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Abstract

We study integrality gaps for SDP relaxations of constraint satisfaction problems, in the
hierarchy of SDPs defined by Lasserre. Schoenebeck [25] recently showed the first integrality
gaps for these problems, showing that for MAX k-XOR, the ratio of the SDP optimum to the
integer optimum may be as large as 2 even after Q(n) rounds of the Lasserre hierarchy.

We show that for the general MAX k-CSP problem over binary domain, the ratio of SDP
optimum to the value achieved by the optimal assignment, can be as large as 2¥/2k — ¢ even
after Q(n) rounds of the Lasserre hierarchy. For alphabet size ¢ which is a prime, we give a lower
bound of ¢*/q(q — 1)k — € for Q(n) rounds. The method of proof also gives optimal integrality
gaps for a predicate chosen at random.

We also explore how to translate gaps for CSP into integrality gaps for other problems using
reductions, and establish SDP gaps for Maximum Independent Set, Approximate Graph Coloring,
Chromatic Number and Minimum Vertex Cover. For Independent Set and Chromatic Number,
we show integrality gaps of n/20(VIegnloglogn) eyen after 29VIcgnloglogn) rounds. In case of
Approximate Graph Coloring, for every constant [, we construct graphs with chromatic number
Q(2!/2/12), which admit a vector I-coloring for the SDP obtained by Q(n) rounds. For Vertex
Cover, we show an integrality gap of 1.36 for Q(n?) rounds, for a small constant 4.

The results for CSPs provide the first examples of 2(n) round integrality gaps matching
hardness results known only under the Unique Games Conjecture. This and some additional
properties of the integrality gap instance, allow for gaps for in case of Independent Set and
Chromatic Number which are stronger than the NP-hardness results known even under the
Unique Games Conjecture.
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1 Introduction

Semidefinite Programming (SDP) hierarchies, such as the ones defined by Lovész and Schrijver
[23] and Lasserre [21] provide a nice way to formalize the following question: what is the best
approximation that can be achieved for a problem using “stronger and stronger” semidefnite pro-
grams? Since SDPs are known to provide some of the best known approximation algorithms for
many optimization problems, this is a natural question to consider.

Starting from a basic integer program for the combinatorial problem, in which variables take values
only 0 and 1, these hierarchies define a sequence of SDP relaxations (known as “rounds” or “levels”
of the hierarchy) for the problem, which are increasingly more constrained. A program obtained
by by r rounds can be solved in n©(") time and hence algorithms obtained by a constant number
of rounds run in polynomial time. Also, on a starting integer program with n variables, the SDP
obtained by n rounds of the hierarchy gives the true optimum of the combinatorial problem (but
may take exponential time to solve).

Most currently known SDP based algorithms can be derived by a constant number of rounds of
the Lasserre hierarchy (which is the stronger of the two - see [22] for a comparison). It was also
shown by Chlamtac and Singh [9], that for some problems, such as Hypergraph Indpendent Set, the
approximation quality improves as one considers more and more rounds of the Lasserre hierarchy.

It is then of interest to quantify the tradeoff between approximation achieved by the SDP and
the number of rounds of the hierarchy. The quality of approximation (for say, a maximization
problem) achieved by the SDP is measured by the the ratio of SDP optimum to the optimum of the
original combinatorial problem, which is known as the integrality gap ! of the SDP. Lower bounds
showing that the integrality gap remains large after many rounds of the hierarchy can be viewed
as unconditional lower bounds in a strong computational model, which captures most known SDP
algorithms.

Problems studied

Taking the analogy of the computational model a bit further, we study if integrality gaps for one
problem can be used to show an integrality gap for another problem using reductions (see proof
overview for the structure of reductions for integrality gaps). We remark that reductions between
integrality gaps were considered before, for example by [1] and [25] - we merely show how to do
somewhat more complicated ones. We use the arguments from known reductions in hardness of
approximation literature, which usually start from the hardness of a constraint satisfaction problem
and use it to conclude the hardness of another problem. To this end, we study the following
problems:

1. MAX k-CSP: This is the problem of finding an assignment to binary variables x1,...,z, to
satisfy the maximum number of constraints in a given set Ci,...,C,,. Each constraint is a
boolean function of at most k of the variables and is said to be satisfied when it attains value
1. When the domain of the variables is is allowed to be of size ¢, we denote the problem by
MAX k-CSP,,.

Charikar, Makarychev and Makarychev [7] give an SDP based algorithm for this problem which
provably satisfies a ck/q" fraction of the constraints satisfied by the optimal assignment, for a

!Unfortunately, there are different conventions regarding the definition of the integrality gap (ratio of SDP optimum
to integer optimum and vice-versa). In this paper, we always define integrality gap so that it is a number bigger than
1. Hence, the larger the gap, the farther the SDP is from the true optimum.



constant ¢ > 0.44. Tt was shown by Arora, Alekhnovich and Tourlakis [1] that the integrality
gap for the MAX k-SAT problem, which is a special case of MAX k-CSP, remains 2% /(2F — 1)
even after Q(n) rounds of the Lovédsz-Schrijver hierarchy. Schoenebeck [25] recently showed a

gap of factor 2 for MAX k-XOR for 2(n) and also strengthened the MAX k-SAT results for 2(n)
rounds of Lasserre.

2. Maximum Independent Set: This is the problem of finding the largest set of vertices in a
graph, not containing any edges. The best known approximation algorithm by Boppana and

(—(bg n)2)- Also, Feige [13] showed that the

integrality gap for the Lovasz ¥-function, which is an SDP relaxation equivalent to 1 round of
Lasserre, is at least n/2°V1°8™ for some constant c.

Haldérsson [5] achieves an approximation ratio of O

3. Approximate Graph Coloring: This is the problem of coloring a graph (with different colors for
adjacent vertices) with minimum number of colors, when the graph is known to be colorable
with a small constant number of colors. The best known algorithm, due to Chlamtac [8] colors
a 3-colorable graph with at most n%2972 colors.

4. Chromatic Number: This is the general problem of finding the minimum number of colors for
coloring a graph when no guarantee as the one above is given. For this problem, Feige, Langberg
and Schechtman [15] show that a gap can be as large as n/polylog(n) for an SDP relaxation
which is weaker than 1 round of Lasserre.

5. Minimum Vertex Cover: In this problem, it is required to find the smallest possible subset of
vertices in a graph, which touches every edge. Integrality gap of a factor 7/6 for 2(n) rounds
of the Lovész-Schrijver SDP hierarchy were shown by Schonebeck, Trevisan and Tulsiani [26],
and later strengthened to the Lasserre hierarchy by Schoenebeck. An integrality gap of factor
2 — € was also shown by for Q(/logn/loglogn) rounds of the Lovédsz-Schrijver hierarchy by
Georgiou et. al. [16].

Our Results

We prove strong integrality gaps for MAX k-CSP and develop techniques to carry out PCP based
reductions between SDPs, to obtain gaps for the other problems above. We present a summary
of the known NP-hardness results and the integrality gap results we obtain, in the table below.
UG-hardness denotes the hardness assuming the Unique Games Conjecture. For Approximate Graph
Coloring the hardness mentions the tradeoff for a graph known to be [-colorable.

NP-hardness

UG-hardness

Integrality Gap

No. of Rounds

2k 2k 2k
MAX k-CSP 7 [11] ) 2] 5r Q(n)
; ¢ ¢
MAX k-CSP, (for prime q) G-k 2] =Tk Q(n)
Maximum Independent Set W [19] BTNVt T 9c2v/lognloglogn
Approximate Graph Coloring | I vs. 935 log” ! [18] [ vs. %41722 Q(n)
Chromatic Number W [19] %bgﬁ gc2v/lognloglogn
Minimum Vertex Cover 1.36 [10] | 2- ¢ [20] 1.36 Q(n?)

Remark 1.1 It was pointed out by Luca Trevisan that for Maximum Independent Set and Chromatic
Number the integrality gap can be shown to be at most n/t after ¢ rounds. Hence, the number of
rounds in the above results for these problems is optimal up to a polynomial.



Organization of the paper

We present in section 3 an overview of the main ideas in the proofs. Sections 4, 5, 6 and 7 contain
the gaps for CSPs, Independent Set, Graph Coloring and Vertex Cover respectively. The integrality
gaps for graph problems only use the results from section 4, and may be read only knowing the
statement of Corollary 4.8. The gaps for Graph Coloring and Vertex Cover are independent of each
other, but depend on the gaps for Independent Set.

2 Preliminaries and notation

2.1 Constraint Satisfaction Problems

For an instance of ® MAX k-CSP,, we denote the variables by {z1,...,zy}, their domain {0,...,q—
1} by [¢] and the constraints by C1,...,Cp,. Each constraint is a function of the form C; : [¢]Ti —
{0,1} depending only on the values of the variables in an ordered tuple? T; with |T;| < k. We
denote the number of constraints satisfied by the best assignment by OPT(®).

For a given set S C [n], we denote by [¢]° the set of all mappings from the set S to [¢]. In context of
variables, these mappings can be understood as partial assignments to a given subset of variables.
For a € []°, we denote its projection to S’ C S as a(S’). Also, for a; € [¢]*", ag € [¢]®? such that
a1(S1 N S3) = a(S1 NSy), we denote by aq o ay the assignment over S; U Sy defined by a; and
ay. Hence, (a1 0 a2)(j) equals a1 (j) for j € S and ag(y) for j € So\ S1. We only use the notation
a1 o ag when it is well defined for aq, asg, S, S9.

We shall prove results for constraint satisfaction problems where every constraint is specified by
the same predicate P : [¢]¥ — {0,1}. We denote the set of inputs which the predicate accepts
(outputs 1 on) by P~1(1). To generate an instance of the problem each constraint is of the form of
P applied to a k-tuple of literals. For variable z over domain [g], we can generalize the notion of a
literal as = + a (computed modulo ¢) for a € [q].

Definition 2.1 For a given P : [q]* — {0,1}, an instance ® of MAX k-CSP(P) is a set of con-
straints C1, ..., Cp, where each constraint C; is over a k-tuple of variables T; = {z;,,...,z; } and
is of the form P(z;, + ai,, ...,z + a;, ) for some a;,,...,a; € [q].

Given a predicate P, we will consider a random instance ® of the MAX k-CSP(P) problem. To
generate a random instance with m constraints, for every constraint C;, we randomly select a k-tuple
of distinct variables T; = {z;,,...,2;, } and a;,, ..., a;, € [¢], and put C; = P(z;, +a;,, ..., T, +ai,).
It is well known and used in various works on integrality gaps and proof complexity (e.g. [6], [1],
[26] and [25]), that random instances of CSPs are highly unsatisfiable and at the same time highly
expanding i.e. for every set of constraints which is not too large, most variables occur only in one
constraint. We capture the properties we need in the lemma below. A proof is provided in the
appendix for the sake of completeness.

Lemma 2.2 Let €,6 > 0 and a predicate P : [q]F — {0,1} be given. Then there exist 3 =
O(q®logq/€?), n = Q((1/6)%?) and N € N, such that if n > N and ® is a random instance of
MAX k-CSP (P ) with m = (n constraints, then with probability 1 — o(1)

1. OPT(®) < L1 4 6) .

2We will often ignore the order of the variables in 7; and also refer to T; as a set of variables.



2. For all s < nn, every set of s constraints involves at least (k — 1 — 0)s variables.

The instances we will mostly be concerned with, are described by systems of equations over finite
fields. Let ¢ be prime and A € (F,)?* be a matrix with rank(A) = d < k. We define the predicate
Py : [q]F — {0,1} such that

Pao(z1,...,z1) =1 & A-(x1...2;) =0

To generate a constraint C; in an instance of MAX k-CSP(Py), we consider Py (xi, +a;,, ..., zi, +a;,)
which is 1 iff A - (2 ...25,)"7 = 0@ for b = —A - (a;, ... a;,)7. We define the problem MAX k-
CSP(P,4) below which is a special case of the MAX k-CSP(P) problem.

Definition 2.3 For a given A € (F,)¥*, an instance ® of MAX k-CSP(Py4) is a set of con-
straints Ch,...,Cy, where each constraint C; is over a k-tuple Ty = {xi,,...,x; } and is of the
form A (xiy, ... x,)T =09 for some b € (F,)7.

2.2 Linear Codes

Recall that a linear code of distance 3 and length k over F, is a subspace of (F,)* such that every
non-zero vector in the subspace has at least 3 non-zero coordinates. We shall prove our results for
predicates P4 where A is a matrix whose rows form a basis for such a code. Such a matrix is called
the generator matrix of the code. To get the optimal bounds, we shall use Hamming codes which
have the largest dimension for the fixed distance 3. We refer to the code below as Hamming code
of length k.

Fact 2.4 Let ("' —1)/(g—1) <k < (¢" —1)/(g—1). Then there exists a linear code of length k
and distance 3 over F,, with dimension k —r.

2.3 The Lasserre hierarchy

The Lasserre hierarchy gives a sequence of increasingly tight semidefinite programming relaxations
for a quadratic integer program for variables taking values 0 and 1. The semidefinite program
after ¢ rounds of the hierarchy introduces a new variable for the product of every t variables in
the original program. Thus, if the original program had n variables and polynomial number of
constraints, the new program has size n(O®)

We first consider the program for Maximum Independent Set. Given a graph G = (V, E), the integer
program would have a variable X; for each ¢ € V with X; = 1 if 4 is in the independent set and 0
otherwise. To ensure that the solution is an independent set, we would enforce that X;X; = 0 for
all (7,j) € E. To obtain the Lasserre relaxation, we first think of a an integer program which has a
variable Xg for each S C V,|S| < t where the intended solution in Xg = 1 iff all vertices in S are in
the independent set. We can then add the constraint that the product Xg, - X5, must only depend
on S1 U Sy. For homogenization, we introduce an extra variable X which is always supposed to
be 1. Replacing the integer variables Xg by vectors Ug gives the semidefinite relaxation as below.
Note that the program for ¢ rounds only has vectors for sets of size at most ¢. It can be shown
that for any set S with |S| < ¢, the vectors Ugs, S’ C S induce a probability distribution over valid
independent sets of the subgraph induced by S.

Similarly, we can write down a relaxation for the MAX k-CSP, problem. Note that an integer
solution to the problem will be given by a single mapping g € [q] ("] which is an assignment to



Lasserre SDP for Maximum Independent Set
maximize Z HU{Z-} H2
i€V
subject to <U{z}7 U{7}> =0 vV (i,j) € E
<U51,U52> = <U53,U54> V S1USy =83U8,
<U51,U52> S [0,1] VSl,Sg
IUll =1

all the variables. Using this, we can define 0/1 variables X (g 4) for each S C [n] such that |S| <t
and a € [¢°. The intended solution is X(g,) = 1 if ag(S) = o and 0 otherwise. As before, we
introduce X g gy which is intended to be 1. Replacing them by vectors gives the SDP relaxation.
Note that we denote the vectors corresponding to a set of variables and a partial assignment by V
and a vector for a set (as above) by U to avoid confusion.

Lasserre SDP for MAX k-CSP,

maximize Z Z Ci(a HV(Tw yor) H

i=1 aelq)Ti
subject to (V(s,,a1)> V(S2,02)) = 0 YV a1(S1 N S2) # a(S1 N Sa)
<V(517a1),V(527a2)> = <V(53)a3),V(54)a4)> VS US =55US8y, ajoas =azoaqy
S Vsl =1 Vi € [n]
J€lal
<V(517a1),V(527a2)> >0 VS, So, a1, o
Vol =1

For any set S with || <t, the vectors Vg, induce a probability distribution over [¢]* such that

the assignment o € [¢]% appears with probability HV(S7a)H2- The constraints can be understood
by thinking of valid solution as coming from a distribution of assignments for all the variable and
of <V( Si,an)s Y 527a2)> as the probability of the event that variables in S get value according to oy
and those in Sy according to . The last two constraints simply state the fact that a probability
must be positive and the probability of the event which does not restrict any variable to anything
must be 1.

The first constraint says that the probability of a variable simultaneously getting two different
values must be 0. The second one says that if we calculate the probability that all variables in
(S1US2) (= S3USy) get values according to ag o g (= ag 0 ay) in two different ways, it must still
be the same. In the third constraint, V((;; ;) denotes the map which assigns value to j to variable
x;. The constraint can be understood as saying that the variable x; must take exactly one value.
This constraint is sometimes also written as Zie[q} Viir,5) = V(o,0), which is equivalent as can be

2
ol =
For a graph G, we denote the optimum of the independent set SDP by FRAC(G), and for the CSP
instance ® we denote it by FRAC(®). The integrality gap of both the SDPs is then given by (SDP
optimum)/(integer optimum). Note that according to our convention, the integrality gap is always
at least 1.

2
seen by noting that HZZGM V({z},]) — V(@ﬂ) H = Zje[q} HV({Z



3 Overview of proofs

3.1 CSP Gaps

For proving integrality gaps for CSPs, our starting point is the result by Schoenebeck [25]. Even
though the result is stated as an integrality gap for MAX-k-XOR, it is useful to view the argument
as having the following two parts:

1. Given a system of equations over Fo with no “small contradictions”, it shows how to construct
vectors Vg o) (satisfying consistency conditions), such that for every set S of variables with
|S] <t HV( S,a) H > 0 if and only if « satisfies all equations involving variables from S.

2. If one considers a random instance ® of a CSP, with every constraint being a linear equation
on at most k variables (MAX k-XOR), then the system obtained by combining them has no
“small contradictions”.

It can be shown that the first step implies FRAC(®) = m (m is the number of constraints) even
after ¢ rounds. On the other hand, in a system of equations with each chosen randomly, only about
half are satisfiable by any assignment. Hence, one gets an integrality gap of factor 2, for ¢ rounds.
Here t depends on the size of “small contradictions” for step 2 and can be chosen to be (n).

We note that every constraint does not have to be a single equation for second step to work. In
particular, we consider each constraint to be the form A - (x1,...,z;)"T = b for some A € (Fy)?*F,
which is the same for all constraints and b € F4. The constraint is said to be satisfied only when
all these d equations are satisfied. Now, if A is full rank, then one can show that in a random CSP
instance ®, only about 1/2¢ fraction of the constraints are satisfiable by any assignment.

Note that all equations obtained by combining all the ones in the constraints are no longer in-
dependent (the ones in each constraint are correlated because of a fixed choice of A). However,
one can still show that if A satisfies some extra properties, like any linear combination of the d
equations given by A involves at least 3 variables (i.e. A is the generator matrix of a distance 3
code over Fg), then the conclusion in the second step can still be made. Step 1 still allows us to
conclude that FRAC(®) = m, thereby obtaining an integrality gap of factor 2¢. Optimizing over d
gives the claimed results for MAX k-CSP. We also generalize the first step, to work for equations
over arbitraty prime fields [, to obtain a gap for MAX k-CSP,,.

3.2 Reductions

Consider a reduction from a constraint satisfaction problem, to another problem, say Maximum
Independent Set for concreteness. Starting from a CSP instance ®, this reduction creates a graph
Gg and one needs to argue the following two things:

o Completeness: If ® has an assignment satisfying many constraints, then Gg has a large
independent set.

e Soundness: If ® has no good assignment, then Gg has no large independent sets.

If ® is an integrality gap instance for an SDP, then ® has no good assignment but has a good SDP
solution. Showing that Gg is an integrality gap instance, amounts to making the following two
claims simultaneously:



o Vector Completeness: Since ® has a good SDP solution, so does G.

e Soundness: Since ® has no good assignment, Gg has no large independent sets.

Notice that if we are using a known NP-hardness reduction, then the soundness condition is already
available. Showing an integrality gap reduces to generalizing “completeness” to “vector complete-
ness”. We do this by giving various transformation, that transform an SDP solution for ®, into
one for the problem we are reducing to.

3.2.1 Maximum Independent Set

The transformations for independent set are conceptually the simplest and form a basis for our
other results as well. We consider the FGLSS graph G¢ obtained from ®, which has vertices of the
form (Cj, ), where C; is a constraint and «; is a partial assignment to variables in C;. Vertices
corresponding to contradicting assignments are connected.

Since ® has an SDP solution for ¢ rounds of Lasserre (say for a large t), we have vectors Vg )
where S is a set of at most ¢t variables and « is a partial assignment to those variables. We need
to produce vectors Ug where S is a set of vertices in the FGLSS graph. However, a set of vertices
is simply a set of constraints and partial assignments to all the variables involved. Let S’ be the
set of all variables in all the constraints in S and let o/ be the joint partial assignment defined
by all vertices in S (assuming for now, that no partial assignments in S contradict). We take
US = V(S’,a’)'

The reduction (by [3]) proceeds by taking products of the graph G to get G and randomly
sampling a certain vertex-induced subgraph. It turns out to be sufficient however, to create an
SDP solution for Gg. Each vertex in G§ is an r-tuple of vertices in Gg with an edge between two
r-tuples if vertices in any of the 7 coordinates are adjacent in Gg. A set S of vertices in G is a set
of r-tuples and we consider sets S,...,S, where §; projection of S to the jth coordinate. For G,
we simply take Ug = Ug, ® ... ® Ug,. This corresponds to the intuition that every independent
set in G, corresponds to picking one independent set in each copy of Gg.

3.2.2 Approximate Graph Coloring and Chromatic Number

To obtain a gap for Approximate Graph Coloring, we modify the FGLSS reduction slightly. The
gap for Chromatic Number is derived from this by taking graph products and tensoring vectors as
before. The modified reduction below is in the spirit of randomized PCPs of Feige and Killian [14].

Consider an instance ¢ when the constraints are known to be of the type A - (z1,... ,xk)T =b
and consider G as before. Supposing that we had an assignment satisfying all constraints, this
would give a large independent set. For the the graph to be [ colorable, we need [ independent
sets covering the graph. Let [ be the nullity of the matrix A and consider the vectors wy, ..., w;
such that A-w; = 0. If « is a partial assignment to variables (x1,...,xx) which satisfies the above
constraint, then so is a +w; for 1 < j <. 3

The problem is this does not give us an independent set. If x1,...,x, was an assignment, and we
looked at the restriction of this assignment to every constraint and added w; to every restriction,
this does not give a consistent assignment to xz1,...,z,. However, this is an independent set if we

3A reader familiar with [14] may recognize this as an attempt to get a zero-knowledge protocol for showing that
d is satisfiable. However, we do not argue the soundness of this protocol - we simply enforce it in the choice of .



slightly modify the FGLSS graph. Every constraint C; is on an ordered tuple T; of vertices. For
assignment aq to Tj, and ag to T;,, we connect them only if a;, ap differ on a variable in the same
coordinate in T; ,T;,. One can then verify that the transformation above then takes us from one
independent set to another. Changing the graph may affect the soundness, but it is possible to
choose @ so that the resulting graph still has no large independent sets.

Using this intuition, we now need to produce a vector every vertex and every color (and sets of
vertices and sets of colors). For a vertex (C;, «) in Gg, we take the vectors corresponding to the [

colors as V(Thaﬂvl), o 7V(Ti,a+wl)'

3.2.3 Minimum Vertex Cover

For Minimum Vertex Cover, we use the reduction by Dinur and Safra [10], which is a little complicated
to describe. However, an interesting point comes up in analyzing a (small) step which is not
“local”, as opposed to all the steps in the previous reductions. The step is a simple Chernoff
bound in the completeness part, showing how large independent sets intersect certain other sets
of vertices in a graph. Generalizing this to “vector-completeness” seems to require analyzing the
“local distributions” defined by the vectors, and combining the bounds globally using properties
of the SDP solution. Another component of the proof is a transformation of vectors for long-code
based reductions.

4 Gaps for k-CSPs

4.1 Lasserre vectors for linear equations

We first state a generalization of Schoenebeck’s result [25] that we shall need. As mentioned before,
it is more convenient to view it as constructing vectors for a system of linear equations. We show
that if the width-t bounded resolution (defined below) of the system of equations cannot derive
a contradiction then there exists vectors for sets of size up to ¢/2 which satisfy all consistency
constraints in the Lasserre relaxation. Also these vectors “satisfy” all the equations in the sense
that if we think of HV(S,Q)H2 as the probability that the variables in set S get the assignment «,
then for any set S, the only assignments having non-zero probability are the ones which satisfy all
the equations involving variables from S.

We write a linear equation in variables {z1,...,z,} as w -z = r where w is a vector of coefficients
—
and z is the vector containing all variables. We also denote by 0 the coeflicient vector with all

coefficients equal to 0. For a system A of linear equations over I, we formally define resolution as
below

Definition 4.1 Let A be a system of linear equations over a prime field F,. Then Res(A,t) is
defined as the set of all equations involving at most t variables, each of which can be derived by a
linear combination of at most two equations from A.

Also, for a set S C [n], let Ag denote the set of all partial assignments to variables in S, which
satisfy all equations in A involving only variables from S. We then have the following theorem

Theorem 4.2 Let g be a prime. Suppose A is a system of linear equations in F, such that (Hw =
r) € A< r =0 and Res(A,2t) = A. Then there are vectors V g4y, for all S with [S| <t and for
all a € [q)°, such that



1. <V(S1,a1)7V(Sg,o¢2)> >0 fO’I” all 51,52,041,042.
2. <V(S1,a1)7V(Sg,o¢2)> =0 i 041(51 N 52) =+ a2(51 N 52)

3. If aq; € [q]si, 1 <i <4 are such that oy o ag and ag o ay are both defined and equal, then

<V(51,al)’v(52,az)> = <V(53,013)’V(54,a4)>

2
4 Visa) =0 fora ¢ Ag and e n, Vs =1
Note that the theorem is stated in terms of a system A, which is closed under the applications of
the operator Res(-,2t). Our proof of the theorem essentially follows Schoenebeck’s proof except for
one modification, which allows the generalization to the g-ary case. We defer the details to the
appendix.

4.2 Deriving the gaps for MAX k-CSP,

We will prove an integrality gap for general instances of MAX k-CSP(P4). Specializing these
to Hamming codes will then give the claimed results for MAX k-CSP,. Let A € (F,)¥* be a
matrix with linearly independent rows. Recall that an instance of MAX k-CSP(P4) is specified by
constraints C1, ..., ), where each constraint Cj; is a system of linear equations over I, of the form
A-(2iy ... 25,)7 = b, We first show that if an instance ® of MAX k-CSP(P4) has good expansion,
then FRAC(®) = m even after large number of rounds. The integrality gap will then follow as an
easy consequence.

Theorem 4.3 Let A € (F,)?** be the generator matriz of a distance 3 code. Let ® be an instance
of MAX k-CSP(P4s) with m = [n constraints such that for s < nn, every set of s constraints
contains at least (k—1—9)s variables for § < 1/4. Then, FRAC(®) = m for the SDP relazation of

MAX k-CSP (P4) obtained by (%)n rounds of the Lasserre hierarchy.

Proof: We take Ag to the set of all linear equations appearing in ®, and take A to be closure of of
it under Res(-,t) for t = (%)n It will follow easily from Theorem 4.2 that FRAC(®) = m once we
establish that A satisfies the necessary conditions to apply the theorem i.e. (Hm =r)eAN&sr=0.
Expansion based arguments have often been used in previous works in proof complexity. For
example, [25] used the argument due to Ben-Sasson and Wigderson [4]. We will show that even
when the equations are not independent as in [4] and [25] (equations for every constraint come
from A), the property that A has distance 3 shall turn out to be sufficient for (a modification of)
the argument.

Let us assume that (6) -z =rg) € A for some ry # 0. We shall show that any derivation of this
must have an intermediate equation involving too many variables, thus deriving a contradiction.
Consider a minimal derivation tree of (6> -x = rg) for rg # 0. By definition of Res(-,t), this will be
a binary tree with the equation (6) -z =1p) at the root and equations in Ay at the leaves.

Let (w-x = r) be any intermediate equation in the tree. We denote the node by (w,r). We denote
by v(w,r) the number of constraints of ® used in deriving (w,r). It is immediate that if (ws,r3)
can be derived from (wq,71) and (we,73), then v(ws,r3) < v(wi,r1) + v(wa,r2). We first observe
that 1/(6},7*0) must be large.



-
Claim 4.4 v(0,r9) > nn

Proof: let 1/(6),7*0) = s. Then, the derivation for (6),7’0) involves a linear combination of
equations from s constraints. Since every constraint comes from a distance 3 code, every linear
combination of equations within a constraint must involve at least 3 variables. Hence, the linear
combination requied to derive (6}, ro) must include at least 3 variables from each from each of the
s constraints. However, to derive 0 each of these variables must occur an even number of times
and hence the s contraints can involve at most ks — 3s/2 variables in total. Since every set of up
to mn constraints is highly expanding, this is only possible when s > nn. |

In the spirit of [4], we show that v(w,r) decreases slowly as we proceed from the root to the
intermediate nodes. This will allow us to find a node which requires many, but fewer than nn
constraints to derive. Since for less than nn constraints we can use expansion, we will be able to
argue that this node has an equation involving many variables.

Claim 4.5 For all j <logg(nn), there is a node (wj,r;) in the tree such that

(é)jym,re) < wlwpry) < (;)ju@ro)

Proof: For j = 0, we can take wg = 0. Tt suffices to show that given (wj,r;) one can find a
node (wj41,7541) such that v(w;,r;)/3 < v((Wje1,7541)) < 2w(ws,r;)/3. Let (Wi, rD), (@)

J '
be the two children of (w;,r;). Since V(w](-l),r](-l)) + V(w](-z),r](-z)) < v(wj,7;), at least one of them,

say (w§1),r§1)), must require more than v(w;,r;)/3 constraints to derive it.

If V(w§l),r§l)) < 2v(wj,7;)/3 then we are done. Else at least one of the children of (w](-l),r](-l))
must require more than v(wj,r;)/3 constraints for its derivation and we can continue the argument
on this node. Since we always go down one level in the tree and find a node requiring at least
2v(wj,rj)/3 constraints, we must stop at some node as the leaves require only one constraint. We

take the node we stop at to be (wjy1,7j+1)- |

Choosing j = [logz/y(s/nn)], and using nn < s < fn gives
@*/B%)n < (n)*/s* < viwjry) < mm

Consider the number of variables in w;. Each one of the constraints used in deriving it, contributes
at least 3 variable occurrences. Also, since v(w;,7;) < nn, all the constraints must contain at least
(k—1—0)v(wj,r;) variables in total, which gives that at most (14 ¢)v(w;,r;) variables occuring in
more than one constraint. Out of all the variable occurrences in wj, the ones that can cancel out are
the ones occurring in more than one constraint. Hence, w; must have at least (3 —2(140))v(w;,7;)

variables. For § < 1/4, this is greater than (%)n which is a contradiction.

N
Hence, A cannot contain an equation of the form 0 -x = rg for rg # 0. Since A is closed under
3

Res(-, (%)n) by definition, we can apply Theorem 4.2 to get vectors for all sets of size upto (ks )n.

832
The vectors also satisfy all the required consistency conditions. Finally, we note that

Y. Y G@Vawl® = X Y Vawl = X1 =m
i=1 ag[q)Ti i=1 a€AT, =1
which shows that FRAC(®) = m. |
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Since random instances are both unsatisfiable and expanding, it is now easy to derive the integrality
gap for MAX k-CSP(Py4).

Theorem 4.6 Let A € (Fq)ka be the generator matriz of a distance 3 code and let { > 0 be given.
Then there is a constant ¢ = c(q,k,() such that for large enough n, the integrality gap for the
Lasserre SDP relaxation of MAX k-CSP (P4 ) on n variables obtained by cn rounds is at least ¢* — (.

Proof: Wetakee=( -4, 6 =1 /4 and consider a random instance ® with m = n constraints as

in Lemma 2.2, such that the ® satisfies both the properties in the conclusion of the lemma. Then,
3

by Theorem 4.3 FRAC(®) = m even after (8"?)71 rounds of the Lasserre hierarchy. On the other

-1
hand, by Lemma 2.2, OPT(®) < W(l +e)-m= qid(l + €) - m. Hence, the integrality gap is at

least ¢¢/(1 +¢€) > 1/¢% — . [ |

We now derive near optimal integrality gaps for €(n) rounds of the Lasserre relaxation of the
binary and g-ary MAX k-CSP problems. Note that the integrality gap becomes larger with the
dimension of the code. Thus, to optimize the gap, we consider Hamming codes which have the
largest dimension for a given length.

Corollary 4.7 Let k > 3, q be a prime number and let { > 0 be given. Then there exists ¢ =
c(k,q,C) > 0 such that the for sufficiently large n, the integrality gap for the Lasserre relazation of

q* ,
Ralg—1) —alg—2)

the MAX k-CSP problem on n variables with domain size q is at least

cn rounds.

Proof: Let (¢" ' —1)/(g—1) <k < (¢"—1)/(g —1). We take A to be the generator matrix of
the Hamming code of length k. Note that the above implies that ¢" — ¢ < (k — 1)¢(¢ — 1) which
gives ¢" < kq(q — 1) — q(q — 2).

Consider a random instance of MAX k-CSP(P4). By Theorem 4.6, there exists a ¢ and instances
on n variables such that the integrality gap after cn rounds for MAX k-CSP(Pj,) is at lkeast ¢ —C =

q
kq(q —1) —q(q —2) ¢

¢"/q"—(. Finally, using that ¢" < kq(q—1)—q(q—2) gives the gap is at least

as claimed.

Note that in case of ¢ = 2, the generator matrix of the binary Hamming code, simply produces the
predicate considered by Samorodnitsky and Trevisan [24]. We also state the following more precise
version of the gap for binary k-CSPs. The constants are arbitrary, but we shall need the nature of
the tradeoffs between k, 3 and ¢ to get the gaps for Independent Set and Chromatic Number.

Corollary 4.8 Let a number k and ¢ > 0 be given and let A be the generator matrix for the
Hamming code of length k. Then there exist 3 = O(2F/€%) and ¢ = Q((1/3)%°) such that if ® is
a random instance of MAX k-CSP(P4) on n > 1/c variables and m = n constraints, then with
probability 1 — o(1)

1. OPT(®) < Z¥(1+¢€)-m

2. For the SDP given by cn rounds of the Lasserre hierarchy, FRAC(®) = m.
Proof: Invoking Lemma 2.2 with § = 1/5 gives 3 = O(2¥/€?) and n = O((1/3)%°). Theorem

4.3 gives FRAC(®) = m after cn rounds, for ¢ = Q(n?/4%) = Q((1/8)%). The dimension d for a
Hamming code is k — 298¢+ D1 >k —1og(2k). Hence OPT(®) < g—f(l +e)m. |

11



4.3 Implications for Random Predicates

We now derive integrality gaps for MAX k-CSP(P) where P : [q]* — {0,1} is chosen at random by
selecting each input to be in P~1(1) independently with probability p. We denote this distribution
over g-ary predicates with &k inputs as Q(p, ¢, k). For any predicate P, a random assignment satisfies
|P~1(1)|/¢* fraction of constraints in MAX k-CSP(P) and hence the largest integrality gap one can
have is ¢*/|P~1(1)|. We will show that for almost every random predicate P, the integrality gap
for MAX k-CSP(P) is at least ¢*/|P~*(1)| — ¢ even after 2(n) rounds of the Lasserre hierarchy.

The result will follow quite easily using a theorem of Hastad [17] which basically says that a random
predicate “contains a copy of” P4 where A is the generator matrix of the Hamming code over F,.
We first define what it means for a predicate to contain a copy of another.

Definition 4.9 We say that a predicate Py contains a predicate equivalent to Py if there exists a
permutation 7 : [k] — [k] of the inputs and by, ..., by € [q], such that

Pg(xw(l) +by,... s (k) —l—bk) =1 = Pl(azl,...,xk) =1

We can now state the theorem of Hastad referred to above. Hastad actually states the result only
for random boolean predicates but it is easy to verify that the same proof can be extended to g-ary
predicates.

Theorem 4.10 (Hastad [17]) Let q be a prime and let (¢" 1 —1)/(¢g—1) <k < (¢" —1)/(g—1).
Let A be the generator matriz of the Hamming code over Fy with length k. Then there is a value
¢ of the form ¢ = kq™" (1 — o(1)), such that, with probability 1 — o(1), a random predicate chosen
according to Q(p,q, k) with p > k™ contains a predicate equivalent to Py.

Using this theorem, we can now prove optimal integrality gap for almost every predicate in the
distribution Q(p, q, k) with the appropriate value of p.

Theorem 4.11 Let a prime q and ( > 0 and k > 3 be given and let ("' —1)/(¢g — 1) < k <
(¢"—1)/(q — 1) for some r. Then there exist constants ¢ = kq~"(1 — o(1)) and ¢ = (¢, k, () such
that if P is a random predicate chosen according to Q(p,q, k) with p > k=¢, then with probability
1—0(1) over the choice of P, the integrality gap for MAX k-CSP (P) after ¢'n rounds of the Lasserre
hierarchy is at least ¢°/|P~1(1)| — C.

Proof:  Using Theorem 4.10 we know that with probability 1 — o(1), a random P contains a
predicate equivalent to P4, where A is the generator matrix of the Hamming code over F, with
length k. For the rest of the proof, we fix such a P. For this P there exists a permutation 7 and
literals by, ..., by such that Pa(zr1) + b1, Tz + 1) =1 = P(z1,...,7) = 1.

With every instance ® of MAX k-CSP(P), we now associate an instance ®4 of MAX k-CSP(Py).
For every constraint C; = P(x;, +ai,, ..., %, +a;,) in ®, we add a constraint C to ® 4 of the form

I _
Ci = PA(xiw(l) + @iy +by,... s i ) + Qi iy + bk)

Thus, if the constraint C/ is satisfied by an assignment, then so is C;. Also, if ® is distributed
as a random instance of MAX k-CSP(P), then ®4 is distributed as a random instance of MAX
k-CSP(P4) with the same number of constraints.

Let € = ¢ - |[P7Y(1)|/¢* and § = 1/4. We consider a random instance ® of MAX k-CSP(P) with
m = [n constraints as in Lemma 2.2. By Lemma 2.2 we will have with probability 1 —o(1) over ®
that

12



-1
e OPT(®) < ‘Pq#(l +¢€)-m, and

e Every set of s < nn constraints in ®4 contains at least (k — 1 — d)s variables.

By Theorem 4.3, we have FRAC(®4) = m for the SDP obtained by t = (%2

Lasserre hierarchy. Hence, there exist vectors Vg o) for all S C [n],|S] <t and a € [q]° satisfying
all the consistency constraints and such that

)n rounds of the

S )|Vl =1 vi<i<m

aelq)Ti

However, the same vectors also show that FRAC(®) = m after ¢ rounds, since

m

> Y G@Vaal® = X X G@)|[Vaal® = X1 =m
i=1 o

i=1 aefg)”s la)”s i1

Hence, the integrality gap for MAX k-CSP(P) after (8; )n rounds of the Lasserre hierarchy is at
k k

q q
least FRAC(®)/OPT(®) > EEEr R |

‘3

5 Integrality Gap for Maximum Independent Set

To obtain the integrality gaps for Maximum Independent Set we use the reductions by Feige et. al.
[12] and by Bellare, Goldreich and Sudan [3]. However, before getting to the proof of the integrality
gap, we describe how to transform vectors for a general FGLSS reduction. This transformation
shall be useful for our other results as well.

5.1 Vectors for products of the FGLSS graph

Let ® be an instance of MAX k-CSP with constraints C1y,...,C,, on tuples T1,...,T,, and the
domain of variables as {0,1}. Assume that each constraint has exactly [ satisfying assignments.
We describe below the reduction by [3] from ® to an independent set problem.

1. Given @, create the FGLSS graph Go = (Vp,Fg) with a vertex for every constraint C;
and every partial assignment to variables in the corresponding tuple T; which satisfies the
constraint C;. Two vertices (Cj,,a1),(Ci,,as) are connected if a7 and ag assign different
values to some variable. Formally

Vo = {(Cia)|ac{0,1}T, Ci(a) =1}
Ey = {{(Ciwal)v (Ci27a2)} | al(Til ﬁTZé) 7& a2(Ti1 mTiz)}

2. Construct the product graph G}, = (V, E’) with vertices of G being r-tuples of vertices in
Go. Two vertices {(Ciy, a1),...,(Ci,,ar)} and {(Cy,a7), ..., (Cy, o))} are connected if for
some j, {(Cijvaj) ( il ])} € E<1>

13



Note that if ® had m constraints, then G§ has " - m" vertices, with there being m" disjoint cliques
of [" vertices, corresponding to every r-tuple of constraints. We denote the clique corresponding to
constraints Cj,,...,C;. as C(iy,...,i,). Formally,

C(il,... ,ir) = {{(Cil,al),...,(CiT,ar)} ‘ /\;:1 Cij(aj) = 1}

The largest independent set in G§ can have at most m” vertices. We claim that a good SDP
solution for ® can be transformed into a good solution for the independent set SDP on G7,.

Lemma 5.1 Let ® be an instance of MAX k-CSP as above with m constraints. If FRAC(®) =
m after t rounds of the Lasserre hierarchy, then FRAC(Gg) > m” for the independent set SDP

obtained after t/k rounds. Moreover, the contribution to the SDP value from vertices in each clique
Clity... i) is 1.

Proof: We first define an independent set solution for ¢/k rounds on G and then show how to
extend it to G. Consider a set S of h < t/k vertices in Gg. It is specified by h constraints and
partial assignments {(Cj,,1),...,(Ci,,an)}. Define Ug as

Us = 0 i1 g2 < h st o, (T, NTy) # agy (T, NT)
5T V(UjTij ,(10...000) otherwise

We now consider a set S of vertices in G%. It is a set of r-tuples of vertices in Gg. Let S; denote
the set of vertices of Gg which occur in the jth coordinate of the r-tuples in §. Define the vector
Ug as

Uvgztjg1 ®...0Ug,
Let Uy denote the vector for the empty set of vertices in Gg,. We take Uy = Uy @ ... ® Uy. The

vectors Uz are defined for all sets S with at most ¢/k vertices. We now show that they satisfy all
Lasserre constraints.

Claim 5.2 The vectors Ug satisfy all conditions of the (t/k)-round independent set SDP on G¥.

Proof:  Since all vectors Ug are tensors of valid Lasserre vectors for the SDP for @, all inner
products are between 0 and 1. We only need to verify that the vectors corresponding to two vertices

connected by an edge are orthogonal, and that <U§1 , U§2> depends only on 81 U S».

e Consider two vertices {(Cj,, 1), ..., (Ci,, o)} and {(Cy,a7),. .., (Cir, o)} connected by an
edge. The corresponding vectors are V(Ti1 )@@V, o) and Vg, o) @ @V, ).
217 27-7 7'

The fact that there is an edge between the vertices means that for some j < r, a; (T}, ﬂTig_) #

oz;- (T;; N TZ;) Hence <V(Tij ’aj)7V(Ti3. ,a;)> = 0 since the vectors V(. y form a valid Lasserre

solution. This gives

<V<Tz-17a1> DOV, a0 V(T 0 @ O V(Ti;va;>> =11 <V<Tz-j ) V(T 7a;->> =0

14



e Next, consider sets Si,S2,S3,S4 such that S; USy = S3US4. For 1 < u < 4, let S](-u)
denote the union of elements in the jth coordinate of the r-tuples in S,. S1USy = S3U S,
means that in particular S(l) U 8(2) = S(-g) U Sj(-4) for all 1 < j < r. For a fixed j, let
sPus? =8P us = {(Cy,a),.... (C;

th o
partial assignments, then either one of Ufsl) and U‘(SQ is 0, or they are equal to Lasserre

ap)}. If the set contains two contradicting

vectors corresponding to contradicting partial assignments. In either case <U(] ), uY )> =0
and similarily <U‘(Sj2,Ug2> = 0. If there are no contradicting partial assignments, then

the tuples in S{j Ju Séj ) can be extended to a unique partial assignment «q o ... o ap over

U;-‘lejj. Since the set of all tuples, and hence the assignment, is same for S(J ) S(J ), nd
the corresponding CSP vectors are consistent, we get <Ug),Ug)> <Ug),Ug4)> for all 7,

which implies <U81,U > <USS,U >

|
We show that the value for all the vertices in any clique C(iy,...,i,) is 1. Letting o, ..., a, range
over all satisfying assignments to C;,, ..., C;;, the contribution of vertices in this clique to the SDP

objective value is

) H< Vo) =11 <ZV(T@. ,aan(w,@)> = [ =1
Qal,...,ap j=1 j=1 aj j=1

where <Z o V(Tij ) V(@7@)> = 1 since the contribution of the constraint C;; to the SDP for MAX

k-CSP is 1. |

5.2 Obtaining the Integrality Gap

We can now prove the following integrality gap for Maximum Independent Set.

Theorem 5.3 There exist constants c1,co > 0 and graphs on N wvertices for arbitraily large N,
such that the integrality gap for the SDP for independent set obtained by 2¢2V10e N10glog N py . ds of
N

the Lasserre hierarchy, is at least

9c1v/log N loglog N ’

Proof:  Our integrality gap instance will be a subgraph of G, for appropriate choices of ® and
r. We construct the graph G = (V, E) by randomly picking M cliques of the form C(iy,...,i,),
and taking G to be the subgraph induced by the vertices in these clique. An easy Chernoff bound
shows that if only a small fraction of constraints in ® were satisfiable, then the size of the largest
independent set in G is small.

Claim 5.4 Let s = OPT(®)/m. Then for M > Y927 " with probability 1 — o(1), all independent
sets in G have size at most 2s" M.

Proof: It is easy to see that any independent set in G¢ can be extended to an assignment to the

variables x1,...,x, and has size equal to the number of constraints in ¢ satisfied by the assignment.
Hence, the size of the largest independent set in Gg is at most s-m. Also, an independent set in G,
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is a set of r-tuples of vertices in Gg such that if we consider the set of vertices in the jth coordinate
for any j, they form an independent set in G¢. Hence, any independent set in G§ has size at
most (s-m)". Also, note that since an independent set of G, can be extended to an assignment to
T1,...,Ty in each of the r coordinatess, there are at most 2™ different independent sets.

Any independent set in the sampled graph G also extends to an assignment to z1,...,z, in each
coordinate and can be thought of as the intersection of an independent set I of G, with the sampled
blocks. Fix any independent set I of G,. We sample M out of the m” blocks in G¢ and each block
has at most one vertex belonging to I (because each block is a clique). Hence, by Chernoff bounds,
the probability that more than 2s”- M vertices in G belong to I is at most exp(—s"-M/50). Taking
a union bound over all choices of I, we get that with probability at least 1 — exp(—s" - M /50 + nr),
all independent set of G have size at most 2s” - M. Choosing M > 100nr/s" ensures that the
probability is 1 — o(1). |

We now make the choices for all the parameters involved. For a large n, let k = dlogn for some
small constant §, and let r = logn/(loglogn). Consider an instance ® of MAX k-CSP as given by
Corollary 4.8. By chosing € = 1/2, we can get that k/2F < s < 3k/2*. Also, since the constraints
are based on the Hamming code, the number of satisfying assignments to each constraint is at most
I < 2k. We pick M = 100ns - (2F7 /7).

By the previous claim, the size of the maximum independent set in G is at most 2M s” (w.h.p. over
the choice of G). We take the SDP solution to be the same as constructed for G%. By Lemma 5.1,
the contribution of the vectors in each clique to the SDP value is 1. Hence, the value of the SDP
solution for G is M, which gives an integrality gap of (1/2s") > (1/2) - (2¥/3k)". On the other
hand, the number of vertices in G is

N = M-I" < (100nr- 28 /k7) - (2k)" = O(nr - 2707
N

9c1v/log N'loglog N

To verify the number of rounds, note that Corollary 4.8 gives 3 = O(2¥) = O(n°) and ¢ =
Q((1/n%)8). Hence, we have SDP solutions for cn = Q(n'~8%) rounds for ® and consequently for
Q(n'=8% /k) rounds for the independent set SDP on G. For § < 1/80, this is at least 2¢2v1g NVloglog N
for some constant cs. |

for some constant c¢;.

With our choice of parameters, the integrality gap is at least

6 Gaps for Graph Coloring

In this section, we show that SDPs in the Lasserre hierarchy fail to approximate the chromatic
number of a graph. Gaps for chromatic number are syntactically different from the usual integrality
gaps for SDPs because the value of the chromatic number is not a linear function of the inner
products of vectors in an SDP. Instead for any [/, one can write down an SDP for which a feasible
solution gives a wvector l-coloring of the graph. We show graphs for which an [-coloring remains
feasible even after many rounds of the Lasserre hierarchy, even though the actual chromatic number
of the graph is much larger than .

We show that for any constant [, there are graphs with chromatic number at least % which
admit a vector [-coloring even after £2(n) rounds of the Lasserre hierarchy. For Chromatic Number,
we show that the ratio of the chormatic number of the graph and the number of colors in the
vector coloring obtained by 2%(Vlegnloglogn) rounds of the Lasserre hierarchy can be as high as

JovErmery - We write the Lasserre SDP for [-coloring as a constraint satisfaction problem, with
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the additional restriction that all the constraints which say colors of two adjacent vertices must
be different, are satisfied. This formulation is equivalent to the one considered by Chlamtac [8].
To avoid confusion with the SDP for MAX k-CSP we denote the sets of vertices here by S, partial
assignments by v and vectors for coloring by V(Sﬁ).

t-round Lasserre SDP for [-coloring of graph G = (V, E)

Minimize ! s.t. there exist vectors V(g ) for all |S| <t,v € [I]° satisfying
(Vgurrn Vquarn) =0 Y(u1,uz) € B, € [1]
(Visi) Visam) =0 V 71(S1 N S2) # 72(S1NS2)
<v(81,’71))v(82,’72)> = <v(83,73)5v(84,’74)> v Sl U 82 = 83 U 847 ’Yl o FYQ - 73 o 74
— 2

DIVl =1 Vuev

JjE[!]
(Visim) Visam) 20 V81, 82,71, 72

Vol =1

The reduction we describe in this section is a slightly modified version of the reduction for inde-
pendent set and is specifically designed to work for problems of the type MAX k-CSP(P,4), where
the constraints being linear equations in Fs. It is inspired by what could be a “zero-knowledge
protocol” for such predicates, in the sense of Feige and Killian [14]. Here, we describe the reduction
without going through the protocol, at the cost of defining the following additional (and somewhat
unnatural) solution concept for a CSP instance.

Definition 6.1 Let ® be an instance of MAX k-CSP with constraints C1, . .., Cy, on ordered k-tuples

Ti,..., Ty of variables. For a constraint C; on variables (z;,,...,x;, ), we say that the constraint
k-satisfied by assignments I1,... Iy if C;(Ii(z;,), ..., Hi(x;,)) = 1. We denote by OPT(®), the
mazimum number of constraints in ® that are k-satisfied by any assignments 114, ..., I1.

Note that the above definition crucially uses the fact that the constraint is defined on an ordered
tuple of variables as we read the value of the first variable from I, the second from II; and so on.
By slightly strengthening the notion of unsatisfiability for a random CSP instance in Lemma 2.2,
we can strengthen Corollary 4.8 as below.

Corollary 6.2 Let a number k and € > 0 be given and let A be the generator matrix for the
Hamming code of length k. Then there exist 3 = O(k2F/€%) and ¢ = Q((1/8)%°) such that if ® is
a random instance of MAX k-CSP(P4) on n > 1/c variables and m = (n constraints, then with
probability 1 — o(1)

1. OPTL(®) < Z(1+¢€)-m

2. For the SDP given by cn rounds of the Lasserre hierarchy, FRAC(®) = m.

“In fact, the SDPs in Lasserre hierarchy are fairly independent of the representation used. It is easy to switch
between different SDPs for a problem, by losing at most a constant factor in the number of rounds.
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6.1 Gaps for Approximate Graph Coloring

We reduce from a CSP instance ® as in Corollary 6.2. For an instance ® of MAX k-CSP(Py),
consider the vectors w € {0,1}* such that A-w' = 0 over Fy. If A is the generator matrix of
the Hamming code of length k, there are 2198 +D1 guch vectors. We shall show that the graph
produced by our reduction has a vector coloring with [ = 2/1°8(k+D1 ¢olors, where we shall identify
the domain [{] of the coloring CSP with the vectors wq, ..., w; satisfying A - wJT =0.

We now give the reduction from ® as above, to Approximate Graph Coloring. Similar to the case of
independent set, we create the FGLSS graph with a vertex for every constraint and every satisfying
partial assignment to the variables in that constraint. However, we have fewer edges: we connect
two vertices (Cj,,aq) and (Cj,, a2) iff a1 and ao disagree on a variable that occurs at the same
position in the ordered tuples T;, and T;,. Formally, we create the graph G¢ = (Vp, Fg) such that

Vo = {(Ci,a)|ac{0,1}T%, Ci(a) =1}
Ee = {{(Cij,a1),(Ciy,a)} | N <5< k. [Thy 5 = Tip j] N a1 (Thy 5) # a2(Tiy 5)1}

where T; ; is used to denote the variable in the jth position in the ordered tuple corresponding to
the ith constraint. To show that Gg¢ has large chromatic number, we claim that all independent
sets in G are small.

Claim 6.3 The size of the mazimum independent set in Gg is OPTy(P).

Proof: Let I be an independent set in ®. Hence I is a set of pairs of the form (C;, «), where
C; is a constraint and « is a partial assignment giving values for variables in 7;. Since all vertices
corresponding to a single constraint are connected, I can include at most one vertex corresponding
to one constraint.

Consider the values given to all the variables x4, ...,z by all the partial assignments in I, when the
variable is present in the jth position in the tuple. Since all the partial assignments to constraints
must be consistent in the values at the jth position, these values can be extended to a unique
assignment, say II; = (a1,...,a,) to the variables z1,...,z,. Similarly, we can define assignments
IIy,..., I for each of the k positions.

Hence, the independent set corresponds to picking at most one of the satisfying assignments for
every constraint, with the jth variable in the tuple set according to II;. This gives that the size of
the largest independent set is at most OPTy(®). |

Lemma 6.4 Let ® be an instance of MAX k-CSP (P, ), with m constraints such that each constraint
has ezactly l satisfying assignments. If FRAC(®) = m after t rounds of the Lasserre hierarchy, then
there is a feasible solution to the SDP for l-coloring of G obtained by t/2k rounds of the Lasserre
hierarchy.

Proof: We now define the vectors Vs, for a set S C Vo,|S| < t/k and v € [1]°. Let
(S,v) = {(Ciy,0q),...,(Ci,,an)},v) Recall that the domain [I] is identified with the vectors
wy,...,w; € {0,1}* which satisfy A - ij =0 for 1 < j <. Hence the partial assignment v assigns
a vector in F§ to each vertex (Ci;, aj). We use the vectors given by v to modify the assignments
to each Cj;. This can be viewed as the zero-knowledge step of randomizing over all the satisfying
assignments to each constraint. Formally, we change a; to a; + v((C;;, a;)) where v((Cj;, aj)) is
the vector in F% (the “color”) assigned by 7 to the vertex (C; ;»aj) and the ‘+7 is over Fa. Let
[ovj, 7] denote this assignment to T;; which is shifted by ~.
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With this interpretation, we define the vectors as 0 if these shifted partial assignments contradict,
and otherwise as the Lasserre vectors corresponding to the assignment defined collectively by all
the shifted assignments. For all |S| < t/k and v € [I]°, we define

_ _ 0 E|j1,j2. [O‘jw’y](Ti]‘l N TijQ) 7& [Oéjg,’)/] (Tij1 n TijQ)
(S7) V(UTij,[a1,7]o...0[ah,7]) otherwise

We now need to verify that the vectors satisfy all the SDP conditions.

e For an edge {(C,-l,al),(Ciz,ag)}, we must have that <V({(Czl 7061)}77),\/_({(01.27062)}77)> = 0.
Note that if (Cj,,aq) and (Cj,, a2) have an edge, then for some j, T;, and T;, have the same
variable in the jth position and a1, s disagree on that variable. Then [ag,v] and [ag,7],
which are equal to a; + w and agy + w for some w in the null space of A, would also disagree
on that variable. Hence, by validity of the Lasserre solution for the CSP

(Vo anm Viopanmn) = (V@ Vit o) = 0

e We next verify that <V(51771),V(52772)> = 0 whenever 71,7 disagree on &1 N Ss. The dis-
agreement means that there is some vertex (Cj;, ;) € S N Sy such that v1((Cy;, a;)) #
12((Ci;,a)). If Tj, is the tuple of variables corresponding to Cj;, then [aj, m1](Ti;) #
[, 2] (T; ;). Assuming neither of V(SL'Yl) and V(Sz 12) 18 zero, we must have that V(SL'Yl) =
Visiayy and Vs, 1) = V(g1 o) for some 57,85 C [n] and partial assignments o, . Also,
we have that T;; € S§1 NSy and o (T5;) = [aj, |(Ti;) # [aj,7](Ti;) = o5 (T;;). This gives

<V<s1,aa>vV<sgva;>> =0.

e We also need to show that <V(81 ,%),7(32 ,'72)> = <V(33,73),V(34ﬁ4)> whenever S{USy = S3USy
and 7y, o v2 = 73 0y4. For convenience, we only show this when all sets have size at most
t/2k by showing that <V(31771),V(52,72)> = <V(31U32MOW),V(@,@)>. Again, assuming neither
of these vectors are zero, let V(Slm) = V(s7.o;) and V(S%W) = V(sy.a1)-

If o) and o}, contradict (note that this may happen even when ~; o 42 is defined) then there
must be some vertices (Cj,,a1) € S; and (Cj,,a2) € Sy such that C;, and Cj, involve a
common variable, on which the shifted assignments [aq,v1] and [ag, 2] disagree. But then
both these vertices will also be present in &7 U Sy and the assignments shifted according to
1 0 v2 will also disagree. Hence, V(SlLJSQ ~1072) = 0 which satisfies the condition in this case.
If not, we must have that V(Sluszmowz) = V(s a)- Since the vectors V. for a valid CSP
solution, it will be sufficient to show that S§ = S]US) and oy = o) oay. Since S% contains all
the variables involved in constraints present either in S or So, it must include all variables
in 1 USy. Finally, for any (Cj;,a;) € S1 USs, a5(Ti;) = [o,71 0 7] (Ti;) = (o) 0 ay)(T5,),
which proves the required condition.

e Finally, we need to verify that for every vertex (Cj,a) of Gg, Zje[l] HV({(Cnoc)},j)HQ = 1.
Note that V(((c;,0)}.j) = V(T;,atw;) Where w; is a vector on Fy such that A - w;r = 0. If the
constraint C; is of the form A -x = b; and if « is a satisfying assignment, then as j ranges
from 1 to [, (o + w;) ranges over all the satisfying assignments to the constraint C;. Hence,
we have that

S IVl =X [Verasny S G [Vl =1

Jell] Jell] ac{0,1}7Ti

2
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where the last equality used the fact that FRAC(®) = m and hence the contribution to the
SDP value, from assignments of each constraint, is 1.

|
This now gives the claimed gap for Approximate Graph Coloring.

Theorem 6.5 For every constant | there is a ¢ = ¢(l) and an infinite family of graphs G = (V, E)
with chromatic number () (%ﬁ), and such that G has a vector coloring with | colors for the SDP

obtained by c - |V| rounds of the Lasserre hierarchy.

Proof: For any [, there is a k such that [/2 < 2M°2(5+ D] < | For this k, consider an instance ® of
MAX k-CSP with n variables and m = (3n constraints as given by Corollary 6.2, choosing € = 1/2.
We take our graph G to be Gg as defined above. Claim 6.3 shows that the largest independent set
has size at most OPT,(®), which is at most (31/2FT1) . m by Corollary 6.2. Since the number of
vertices in G (say N) is at least k - m, its chromatic number is Q(2¥/1?) = Q(21/2/12).

On the other hand, we have SDP solutions for ® for ¢'n rounds (with ¢ = ¢/(k)) with FRAC(®) = m.
By Lemma 6.4 G has a vector coloring 2/1°8(++DT colors for the SDP obtained by ¢n /k = ¢N rounds
of Lasserre, where ¢ depends only on k (which depends only on 1). |

6.2 Gaps for Chromatic Number

We now modify the graph and the SDP solution constructed in the previous section to get strong
gaps for Chromatic Number. As in the case of independent sets, we define the product graph G% =
(Vg, ') for G defined above. Two vertices {(Ci,, a1),...,(Ci,, o)} and {(Cyr, ), ..., (Cir,ap)}
in Vg are connected if for some j, {(C;;, ), (CZS ,a})} € Eg. Note that the edge set Eg is slightly

different than it was in the case of independent set. C(iy,...,i,) is defined as before
C(ilv S 7iT’) = {{(Ci17a1)7 SRR (Ciwar)} ‘ A§:1 Cij (aj) = 1}

We argue that if G¢ has a vector coloring with [ colors, then Gg¢ has a vector coloring with "
colors. We think of the " colors as r-tuples of values in [I]. Hence, a partial assignment assigns to
each vertex a tuple in [I]".

Claim 6.6 If there is a feasible solution for the l-coloring SDP for Gg obtained by t rounds of the
Lasserre hierarchy, then there is also a feasible solution for the SDP for I"-coloring the graph Gy
obtained by t rounds.

Proof: We define the vector V(gﬁ) foral S CV}, S| <tand?¥e ([I")S. Each vertex v € S
is of the form {((Cj,,),...,(Ci,.,a;))}. For a such vertex v, let [v]; denote the element in jth
coordinate of v i.e. (Cj;, ;). Also, ¥(v) is an r-tuple (I1,...,[.) and we denote the jth coordinate
l; by [7(v)];. Given a pair (S,7%), we break it into different projection sets P; for each 1 < j <r

Py ={([v];, 7());) | v € S}

Each element in P; corresponds to a vertex in G'¢ (given by [v];) and a color in [[] for the vertex
(given by [7(v)];). Note that there can be two different elements ((C;, «),l;) and ((Cj, @), 1) which
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assign different colors to the same vertex. If this is the case for any set Pj, we take V(gﬁ) = 0.
Otherwise, for each set P;, we can define the set S; of vertices of G¢ that are contained in P; and
also a partial assignment v; € [1]S7, since every vertex of S; gets a unique color by assumption. In
this case, we define V(S,i) by tensoring assignment vectors in each coordinate. Formally,

V(S):{O_ B 3125 <7 & (Coa), ), (Civa). ) € Py st s 1
7 Visim) @ ® Vs, 4, otherwise

It is easy to verify that the vectors satisfy all the required SDP conditions.

o Letu; ={(Ci,,a1),...,(Ci,,ap)} and ug = {(Cy,, 1), ..., (C;,, a,)} be two adjacent vertices,
and let 7 € [I]" be any color (ly,...,l,). Then, by adjacency, we must have that for some
J <, {(Ci;,a5), (C i o)} € Eg. Hence,

T

Vi Viwarm) = 11 <V<{<cij a) Ve, 7a;>}7lj>> =0

=1

e Similarly, if (51,7, ) and (Sa,75) have a contradiction, or S{USs = S3US, and 7,075y = 7507,
then these conditions will also hold in each of the coordinatewise projections. Hence, the SDP
conditions will be satisfied in these cases.

e To verify that for each u € V, Zje[l]T V({H}J)W = 1 we again note that

> HV {(Ciy 1) (o)}l ol H > H< {(Ci; a5 hL): ({(c@-jvaj>},lj>>

l1yeilr Iyl j=1

= H > |V wm) :

j=1 1

=1

|
We now prove the integrality gap for Chromatic Number by similar arguments as in Theorem 5.3.

Theorem 6.7 There exist constants c1,co,c3 > 0 and graphs G on N wertices, for arbitrarily large
N such that

1. The chromatic number of G is Q (M%)

2. The SDP for coloring G obtained by 2 <2c2vl°gN1°g1°gN> rounds of the Lasserre hierarchy
admits a vector coloring with O (203vl°gN1°glogN> colors.

Proof: We construct the graph G by sampling M cliques of the form C(iy,...,i,) from G%, and
considering the subgraph induces by their vertices. The size of the independent sets is small w.h.p.
over the choice of G.

Claim 6.8 Let s = OPTy(®)/m. Then for M > 10£an’ with probability 1 — o(1), all independent
sets in G have size at most 2s" M.
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Proof: By Chernoff bound arguments identical to those in Claim 5.4. |

We again choose k = dlogn for some small constant 0, and let » = logn/(loglogn) for a large n.
Applying Corollary 6.2 with € = 1/2 gives an instance ® of MAX k-CSP(Py) with k/2F < s < 3k/2F.
(Note that here s = OPTg(®)/m). The number of assignments to each constraint is exactly
| = 2Mlee(k+ D1 < 9k, We again pick M = 100n7 - (257 /k7).

With high probability over the choice of G, the size of the maximum independent set in G is at
most 2Ms”. The number of vertices in G is

N = M-I" < (100nr -2 /E") - (2k)" = O(nr - 2t+Dr)

N
and hence the chromatic number of G is at least (I"/2s"), which is for some constant
9c1v/log N loglog N

c1, with our parameters.

We can again take the Lasserre vectors corresponding to sets of vectors in G, to be the same as the
vectors for the corresponding sets in G7,. By Claim 6.6 the number of colors in the vector coloring is
I", which is at most 2¢2VIeg Nloglog N {1 some constant ¢p. Also, the number of rounds is € <#>,

which is (203vl°gN1°glogN) for ¢3 > 0, if  (in choosing k = dlogn) is small enough. |

7 Integrality Gaps for Vertex Cover

In this section, we prove an intergrality gap of 1.36 for Minimum Vertex Cover using the reduction
by Dinur and Safra [10]. One can start with an integer program for Minimum Vertex Cover and
obtain the Lasserre SDP for Vertex Cover by introducing vector variables for every set of ¢ vertices
in the graph. Equivalently (and this is the form we will be using), one can simply work with the
t-round SDP for Maximum Independent Set and modify the objective.

We collect the relation between SDP solutions for Maximum Independent Set and Minimum Vertex
Cover, together with some other (known) characterizations of the independent set solution which
we shall need, in the lemma below. Proof of the lemma, is deferred to the appendix.

Lemma 7.1 Let the vectors Ug for |S| < t form a solution to the t-round Lasserre SDP for
Maximum Independent Set on a weighted graph G = (V, E), with SDP value FRAC(G). Then there
exist vectors Vg o) for all |S| <t/2,a € {0, 1}°, determined by the vectors Ug, such that

1. Uy = V(g g) and Ug = V(5,,)VS, where 1g is the partial assignment which assigns 1 to all
elements in S.

2. The vectors V(g4 satisfy all conditions of the SDP for constraint satisfaction problems.

8. For any S, the vectors {V (g | a € {0, 1}°Y} induce a probability distribution over {0,1}7.
The events measurable in this probability space correspond to all o' € {0, 1}5/ for all S’ C S,
2

and Plo/] = ||V(sr 1)

4. The vectors V g4y form a solution to the t-round SDP for Minimum Vertex Cover with objec-
tive value ) v, w(v) — FRAC(G), where w(v) denotes the weight of vertex v and Og denotes
the all-zero assignment.
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Through the remaining part of this section, we shall only consider the independent set SDP on
all the graphs in the reduction. We will show that the value of the fractional independent set
is large for all intermediate graphs obtained in the reduction. On the other hand, it willll be
possible to conclude directly from the correctness of the Dinur-Safra proof that the size of the
actual independent set in these graphs is small. Comparing the corresponding values for vertex
cover will give us the required integrality gap.

7.1 The starting graphs for the Dinur-Safra reduction

We first describe the graphs required for the reduction by Dinur and Safra [10]. They require few
key properties of the graph which they use to argue the soundness of the reduction i.e. the graphs
produces by the reduction have no large independent set. In fact, graphs of the form Gy as defined
in section 5 turn out to satisfy all the required conditions. Also, we already have vector solutions
for the independent set SDP on these graphs. We only need to argue that these vectors can be
transformed appropriately through the steps of the reduction. Dinur and Safra define the notion
of “co-partite” graphs as below.

Definition 7.2 We say that a graph G = (M X L, E) is (m,l) co-partite, if it is composed of
m = |M| disjoint cliques, each of size | = |L|. The edges that go between the cliques may be
arbitrary. Formally, for all i € M and ji # jo € L, we require that {(i,71), (i,j2)} € E.

Let ® be any CSP instance with m constraints and each constraint having exactly [ satisfying
assignments. Then it is easy to see that the FGLSS graph Gg is (m,[) co-partite. Also, the graph

% is (m”,1") co-partite. The reduction in [10] also requires an (m,l) co-partite graphs such that
for some fixed constants €y, h > 0 every subset of vertices I C M x L with |I| > eym, contains
a clique of size h. It also follows from their argument (proof of Theorem 2.1 in [10]) ® that if
OPT(®) < s-m for some s < 1, then Gy satisfies this property for an appropriate 7.

Theorem 7.3 ([10]) Let ® be a CSP instance with m constraints, each having l satisfying assign-
ments, and such that any assignment satisfies at most s < 1 fraction of the constraints. Also, let
€0, h > 0 be given. Then there exists an r = O(log(h/€)) such that any set of vertices in G, which
does not contain an h-clique, has size at most €y - m’.

7.2 The graphs with block-assignments

The next step of the reduction, which is crucial for the soundness, transforms a graph G = (V, E)
which is (mg, lp) co-partite into a new graph Gp which is (mq, ;) co-partite and has some additional
properties required for the soundness.

We consider the set of blocks of d vertices in V, i.e. the set
Vv
B <d> _(BCV||B|=d)

Also, for each block B, let Lp denote all “large” partial assignments to vertices in B. Formally,
Lp = {a € {0,1}8 | |a| > dt}, where dt = d/2ly and |a| is the number of 1s in the image of a.

®The result in [10] is actually stated not for the graph G%, but for a graph G’ obtained by converting the CSP &
to a two-player game and considering the graph obtained by parallel repetition. However, the graph G’ defined in
their paper is a spanning subgraph of G%, and hence if a subset of vertices contains an h-clique in G’, then it also
contains one in Gg.
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The vertex set of the graph G is taken to be set of all pairs of the form (B, «), where a € L. To
define the edges, we consider a pair of blocks whose symmetric difference is just a pair of vertices
(v1,v2) such that (vy,vy) € E. We connect two partial assignments corresponding to such a pair of
blocks, if they form an “obvious contradiction” i.e. they disagree on the intersection or they assign
1 to both the vertices in the symmetric difference. It is important for the soundness analysis in
[10] that for any such pair of blocks (B1, B2), any a1 € Lp, is not connected to at most two partial
assignments in By (and vice-versa). We also add edges between all partial assignments within a
block. Thus, we define

Vs = {(B,a) | BeB,ac L}

El(gl) = U {(B U{v}, 1), (B U{va}, ag) | 041(3) #* Oéz(B) or ay(vy) = az(v2) = 1}
Be(4Yy)
(v1,09)€ B

Ep = El(gl) U (U{(B,Oél),(B,Oég) ’ a1 # Qg, a1,y € LB}>
B

Note that G is also (mq,1;) co-partite with m; = |B| and l; = |Lg| (which is the same for all B).
We now show that if G has a good SDP solution, then so does Gg.

Lemma 7.4 Let G = (V,E) be an (mqg,ly) co-partite graph such that for the independent set
SDP obtained by t rounds of the Lasserre hierarchy, FRAC(G) = my. For given € > 0 and dr >
2/€1, let Gg be constructed as above. Then, for the independent set SDP obtained by t/d rounds,
FRAC(Gg) > (1 —€1)|B|.

Proof: Since G admits a solution for ¢ rounds of the Lasserre SDP, we also have vectors Vg 4
for all [S] < t,a € {0,1}* as described in Lemma 7.1. We now use these vectors to define the vector
solution for the SDP on Gg. Each vertex of Gp is of the form (B, «) where B € B and o € Lp.
Consider a set S of i < t/d vertices, S = {(B1,a1),...,(Bj,a;)}. As in the Section 5, we let the
vector corresponding to this set be 0 if any two assignments in the set contradict and equal to the

vector for the partial assignment jointly defined by aq, ..., a; otherwise.
Us — { 0 F1s g2 st gy (Bjy N Bjp) # aj(Bjy N Bjy)
VU, B;,a10...00;) Otherwise

If (B1, 1) and (Bsg, ) have an edge between them because a; and «y contradict, then we must have
<U{(Bl7a1)}, U{(Bz7a2)}> = <V(Bl7a1),V(327a2)> = 0 since CSP vectors corresponding to contradict-
ing partial assignments must be orthogonal. For an edge between (BU{v1},a1) and (BU{va}, a)

where (vi,v9) € E, aj(v1) = az(ve) = 1 and a1(B) = az(B) = « (say), we have

<U{(éu{vl},a1>}’U{(Bu{vz},a2>}> - <V(é,a>’V({vl,vz},<1,1>)> = <V(B,a)70> =0
because in the independent solution on graph G

2
[Vt woy.anll” = (V1) Vigeayn) =0

The proof that the vectors defined above satisfy the other SDP conditions is identical to that in
Claim 5.2 and we omit the details.

The interesting part of the argument will be to show that the value of the independent set SDP for
G will be large. In the completeness part of the Dinur-Safra reduction, one needs to say that if G
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has a large independent set then so does G, and it follows very easily using a Chernoff bound on
how different blocks intersect the large independent set of G. We need to make the same conclusion
about the SDP value and the argument is no longer applicable. However, it is possible to get the
conclusion by looking at the “local distributions” defined by the vector V(g ,) as mentioned in
Lemma 7.1. We then combine the bounds obtained in each block globally using properties of the
vector solution.

For each block B, let Dy denote the distribution over {0,1}? defined by the vectors V(B,q) for all
a € {0,1}B. For each block, we define a random variable Zp determined by the event a € {0,1}%

with value Zp = |a|. One can then convert the statement about the SDP value to a statement
about the local distributions, by noting that

FRACGE) = > > IVl =Y [1- Y IVeuwl® | =18l- > Po, [Zs < dr]

BeBa€cLp BeB a¢lLlp BeB

The problem thus reduces to showing that ) p g Pp,[Zp < dt] < €1|B|. By a second moment
analysis on every local distribution, we have

Epg [(ZB — 2d-|-)2]
&

PDB[ZB < dT] < PDB HZB — QdT| > dT] < (1)

The following claim provides the necessary estimates to bound the sum of probabilities.
Claim 7.5

> Epy(Zp]=2dr-|B] and > Epy[Z3] < (4dF+ 2d7) - |B]
BeB BeB

Proof:  For all blocks B and v € B, define the random variable X, p which is 1 if a random
« chosen according to Dp assigns 1 to the vertex v and 0 otherwise. By using the fact that the
distribution is defined by the vectors V(g ), we get that for v € B

2 2
Epy[Xo] = Pogla() =1] = [Vl = [[Uwl
where Uy, denotes the vector for vertex v in the solution for graph G. Similarly,

I

Epp [ X, 8Xu.8] = Ppgla({vi,v2}) = (L,1)] = |[VuwhanllT = (U Ugesy)

With the above relations, and using the facts that each vertex appears in exactly d/mgly fraction
of the blocks and FRAC(G) = mg, we can compute the sum of expectations of Zp as

d
> EpulZs] = Y Ep, ZXU,B] = ZZHU{U}HZ m|3| (ZHU{v}H2>
veV

BeB BeB veEB BeBveB
d

= ‘B‘ sy — 2dT . ’B’
molo

Similarly, for the expectations of the squares, we get

DUEnZEl = Y Y EpplXesXesl = Y Y (Upy, Upy)

BeB BeB v, v2€B BeBwvi,u2€B
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Again, each pair (vy,vs) such that vy # vy appears in less than (d?/m3l3) fraction of the blocks,
and a pair such that v; = vy appears in d/myly fraction. Hence,

2 d )
BZEDB[Z%] < |B] <—mglg>Z<U{v1}=U{v2}>+!B! <—molo>ZHU{v}H
eB V1,02 v
2 ’
= I8 <m2l2> > Uy +1Bl-2dr
0o "

Finally, to calculate the first term, we shall need the fact that G is (mg,lp) co-partite. Let V =
My x Lo. We write each v as (i, 5) for i € My, j € Lg. Using the fact that all vectors within a single
clique are orthogonal, we get

2 2
— 2_ 2
> Uaan|| Smo- 2| 2 Uagn|| =mo- 2 > [Ugaanl™ = md.
(4,5)EMox Lo €My ||j€Lo 1€Mp jeLo
Using this bound we get that Y gz Ep,[Z3] < (4d% + 2d71)|B|, which proves the claim. |

Using equation (1) and the previous claim, we get that

1 2
Z PpplZB < dt] < 7z Z(EDB (Z3] — 2dtEp,[Zp] +4d%) < d_‘B‘
BeB T BeB T
Hence, for d > 2/e1, the SDP value is at least (1 — €1)|B|. m

7.3 The long-code step

The next step of the reduction defines a weighted graph starting from an (mjy,l;) co-partite graph.
Let G = (V, E) be the given graph and V' = M; x L;. We then define the graph G,¢ which has
a vertex for every i € M and every J C Lq. Also, the graph is weighted with each vertex (i, J)
having a weight w(i, J) depending on |J|.

VLC = {(Z,J) ’iEMl,Jng}
Ere = {{(i1, ), (i2,J2)} | Y51 € Ji, 72 € Jo. {(i1,41), (i2,J2)} € E}
1
; - V| SR VSRV
w(i, J) P (1-p)

Lemma 7.6 Let G = (V,E) be an (may,l1) co-partite graph such that independent set SDP for

t-rounds on G has value at least FRAC(G). Let Grc be defined as above. Then there is a solution

to the t/2-round SDP for independent set on Grc with value at least p - FRAC(G)

mi

Proof: Let us denote the vectors in G by Ug and those in Gy¢c by Us. We define the vectors
Ugs for each S = {(i1,J1),..., (ir,Jr)} for r <t as

Us= > Ui ioin
lele---yj'reJr

We now need to verify that they satisfy all the SDP conditions and the SDP value is as claimed.
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We first check that vectors for adjacent vertices are orthogonal. Let {(i1,J1), (i2, J2)} be an
edge in Gge. Then

(Ury Ognry) = O (Ugasp Uging)) = 0
J1€J1,52€J2

since all pairs {(i1, 1), (i2,j2)} form edges in G.

For convenience, we shall only verify <ﬁ51,ﬁ52> = <ﬁglusz,ﬁ@> for all 87, Sy with at most
t/2 elements. This will prove that vectors Ug with |S| < t/2 satisfy the SDP conditions.
First, we observe that using the orthogonality of vectors in G corresponding to (i,71) and

(i, J2) for j1 # ja,

Uit = 2, Uiy = 2. Uit = Ogannm) (2)
J1€J1,j2€J2 jEJINJT

By inducting this argument, it is always possible to assume without loss of generality that
for a set S = {(i1,.),..., (ir,Jr)}, the elements i1, ..., 4, are all distinct. We need the above
fact and a little more notation to verify the required condition. For & = {(i1, J1),. .., (ir, J;r)},
let

‘7:(‘9):{(ibjl)v"'a(i?“)j?“) |j16‘]17"'>j7“6‘]7“}
with this notation,
<US17U32> = Z <UT17UT2>

Ty €F(S1)

ToeF(Sy)
Also, (Up,,Urp,) # 0 if and only if V(i,71) € T, (i,j2) € Ta, we have j; = jo (again using
orthogonality of vectors for vertices in a single clique in G). However, this means that
Ty UTy € F(S1 USs). Also, since all is in 81,8 are distinct as observed using (2), every
element T' € F(S; U Ssy) corresponds to a unique pair T; € F(Sy),Te € F(S2). This gives

<ﬁ51 ) ﬁ52> = Z <UT1 ) UT2> = Z <UT7 U@> = <ﬁ51U52 ) ﬁ@>
T €F(S1) TeF(S51US2)
To€F(S3)

From the above condition, it follows that for all S, ‘ﬁsH2 = <ﬁg,ﬁ@> < Hﬁg|, using
HU@H = 1. Since the length of all vectors is at most 1, and all inner products are positive in
G, all inner products for the vector solution above are between 0 and 1.

To verify the SDP value, we simply need to use the fact that all vectors within a single clique in G
are orthogonal. Hence the SDP value is equal to

1
my

_ 2 1
— Y P -p!"VHTany|” = — Yoo =PV [ug
1€M1,JCLq 1€M1,JCLy jeJ
1
= — > p U’ = - FRACG)
Lienn, jery 1
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7.4 Putting things together

For an (my,ly) co-partite graph G, let DS(G, €1,d) denote the graph obtained by staring from G
and performing the block assignments step and long-code step, where the reduction has parameters
dt and €; for the block assignments step. Let pmez = % The soundness analysis of the
Dinur-Safra reduction can be summarized in the following theorem (stated in a way adapted to our

application).

Theorem 7.7 ([10]) For given €1 > 0,p € (1/3,Pmaz), there exist constants ey, h, dr such that if
G is an mg,ly co-partite graph such that every set of €y - mg vertices in G contains an h-clique,
then the weight of the mazimum independent set in DS(G, e, dr) for any dr > d'y is at most
4p® — 3p* 4 €.

Using the above theorem and the previous discussion, we can now prove an integrality gap for
Minimum Vertex Cover.

Theorem 7.8 For any given € > 0, there exists § = d(e) > 0 and an infinite family of graphs such
that for graphs in the family, with N vertices, the integrality gap for the SDP relaxation for Minimum
Vertex Cover obtained by Q(N?) rounds of the Lasserre hierarchy, remains at least 1.3606 — €.

Proof: Let p € (1/3,pmaz) be such that # = 1.3606 and €; = €/10. Let €y, h be as
given by Theorem 7.7 and let dt = max(d%,2/e1). For large enough n, let ® be an instance of a
constraint satisfaction problem as given by Corollary 4.8 (by using e = 1/2 to invoke the corollary)
for k = 3. This is simply an instance of MAX 3-XOR on n variables with m = O(n) constraints in
which s < 2/3 fraction of the constraints are satisfiable and FRAC(®) = m even after 2(n) rounds.

By Theorem 7.3, there exists an r = O(log(h/ep)), such that G, which is an (my,lp) co-partite
graph for mg = m” and [y = 4", has no h-clique-free subset with eymg vertices. Then the weight of
the maximum independent set in DS(G%, €1, dT) is at most 4p3 — 3p* + €1, and hence the weight of
the minimum vertex cover is at least 1 — 4p® + 3p* — €.

On the other hand, by lemmata 5.1, 7.4 and 7.6, FRAC(DS(G%,€1,dt)) > p(1 — €1) for the in-
dependent set SDP obtained by Q(n/lydt) rounds. Hence the gap for Minimum Vertex Coveris at
least % > 1.3606 — €. It remains to express the number of rounds in terms of the number
of vertices in DS(GY, €1,dt). However, note that at all parameters in the reduction are constants
and the size of the graph grows by a polynomial factor at each step of the reduction. Hence, the
number of rounds equals Q(n) = Q(N?) for constant § depending on p and ¢, where N denotes

|DS(GY, €1, dT)]. |
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A  Proofs from Section 2

Lemma A.1 Lete,§ > 0 and a predicate P : [q]F — {0,1} be given. Then there exist 8 = O(¢*/¢?),
n=Q(1/68)°°) and N € N, such that if n > N and ® is a random instance of MAX k-CSP(P)
with m = n constraints, then with probability 1 — o(1)

1. OPT(®) < L5 4 6) .

2. For all s < nn, every set of s constraints involves at least (k — 1 — 0)s variables.

Proof: Let a € [¢]" be any fixed assignment. For a fixed «, the events that a constraint
C; is satisfied are independent and happen with probability |P~1(1)|/ ¢" each. Hence, the prob-

-1
ability over the choice of ® that « satisfies more than %(1 + €) - On constraints is at most
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exp(—e2pn|P~1(1)|/3¢*) by Chernoff bounds. By a union bound, the probability that any as-

—1 2 -1
signment satisfies more than %(1 + €) - fn constraints is at most ¢" - exp (—W) =

exp (nlnq — W) which is o(1) for § = ﬁqi#.

For showing the next property, we consider the probability that a set of s constraints contains at
most cs variables, where ¢ = kK — 1 — §. This is upper bounded by

(2)-(2)=(2)- ()

. . S' .

cs S S k

Here (C"s) is the number of ways of choosing the cs variables involved, ((cgs)) is the number of ways

of picking s tuples out of all possible k-tuples on cs variables and s!(ﬁsn) is the number of ways of

selecting the s constraints. The number (z)s is simply the number of ways of picking s of these

k-tuples in an unconstrained way. Using (%)b < (‘;) < (%)b7 s! < s and collecting terms, we can

bound this expression by

ey <) o= (2
n =5 -

We need to show that the probability that a set of s constraints contains less than cs variables for
any s < nn is o(1). Thus, we sum this probability over all s < nn to get

ds 2 ds s
nm 5/6 In"n 5/6 nm 5/6
sf3 B 503 s
s=1 s=1 s=In’n+1
55 5 §ln?n
O(mln2n> + o((n-55/)

The first term is o(1) and is small for large n. The second term is also o(1) for n = 1/(1005°/%). W

IN

Fact A.2 Let (¢" ' —1)/(¢q—1) <k <(¢"—1)/(q—1). Then there exists a linear code of length
k and distance 3 over F,, with dimension k —r.

Proof: Let!=(q"—1)/(¢g—1). We can first construct a code of length equal to [ and dimension
[ — r by specifying the r x [ check matrix (a matrix whose rows span the space orthogonal to the
code). The requirement that the code must have distance 3 means that no two columns of the
check matrix should be linearly dependent. We can choose (for example) all non-zero vectors in
(F,)" having their first nonzero element as 1 to get a matrix with  rows having this property. It
is easy to check that there are [ = (¢" — 1)/(¢ — 1) such columns. To reduce the code length, we
delete the last [ — k columns of the matrix to get the check matrix of a code with length k, distance
3 and dimension k — r. |

B Proof of Theorem 4.2

Recall that for a system A of linear equations, Res(A,t) was defined as the system of equations,
each having at most ¢ variables and obtained by combining at most 2 equations in A. We shall
also require some additional notation for the proof. For a linear equation w - x = r, we denote by
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Supp(w) the set of non-zero coordinates in w and by Qg the set of all coefficient vectors w such
that Supp(w) C S. Ag denotes all equations (w -z =r) € A such that w € Qg.

Suppose 3r; # ro such that (w-z =7) € A and (w-x = rq9) € A with |Supp(w)| < ¢. Then,
(6) -x =711 —rg) € Res(A, 2t). Conversely, if we know that (6) -z =71) ¢ Res(A, 2t) for any r # 0,
then we can assume that for any w € Q, there is at most one value of r such that (w,r) € A. We
will abuse notation to write w € A when some such r exists and is guaranteed to be unique. Also,
for w such that (w-xz =r) € A we define the function A\(w), which specifies what the value of w -
should be for any satisfying assignment (or partial assignment) according to A. We take A(w) =r
if there exists a unique r such that (w-x =) € A and undefined otherwise.

Theorem B.1 Let q be a prime. Suppose A is a system of linear equations in F, such that (6)33 =
r) € A< r =0 and Res(A,2t) = A. Then there are vectors V gy, for all S with [S| <t and for
all o € [q]°, such that

1. <V(517a1),V(S27a2)> >0 fO’/“ all 51,52,041,042.

2. <V(Sl,a1)7V(Sg,o¢2)> =0 i 041(51 N 52) =+ a2(51 N 52)

3. If a; € [q]si, 1 <i <4 are such that oy o ag and ag o ay are both defined and equal, then

<V(51,al)’v(52,az)> = <V(53,013)’V(54,a4)>

2
4- Visa) =0 for a ¢ Ag and ZaeAS HV(Sva)H =1
Proof Idea: The idea of the proof is to “encode” the partial assignments in the vectors in such
a way so that it is easy to enforce consistency according to the given system of constraints. Since
the constraints are in the form of linear equations, it is easiest to specify the value of all the linear

forms w - x.

In the binary case, one can think that in the vector Vg ,) we have a coordinate for each w in which
we specify E(—1)“*  where the expectation is over all x which agree with the assignment «. This
specifies all the Fourier coefficients of the function which is 1 iff z is consistent with «, and hence
“encodes” . When Supp(w) € S, this expectation vanishes and hence one only needs to bother
about w in the set ) = U|g/<{ls. Furthermore, because of the nature of dependencies by linear
constraints, the value of (w1 — we) -  is either completely determined by A (when (w; — wg) € A)
or is completely undetermined and hence w; - ¢ and ws - = are independent of each other. We thus
partition €2 into various equivalence classes based on the set of equations A such that all linear
forms within a class are completely determined by fixing the value of any one of them. The vectors
we construct will have one coordinate corresponding to each of these classes which will enforce the
dependencies due to A automatically.

Finally, to generalize this to g-ary equations, the natural analogue would be to consider the powers
of the roots of unity i.e. expressions of the form exp(T). However, this is not an option, since
the coordinates of the vectors are not allowed to be complex. It is easy to check though that the
proof in the binary case requires only one property of the coordinates that if two vectors disagree
on the value in one coordinate (i.e. the product is -1), then the disagreements and agreements are
balanced over all the coordinates and hence the inner product of the vectors is zero.

In the g-ary case, it can be proved that if the difference in the value of w -  in some coordinate
according to two vectors is A € [g], A # 0, then over all the coordinates, all values of A (including
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0) occur equally often. We then choose each “coordinate” to be a small ¢ — 1 dimensional vector
such that the product of the vectors at a coordinate is —1/(¢ — 1) if A # 0 and 1 if A = 0. This,
combined with the balance property, still gives the orthogonality of the vectors which correspond
to inconsistent assignments, and suffices for our purposes. The details are given in the proof below.

Proof of Theorem B.1: Let Q = Ug/,{2s. For wi,ws € Q, we say w1 ~ wa if (w1 —we) € A.
Since this is an equivalence relation, this partitions 2 into equivalence classes C1,...,Cx. We write
C(w) to denote the class containing w. Next, we choose a representative (say the lexicographically
first element) for each class. We use [C] to denote the representative for the class C.

For constructing the vector Vg ), we assign it a ¢ — 1 dimensional “coordinate” corresponding to
each equivalence class of the above relation i.e. for each class we choose a ¢ — 1 dimensional vector
and the final vector Vg ) is the direct sum of all these vectors. Let eg,e1,...,e,—1 denote the g
maximally separated unit vectors in ¢ — 1 dimensions such that (e;, e;) = —q%l if ¢ # 5 and 1 if
i = j. Using V(g,4)(C) to denote the coordinate corresponsing to C, we define Vg o as:

0 if o disagrees with some equation in Ag
TAs] * CwatA(C(w)]~w) for any w € C N Qg

Here w - a is defined as ), g w;a(i) is the inner product of w with the partial assignment o, which
can be computed since Supp(w) C S. The expression w - o+ A ([C(w)] — w) is computed modulo q.
To show that the vector is well defined, we first need to argue that the coordinate Vg ,)(C) does
not depend on which w we choose from C N Qg.

Claim B.2 If a € [¢|° satisfies all equations in Ag, then for any class C and wy,ws € CN Qg

wi -+ A([C] —wi) =wa-a+ A([C] — wa)

Proof: Since ([C] — w1), ([C] — w2), (w1 —w2) € A and each have support size at most 2¢, it must
—

be the case that A(|[C] —w2) — A([C] —w1) = A(w1 —w2) otherwise we can derive 0 -x = r for r # 0.

Also, since « is consistent with Ag, it must satisfy (w; —ws)-a = A(w1 —ws2). The claim follows. W

The next claim shows that the only way two vectors Vg, o,) and Vg, ,) can have non-zero inner

product is by having <V(Sl7a1)(C),V(SQ,QZ)(C» = Ms:llw for each coordinate C in which it is
1 2

non-zero. The theorem essentially follows from this claim using a simple counting argument.

Claim B.3 Let oy € [¢)°" and oz € [q] be two partial assignments. If (V (s, 4,)(C), V(sy.05)(C)) <
0 for some class C, then (V (s, a1)> V($s,a9)) = 0-

Proof:  For any class C' with (V(g, 4,)(C'), V(s,,a2)(C’)) # 0, we have some w} € C' N Qg, and
wh € C'NQg,. We will work with the quantity A ([C(w})] — w}) + W) - a1 — A ([C(wh)] — wh) — wh - o
denoted by A(C’)., which is the difference of the indices of Vg, 4,)(C) and Vg, 4,)(C’). It is easy
to see that . . )

5,45 if A(C")=0

(Vis1,a)(€C), Vigya(C)) =

1 .
———————— oOtherwise
(g—D[As, [[As,|
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For any r1, 79 we will give an injective map which maps a class C;, having A(C;,) = 71 to a class C;,
having A(C;,) = ro. Hence over all the classes, all values of A(C’) must occur equally often. This
would imply the claim, since if (V (g, 4,)(C’), V(s,,a2)(C’)) # 0 for Ny classes C’, then

NO 1 No(q—l) < 1 )
\% « 7V « = + N =0
(Visiey Vissen) = 7 T asl V4 CES RN

We now construct the above map using the class C. Let w; € CN Qg and we € CNNg,. If
<V(Sl,a1)(C),V(S27a2)(C)> < 0, then we have that

)\(wl —WQ)—I-wl Q] — Wy Qg :A(C) 750
Here we used the fact that
A[C] —w1) = A([C] = w2) = AMw2 — w1)

Let C' be any class such that (V(g, 4,)(C"), V(s;,a,)(C")) # 0 Let w} € CNQg, and wy € C' N Qg,.
Then
A (w] — wh) +wh g —wh - az = A(C)

where A(C’) may now also be 0. Thus, for all u € [¢], we get that
pA (w2 — w1) + A (wh — wh) + (pwr +wh) -a1 — (pw2 +wh) -az = pA(C) + A(C) (3)

Since (wp —wy) € A and (W) — w]) € A and each involves at most ¢ variables, we also have
(pwy + w)) — (pwe + wh) € A. Hence, (pw; +w) and (pws +w)) must be in the same class, say C”,
and we can write

ph (w2 — 1)+ A (wh — ) = A (o + ) — (uon + )
= A([C") — (o + ) = A(IC") — (o + )

Combining this with equation 3, we get that

A(C") = pA(C) + A(C))

Since A(C) # 0, for any 7,72, choosing u = (ro — r1)/A(C) gives a mapping in which the image
of a class C" with A(C") = 7 is the class C(C”) with A(C”) = ro. It is also easy to check that this
mapping is injective and hence the claim follows. |

From the above claim, we get property (1) in the theorem, since if two vectors have non-zero inner
product, it must be positive in every coordinate. From the above claim it also follows that the
inner product is only non-zero for vectors corresponding to partial assignments which are “mutually
consistent” in the sense described below. The following also proves property (2) as stated in the
theorem.

Claim B.4 If <V(Sl,a1),V(327a2)> # 0, then oy and ag agree on all the variables in Sy N So.
Moreover, the assignment over S1 U Sy defined by a1 and ag satisfies all the equations in Ag,us,-

34



Proof: By Claim B.3, it suffices to show that when a; and as disagree on some variable in
S1 M Se or when ag o ay violates some equation in Ag,us,, then there exists a class C such that
that (V(s,,01)(C), V($y,a0)(C)) < 0. Consider the case when for i € S NSy, a1(i) # as(i). Let
w be the vector which has coefficient 1 corresponding to x; and all has other coeflicients as zero.
Then A ([C(w)] —w) +w- a1 — A([C(w)] —w) —w - ag = a1(i) — az(i) # 0, which implies that
(V51,00 (C(@)): Vi(8,00) (C@))) = Ta5as;T (Cwan+A((Cw)] ) Cwrartr(C@)] —w) ) < O

Next, suppose that a1 and as agree on S1NSs, but ooy violates some equation (w-x = r) € Ag,us,
ie. (ag oag)-w # r. Let wy be the vector which is the same as w for all coordinates in S; and
is zero otherwise. It is clear that w; € Qg, and (w1 —w) € Qg, . Also w; ~ (w; — w) as their
difference is w which is in A. Let both of them be in the class C and consider A ([C] —w1) + a; -
w1 —A([C] = (w1 —w)) — g - (w1 —w). This is equal to (ay o ag) - w — A (w) which is non-zero by
assumption. Hence, (V(g, a,)(C), V(s;,a,)(C)) < 0 and the claim follows. |

Properties (2) and (3) will now follow from the claim below.

Claim B.5 If a1(S1 N S2) = aa(S1 N S2) and a; o ay satisfies all equation in Ag,us,, then

1

\% «a 7V @ = TA_

< (S1,01)> ¥ (S, 2)> |As,08, |

Proof: Let C be any class such that (V (g, 4,)(C), V(s,0,)(C)) # 0. Then there exist some elements
w1 € CNQg, and we € C N Q. Since aq o ap satisfies all equations in Ag,ug,, we must have that
AMwy —we) = (g o)+ (w1 —wz) = a1 -wy — ag - we. This gives that A([C] —w1) — a1 - wy =
A([C] = wa) — ag - wy and hence (Vg 4,)(C), V(g,a,)(C)) = WI\ASJ So to compute the inner
product, we only need to know how many classes intersect both (2g, and g,.

Note that Ag (as a set of linear combinations without the RHS) is a subgroup of g under ad-
dition. For calculating the inner product <V(517a1),V(527a2)>, we consider the quotient group
Qs,0s, /As,us, with Qg, /As,us, and Qg,/As,us, being subgroups of it. g, /Ag, (which is the same
as g, /As,us,) has one element for each class which has non-empty intersection with Qg, (similarly
for S3). Hence, the number of classes intersecting both g, and Qg, is equal to |Q2s, /Ag, N s, /As,|-

For A and B which are subgroups of a group G, we know that |A + B| = |A||B|/|A N B|. Using
this gives

_ |QS1 /AS1US2 | |Q~92 /A51U52|
|Qsl /A51U52 N Qsz /A51U52|

Finally, noting that Qg, /As,us, is the same as Qg, /Ag, and |Qg, /As,| = |Asg,| (similarly for Sa),
we get that

|Q~91US2/A51U52| = |QS1 /A51USQ + QSQ/A51USQ|

|A51||A52|

|QS1/AS1 N QSQ/AS2| =
|AS1U52|

Thus, we have

|
|A51||A52| |AS1U52|

which proves the claim. |

<V(51,041)7V(327062)> = |Q~91 /A51 N QSz/A52|
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To check property (3) we note that

<V(51,011)’V(527a2)> = <V(537a3)’v(547a4)> =0

by Claim B.4 when «; o ap violates any constraint in Ag,us,. When it does not violate any
constraints, Claim B.5 applies and we have

1

(Vistan Visnaz) = (Vissas: Visian) = |As,us,

From Claims B.4 and B.5, it is also immediate that |V g o) Hz =1/|Ag| if &« € Ag and is 0 otherwise.
Hence, ZaeAs HV(S7Q)H2 = 1 which proves property (4). |

C Proof of Lemma 7.1

Lemma C.1 Let the vectors Ug for |S| < t form a solution to the t-round Lasserre SDP for
Maximum Independent Set on a weighted graph G = (V, E), with SDP value FRAC(G). Then there
exist vectors V(g.q) for all |S] <t/2,a € {0,1}°, determined by the vectors Ug, such that

1. Uy = V(g and Ug = V(51,)VS, where 1g is the partial assignment which assigns 1 to all
elements in S.

2. The vectors Vg ) satisfy all conditions of the SDP for constraint satisfaction problems.

3. For any S, the vectors {V(g.q) | @ € {0, 1}°Y} induce a probability distribution over {0,1}7.
The events measurable in this probability space correspond to all o/ € {0, 1}5’ for all S C S,

2

and ]P[O/] = HV(S/@/)H .

4. The vectors V (gg4) form a solution to the t-round SDP for Minimum Vertex Cover with objec-
tive value v, w(v) — FRAC(G), where w(v) denotes the weight of vertex v and Og denotes
the all-zero assignment.

Proof: We shall define the vectors for all sets of size upto t. However, for convenience, we shall
only prove the SDP conditions for vectors corresponding to sets of size at most t/2. For a pair
(S, ) where o € {0,1}°, we denote by a~1(0) the set {i € S | a(i) = 0} and by a~'(1), the set
S\ a=1(0). We define the vectors V (s,q) using inclusion-exclusion, as

Visa) = Z ()T U1
TCa1(0)

Also, we define Vg 9) = Uy.

e Property (1) is then immediate from the definition of the vectors. We also note that for any
i € a~1(0), we can write

Visa)y = Visiras\(ih) — Yise)

where o € {0,1}° is such that o/(j) = a(j) Vj # i and o/(i) = 1.
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e We now show that the vectors satisfy the SDP conditions. For all Sy, S5 such that |S;USs| < ¢,
we will show that

0 when a1(51 N 52) #* 042(51 N 52)

<V(Sl,al)7 V(527a2)> = { <V(5’1U52,a10a2)7 V(®’®)> otherWiSG

It is easy to check that this will show that all SDP conditions are satisfied for sets of size at
most t/2. We will proceed by induction on the total number of “zeroes” in the assignments
a1 and ag ie. on |y (0)] + |ay t(0)]. The base case is when a; = 1g, and ag = 1g,. Then,
the product on the left is simply equal to (Usg,, Ug,), which is equal to |[Ug,us, ||* since the
vectors Ug form a valid solution to the independent set SDP.

For the induction step, first consider the case when «y and as disagree on some i € S; N Ss.
Say «1(i) = 0 and ag(7) = 1. Then we can rewrite the inner product as

(Visiar Vissan) = (Visnghasin = Visia: Vissa )
= (Visnian@n i Vissan) = (Visuan: Vissan)

where, as before, o} is equal to a for all j # ¢ and has ) (i) = 1. By the induction hypothesis,
the terms on the right are either both equal to 0 or both equal <V(51U32,a/10a2),V(@,@)>
depending on whether o) and ay disagree or not. In either case, their difference is 0.

Next, we consider <V(517a1),V(S2,a2)> when o7 o ag is well defined. For all ¢ € S1 NSy such
that ay (i) = aa(i) = 0, we can always write V (s, a,) = V(5,\{i}a2(52\{i}) — V (S2.04) and note
that V(527a/2) will be orthogonal to Vg, ,,) by the previous case, since it contradicts «; on
1. Hence, we can always reduce to the case when there is an ¢ in only one of the sets, say Si,
such that a1 (i) = 0. Now we again decompose Vg, 4,), and note that

(Visian Vissan) = (Visnghasnin Vissen) = (Visuap: Vissan)

= (Visusatibasi\finon)s V0.0) = <V<slu52,agoa2>a V(w)>
= <V(51U52,a10a2)7 V(®7@)>

where we used the induction hypothesis in the second step.

We claim that to show property (3), it is sufficient to prove that for all S, 206{071}3 HV(S@) H2
1 (It is clearly necessary if we intend to interpret these values as probabilities). Before proving
it, we note that it is equivalent to the condition that 0135 V(s,0) = V(p,p) because it
implies )

D> Visw—Voo| = X [Vl -1=0 (4)
aef{0,1}5 ae{0,1}5

Using the above equivalence, we can then conclude the consistency of the probability distri-
butions as defined in the lemma. Consider a set S and the distribution over o € {0, 1}* given

by Pla] = HV(S,a)Hz' In this distribution, if o/ € {0,1}% is an event, then the probability
of o can be calculated by summing the probabilities of all the events o € {0,1}° such that
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a(S’) = . This must also equal HV( ) ? which would be the probability of o/ if we just
considered the distribution over S’. This follows from (4) because,

o Vesal’= Y. (Vew:Van) = Y. (Vs Visia)

a(S=a a(§=ar €01}
= (Voo Vigra)) = |Visa)

2

To prove that >~ ¢ 1ys HV(S706)H2 =1 for all S with |S| < ¢/2, we proceed by induction on
|S]. The base case (empty set) is trivial. To do the induction step, note that for any i € S

2
> Vsl = > (Ve Vago) + Y. (Viswiha V(iny)
ae{0,1}5 a1€{0,1}5\ (¢} a1 €{0,1}5\(1)

= (Voo Vaan) + Voo V) = (Voo Vo) = 1

Finally, to show that the vectors Vg o) form a valid solution to the vertex cover SDP, we note
that they satisfy all the consistency conditions by the previous arguments. The only extra con-
dition that the SDP would impose is that for any edge (i, ) , (U — V0 Up — V({j}70)> =
0. But this is immediate because Uy — V(31 0) = Uy;y (similarly for j) and <U{Z-}, U{j}> =0.
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