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poly (q(n), r(n), log n, log p(n))

Y b_q Mb^ aMN RN�r]RNq �rNRi
dQSfgNh ]aiY Rb_qQS_N^^ dQSfgNh ]aiY aMRN^MQgq b_q RNc Nda]Q_ fRQlbl]g]aij
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� ����� � � U ^ oN S N_a]Q_Nq ]_ zNS bRm � Y LMNQRNS � db_ bg^Q l N S bqN aQ MQgq `QR aMN ebR]Qr^
pN_NRbg]�ba]Q_^ Q` OPOO^ j vQoNeNR Y S Qq]`i ]_p LMNQRNS � aQ bddQS QqbaN aMQ^N pN_NRbg]�ba]Q_^
oQrgq RN�r]RN ^r]ablgN dMb_pN^ aQ ]a^ fbRbS NaNR^  {_ fbRa]drgbR Y pN_NRbg]�ba]Q_ aQ OPOO^ `QR fb]R�
gb_prbpN^ oQrgq RN�r]RN bggQo ]_p aMN eNR]~NR aQ Rr_ ]_ a]S N f Qgi_QS ]bg ]_ aMN Nhfg]d]a ]_fra Y b_q
pN_NRbg]�ba]Q_ aQ bRl]aRbRi bgfMbl Na oQrgq RN�r]RN bggQo ]_p bqe]dN gN_paM Q`

2r(n) · |Σ|q(n) j
� ����� �� � U ^ S N_a]Q_Nq ]_ zNS bRm � Y S Q^a Q` aMN q]^dr^^]Q_ ]_ aM]^ _QaN MQgq^ bg^Q `QR aMN bRNb Q`
fRQf NRai aN^a]_p j vQoNeNR Y LMNQRNS � qQN^ _Qa MQgq ]_ aMN ^ab_qbRq `QRS bg]^S Q` fRQf NRai aN^a]_p j
LMN RNb^Q_ ]^ aMba LMNQRNS � qNf N_q^ dRrd]bggi Q_ aMN f Q^argba]Q_ aMba aMN _rSlNR Q` �rNR]N^ aMba
aMN eNR]~NR S bmN^ ]^ ~hNq Y oMN_ p]eN_

|x|
j �_ aMN QaMNR Mb_q Y aMN ^ab_qbRq qN~_]a]Q_^ Q` fRQf NRai

aN^a]_p bggQo aMN _rSl NR Q` �rNR]N^ aQ qNf N_q Q_
δ (x, S)

j v QoNeNR Y ]_ b RNdN_a fbf NR Y uQgqRN]dM b_q
zQ_ TuzwX\ ^rppN^aNq aMN S QqNg Q` |ORQh]S ]ai �lg]e]Qr^ LN^a]_p} `QR fRQf NRai aN^a]_p Y ]_ oM]dM aMN
_rSlNR Q` �rNR]N^ qQ N^ _Qa qNf N_q Q_

δ (x, S)
koM]gN bggQo ]_p aMN RNc Nda]Q_ fRQlbl]g]ai aQ qNf N_q

Q_
δ (x, S)

n j LMNQRNS � db_ l N S Qq]~Nq aQ MQgq ]_ aM]^ ^f Nd]~d S QqNg Q` fRQf NRai aN^a]_p j
	
���� ������ ��� � LMN braMQR o ]^MN^ aQ aMb_m �qNq uQgqRN]dM `QR r^N`rg dQSS N_a^ Q_ qRb`a^
Q` aM]^ _QaN j
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TUZ[+WX\ Vb_c NNe URQRb Y PbR^aN_ Zr_q Y z bc NNe] [ Qaob_] Y [ bqMr Vrqb_ Y b_q [ bR]Q V�NpNqij

ORQQ` eNR]~dba]Q_ b_q ]_aRbdabl]g]ai Q` bffRQh ]S ba]Q_ fRQlgNS ^ j ������	 �� � �� Y
�� k�n �w ����� Y �WWX j ORNg]S ]_bRi eNR^]Q_ ]_ s�PV �WW� j

TU VWX\ Vb_c NNe URQRb b_q VMSrNg Vb`Rb j ORQlbl]g]^a]d dMNdmblgN fRQQ`^  U _No dMbRbdaNR]�ba]Q_
Q` _f j ������	 �� � �� ��	�� �Y �� k�n �w� ��� Y �WWX j ORNg]S ]_bRi eNR^]Q_ ]_ s�PV �WW� j

TtsZVW�\ Z�^� g� tblb] Y Zb_dN sQRa_Qo Y ZNQ_]q U j ZNe]_ Y b_q [ bR]Q V�NpNqij PMNdm]_p dQSfr�
aba]Q_^ ]_ f QgigQpbR]aMS ]d a]S N j {_ � "	�Y fbpN^ � ��� �Y �WW �j

TtuVWX\ [ ]M]R tNggbRN Y �qNq uQgqRN]dM Y b_q [ bqMr Vrqb_ j sRNN l]a^ Y f df^ Y b_q
_Q_bffRQh ]S bl]g]ai�aQobRq^ a]pMa RN^rga^ j �
�� � ! ���� ��!Y �� k�n Xw��W �� Y �WWX j

TtZzW�\ [ b_rNg t grS Y [ ]dMbNg ZrliY b_q zQ_]aa zrl]_`Ngq j VNg`�aN^a]_p�dQRRNda]_p o ]aM bffg]�
dba]Q_^ aQ _rS NR]dbg fRQlgNS ^ j � ! ���� ��! ��
�! � ��!Y �� k�n ��W��W� Y �WW� j

Tt Vuv+w�\ � g] t N_�Vb^^Q_ Y �qNq uQgqRN]dM Y ORbMgbqM vbR^Mb Y [ bqMr Vrqb_ Y b_q Vbg]g �bqMb_ j
VMQRa f df^ eNR]~ blgN ]_ f QgigQpbR]aMS ]d a]S N j fbpN^ ��w� ��� Y �ww� j

Tt Vuv+wx\ � g] t N_�Vb^^Q_ Y �qNq uQgqRN]dM Y ORbMgbqM vbR^Mb Y [ bqMr Vrqb_ Y b_q Vbg]g �bqMb_ j
zQlr^a f df^ Q` fRQh ]S ]aiY ^MQRaNR f df^ b_q bffg]dba]Q_^ aQ dQq]_p j �
�� ������	 ��
���� ���� Y �x k� n ��w� ��� Y �wwx j

Tyzwx\ {R]a y ]_rR b_q �SNR zN]_pQgq j U ^^]p_S N_a aN^aNR^  LQobRq^ dQSl]_baQR]bg fRQQ` Q`
aMN f df aMNQRNS j �
�� ������	 �� ���� ���� Y �x k� n ���� �x� Y �wwx j

TuuzWX\ �qNq uQgqRN]dM Y VMb~ uQgqob^^NR Y b_q yb_b zQ_ j ORQf NRai aN^a]_p b_q ]a^ dQ__Nda]Q_
aQ gNbR_]_p b_q bffRQh]S ba]Q_ j � ! � �� Y �� k� n x��� ��w Y �WWX j

Tuzw�\ �qNq uQgqRN]dM b_q yb_b zQ_ j ORQf NRai aN^a]_p ]_ l Qr_qNq qNpRNN pRbfM^ j � 	 ����� �
� ��� Y �� k�n �w����� Y �ww� j

TuzwX\ �qNq uQgqRN]dM b_q yb_b zQ_ j �_ fRQh ]S ]ai Qlg]e ]Qr^ aN^a]_p j  	�������� ��	 	������
�� ���� ��������	 ���� 	�� ��� � ���� Y kw� �n Y �wwX j

TuVwx\ �qNq uQgqRN]dM b_q [ bqMr Vrqb_ j ZQdbggi aN^ablgN dQqN^ b_q f df^ Q` bgS Q^a g]_NbR
gN_paM j ������	 �� � �� Y �� k� n ��X�x�� Y �wwx j ORNg]S ]_bRi eNR^]Q_ ]_ s�PV �ww� YfbpN^ ����� j

T[ N]w�\ �R [ N]R j PQSl]_baQR]bg dQ_^aRrda]Q_ Q` gQ dbggi aN^ablgN dQqN^ j  	�������� ��	 	������
�� ���� ��������	 ���� 	�� ��� � ���� Y k���n Y �ww� j

Tz VWx\ zQ_]aa zrl]_`Ngq b_q [ bqMr Vrqb_ j zQlr^a dMbRbdaNR]�ba]Q_ Q` f Qgi_QS ]bg^ o ]aM
bffg]dba]Q_^ aQ fRQpRbS aN^a]_p j �
�� ������	 �� ���� ���� Y �� k�n �������Y �WWx j
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