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Abstract
Motivated by the quantum algorithm in [MNO5] for testing comtativity of black-box groups, we
study the following problem: Given a black-box finite ridig= (r1,--- , ;) where{ry,re,--- ,r;}is
an additive generating set fét and a multilinear polynomiaf(x1, - - - ,x,,) over R also accessed as a
black-box functionf : R™ — R (where we allow the indeterminates, - - - , ., to be commuting or
noncommuting), we study the problem of testing ifs anidentity for the ring R. More precisely, the
problem is to test iff (a1, a2, -+ ,a,,) = 0forall a; € R.

¢ We give a quantum algorithm with query complexidym (1 + a)™/2k=+1) assuming: > (1 +
1/a)™*t. Towards a lower bound, we also discuss a reduction from siareof m-collision to
this problem.

e We also observe a randomized test with query compleiity. & and constant success probability
and a deterministic test witti” query complexity.

1 Introduction

For any finite ring(R, +, -) the ring R[x1, 2, - - - , x,,] IS the ring of polynomials in commuting variables
x1,T2, -+ , &y, and coefficients inkR. The ring R{z1, z2, -,z } is the ring of polynomials where the
indeterminates;; arenoncommutingBy noncommuting variables, we meap:; — z;z; # 0 fori # j.

For the algorithmic problem we study in this paper, we asstimathat the elements of the rigg, +, -)
are uniformly encoded by binary strings of lengthand R = (ry,72,--- ,7%) iS given by an additive
generating sefry,r2,- -+ ,r}. Thatis,

R = {Zairi | o; € Z}.

Also, the ring operations oR are performed by black-box oracles for addition and mudtition that
take as input two strings encoding ring elements and outpit sum or product (as the case may be).
Additionally, we assume that the zero elementrofs encoded by some fixed string. We now define the
problem which we study in this paper.

The Multilinear ldentity Testing Problem (MIT): The input to the problem is a black-box ring =

(r1,--- ,7) given by an additive generating set, and a multilinear patyial f (z1,--- ,z,,) (in the ring
R[zq,- -+ ,zy] or the ringR{xy,--- ,x,,}) that is also given by black-box access. The problem is tdftes
f is anidentityfor the ring R. More precisely, the problem is to testfifa;, as, -+ ,a,,) = 0forall a; € R.
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A natural example of an instance of this problem is the batarpolynomialf (x1, z2) = 129 — zox1
over the ringR{x1,x2}. This is an identity forR precisely whenR is a commutative ring. Clearly, it
suffices to check if the generators commute with each othahadives a naive algorithm that makegk?)
gueries to the ring oracles.

Given a polynomialf (x1, - - - , x,,) and a black-box ring? by generators, we briefly recall some facts
about the complexity of checking if = 0 is an identity forR. The problem can be NP-hard when the
number of indeterminates: is unbounded, even wheR is a fixed ring. To see this, notice that a 3-CNF
formula F(z,--- ,z,) can be expressed asdn) degree multilinear polynomiaf (z1, zo,- - - , z,) over
Fo, by writing F' in terms of addition and multiplication ovék. It follows that f = 0 is an identity forFs
if and only if F' is an unsatisfiable formula.

We remark that a closely related problem is Polynomial lidefesting @I1T). For PIT we ask whether
the polynomialf(x1,--- , z,,) is the zero polynomial, which is a stronger property. To $eedifference,
consider a standard example: For a primeotice that? — x = 0 is an identity forF, butxz? — z is not a
zero polynomial ir, [z]. However, when the ring is afield F and the degree gf is smaller than the size of
the field[F then the two problems coincide as a consequence of the Sizhidippel lemma [Sch80, Zip79].
More precisely,f = 0 is an identity forF if and only if f is the zero polynomial.

When f is given by amarithmetic circuitthenPIT is known to be in randomized polynomial time over
fields [Sch80, Zip79] and even finite commutative rings wittityi[ABO3, AMSO08]. This is quite unlike
MIT which can be NP-hard for polynomials over small fields asaalyeobserved above.

On the other hand, whehis given by black-box access as a functjpn R™ — R then there is no way
to distinguish between the problersl andMIT. Algorithmically, they coincide.

Over the years, Polynomial Identity Testing has emergedchasmportant algorithmic problem [ABO3,
K103]. Due to its significance in complexity theory|T has been actively studied in recent years [DSO06,
KS07, RS05].

In this paper we focus on tligiery complexityf multilinear identity testindMIT). In our query model,
each ring operation, which is performed by a query to the dragle, is of unit cost. Furthermore, we
consider each evaluation ¢fai, - - ,a,,) to be of unit cost for a given inputy, - - ,a,) € R™. This
model is reasonable because we considers a parameter that is much smaller than

Our goal is to find upper and lower bounds on the query comipléar the problem. We are interested
in the query complexity for both classical and quantum caiajion. The main motivation for our study is
a result of Magniez and Nayak in [MNO5], where the authorgigthe quantum query complexity of group
commutativity testing: Lefy be a finite black-box group given by a generatingeggetyo, - - - , g and group
operations are performed by a group oracle. The algorithask is to check if7 is commutative. For this
problem the authors in [MNO5] give a quantum algorithm witlery complexityO(k2/3 log k) and time
complexityO(k%/3 log? k). Furthermore & (k?/3) lower bound for the quantum query complexity is also
shown. The main technical tool for their upper bound resals & method of quantization of random walks
first showed by Szegedy [Sze04]. More recently, Magniez & fINRS07] discovered a simpler and
improved description of Szegedy’s method.

Our starting point is the observation that the Magniez-Kayesult [MNO5] for group commutativity
can also be easily seen as a commutativity test for arbifraite black-box rings. IfR = (ry,--- ,rg)isa
finite black-box ring andf is the bivariate polynomiaf (z1, z2) = 122 — z2x1 Over the polynomial ring
R{z1,x2} (x1, 22 do not commute). Testing if = 0 is an identity forR is testing if R is commutative.

It turns out that the Magniez-Nayak results can be easilptadito obtain similar upper and lower bounds
for the quantum query complexity of the problem. Motivatedthis connection we study the problem
of testing multilinear identities for any black-box ring. é/é¢rucially need the multilinearity condition to



generalize a result of Pak [Pak00] to multilinear polyndmidiven a black-box grou@r = (g1, - , gk)

by a generating set, Pak shows in [Pak00] that it sufficesug gl random subproducts of the generators
for variablesg andh in the equatioryh = hg to check for commutativity. Pak shows that for such random
subproductgih # hg with constant probability iz is nonabelian. IfR = (ry,--- ,7) is a finite black-
box ring given by an additive generating set, Pak’s resutt loa easily modified to show the following:

if we plug in random subsumef the generatorsy, - - - , r; for the variablesz; andzs in the polynomial
r12x9 — L2217, then for noncommutative ring we will havexxo — zox1 # 0 with constant probability.
We prove a generalization of this property for any multiin@olynomialf (z1,--- ,z,,). Then, using the

Magniez-Nayak technique adapted suitably, we show a goaatgorithm for this problem with quantum
query complexityO(m(1 + «)™/2km+1) when(1 + 1/a)™+! < k.

For the lower bound result Magniez and Nayak show a redudtiom UNIQUE COLLISION: let
f be a function from{1,2,--- ,k} to {1,2,--- ,k} given as a oracle, with the promise is that either
there exists a unique collision pair # y such thatf(z) = f(y) or f is a permutation. It is known
from earlier work [AS04, Kut05, Amb05] that the quantum gueomplexity of UNIQUE COLLISION is
Q(k%/3). In fact Magniez and Nayak define a variant@fllQUE COLLISION problem, which they call
UNIQUE SPLIT COLLISION problem: Assumek is even. Then, in the Yes instances, one element of the
colliding pair has to come fro1,--- ,k/2} and the other from{k/2 + 1,--- ,k}. Then their paper
shows a reduction frordNIQUE COLLISION to UNIQUE SPLIT COLLISIONand finally a reduction from
UNIQUE SPLIT COLLISIONto group commutativity testing.

We show a reduction to a somewhat more general versidfiofrom a problem that is closely related
to the m-COLLISION problem studied in quantum computation. Given a function {1,2,--- Jk} —
{1,2,--- ,k} as an oracle and a positive integer the task is to determine if there is some element in the
range off with exactlym pre-images. More precisely, is thereian [k] such thatf ~1(i)| = m? We define
a new problem closely related t@-COLLISION problem, that we calin-SPLIT COLLISIONproblem. Here
we divide the numbers, 2, -- - , k into m consecutive equal-sized intervals (assutrie a multiple ofm)
and ask if there is some element in the rang¢ wfith exactly one pre image in each of theintervals. We
show a reduction froom-SPLIT COLLISIONto a general version ofliIT. We do not know an explicit lower
bound for the quantum query complexity @ESPLIT COLLISION (unlike UNIQUE SPLIT COLLISIONIn
[MNO5]). The reduction ofUNIQUE SPLIT COLLISIONto group commutativity testing problem jRINO5]
directly gives aQ(k%/3) lower bound for the quantum query complexity of the genesbion of MIT.
However, we do not have a stronger lower bound. Ideally, weldvidke to have a dependenceafin the
exponent of.

Our reduction fronm-SPLIT COLLISIONto MIT uses ideas from automata theory to construct a suit-
able black-box ring. Recently, in [AMS08] we used similaead to give a new deterministic polynomial
time identity testing BIT) algorithm for arithmetic circuits computing sparse andgbmegree multivariate
polynomial over noncommuting variables.

Remark. Ambainis in [Amb04] showed the quantum upper boun(d)c()km/m+1) for them-COLLISION
problem. ButQ(k?/3) is the best known quantum lower bound fosCOLLISION for m = 2 [AS04]. The
quantum query complexity oh-COLLISION has been open for some years.

There is a randomized reduction framCOLLISION to m-SPLIT COLLISIONwith success probability
e~™: let f : [k] — [k] be a’yes’ instance of-COLLISION, and supposg ~'(i) = {i1,i2, " ,im}. TO
reduce this instance to-SPLIT COLLISIONwe pick a randomn-partition Iy, Io, - - - , I,,, of the domaink]
with each|/;| = k/m. Clearly, with probabilitye™" the set{i,is,--- ,%,} will be a split collision for
the functionf. Consequently, showing a quantum lower bound20£®) for m-COLLISION will imply a
quantum lower bound dR(k“/e™) for m-SPLIT COLLISIONand hence tvIT.



2 Black-box rings and the quantum query model

As already explained, the ring operations (addition andiplidation) for a black-box ring are performed by
guerying a ring oracle. We can modify the definition of blduxk¢ ring operations by making them unitary
transforms that can be used in quantum algorithms. For &4lax ring R, we have two oracle9¢, andO%

for addition and multiplication respectively. For any twog elements-, s, and a binary string € {0,1}"

we haveO%|r)|s) = |r)|r + s) andO |r)|s)|t) = |r)|s)|rs @ t), where the elements @t are encoded as
strings in{0,1}". Notice thatO$, is a reversible function by virtue ¢f?, +) being an additive group. On
the other hand(R, -) does not have a group structure. Thus we have niifleeversible by defining it as

a 3-place functionO7 : {0,1}3" — {0,1}3". Whenr or s do not encode ring elements these oracles can
compute any arbitrary string.

The query model in quantum computation is a natural extensialassical query model. The basic
difference is that a classical algorithm queries deterstizally or randomly selected basis states, whereas a
guantum algorithm can query a quantum state which is a syipabepared superposition of basis states. For
a black-box ring operation the query operators are simflyandO%; (as defined above). For an arbitrary
oracle functiont’ : X — Y, the corresponding unitary operatorQs- : |g)|h) — |g)|h & F(g)). In the
query complexity model, we charge unit cost for a single gaerthe oracle and all other computations are
free. We will assume that the input black-box polynomfial R™ — R is given by such an unitary operator
Uy.

! All the quantum registers used during the computation cannibalised to |0). Then ak-query
algorithm for a black-box ring is a sequence /of+- 1 unitary operators and ring oracle operators:
Uo, Q1,Ur, -+ ,Uk—1,Qr, Uy WwhereQ; € {0}, OF,Or} are the oracle queries abg's are unitary opera-
tors. The final step of the algorithm is to measure desigrgaubids and decide according to the measurement
output.

3 Quantum Algorithm for multilinear Identity Testing

In this section we describe our quantum algorithm for mok#hr identity testingviT. Our algorithm is
motivated by (and based on) the group commutativity testlggrithm of Magniez and Nayak [MNO5]. We
briefly explain the algorithm of Magniez and Nayak. Theirlgem was the following: given a black-box
groupG by a set of generatois, g, - - - , gk, the task is to find nontrivial upper bound on the quantumyjuer
complexity to determine wheth&¥ is commutative. The group operators (corresponding to thel@) are
O¢g andOg-1.

Note that for this problem, there is a trivial classical aithon (so as quantum) of query complexity
O(k?). In an interesting paper Pak showed a classical randomigedtam of query complexityO (k) for
the same problem [Pak00]. Pak’s algorithm is based on thanfislg observation (Lemma 1.3 in [Pak00]):
consider a subproduét = g;'g5* - - - g;* wheree;’ s are picked uniformly at random frog0, 1}. Then for
any proper subgrouff of G, Prob[h ¢ H] > 1/2.

One important step of the algorithm in [MNO5] is a generdi@aof Pak’s lemma. Le$, be the set of all

distinct element tuples of elements frofil, 2, - - - , k}. Foru = (uy,--- ,uy), defineg, = gu, - Gus - * * Gu,-
Lety — L=+ (k=0)(k—t-1)
elp = k(=1 :

Lemma 3.1 [MNO5] For any proper subgrougs of G, Probyes, [gu & K] > 152

As a simple corollary of this lemma, Magniez and Nayak shojMNO5] that if G is nonabelian then for
2
randomly picked: andwv from S, the elementg,, andg, will not commute with probability at Ieaé%p).
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Thus, for noncommutativé’ there will be at Ieasfljl—p)2 fraction of noncommuting pair&:, v). Call such
pairs as "marked pairs”. Next, their idea is to do a randonkuvethe space of all pairs and hit a marked pair
quickly (i.e. using only a few gueries to the group oraclehey achieved this by defining a random walk
and quantizing it using [Sze04, MNRSOQ7]. The random walksgsia of two independent random walks on
S¢. For eachu € Sy, they maintain a binary tref, whose leaves correspondsdg , gu,, - - - , gu, and the
internal nodes corresponds to the group product of its tvldrem. Sag,, is computed at the root of,. The
description of the random walk is simple. Suppose the staied S, at some stage. With probabilitly/2
the walk will stay atu (this ensures the ergodicity of the walk) and with prob#pili/2 do the following:
Picki uniformly at random fromi, 2, - - - | ¢ and pickj uniformly at random fromi, 2, - -- | k. If j is already
equal to some,,,, exchange:; andu,,,. Otherwise set,; = j. Recompute the group operations at the nodes
of ¢, which are affected by this substitution. It is easy to se¢ th&@an be updated using on{y(log ¢)
gueries to group oracle. Using a coupling argument of MafRbain it is shown in [MNO5] that the spectral
gapé of this random walk is at Iea%tdﬁw. Since the random walk is ergodic its stationary distritnuti

will be uniform. So the fraction of the marked states (paiinsp, x S, will be at Ieast%. Now they
invoke Szegedy'’s result to perform a quantum walkSerx S, and hit a marked element pair. We recall the
statement of Szegedy's theorem. (For a detailed explanaée the sectio.3 of [MNO5])

Theorem 3.2 [Sze04] LetP be the transition matrix of a Markov Chain on a graph= (V, E) andé be
the spectral gap oP. Also letM be the set of all marked vertices Whand |M|/|V| > € > 0, whenever
M is nonempty. Then there is a quantum algorithm which detezsnwhethen/ is nonempty with constant
success probability and query complexsty- O((U +C)/+/d¢). S is the set up cost of the quantum process,
U is the update cost for one step of the walk &1 the checking cost.

The set up cost of the Magniez-Nayak algorithra(6— 1) and update cost i9(log k). Combined with
Szegedy’s theorem, some calculation shows that the qustjsminimized at = £/ and the quantum
query complexity isD(k%/3 log k).

3.1 Multilinear identity testing (MIT)

Now we are ready to describe our result for multilinear idgnesting for a given black-box ring. We
start with describing the problem first. Lé& be a black-box ring given by a set of additive generators
{ri,ro,--+ 1} andf(zq1, 22, - - ,z,,) Over R be a multilinear polynomial also given by a black-box. Our
problem is to test whethef(ay, - - - ,a,,) = 0forall a; € R.

The first step is a suitable generalization of Pak's lemma.afRgi € [m], consider the seR; C R
defined as follows:

Ri={uc R|Y(by, - ,bi_1,bix1, - ,bm) € R™ 1 f(br, -+ bi1,u,bit1, -+ ,bm) = 0}

Clearly, if f is not a zero function fronR™ — R, then|R;| < |R|. In the following lemma, we prove
that if f is not a zero function thejz;| < |R|/2.

Lemma 3.3 LetR be any finite ring and (x4, x2, - - - , x,,) be a multilinear polynomial oveR (commuting
or noncommuting) such thgt= 0 is not an identity forR. For i € [m] define

Ri = {’LL €ER | v(blv T 7bi—1>bi+1>' o 7bm) € Rm_lvf(bb' o 7bi—17u7 bi+17 o >bm) = 0} (l)

ThenR; is an additive coset of a proper additive subgroupénd henceR;| < |R|/2.

5



Proof. Write f = A(x1,-- ,%i—1,%i, Tig1,+* Tm) + B(x1, -+ &1, Tit1,- -, Tm) Where A is the
sum of all the monomials of containingz; and B is the sum of the rest of the monomials. Lgt v,
be any two distinct elements iR;. Then for any fixedj = (y1,- - ,¥i—1,¥is1,- - ,¥m) € R™L, con-
sider the evaluation oft and B over(yl, Y1, V1, Y1, ,ym) and(yl, e Yi—1, U2, Y1, ,ym)
respectively. For convenience, we abuse the notation aite, wr

A(v1,9) + B(G) = A(v2,5) + B(g) = 0.

yisan assignment to, o, - -+ ,x;—1, Tiv1, - - , Tk andvy, ve are the assignments i respectively. Note
that, asf is a multilinear polynomial, the above relation in turns lrep thatA (v, — vo, ) = 0.
Consider the seR;, defined as follows: fix any) € R;.

Ri={z—u" |z eR}

We claim thatR; is an (additive) subgroup dt. We only need to show tha; is closed under the addition
(of R). Consider(z; — u™), (zo —u®) € R;. Then(z; —u®) + (z2 —u®) = (21 + 29 — u®) —u®, It
is now enough to show that for agye R™!, f(x1 + x5 — u¥,5) = 0 (z1 + z2 + v is an assignment
to x;). Again using the fact thaf is multilinear, we can easily see the following:

Note that the Ia}st equality follows becausg;andu are inR;. Hence we have proved th& is a subgroup
of R. SoR; = R; + vV i.e R; is a coset ofk; inside R. Also |R;| < |R| (f is not identically zero oveR).
Thus, finally we getR;| = |R;| < |R|/2. |

Our quantum algorithm is based on the algorithm of [MNO5thiarest of the paper we denote $ythe
set of all¢ size subsets dfl, 2, - - - , k} 1. We follow a quantization of a random walk &iax - - - x S, = Si.
Foru = {uy,us,--- ,ue}, definer, = r,, +---+r,,. Now, we suitably adapt the Lemma 1 of [MNO5]
in our context. LetR be a finite ring given by a additive generating Set {ry,--- ,r;}. W.l.o.g, assume
thatr, is the zero element d&. Let R be a proper additive subgroup @R, +). Letj be the least integer in
(k] such that-; ¢ R. SinceR is a proper subgroup d?, such aj always exists.

Lemma3.4 Let R < R be a proper additive subgroup df and 7" be an additive coset a in R. Then

Probyeg, [ty € T] > 1_Tp, wherep = é(é_l)+]€(é€k__éi§k_€_l).

Proof. Let; be the least integer ift] such that; ¢ R. SinceR is a proper subgroup @&, such aj always
exists. Fix a set;, of size/ such thafl € v andj ¢ u. Denote by the set obtained from by deletingl and
insertingj. This define a one to one correspondence (matching) betwesuich pair of(u,v). Moreover
ry = 1y + r; (Notice thatr; = 0). Then at least one of the elementor r, is not in7'. For otherwise
(r, —r4) € Rimplying r; € R, which is a contradiction.

Therefore,

N —

Probyes, [ty € T|j€uxorl e u] <

INotice that in [MNO5], the author consider the set oféailiples instead of subsets. This is important for them aswhoek in
nonabelian structure in general (where order matters) wutvill be interested only over additive abelian structuf@ oing and
thus order does not matter for us.



For any two indices, j,

00 —1)+ (k- 0)(k —€—1)

Probyeg,[i,j €uori,j ¢ u] = KE— 1) =Dp.
Thus,
Probyes,[ra € T] < (1 —p)/2+p < (1 +p)/2.
This completes the proof. [

LetT = R; in Lemma 3.4, wherd?; is as defined in Lemma 3.3.

Supposef = 0 is not an identity for the ring?. Then, using Lemma 3.4 we show fof, us, - -+ , unm,
picked uniformly at random fron§, that f (r,,- - - ,74,,) iS non zero with non-negligible probability. This
is analogous to [MNO5, Lemma 2].

Lemma3.5 Let f(z1,--- ,z,,) be a multilinear polynomial (in commuting or noncommutingetermi-

nates) ovelR such thatf = 0 is not an identity for the ring?. Then,

1 _ m
PrObulv"'vumesé [f(ru17 e ’rum) # 0] 2 (Tp> .

Proof. Fori € [m], let R; be the additive coset defined in Equation 1 of Lemma 3.3. Thefps by
simple induction onn. The proof for the base case of the induction (i.erfor= 1) follows easily from the
definition of R; and Lemma 3.4. By induction hypothesis assume that thetrafsthis lemma holds for all
t-variate multilinear polynomialg such thaty = 0 is not an identity forR with ¢t < m — 1.

Consider the given multilinear polynomi#lzy, zo,- - - ,z,,). Then by the Lemma 3.3,, is a coset
of an additive subgrou,,, inside R. Picku,, € S; uniformly at random. Iff = 0 is not an identity
on R then by Lemma 3.4 we get,,, ¢ R,, with probability at least52. Let g(z1,z2, - ,Tm_1) =
flxy, - xm—1,14,,). Sincer,, ¢ R,, with probability at Ieas%, it follows thatg = 0 is not an identity
on R with probability at Ieas%. Then, by induction hypothesi®roby, ... u,._1es,[8(Tus s Tum_ 1) #

-1
0 > (PTp)m . Hence we getProby, ... unes, [f(Tug, - s Tuy) # 0] > (kTp)m, which proves the
lemma. ]

We observe two simple consequences of Lemma 3.5. NoticeJat- ,’igi:’%
1_

—% = 1/k, and Lemma 3.5 implies that jf = 0 is not an identity forR then f(ay,- - - ,an) # 0 for one
of the k™ choices for they; from the generating séty,--- ,r}.

Letting? = 1 we get

Corollary 3.6 There is a deterministi¢” query algorithm forMIT, wheref is m-variate andR is given
by an additive generating set of size

Letting ¢ = k/2 in Lemma 3.5 we ge# > 1/4. Hence we obtain the following randomized test
which makest”mk queries.

Corollary 3.7 There is a randomized™mk query algorithm forMIT with constant success probability,
wheref is m-variate andR is given by an additive generating set of size

Remark. Corollary 3.6 can be seen as a generalization okthguery deterministic test for commutativity.
Likewise, Corollary 3.7 is analogous to Pak)§k) query randomized test for commutativity.
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We use Lemma 3.5 to design our quantum algorithm. Our quaatgarithm is based on a quantization
of a random walk on ;8 and motivated by the one described in [MNO5]. The Lemma 3.Sés! to guarantee

that there will at Ieas(%)m fraction of marked pointsn the spaces;” i.e the points wherg evaluates
to non zero.

Now we describe the random walk ¢ff* which is the main building block of our quantum algorithm.
In fact we only describe the random walk §p Over S, the random walk consists of just independent
simultaneous random walks ¢h.

3.1.1 Random walk on S,

Our random walk can be described as a random walk over a graph(V, E') which we define as follows:
The vertices ofG are all possible/ subsets ofk]. Two vertices are connected by an edge whenever the
corresponding sets differ by exactly one element. Notieg ¢his a connected(k — ¢)-regular graph.
Also G is well known in the literature as Johnson Graph (with patem@:, ¢, ¢ — 1)) [BCN89]. Let P

be the normalized adjacency matrix @fwith rows and columns are indexed by the subsetg:of Then
Pxy = 1/t(k —¢)if I X NY| = ¢ — 1 and0 otherwise. It is well known that the spectral gapf P

(0 = 1 — A, where) is the second largest eigenvalue ¥ is Q(1/¢) for ¢ < k/2 [BCN89]. Now we
describe the random walk d@H.

Let the current vertex is = {uy,u2, - ,us} andry, = ry, + 7y, + -+ + 1y,. With probability 1,/2
stay atu and with probabilityl /2 do the following: randomly pick:; € v andj € [k] \ u. Then move to
vertexwv such that is obtained fromu by removingu; and insertingj. Computer, by simply subtracting
ru; from r, and adding-; to it. That will only cost2 oracle access. Staying in any vertex with probability
1/2 ensures that the random walk is ergodic. So the stationatyildition of the random walk is always
uniform. It is easy to see that the transition matrix of thed@m walk isA = (I + P)/2 wherel is the
identity matrix of suitable dimension. So the spectral gihe transition matrixd is § = (1—X)/2 = 6/2.

Now, in the following theorem we present the analysis of therg complexity.

Theorem 3.8 Let R be a finite ring given as an oracle anf{xy,--- ,z,,) be a multilinear polynomial
over R given as a black-box. Moreover Iét4,--- , 74} is a given additive generating set f&. Then the

quantum query complexity of identity testingfas O(m(1 + a)m/zkm%l) assumingk > (1 + 1/a)™ L,

Proof. Our algorithm analysis is similar to the analysis of [MNO5]

Setup cost(S): For the quantum walk step we need to start with an unifornridigion on.S7*. With
eachu € Sy, we maintain a quantum registgt,) that computes,,. So we need to prepare the following
state|U):

1
’\I’> = |Sm| Z \ul,rul>®]u2,ru2>®---®\um,rum>.

¢ UL U2, 7um€Sg”

It is easy to see that to compute any, we need¢ — 1 oracle access to the ring oracle. Since in each
of m independent walk, quantum queries over all choices wofill be made in parallel (using quantum
superposition), the total query cost for setumi§’ — 1).

Update cost(U): Itis clear from the random walk described in the sectionl3 that the update cost over
Sy is only 2 oracle access. Thus for the random walk ¢ghvhich is justm independent random walks, one
on each copy of S we need a total update cdst.?

%In [MNO5] the underlying group operation is not necessaciynmutative (it is being tested for commutativity). Thus th
update cost is more.



Checking cost(C): To check whetheyf is zero on a point during the walk, we simply query the oracle
for f once.
Recall from Szegedy’s result [Sze04] (as stated in Theoreét)y $he total cost for query complex-

ityisQ = S + %(U + C) wheree = (1%”) is the proportion of the marked elements ahd
is the spectral gap of the transition mattik described in section 3.1.1. Combining together we get,
Q<m {(6 -1+ 3 } From the random walk described in the section 3.1.1, we kihawo > 2—15

Ve
. 1—
Hence,Q < m [(E— 1)+ %} Notice that, .52 = £ <

< — m/2____ 1
Q‘m[w D é”rl(::f)“”]

—L I _
1_@). Substituting for'>2 we get,
k

. We will choose a suitably smail > 0 so thati= < 1 + .

i
is to minimizeQ with respect to anda. For that we choosé = k! where we will fixt appropriately in

m—(m—1)t

the analysis. Substituting= &’ we get,Q < m [(kzt — 1) +3V2- (1 + )2 2 2 ] Choosing

t = (m/(m+ 1)), we can easily see that the query complexity of the algorith@(m (1 + a)m/zk%).

Finally, recall that we need choose an> 0 so that=} < 1+ a. Clearly, it suffices to choose so

that (1 + o) < ak. Letting? = k™/™+1 we get the constraintl + 1/a)™*" < k which is satisfied if

elmtl)/e < k. We can choose = el -

Then we can upper bour@ as follows.Q < m [(ﬁ —1)+3vV2-(1+ a)m/ka/Z%:| . Now our goal

Remark. The choice ofx in the above theorem shows some trade-offs in the query eipbetween
the parameters andm. For constanin notice that this gives us ad(k™/™*!) query upper bound for the
quantum algorithm.

Finally, it is easy to observe that the quantum algorithm ig;ménalysis given in Theorem 3.8 hold for
a more general problem stated in the following theorem.

Theorem 3.9 Let R be a black-box finite ring given by ring oracle and suppese= (ry,rq, -+ ,7%) IS
an additive subgroupf R given by generators; € R. Let f(x1,x9, -+ ,x,,) be a black-box multilinear
polynomial f : R™ — R. There is a quantum algorithm with query complexiym (1 + oz)m/Qk:mLil)
(assumingt > (1 4 1/a)™*1), to check iff = 0 is an identity for the additive abelian grouf.

4 A reduction from m-spLiT coLLisionproblem

We can easily show that any classical algorithm fomie problem must mak& (k) queries. This is an easy
consequence of observations in [MNO5]. Specifically§h) is shown in [MNO5]for commutativity testing
of a black-box groug> given byk generators. It is a consequence of the randomized querylegityor
the UNIQUE SPLIT COLLISIONproblem. The lower bound argument appliesvid as well, implying an
Q(k) query lower bound for the problem.

We do not have an explicit lower bound result for the quanturerg complexity of multilinear iden-
tity testing problem MIIT) on rings. However, in this section we show that the more gerroblem

3l.e. checking iff (a1, - ,am) = 0 for all a; € A.



of multilinear identity testing for additive subgroups ¢debed in Theorem 3.9) is at least as hard as
m-SPLIT COLLISION which is a version of then-COLLISION problem.
We first describe some automata theory that is useful forexwation.

4.1 Automatatheory background

We recall some standard automata theory notation (seex@mme, [HU78]). Fix a finite automaton
A = (Q,%,9,q0,qr) which takes as input strings ii*. @ is the set of states od, 3 is the alphabety :

@ x X — @ is the transition function, angh andg are the initial and final states respectively (throughout,
we only consider automata with unique accepting states).e&oh letteh € ¥, letd, : Q@ — @ be the
function defined by?,(q) = d(¢,b). These functions generate a submonoid of the monoid of aditions
from @ to Q. This is the transition monoid of the automatdrand is well-studied in automata theory: for
example, see [Str94, page 55]. We now define(tematrix M, € FI?IxIQl as follows: My(q,¢') = 1 if

o (q) = ¢/, and0 otherwise.

The matrixM, is simply the adjacency matrix of the graph of the functignAs the entries of\f;, are
only zeros and ones, we can considéy to be a matrix over any fiel.

Furthermore, for anyw = wiws---wi € X* we define the matrix\/,, to be the matrix product
My, My, - - My, . If wis the empty string, defind/,, to be the identity matrix of dimensiofd)| x |Q|.
For a stringw, let §,, denote the natural extension of the transition functiom;td w is the empty stringd.,
is simply the identity function. It is easy to check thaf:,(q,¢') = 1 if ,,(¢) = ¢’ and0 otherwise. Thus,
M, is also a matrix of zeros and ones for any stringAlso, M,,(qo, qf) = 1 if and only if w is accepted
by the automatom. We now describe the reduction.

Theorem 4.1 Them-SPLIT COLLISION problem reduces to multilinear polynomial identity tegtifMiIT)
for additive subgroups of black-box rings.

Proof. Aninstance of-SPLIT COLLISIONIs a functionf : [k] — [k] given as an oracle, where we assume
w.l.0.g. thatk = nm. Divide {1,2,--- |k} into m intervalsiy, I, - - - , I,,,, each containing. consecutive
points of[k]. Recall thatf has anm-collision if for some;j € [k] we have| f~1(j)| = m. Furthermoref is
said to have am:-split collision if for some;j € [k] we have|f~1(j)| = m and|f~1(j) N I;] = 1 for each
interval I;.

Consider the alphabet = {b,¢,b1,bs,--- ,b,,}. For eachi € [k], define thek-tuple r; over ¥ as
follows: r;[i| = b andr;[f(i)] = b; wherei € I;. For anindexs € [k] \ {4, f(i)} definer;[s] = c.

Let A = (Q,%,9,q0,qr) be a deterministic finite state automaton that acceptsraibstw € ¥* such
that eachb;, 1 < j < m occurs at least once . It is easy to see that such an automaton with a single
final stateq; can be designed with total number of stafi@$ = 20(m) — ¢ W.l.o.g. let the set of state3
be renamed al, 2, - - - , ¢}, wherel is the initial state andis the final state.

For each letter € 3, let M, denote the x ¢ transition matrix ford, (as defined in Section 4.1). Since
eachM, is at x t 0-1 matrix, each)M,, is in the ring M, (FF3) of ¢ x ¢ matrices with entries from the field
FF,. Let R denote thek-fold product ring(M,(F2))*. Clearly, R is a finite ring (which is going to play the
role of the black-box ring in our reduction). We now define ddiive subgrou@” of R, where we describe
the generating set @ using them-SPLIT COLLISIONinstancef.

For each index < [k], define ank-tuple 7; € R as follows. Letl;[i] = My, T;[f(i)] = M,, (where
i € I;) and for each index ¢ {i, f(i)} defineT;[s] = M.. The additive subgroup ok we consider is
T = (T1,T,,--- ,T;) generated by thé;, 1 <i < k.

Furthermore, define twox ¢ matricesA and B in M, (F2) as follows. LetA[1,1] = 1 andAfu, f] =0
for (u,?) # (1,1). For the matrixB, let B[t,1] = 1 andB[u, ¢] = 0 for (u, £) # (¢, 1).
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Claim 4.2 Letw = wywe - - - wy € ¥* be any string. Then the automatghdefined above accepisif and
only if the matrixAM,,, M,,, - - - M,,, B iS nonzero.

Proof of Claim By definition of the matriced/,, the(1, k)** entry of the produci/,,, M., - - - M, is 1 if
and only ifw is accepted byd. By definition of the matricesl and B the claim follows immediately.

Now, consider the polynomiaP(z1,xs, -+ ,x,,) In noncommuting indeterminates, - - - , x,, with
coefficients from the matrix ring defined as follows:

P(x1,x9, - ,&y) = Ar129 - 1, B,

whereA = (A, A,...,A) € RandB = (B, B,--- , B) € R arek-tuples ofA’s and B’s respectively. We
claim that the multilinear polynomiaP (z1, z2,- -+ , z,,) = 0 is an identity for the additive subgroup if
and only if f has nam-split collision.

Claim 4.3 P(xy,--- ,z,,) = 0is an identity for the ringl" = (17, - - - , Ty) if and only if f has nom-split
collision.

Proof of Claim Supposef has ann-split collision. Specifically, let; € I; 1 < j < m be indices such that
f(i1) = -+ = f(im) = £. In the polynomialP, we substitute for indeterminatg by 7;, for 1 < j < m.
Consider the produd¥/ = T;, ---T;,, inthe ringT'. This product is ar-tuple oft x ¢t matrices such that in
the ¢** component\/ has the matri{ [} , M,, wherei; € I,. Sinceb;, b;, - - - b;,, € X* is a lengthm-string
containing all theb;’s it will be accepted by the automato#. Consequently, théqo,qf)th entry of the
matrix M/, which is the(1, k)" entry, is1 (as explained in Section 4.1). It follows that tfie 1) entry of
the matrixAM B is 1. HenceP = 0 is not an identity over the rin@'.

For the other direction, assume tifdbas nan-split collision. We need to show th&t = 0 is an identity
for the ringT". For anym elementsSy, S, --- , S,,, € T considerP(Sy, 8o, ,Sp) = AS1Sy--- Sy, B.

Since EachS; is anFq-linear combination of the generatdfs, - - - , T}, it follows by distributivity in the
ring R that P(S1, Se, - - ,Sy,) is anFa-linear combination of terms of the ford(Ty,,, Tk, - - - , Tk,,) for
somem indicesky, - - - , kn, € [k]. Thus, it suffices to show thd® (7}, , Tx,, - ,Tk,,) = 0.

LetT = Ty, Tk, --- Tk, . Then, for eacly € [k] we haveT'[j] = Tk, [j]Tk,[j] - - - Tk, [1]. Sincef has
no m-split collision, for eacly € [N] the set of matrice$My, , My, , - -+, My, } is not contained in the set
{T1[5], T2l4], - - - - Tild]}. Thus,T[j] = Ty, [§]Tk, (5] - - - Tk, 5] is @ product of matricesd/y,, M., - - - My,
for awordw = wyws - - - wy, that is not accepted hy. It follows from the previous claim that7'[j] B = 0.
HenceP(Ty,, Tk, - - » Tk,,) = 0 which completes the proof. [ ]

Acknowledgment. We thank Ashwin Nayak for comments and suggestions.
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