm) ~H [ ;)

- log <#>
- eo - UMY (4)

This leads to the conclusion that Z/{l(z;f)HEXE(G) <2 'Z/{l(;“lo’l)(A). Note that G, by defini-
tion, consists exclusively of disjoint pairs. But it is easy to see that modulo the condition

that 2} Ny; = 0, the distribution L{I(Z;?)HEXE is identical to L{I(Z;?’I)HEXE, and therefore
Ufi? 2 77 (G) < Z/{I(Z? 1)(A). This gives us that
_ (0,1) €0
P =1 @) 21 - %

For n sufficiently large, the events Fy, E3 and F, simultaneously hold with probability
at least 1 — 2 —o(1) > 1 — % and E> holds with probability at least 5. The event

E Y By 0 By N B3N By holds with probability at least <2, w.r.t. (z7,9;) ~ L[IE‘O’l) [y

It remains to apply Lemma 5.2 to the rectangles Ax’pyg dof {(:172, yg)‘(x’l, T2, Y1, Y2) € A},
where FE holds w.r.t. 2} and y}. Let us view Am’l v, as an input rectangle for DISJ p,. Denote
input to DISJ|f, by (w2,y2). Define D to be the distribution obtained by independently
choosing x5 and yg as subsets of Ij of sizes & — || and n — |y} [, respectively. As follows from
By, ¢ <l|zo| < 5 and § < [yo| < n. The fact that ) Ny} = 0 (as implied by E3) means that
the restrictions of D to the cases of X; and X are isomorphic (in the obvious sense) to the
corresponding restrictions of Z/ll(z)l, conditioned upon z1 = z,y1 = y}. Moreover, the same
isomorphism maps A to Ay .

Lemma 5.2 can be applied to Am’l,y; w.r.t. the distribution D by choosing a; =

n

64/ 10|

2

and ag = \/T\Ll_ol' The conclusion is that for § = ﬁg > m,
_ D(A, , NXyp)
Q I , 0 _
DAy 1121) 2 8- DAy 1) — 2”2V > Z2eiot —27% (5)

- 25920

Let D4y = def D] At and Dy = def D] Xy Events E3 and E4 together mean that for n
Y1
sufficiently large (recall that Zx[l(xl)(A) €o(l)),

H (U = o5 = 1) = B U)o = ohm =] - A,
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where A € O <10g <m>> (because Z,{l(’xulovl)(A) > Z,{l(;l;lo,l)(xo) . 1(2??) (A)). That can be
1x1
restated as

H [Daly, | = H[D| - A,

and again, the both arguments of H [-] are uniform distributions, one support being a subset
of the other, which leads to

. ni0), (O
Do(Agy ) 2275 = (ul(xlo)(A)> : (6)

We know that Lﬁ(z;ll)(A) € 272 On the other hand, u{??’l)(x() uA) = Z,{I(Z;?’l)(A) '
U (X9) = Ul (Xp) - Ul (A) implies that

n;0 n;0,1 n;l —o(n
U () € @ (Ui (4) e o (Ul (a) e 27w, (7)
and therefore Do(A,/ ) € 2°(")_ The fact that E3 holds implies that

€0 €0 —o(n
D(A/ /ﬂXg)EE-DQ(A/ ’mXU):E'DO(Ax’l,yi)€2 (),

T1,Y1 T1,Y1

where the containment follows from (6) and (7). This means that for sufficiently large n, (5)
leads t0 D(Agr v N Xy) > D(Ay 0 N Xp)/25921, implying Prp, [X1|Xg UX;] > 557
We conclude:

S Ul (@) = Ul (x,(0) = Pr [E]-Prx|Xux] > 5
4 . Z/{(O'l) Dy 10
i€lp i€lp A

as required. Wicmma 5.5

We will need the following corollary, that extends the statement of Lemma 5.5 to the case
of rectangles, selectively accepting instances of X5.

Corollary 5.6. Let n be sufficiently large and A be an input rectangle for PYQI, such that

Z/{l(;“f)(A) €270 Let (Io(i)> ) be a family of subsets of X,,2, such that for everyi € X,2

i€X,
it holds that i & Iéi) and |Iéi)| > %2, and for every i,j € X,2 it holds that i € Ié]) if and only
ifj € Iél). If A satisfies that

1 ) - g2
B > Uy (Xa(i9) < 100"
1€X, 2
jer?

then UL (Xp U X)) < e

Proof of Corollary 5.6. We will show that Z/{Igo’l’m(XI) < 1i and Z/{Igo’l’m(Xg) <.
Define A; df {(a:, y) € A‘z‘ exn y} for each i € X,,2. Let D be the probability distribution

over X,2 defined by D(i) = %L{f)(Ai), then choosing (z,y) ~ Z/{f) can be viewed as first

12



choosing i ~ D, followed by (z,y) ~ U, @ ) The main condition of the corollary can now be
expressed as

e2

B Z UA (X2 (4, 7)) <10—20
]EI()
Let
L= {Z € X | UL (4y) < 107 2 'U1(x1)(14)}7
def . 2 .. e
Ih =<1ie X, Z UAZ)(XQ(Z,])) > m
jerl?

Then ) (2 -
Zulx’l (A 107 Z/{1><1 ZuA 2 < 1—07
i€l i€l

and

D(I)
(o) < 107 = ;uf‘ 107
i€l
That is,
2 3e
Z Ul < 107 (8)
iel1Ulo

For any ip € X,,2, we treat A;, as an input rectangle for Pl(zzl), defined over X2 \ {ig}.*
For ig € X2 \ I1 \ Iz, it holds that L{I(Z;lz)(Ajo) > 1oz ul(xl)(A) € 27°("). The properties
of I(glo) and the fact that ig & I allow us to apply Lemma 5.5, concluding that

(1 2) i
For every ig € I; U I> we, on the other hand, apply Lemma 5.2 to A;,. Then for 6 = %,
i€ Ul iel1Ulo
Clearly,
n n n TL;2 —o(n
UL (X0 U X2) NA) 2 U (X 0 A) = U () - U (4) e 2700, (1)
and dividing (10) by L{I(Z)l (X1 UXy) N A) gives
(1 2) 1 2log n—(n)4o(n)
125] (Ain &) <5 125[ D (AN Xy) + 22108
€Ul 1 1€Vl . (12)
s —Qn) —Q(n)
<< ST oul ) +2 <sort2
1€l1Ul2

4Strictly speaking, this violates our requirement that n is a power of 2 and slightly affects the Hamming
waits of  and y as functions of n, though the former is irrelevant for the present context and the influence of
the latter is negligible for sufficiently large n. We allow this abuse to keep the notation simple.
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as follows from (8).
We conclude that for sufficiently large n,

Ut ) <uP ) = Y Ui a)
ZGX
Z (12 (4N X)) Z (12 (12)()(1)
iel1Ulo ¢ Ul
3e —Q(n) & &
<5107 2 +107<1441

as follows from (9) and (12).
We apply Lemma 5.2 one more time. For the same value of § it holds that

n 1 n —am
ul(x)l(AmXO) = 5 'ul(x)l(AmXZ) 42780,

Like in (11),
UM (X U X UX) N A) > UM, (X 0 A) € 2700,

and therefore for sufficiently large n,

(0,1,2) L 012 —Qn) _ 120-¢€ —Qn) _ €
U X)) < =-U X))+ 2 + 2 —.
A (0)—5 A (X)) < a1 <3
The result follows. B oroliary 5.6

The next lemma will be the last preparation step before we prove the main result of this
section.

Lemma 5.7. Let n be sufficiently large and A be an input rectangle for P; ><)1’ such that
Ua(Xp U Xy) < ¢ and for § >0

Pr J{a#b}Cy: [{ab}Cx]>5 §1
yNZ/lA xNZ/lA 3
1
Then Z/ll(z)l(A) € 2_Q<%>.
Proof of Lemma 5.7. Let B be the set of y € X2, such that
1
JMenyl <2< 3 (13)
x~u( 3
and
V{a#0b} Cuy: [{a b} C z] <. (14)
mNZ/{

If we choose 3/ ~ Z/{(BO) then (13) holds with probablhty at least § a d (14) holds with
probability at least 2, therefore [BN Allgo| > #|AlBo|. Denote A’ of Al|a1 X B, then
UL (A) > UL (A).

14



For {a #b} C X2, let p, “f pr 1/(AD [a € x] and pl()a) “f py 1/(AD [b € x‘a € x]
| T4
Condition (14) holds only if
Vaey:(pazﬁ:>Vb€y\{a}:péa)<\/3). (15)

Let ag € y be the lexicographically first value satisfying p,, = max;c, {p;}. Think about
the process of choosing y ~ Upe as first choosing ay and then the rest of the elements. We
will see that conditions (13) and (15) are not likely to hold simultaneously.

First let us consider the situation when

Vaey:pa<\/5. (16)

Since Pr [z Ny| > 1|z € Al|a1] > # can occur only if > aeyPa = 2, the probability that (13)
and (16) hold is upper bounded by the probablhty that

> > 3 (17)

acy

; def ] Pa if p, < \/7
where p/, = .
0 otherwise

Let Z1, .., Z, be the elements of y and denote W; def oy pZ We want to use Chernoff bound

in order to limit from above the value of > ; W;. Strictly speaking, the variables WW; are not
independent (because all Z;-s are different), but their dependence is relatively small, which
makes it possible to apply Chernoff bound using the “worst case” estimation of the variables’
mean values. Note that for n large enough and any 1 < ¢y < n it holds that W;, < V6
and E [W;,] < |Xn‘:|‘_‘y‘ - n’;/fn < %, where the mean value is computed w.r.t. repeated
“experiments”, for the fixed ig. Based on Chernoff bound, we conclude that

W ] 2 (%), (18)

Now consider the other choice left by (15), namely let
Dag > V6 and Vb e y,b+#ao: (ao < V6. (19)

yNuBo

Since Pr [|:17 Nyl > Z‘x € Allar, a0 € y] > 3 can occur only if Zbey\{ao}p(ao) > %, the prob-

ability that (13) and (19) hold is upper bounded by the probability that

(a0)’
Z Py 2 g (20)

bey\{ao}

(ao) if (ao)
where pl()ao)’ def Py 5Py .< \/5
0 otherwise

1
Like in the case of (17), Chernoff bound implies that (17) holds with probability 2_Q(ﬁ).

Therefore,
1

U () <6 Uy <6 Pr fyen e )
Yy~UBo

as required. Brenma 5.7
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We are ready for the

(n)

Proof of Theorem 5.4. Let S be a deterministic protocol of cost k solving Py’ for some ¥

w.r.t. Z/ll(z;lz ) with probability v and error bounded by 10%.
We will call a rectangle A §-labeled if

Pr [3{a#b}Cuy: [{ab}Cx]>5
y~uf4B°> :(:NZ/{

Cx:l»i

Observe that Lemma 5.7 guarantees that if a(Xy U X;) < § and UI(Z)I(A) > 279k) then
there exists a function §(k) € Q (k—lz), such that A is d(k)-labeled. Fix any such (k) for the
rest of the proof.

Consider the rectangles defined by S d \)Ne will call a rectangle A latent if it is not possible

to define an answer that would solve Py~ with probability at least 1 — 10% w.r.t. Z/{If). It

follows from the properties of S that (x,y) ~ Lll(z;lz ) does not belong to a latent rectangle with
probability at least 7 (at leas half of all pairs (z,y) € X, for which S produces an answer
belong to non-latent rectangles, since otherwise the error of S would be greater than the

allowed 1—0155) On the other hand, with probability at least 1—7 it happens that (x,y) ~ Z/{I(Z;f )
falls into a rectangle A satisfying Z/{l(;“f )(A) > 2k . Note that for any such A it holds that
Lll(z)l(A) > Z/{I(Z)I(Xg) = 272 for n large enough (recall that k € w(1)).

Call a rectangle A good if it is not latent and Lll(z)l(A) > 272k Tt holds that (z,y) ~ Z/{I(Z;f)

n;2
ul(x 1 *)

falls into a good rectangle with probability at least 3 —F = . Consequently, (z,y) ~
falls into a good rectangle with probability at least ul(x)l(X 9) -3 > 25

Any good A is §(k)-labeled. It follows from the fact that there exists some z4 € X,,2\ {0},
such that

2 n
l-—5 <Pr [(az Y,24) € P(E )} = Pr [(z4,0,2(a) + 0,2(b)) = 0],
10 u? u?

where x Ny = {a,b} and 0,2 € X. If we define I ) def {b € Xp2| (za,02(a) + 0,2(b)) =1}
that will satisfy the requirement of Corollary 5.6 for € = %, therefore it holds that Uy (Xy U

X)) < L{I(on’l’m(z\,’o Uiy < %. As Lll(z)l(A) > 272k we can apply the contrapositive of
Lemma 5.7 (as suggested in the beginning of the proof), which guarantees that A is d(k)-
labeled.

Let us construct a protocol satisfying the promise of our theorem. We will use an effi-
cient randomized mapping of any (z,y) € Xz to (z/,y') ~ Z/{(n 1) then feed (@',y') to the

original protocol S, hoping that the pair will fall into a §(k)- labeled rectangle. Let D be the

(n; 2+)(

distribution over [n] satisfying D(j) = of Uy.1 ' (Xj). Consider the following protocol S’

1. Alice chooses jg ~ D. If jo > 3log< 31(2)) then the protocol stops and returns no
answer. Otherwise Alice sends to Bob jg lexicographically first elements from z, denoted
by (21,..,2j,)-

2. Bob sends to Alice any two indices i and 72, such that I, dof {:EZ} % \{xi,, @i, } and y are
disjoint, followed by jy lexicographically first elements from y, denoted by (y1, .., yj,)-
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3. Let i3 and 44 be any two indices, such that I, o {yi 30:1 \ {¥is, ¥i, } and x are disjoint,
denote # & (U Iy) \ L.

4. Alice and Bob use public randomness to choose a random permutation p over the
elements of X,2.

5. Alice and Bob run the protocol S on the input (p(Z), p(y)). Let A be the rectangle
defined by S, where (p(Z), p(y)) belongs. If there exists no pair {a # b} C y, such that
Pr 1 (AD [{a,b} C x] > §(k), then the protocol stops and returns no answer; otherwise

let (a/,b’) be any such pair.

6. If {p‘l(a’), p‘l(b/)} C x Ny then the protocol outputs those two elements. Otherwise
the protocol returns no answer.

It is clear that the protocol is O-error and its communication cost is O (k + jo - logn) C
(0] (k: +log%(n/ 7)) Let us calculate the probability that an answer is produced.

Consider an “idealized” protocol S”, similar to S’ but having no halting condition in
stage 1 (i.e., S” continues to run regardless of the value of jy). Define the following events
characterizing behavior of S”:

- E; is the event that in the stage 5 of S” a pair (a/,b’) has been chosen and {p~*(a’), p~1 (V') }

zNy.

- F» is the event that jy < 3log ( V?’(Slé)) and F occurs.

- Ej3 is the event that jyo < 3log (ﬁ/ﬁq’;(i)), (a/,b') has been chosen and {p~'(a’), p~* (V) } C
rNy.

Obviously, the probability that S’ is successful is equal to the probability that E3 occurs.
Event FE; occurs if { (p(Z),p(y)) belongs to a d(k)-labeled rectangle ] and [ for some
{a’,b'} C y it holds that Pr 1 (AD [{a,V'} Cx] > o(k) ] and [ {0} C }, denote
(1)

these events by F; ", E§2) and E§3), respectively. Note that since p is a uniformly random

permutation and jo ~ D, it holds that (p(Z), p(y)) ~ 1(2;1%), and so Pr [Eil)] > <5. By the

definition of a d(k)-labeled rectangle, Pr [EP‘E%U] > % Clearly, Pr [E@‘Eig)] > (k).
Therefore, Pr [E;]| > 7'155(5).
Event E5 occurs if E7 occurs and jy < 3log (%), therefore

- 5(k) . 312 - 5(k)
Pr{Fp] > 717 —br []0 > 3log <7-5(k)>} z 7312 ’

~

where the second inequality follows from Claim 3.1.
Finally, F3 occurs if Fy occurs and the points p~!(a’) and p~1(V’) belong to x Ny. Given
Jjo, the randomized mapping of (x,y) to (p(Z), p(y)) produces a uniformly random instance

according to L{l(z;lz +)(Xj). Moreover, the two elements of z Ny are mapped to uniformly

17
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random elements of p(Z) N p(y). Therefore, the probability that {p~'(a’), p™* (b))} =z Ny

is equal to 1/(]20) > % But E5 guarantees that j; < 3log (%), and so Pr [E3|E2] €

Q (l/log2 (75;(@) > Given that §(k) € Q (k—12), we obtain Pr [E3] € Q (W)

The protocol S’ is 0-error, so we can repeat it several times in order to get an answer
with probability at least W. B heorem 5.4

5.3 Solving ]51(71)1 is expensive

It is not hard to see that a protocol of communication cost k& can solve DISJ, only with
probability O (%) In this section we will prove the following generalization of this statement.®

Theorem 5.8. Let t € o(y/n), then any 0-error protocol of cost k € Q2 (tlogn) solving ]Sgnx)]
w.r.t. Z/{l(z;f) can succeed with probability O ((%)t)

Proof of Theorem 5.8. Let S be a 0-error protocol of cost k solving P}n) w.r.t. Lll(;“f) with

X 1
probability pgt). Let us define pl(-t)

(ns7)

from z Ny when (z,y) ~ 1% .

for ¢ > t to be the probability that S outputs ¢ elements

Proposition. There exists an absolute constant ¢, such that for t <i < 5 it holds that

t
t) - k AT ST W ()
D, _max{<n> ,<1+n 1 1 Dif1 (-

The proposition implies the theorem, as follows. Let n be sufficiently large such that
t+ 50 < 5. Iffor any i, t <i <+ 57, it holds that pgt) < (%)t then let iy be the smallest

value like that and pgt) < (1 + %)io_t pl(-? €0 ((%)t> Otherwise

n_ tgrp—1 t . t
() < % 2¢ck ' Z+1—t. (t) < Hi:lZ ﬁ
b _<1+n H 141 pt+ﬁ_2nt+ﬁ -GO n ’
i=t j=g 417

as required.

Now we prove the proposition. Let ¢g > t be such that pl(-? > (1 — ioil) pl(-?Jrl and

pl(-? > (%)t, our goal is to show that pgé) < (1 + %k) (1 — H%) pgﬁl. Let m & n2 — 10,
consider the following public coin protocol S’ running on input (2/,’), such that 2/ C [m],
|2’ | =n/2 — i, ¥ C [m], |y| =n —io.

1. Let x|, ety {j}?;m_1 and y|, dof y'U {j};imﬂ. Alice and Bob use public randomness
to choose a random permutation p over the elements of [n?].

2. Alice and Bob run the protocol S on the input (p(z(), p(y))). If S does not outputs
t elements then S’ refuses to answer. Otherwise if the ¢t produced elements belong to
p({jlm < j <n?}) then S outputs 0, else S’ refuses to answer.

5We believe that this theorem might be of independent interest.
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Let us assume that we know that either (z/,y) € Xp or (2/,y') € X; and our goal is to

distinguish the two cases. In the first case the pair (p(z(), p(y})) is distributed according to

Lll(z;lio) and S” outputs 0 with probability pgé). In the second case the pair (p(z(), p(y()) is

distributed according to Z/ll(" 0+ and S’ outputs 0 with probability pgz)Jrl : (Zf) / (iozrl) =

i0+1
that can be viewed as an argument towards (z’,y’) € Xj.

Define D as the uniform distribution over the domain of S’. Then D(Xy) > % (by analogy
to Claim 3.1), and the whole situation satisfies the requirements of Lemma 5.2 for ai; = % and
ag = 1. The lemma implies that for § = some absolute constant ¢y and any rectangle
A it holds that

(1 -t > PE?H We know that the former is higher than the latter, and so if S’ outputs 0

_1
3000°
D(ANX;) > 8- D(AN Xy) — 270", (21)

Let I € N and S} be a protocol that runs S” as a subroutine ! times and outputs 0 if all
the instantiations of S’ return 0 (otherwise S; refuses to answer). Denote by Ep the event

l
that S outputs 0. If (2/,3') € Xy then Ey occurs with probability (pi-?) if (o)) € Xy

!
then Ejy occurs with probability ((1 — ) . pgé)Jrl) . Therefore,

Zo+1

1
Pr [Xp and Ey| > 3 <pz(§)>

I
t (®)
Pr [X; and Ep] < ((1 - m) 'pio+1> -

Suppose that S uses s uniformly distributed random bits. For any r € {0,1}", let S}(r) be
the deterministic protocol obtained from S] by using the bits of 7 instead of the random bits.
Note that Sj(r) is a protocol of communication cost kl, therefore it partitions the domain

into rectangles AY), e ,Ag,;)l. Let B be the set of all Agr)—s on which S/(r) outputs O.
Let

and

® l

def 1. Pig
ﬁ(l) o 3 1— t . (t) ’
o1 ) Pig+1
then
%. > D(ANXy) =Pr[X; and Eo| > (1) - Pr[X; and Ep = 62— > D(ANX).
AeB AeB

Let 1% Eacp [D (AN X)) and B' < {4 € B\D(Amxg) > 41 Then

> D(AnXxy) > ZDAOX ZDAHX)z ZDAnX)
AeB’ AEB A€eB AeB’

and there exists Ay € B’ satisfying %D (Ao N Xy) > D (Ag N Xy).
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It holds that

k‘tl

—kl—tllogn—2
5ok ol 2 7

®)'
>L.Pr[X andE]><pi0) >
K=o Lo 0l = 5T om

and D (Ag N Xy) > & > 27F~ttloen=3 G5 (21) leads to

%.D(AOQXO) ZD(AQOXI) Zé'D(A(]ﬂXO)—Q_CO'"7
2 2
270N > §——— | -D(AgNXy) > |6 — — ,2—191—1tllogn_37
- ( 6(l)> (401 %0) 2 < 5(l)>
2
§ — = < ol(k+tlogn)+3—con
B() —

Recall that k£ € Q(tlogn), so there exists an absolute constant ¢; that guarantees that
ol(k+tlogn)+3—con % as long as [ < 7. Consequently,

Ao g(amy L b
525( > 3 (1—2-011())'17%)“ 7

which implies that for some absolute constant c,

() k (t)
pZO S c j plo S 1 + %7
1t ).p,0 1— —t_).p,0 n
o+l ) Pig+1 iot1 ) Pig+1
as required. B rheorem 5.8

5.4 Lower bound on the classical 2-way communication complexity of P(™

Claim 5.9. Solving P\™ in the classical 2-way setting with bounded error requires a protocol

of cost ) (\;‘%).

Proof of Claim 5.9. Assume that a protocol S of communication cost k € o(n) solves p®)
with error bounded by ﬁ.
Then Lemma 5.3 implies that there exists a protocol S” of communication cost O (k) that

solves P(En) for some X w.r.t. Lll(;“f )
By Theorem 5.4 there exists a protocol S” of communication cost O (k: + 10g2(n)) solving

]5§Z)1 in O-error setting w.r.t. Z/{l(;“f ) with probability (

with probability % and error bounded by 10%.

S
nk2log?(n) ) ’

Choose t = 2, Theorem 5.8 implies that S” can succeed only with probability O (M) ,

’ﬂ2
1/4 .
therefore k € Q) (\7/‘10/@), as required. B iim 5.9
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6 Conclusions and further work.

The protocol described in Section 4 together with Claim 5.9 imply Theorem 1.1.

It would be interesting to strengthen this result. Is it possible to find a functional problem
that requires exponentially more expensive protocol in R than in Q!? How about simulta-
neous protocols?

In other words, give a separation that would logically imply as many results mentioned
in the Introduction as possible.
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