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Abstract

We prove that for every prime p < poly(n) there exists a (0, 1)-matrix M of size t,(n,m) x n

where log
mlog &
t = ——m
plmm) =0 (m N log min(m,p)>

such that every m columns of M are linearly independent over Z,, the field of integers modulo p
(and therefore over any field of characteristic p and over the real numbers field R). In coding theory
this matrix is a parity-check (0, 1)-matrix over Z, of a linear code of minimal distance m + 1. Using
the Hamming bound (for p < m) and information theoretic argument (for p > m) it can be shown
that the above bound is tight.

To reduce the number of random bits, we use n random variables that are m-wise independent.
This gives O((m?log®n)/logm) random bits. We then use a new technique to extend this result to
a (0, 1)-matrix of size sp(n,m,d) x n where s,(n,m,d) = O(t(n,m)) and each row in the matrix is
a tensor product of a constant d (0, 1)-vectors of size n'/¢
constant, gives O(m!*¢) random bits for any constant e.

This solves the following open problems:

e Coin Weighing Problem: Suppose that n coins are given among which there are at most m
counterfeit coins of arbitrary weights. There is a non-adaptive algorithm that finds the counterfeit
coins and their weights in ¢(n,m) = O((mlogn)/logm) weighings.

Previous algorithm, [CKO08], solves the problem (with the same complexity) only for weights
between n~% and n® for constants a and b and finds the counterfeit coins but not their weights.

e Reconstructing Graph from Additive Queries: Suppose that G is an unknown weighted
graph with n vertices and m edges. There exists a non-adaptive algorithm that finds the edges of G
and their weights in O(t(n, m)) additive queries.

Previous algorithms, [CK08, BM09], solves the problem only for weights between n~® and n® for

constants a and b and finds the edges but not their weights.
e Signature Coding Problem: Consider n stations and at most m of them want to send messages
from Z, through an adder channel, that is, a channel that its output is the sum of the messages. Then
all messages can be sent (encoded and decoded) with O(t(n,m)) transmissions. Previous algorithms,
[BGO7], run with the same number of transmissions only for messages in {0, 1}.

Simple information theoretic arguments show that all the above bounds are tight.

. This, for m = n® where ¢ < 1 is any
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1 Introduction

A t xn (0,1)-matrix is called an m-independent column (0, 1)-matriz over Z, if every m columns in the
matrix are linearly independent over Z,. In coding theory this matrix is a parity-check (0, 1)-matrix over
Zy, of a linear code of minimal distance m + 1. Using the Hamming bound (for p < m) and information
theoretic argument (for p > m) it can be shown that such a matrix must have at least

log
s Mo
log min(m, p)

rows. Using a straightforward probabilistic argument it is easy to show that an O(mlogn) x n m-
independent column matrix exists. Simply take a random (0, 1)-matrix over Z, with such size and show
that the probability that every m columns are independent over Z, is greater than 0. In subsection 3.3
we use BCH code to give a simple explicit construction of a O(mlogn) x n m-independent column
(0, 1)-matrix over Z,.

In this paper we close the gap between the lower and upper bound. We prove that there exists a
tp(n,m) x n m-independent column (0, 1)-matrix with

t(mm) = O (m 4 —"1%%m
pUh ) = M log min(m, p)

rows. We give a new analysis that shows that for any prime p and a random (0,1)-matrix M of
size t,(n,m) x n, the probability that every m columns in M are independent over Z,, is greater
than 0. Our proof is based on the following result from number theory: Given a prime p and any
sequence of m elements S = (a1, az,...,am) € Zy'. The number of subsequences T' = (a;y, ..., a;,),
1<y <ig < -+ < i, <mfor which the sum of its elements is equal to 0 is at most 2/ min(m0'278,p0'5).

One application is the (n,m)-coin weighing problem [D75, L75, C80, AS85, A86, A88, BG07, CKO08].
Suppose that n coins are given among which there are at most m counterfeit coins of arbitrary weights.
The goal is to find a non-adaptive algorithm that finds the counterfeit coins and their weights. We show
that the above result implies that there exists a non-adaptive algorithm that finds the counterfeit coins
and their weights in

mlog n>

logm

tinim) =0 (

a

weighings. Previous algorithm in [CKO08] solves the problem only for weights between n~® and n’ for

constants a and b and finds the counterfeit coins but not their weights.

To reduce the number of random bits, we use n random variables that are m-wise independent. This
gives O((m?log®n)/logm) random bits. We then use a new technique to extend this result to a (0, 1)-
matrix of size s,(n,m,d) x n where s,(n,m,d) = O(t(n,m)) and each row in the matrix is a tensor
product of a constant d (0, 1)-vectors of size n'/d. This, for m = n¢ where ¢ < 1 is any constant, gives
O(m!*€) random bits for any constant e.



One application of the construction that uses tensor product of (0, 1)-vectors is the problem of recon-
structing weighted graphs using additive queries [G98, GK98, GK00, BGK05, RS07, CK08, BM09]: Let
G = (V, E,w) be a weighted hidden graph where £ € V xV, w: EF — R and n is the number of vertices
in V. Denote by m the size of E. Suppose that the set of vertices V' is known and the set of edges F
is unknown. Given a set of vertices S C V, an additive query, Q(S), returns the sum of weights in the

subgraph induces by S. That is,
Q)= > wle),

e€EN(Sx.S)

Our goal is to exactly reconstruct the set of edges and find their weights using additive queries. See the
many applications of this problem in [CKO0S].

Our result (for d = 2, tensor product of two vectors) implies that there exists a non-adaptive algorithm
to find the edges of G and their weights using O(t(n,m)) additive queries. Previous algorithms in
[CKO08, BM09] solves the problem only for weights between n~¢ and n® for constants a and b and find
the edges but not their weights.

Another application is the signature coding problem [BGO07]. Consider n stations where m of the
stations want to transmit messages in Z, through an adder channel, that is, a channel that its output
is the sum of the messages. Then all messages can be transmitted (encoded and decoded) in O(t(n,m))
transmissions. Previous algorithms run with the same transmission complexity in two stages: first
it decides which of the stations are active, that is, stations that want to transmit messages (that is,
messages in {0,1} C Z,) and then, sequentially, asks each active station to send its message. Our
algorithm is non-adaptive and can detect the active stations and their messages in one stage.

Simple information theoretic arguments show that all the above bounds are tight.

This paper is organized as follows. In Section 2 we prove some basic probability results that will be
used throughout the paper. In Section 3 we give upper and lower bounds for m-independent column
(0, 1)-matrix over Z,. In Section 4 and Section 5 we give the m-independent column (0, 1)-matrix over
Z,, where each row is a tensor product of (0, 1)-vectors.

2 Basic Probability

In this section we give some preliminary results in probability theory that will be used in the sequel.

We denote by R the set of real numbers and by Z the set of integers. For a prime number p we denote
by Z, the field of integers modulo p. For any positive integer r, we denote by [r] the set {1,2,...,7}.
We will write a =, b for a = b mod p.

Let X be a vector or a matrix, we denote by wt(X) the Hamming weight of X, that is, the number of
non-zero entries in X. For two vectors x and y the distance dist(x,y) between z and y is the number
of entries in z and y that differ, that is, wt(z — y). For o € {0, 1}, we denote by o™ the n-vector whose
entries are all equal to 0. We also denote by ¢™*" the n X m matrix whose entries are all equal to o.



The following three lemmas are well known from the literature over the field of real numbers. We give
the proofs for any field Z,.

Lemma 1. Let a € Zy\{0"}. Then for a uniformly randomly chosen vector x € {0,1}" we have
Pr.[a’2z =, 0] < 1/2.
Proof. Suppose w.l.o.g. that a; #, 0. For any fixed xa,...,z, € {0,1} we have a’2 =, ajx1 + ¢ for

some ¢ € Zj,. Now this takes the value ¢ for 1 = 0 and ¢ + a; for 1 = 1. Since a; # 0, one of the
values ¢ or ¢+ ap is not equal to zero. O

Lemma 2. Let M € Zy*"\{0"*"}. Then for a uniformly randomly chosen vectors z,y € {0,1}" we
have
Pr, (=" My =, 0] < 3/4.

Proof. By Lemma 1, My has a non-zero entry with probability greater or equal to 1/2. Assuming
My #, 0", by Lemma 1 the probability that T My #p 0 is greater or equal to 1/2. This implies the
result. O

The following lemma was proved in the literature for the real number field using Littlewood-Offord
Theorem [LO43, E45] (with 5 = 1/2). In this paper we prove it for any field Z,,.

Lemma 3. Let a € ZZ\{O”} be a vector, where p is a prime number. Then for a uniformly randomly
chosen vector x € {0,1}" we have

1 1
T, _
Prx[a T =p O] < max (u;t(a)ﬁ’ pl/2> 5

where 8 = =0.278943 - - - .

_1
2+log 3

Proof. Let S ={a;|i € [n|} and a = 2}3%;’3. We take two cases:

e Case 1: The size of S is at most wt(a)®.

Using the pigeon hole principle, there is an element g € Z,\{0} that appears in a more than
wt(a)!~® times. Suppose w.l.o.g. that a; = ag = ... = a; = g where t = min(wt(a)'~%, p). For
any fixed 411, T142,...,2, € {0,1} we have

ale =, glar +xa+... +ap) + .

Therefore, a’z = 0 implies
T1t+x2+ ...+ 1 =p —c’gf1



Since ¢t < p, we have for ¢ = /2/m = 0.797885--- < 1

(\_t;QJ) c c < 1 )
<—< < max ,—= |-
2t Vt T min (wt(a)%a ,p1/2) wt(a)b’ pl/2

Pr o’z =, 0] <

e Case 2: The size of S is at least wt(a)®.
For a set of elements @ = {q1,¢2,...,¢-} C Z, denote by

V(Q) =y +y2 +- -+ qyr) modplyi,...,yr € {0,1}}],

and
AQ)={(q1z1 + @22+ -+~ + ¢rz:) mod p|z1,..., 2 € {-1,0,1}}.

Since |S| > wt(a)®, we argue that there exists a set of entries @ = {a;,, ai,, ..., a;, } such that
k > logg wt(a)® and ¥(Q) = 2¥. We prove this claim by showing how to find such set of entries.
The process of finding the entries is iterative. At every iteration j we have a set of entries
Qj = {ai,, ai,, ..., ai,} of size j such that ¢(Q;) = 27. It is easy to see that if a;,,, & A(Q;) then
Y(Qj U{ai,,, }) =27t An element a;,,, € S can be added to Q; as long as [A(Q;)| < 3/ < |S].
Therefore, we are able to find a set Q such that |Q| > logs |S| and ¥(Q) = 2@l

Now, let W denote the set [n]\{i1,...,i;}. For any fixed values for entries in W we have that

alx =p Qi1 Tiy + Qi Ty + -+ - + a5, T3, + c”,
where ¢’ is a constant. By the properties of @, there is at most one y € {0,1}* such that
ai Y1 + aiy2 + - -+ + a;, yp = —c”. Therefore

1 1 1 1

< = = .
2k — 9logs wt(a)> wt(a)alog32 wt(a)ﬁ

Pr.fa’z =, 0] <

O
Note that Lemma 3 is not true for non-prime p. Consider an even number p. Then with probability
1/2 we have (p/2)z1 + -+ (p/2)xy, =p 0.

We now prove some properties of the rank of random (0,1)-matrices over Z,. Similar properties was
proved for the field of real numbers in [K67, B01, BGO08].

Lemma 4. Let M € {0,1}**™ be a matriz of rank r = r(M) < m. For a uniformly randomly chosen
row vector y € {0,1}™ the rank of the matriz

v (3)

over Zy, is r with probability at most 1/2.



Proof. Denote by M; the ith column of M. Let M;,, M,,, ..., M;, be any r linearly independent columns
of M. Let M; be any other column of the matrix, that is, j # i, for all s € [r]. Then, there are unique
constants aq, as, ..., a, such that

M; =p arM;, + aoaMi, + ... + a, M;,.

Therefore,
o M;, + aoM;, + ...+ oy M;, — M; =, 0.
Let a be the m-vector, where a; = —1, a;, = «;, for all s € [r] and all other entries are zeros. Then,
Pr[r(M') =] < Prla’y =, 0].
Now by Lemma 1 the result follows. O

We will also make use of the following

Lemma 5. (Chernoff bound) Let X1, ..., X; be independent Poisson trials such that X; € {0,1} and
E[X;|=pi. Let P=Y'_pi and X =S :_, X;. Then

Pr(X < (1—-\)P] <e VP2,

3 m-Independent Column (0, 1)-Matrix

In this section we prove the existence of an m-independent column (0, 1)-matrix over Z, with optimal
size. For completeness we first give the lower bound.

3.1 Lower Bound

The following lower bound follows from the Hamming bound and using an information theoretic argu-
ment. We give the proof for completeness.

Theorem 6. Let p be any prime number. A (0,1)-matriz M € {0,1}F*n

in M are linearly independent over Z, must have at least

log 2
k:Q(ermOgm )

log min(m, p)

such that every m columns

rows.



Proof. For p < m and by the Hamming bound we have

m/2
ks n Y
=3 (M-
=0
Therefore,

k

2 ; n
g S (-0 log(p-1) 108 (n) 0 mloa g
- logp — 2logp log p logp '

For p > m, notice that for every v,u € {0,1,...,m}" of weight equal to m/2 we have Mv #, Mu.
Otherwise, M (v — u) =, 0% and the columns that corresponds to the (at most m) entries that are not
zero in v — u are linearly dependent. Since for every v € {0,1,...,m}" of weight at most m/2 we have
Mwv € {0,1,...,m?/2}* we must have

() = (-

( mlog”)
=Q|m+—").
logm

Therefore,

3.2 Upper Bound and Derandomization

It is easy to prove the following (see the first part of the proof of Theorem 8).

Theorem 7. For any prime p there exists a matriz M € {0, 1}’”" such that
k=0 (m log ﬁ) ,
m
and every m columns are linearly independent over Zj,.

Notice that this bound meets Gilbert-Varshamove bound for parity check matrix over Z,. An explicit
construction with the same bound is given in the next subsection

The following theorem closes the gap between the upper and the lower bound

}an

Theorem 8. For any prime p < n”, for some constant vy, there exists a matriz M € {0,1 such

that
mlog %
E=0|m+ —2—,
log min(m, p)

and every m columns are linearly independent over Zj,.



Proof. Let t = m/log®m. We first prove the existence of a matrix M* € {0,1}¥1*" such that

ky =t +logt + 2log (7;)

where every ¢t columns are linearly independent. We use probabilistic method. We randomly uniformly
choose k1 (0,1)-vectors of size n to be the rows of the matrix. Denote by M; the ith column of the
matrix M*. Now, let M;,, M;,, ..., M;, be any t columns. Consider the matrix

M = [Mil |M12| T |Mlt]

and let M%) be the jth row of M’ and M’[j]' be the first j rows of M’. Consider the random variable
X; € {0,1} where X; = 1 if and only if 7(M'U=1) = ¢ or the jth row M’() increases the rank of M'U—1]
ie., r(M'U) = (M'U=1) + 1. By Lemma 4,

PI'[XJ' = 0|X1,X2, ey Xjfl] < 1/2
Therefore, the probability that the rank of the matrix M’ is smaller than ¢ is bounded by

Pr{X; 4.+ X, <t—1] = > Prid=en A = G X = 6
€1+ <t—1,6;€{0,1}
t—1 (ky k1 n
< Zmol) cpml) L) 1
ok 2k T g (m)? T 2(Y)

Using union bound, the probability that there exists a set of ¢ columns that are linearly dependent is
less than 1/2. This implies the existence of M*.

Now, we have a matrix M* that every m/log? m columns are linearly independent. We add ko uniformly

randomly chosen rows to the matrix, where

mlog p + log (;‘Z)
log q

ko = : (1)
where
q= min(tﬂ,p1/2).

Since every m/ log? m columns in M* are linearly independent, every t = m / log? m columns in M are
linearly independent. Therefore if M, , M;,, ..., M;  are columns of M and Aq,..., A\, € Z, satisfies

MM+ -+ ApM;,, = 0 then at least m/ log2 m of the \;s are not zero.
Therefore, by Lemma 3, the probability that some m columns M;,, M, , ..., M;, are linearly dependent



is

Pr

(BMjl,MjQ, .. .,Mjm)(ﬂ)\l, ey Am € Zp) ZAZMJ% = 0]
=1
(1)
m

m

S, = 0] < <n>pmq—k2

; m
=1

Therefore, the probability that there exists m columns of M that are linearly dependent is bounded by

1/2.

This, together with the fact that

IN
DO | =

mlog %
kFi+k=0{m+_ ——|,
log min(m, p)

implies the result. O

The following corollary solves the coin weighing problem and the signature coding problem.

Corollary 1. There exists a matriz M € {0, 1}**" where

1 n
k_()(mmogm),

logm

and for every two distinct vectors x,y € R™ such that wt(x) < m and wt(y) < m we have Mx # My.

Proof. Choose a prime 2m < p. By Theorem 8 there exists a k x n matrix M such that every 2m
columns are linearly independent over Z,, and therefore, over R. For any two vector z,y € R" such
that wt(z) < m, wt(y) < m and x # y we have that 0 < wt(z — y) < 2m. Therefore,

M(;E _y) # Oka
and
]

Notice that the proof of Theorem 8 is true even if the random bits are m-wise independent. It is known
that such set can be generated using a BCH code from O(mlogn) random bits. This gives a construction
with O(m?log?n/logm) random bits. In section 5 Corollary 5 we give another construction. This
construction, for m = n® where ¢ < 1 is a constant, uses O(m!*¢) random bits for any constant € < 1.



3.3 An Explicit O(mlogn) Construction

Explicit m-independent column (0, 1)-matrix M over R was studied in the area of compressed sensing
of sparse signals [I08, IR08]. See also the referenced papers in [IR08]. In compressed sensing of sparse
signals the goal is also to be able to decode Mz (find = from Mx) in near linear time (in m) when z is
m-sparse. That is, when at most m entries in = are not zero. Indyk [I08] gave an explicit construction
of size O(m2(°8108m)%) that have near linear (in m) decoding time. His construction can be applied to
any field Z,.

In this subsection we give an explicit m-independent column (0, 1)-matrix over Z, (and R) of size
O(mlogn). Our construction is based on BCH code over Z,. Decoding time of BCH code over Z,, can
be done in O(n - poly(logn)) time. For the field R (and fields of characteristic 0) one can use the BCH
code over Zo. This is because independent columns over Z, implies independent columns over R. But
it is not clear how to decode Mz over R. !

To build such matrix we first build a matrix over Z, with entries from Z, and then write each entry
in its binary representation as a column vector. To formalize this, consider an integer ¢ such that
p' > n > p~1. Consider the field GF(p’) and a primitive element a € GF(p’). Consider the first n
columns of the parity check matrix of the (primitive) BCH code over GF(p?),

1 « a? ‘e an 1
1 a2 (a2)2 (an—l)Q
V =
1 o™ (a2)m .. (anfl)m
Every o' can be written as a! = Zio + zijo + zma? + e+ zivg_lo/_l where z;; € Z,. Denote

2 = (210, %i,1, %i2, "+ ,Zi,z—l)T- For q € Zj let bin(q) = (g0, q1, - - - 7CJr71)T € {0,1}" where r = [log p]
and ¢ = (1,2,2%,...,2"71) - bin(q). That is, bin(q) is the binary representation column vector of ¢ € Z,.
Let

bin(zio)
g — bin(z;1)
bin(z'i,ﬁ—l)
We now prove
Lemma 9. The (0,1)-matriz
Bo Br P2 0 Bar

Bo B2 B2z -+ Bo(n-1)
W=, . . : : :
BO 5m ﬁm-Q T Bm~(n—1)

1f the entries of x are integer numbers then using the BCH code over Zs, one can decode Mz in time O(n-poly(logn)|z|)
where |z| = max; log z;.

10



is of size O(mlogn) x n and every m columns in W are linearly independent over Zy.

Proof. Suppose for the contrary that there are m = |I| columns in W where I C [n] that are linearly
dependent. Then for every j =1,2,...,m we have ) ,_; A\if3;; = 0 for some A; that are not all equal to
zero. Therefore, Y . ; A; - bin(zj;s) = 0 for all j =1,2,...,m and s = 0,1,...,¢ — 1. Therefore for all
i=12,...,mand s=0,1,...,0 -1,

-1
0 = > a’(1,2,2%,...,277 )Y N bin(zis)

5=0 icl
-1

- Z o’ Z Ai(1,2,2% 0 27 DYbin(2.5)
s=0 el
-1

= o’ Z NiZjis
s=0 i€l

(-1

= Z)‘i a°2jis
el s=0

- T
i€l

That is, there are m dependent column in V. A contradiction. O

4 (0,1)-Matrices with Rows that are Tensor Product of Two Vectors

In this section we show that there is an m-independent column ¢ x n (0, 1)-matrix that its rows are
tensor product of two (0,1)-vectors in {0,1}¥V™ and

mlog %
t=0({m+ ———2—|.
log min(m, p)

In the next section we extend this result to (0, 1)-matrix that its rows are tensor product of d (0,1)-
vectors in {0, 1}”1/d.
The following theorem follows from Case 1 in the proof of Theorem 11.

Theorem 10. Let p < n? be a prime number for some constant v > 1. There exists a set of S =
{(xla yl); (33273/2) geeey (xkayk)} where Tiy Yi € {07 ]-}n and

2
k=0 <mlogn> ,
m

such that: for any matriv A € Zy*"\{0™*"} with wt(A) < m, there exists an i such that zl Ay; #, 0.

11



We now prove the following:

Theorem 11. Let p < n? be a prime number for some constant v > 1. There exists a set of S =
{@1,01), (22,92) +- -, (Th, y) } where z;,y; € {0,1}" and

mlog”—2
E=0|m+ ——2—|,
log min(m, p)

such that: for any matriz A € Z72*™"\{0"*"} with wt(A) < m, there exists an i such that x] Ay; #p 0.

Proof. First notice that when m is constant then

log > 2
O m—l—% =0 mlogn— ,
log min(m, p) m

and Theorem 10 implies the result. Therefore we may assume that m = w(1). Note also that we may
assume that m < n?/2. Otherwise, we can just take all the n? pairs (e;,e;) where {€i}tien) is the
standard basis.

We divide the set of matrices
A={A]AcZy"\{0""} and wt(A) < m}
into three (non-disjoint) sets:
e A;: The set of all non-zero matrices A € Z;*" such that wt(A4) < m/logm.

e As: The set of all non-zero matrices A € Zy*" such that m > wt(A) > m/logm and there are at

m

least Tog m

non-zero rows.

e Aj: The set of all non-zero matrices A € Zy*" such that m > wt(A) > m/logm and there are at

m
logm

least non-zero columns.

Note that for any matrix A of weight wt(A) > d = m/logm, either A has more than v/d non-zero rows
or more than v/d non-zero columns. Therefore, A = A; U Ay U Aj.

Using the probabilistic method, we give three sets Sp, .52 and Ss of vector pairs, such that for every
j=1,2,3 and A € A; there exists a pair of vectors (z,y) € S; such that 27 Ay #, 0 and

log
11| + | Sa] + [S5] = O <m+m°gm)> .

12



Case 1: Ac A;.
By Lemma 2 for randomly chosen vectors z,y € {0,1}" and A € A; we have

Pr[z’ Ay =, 0] < 3/4.

Randomly uniformly choose

mlog n? mlog n? mlog n?
ki=c|lm+ ———=|>c|lm+—"= | =c| — ),
log min(m, p) logm logm
vectors x;,y; € {0,1}" where ¢ = 3(2+ ~y). Then, the probability that for all z;,y; we have a:ZTAyi =, 0
is bounded by

3\M
Pr|Vi € [k1] : 2] Ay; =, 0] < (4) :

Therefore, by union bound, the probability that there exists a matrix A of weight smaller than m/logm

such that 27 Ay; =, 0 for all i € [k] is
n? m_ (3 k1
: m p ogm Z
ogm

m " 1 k1/3
< n2logmn’7m <2>

ki/3
< n(2+7)107gnm <1> '

IN

Pr[3A € Ay, Vi € [ky] : 2] Ay; =, 0]

2

m log n2

< n T ogmo(¢/3) 0w

I 1,

This implies the result.
Case 2: A€ A.
We start by proving the following two lemmas

3/4

Lemma 12. Let U C Z; be the set of all non-zero vectors with weight smaller than m>'*. For any

constant C' > (1 +v)16/loge and

mlog n? mlog n? mlogn?
kob=C|m+ ——=—|>C|{m+—2|=C(—"—), (2)
log min(m, p) logm logm
there exists a multiset of (0,1)-vectors Y = {y1,y2,...,Yk,} such that for every u € U the size of the
multiset

Y, = {i|uly; #, 0}
is at least ko /4.

13



Proof. By Lemma 1 for a randomly chosen vector y € {0,1}" and any u € U we have
Prjuly =, 0] <1/2.
Therefore, if we randomly uniformly choose the vectors of Y, then the expected size of Y, is greater
than kg /2 for any u € U. Using Chernoff bound (Lemma 5) we have that
Pr||Y,| < ko/4] < e 1
Therefore, the probability that there exists u € U such that |Y,| < ka/4 is

U]
Pr[duc U:|Y,| < ky/4] < (Y
616 logm

e (e -1y

< ci

oge m

n 8 <logm>
g nm3/4n7m3/4
- Cloge( m )
n 8 logm
3/4_ m
< A0 2)
This implies the result. ]

Note that the constant C will be determined later in the proof. Now for the next lemma, define for
non-negative integer r, «(r) = min(r,p) if » > 0 and +(0) = 1.

Lemma 13. Let my,ma,...,my, be integers in [m] U {0} such that
mi+ma+ -+ my, =€> ko.

Then k
H L(ml) > min(m’p) L(Z—/Q)/(m—l)j‘

i=0
Proof. We first proof that when 1 < m; < mo < m then
t(my — De(ma + 1) < o(my)(me). (3)

We have four cases: When p < mq — 1 then (3) gives p? < p?. When p = m; then (3) gives (p—1)p < p?.
When m; < p < mg then (3) gives (m1—1)p < mip. When p > ma+1 then (3) gives (m1—1)(ma+1) <
mimes. In all cases the inequality is true.

Also when m; = 0 and 1 < mg < m then ¢(m; + 1)¢(mg — 1) = min(mg — 1,p) < min(me,p) =
t(mq)t(mg). Therefore the optimal value of ¢(my)ic(mz) - - - t(m¢) is obtained when for every 0 < i < j <
ko we either have m; € {1,m} or m; € {1,m}. This is equivalent to: all m; € {1, m} except at most
one. This implies that at least | (¢ — ka)/(m — 1)] of the m;s are equal to m. O
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Now let U be the set of vectors defined in Lemma 12. Let A € Ay. Since wt(A) < m there are at most
mY/* rows in A with weight greater than m?3/4. Therefore, there are at least

g= LRV
logm

rows in A that are in U. Let Ay be ¢ X n matrix that its rows are any ¢ rows in A that are in U. Let
Y ={v1,92,..., Yk, } be the set we proved its existence in Lemma 12 (see (2)). Note that

k
> wt(Ayy:) > %
Since wt(Apy;) < ¢ for all i € [kg], by Lemma 13 we have

qk
i

[T wt(Avy:)) > (min(g, p)- "1 > (min(g, p))** > (min(m, p))=",

where c; and ¢y are constants. If we randomly choose x1,z2, ..., zk, then by Lemma 3, we have

PrVi € [ko] : & Ay; #, 0] < Hmin((wt(Aly'))’B pi2)’

i

1
< iy

i

1
H Wwt(Ayy;))?

)

B (HiL<u11t1<Ain>>>B

(min(m, p)) Pk

—c3ko

= (min(m,p)) ,
where c3 is a constant. Therefore, the probability that there exists a matrix A € As such that for all

T,y we have z] Ay; =, 0 is

| As|

(min(m, p))<s*2

(h)P™
(min(m, p))eshz

(%Q)m (ep)™

2\ csCm :
<"—> min(m, p)escm

Pr(3A € Ay, Vi € [ke] : 2] Ay; =, 0]

IN

m

15



For p < m, since m < n?/2, the above is less than 1 for c3C > 3. For p > m we get

() @ () @ e

2\ e3Cm ’
(—" ) min(m, p)csCm

nQCng — nc;:,Cm
m

for C' > (24 27)/c3. Thus, the result follows.

Case 3: A e As.

Let So = {(z1,v1), (2,92), ..., (k,, Yk,)} be the set of vectors we proved their existence in Case 2.
Define S3 = {(y1,21), (y2,22), .-, (Yky, Tk,) }. We argue that Ss is the desired set we are looking for.
For any A € Az we have that AT € A,. Therefore, there exist i such that

xf ATy; # 0.
Note that
0# xf ATy, = (o] ATy))" =y A,
Thus,
0 # yl Ax;.
This implies the result. O

Now we can prove our main result

Corollary 2. There exists a matriz M € {0,1}**™ where

mlog %
k=0O|m+ ——2— ),
log min (m, p)

every row of M is a tensor product of two vectors x,y € {0, 1}\/77 and every m columns of M are linearly
independent over Zj,.

In particular the same matriz is (0, 1)-matriz with m-independent columns over any field of character-
istic p and over the real field R.

Proof. Assume n is a perfect square. Let S = {(z1,41), (z2,%2),..., (zk, yx)} be the set we found in
Theorem 11 with vectors in {0,1}V". Define the matrix M where the ith row is ; ® y;. We argue that
every m columns of M are linearly independent. Suppose on the contrary that there is a set of columns
M;, , M;,, ..., M; that are linearly dependent. Then, there are constants aj, ..., a,, that are not all
equal to 0 such that

o My, + agMi, 4 - + apmM;,, = 0F.
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Define the following matrix A € Z},/ﬁ XV, For every column’s index i; let the entry (u,v) of the matrix
be equal to o where u = [(i; —1)/y/n] +1 and v = (i; — 1 mod /n) + 1. All other entries are zero.
It is easy to see that

zl Ay,

equals the ith entry of the vector ay M;, + aaM;, + - -+ + o M;,,. Therefore we get that

x] Ay; =0,
for all i € [k]. Since A # 0™*™ and wt(A) < m we get a contradiction. O
Corollary 3. There exists a set S = {(x1,vy1), (x2,v2),- .., (Tk, yr)} where z;,y; € {0,1}" and

k= O <mlogn>
logm

where for any matric A € R™™™ such that wt(A) < m and A # 0"*™, there exists an i such that
xl Ay; # 0.

Proof. Again, we argue that the set S found in Theorem 11 is the desired set. Let A be a matrix, let
A denote the ith row. Define the n?-vector

AV = [AD]AP)] A,
Then, for any z,y € {0,1}" we have
T Ay = (z @ y)T A,

Define the matrix M where the ith row is z; ® y;. In the previous corollary we showed that every m
columns of M are linearly independent over R. Now, suppose that there exists a matrix A such that
wt(A) < m and for all i € [k] we have

zl Ay; = 0.

Since 2T Ay = (z @ y)T A and 27 Ay; = 0 for all i € [k] we get that
MAY = 0",

This is a contradiction since wt(A") = wt(A) < m and every m columns of M are linearly independent.
O

Consider the following problem of reconstructing weighted graphs using additive queries [G98, GK98,
GKO00, BGKO05, RS07, CK08, BM09]: Let G = (V, E, w) be a weighted hidden graph where E € V x V|
w : E — R and n is the number of vertices in V. Denote by m the size of E. Suppose that the set
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of vertices V' is known and the set of edges F is unknown. Given a set of vertices S C V, an additive
query, Q(S), returns the sum of weights in the subgraph induces by S. That is,

QW)= > wle).

e€EN(Sx.S)

Our goal is to exactly reconstruct the set of edges and find their weights using additive queries.

Consider a variable x; for each node v; € V. Define for each subset of vertices V! C V a {0, 1}-vector
ayr where ay; = 1 if and only if v; € V. Consider the matrix Ag where Ag[i,j] = w((v;, v;)) if and
only if (v;,v;) € E and Agli, j] = 0 otherwise. It is easy to see that

aalAGaV/ =2 Q(V’)

So the @ oracle is equivalent to the assignment oracle of the function fa . (z) = T Agx over the domain
{0,1}™. The problem now is to reconstruct a symmetric matrix A using the assignment oracle to
fa(z) = 27 Az over the domain x € {0, 1}".

Grebinski and Kucherov, [G98, GK00], show that for any symmetric matrix A one can turn this oracle
to an oracle to fa(x,y) = #7 Ay in 5 queries. The following, [P], shows that 4 queries are sufficient: Let

x = (x1,22,...,2n), y = (Y1,Y2, - .,Yyn) and define z Ay = (z1y1, T2Y2, - - -, Tn¥yn), VY = (r1 +y1 —
T1Y1, T2 + Y2 — T2Y2, -+, T + Yn — Tnypn) and T = (1 — 1,1 —x9,...,1 —x,). Then

2T Ay =

(zVy)TA@Vy) + @Ay Al Ay) — @Ay Al ng) — (@ Ay)TAE Ay)
> .

We now prove

Corollary 4. There exists a non-adaptive algorithm that uses

k=0 <mlogn>
logm

additive queries and reconstruct any weighted hidden graph with at most m edges.

Proof. From Corollary 3 it follows that that there exists a set S = {(x1,91), (z2,¥2), ..., (k, yr)} where
xi,yi € {0,1}™ and
k= O <mlogn>
logm

where for any matrix A € R™*" such that wt(A) < 4m and A # 0™*", there exists an i such that
a:iTAyi # 0. Now we use (z;,y;) to find z; = a:iTAGyZ-. We claim that the answers (z;); uniquely
determines A¢g. Otherwise, there are two weighted graphs G' # G’ with at most m edges such that for all
i, v Agy; = x1 Agry;. This implies that for every i, 27 (Ag — Agr)y; = 0. Since 1 < wt(Ag—Ag) < 4m
we get a contradiction. O
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5 (0,1)-Matrices with Rows that are Tensor Product of Vectors

In this section we show that there is an m-independent column ¢t x n (0, 1)-matrix that its rows are
tensor product of d (0, 1)-vectors in {0, 1}”1/d

mlog %
t=0|m+ ——2—).
log min(m, p)

and

A d-dimensional matrix A of size ny X - -+ X ng over a field F' is a map A : ngl [n;] — F. We denote by
Fmixxnd the set of all d-dimensional matrices A of size ny X - - - xng. We write A;, ;. for A(i1,. .., iq).
The zero map is denoted by 0> *"d. For I; C [n;], the matrix B = (Ai, jy.....iy)ircl1 ioElo,....igel, 15 the
|I1| % - - - x|I4| matrix where Bj, ;. = Ay, . ¢, where {; is the j;th smallest number in I;. When I; = [n;]
we just write j and when I; = {¢} we just write j = ¢. For example (A;, i, . i,)i1in=Lis€ls,...iqcl; =
(Ail7’527~~-»id)ilE['n1],izG{f},igEIg,...,idEId

When ny = no = -+ = ng = n then we denote F™* X" by FXd" and ("> X" hy (0*d". For
d-dimensional matrix A we denote by wt(A) the number of points in Hle[ni] that are mapped to
non-zero elements in F. For d-dimensional matrix A of size n1 X -+ X ng and x; € F™ we define

ni nd
Ay, ma) = Y Y Aiyiy gy - Ty
=1 ig=1
The vector v = A(+, x2,...,24) is ni-dimensional vector that its i1 entry is
nag ng
g N g Aiy ig,igT2in * " Tdig-
io=1  ig=1

We first prove the following:

Theorem 14. Letp < n? be a prime number for some constanty. There exists a set S = {(z11,...,%14),
(21, 224) 5.5 (Tk1, - ., Tpa)} where xi; € {0,1}" and

mlog nd
E=0|m+ ———2—|,
log min(m, p)
such that: for any d-dimensional matriz A € Z,*"\{0*"} with wt(A) < m, there exists an i such that
Az, ..., i) #p 0.

Proof. We divide the set of matrices
A={A]AcZ;\{0%"} and wt(A) < m}

into d + 1 (non-disjoint) sets:
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e Ap: The set of all matrices A € Z;*™\{0*4"} such that wt(A) < m/logm.

e Aj,j=1,...,d: The set of all matrices A € Z, 4" such that m > wt(A) > m/logm and there are

at least
1/d
m
(bgm>

Ij = {ij | H(il, ce 7ij71,ij+17 . ,id) Ail,iz,...,id 75 O}

Note that I = {(i1,...,15) | Aiy,...i; # 0} € I1 X I3 X - - - x I5 and therefore either |I| = wt(A) < m/logm
or there is j such that |I;| > (m/logm)'/?. Therefore, A = AgU.A; U---U Ay

non-zero elements in

Using the probabilistic method, we give d+ 1 sets of d-tuples of vectors Sy, S1, . .., Sg such that for every
j € {0}U[d] and A € A; there exists a d-tuple of vectors (z1,...,24) € Sj such that A(z1,...,24) #p 0
and

mlog"—d
1So| + [S1]| + -+ |Sal =0 | m+ ————2— | .
log min(m, p)

Case 1: A< Ag.
As in the proof of Lemma 2 it can be shown that for randomly chosen vectors z;1, ..., z;q € {0,1}" and
A € Ay we have

2¢ — 1
Pr{A(zi, zi2, . .., Tiq) =p 0] < 5

mlog nd
ki=c|lm+4+ ——"—
log min(m, p)

d-tuples of (0,1)-vectors z; = (z41,...,%q) € ({0,1}™)% where ¢ is a constant. The probability that for
all z; we have A(z;) =p 0 is bounded by

Randomly uniformly choose

d_1\M
Prl¥i € [k1] : A(z;) =, 0] < <2 - 1> .

Therefore, by union bound, the probability that there exists a matrix A of weight smaller than m/logm
such that A(x;) =, 0 for all i € [ky] is

nd \ w20 -1\ M
Pr[3A € Ay, Vi € [ki] : A(z;) =, 0] < (1 m >p10gm < 5 ) <1,
ogm

for some constant ¢. This implies the result.

Case 2: Ac A;.
We start by proving the following two lemmas
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Lemma 15. Let U C Z;d_ln be the set of all non-zero d — 1-dimensional matrices with weight smaller
than m @+ " Then there is a constant ¢y such that for any constant C' > ¢y and

log 2%
ke=C|m+ _ MO8 .Og m
log min(m, p)

there exists a multiset of d — 1-tuple of (0,1)-vectors Y = {y1,vy2,- -, Yk, } € ({0,1}")4~1 such that for
every A € U the size of the multiset
Yy ={i| A(yi) #p 0}

1s at least ’2%.
Proof. As above for a randomly chosen vector y € ({0,1}")9"! and any A € U we have

2d-1 _q

Pr[A(y) =, 0] < i1

Therefore, if we randomly uniformly choose the vectors of Y, then the expected size of Y, is greater
than ko /297! for any A € U. Using Chernoff bound (Lemma 5) we have that

L
Pr[|Ya| < ko/2%] < 272,
Therefore, the probability that there exists A € U such that |Y4| < ko/2% is

d/(d+1) ;. d—1 .
U] Z?io (nz )(10—1)Z

k
€2

=

\w‘

Pr3A c U : |Ya| < ko/2% < - < <1,

2
e2d

=Y

for some constant ¢y and all C' > ¢g. This implies the result. O

Now let U be the set of d — 1-dimensional matrices defined in Lemma 15. Let A € A;. Since wt(A4) <m
there are at most m!/(*1) d — 1-dimensional matrices (Ai o, ig)in=jsiz,....iy With weight greater than
m®(@+1)  Therefore, there are at least

N
q:< ) _ o /(d+1)

logm

indices j such that (A;, iy, iy )i1=jis,...iqs € U. Let U’ contains ¢ indices j such that (A;, iy, i, )ii=jio,....ig €
U. Let Ay be the matrix (Aj, 4y, iy )i1 €U io,...ig- L€t Y = {y1,92,...,yx, } be the set we proved its ex-

istence in Lemma 15. Note that k
qr2

> wi(Au(ui) > o

i
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Since wt(Ay(-,yi)) < q for all i € [ko] and by Lemma 13 we have

qka
od *2
q—1

J = (min(g, p))*** = (min(m, p))**2,

[Tewt(Au (- v))) = (min(q,P)){

i

where c; and cy are constants. If we randomly choose z1,z2, ..., 2k, then by Lemma 3, we have

PrVi € [ko] : A(zi,y;) # 0]

1
< Wi

1
N Srromeem

1 B
(fbdwﬂAUhy0»>
1
(min(m, p))Pe=h2

= (min(m, p))

—c3ko

where c3 is a constant. Therefore, the probability that there exists a matrix A € A; such that for all
xi,y; we have A(x;,y;) =p 0 is

d
: Al ) = [ Al ()2
Pr(3A € Ay, Vi € [ko] : A(zi,yi) =p 0] < (min(m, p))eskz = (min(m, p))csk2

for constant some constant C. Thus, the results follows.

O
Now we get our main result
Corollary 5. There exists a matriz M € {0, 1}**" where

log ™
k=0 (m+—"8m )
log min(m, p)
every row of M is a tensor product of d vectors x1,...,xq € {0, 1}”1/d and every m columns of M are
linearly independent over Zjy.
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