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ab cdded feddcfghbi fejc hk klhj ge m c nopqn nr stusqvnt hw gxcdc hk l gckg gxlg flb fxcfy zxcgxcd l
ih{cb kgdhbi hk l fejczedj ew gxc fejc | ed dlgxcd wld wde} gxc fejc | m~ dcljhbi eb�~ l febkglbg
b�}mcd ew k~}me�k ew gxc kgdhbi � �efl��~ �ckglm�c �ejck ����k� zcdc �dkg c���hfhg�~ kg�jhcj m~
�e�jdchfx lbj ��jlb ��� lbj khbfc gxcb wcz febkgd�fghebk ew ���k zcdc k�iickgcj ��cc ��� wed lb
c�gcbkh{c k�d{c~ ew gxekc febkgd�fghebk� �
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� cb��lkkkeb lbj ��jlb �¿� k�iickgcj �khbi gxc gcbked �dej�fg e� cdlgheb wed gxc febkgd�fgheb
ew ���k � � h{cb gze �hbcld fejck

R, C
| gxchd gcbked �dej�fg

R ⊗ C
febkhkgk ew l�� } lgdhfck zxekc

dez k ldc fejczedjk ew
R

lbj zxekc fe��}bk ldc fejczedjk ew
C
� �w

R
lbj

C
ldc �e fl��~ gckglm�c |

zc ze��j �hyc
R ⊗ C

ge m c �e fl��~ gckglm�c � � cb��lkkeb lbj ��jlb k�iickgcj �khbi gxc we��ez hbi
gckg wed gckghbi gxc gcbked �dej�fg

R ⊗ C
�

��� ��� 	
���
� ���� �xeekc l dlbje} dez �ed fe��}b� lbj lffc�g h� hg hk l fejczedj ew
R

�
C
| dck� cfgh{c�~ � �

�b edjcd ge kg�j~ gxc febjhghebk �bjcd zxhfx
R ⊗C

hk �e fl��~ gckglm�c | � cb��lkkeb lbj ��jlb
hbgdej�fcj gxc begheb ew �dem�kg� gcbked �dej�fg � �xc gcbked �dej�fg

R ⊗ C
hk klhj ge m c dem�kg

hw wed c{cd~ } lgdh�
M

gxlg hk wld wde}
R ⊗ C

hg xe�jk gxlg gxc dez k lbj fe��bk ew
M

ldc wld wde}
R

lbj
C

dck� cfgh{c�~� �g hk beg xldj ge kcc gxlg hw m egx
R

lbj
C

ldc �e fl��~ gckglm�c lbj
R⊗C

hk
dem�kg gxcb

R ⊗ C
hk �e fl��~ gckglm�c �

�xhk ih{ck dhkc ge gxc ��ckgheb hb zxhfx flkck gxc gcbked �dej�fg hk dem�kg � � cb��lkkeb lbj
��jlb } lblicj ge kxez gxlg gxc gcbked �dej�fg ew gxdcc fejck ed }edc �

C1⊗C2⊗C3⊗. . .
� hk dem�kg

�bjcd l } edc icbcdl� begheb ew dem�kgbckk � a k wed gxc gcbked �dej�fg ew gze fejck | hg zlk �de{cb
gxlg wed gze h}�edglbg flkck gxlg gxc gcbked �dej�fg hk dem�kg � �xc flkc ew � ccj��e�e}eb fejck
�gxhk hk gxc mh{ldhlgc �ez jcidcc gckg ew �e�hkxfx�y lbj ��hc�} lb ���� | lbj gxc flkc ew �k}eegx�
���� fejck ��� � �b ljjhgheb | �l�� �l�hlbg il{c lb c�l}��c ew fejck zxekc gcbked �dej�fg hk beg
dem�kg ��� | lbj xhk c�l}��c zlk c�gcbjcj hb ��� �

�b gxhk begc zc xhix�hixg l fe}}eb gxc} c hb l�� ew gxekc �l�cdk � �c emkcd{c gxlg l�� �deewk ew
dem�kgbckk kxldc l fe}}eb �deew kgdlgci~| zxhfx zc fl�� ��xc � cfglbi�c � cgxej� lbj febkhkgk ew
febkgd�fghbi l � �ldic dcfglbi�c� � �xhk ih{ck dhkc ge gxc ��ckgheb ew zxcgxcd gxhk kgdlgci~ hk fe}��cgc
� gxlg hk | flb hg l�zl~k m c �kcj ge �de{c dem�kgbckk � �c lbkzcd gxhk ��ckgheb �ekhgh{c�~| m~ kxez hbi
gxlg l � �ldic dcfglbi�c� flb mc febkgd�fgcj wed c{cd~ dem�kg gcbked �dej�fg �

�c } lyc gxc beglgheb dc��hdcj ge febghb�c gxc jhkf�kkheb hb �cfgheb � � �c jckfdhm c gxc
dcfglbi�c } cgxej lbj e�d dck��gk hb jcglh� hb �cfgheb � | lbj �de{c e�d dck��gk hb �cfghebk � lbj � �
�c dc{hcz gxc �deew gxlg gxc c� hkgcbfc ew l � �ldic dcfglbi�c� h}��hck dem�kgbckk hb �cfgheb � �
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R, C
jcbegc mhbld~ �hbcld fejck z hgx m�e fy �cbigxk

m, n
lbj dc�lgh{c jhkglbfck

δR, δC

� 'ed lb~
gze mhbld~ kgdhbik

x, y
�
|x| = |y|

� | zc jcbegc m~
δ(x, y)

gxc (tnqs)*t + l}} hbi jhkglbfc m cgzccb
xlbj

y
� �xc �cbked � dej�fg

R ⊗ C ⊆ {0, 1}n·m hk gxc �hbcld fejc gxlg febkhkgk ew l�� gxc mhbld~
n × m

}lgdhfck zxekc dez k ldc fejczedjk ew
R

lbj zxekc fe��}bk ldc fejczedjk ew
C
�

'ed lb~ mhbld~
n × m

}lgdh�
M

zc jcbegc m~
δ(M)

gxc (tnqs)*t jhkglbfc ew
M

ge
R ⊗C

| lbj
m~

M
gxc fejczedj ew

R ⊗ C
bcldckg ge

M
� �c l�ke jcbegc m~

δ
dez

(M)
gxc l{cdlic dc�lgh{c
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jhkglbfc ew l dez ew
M

ge
R
| lbj jc�bc

δfe� kh} h�ld�~� ' hbl��~| zc jcbegc m~
ρ(M)

gxc l{cdlic ew
δ
dez

(M), δfe�(M)
| gxlg hk

ρ(M) =
δ
dez

(M) + δfe�(M)

2�xc gdh{ hl� emkcd{lgheb gxlg
δ
dez

(M) ≤ 2ρ(M)
lbj

δfe�(M) ≤ 2ρ(M)
z h�� m c �kcw�� �lgcd �

�c kl~ gxlg
R ⊗ C

hk
α� �� ����

hw wed c{cd~
M

hg xe�jk gxlg
ρ(M) ≥ α · δ(M)

� �c l�ke jcbegc
m~

MR

gxc } lgdh� gxlg hk emglhbcj m~ dc��lfhbi clfx dez ew
M

z hgx gxc bcldckg fejczedj ew
R
|

lbj jc�bc
MC

kh} h�ld�~�
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� de ewk wed dem�kgbckk ew

R ⊗ C
�k�l��~ ie l�ebi gxc we��ez hbi �hbc � �xc~ �dkg �de{c gxlg gxcdc

c� hkgk l febkglbg
α0

k�fx gxlg wed c{cd~ } lgdh�
M

gxlg klghk�ck
ρ(M) < α0

| gxc } lgdhfck
MR

lbj
MC

lidcc eb l �ldic dcfglbi�c � �xlg hk | wed c{cd~ } lgdh�
M

k�fx gxlg
ρ(M) < α0

gxcdc c� hkgk
kcgk

U ⊆ [m]
|
V ⊆ [n]

|
|U | > (1 − δR)m

|
|V | > (1 − δC)n

| k�fx gxlg
MR

lbj
MC

lidcc eb c{cd~
feedjhblgc hb

U ×V
� �xc ldi�} cbg gxcb �kck l ybezb �de� cdg~ ew gcbked �dej�fgk | lkkcdghbi gxlg

hw
MR

lbj
MC

lidcc eb l k�fx l �ldic dcfglbi�c | gxcb
ρ(M) ≥ 1

8
δ(M)

�'ed fe}��cgcbckk | l �deew
ew gxhk wlfg hk ih{cb hb �cfgheb �� � �xc febf��kheb hk gxlg

R ⊗ C
hk

α
�dem�kg wed

α = min{α0,
1

8
}
�

�b gxhk begc zc �de{c gxlg gxhk kgdlgci~ hk �fe}��cgc� 
 gxlg hk | hg flb l�zl~k �de{c gxc dem�kgbckk
ew

R ⊗ C
| �de{hjcj gxlg

R ⊗ C
hk hbjccj dem�kg � �c �de{c gxhk m~ kxez hbi gxlg hw gxc fejc hk

dem�kg lbj l }lgdh�
M

xlk {cd~ k} l��
ρ(M)

| gxcb gxcdc c� hkgk l �ldic dcfglbi�c eb zxhfx
MR

lbj
MC

lidcc �
�e k�}}ldh�c | febkhjcd gxc we��ez hbi gze febjhghebk eb l gcbked �dej�fg ew fejck �
¿� �xcdc c� hkgk l febkglbg

α0

k�fx gxlg wed c{cd~ } lgdh�
M

gxlg klghk�ck
ρ(M) < α0

gxcdc c� hkg
kcgk

U ⊆ [n]
|
V ⊆ [m]

k�fx gxlg
MR

lbj
MC

lidcc eb c{cd~ feedjhblgc hb
U × V

| zxcdc
|U | > (1 − δC)n

|
|V | > (1 − δR)m

�
� � �xcdc c� hkgk l febkglbg

α
k�fx gxlg

R ⊗ C
hk

α
�dem�kg �

�g hk l ybezb wlfg gxlg gxc �ebjhgheb ¿ h}��hck �ebjhgheb � | lbj gxc �deewk ew dem�kgbckk �k�l��~
zedy m~ �de{ hbi gxlg gxc gcbked �dej�fg klghk�ck �ebjhgheb ¿| lbj gxcb febf��jc gxlg �ebjhgheb
� xe�jk � �xc �ekkhm �c be{c�g~ ew gxhk begc hk gxlg zc �de{c gxlg �ebjhgheb � h}��hck �ebjhgheb ¿|
ke gxc~ ldc c��h{l�cbg �

�c �de{c gxlg �ebjhgheb � h}��hck �ebjhgheb ¿ hb �cfgheb � � 'ed gxc klyc ew fe}��cgcbckk | zc
l�ke dc{hcz gxc �deew gxlg �ebjhgheb ¿ h}��hck �ebjhgheb � hb �cfgheb �

�xc c��h{l�cbfc m cgzccb gxc febjhghebk xe�jk l�ke zxcb
α0

lbj
α
ldc k�m�febkglbgk � �xc c�lfg

��lbglgh{c dc�lgheb hk gxlg �ebjhgheb ¿ z hgx
α0

h}��hck �ebjhgheb � z hgx
α = min

{

α0,
1

8

} | lbj
gxlg �ebjhgheb � z hgx

α
h}��hck �ebjhgheb ¿ z hgx

α0 = 1

6
δRδCα

�
�
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�c z h�� m cihb z hgx dc{hcz hbi gxc we��ez hbi �kcw�� hbc��l�hg~ � 'ed c{cd~ gze }lgdhfck

M1, M2

zc
xl{c gxlg

ρ(M1) ≤ ρ(M2) + δ(M1, M2)
�¿�

�bc��l�hg~ ¿ dck��gk wde} l{cdlihbi gxc gze we��ez hbi hbc��l�hgck �

δ
dez

(M1) ≤ δ
dez

(M2) + δ(M1, M2)
���

δfe�(M1) ≤ δfe�(M2) + δ(M1, M2)
���

�c z h�� eb�~ �de{c �bc��l�hg~ � | lbj gxc �deew ew �bc��l�hg~ � hk kh} h�ld � �bc��l�hg~ � we��ez k m~
l���~ hbi gxc �k�l� gdhlbi�c hbc��l�hg~ ew jhkglbfck wed clfx dez kc�ldlgc�~| jcglh�k we��ez �

'ed c{cd~
1 ≤ i ≤ n

zc jcbegc m~
M i

1

lbj
M i

2

gxc
i
�gx dez ew

M1

lbj
M2

dck� cfgh{c�~� � hgx
l k�hixg lm�kc ew beglgheb | zc jcbegc m~

δR(M i)
gxc dc�lgh{c jhkglbfc ew gxc

i
�gx dez ew

M
ge

R
|

lbj m~
δ(M i

1
, M i

2
)
gxc dc�lgh{c jhkglbfc m cgzccb gxc

i
�gx dez k ew

M1

lbj
M2

� �c bez xl{c gxlg

δ
dez

(M1) =
1

n

n
∑

i=1

δR(M i

1
)

≤
1

n

n
∑

i=1

[

δR(M i

2
) + δ(M i

1
, M i

2
)
]

=
1

n

n
∑

i=1

δR(M i

2
) +

1

n

n
∑

i=1

δ(M i

1
, M i

2
)

= δ
dez

(M2) + δ(M1, M2)

�xhk fe}��cgck gxc �deew ew �bc��l�hg~ ¿�
�c } cbgheb gxlg �bc��l�hg~ ¿ ~hc�jk gxc we��ez hbi �kcw�� febf��kheb �

���� � 	
	 �o( t*t(r � qs()

M � t �q*t

ρ(MR) ≤ 3ρ(M)

ρ(MC) ≤ 3ρ(M)

���� � �c �de{c eb�~ wed
MR

�

ρ(MR) ≤ ρ(M) + δ(M, MR) = ρ(M) + δ
dez

(M) ≤ ρ(M) + 2ρ(M) = 3ρ(M)

� xcdc gxc �dkg c��l�hg~ hk j�c ge gxc jc�bhgheb ew
MR

�
�

�
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�c �de{c gxlg hw

R⊗C
hk dem�kg gxcb wed c{cd~ } lgdh�

M
zxekc dez k lbj fe��}bk ldc f�ekc cbe�ix

ge
R

lbj
C
| gxcdc c� hkgk l �ldic dcfglbi�c eb zxhfx

MR

lbj
MC

lidcc � �xc �deew �defccjk hb gze
kgc�k � �c �dkg kxez gxlg

M = MR = MC

�kcc ��lh} � �¿� � �c gxcb kxez gxlg gxhk h}��hck gxc
c� hkgcbfc ew l �ldic dcfglbic �kcc ��lh} � ��� � �xc hjcl hk gxlg

M = MR = MC

h}��hck gxlg
MRlbj

MC

}�kg m c {cd~ f�ekc ge
M

� �x�k
MR

lbj
M

}�kg lidcc eb }lb~ dez k | lbj
MC

lbj
M}�kg lidcc eb }lb~ fe��}bk � �c flb gxcdcwedc fxeekc gxc dcfglbi�c ge m c gxc hbgcdkcfgheb ew gxc

dez k eb zxhfx
MR

lbj
M

lidcc z hgx gxc fe��}bk eb zxhfx
MC

lbj
M

lidcc �

�� �
 � 	
	 ��

R ⊗ C
)u

α �(ov�us	 s� t(t t
 )usu q po
usq
 s
α1

u� p� s�qs � o( t*t(r � qs()

M � )s�

ρ(M) < α1

	 � t �q*t s�qs
M = MR = MC �

��(s� t(� o(t	 � t pq
 p� oou t
α1 = 1

6
δRδCα �

���� � ����ekc gxlg
R ⊗ C

hk
α
�dem�kg wed ke} c febkglbg

α > 0
� �c �dkg kxez gxlg gxcdc c� hkgk

l febkglbg
α1 > 0

k�fx gxlg
ρ(M) < α1

h}��hck gxlg
M = MR

� �g flb mc kxezb kh} h�ld�~ wed
M = MC

| lbj m~ fxeekhbi
α1

ge m c k} l�� cbe�ix zc z h�� emglhb
M = MR = MC

zxcbc{cd
ρ(M) < α1

� �e | lkk�} c gxlg
ρ(M) < α1

wed ke} c febkglbg
α1

gxlg z h�� m c fxekcb �lgcd � �c xl{c
gxc we��ez hbi �

δ(M, MR) ≤ δ(M, M) + δ(M, MR) + δ(MR, MR)

= δ(M) + δ
dez

(M) + δ(MR)

≤
1

α
ρ(M) + 2ρ(M) +

1

α
ρ(MR)

≤
1

α
ρ(M) + 2ρ(M) +

3

α
ρ(M)

=

(

2 +
4

α

)

· ρ(M)

<

(

2 +
4

α

)

· α1

� xcdc gxc �dkg c��l�hg~ �kck
δ(M, MR) = δ

dez
(M)

�m~ jc�bhgheb ew
MR

� | gxc kcfebj hbc��l�hg~
�kck

δ
dez

(M) ≤ 2ρ(M)
lbj

ρ(M) ≥ αδ(M)
|
ρ(MR) ≥ αδ(MR)

��~ gxc
α
�dem�kgbckk ew

R⊗C
� lbj

gxc gxhdj hbc��l�hg~ �kck
ρ(MR) ≤ 3ρ(M)

�'lfg � �¿� � �ez | hw zc fxeekc
α1

k�fx gxlg (

2 + 4

α

)

α1 ≤

δR⊗C = δRδC

| zc kxl�� emglhb gxlg
M = MR

wed lb~ }lgdh�
M

k�fx gxlg
ρ(M) < α1

� �egc gxlg
fxeekhbi

α1 = 1

6
δRδCα

klghk�ck (

2 + 4

α

)

α1 ≤ δR⊗C

�
�
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 	 ��
R ⊗ C

)u
α�(ov�us	 s� t
 � o( t*t(r � qs()


M
s�qs uqs)u� tu

M = MR = MC

q
�
ρ(M) < 1

3
αδRδC

	 s� t(t t
 )us u tsu
U ⊆ [n]

	
V ⊆ [m]

u� p� s�qs
MR

q
�
MC

q� (tt o
 t*t(r poo(�)
qst
)


U × V
	 q
�

|U | > (1 − δC)n
	
|V | > (1 − δR)m �

�



���� � �cg
M

mc k�fx gxlg
M = MR = MC

lbj
ρ(M) < 1

3
δRδCα

� �c ybez gxlg

δ(MR, M) = δ(MR, MR) = δ(MR) ≤
1

α
ρ(MR) ≤

3

α
ρ(M) < δRδC

zxcdc gxc �dkg hbc��l�hg~ �kck
ρ(MR) ≥ α · δ(MR)

lbj gxc kcfebj hbc��l�hg~ �kck
ρ(MR) ≤ 3ρ(M)�m~ 'lfg � �¿� �

'�dgxcd}edc | c{cd~ dez ew
MR

lbj c{cd~ dez ew
M

ldc fejczedjk ew
R
| lbj gxcdcwedc c{cd~

dez ew
MR

hk chgxcd c��l� ge gxc feddck� ebjhbi dez ew
M

ed gxc~ jh�cd eb lg �clkg
δR

�wdlfgheb ew
gxc feedjhblgck � �g we��ez k gxlg
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