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Abstract

Locally testable codes (LTCs) are error-correcting codes for which membership of a given word in
the code can be tested probabilistically by examining it in very few locations. Kaufman and Sudan [4]
proved that sparse, low-bias linear codes are locally testable and decodable, in particular sparse random
codes are locally testable and decodable. Kopparty and Saraf [6] conjectured that all sparse linear codes,
i.e., codes with logarithmic dimension, are locally testable.

In this paper we refute this conjecture by showing that for every € > 0 there exists a family of codes
{C’E(") - ]Fg‘} , with relative distance (1/2 — €) and dim(C’E(")) = O(log(n)) which are not locally

ne
testable and not locally decodable. Moreover, for every d(n) ranging from w(1) to (n) we show a

family of codes {CE(") C IFS} with relative distance (1/2 — ¢) and dim(C™) = ©(d(n)) which

nez
are not locally testable (decodable). This also shows that the requirement of “low-bias” in the work of
Kaufman and Sudan [4] is necessary.

1 Introduction

Locally testable codes (LTCs) are error correcting codes for which distinguishing, when given oracle access
to a purported word w, between the case that w is a codeword and the case that it is very far from all
codewords, can be accomplished by a randomized algorithm, called a fester, which reads a constant amount
of information from w.

On the other hand, locally decodable codes (LDCs) allow to recover each message entry with high
probability by reading only a few entries of the codeword even if a constant fraction of it is adversely
corrupted. Both families of error correcting codes are explicitly studied, see e.g. the survey [8].

Kaufman and Sudan [4] showed that local testability and decodability exists in random sparse linear
codes, where a linear code is called sparse if its dimension is logarithmic in its blocklength. A linear code

C' C F" has low-bias if all nonzero codewords of C' have relative weight in the range (% —n7, % +n~7) for
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some constant v > 0. They showed that all sparse low-bias linear codes are locally testable (decodable)'.
In particular, sparse random linear codes have low-bias and hence are locally testable (decodable).

This result was later generalized by Kopparty and Saraf [7] to the problem known as “local list-decoding
in the high error regime” (see [7] for the definition and discussion of the problem).

Kopparty and Saraf [6] conjectured that all sparse linear codes are locally testable. We refute this
conjecture in Theorem 3.1 by showing a family of sparse linear codes with distance close to 1/2 which are
not locally testable (and not locally decodable). This result also shows that the “low-bias” requirement in
the work of Kaufman and Sudan [4] is necessary.

Organization of the paper. In the following section we provide the standard definitions regarding locally
testable and locally decodable codes. In Section 3 we state our main result (Theorem 3.1). Section 4 contains
some useful propositions and in Section 5 we prove Theorem 3.1.

2 Preliminaries

Let F be a finite field and [n] be the set {1,...,n}. In this work, we consider only linear codes. We start
with a few definitions.

Let C C F™ be a linear code over F. For w € F™, let supp(w) = {i € [n] | w; # 0} and |w| =
| supp(w)|. We define the relative distance between two words =,y € F™ to be d(z,y) = W and let

A(z,y) = 6(x,y) - n. The distance of a code is denoted by A(C) and defined to be the minimal value
of A(x,y) for two distinct codewords x,y € C. Similarly, the relative distance of the code is denoted

i(C) = 2O For z € F" and C C F™, let §(z,C) =dc(x) = 1@[/1.16%1 {d(z,y)} denote the relative distance

n

of = from the code C. We note that A(C) = %1{?0} {wt(c)}. For two linear codes C7,Cy C F" we let
ce
0(C1,C9) = min {d(c1,C9)}.
(C1, Cy) 01601\{0}{ (c1,C2)}

If 6(z,C) > €, we say that = is e-far from C and otherwise x is e-close to C. Let dim(C) be
the dimension of C. For u = (uj,ug,...,up),v = (v1,v2,...,v,) € F" let (u,v) denote the bilin-
n

ear function from F” x F™ to F defined by (u,v) = Zuivi The dual code C* is defined as C+ =
i=1
{ueF"|Vee C: (u,c) =0}. In a similar way we define Cét = {u €Ot ||l < t} and CF =
{u e Ct|ul = t}. Forw € " and S = {j1, jo,....,im} C [n] we let w|s = (wj,, wjs, ..., wj,, ), Where
J1 < j2 < ... < jm, be the restriction of w to the subset S. Similarly, we let C|s = {c|g | ¢ € C'} denote
the projection of the code C' onto S. We say that a code C' has a g-characterization if span(C%q) =C+t.
For w € F™ and i € N let w(¥ € F™ be the concatenation of w to itself 7 times.

2.1 Background on LTCs and LDCs

We formally define locally testable codes, using the definition provided in [3] (see that paper for a justifica-
tion of the definition).

Note that given a code C' C F™, the subset I C [n] uniquely defines C'|;. The linearity of C' implies that
C|r is a linear subspace of F/.

'In fact, Kaufman and Sudan [4] proved a stronger result. They showed that sparse low-bias linear codes are self-correctable
and thus are locally decodable.



Definition 2.1 (LTCs and Testers). Let C' C F” be a linear code. A (g, €, )-tester T" for C'is a distribution
D over subsets I C [n] s.t. |I| < ¢ and the following holds.

e Forallw € F" s.t. 6(w,C) > 6 we have IPg[w\I ¢ C|1] > e.

Acode C CF"isa(q,€,0)-LTC if it has a (g, €, 0)-tester.

The tester outputs accept on the given word w whenever it selects a subset I C [n] s.t. w|; € C|; and
otherwise output reject.

We say that a family of codes {C’ (n) ‘ n e Z} is locally testable if there exist constants ¢, €, 6 > 0 such
that for infinitely many 7 it holds that C™) C F" is a (g, €, §)-LTC.

Remark 2.2. Usually we assume that § < 1/3 (see the discussion in [2] regarding this issue). Hence, we say
that the family of codes is not locally testable if for every constants ¢, € > 0, large enough n and distribution
D,, over subsets I C [n], s.t. |I| < q there is a word w with &(w, C™) > 1/3 and IP}g [w|r ¢ C1] <e.

Next we define locally decodable codes.

Definition 2.3 (LDCs and Decoders). Let C C F% and E¢ : F§ — F2 be its encoding function, i.e.,
C={Ec(z)|z¢c % }. Then C'is a (g, €, 6)-LDC if there exists a randomized decoder (D) such that:

e In every invocation, ) makes at most g queries.

e Forall z € F¥, i € [k] and ¢ € F" such that A(E¢(x),¢) < én we have Pr{Dé[i] = xl} >

i.e., with probability at least % + € entry x; will be recovered correctly.

+ €,

N

Note that the definition implies that § < §(C)/2. We say that a family of codes {C(™) |n € Z} is
locally decodable if there exist constants g, €, > 0 such that for infinitely many n it holds that C' () C
isa (q,¢,0)-LDC.

It is well-known that g-query self-correctable codes are g-query locally decodable, so if we show that a
code C' is not g-query LDC then it is not g-query self correctable.

Remark 2.4. Notice that a message space for LDC can be a linear subspace of M C F*, i.e., the messages
are of the length k but not every word in F” is a (legal) message. In this case the dimension of the code is
dim(M). Note that because of linearity of C' the message space M must be a linear subspace (closure to
addition).

3 Main Result

In this section we present our main theorem 3.1. Recall that Kaufman and Sudan [4] showed that sparse
binary linear codes with low bias are locally testable and self-correctable (and in particular locally decod-
able). The next theorem refutes the conjecture of Kopparty and Saraf [6], which says that all sparse codes
are locally testable. Moreover, this theorem shows that the “low-bias” requirement in the work of Kaufman
and Sudan [4] is necessary, i.e., it shows that there exists a family of sparse codes with relative distance
> 0.49 which are not locally testable (decodable).

One could conjecture that sparse codes with small characterization are locally testable or decodable. So,
theorem 3.1 also shows that there are sparse linear codes which have a small characterization, but are not
locally testable (decodable).



Finally we show that there are sparse codes with dual distance > 2 which are not locally testable. We
believe that this case is interesting since it shows that non-redundant” sparse code can be not locally testable.
Equivalently, picking a large fraction of columns from the Hadamard generating matrix (G € FQMXW})
may result in a generating matrix of a code which is not locally testable (decodable). This contrasts with
the result of [4] which says that taking a large random fraction of columns from the Hadamard generating
matrix gives, with high probability, a generating matrix of a locally testable (decodable) code.

All our constructions can achieve any dimension from w(1) up to linear.

Theorem 3.1 (Low Rate does not imply LTC or LDC). For every q,€ > 0, function w(1) < d(n) < O(n)
and infinitely many n > 0

1. There exist C. C F} such that 5(C) > 1 — ¢, dim(C) = ©(d(n)) and C'is not locally testable with
o(d(n)) queries and is not locally decodable with q queries.

2. There exist C C F4 such that dim(C) = O(d(n)), A(C) > Q(n), span(C’%S) = O+ and C is not
locally testable with o(d(n)) queries and is not locally decodable with q queries.

3. There exist C C F% such that dim(C) = O(log(n)), A(C) > Q(n), A(C+) > 2 and C is not locally
testable with o(log(n)) queries and is not locally decodable with q queries.

4 Repetition does not affect the LTCs and LDCs

4.1 Testers and Decoders modulo m

Definition 4.1 (Repetition Code). Let R C F™ be a linear code and i > 0. We say that C' C F(™) s the
i-repetition code of R if it holds that ¢ € C'if and only if ¢ = r(?), where r € R, i.e., every codeword of C
is a codeword of R repeated 7 times.

Notice that the linearity of R implies the linearity of its repetition code.
Let R C FJ" be a linear code and C' C IFgm) be its (7)-repetition code. For I = {iy,1i2,...,i4} C [n]
let I mod m = {i; mod m, i mod m, ..., i, mod m} C [m].

Given a tester D¢ for C we define a (modulo-m)-tester D i for R as follows.
e Pick atest I C [mi] according to the tester D¢.
e Choose test I mod m.

The modulo-m decoder is defined in the similar way, i.e., invokes the decoder of C' and take modulo m
over all queried indices.

Note that if w € 5" then the tester (decoder) for C' will get the same “queried entries” on w® as
modulo-m tester (decoder) for R on w. In this way, if tester for C' rejects then the tester for R rejects and
if the decoder for C recovers correctly the message bit then the decoder for R recovers correctly the same
message bit.

The term “non-redundant” here means the dual distance of the code is at least 3. Note that if the dual distance of a code is 1
then some of its bits are identically 0, and if the dual distance is 2 then some pairs of bits are equal to each other and hence one of
each pair is redundant.



4.2 Main Propositions

We prove the simple (but important) propositions, which say that the repetition does not affect the testability
and the decodability. These propositions (Proposition 4.2 and Proposition 4.3) are shown for binary codes
but can be easily extended for any field.

Proposition 4.2. Let R C F5' be a linear code and © > 0 be an integer. Let C' C ]Fgmi)

code of R. Then,

be an (i)-repetition

e ifRisa (q,€,0)-LTC then C is (q, min{e/2,/2},26)-LTC
e ifCis(q,€,0)-LTC then Ris a (q,¢€,0)-LTC.
Proof. Note that C|,,) = R.

Proof of the first bullet. Assume that R is a (q,¢,0)-LTC and let Dy be a (g, €, §)-tester for R. We define a
tester D¢ for C' as following.

e flip a coin

o If “heads,”
- pick j € [m] and l; € [i — 1] independently at random,
— pick I = {j,7 +m -1} (note that I C [mz]);

e Else pick I ~ D (note that I C [m]).

We argue that D¢ is a (¢, min{e/2, §/2}, 20)-tester for C. Let w € F(™) be a word s.t. §(w, C) > 26. If
S(wlim), Clim)) = 6(wlyy), R) > § we are done, since

Pr [wls ¢ Clil > 5+ Pr [(wl)ls ¢ Rlf) >

€
I~Dg I~Dg 2°

Otherwise we have 6(w| (), Clin)) = (W], ) < 6.
But 6(w, C') > 26 implies that

E [6(wlgmi1,.+1)m)s wpm)] =26 =38 =0.

77777

jeli—1]
1
> - .. . . > .
Hence Ifgc[wh ¢ CM = 2je[m]%l)1re[i71} [w‘{],]-ﬁ-mll} Qﬁ C‘{]J-ﬁ-m-h}] = 5/2 m

Proof of the second bullet. Assume that C'is a (g, €,0)-LTC and let D¢ be its (g, €, 0)-tester. Let Dy be a

modulo-m tester of C'. Note that Dy, is a distribution over subsets I C [m] s.t. |I| < gq.
We argue that Dy is a (g, €,0)-tester for R. Let w € FJ" be a word s.t. d(w, R)

by way of contradiction that IFS'R[w\I ¢ R|;] < e. Notice that §(w(™), C) = §(w, R)

> J. Assume
> §. We have
IP[I)‘ [w(im)lj € C\[} < e since if for I C [im)] it holds that w(™)|; ¢ C|; then w| moam ¢ R. We
~Uc

conclude that D¢ is not a (g, €, §)-distribution for C'. Contradiction. O

O]



Proposition 4.3. Let R C FY' be a code such that the first dim(R) bits of R are message bits. Leti > 0
and C be an (i)-repetition of R. Then,

e if Risnot (q,¢€,9)-LDC then C'is not (q, €,0)-LDC.

Proof. Letk = dim(R) = dim(C'). Note that the first & bits of C' are message bits. If R is not (g, €,6)-LDC
then for every ¢-query decoder there exist a word w € F5" s.t. §(w, R) < ¢, but there exists ¢ € [k] s.t. the
probability that the decoder recovers correctly the message bit 7 is less then 1 — e.

Assume by way of contradiction that C'is a (g, €, §)-LDC and has the decoder D¢. Let Dy be a modulo-
m decoder of D¢. But then there exist w € F™, §(w, R) < § s.t. the decoder Dp recovers some message
bit i with probability less then 1 — €. But D¢ will get always the same information on w(™/™) as Dy on w,
and moreover, §(w(™™) ) = §(w, R) < 6. Thus D¢ is not a (g, €, §)-decoder for C. Contradiction. [

From the previous propositions we conclude the next corollary.
Corollary 4.4. Let R C F3' be a linear code and i > 0 be an integer. Let C' C Fgmi) be an (i)-repetition
code of R. Then,

o if Risnot (q,€,0)-LTC then C is not (g, €,0)-LTC.

e if Risnot (q,€,0)-LDC then C is not (q, €, 6)-LDC.

5 Proof of Main Theorem 3.1

In this section we give the proofs of the three bullets of Theorem 3.1.

Proof of the first bullet. Let ¢ > 0 be a constant and m = d(n) > w(1). Let R, C F%" be a linear code
such that 6(R.) > 3 — eand 6(R.>) > Q(1) and dim(R.) = ©(m) (e.g., a random linear code of constant
rate will have these properties). Claim 7.1 implies that R, is not locally testable with o(m) queries. Lower
bounds on locally decodable codes from [5] imply that R, is not g-query locally decodable code.

Let C. C F" be a (n/m)-repetition code of R.. We have dim(C,) = ©(m) = O(log(n)) and §(C,) >
1/2 — e. Furthermore, Proposition 4.2 implies that C¢ is not locally testable with o(m) queries and not
locally decodable with g queries. O

One could conjecture that sparse codes, which are characterized by small weight dual words and have
linear distance are locally testable. We refute this next.

Proof of the second bullet. Let m = d(n) > w(1). Then, for sufficiently large m, Theorem 7.3 implies the
existence of a linear code R C FJ' s.t. dim(R) = ©(d(n)), A(R) > Q(m), span(R%;) = R+ and R is
not locally testable with o(m) queries and not locally decodable with ¢ queries. -

Let C' C F% be a (n/m)-repetition code of R. Then Proposition 4.2 implies that C'is not locally testable
with o(m) = o(d(n)) queries. Proposition 4.3 implies that C' is not locally decodable with ¢ queries. ~ [J



5.1 Proof of the Third Bullet

Given two linear codes with the same blocklength (C, Co C F")let C1+Cy = {c1 + 2 | 1 € C1, ¢ € Ca}.
Notice that (C + Cb) is a linear code.
We start from a straightforward proposition that will be useful in the next theorem.

Proposition 5.1. Let Cy and C5 be two linear binary codes with the same blocklength. Then (C1 + Cg)L =
C1 N Cotand so (C1 + Co)™ C C1t and (Cy + Cy)™ C Cyt

Proof. We have u € (C] + CQ)J_ iff (u € Oyt and u € Cgl) iff u € (C’1L N CQJ_) O

It follows that if C' is a repetition code but C'5 is not then C; + C is not repetition code. Moreover, if
there is a “small-size” intersection between low-weight dual words of C; and of C5 then C; + C5 will have
a small number of low-weight dual words and hence, intuitively will not be a locally testable.

Claim 5.2. Let C C F" be a linear code and a (q, €,0)-LDC. Assume that C' C C'is a linear code (subcode
of C). Then C" is a (q,¢€,0)-LDC.

Proof. Assume C' has the (linear) message space S C F k and has the decoder D. Let S’ C S be a (linear)
message space for C’. We argue that C’ has the same decoder D. Let w be d-close to C” (d-close to the
encoding of some message m € S’). Then w is d-close to C' and thus for all 7 € [k] the decoder D recovers
correctly the message entry (m;) with probability at least % + €.

Notice that the message space S of the subcode C’ will have smaller dimension than S, i.e., dim(S’) <
dim(S). S’ is a linear vector space because for every two messages x1, 22 € S’ which are encoded to
c1,c9 € C', respectively, we have (21 + 22) € S" and (z1 + x2) is encoded to ¢ + co. O

Proposition 5.3. Let C1,Cy C F4 be linear codes. If Cy is not locally decodable with q queries then
C1 + Cs is not locally decodable with q queries.

Proof. 1If C + (45 is locally decodable with ¢ queries then (] is locally decodable with ¢ queries by Claim
5.2, because (1 is a subcode of C; + Cs. ]

Proof of the third bullet. Let m = log(n) and R C FJ' be a linear code with A(R) > ©(m) and A(R*) >
©(m) and dim(R) = ©(m) (e.g., a random linear code of constant rate will have these properties). Claim
7.1 implies that R is not locally testable with o(m) queries, and in particular, not locally testable with ¢
queries.

Let w € F3* be a word s.t. 6(w, R) > 1—31 (a random w € ™ satisfies this condition with high
probability). Notice that for all u € Rio(m) we have (u,w) = 0 because R* has no words of weight less
then o(m), i.e., Rio(m) =0.

Let C; C F% be a (n/m)-repetition code of R. Then 6(w™/™ C}) = §(w, R) > % Notice that by
construction for all u € Cléo(m) we have (u, w™™) = 0. We also have §(C;) = ©(1) and dim(C}) =
O(log(n)). Let Cy C F¥ be the Hadamard code® (assume w.l.o.g. that n is a power of 2). Note that
A(Cyt) > 2.

Let 7 : [n] — [n] be a permutation. With some abuse of notation, for w = (w1, ws,...,w,) € F”
let T(w) = (Wr(1), Wr(2)s - - - » Wr(n)) be a T-permuted word. Let 7(C2) = {7(c) | ¢ € C2} be a set of all
permutated codewords of C. Note that for every permutation 7 : [n] — [n] it holds that 6(7(C2)) = §(C?2),
dim(7(Cy)) = dim(Cy) and A((7(Cy))") = A(Cyt) > 2.

*Instead of the Hadamard code we could take any binary, sparse code with linear distance and dual distance > 2.



Recall that 6(C1,Cs) = IIcliI\l{ }{5(01, C2)}. We say that a permutation 7 : [n| — [n] is good if
c1€C1\{0

§(w™™ Oy + m(Cy)) > & and §(Cy, 7(C2)) > 1/10.

We argue that a random permutation 7 : [n] +— [n] is good with probability at least 1 — o(1). It is
sufficient to show that a random permutation 7 : [n] — [n] is bad with probability at most o(1).

By the Chernoff inequality the probability that for some ¢; € (Cy \ {0}) and c2 € (C3 \ {0}) we get
§(w™™) | ¢147(co)) < 1/3 with probability at most ﬁ Note that if ¢; = 0 then &(w™/™), ¢;+7(c2)) =
S(w™™) 1) > L1 by construction.

Take a union bound over all ¢; € (Cy \ {0}) and ¢; € Cs to get that §(w™™), Cy + Cy) < 1/3 with
probability at most (;é?j)) = o(1). Moreover, the probability that for given ¢; € (C; \ {0}) and ¢ € C5 we
have 6(c1,m(c2)) < 1/10 is bounded by 252—1(71) Take a union bound over all ¢; € (C; \ {0}) and ¢3 € C5 to

get that the probability that 6(C1, 7(C3)) < 1/10 is bounded by %ﬁf} =o(1).

We conclude that a random permutation 7 : [n] — [n] is bad with probability at most o(1). So, let
7 : [n] — [n] be a good permutation. Then, we have §(C; + 7(C2)) = §(C1,7(C2)) > 1/10 and
§(w™™) Cy + Cy) > 1/3. Proposition 5.1 implies that w"/™) satisfies all constraints in (Cy + Cg)i‘o(
and thus w(™/™ will be accepted with probability 1 by any tester for C + w(C3) with query complexity
< o(m). We conclude that (C7 + C2) is not locally testable with o(m) queries.

The proof for local decodability is almost the same. R is not g-query locally decodable by the lower
bound of [5]. Corollary 4.4 implies that C is not g-query locally decodable. Proposition 5.3 implies that
C + 7(C3) is not g-query locally decodable. O

m)
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7 Appendix

The next folklore claim (due to [1]) states that the small dual distance of the code is necessary for its local
testing.

Claim 7.1 (Folklore). Let C be a linear code such that A(C) > (q+1), where q¢ > 1 then C'is not locally
testable with q queries.

The other folklore claim (stated e.g. in [2]) says that every code is testable with query complexity equal
to its dimension. Intuitively, C' is not trivially testable if it can be testable with o(dim(C)). In this paper we
will show that a family of codes that can not be non-trivially testable.

Claim 7.2 (Folklore 2). Every linear code C'is testable by dim(C') queries.

Let us state the central theorem (which we rephrase) from [1]. Ben-Sasson et al. [1] showed a family
of codes (', C F5" which has linear distance, constant rate and was characterized by 3 weight dual words.
They proved that this family is not locally testable with o(m) queries. Note that this family of codes is
not local decodable with constant number of queries (g) because of the lower bound on the blocklength of
locally decodable codes due to Katz and Trevisan [5].

Theorem 7.3. Let ¢ > 0 be a constant integer. For infinitely many m > 0 there exists a family of codes
Cym C F5* which has 6(Cy,) = ©(1), dim(C,,) = O(m) and span((Cm)gL) = (Cn)*. Moreover, C,, is
not locally testable with o(m) queries and not locally decodable with q queries.
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