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pq rssts utssruvwqx utyr wz z{wy vt | r }~��} }� ������}� w� v�rsr wz { vrzv v�{v u�ru�z ��rv�rs
{ xw�rq zvswqx wz { utyr�tsy � ts �{s �st� v�r utyr � |� sr{ywqx tq�� { utqzv{qv q��|rs t�
z��|t�z t� v�r zvswqx � �t�r��{v � tsr �sruwzr��� { utyr wz �t u{��� vrzv{|�r w� v�rsr r� wzvz
{q {�xtswv�� � u{��ry v�r �rsw�rs � v�{v ��rq xw�rq ts{u�r {uurzz vt { xw�rq zvswqx � � {�rz {
utqzv{qv q��|rs t� ��rswrz vt v�r ts{u�r � {uur�vz w� v�r zvswqx wz { utyr�tsy {qy sr� ruvz
� wv� �wx� �st|{|w�wv� w� wv wz �{s �st� v�r utyr � �tyrz � wv� sr�{vry �r{v�srz �rsr w���wuwv��
utqzvs�uvry �ts v�r �szv vw� r {z �{sv t� v�r r�tsvz vt �st�r v�r ur�r|s{vry ��� v�rtsr� �
|�v zwqur v�rq v�r qtvwtq t� �t u{��� vrzv{|�r utyrz �{z | rrq srutxqw�ry {z wqvrsrzvwqx |� wvz
t�q swx�v �zrr � r �x �� ����� �  �¡�¢�£ �  ��¤ � ¥�¦§¨ �
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¸�r ��� v�rtsr� �p�¹º � p»¼��¹º§ wz tqr t� v�r � {� ts {u�wr�r� rqvz t� �t���r� wv� ¸�rts��
p ��� ��st|{|w�wzvwu{��� ��ru�{|�r �stt� ¨ wz { �stt� v�{v {��t� z u�ru�wqx v�r �{�wy wv� t� {
u�{w� |� sr{ywqx tq�� { utqzv{qv q��|rs t� z��|t�z t� v�r �stt� � ¸�r ��� v�rtsr� {zzrsvz
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v�r r� wzvrqur t� ���z t� � t��qt� w{� �rqxv� �ts {q� u�{w� v�{v u{q |r zv{vry {z � r�|rsz�w�
wq {q NP zrv � ¸�r v�rtsr� �{z �t�qy �{q� {���wu{vwtqz � �tzv qtv{|�� wq rzv{|�wz� wqx �t�rs
|t�qyz �ts {��st� w� {vwtq {�xtswv�� z �

¸�r ywzut�rs� t� ���z t� � t��qt� w{� �rqxv� � | rwqx sr� {s�{|�r |� wvz t�q swx�v � s{wzrz
v�r q{v�s{� ��rzvwtq t� �t� �tqx z�t��y { �stt� | r vt rq� t� �t u{� vrzv{|w�wv�� ¡{�wqx z�tsvrs
�t u{��� vrzv{|�r �stt�z {�zt {�ruvz v�r �{swt�z {���wu{vwtqz t� ���z � ¸�wz utqzwyrs{vwtq
�tvw�{vrz v�r ywsruv zv�y� t� �t u{� vrzv{|w�wv�� {qy v�r {�t�qv t� sry�y{qu� wv sr��wsrz �
»¸�z {sr { q{v�s{� vtt� �ts z�u� zv�y��

�qr �tvw�{vwtq �ts zv�y�wqx »¸�z zvr� z �st� v�r zvs�uv�sr t� � tzv ��� utqzvs�uvwtqz �
� z�{���� { ��� z�zvr� �ts { xw�rq u�{w� wz utqzvs�uvry |� rqutywqx v�r �stt�z t� v�r u�{w�
�zwqx { z� ruw{� z�qv{� � ¸�wz z�qv{� {��t� z u�ru�wqx v�{v { zvswqx wz { �{�wy �stt� �zwqx {
utqzv{qv q��|rs t� ��rswrz � �st�wyry v�{v v�r zvswqx �t��t� z v�{v z�qv{� �

�q tsyrs �ts z�u� z�qv{� vt | r �zr��� � wv �z�{��� �{z vt �{�r v�t {yywvwtq{� �st� rsvwrz �
� wszv � v�r �rsw�u{vwtq �stury�sr z�t��y |r {|�r vt sr� ruv zvswqxz v�{v {sr �{s �st� �t��t� wqx
v�r z�qv{� �zwqx tq�� { utqzv{qv q��|rs t� ��rswrz � �rutqy � v�r z�qv{� z�t��y �{�r rssts�
utssruvwtq u{�{|w�wvwrz � wq tsyrs vt {��t� v�r �rsw�u{vwtq �st ury�sr vt ��quvwtq ��rq wv wz xw�rq
{uurzz vt zvswqxz v�{v {sr u�tzr vt �t��t� wqx v�r z�qv{� � ��w�r qtv �t��t� wqx wv rqvwsr��� »t u{���
¸rzv{|�r �tyrz {sr v�r � tzv zw� ��r t|� ruvz v�{v � tzzrzz v�r |tv� t� v�tzr �st� rsvwrz � {qy �r
u{q v�rsr�tsr �t� r v�{v { | rvvrs �qyrszv{qywqx t� »¸�z � w�� �r{y vt | rvvrs utqzvs�uvwtqz t�
���z � ��sv�rs� tsr � �r r�� ruv utqzvs�uvwtqz t� »¸�z vt |r ��u� zw���rs v�{q utqzvs�uvwtqz
t� ���z � zwqur »¸�z {sr qtv sr��wsry vt {��t� �stt� u�ru�wqx �

pqtv�rs � tvw�{vwtq �ts v�r zv�y� t� »¸�z wz v�{v »¸�z u{q |r �wr�ry {z v�r �ut�|w�
q{vtsw{� ut�qvrs�{svz� t� ���z � � �w�r ���z {sr �ut���r� wv� v�rtsrvwu� t|� ruvz v�{v {sr
�t u{��� vrzv{|�r � »¸�z {sr ut�|wq{vtsw{� t|� ruvz v�{v {sr �t u{��� vrzv{|�r � �wqur ut�|wq{�
vtsw{� t|� ruvz vrqy vt | r zw���rs v�{q ut���r� wv� v�rtsrvwu tqrz � �r {x{wq � {� r�� ruv v�r
utqzvs�uvwtq t� »¸�z vt |r zw� ��rs v�{q v�r utqzvs�uvwtq t� ���z �

	
�� ��� ��
� »¸�z �rsr �szv z�zvr� {vwu{��� zv�ywry |� �t�ysrwu� {qy ��y{q �����§ �
¸�r utqzvs�uvwtq t� »¸�z v�{v {u�wr�rz v�r z� {��rzv {�t�qv t� sry�y{qu� �{z xw�rq |�  rq�
�{zztq {qy ��y{q � ��¤§ � ¸�rws utqzvs�uvwtq �wr�yz { utyr v�{v rqutyrz

k
|wvz t� wq�ts� {vwtq

wqvt
k · poly (log k)

|wvz � ¡t�r�rs � v�r �rsw�rs t� v�rws utqzvs�uvwtq tq�� sr� ruvz zvswqxz v�{v
{sr �{s �st� v�r utyr � wv� �st|{|w�wv� t�

1/ poly (log k)
� ¸�wz �w� wv{vwtq �{z �{w�ry �{vrs

|� ¥wq�s �¥�¦§ ��t � |� {����wqx �rs x{� {���w�u{vwtq vru�qw��r vt v�r utqzvs�uvwtq t�
� ��¤§ � w��st�ry v�r sr� ruvwtq �st|{|w�wv� vt { utqzv{qv � ��w�r � {wqv{wqwqx v�r |�t u� �rqxv�
t�

k · poly (log k)
� �ts { z�s�r� t� v�r �sr�wt�z utqzvs�uvwtqz t� »¸�z � �r sr�rs v�r sr{yrs

vt ���¤§ �
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��s �ts� �{z �tvw�{vry |� v�t utqzwyrs{vwtqz � ¸�r �szv utqzwyrs{vwtq wz utqursqry � wv�
v�r �{uv v�{v v�r �sr�wt�z utqzvs�uvwtqz t� »¸�z rwv�rs �zr ���z {z { |�w�y wqx |�tu� � ts
ywsruv�� w���� { utqzvs�uvwtq t� ���z �r �x � ����� �  ��¤§¨ � �q utqvs{zv � ��rq v{�wqx v�r
�wr� t� �ruvwtq ì�ì� tqr � wx�v r�� ruv vt �{�r utqzvs�uvwtqz t� »¸�z v�{v {sr utqzwyrs{|��
�r{�rs v�{q v�tzr t� ���z � ¸��z � �r �t��y �{�r �w�ry vt �{�r { utqzvs�uvwtq v�{v yt rz qtv
sr�� tq ���z {qy ��sv�rs� tsr ytrz qtv xw�r swzr vt utqzvs�uvwtqz t� ���z �

�



¸�r tv�rs utqzwyrs{vwtq wz utqursqry � wv� v�r �{uv v�{v v�r �sr�wt�z utqzvs�uvwtqz t�
»¸�z {sr �rs� {�xr|s{wu � �q �{svwu��{s � v�r utqzvs�uvwtq t� � ��¤§ �zrz { �rs� �r{�� {�xr|s{wu
� {u�wqrs�� r�rq ut��{sry vt v�r {�xr|s{wu � {u�wqrs� ut��tq wq v�r ��� �wvrs{v�sr � {qy
wvz {q{��zwz wz ��wvr ut���wu{vry � p zw���rs utqzvs�uvwtq � t� { ut�|wq{vtsw{� q{v�sr � �t��y
�{�r |rrq �sr�rssry �

�q v�wz �{�rs �r xw�r { utqzvs�uvwtq v�{v {u�wr�rz | tv� v�r {|t�r xt{�z � ��s utqzvs�uvwtq
wz ��sr�� ut�|wq{vtsw{� {qy ytrz qtv �zr ���z {z { |�w�y wqx |�t u� � �r {�zt | r�wr�r v�{v wv
ytrz qtv ywsruv�� w���� { utqzvs�uvwtq t� ���z � ��s utqzvs�uvwtq � {vu�rz v�r �{s{�rvrsz
t� v�r | rzv �qt�q utqzvs�uvwtq t� � ��¤§ {qy �¥�¦§ �

����� ����� � z�{���� tqr �{qvz utqzvs�uvwtqz t� utyrz vt | r r���wuwv � ¸�{v wz � v�rsr z�t��y
|r {q r� uwrqv {�xtswv�� v�{v xrqrs{vrz v�r rqutywqx ��quvwtq t� v�r utyr �ts wq�qwvr�� � {q�
�rzz{xr �rqxv�z � ¸�r utqzvs�uvwtq t� � ��¤§ {qy �¥�¦§ {u�wr�rz v�wz qtvwtq t� r���wuwvqrzz �
��s utqzvs�uvwtq � �t�r�rs � tq�� � {q{xrz vt {u�wr�r { �r{�rs qtvwtq t� r���wuwvqrzz � ¸�{v wz �
�r tq�� �{�r { � 	~���
}
��
� {�xtswv�� v�{v xrqrs{vrz v�r rqutywqx ��quvwtq t� v�r utyr ��ts
wq�qwvr�� � {q� �rzz{xr �rqxv�z¨ � {qy v�wz {�xtswv�� �{� rss � wv� zt�r qrx�wxw| �r �st|{|w�wv��
�q u{zr v�{v v�r {�xtswv�� rssz � v�r rqutywqx ��quvwtq wv xrqrs{vrz � wx�v qtv utqzvwv�vr {
xtty utyr � ts � wx�v utqzvwv�vr { utyr v�{v wz qtv �t u{��� vrzv{|�r �

�r zvsrzz v�{v r�rq { ut���rvr�� qtq�r���wuwv utqzvs�uvwtq t� »¸�z v�{v {u�wr�rz xtty
�{s{�rvrsz �t��y �{�r | rrq �{��{|�r � ¸�r sr{ztq wz v�{v � ��w�r wq v�r u{zr t� � {q� ut� �
|wq{vtsw{� t|� ruvz �z�u� {z r��{qyrs xs{��z {qy r�vs{uvtsz¨ � tqr u{q �zr { zw���r ut�qvwqx
{sx��rqv vt xw�r { �rs� xtty qtq�r���wuwv utqzvs�uvwtq � v�wz wz qtv v�r u{zr �ts »¸�z � ¸�{v
wz � wq v�r u{zr t� »¸�z � { zw���r ut�qvwqx {sx��rqv ytrz qtv z�t� v�r r� wzvrqur t� »¸�z �
srx{sy�rzz t� v�r �{s{� rvrsz � �q v�wz srx{sy �r �rqvwtq v�{v � {��� {q {qy ��y{q ����¦§
�{�r srurqv�� z�t�ry v�{v s{qyt� �wqr{s utyrz � wv� �rs� � tts s{vr {sr �t u{��� vrzv{|�r � ��w�r
�zwqx { �rs� zt��wzvwu{vry {q{��zwz �

�r {�zt � rqvwtq v�{v v�r utqzvs�uvwtq t� �����§ {u�wr�rz r�{uv�� v�r z{� r qtvwtq t�
r���wuwvqrzz {z t�s utqzvs�uvwtq � v�t�x� v�r rssts �st|{|w�wv� t� v�rws �st|{|w�wzvwu {�xtswv��
wz | rvvrs v�{q t�sz �
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��s utqzvs�uvwtq utqzwzvz t� v�t � {wq zvr�z � ��wu� {sr {q{�txt�z vt v�r utqzvs�uvwtqz t�
� ��¤§ {qy �¥�¦§ � �q v�r �szv zvr� �r xw�r { utqzvs�uvwtq v�{v {u�wr�rz |�t u� �rqxv� t�
k ·poly (log k)

� ��rs� ut���r� wv� t�
poly (log k)

{qy sr� ruvwtq �st|{|w�wv� t�
1/ poly (log k)

� �q
v�r zrutqy zvr� �r sry�ur v�r ��rs� ut���r� wv� vt { utqzv{qv {qy {���� v�r x{� {���w�u{vwtq
vru�qw��r t� �¥�¦§ vt {���w�� v�r sr� ruvwtq �st|{|w�wv� vt { utqzv{qv �  r�t� �r xw�r { st�x�
z�rvu� t� v�r vru�qw��rz �zry wq v�r �szv zvr� t� t�s utqzvs�uvwtq � ��w�r v�r zrutqy zvr�
�t��t� z �¥�¦§ ��wvr u�tzr���
� ���
� ���� �q v�wz zruvwtq �r � {�r r�vrqzw�r �zr t� utywqx v�rts� vrs� wqt�tx�� ¸�r
sr{yrs wz sr�rssry vt �ruvwtq � �ì �ts {q t�rs�wr� t� v�wz vrs� wqt�tx��

����� � �� 	
�� �� �r | rxwq t�s utqzvs�uvwtq |� wqvsty�uwqx v�r qtvwtq t� ��tyr � wv�
�stt� � ��� �¨� ��wu� �{z w���wuwv wq zt� r �sr�wt�z utqzvs�uvwtqz ������ �  �¡�¢�£ �  ��¤§¨ �

�



¸�r qtvwtq t� �� � wz { xrqrs{�w�{vwtq t� v�r qtvwtq t� »¸� wq ��wu� � wq {yywvwtq vt v�r
vrzvry zvswqx � v�r �rsw�rs wz xw�rq ts{u�r {uurzz vt { ��stt� zvswqx� � ¸�r �stt� zvswqx u{q |r
v�t�x�v {z xw�rq |� {q �qvs�zvry �st�rs v�{v vswrz vt utq�wqur v�r �rsw�rs vt {uur�v v�r zvswqx
{z { utyr�tsy � �qv�wvw�r��� utqzvs�uvwqx { �� � z�t��y |r r{zwrs v�{q utqzvs�uvwqx { »¸� �
| ru{�zr �r u{q �zr v�r �stt� zvswqx wq t�s �{�ts � ��w�r »¸� u{q |r zrrq {z v�r z� ruw{� u{zr
t� �� � ��rsr v�r �stt� zvswqx wz r��v�� p utqzvs�uvwtq t� { �� � � wv� z�tsv utyr�tsyz
{qy z�tsv �stt�z u{q v�rq |r vs{qz�ts� ry vt { z�tsv »¸� � wv� zw� w�{s �{s{�rvrsz �zwqx {
�qt�q sry�uvwtq �zrr � r �x �� ����� � �ru � ¤§ {qy � �¡�¢�£ � �ru � £ �ì§¨ � ¸��z � �r u{q �tu�z
tq utqzvs�uvwqx { �� � � wv� xtty �{s{�rvrsz �

�r zvsrzz v�{v � ��w�r v�r qtvwtq t� �� � wz u�tzr�� sr�{vry vt ���� wv yt rz qtv �qyrs� wqr
t�s xt{� t� utqzvs�uvwqx »¸�z � wv�t�v ��� �{u�wqrs�� ¸�r us�uw{� y w�rsrqur wz v�{v ��w�r
{ xrqrs{� ��� z�zvr� z�t��y |r {|�r vt �st�r {q� NP �u�{w� � { �� � wz tq�� r�� ruvry vt
�st�r v�r � r�|rsz�w� t� { zvswqx wq { z� ruw�u utyr �

�� ��
�� �� �����
��� �� ��s utqzvs�uvwtq wz {q wvrs{vw�r tqr � {qy wz zw� w�{s wq q{v�sr
vt v�r � wx��{x utqzvs�uvwtq t� r��{qyrs xs{��z |� � rwqxt�y rv {� � ��¢� ��§ � ¸�r zv{svwqx
�twqv t� t�s utqzvs�uvwtq wz { utyr t� z� {�� � rzz{xr �rqxv� � ��wu� wz vsw� w{��� { �� �� �r
v�rq wqusr{zr v�r � rzz{xr �rqxv� t� v�wz �� � wvrs{vw�r��� �q r�rs� wvrs{vwtq � v�r �{s{�rvrsz
t� v�r �� � u�{qxr {z �t��t� z �

ì� ¸�r �rzz{xr �rqxv� wz z��{sry �
� � ¸�r s{vr {qy v�r sr�{vw�r ywzv{qur t� v�r �� � sr�{wq wqv{uv �
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s

{qy �stt� �rqxv�
m
� v�rq

C2
�{z �stt� �rqxv� (

4
2

)
· n · m = 6 · n · m

�
s{v�rs v�{q

2 · n · m {z wq �ruvwtq � �� �ì� ¡t�r�rs � v�r r�vs{ �{uvts t�
3
wz w��{vrsw{� �

� ���
� � �� � ¸�r srz��v t� � ��£§ tq�� �t�yz w�
Cs

�{z { z�� uwrqv�� �{sxr sr�{vw�r ywzv{qur
�w �r �� xsr{vrs v�{q

4

√
7
8

¨ � ¸��z � �r � w�� �{�r vt � {�r z�sr v�{v v�r sr�{vw�r ywzv{qur t�
Cswz v�{v �{sxr � ��u� sr�{vw�r ywzv{qur u{q |r {u�wr�ry �zwqx v�r ywzv{qur {����uw{vwtq � ¸�r

qrry vt �{�r utyrz t� z�u� �wx� sr�{vw�r ywzv{qur wz v�r sr{ztq ��� �r qrry vt �ts� � wv�
utyrz t�rs zt� r z�� uwrqv�� �{sxr �qwvr �r�y

F
wqzvr{y t� |wq{s� utyrz �

� �� �� 	
���
� �	 ��� ����
� ��
�

�q v�wz z�|zruvwtq �r yrzusw| r �t� �r �tyw�� v�r s{qyt� �st� ruvwtq {qy ywzv{qur {���w� �
u{vwtq t�rs{vwtqz z�u� v�{v v�r� �srzrs�r v�r z��{sr �ts� t� v�r �� �� »rv �z �t u�z �ts qt�
tq v�r s{qyt� �st� ruvwtq t� rs{vwtq � »rv

C : F
k → F

n
|r { �� � t� { z��{sr �ts� � v�{v wz �

C = C2
s

�ts zt� r utyr
Cs : F

ks → F
ns
� ����tzr �r �{qv vt w��st�r v�r s{vr t�

C
� �� �r

�st� ruv
C

vt zt� r s{qyt� z�|zrv t� uttsywq{vrz
S ⊆ [n]

� wv wz �q�w�r�� v�{v v�{v
C|S

� w�� | r
t� { z��{sr �ts� � zwqur v�r �st|{|w�wv� v�{v v�r z�|zrv

S
� w�� �{�r v�r �ts� t� { z��{sr wz

�rs� �t� �
¸�r zt��vwtq vt v�r �st|�r� wz vt {���� s{qyt� �st� ruvwtq vt

Cs

wqzvr{y t�
C
� ¸�{v wz �

wq tsyrs vt w��st�r v�r s{vr t�
C
� �r u�ttzr { zrv

T ⊆ [ns]
�qw�ts� �� {v s{qyt� {qy v{�r

(
Cs|T

)2 vt | r t�s qr� �� �� ��r{s��� (
Cs|T

)2 wz t� { z��{sr �ts� {qy �{z { | rvvrs s{vr v�{q
C = C2

s

� ��sv�rs� tsr � (
Cs|T

)2 wz wqyrry { �� �� zwqur (
Cs|T

)2
= C|T×T

�
�r �zr v�r z{� r zt��vwtq �ts v�r ywzv{qur {���w�u{vwtq t� rs{vwtq � �q tsyrs vt w� �

�st�r v�r sr�{vw�r ywzv{qur t�
C
� �r v{�r

(DistAmp(Cs))
2 vt | r t�s qr� �� �� ¸�r utyr

(DistAmp(Cs))
2 wz t� { z��{sr �ts� {qy �{z { | rvvrs sr�{vw�r ywzv{qur v�{q

C
� ¡t�r�rs � wv wz

qtv u�r{s ��� z�t��y
(DistAmp(Cs))

2 | r { �� �� ¸�r �{� t� z�t� wqx v�{v
(DistAmp(Cs))

2

ìº



wz { �� � wz {qtv�rs qt�r�v� t� v�wz �{�rs �  r�t� �r xw�r { |swr� z���{s� t� v�wz �stt� �zrr
�ruvwtq ¤ �ts yrv{w�z¨ �

�r | rxwq |� t|zrs�wqx v�{v {���� wqx ywzv{qur {���w�u{vwtq vt { utyr�tsy t�
Cs

wz {
�wqr{s t� rs{vwtq � v�{v wz � v�rsr wz { �wqr{s ��quvwtq

A
z�u� v�{v �ts r�rs� � rzz{xr

xs ∈ F
kswv �t�yz v�{v

A (Cs(xs)) = (DistAmp(Cs)) (xs)
�r �sturry |� �wr� wqx

(DistAmp(Cs))
2 {z �t��t� z � �q tsyrs vt rqutyr { � rzz{xr

x ∈ F
k� wv�

(DistAmp(Cs))
2 � � wr� x

{z
ks × ks

�{vsw� {qy �rs�ts� v�r �t��t� wqx zvr�z �
ì� �qutyr r�rs� st� t�

x
� wv�

Cs

� ¥rqtvr v�r srz��v |�
x1
�

� � p����
A

vt r�rs� st� t�
x1
� ¥rqtvr v�r srz��v |�

x2
�

� � �qutyr r�rs� ut���q t�
x2

� wv�
Cs

� ¥rqtvr v�r srz��v |�
x3
�

£ � p����
A

vt r�rs� ut���q t�
x3
� �rv

(DistAmp(Cs))
2 (x)

vt | r v�r srz��v �
�r u�{w� v�{v �zwqx v�r �wqr{swv� t�

Cs

{qy
A
� �r u{q z� wvu� v�r tsyrs t� �vr�z � {qy � �

p �vrs z� wvu�wqx v�r tsyrs � v�r rqutywqx �stury�sr t�
(DistAmp(Cs))

2 |rut�rz �
ì� �qutyr

x
� wv�

C = C2
s

� ¥rqtvr v�r srz��v |�
x1
�

� � p����
A

vt r�rs� st� t�
x1
� ¥rqtvr v�r srz��v |�

x2
�

� � p����
A

vt r�rs� ut���q t�
x2
� �rv

(DistAmp(Cs))
2 (x)

vt | r v�r srz��v �
¸��z �

(DistAmp(Cs))
2 (x)

wz t|v{wqry |� {���� wqx
A

�{q� vw� rz vt �{svz t�
C(x)

� �r qr�v
z�t� v�{v { �rsw�rs t�

(DistAmp(Cs))
2 u{q vrzv { u{qywy{vr utyr�tsy |� r���{vwqx v�r

�rsw�rs t�
C
� � �w�r �r ut��y �st�r v�r �{vvrs u�{w� ywsruv��� z�u� { �stt� �t��y �{�r | rrq

��wvr ut���wu{vry � �qzvr{y � �r yr�r�t� { xrqrs{� �s{� r�ts� v�{v {��t� z �z vt xw�r { u�r{qrs
�ts���{vwtq t� v�wz {sx�� rqv �

� 	���
�� �
�� ���
� �q tsyrs vt �st�r v�{v
(DistAmp(Cs))

2 wz { �� �� �r yr�r�t� {
xrqrs{� �s{� r�ts� �ts �st�wqx z�u� u�{w� z � ¸�wz �s{� r�ts� {��t� z �z vt xw�r { zw� ��r {qy
r�rx{qv �stt� t� v�r {sx�� rqv z�rvu�ry wq v�wz z�|zruvwtq � {qy �{� |r t� wqyr� rqyrqv wqvrsrzv �
�r �szv yr�qr v�r ut��tzwvwtq t� v�t utyrz vt | r v�r ut��tzwvwtq t� v�rws rqutywqx ��quvwtqz �
{qy yr�qr { qtq�zv{qy{sy qtvwtq t� �sr� rvwvwtq utyrz� � �r v�rq r�{� wqr v�r zvs�uv�sr t�
(DistAmp(Cs))

2 {qy t|zrs�r v�{v wv u{q | r t|v{wqry |� ut��tzwqx
C

� wv� sr� rvwvwtq utyrz
{qy �rs��vwqx wvz uttsywq{vrz � � r�v � �r wyrqvw�� zt� r zw���r �st� rsvwrz z�u� v�{v ut��tzwqx
{ utyr �{�wqx v�tzr �st� rsvwrz � wv� { �� � �wr�yz { �� �� � wq{���� �r z�t� v�{v sr� rvwvwtq
utyrz �{�r v�r {�tsr� rqvwtqry �st�rsvwrz {qy utqu��yr v�{v

(DistAmp(Cs))
2 wz { �� ��

�ts { zw� ��r r�{���r t� �t� { utyr u{q |r t|v{wqry �zwqx sr� rvwvwtqz {qy �rs��v{vwtqz �
utqzwyrs v�r utyr

C ′
t� �ruvwtq � �� �� �zrr ���{vwtq ì¨ � {qy �wr� wvz utyr�tsyz {z zvswqxz t�rs

v�r {���{|rv
F

�s{v�rs v�{q
F

t+1
¨ � �|zrs�r v�{v v�r utyr�tsyz t�

C ′
u{q | r t|v{wqry |�

y���wu{vwqx v�r z��|t�z t� v�r utyr�tsyz t�
C

{qy �rs��vwqx v�rws uttsywq{vrz � p �v�t�x�
v�r �{vvrs r�{���r � {� zrr� vsw� w{� � v�r �s{� r�ts� �r yr�r�t� wq �ruvwtq ¤ {��t� z r��srzzwqx
�tsr ut���wu{vry utyrz �r �x ��

DistAmp(C)
{qy

C2
¨ {z srz��vz t� ut��tzwqx

C
� wv� sr� rvwvwtq

utyrz �

ì¹



� �� �� ��� �� �� �����
��� ��

����tzr �r � wz� vt utqzvs�uv { �� � t� � rzz{xr �rqxv�
k
� p z | r�tsr � �r zv{sv � wv� { utyr

C0

t� � rzz{xr �rqxv�
k0

� s{vr
R

{qy sr�{vw�r ywzv{qur
δ
� {qy v�rq yr�qr { zr��rqur t� utyrz

{Ci}i

�  �v � v�wz vw� r �r yt �~� sr��wsr v�{v r{u�
Ci

� w�� | r { �� �� |�v s{v�rs v�{v r{u�
C2

i

� w�� | r { �� �� �q tv�rs �tsyz � �r v�wq� t� v�r
i
�v� wvrs{vwtq {z zv{svwqx � wv� v�r �� �

C2
i

{qy �sty�uwqx v�r �� �
C2

i+1

� ¸�r utyr
Ci+1

wz t|v{wqry �st�
Ci

{z �t��t� z �

ì� »rv
C
¸�
i

def
= C2

i

� ¸�r utyr (

C
¸�
i

)2 wz { �� � � wv� srz� ruv vt v�r ��{qrz �rsw�rs �t�
�ruvwtq � �� �ì¨ �

� � »rv
C
��
i

|r v�r srz��v t� {���� wqx s{qyt� �st� ruvwtq vt
C
¸�
i

� ¸�r utyr (

C
��
i

)2 wz
{ �� � zwqur (

C
¸�
i

)2 wz { �� � �zrr ywzu�zzwtq {v v�r | rxwqwqx t� �ruvwtq � �� ��¨ �

� � �rv
Ci+1

vt | r v�r srz��v t� {���� wqx ywzv{qur {���w�u{vwtq vt
C
��
i

� ¸�r utyr
C2

i+1

wz
{ �� � zwqur (

C
��
i

)2 wz { �� � �zrr �ruvwtq � �� ��¨ �

�r qt� �{�r v�{v (

Clog logk0
k−1

)2 wz { �� � � wv� �rzz{xr �rqxv�
k
{qy � wv� v�r �{s{�rvrsz

zv{vry wq ¸{|�r ì�

�
	�� ��� �� � � ��� 
��� � � �� � ��� �
 �q �ruvwtq £ � �r {q{���r v�r v�srr |{zwu t� rs{�
vwtqz tq �� �z yrzusw| ry {|t�r � q{�r��� v�r vrqzts �sty�uv � s{qyt� �st� ruvwtq {qy ywzv{qur
{���w�u{vwtq � �q �ruvwtq ¤ � �r z�t� v�{v w� { utyr

C = C2
s

wz { �� � v�rq
(DistAmp(Cs))

2 wz
{ �� � � wv� sr�{vry �{s{�rvrsz � ¸�r ���� utqzvs�uvwtq �{z t�v�wqry {|t�r¨ wz v�rq {q{���ry
wq �ruvwtq � � �q {yywvwtq � wq �ruvwtq � �r {�zt z�t� �t� vt w��st�r v�r utqzvs�uvwtq z�u�
v�{v v�r �� �z �{�r utqzv{qv ��rs� ut���r� wv� {qy utqzv{qv sr� ruvwtq s{vwt � {qy yrsw�r
»¸�z � wv� xtty �{s{�rvrsz �st� v�tzr �� �z �

�r zvsrzz v�{v wq v�r srzv t� v�wz �{�rs �r � r{z�sr v�r s{qyt�qrzz ut���r� wv� t�
v�r �� �z s{v�rs v�{q v�rws �stt� �rqxv� � ¸��z � t�s xt{� wz utqzvs�uvwqx �� �z v�{v
�{�r s{qyt�qrzz ut���r� wv�

log k + O(log log k)
� ��wu� utssrz� tqyz vt �{�wqx �stt� �rqxv�

k poly (log k)
�

� �� �j
iokh� kh �� ��
�q v�wz zruvwtq �r xw�r �ts� {� zv{vr� rqvz {qy �stt�z t� v�r �st� rsvwrz t� v�r vrqzts �sty�uv �
s{qyt� �st� ruvwtq {qy ywzv{qur {���w�u{vwtq t�rs{vwtqz �

� ª© �®³�¯ � ¯���´µ
�q v�wz z�|zruvwtq �r {q{���r v�r ¸rqzts �sty�uv t� rs{vwtq � ��wu� �r �zr wq tsyrs vt wqusr{zr
v�r � rzz{xr �rqxv� t� t�s �� �z � ��ruw�u{��� �r �st�r v�r �t��t� wqx srz��v �
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����
�� � �� �¸rqzts �sty�uv¨ � ���
C : F

k → F
n
�� � �~�� ~� 	���

R
��� 	�}��

� �
���� ��

δ ≥ 4
√

7/8 + 1
n
	 �� �� ����

C2

� �

(q, ε, r)
����  �� ��

C4 def
= (C2)

2 
� �
(q, ε′, r′)

���� � ~	
ε′ = 2−32 · ε ���

r′ = r + log

[(
4
2

)

n2

]

= r + log

[

6 · k2

R2

]

= r + log k2 + O(log
1

R
)

� ���
� � �� � �tvr v�{v
C2

�{z � rzz{xr �rqxv�
k2
� v�{v

C4
�{z � rzz{xr �rqxv�

k4
{qy v�{v

(r′ − log k4) = (r − log k2) + log 6
R2

� ¸�{v wz � v�r vrqzts �sty�uv t� rs{vwtq wqusr{zrz v�r
yw�rsrqur | rv�rrq v�r s{qyt�qrzz ut���r� wv� t� v�r �� � {qy v�r �tx{swv�� t� wvz � rzz{xr
�rqxv� |� {q {yywvw�r vrs� t�

log 6
R2

� ¸�wz wz {q{�txt�z vt ���vw� �� wqx v�r �stt� s{vr |� {
�{uvts t� R2

6

� {z yrzusw| ry wq �ruvwtq � �� �ì �
»rv

C
|r {z wq v�r v�rtsr� �  r�tsr �r �st�r ¸�rtsr� £ �ì� �r �szv ywzu�zz v�r zvs�uv�sr

t�
C4 def

= (C2)
2 � �r v�rq yr�qr v�r �stt� zvswqxz {qy �rsw�rs t�

C4
{qy {q{���r v�r� �

� ���� ��� ��
����
� � �
C4

�tvr v�{v v�r utyr
C4

�{z |�t u� �rqxv�
n4
� �r wyrqvw�� v�r zrv t� uttsywq{vrz

[n4]
� wv�

v�r
4
�yw� rqzwtq{� ��� rsu�| r

[n]4
� �r z{� v�{v { z�|zrv

L ⊆ [n]4
wz {q �� !� ���� ��� � �!��

t� v�r ���rsu�|r w� v�rsr r� wzv
i1 6= i2 6= i3 ∈ [4]

{qy
a1, a2, a3 ∈ [n]

z�u� v�{v
L =

{
x ∈ [n]4 : xi1 = a1, xi2 = a2, xi3 = a3

} � ��
i4 ∈ [4] \ {i1, i2, i3}

� �r z{� v�{v
L

wz �{s{��r� vt
v�r

i4
�v� {� wz � �w� w�{s��� �r z{� v�{v { z�|zrv

P ⊆ [n]4
wz {q �� !� ���� ��� � � �� �� t� v�r ���rsu�|r

w� v�rsr r� wzv
i1 6= i2 ∈ [4]

{qy
a1, a2 ∈ [n]

z�u� v�{v
P =

{
x ∈ [n]4 : xi1 = a1, xi2 = a2

} � ��
i3 ∈ [4] \ {i1, i2}

� �r z{� v�{v
P

wz �{s{��r� vt v�r
i3
�v� {� wz �

�'��
��� �� »rv
c
|r { utyr�tsy t�

C4 = (C2)
2 � {qy sru{�� v�{v ��rq

c
wz � wr�ry {z {

n2×n2
�{vsw� � {�� v�r st� z {qy ut���qz t�

c
{sr utyr�tsyz t�

C2
� �|zrs�r v�{v ��rq v{�wqx

v�r �wr� t� v�r
4
�yw� rqzwtq{� ���rsu�|r � r�rs� st� �srz� ruvw�r��� ut���q¨ t� v�r � {vsw�

cutssrz�tqyz vt {q {� wz �{s{��r� � �{qr v�{v wz �{s{��r� vt v�r v�wsy {qy �t�sv� {� wz �srz� ruvw�r���
v�r �szv {qy zrutqy {� wz¨ �

�r u{q qt� �st�r v�r �t��t� wqx �{uvz �
���� � �� � ���

c ∈ C4  �� �� � ~	 �
�	� �� 
� ��	�} }�} }
� �
L ⊆ [n]4


� � ~}�� ����
c|L ∈ C 
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�ts v�r tv�rs {� wz wz zw� w�w{s �  � v�r yr�qwvwtq t�

L
� v�rsr r� wzv

a2, a3, a4 ∈ [n]
z�u� v�{v

L =
{
x ∈ [n]4 : x2 = a2, x3 = a2, x4 = a4

} � »rv
P =
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x ∈ [n]4 : x3 = a3, x4 = a4

} {qy qtvr
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P
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L
{qy wz �{s{��r� vt v�r �szv {qy zrutqy {� wz �

�t� � t|zrs�r v�{v w� �r � wr�
c
{z {q
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�{vsw� � v�rq v�r uttsywq{vrz wq

P
�ts� {

ut���q t�
c
� {qy v�rsr�tsr

c|P ∈ C2
� ��sv�rs� tsr � w� �r �wr�
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{z {q

n × n
�{vsw� � v�rq

v�r uttsywq{vrz wq
L
�ts� { ut���q t�

c|P
� {qy {sr v��z { utyr�tsy t�

C
�

�

¸�r �rsw�rs t�
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wz � tvw�{vry |� v�r �t��t� wqx �{uv �
���� � �� � � ��	
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C

�ts
O(log k)vw� rz � srz��vwqx wq { �� � � wv� ��rs� ut���r� wv�

O(1)
� sr� ruvwtq s{vwt

Ω(1)
{qy s{qyt�qrzz

ut���r� wv�
O(log k)

�  � vs{qz�ts� wqx v�wz �� � wqvt {q »¸� �¸�rtsr� � �¦¨ � �r t|v{wq {q

¤�



»¸� � wv� |�t u� �rqxv�
poly (k)

� ��rs� ut���r� wv�
O(1)

� {s|wvs{sw�� z� {�� utqzv{qv ywzv{qur
v�srz�t�y � {qy sr� ruvwtq �st|{|w�wv�

Ω(1)
�

� ª� � ´�®®´µ¶�® µ� µ ´�®³µ¯�´µ¶�® �� � ®��°³³�® °®� ���°®
¸�r utqzvs�uvwtq �srzrqvry wq v�wz �ts� �{z wqz�wsry |� v�r �ts� t�  rq��{zztq {qy ��y{q
� ��¤§ � {qy �{z t|v{wqry |� vs�wqx vt w� wv{vr v�rws utqzvs�uvwtq � wv�t�v �zwqx {�xr|s{wu
vru�qw��rz � �q tsyrs vt � {�r v�r utqqruvwtq | rv�rrq v�r v�t utqzvs�uvwtqz �tsr {��r{s{qv �
�r qrry vt �srzrqv v�r utqzvs�uvwtq t� � ��¤§ yw�rsrqv�� v�{q v�r �{� wv wz �srzrqvry wq v�rws
tswxwq{� �{�rs � �q v�wz z�|zruvwtq � �r yrzusw| r v�wz {�vrsq{vw�r �srzrqv{vwtq t� v�r utqzvs�u�
vwtq t� � ��¤§ � {qy ywzu�zz v�r zw� w�w{swvwrz {qy yw�rsrqurz | rv�rrq v�r v�rws utqzvs�uvwtq
{qy t�s utqzvs�uvwtq � �r | rxwq v�r � wv� yr�qwqx v�r � rry��t�t� tq utyr �
� ��� � �� � ��� »rv

K
yrqtvr { �qwvr �r�y � �rv

S ⊆ K
{qy �rv

d < |S| yrqtvr { q{v�s{�
q��|rs � ¸�r ����$�� ����� utyr

RSK,S,d : K
d+1 → K

|S|
wz yr�qry {z �t��t� z � ����tzr �r

� wz� vt rqutyr { �rzz{xr
a ∈ K

d+1
� wv�

RSK,S,d

� �r yr�qr v�r �t��qt� w{�
Pa(X)

def
=

∑d
i=0 aiX

i
� {qy zrv v�r utyr�tsy

RSK,S,d(a)
vt utqzwzv t� v�r r�{��{vwtqz t�

Pa

{v r{u� t� v�r
r�r� rqvz t�

S
� ¸�r sr�{vw�r ywzv{qur t�

RSK,S,d

wz
1 − d+1

|S|

�zrr ��� ì� »ruv�sr £§¨ �
¸�r srz��v t� � ��¤§ �r {sr wqvrsrzvry wq zv{vrz v�{v ursv{wq � rry��t�t�tq utyrz {sr

�� �z � ��ruw�u{���� v�r �ts� t� � ��¤§ �st�rz v�r �t��t� wqx v�rtsr� �
����
�� � �� �� ��¤ � ¸�rtsr� £§¨ � ���

K = GF(2`)
��� }��

L ⊆ K
�� �

GF(2)
�}
� ��	

�������� ~�
K  �� �� � ~	 ���

d < |L| �� � �~��
RSK,L,d


� � ��� � 
�� �� �	� �~�� }�� 
��
O(1)	 	�� ���
~� 	��
~

1/ poly (log |L|)	 	���~�� ��� �~�� }�� 
��
log |L| + O (log log |L|) ���

� 	~~� }��� �� |L| · poly (log |L|) 
�tvr v�{v |� u�ttzwqx

d = O(|L|) wq ¸�rtsr� ¦ �� � tqr xrvz { �� � � wv� v�r z{�r
�{s{�rvrsz {z v�r �� �z �r utqzvs�uvry wq ¸�rtsr� � �ì� � {�| rwv t�rs {q {���{|rv t� {
z�� rs�utqzv{qv zw�r �zwqur { � rry��t�t� tq utyr t� |�t u� �rqxv�

n
��zv | r t�rs {q {���{|rv

t� zw�r {v �r{zv
n
¨ �

¼�u� �w�r t�s � {wq utqzvs�uvwtq � v�r utqzvs�uvwtq t� ¸�rtsr� ¦ �� wz {q wvrs{vw�r utq�
zvs�uvwtq � ¸�r utqzvs�uvwtq zv{svz � wv� {q �� utyr � wv� utqzv{qv �}~�� }��� �� �s{v�rs v�{q
�rzz{xr �rqxv� ¨ � {qy wqusr{zrz v�r |�t u� �rqxv� wq wvrs{vwtqz ��w�r � {wqv{wqwqx v�r tv�rs
�{s{�rvrsz � �� ruw�u{���� wq r�rs� wvrs{vwtq �

ì� ¸�r |�t u� �rqxv� wz z��{sry �
� � ¸�r s{vr � sr�{vw�r ywzv{qur � {qy ��rs� ut���r� wv� sr� {wq v�r z{� r �
� � ¸�r �stt� s{vr {qy v�r sr� ruvwtq s{vwt {sr yrusr{zry |� { utqzv{qv �{uvts �

�tvr v�{v v�r r�ruv t� { zwqx�r wvrs{vwtq t� � ��¤§ wz �rs� zw� w�w{s vt v�r r�ruv t� { zwqx�r
wvrs{vwtq t� t�s � {wq utqzvs�uvwtq �ut��{sr v�r {|t�r �wzv vt ¸{|�r � {v v�r | rxwqwqx t�
�ruvwtq � ��¨ � ¸�r tq�� w��tsv{qv yw�rsrqur | rv�rrq v�r wvrs{vwtq t� � ��¤§ {qy t�s wvrs{vwtq

¤ì



wz v�{v t�s wvrs{vwtq wqusr{zrz v�r ��rs� ut���r� wv� |� { utqzv{qv �{uvts � ��wu� wz v�r sr{ztq
v�{v �r rqy �� � wv� { �t�� ��tx{svw�� wu ��rs� ut���r� wv��

¸�r wvrs{vwtq t� � ��¤§ {qy t�s wvrs{vwtq qtv tq�� z�{sr { zw� w�w{s r�ruv tq v�r �{s{� rvrsz �
|�v v�r� {�zt �{�r { zw� w�w{s zvs�uv�sr � �q �{svwu��{s � {q wvrs{vwtq t� � ��¤§ u{q |r yw� wyry
wqvt v�t t� rs{vwtqz �

• ¸rqzts �sty�uv � �q v�wz t� rs{vwtq � v�r utqzvs�uvwtq {�xtswv�� u�ttzrz v�t � rry�
�t�t�tq utyrz

C1

{qy
C2

���~	�
�� �~ � ��	��
� �}� ��	�
� 	� }�� ¸�r {�xtswv�� v�rq
ut���vrz v�r vrqzts �sty�uv

C1 ⊗ C2

� ��wu� wz v�r utyr ��tzr utyr�tsyz {sr v�r
� {vswurz ��tzr st� z {sr utyr�tsyz t�

C1

{qy ��tzr ut���qz {sr utyr�tsyz t�
C2

�
 rq��{zztq {qy ��y{q z�t� v�{v v�r utyr

C1 ⊗ C2

wz { �� � � wv� srz� ruv vt v�r
st� �ut���q �rsw�rs yrzusw| ry wq �ruvwtq � �� �ì� ¸�r vrqzts �sty�uv t� rs{vwtq wz �zry
wq tsyrs vt wqusr{zr v�r � rzz{xr �rqxv� {qy |�tu� �rqxv� t� v�r �� ��

• p�xr|s{wu �st� ruvwtq � �q v�wz t� rs{vwtq � v�r utqzvs�uvwtq {�xtswv�� �st� ruvz
C1 ⊗ C2vt { z�|zrv t� wvz uttsywq{vrz v�{v wz u�tzrq ���~	�
�� �~ � � ~� � 
��
����� �}� ��	�
� 	� }��

¸�r uttsywq{vrz v�{v {sr ��st� ruvry t�v� {sr �t�ry vt v�r �stt� �{sv t� v�r �� �� ¸�r
{�xr|s{wu �st� ruvwtq t�rs{vwtq wz �zry vt wqusr{zr v�r s{vr {qy sr�{vw�r ywzv{qur t� v�r
�� � |{u� vt v�r �r�r� v�r� �rsr {v | r�tsr v�r vrqzts �sty�uv t� rs{vwtq �
�q {yywvwtq vt wqusr{zwqx v�r s{vr {qy v�r sr�{vw�r ywzv{qur � v�r {�xr|s{wu �st� ruvwtq
t�rs{vwtq �{z {qtv�rs st�r � � ru{�� v�{v v�r �q{� xt{� wz t|v{wqwqx { �� � ��wu� wz {q
�� utyr � ¡t�r�rs � v�r vrqzts �sty�uv t� rs{vwtq srz��vz wq { �� � ��wu� wz qtv {q
�� utyr |�v s{v�rs { vrqzts �sty�uv t� �� utyrz � ¸�r {�xr|s{wu �st� ruvwtq t�rs{vwtq
vs{qz�ts� z v�r �� �

C1 ⊗ C2

|{u� vt { �� � ��wu� wz { �� utyr �
�r qt� ywzu�zz �r� w��tsv{qv yw�rsrqurz | rv�rrq v�r wvrs{vwtq t� � ��¤§ {qy t�s wvrs{vwtq �

• �q�w�r v�r s{qyt� �st� ruvwtq t� rs{vwtq t� rs{vwtq v�{v �r �zr � v�r {�xr|s{wu �st� ruvwtq
t�rs{vwtq wz yrvrs� wqwzvwu � ¸�wz wz v�r sr{ztq ��� v�r �� �z t� � ��¤§ {sr r���wuwv ��w�r
t�s �� �z {sr utqzvs�uvry |� { s{qyt� w�ry {�xtswv�� �

• ¸�r {�xr|s{wu �st� ruvwtq t�rs{vwtq 
� �	��� �� v�r sr�{vw�r ywzv{qur � ��w�r v�r s{qyt�
�st� ruvwtq t� rs{vwtq ���	��� �� v�r sr�{vw�r ywzv{qur � ¸�wz wz v�r sr{ztq ��� �r qrry
vt �zr v�r ywzv{qur {���w�u{vwtq t�rs{vwtq ��w�r � ��¤§ yt qtv �
�tvr v�{v v�r ywzv{qur {���w�u{vwtq wz v�r tq�� t� rs{vwtq wq t�s wvrs{vwtq v�{v wqusr{zrz
v�r ��rs� ut���r� wv�� �qyrry � v�r �zr t� ywzv{qur {���w�u{vwtq wz v�r sr{ztq v�{v t�s
wvrs{vwtq wqusr{zrz v�r ��rs� ut���r� wv� ��w�r v�r wvrs{vwtq t� � ��¤§ yt rz qtv �

• � ru{�� v�{v wq tsyrs vt z�t� v�{v v�r vrqzts �sty�uv t� rs{vwtq �srzrs�rz v�r �t u{�
vrzv{|w�wv� �w �r �� {���� wqx { vrqzts �sty�uv vt { �� � �wr�yz { �� �¨ � �r qrryry vt
�zr { srz��v t� � ��£§ � ¸�wz srz��v t� � ��£§ �tsury �z vt � {wqv{wq v�r z��{sr �ts�
v�st�x�t�v t�s utqzvs�uvwtq �zrr �ruvwtq � �� �ts yrv{w�z¨ � �q utqvs{zv � v�r {q{��zwz t�
� ��¤§ sr�wrz tq { srz��v t� �t�wz�u��� {qy ��wr�� {q ���¹£§ � ��wu� z{�z st�x��� v�{v
v�r vrqzts �sty�uv t� �� utyrz u{q |r vrzvry �zwqx v�r st� �ut���q �rsw�rs yrzusw| ry
wq �ruvwtq � �� �ì� ¸��z � v�r utqzvs�uvwtq t� � ��¤§ yt rz qtv qrry vt �srzrs�r { z��{sr
�ts� �

¤�



� ���
� � �� � �r qtvr v�{v v�r {| t�r �srzrqv{vwtq t� v�r utqzvs�uvwtq t� � ��¤§ wz �rs�
yw�rsrqv �st� v�r �srzrqv{vwtq t� v�wz utqzvs�uvwtq wq v�r �{� rs t� � ��¤§ � �q �{svwu��{s �
v�r {| t�r �srzrqv{vwtq � wr� z v�r utqzvs�uvwtq {z xtwqx �|tvvt� ���� � �st� utyrz t� utqzv{qv
|�t u� �rqxv� vt utyrz t� �{sxr |�t u� �rqxv� � ��w�r v�r �{�rs t� � ��¤§ � wr� z v�r utqzvs�uvwtq
{z xtwqx �vt��yt�q� � ��sv�rs�tsr � v�r �{� rs t� � ��¤§ yt rz qtv yw� wyr { zwqx�r wvrs{vwtq
vt v�t zr�{s{vr t� rs{vwtqz � |�v s{v�rs �wr� z v�r ��t�r wvrs{vwtq {z utqzwzvwqx t� { zwqx�r
t� rs{vwtq �
� ���
� � �� � ¸�r {|t�r �srzrqv{vwtq t� wvz zt� r w��tsv{qv vru�qwu{� yrv{w�z t� v�r utq�
zvs�uvwtq t� � ��¤§ � �q �{svwu��{s � v�r utqzvs�uvwtq t� � ��¤§ ytrz qtv �zr ¸rqzts �sty�uv �
|�v s{v�rs { �¸rqzts �sty�uv � wv� zt� r {yywvwtqz� � ¡t�r�rs � v�r utyr v�{v srz��vz �st� v�r
�¸rqzts �sty�uv � wv� zt�r {yywvwtqz� t�rs{vwtq u{q zvw�� | r �rsw�ry �zwqx v�r st� �ut���q
�rsw�rs yrzusw| ry wq �ruvwtq � �� �ì�

� ª� �² ® � ¯�� ±
 ³
�� ��� �� � ���' ����
�� �����
��� �� � � ���� � �w�r wq v�wz �ts� �r xw�r { ut� �
|wq{vtsw{� utqzvs�uvwtq t� »¸�z � t�s utqzvs�uvwtq wz s{qyt� w�ry {qy v�rsr�tsr qtv rqvwsr��
r���wuwv � � w� wqx {q r���wuwv ut�|wq{vtsw{� utqzvs�uvwtq t� »¸�z sr� {wqz {q wqvrsrzvwqx t� rq
�st|�r� �

�qr �tzzw| �r {��st{u� �ts xw� wqx z�u� r���wuwv utqzvs�uvwtq wz yrs{qyt� w�wqx t�s utq�
zvs�uvwtq � ¸�wz tq�� sr��wsrz yrs{qyt� w�wqx v�r s{qyt� �st� ruvwtq t� rs{vwtq �r �zr � �q
tsyrs vt yrs{qyt� w�r v�r s{qyt� �st� ruvwtq � tqr qrryz vt yrzwxq { yrvrs� wqwzvwu {�xtswv��
v�{v xw�rq { utyr

C
� wv� |�tu� �rqxv�

n
v�{v �{z xtty sr�{vw�r ywzv{qur � �qyz { sr�{vw�r��

z� {�� zrv
S ⊂ [n]

z�u� v�{v
C|S

�{z xtty sr�{vw�r ywzv{qur � ¥rzwxqwqx z�u� {q {�xtswv��
sr��wsrz t�rsut� wqx v�t zwxqw�u{qv t|zv{u�rz �

ì� �|zrs�r v�{v �ts r�rs� z� {�� zrv
S ⊂ [n]

v�rsr r� wzvz { utyr
C

� wv� xtty sr�{vw�r
ywzv{qur z�u� v�{v

C|S

ytrz qtv �{�r { xtty sr�{vw�r ywzv{qur � �ts r�{���r � tqr u{q
v{�r {q� �wqr{s utyr � wv� xtty sr�{vw�r ywzv{qur {qy �rs��vr wvz uttsywq{vrz z�u� v�{v
�ts zt� r z� ruw�u utyr�tsy �tzv t� v�r qtq��rst uttsywq{vrz yt qtv �{�� wq v�r zrv
S
� ¸��z � v�r u�twur t� v�r zrv

S
��zv zt� r�t� yr�rqy tq

C
� �q utqvs{zv � zv{qy{sy

yrs{qyt� w�{vwtq vru�qw��rz zrr� vt xw�r { zrv
S

v�{v yt rz qtv yr� rqy tq
C
� ��wu�

�r{qz v�{v �r qrry vt yt zt� rv�wqx qtq�zv{qy{sy {qy wqyrry
C
�yr�rqyrqv �

� � ¸�r �st|�r� t� {��st� w� {vwqx v�r sr�{vw�r ywzv{qur t� { �wqr{s utyr wz NP��{sy � ¸��z �
r�rq w� �r {sr xw�rq { zrv

S
� wv wz qtv u�r{s v�{v �r u{q u�ru� ��rv�rs

C|S

�{z { xtty
sr�{vw�r ywzv{qur � �q utqvs{zv � � {q� yrs{qyt� w�{vwtq vru�qw��rz sr��wsr v�r {|w�wv� vt
u�ru� ��rv�rs { u{qywy{vr t|� ruv wz xtty �

�v wz wqvrsrzvwqx vt qtvr v�{v v�r utqzvs�uvwtq t� � ��¤§ t�rsut�rz |tv� t|zv{u�rz |� rqz�swqx
v�{v v�r utyr vt ��wu� v�r �st� ruvwtq wz {���wry �{z { ursv{wq {�xr|s{wu zvs�uv�sr � ¸�r
utqzvs�uvwtq t� � ��¤§ v�rq �zrz v�r zvs�uv�sr t� v�r utyr vt �qy { xtty z�|zrv t� uttsywq{vrz
vt ��wu� v�r utyr u{q |r �st� ruvry � ¸��z � wv � {� |r �tzzw| �r vt yrs{qyt� w�r v�r s{qyt�
�st� ruvwtq t� rs{vwtq |� �szv u�{qxwqx t�s utqzvs�uvwtq zt v�{v v�r utyr

C
�{z { ursv{wq

ut�|wq{vtsw{� zvs�uv�sr � {qy v�rq �zwqx v�r ut�|wq{vtsw{� zvs�uv�sr vt �qy v�r zrv
S
�

¤�



��
��	 �� ����� �����' �� ����� � ru{�� v�{v { �t u{��� vrzv{|�r utyr
C

wz z{wy vt | r �� �� ��
w� wv �{z { �rsw�rs v�{v sr� ruvz ��� qtq�utyr�tsy

w
� wv� { �st|{|w�wv� v�{v wz �st�tsvwtq{�

vt v�r sr�{vw�r ywzv{qur t�
w

�st�
C

�zrr ¥r�qwvwtq ¤ �¹ �ts yrv{w�z¨ � ��s utqzvs�uvwtq yt rz
qtv �wr�y zvstqx »¸�z |ru{�zr v�r vs{qz�ts� {vwtq �st� �� �z vt »¸�z �tzrz v�r zvstqx
sr� ruvwtq �st� rsv�� ¸��z � wv sr� {wqz {q t�rq �st|�r� vt xw�r { ut�|wq{vtsw{� utqzvs�uvwtq
t� zvstqx »¸�z � �v zrr� z vt �z v�{v z�u� { utqzvs�uvwtq � w�� �{�r vt | r �rs� yw�rsrqv �st�
t�s utqzvs�uvwtq � zwqur wv � w�� qtv | r {|�r vt �zr �� �z �

�r � rqvwtq v�{v � �q�w�r utqzvs�uvwtqz t� qtq�zvstqx »¸�z � v�r | rzv �qt�q utqzvs�uvwtq
t� zvstqx »¸�z {u�wr�rz |�t u� �rqxv� t�

k1+log−1/2+ε ��ts r�rs�
ε > 0

¨ � {qy sr�wrz �r{�w�� tq
{�xr|s{ {qy ��� �{u�wqrs� �zrr ����� � �ruvwtqz � {qy ¤§¨ � ¸��z � { ut�|wq{vtsw{� utqzvs�u�
vwtq t� zvstqx »¸�z � wv� |�t u� �rqxv�
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δ
� wv� qtq��rst �st|{|w�wv�� {qy v�wz � w��

w���� v�r v�rtsr� �
� w� zt� r �rzz{xr

x ∈ F
k
� �v wz r{z� vt zrr v�{v

GV(x) = x · G wz �qw�ts� �� ywzvsw|�vry
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F
n
� ¸�r �st|{|w�wv� t�rs v�r u�twur t�

G
v�{v

C(x)
�{z �rwx�v �rzz v�{q

δ
r��{�z v�r

�st|{|w�wv� v�{v
C(x) ∈ B(0, δn)

{qy wz v�rsr�tsr {v � tzv

|B(0, δn)|
qn

≈ q(Hq(δ)+δ·logq(q−1)−1)·n = q−(R+ε)·n
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 � v{�wqx �qwtq |t�qy t�rs {�� � tzzw| �r � rzz{xrz
x ∈ F

k
� �r xrv v�{v v�r �st|{|w�wv� v�{v

GVk

ytrz qtv �{�r sr�{vw�r ywzv{qur
δ
wz {v �tzv

qk−(R+ε)·n = qR·n−(R+ε)·n = q−εn < 1

�v �t��t� z v�{v
GVk

�{z sr�{vw�r ywzv{qur
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� wv� qtq��rst �st|{|w�wv�� {z sr��wsry �

�
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�zrz v�wz t|zrs�{vwtq vt utqzvs�uv { utyr t� � rzz{xr �rqxv�
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{z �t��t� z � � wszv � �r ut���vr

v�r xrqrs{vwqx �{vsw� t� {q �� utyr t� � rzz{xr �rqxv� k
logq O(k)

t�rs {���{|rv t� zw�r
O (k)
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¸�rq � �r ut���vr v�r xrqrs{vwqx � {vsw� t� { �¢ utyr t� � rzz{xr �rqxv�

logq O (k)
� {qy

qtvr v�{v v�wz u{q | r ytqr wq vw� r �t��qt� w{� wq
k
� � wq{���� �r utqu{vrq{vr v�r v�t utyrz �

v{�wqx v�r �� utyr vt | r v�r t�vrs utyr {qy v�r �¢ utyr vt | r v�r wqqrs utyr � ¸�wz srz��vz
wq v�r �t��t� wqx �{� w�� t� utyrz �
����
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H
� rqutyrz {

�rzz{xrz
x ∈ F

k
|� v�r utyr�tsy

H(x) ∈ F
|F|k

yr�qry |�

H (x)i = 〈x, i〉 �ts r�rs�
i ∈ F

k

¸�{v wz �
H(x)

utqzwzvz t� v�r wqqrs �sty�uvz t�
x ∈ F

k
� wv� {�� v�r �ruvtsz wq

F
k
�

�q v�wz {��rqyw� �r �st�r »r��{ � ��� � ��wu� zv{vry v�{v v�r |F|�{s� ¡{y{� {sy utyr wz
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�r sru{�� v�r �rsw�rs
V

t� v�r |F|�{s� ¡{y{�{sy yr�qry wq �ruvwtq � �£ �� � �w�rq ts{u�r
{uurzz vt { ��quvwtq

f : F
k → F

� v�r �rsw�rs
V

u�ttzrz v�t �ruvtsz
x, y ∈ F

k
{qy v�t zu{�{sz

a, b ∈ F
�qw�ts� �� {v s{qyt� � {qy u�ru�z v�{v

a · f(x) + b · f(y) = f(a · x + b · y)

¸�r ��rs� ut���r� wv� {qy v�r s{qyt�qrzz ut���r� wv� t� v�wz �rsw�rs {sr t|� wt�z �st� wvz
yr�qwvwtq � �r v�sq vt {q{���r wvz sr� ruvwtq s{vwt � »rv

f : F
k → F

|r { ��quvwtq z�u� v�{v
Vsr� ruvz � wv� �st|{|w�wv�

ε < 1
6

��rq xw�rq ts{u�r {uurzz vt
f
� �r z�t� v�{v

δH(f) ≤ 2 · ε �{qy v�wz � w�� w� ��� v�r sr��wsry srz��v �
�q tsyrs vt �st�r v�{v

δH(f) ≤ 2 · ε
� �r yr�qr { �wqr{s ��quvwtq

φ : F
k → F

z�u� v�{v
δ(f, φ) ≤ 2 · ε � �ts r�rs� v�t �ruvtsz

x, y ∈ F
k
{qy zu{�{sz

a, b ∈ F
yr�qr v�r "��� �% y

�
a��� b

������ !�� ��� "� ��� �% f
��

x
|�

φy;a,b(x) = a−1 · (f(a · x + b · y) − f(b · y))

�r yr�qr
φ
|� yr�qwqx

φ(x)
vt | r v�r utssrz� tqywqx � �����!�
 "��� � v�{v wz � φ(x)

wz yr�qry vt
| r v�r �{��r

v
v�{v � {� w� w�rz v�r �st|{|w�wv�

Pry∈Fk,a,b∈F [φy;a,b(x) = v]
� �tvr v�{v wqyrry

δ(f, φ) ≤ 2 · ε � zwqur �

ε = Pr
[
V f sr� ruvz]

= Pr
x,y∈Fk,a,b∈F

[a · f(x) + b · f(y) 6= f(a · x + b · y)]

= Pr
x,y∈Fk,a,b∈F

[f(x) 6= φy;a,b(x)]

≥ Pr
x,y∈Fk,a,b∈F

[f(x) 6= φy;a,b(x) ∧ f(x) 6= φ(x)]

= Pr
x,y∈Fk,a,b∈F

[f(x) 6= φy;a,b(x)|f(x) 6= φ(x)] · Pr [f(x) 6= φ(x)]

= Pr
x,y∈Fk,a,b∈F

[f(x) 6= φy;a,b(x)|f(x) 6= φ(x)] · δ

≥ 1
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· δ

� �rsr v�r �{zv wqr��{�wv� �t��t� z �st� v�r �{uv v�{v �ts r�rs�
x ∈ F

k
� w�

Pr [f(x) = φy;a,b(x)] >
1
2

� v�rq |� yr�qwvwtq t�
φ(x)

�r ��zv �{�r
φ(x) = f(x)
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�v sr� {wqz vt �st�r v�{v

φ
wz { �wqr{s ��quvwtq � �r | rxwq � wv� �st� wqx v�{v �ts r�rs�

x ∈ F
k
wv �t�yz v�{v

Pry∈Fk,a,b∈F [φy;a,b(x) = φ(x)] ≥ 1 − 2 · ε � � w� x ∈ F
k
� {qy u{�� { �{ws t�

vsw� �rvz
((y1, a1, b1) , (y2, a2, b2)) ∈ (Fk × F × F)2

��� � w�

a−1
1 · f(b1 · y1) − a−1

2 · f(b2 · y2) = f(a−1
1 · b1 · y1 − a−1

2 · b2 · y2)
�£¨

a−1
1 · f(a1 · x + b1 · y1) − a−1

2 · f(a2 · x + b2 · y2) = f(a−1
1 · b1 · y1 − a−1

2 · b2 · y2)
�¤¨

{qy t|zrs�r v�{v �ts r�rs� z�u� { xtty �{ws t� vsw� �rvz wz wv �t�yz v�{v
φy1;a1,b1(x) = φy2;a2,b2(x)

�
�t� � qtvr v�{v �ts { �qw�ts� �� ywzvsw|�vry �{ws t� vsw��rvz � r{u� t� ���{vwtqz £ {qy ¤

�t�yz � wv� �st|{|w�wv� {v �r{zv
1 − ε

� ¸�rsr�tsr � |� {����wqx v�r �qwtq |t�qy � { �qw�ts� ��
ywzvsw|�vry �{ws t� vsw� �rvz wz xtty � wv� �st|{|w�wv� {v �r{zv

1−2·ε �  � {q {�rs{xwqx {sx��rqv �
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z�u� v�{v �ts { �qw�ts� �� ywzvsw|�vry vsw��rv

(y2, a2, b2)
v�r
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�{ws
((y1, a1, b1) , (y2, a2, b2)) ∈ (Fk×F×F)2

wz xtty � wv� �st|{|w�wv� {v �r{zv
1−2·ε � �v �t��t� zv�{v �ts { �qw�ts� �� u�tzrq

y2 ∈ F
k
{qy

a2, b2 ∈ F
wv �t�yz v�{v

Pr [φy1;a1,b1(x) = φy2;a2,b2(x)] ≥
1−2·ε > 2
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� {qy v�rsr�tsr wv �t�yz v�{v
φ(x) = φy1;a1,b1(x)

{qy
Pry∈Fk,a,b∈F [φy;a,b(x) = φ(x)] ≥

1 − 2 · ε � {z �r �{qvry �� wq{���� �rv
x, y ∈ F

k
{qy �rv

a, b ∈ F
� �r �st�r v�{v

φ(a · x + b · y) = a · φ(x) + b · φ(y)
�

�r �st�r wv |� z�t� wqx � �zwqx v�r �st|{|w�wzvwu � rv�ty � v�{v v�rsr r� wzv
z ∈ F

k
{qy

c, d ∈ Fz�u� v�{v
a · φ(x) = c−1 (φ(c · a · x + d · z) − φ(d · z))

��¨
b · φ(y) = c−1 (φ(d · z) − φ(d · z − c · b · y))

�¦¨

φ(a · x + b · y) = c−1 (φ(c · a · x + d · z) − φ(d · z − c · b · y))
�º¨

�|zrs�r v�{v w� z�u�
z
�
c
{qy

d
r� wzv v�rq wqyrry

φ(a ·x+ b · y) = a ·φ(x)+ b ·φ(y)
� zwqur v�r
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z
�
c
{qy

d
r� wzv � t|zrs�r v�{v |� z�|zvwv� wqx

z′ = z − d−1 · c · b · y � a′ = c · a{qy
b′ = c · b � v�r {|t�r r��{vwtqz {sr r��w�{�rqv vt

φ(x) = φz;a′,d(x)

φ(y) = φz′;b′,d(y)

φ(a · x + b · y) = φz′;c,d(y)
��sv�rs� tsr � t|zrs�r v�{v w�

z
�
c
{qy

d
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{qy
b′{sr �qw�ts� �� ywzvsw|�vry � ¸�rsr�tsr � �ts r{u� t� v�r v�srr �{vvrs r��{vwtqz � v�r �st|{|w�wv�

v�{v wv �t�yz �ts { �qw�ts� �� u�tzrq
z
�
c
{qy

d
wz {v �r{zv

1 − 2 · ε
�  � v�r �qwtq |t�qy �

v�r �st|{|w�wv� v�{v {�� v�r v�srr r��{vwtqz �t�y wz {v �r{zv
1 − 3 · 2 · ε > 1 − 3 · 2 · 1
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φ(a · x + b · y) = a · φ(x) + b · φ(y)
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