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Abstract

We consider the problem of testing graph expansion (either vertex or edge) in the bounded
degree model [2]. We give a property tester that given a graph with degree bound d, an expansion
bound «, and a parameter € > 0, accepts the graph with high probability if its expansion is more

than «, and rejects it with high probability if it is e-far from a graph with expansion o with
2
degree bound d, where o/ < « is a function of a. For edge expansion, we obtain o/ = Q(%),

. . 2 . . . .
and for vertex expansion, we obtain o’ = (%). In either case, the algorithm runs in time
X (1w /242

n

o(

—=——) for any given constant y > 0.

1 Property Testing of Expansion

We are given an input graph G = (V, E) on n vertices with degree bound d. Assume that d is a
sufficiently large constant. Given a cut (S,S) (where S = V' \ S) in the graph, let E(S,S) be the

number of edges crossing the cut. The edge expansion of the cut is % The edge expansion
of the graph is the minimum edge expansion of any cut in the graph. The vertex expansion of the

EX

cut is \T|I’ where 0 is the set of nodes in S that are adjacent to nodes in S. The vertex expansion
of the graph is the minimum vertex expansion of any cut in the graph.

Hereafter, when we use the term “graph”, we are only concerned with graphs having degree
bound d. We are interested in designing a property tester for expansion (either edge or vertex). The
graph is represented by an adjacency list, so we have constant time access to the neighbors of any
vertex. Given parameters, a > 0 and € > 0, we want to accept to all graphs with expansion greater
than «, and reject all graphs that e-far from having expansion less than o/ < « (where o/ is some
function of ). This means that G has to be changed at end edges (either removing or adding) to
make the conductance at least .

This problem was first defined by Goldreich and Ron [2], where an approach was described
towards designing the required property tester. They proposed an algorithm, but their analysis
relied on an unproven combinatorial conjecture. Our algorithm uses the same ideas as their paper,
but we use algebraic techniques to prove different combinatorial results which suffice to complete the
analysis. Progress towards this was made by Czumaj and Sohler [1], where the obtained a property

tester for vertex expansion with o/ = O( using combinatorial techniques. Independently,
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we obtained the improvement o/ = @(3‘—;) for vertex expansion and o/ = @(%2) for edge expansion
using algebraic techniques.

*Part of this work was done when the author was at Princeton University.
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However, the first version of this paper could only prove that the tester rejects graphs that are ¢
far from any graph of expansion o/ with degree bound 2d, rather than degree bound d. This revised
version of the paper gives a small modification to the earlier paper that improves the degree bound
to d. We recently found out that independently, the degree bound improvement was also obtained
by Nachmias and Schapira [3] using a combination of our techniques in the earlier paper and those
of Czumaj and Sohler.

Consider the following slight modification of the standard random walk on the graph: starting
from any vertex, the probability of choosing any outgoing edge is 1/2d, and with the remaining
probability, the random walk stays at the current node. Thus, for a vertex of degree d’ < d, the
probability of a self-loop is 1 — d'/2d > 1/2. This walk is symmetric and reversible; therefore, its
stationary distribution is uniform over the entire graph. Thus, the conductance of a cut (S, S) in the
graph is exactly its expansion divided by 2d. The conductance of the graph, @4, is the minimum
conductance of any cut in the graph. We design a property tester for expansion.

The tester is given two parameters ® and €. The tester must (with high probability) accept if
®g > ® and reject if G is e-far from having ®¢ > c®? (for some absolute constant ¢). Our tester is
almost identical to the one described in [2]. Now we present our main result:

Theorem 1.1 Given any conductance parameter ®, and any constant p > 0, there is an algo-
. . . . (I4p)/2 . . . .
rithm which runs in time O(™ o 122?) log(l/a)) and with high probability, accepts any graph with
degree bound d whose conductance is at least ®, and rejects any graph that is e-far from a graph of

conductance at least Q(®?) with degree bound d.

In our bounded degree graph model, the following easy relations hold:
edge expansion = conductance/2d,

(vertex expansion)/2 > conductance > (vertex expansion)/2d.

Using these relations, we immediately obtain property testers for vertex and edge expansion for
a given expansion parameter o by running the property tester for conductance with parameter
® = a/2d, and we get the following corollary to Theorem 1.1:

Corollary 1.1 Given any expansion parameter o, and any constant p > 0, there is an algorithm

: s d>n(1H1)/2 Jog(n) log(1/¢) . . . .

which runs in time O( o2 ) and with high probability, accepts any graph with degree

bound d whose expansion is at least a, and rejects any graph that is e-far from a graph of expansion at
o

least o/ with degree bound d. For edge expansion, o/ = Q(%-), and for vertex expansion, o/ = Q(z‘—j)

2 Description of the Property Tester

We first define a procedure called VERTEX TESTER which will be used by the actual tester.

VERTEX TESTER
Input: Vertex v € V.
Parameters: { = 2Inn/®? and m = 2n(1+#)/2,

1. Perform m random walks of length ¢ from s.
2. Let A be the number of pairwise collisions between the endpoints of these walks.

3. The quantity A/("}) is the estimate of the vertex tester. If A/("}) > (1+2n"*)/n, then output
Reject, else output Accept.




Now, we define the actual property tester.

CONDUCTANCE TESTER
Input: Graph G = (V, E).
Parameters: t = Q(e7!) and N = Q(log(e71)).

1. Choose a set S of ¢ random vertices in V.
2. For each vertex v € S:

(a) Run VERTEX TESTER on v for N trials.

(b) If a majority of the trials output Reject, then the CONDUCTANCE TESTER aborts and
outputs Reject.

3. Output Accept.

3 Proof of Theorem 1.1

Let us fix some notation. The probability of reaching u by performing a random walk of length I
from v is pévu. Denote the (row) vector of probabilities pi),u by ﬁvl. The collision probability for a
random walk of length [ starting from v is denoted by ~;(v) = Zv(piw)Q. Let 1 denote the all 1’s
vector. The norm of the discrepancy from the stationary distribution will be denoted by A;(v):

Ny(w)? =7 = T/n)> =Y (0l —1/n)? =) () — 1/n=") —1/n

ueV ueV

Since [ will usually be equal to ¢, in that case we drop the subscripts (or superscripts). The
relationship between A(v) and 7(v) is central to the functioning of the tester. The paramater A(v)
is a measure of how well a random walk from s mixes. The parameter v(v) is something that can
be estimated in sublinear time, and by the relationship, allows us to test mixing of random walks
in sublinear time. The following is basically proven in [2]:

Lemma 3.1 The estimate of v(v), viz. A/(g”), provided by the VERTEX TESTER lies outside the
range [(1 —2n~=")y(v), (1 + 2n~ ")~ (v)] with probability < 1/3.

Proof: For every i < j < m, define a 0/1 random variable X;; which is 1 iff the ith and jth
walks share the same endpoint. Let A = Z ; Xig the total number of pairwise collisions. Note that

E[X;;] = v(v) and E[A] = v(v)('}). We now bound the variance var(A).
Note that X;; and X}, are independent when {4, j} and {k,l} are disjoint. For clarity, we will
denote ('y) by M. Set X;; = X;; — v(v).

var(A) = — (v M) ]
= Z XZJ)Q]
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Since X;; and X, are independent, E[X;; X ;] = E[X;;]E[X /] = 0. The product X;; X, is 1
iff the ith, jth, and kth walks end at the same vertex, and the probability of that is ), pgvu. Using

the Cauchy-Schwartz inequality, we can show that )", p;rf,u < ~(v)3/2. We know that v(v) > 1/n
and M is chosen to be larger than n. Therefore y(v)M > 1 and

var(A) < y(0)M +4(y(0)M)*? < 5(v(0)M)*?
By Chebyschev’s inequality, for any & > 0,
Pr{lA = y(v)M] > k(v(0)M)*/*] < 1/k?
Since y(v) > 1/n and M > Q(n!*H),
(V@) M)** < nTH Ay (0)M

since m = 2n+M/2 Choosing k = 2, the bound above shows that the estimate provided by the
VERTEX TESTER, viz. A/M, lies outside the range [(1 — 2n~*/*)y(v), (1 + 2n~#/*)y(v)] with prob-
ability < 1/4. O

For clarity of notation, we set o = n~*/4. We now have the following corollary:

Corollary 3.2 The following holds with probability at least 1/3. Let v € S, the random sample
chosen by the CONDUCTANCE TESTER. If y(v) < (1 + o)/n, then the majority of the N trials of
VERTEX TESTER run on v return Accept. If y(v) > (14 60)/n, then the majority of the N trials
of VERTEX TESTER run on v return Reject.

This is an easy consequence of the fact that we run N = Q(log(¢~!)) trials, by an direct appli-
cation of Chernoff’s bound and using Lemma 3.1. We are now ready to analyze the correctness of
our tester.

First, we show the easy part. Let M denote the transition matrix of the random walk. The top
eigenvector of M is 1. We will also need the matrix L = I — M, which is the Laplacian (I denotes
the identity matrix). The eigenvalues of L are of the form (1 — A), where A is an eigenvalue of M.

Lemma 3.3 If & > @, then the CONDUCTANCE TESTER accepts with probability at least 2/3.

Proof: Let Ag be the second largest eigenvalue of M. It is well known (see, e.g., [4]) that
Mg <1—0%/2 <1—®2/2. Thus, we have for any v € V, if €, denotes the row vector which is 1
on coordinate v and zero elsewhere,
) S 7 2012

1Py = 1/nl|* = [I(€, —1/n)M"|
1€, — T/n|*N&
(1 _ @2/2)4<I>’2 Inn
1/n?.
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The second inequality follows because €, — f/ n is orthogonal to the top eigenvector 1. As a result,
A(v)? < 1/n? and y(v) < (1 + 0)/n for all v € V. By Corollary 3.2, the tester accepts with
probability at least 2/3. ]

We now show that if G is e-far from having conductance Q(®?), then the tester rejects with
high probability. Actually, we will prove the contrapositive : if the tester does not reject with high



probability, then G is e-close to having conductance Q(®?2). Call a vertex s weak if y(v) > (1+60)/n,
all others will be called strong. Suppose there are more than 2—15611 weak vertices. Then with high
probability, the random sample S chosen by the CONDUCTANCE TESTER has a weak vertex, since
the sample has Q(¢~!) random vertices. Thus, the CONDUCTANCE TESTER will reject with high
probability.

Let us therefore assume that there are at most %671 weak vertices. Now, we will show that end
edges can be added to make the conductance (®2). We need a few useful lemmas first.

Lemma 3.4 Consider a set S C V of size s < n/2 such that the cut (S,S) has conductance less
than 6. Then, for any integer | > 0, there exists a node v € S such that Aj(v) > (24/5)71(1 — 46)".

Proof: Denote the size of S by s (s < n/2). Let us consider the starting distribution p’ where:

[ 1/s veS
Pr=Y0 wves

Let @ = p— f/n Note that tM*! = ﬁMl—f/n. Let 1 =X > Ag--- > A, > 0 be the eigenvalues of
M and f1, fo, -, fn be the corresponding orthogonal unit eigenvectors. Note that f; is the 1/y/n.
We can represent 4 = ), o f;. Here, a1 = 0, since @ -1 = 0.

12
20%2 = |ullz
i

Taking the Rayleigh quotient with the Laplacian L:

@'Li = @' Ii—4d Mi

L2
= [lll3 - > i
i

On the other hand, using the fact that the conductance of the cut (S, S) is less than &, we have
1

1 5
ST )
u Li = ;Mij(ui—u]‘) < 2(5ds><ﬁ><$_2 = -

Putting the above together:

S n

If \; > (1—406), call it heavy. Let H be the index set of heavy eigenvalues, and L the index set of
the light ones. Since ), a?)\; is large, we expect many of the a; corresponding to heavy eigenvalues
to be large. This would ensure that the starting distribution p’ will not mix rapidly. We have

1-6 1
ZO&?)\Z—FZOZ?)\Z > 5 —E.
i€H i€L




Setting & = Y,y o2

1-0 1
2_x)(1—46 S—
x—l—(zi:al x)( ) > . -
We therefore get:
1 1 1-96 1
45x+<———>(1—45) > - —
s n S n
- 3 1
- 22
4s n
> L > 9 (1)
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We note that @M! =", ;AL f;. Thus,

lam'3 = Y afxy
%

> Y e
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1

> —(1—46)%
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So ||[aM’|| > 2\/5(1 40)

Now, note that @ = 1% (€, — %), and hence aM' = 1% _(e,M' — %) Now, é,M! — L

n
is the discrepancy vector of the probability distribution of the random walk starting from v after [

steps. Thus, by Jensen’s inequality, we conclude that

1 o 1 l
- > — (1 —49)".
A 2 A > 51— 40
veS
Hence, there is some v € S for which A;(v) > (2¢/5)71(1 — 46)". O

Lemma 3.5 Consider sets T C S C V such that the cut (S,S) has conductance less than §. Let
IT| = (1—6)|S|. Assume 0 < 6 < %. Then, for any integer I > 0, there exists a node v € T such

that Ay(v) > L2201 — 45,

Proof: Let ig (resp., @r) be the uniform distribution over S (resp., T') minus % Let s and ¢t
be the sizes of S and T resp. Let ig =), aiﬁ and dr =), Biﬁ be representation of #g and up

in the basis {ﬁ, . ,ﬁb}, the unit eigenvectors of M. Note that oy = 81 = 0 since @g and tr are
orthogonal to T.
Since the conductance of S is less than §, by applying inequality (1) from Lemma 3.4, we have

that
>af> o
: "7 4s
i€l
We have
s~ gl = -~ = o < ¥
ST T T s T (1-6)s = s

(@)



Furthermore,

lds —ir|* = ) (=) = > (o —5)>

7 i€H

Using the triangle inequality ||@ — b > ||@|| — ||b]|, we get that

5 Swz. St g2 A22 1 _\/%2 (1 —2v26)2
ZGZ;{B@ > ;{ai ZGZI:{( i ﬁz) > [2\/5 \/gl > s .

Finally, reasoning as in Lemma 3.4, we get that ||dr M| > (1_227\/\/5279)(1 —6)!, and thus, by Jensen’s
inequality, there is a v € T such that Aj(v) > (1_227\/\22_0)(1 — 45)". O

Lemma 3.6 There is a partition of the graph G into two pieces, A and A := V \ A, with the
following properties:

1. |A| < Zen.
2. Any cut in the induced subgraph on A has conductance Q(®?).

Proof: We use a recursive partitioning technique: start out with A = {}. Let A=V \ A. If there
is a cut (S5,5) in A with |S| < |A|/2 with conductance less than c¢®2, then we set A := AU S, and
continue as long as |A| < n/2. Here, ¢ is a small constant to be chosen later.

We claim that the final set A has the required properties: the second one is obvious from
the construction, and as for the first one, if |[A| > 2en, then consider the cut (4, A4) in G. It
has conductance at most c®2. Now, lemma 3.5 implies (with # = 1/10) that there are at least

(1-24/1/5)
V2

%O|A| > 2—15671 nodes in A such that for all such nodes v, and for b = , we have

b
Ay(v) > —(1—4c®?)* > \/60/n
N4
for a suitable choice of ¢ in terms of p (say, ¢ = /200 suffices).
Thus, for all such nodes v, we have v,(v) = Ay(v)? + 1/n > (1 + 60)/n, which implies that all
such nodes are weak, a contradiction since there are only %an weak nodes. O

Armed with this partitioning algorithm, we are ready to present the patch-up algorithm, which
changes the graph in end edges and raises its conductance to Q(®?):

PATCH-UP ALGORITHM
1. Partition the graph into two pieces A and A with the properties given in Lemma 3.6.
2. Remove all edges incident on nodes in A.

3. For each node u € A, repeat the following process until the degree of u becomes d — 1 or d:
choose a vertex v € A at random. If the current degree of v is less than d, add the edge {u,v}.
Otherwise, if there is an edge {v, w} such that w € A, remove {v,w}, and add the edges {u, v}
and {u,w}. Otherwise, re-sample the vertex v from A, and repeat.




To implement the second step, we need to ensure that the set of nodes in A with degree less
than d or having an edge to another node in A is non-empty. In fact, we can show a stronger fact:

Lemma 3.7 At any stage in the patch-up algorithm, there are at least 1|A| > (1 — 2¢/5)n nodes
in A with degree less than d or having an edge to another node in A.

Proof: Let X C A be the set of nodes of degree at most d/2 before starting the second step, and
let Y := A\ X. Now we have two cases:

1. |X| > 1|A|: We add at most Zend edges. Thus, at most half the nodes in X can have their
degree increased to d, since %6nd < 31X %l, since | X| > (1 — 2¢/5)n. Here, we assume that
e < 1/4. Thus, at any stage we have at least 1|A| nodes with degree less than d.

2. |Y| > 4|A|: we remove at most tend edges from the subgraph induced by A. Thus, at most
half of the nodes in Y can have their (induced) degrees reduced to 0, tend < 1[Y]- 4, since
Y| > (1 —2¢/5)n. Again, we assume that ¢ < 1/4. Thus, at any stage we have at least 1|4

nodes with at least one edge to some other node in A.
Now, we prove that the patch-up algorithm works:

Theorem 3.1 If there are less than 2—15611 weak vertices, then end edges can be added or removed to
make the conductance Q(®2), while ensuring that all degrees are at most d.

Proof: We run the patch-up algorithm on the given graph. It is easy to see that at the end of
the algorithm, every node has degree bounded by d. Also, the total number of edges deleted is at
most %6’1’Ld—|— %6nd, and the number of edges added is at most %6nd. Thus the total number of edges
changed is at most end.

Now, let (5,5) be a cut in the graph with |[S| < n/2. Let S4 = SN A, and S5z = SN A. Let
m := |S|. We have two cases now:

1. |S4| > m/2: In this case, note that in the subgraph of original graph induced on A, the set Sz
had conductance at least c®?, and hence the cut (S, A\ S7) had at least 2¢®2|S z|d > c®>md
edges crossing it.

For any edge {v,w} that was in the cut (Sz, A\ S4) and was removed by the construction, we
added two new edges {u,v} and {u,w} for some u € A. Now it is easy to check that regardless
of whether u € S or u ¢ Sa, one of the two edges {u,v} and {u,w} crosses the cut (S,S).
Thus, at least c®?md edges cross the cut (S, S), and hence it has conductance at least %@2.

2. |S4] < m/2: In this case, for each node u € Sy, we chose at least d/2 random edges connecting
u to nodes in A (we disregard the chosen paired edges for now). By Lemma 3.7, and since
1S4 < 1Sal < |A| < 2en/5, the probability that for any such edge, the endpoint in A was
actually in Sz is at most

< 1/4

assuming € < 1/8.

Since |S4| > m/2, the total number of edges added to nodes in S4 is at least md/4 (again,
disregarding the paired edges). The expected number of these edges going into Sz is at most
md/16. By the Chernoff-Hoeffding bounds, the probability that more than md/8 randomly
chosen edges lie completely in S is less than n~2(md) < 1 /3n™FLif we assume d is at least a
large enough constant.



Taking a union bound over all sets of size m (the number of which is at most n™), and then
summing over all m, we get the with probability at least 2/3, none of these events happen,

and thus at least at least md/8 edges cross the cut (S, S). Therefore, the conductance of this
cut is at least 1/16 > Q(®?), since ¢ < 1.
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