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Abstract

In this paper we study algebraic branching programs (ABPs) with restrictions on the order and the
number of reads of variables in the program. An ABP is given by a layered directed acyclic graph with
source s and sink ¢, whose edges are labeled by variables taken from the set {z1,z2,...,zn} or field
constants. It computes the sum of weights of all paths from s to ¢, where the weight of a path is defined
as the product of edge-labels on the path. Given a permutation 7 of the n variables, for a m-ordered
ABP (7-OABP), for any directed path p from s to ¢, a variable can appear at most once on p, and the
order in which variables appear on p must respect 7. An ABP A is said to be of read r, if any variable
appears at most r times in A.

Our main result pertains to the identity testing problem, i.e. the problem of deciding whether a given
n-variate polynomial is identical to the zero polynomial or not. Over any field F and in the black-box
model, i.e. given only query access to the polynomial, we have the following result: read r m-OABP
computable polynomials can be tested in DTIME[20<Tlog r-log® nlog log ”)}. In case F is a finite field, the
above time bound holds provided the identity testing algorithm is allowed to make queries to extension
fields of .

Our next set of results investigates the computational limitations of OABPs. It is shown that any
OABP computing the determinant or permanent requires size Q(2"/n) and read Q(2"/n?). We give a
multilinear polynomial p in 2n 4 1 variables over some specifically selected field G, such that any OABP
computing p must read some variable at least 2" times. We prove a strict separation for the computational
power of read (r — 1) and read r OABPs. Namely, we show that the elementary symmetric polynomial of
degree r in n variables can be computed by a size O(rn) read r OABP, but not by a read (r — 1) OABP,
for any 0 < 2r — 1 < n. Finally, we give an example of a polynomial p and two variables orders 7 # 7',
such that p can be computed by a read-once 7-OABP, but where any 7'-OABP computing p must read
some variable at least 2" times.

1 Introduction

The polynomial identity testing problem (PIT) is the question of deciding, given an arithmetic circuit C
with input variables x1, x5 ...z, over some field F, whether the polynomial computed by C' is identical to
the zero polynomial in the ring F[z1, 2,...x,]. Efficient algorithms for PIT are important both in theory
and in practice. Randomized algorithms were given independently by Schwartz [1] and Zippel [2].

Finding deterministic algorithms for PIT plays a crucial role in computational complexity theory. Ka-
banets and Implagliazzo [3] showed that giving a deterministic subexponential time algorithm for PIT implies
that either NEXP Z P/poly, or that the permanent has no poly-size arithmetic circuits. Agrawal [4] showed
that giving a deterministic black-boz algorithm for PIT yields an explicit multilinear polynomial that has
no subexponential size arithmetic circuits. In [4] a program was outlined explaining how making progress
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towards the latter kind of algorithm for PIT has the potential of resolving Valiant’s Hypothesis, which states
that the algebraic complexity classes VP and VNP are distinct.

For optimists certainly, the situation is tantalizing, as Agrawal and Vinay [5] showed that the black-box
derandomization of PIT for only depth-4 circuits would yield a nearly complete derandomization for general
arithmetic circuits. Recent progress on the PIT problem has been impressive. See [6] for a recent survey.

In this paper, we contribute to the above mentioned lower bounds program by considering black-box
identity testing ordered algebraic branching programs (OABPs), which where introduced in [7]. Algebraic
branching programs have computational power somewhere in between arithmetic formulas and circuits. The
OABP is the arithmetic analogue of the ordered binary decision diagram (OBDD), which was introduced by
Bryant [8]. Some polynomials can be succinctly represented in the OABP model. For example, we show
that the elementary symmetric polynomial of degree k in n variables can be elegantly described by a grid
shaped OABP of size O(kn). As our lower bounds show, a succinct OABP-representation is not available
for every polynomial. The situation is similar to what is well-known for OBDDs. In practice this may be
outweighed by the fact that PIT can be solved efficiently for OABPs. As argued by Raz and Shpilka [9],
part of the popularity of OBDDs can be explained by the fact that identity testing (and hence equivalence
testing) can be done efficiently for the model.

In [9] a polynomial-time non-black-box algorithm was given for identity testing non-commutative for-
mulas, and more generally non-commutative ABPs. Identity testing OABPs reduces to PIT for non-
commutative ABPs, and hence can be done non-black-box in polynomial time. Namely, if we take an OABP
A computing some polynomial f over commuting variables, and if we let f’ be the evaluation of A, where we
restrict the variables to be non-commuting, then it can be observed that f = 0 < f’' = 0. Giving a black-box
algorithm for testing non-commutative formulas and ABPs is currently a major open problem. Our main
result implies we have a DTIME[20(Polyles(m))] hlack-box algorithm for testing OABPs with polylog(n) many
reads.

We remark that any read-once formula (ROF) can be simulated by an OABP. Black-box Identity testing
sum-of-k ROFs was studied in [10], and this was subsequently generalized to the sum-of-k read-once ABPs

n [11]. These results show the difficulty of making generalizations in this area to models beyond read-once.
For example, by [11] we have an n©(°8™) black-box test for sum-of-two read-once ABPs, but for testing a
single read-twice ABP, currently nothing is known beyond brute-force methods. Our result is significant, in
that the techniques apply to a model where the multiple reads take place within one monolithic ABP. This
opens up a new thread of progress in the direction of identity testing unrestricted ABPs. We refer to [12]
for a direct connection between this, and proving lower bounds for the determinantal complexity of explicit
polynomials. The latter is what the separation of VP and VNP requires.

Finally, we mention the connection to PIT for multilinear formulas raised in [13]. Our results can be
applied to black-box identity testing “ordered multilinear formulas” with few reads (say polylog(n)). The
latter can be defined for any given variable order 7, by requiring that for each multiplication gate g = g1 X g2
in the formula, variables in the subformula rooted at g; should either all be smaller or all be larger w.r.t. 7
than variables in the subformula rooted at go. By applying the construction of [14], judiciously to keep the
order, a formula of this kind can be simulated by a 7-OABP. This then gives another important special case
of PIT for multilinear formulas for which a black-box algorithm is known (the other case being sum-of-k
ROFs).

1.1 Techniques

Towards the identity testing algorithm, the first step is to show that, without increasing the number of
reads, any m-OABP can be made oblivious, i.e. all variables in a layer must be identical. Then we construct
a generator G(z) for m-oblivious ABPs. This is a polynomial mapping F* — F" such that for any f €
Flx1,...,2,] computed by a m-oblivious ABP, f = 0 < f(G) = 0. From this, one obtains an efficient
black-box test, provided the number of z-variables ¢ and the degree of G is “small”.

For illustrative purposes, let us consider an oblivous ABP A with variable order zq,xs,...,Zo,
of small width w, rather than small number of reads, and suppose it computes f # 0. In order
to achieve £ = O(wlogn), we cut A in the middle layer. This gives a decomposition (say) f =



Zie[w] 9i(x1,. .., 2n)hi(Tng1, ..., Z2,). Then we want f(G) = Zie[w] 9i(G1y - Gn)hi(Grgy oo, Gon) Z 0.
We would like to use recursion on the g;s and h;s, but in order to get ¢ small, this means G* := (G1,...,Gy)
and G? := (Gni1,---,Gon) Will share most of the variables. This open up the possibility of all kinds of
unwanted cancellations to start occurring, resulting in f(G) = 0. However, we do have something going
for ourselves, which is that {g;(G")}iec[) must “communicate” through a small dimensional space F*. This
allows one to take G identical to G“, except for an additional component to the input that inflates the
dimension of any non-empty finite union of affine varieties', given by the preimage of a single point in F".
More or less, G(z,2") will look like G*(2); G%(z, 2), with G¥(2,2') = G*(z + T(2")), where T is a mapping
of O(w) many variables that contains any w-dimensional coordinate subspace. Doing so, we only add O(w)
many variables per inductive step. This mirrors the pseudorandom generator construction of Impagliazzo,
Nisan and Wigderson [16] in the Boolean world. To make an analogy, z + T'(z’) can be thought of as similar
to taking a vertex (we pick z) and adjacent edge (we move by T'(z)) on an expander graph.

Necessarily, our final construction will be more complicated than the above sketch, since we assume a
bound on the number of reads instead of the width. This will be dealt with by taking a partial derivatives
w.r.t. a centrally local variable x; in the ABP. Taking the derivative w.r.t. x; has the net effect of cutting
down the width of the x-layer of A.

1.2 Organization

The rest of this paper is structured as follows. Section 2 contains preliminaries. Section 3 contains a proof
of a “decomposition lemma” we require for Section 4. There we do the core of the technical work by
giving the generator for m-oblivious ABPs. Then we apply this generator in Section 5 to give the black-box
PIT algorithm for 7-OABPs. Finally, we prove the results regarding computational limitations of OABPs
mentioned in the abstract in Section 6.

2 Preliminaries

For a natural number n, we denote the set {1,2,...,n} by [n]. For an n-tuple a = (ay,as,...,a,) and
m-tuple b = (by,ba,...,bn), we denote its concatenation (aj,as,...,an,b1,b2,...,by) by a#tb. Let X =
{x1,22,...,2,} be a set of variables and let F be a field. For a polynomial f € R := F[X], if it is identical to
the zero polynomial of the ring R, we write f = 0. If the degree of any variable of f is bounded by one, f is
said to be multilinear (even if f has a constant term). We say f depends on x;, if the formal partial derivative
Of/0x; £ 0. Var(f) denotes the sets of variables f depends on. For a set of polynomial fi,..., f,, € F[X],
we say that they are independent if for all a € F™ with a # 0, Zie[m] a;f; 0.

2.1 Computational Models
We import the following definition and subsequent notations from [11]:

Definition 1. An algebraic branching program is a 4-tuple A = (G, w, s,t), where G = (V, E) is an edge-
labeled directed acyclic graph for which the vertex set V' can be partitioned into levels Ly, L1, ..., Lg, where
Lo = s and Ly = t. Vertices s and t are called the source and sink of A, respectively. Edges may only go
between consecutive levels L; and Ly .

The label function w: E — X UF assigns variables or field constants to the edges of G. For a path p in
G, we extend the weight function by w(p) = [[ ., w(e). Let P; ; denote the collection of all paths p from i
to 7 in G. The program A computes the polynomial EpePs,t w(p). The size of A is taken to be |V|, and the
read of A is the mazimum of lw™1(x;)|, over all x;’s. The depth of A equals d, and the width of A is the
mazimum of |L;|, over all L;’s.

1Keeping with the terminology in [15], an algebraic set is the set of common zeroes of a list of polynomials. Affine varieties
are algebraic sets, which are irreducible in the Zariski-topology (See Appendix B).



Algebraic branching programs where first introduced by Nisan [17]. Our definition differs in the respect
that [17] requires edge labels to be linear forms. We use the following notation: for an arc e = (v, w) in ABP
A, begin(e) = v and end(e) = w. We let source(A) and sink(A) stand for the source and sink of A. For
any nodes v,w in A, we denote the subprogram with source v and sink w by A4, ,,. We use A to denote the

polynomial computed by A, and in particular, E,\w is the polynomial computed by the subprogram A, ,,.
A layer of an ABP A is the subgraph induced by two consecutive levels L; and L;11 in A.

Definition 2. An ABP A is called a read v ABP, if its read is bounded by r. We also denote this by saying
that A is an R,.-ABP. A polynomial f € F[X] is called an R,.-ABP-polynomial if there exists a R.-ABP
computing f.

Definition 3. Let m be a permutation of [n]. An ABP A is w-ordered, if on every directed path p in A, if a
variable x; appears before x; on p, then w(i) < w(j). For an ABP A we say it is ordered if it is m-ordered
w.r.t. some permutation .

For a m-ordered ABP (7m-OABP) variables appear (with possibly omissions) on any path from source to
sink in the order z -1(1), Zr-1(2),- -+, Tx-1(n). We will speak of the latter sequence as the variable order of A.
Ordered algebraic branching programs where first studied in [7], but with respect to the homogeneous ABP
definition of [17]. There the ordering condition states that on any path p, for any edge e; appearing before ey
on p, if e is labeled by Zie[n] a;x;, and e is labeled by Zie[n] bix;, then all variables in {x; : a; # 0} appear
before all variables in {x; : b; # 0} in the variable order. The usual “homogenization trick” of splitting nodes
into parts computing homogeneous components can be used to convert any OABP to the model of [7] (one
also needs to collapse circuitry going over constant wires). This outlines a proof of the second part of the
following lemma (the first part being obvious):

Lemma 1. For any permutation m of [n] we have the following:

1. A homogeneous w-ordered ABP of size s with linear forms as edge labels can be converted into an
equivalent w-OABP with weight function w: E — X UF of size O(ns).

2. For any m-OABP of size s computing a homogeneous polynomial of degree d, there exists an equivalent
homogeneous m-ordered ABP of size O(sd) with linear forms as edge labels.

An ABP is called oblivious, if for any layer all variables are the same. We call a layer an z-layer, if
labels some of the edges in that layer, for x € X. Layers with variables are called variable layers. Layers
without variables are called constant layers. We say an ABP is w-oblivous, if it is m-ordered and oblivious.
We have the following lemma for converting any m-OABP into a m-oblivious ABP. Note the lemma preserves
read.

Lemma 2. For any permutation m of [n], given a m-OABP A over n variables of size s and read r, there is
an equivalent w-oblivious ABP B of size O(sn), width < 2s and read r.

Proof. Wlog. we assume that 7 is the identity permutation. In B, the source will be followed by levels with
node sets Vi, Wy, Vo, Wa, ..., Vo, Wy, Vi1 (in this very order). We will grant ourselves the convenience of
also having constant labeled wires that go from V; to V;4; directly, thus skipping W;. Obviously, this can
be fixed by at most doubling the width of the ABP and without any increase in the number of reads. For
any 4, nodes in V; will be in one-to-one correspondence with nodes in A. Namely, for each node v in A, we
allocate a node v; in V. Similarly for W;.

Let s = source(A),t = sink(A) and s = source(B). We will arrange to following two properties to hold.
Firstly, for any i € [n + 1], for any v; € V;,

~ —

Bg’vi = (A[I'Z =Xip1 = ... Tp = O])s,v' (1)

In other words, the polynomial computed by the subprogram of B with source 5 and sink v; equals the
sum of weights of all paths from s to v in A, going over edges that are not labeled with variables from

{xi7$i+17 . ,,’En}.



Secondly, for any i € [n], for any w; € W;, we will arrange that Bg’wi will equal the sum of weights of all
paths p from s to w in A going over edges that are not labeled with variables from {x;{1,...,2,}, and with
x; appearing on the last edge of p. -

We now explain how to connect the wires in B. First of all, for any v; € Vi, (A1 =22 = ...z, =0]), ,
is a constant. So we can establish (1) for Vi by drawing edges to nodes in V; with appropriately labeled
constants.

For any ¢ > 1, given that wires have been drawn to V;, we draw wires to W; as follows. For v; € V; and
w; € W;, we draw a wire (v;, w;) with label z; if and only if (v, w) is an edge in A with label x;. This clearly
establishes the desired property for the set W;, provided (1) holds for V;. It is also immediately clear with
this definition that the number of reads of B equals the number of reads of A.

For i > 1, given that wires have been drawn to W;_1, we draw wires to V; as follows. For any node v in
A, the set S of paths from s to v in A not using edges with labels {x;, z;+1,...,2,} can be partitioned into
S1 U S, where Sy is the set of paths from s to v that do not use x;_1-labeled edges, and Sy = S\S;. For
any path p € So, we can write it as p = p1#p2, where p; ends with an x;_;-labeled edge, and py consists of

constant labeled edges only. Hence, for a node v; € V;, (A[z; = le/:\xn =0]), , can be computed as

S,V

the sum of (A[z;—1 =2, = Tjp1 = ...y = O])S)U plus a linear combinations of the weight of all paths p from
s to some node w in A going over edges that are not labeled with variables from {;,...,x,}, and with z;_;

appearing on the last edge of p. This can be done by simply drawing a wire from node v;_1; € V;_; with
label one, and appropriate constant labeled wires from nodes in W;_1.

By the above construction, we get ﬁg’tn = A\Syt. After removing redundant nodes, splitting wires that
skip W;’s, it is clear we have obtained a leveled oblivious ABP with read r, size O(sn) and width < 2s. O

2.2 Partial Derivatives Matrix

The following notions are taken from [13]. Let Y = {y1,...,yn} and Z = {21, ..., 2, }. Then for a multilinear
polynomial p(Y, Z) € F[Y, Z], we can construct the partial derivatives matriz M, w.r.t. Y and Z as follows:
rows and columns of the matrix are indexed by {0,1}", and Mp(e, f) is the coefficient of [ T;c(,,; v I1;e) zjj,
for e,j € {0,1}". Thus M, is a 2" x 2" matrix. We are mostly interested in the rank of partial derivative
matrices, and some of the useful properties are summarized in the following lemma:

Lemma 3 ([18]). Given three multilinear polynomials p,q,r € F[Y, Z], we have that 1) If r = p + q, then
M, =M,+M,, 2) Ifr=p-q, and Var(p) and Var(q) are disjoint, then rank(M,) = rank(M,) - rank(M,),
3)Ifr=p-q, and p € F[Y] and q € F[Z], then rank(M,) = 1.

In the above, for the first two properties, see Proposition 3.1 and 3.2 in [18]. The third property follows
from the second property, by observing that M, (resp. M) has only one column (resp. row) that contains
non-zero entries.

Given X = {z1,...,T2p}, a partition A of X is a one-to-one mapping from X to YU Z. For a polynomial
p € F[X], denote by p* the polynomial obtained by substituting € X with A(z) € YUZ. So p? € F[Y, Z].
A multilinear polynomial p € F[X] is said to be of full rank if for any partition A : X — Y UZ, M is of full
rank. By extending the construction in [19], we show the existence of a polynomial p, such that dp/0x is a
full-rank polynomial for every variable z in p. A proof of the following theorem has been put in Appendix A.

Theorem 1. Let n € N be an integer, and X = {x1,...,Tonq1}, W = {wijr}ijkeiznt1 be two sets of
variables. Let G = F(W) be the field of rational functions over F with variables in W. Then there erists
an explicit multilinear polynomial p € G[X], such that for any k € [2n + 1], Op/0xy is of full rank, when
working over X\{xzy}.

2.3 Algebraic Geometry

Any subset X C F™ which is the set of simultaneous zeroes of a set of polynomials fi,..., f; € Flzq,..., 2]
is called an algebraic set. For basic definitions we refer to [20, 15]. For convenience, all theorems we use



have been listed in Appendix B. If X and Y are algebraic sets in F"*, we denote by X + Y the subset
{t+ye F":z € X,y € Y}. Note that X +Y may not be an algebraic set. We denote by X +Y the
closure of X 4+Y is the Zariski-topology (See Appendix B). We need the following two lemmas:

Lemma 4. Let X C F" be an algebraic set of dimension 0 < r < n. Then for some (n — r)-dimensional
coordinate subspace C CF", X +C =TF".

Proof. For a coordinate subspace C denote the canonical projection to C by 7¢. Consider K = {0} x F"™"
and L = F", which we think of as the complement of K corresponding to the first r coordinates. We have the
following two properties: 1) The set X + K equals 7, (X) x F*™", and 2) 7y (X) x F*"7" = 7 (X) x F*7".
By this, dim X + K = n — r + dim 7 (X). More generally, it can be seen (by applying isomorphisms
to F", where we permute the indices), that for any (n — r) -dimensional coordinate subspace C' with r-
dimensional complement D, dim X + C =n —r + dim7p(X). Hence the lemma follows from the fact that
for any r-dimensional affine variety there exists a projection 7 to some r-dimensional coordinate subspace
E such that 7(X) is dense in E, i.e. dim7wp(X) = r. For a proof of the latter see [20], p480 (Also see
Appendix B). O

Lemma 5 (Lemma 2.1 in [21]). Let f € F[X] be a nonzero polynomial such that the degree of f in x; is
bounded by r;, and let S; C F be of size at least r; + 1, for all i € [n]. Then there exists (s1,82,...,8,) €
S1 X S X ... xSy with f(s1,82,...,8,) # 0.

3 Decomposing a 7-Oblivious ABP into Independent Sets of Poly-
nomials

We need the following lemma, or rather its corollary, for the construction of the generator for m-oblivious
ABPs in Section 4. For any f # 0 computed by a m-oblivious ABP, the lemma gives us a decomposition
satisfying some useful independence properties. It will be sufficient to state the lemma for = being the
identity permutation.

Lemma 6. let k > 1, and let A be an oblivious ABP of width w with source s and sink t having variable

order x1,Ta, .., To,. Suppose A £ 0. Then we can write for some w' < w, [ = Zie[w,} figi, where

1. {f1, foy s fur } CF[z1,20,...,2n] and {91,992, .-, 9w } C FlXpni1,ZTnia,..., 2o, are both independent
sets of polynomials.

2. Ya € F“’l, > w'] a; f; can be computed by an oblivious ABP of width w with variable order x1,xa, .., Ty .

i€

’
3. Va € Fw B Zie[w’]
xn+1a$n+2; ey, T2p -

a;g; can be computed by an oblivious ABP of width w with variable order

Proof. Let V be the set of variables used in A. Pick an arbitrary level L of nodes vy, v, ..., v, such that
V Nn{xy,za,...,2,} appear on edges in layers before L, and V N {z,, Tnyi1,...,22,} appear on edges in
layers after L. For i € [w], let f; = Z: and g; = Z,: We proceed in two phases. First we arrange for a
decomposition where the f;s are independent. Then we will deal with the g;s.

Wlog. assume that fi,..., fx is a maximum size independent set of polynomials. Since f #Z 0, we know
that not all f; =0. So k > 1. For j > 0, any fr4; can be written as a linear combination of fi,..., fi. Let
A’ be an equivalent ABP obtained from A as follows. First, A’ is just as A from the source up to the level
L, except that we drop vg11,...v, from L. Let us use L’ to denote the modified level L. L’ is followed by

a constant layer, where f1,..., f,, are computed (relative to s). After this we attach all the levels of A, just
as they followed L in A. We have that f =3, figi, where f; = A , and g; = A ;. The f;s satisfy the

first two conditions of the lemma. The gis are in F[zy 41, Zn42, ..., T2n]. This completes the first phase.



For the next phase, wlog. assume that ¢/, ..., g; is a maximum size independent set. Say these correspond

to nodes wy, ..., wy, respectively. That is, A, , = g;. Since f # 0, we know that [ > 1. Symmetrically to the
first phase, but now going in the direction from sink to source, we modify A’ into an equivalent ABP A”. A"
is the same as A’ from the sink back to the level L', except that we drop nodes other than w, ..., w; from
L’. Above this is a constant level, where we compute g¢i,. .., g, (relative to the sink). Above this we attach
all level from A’, just as they appear from s to L' in A’. We now have arranged that f = Zie[l] 1'gl, where

fi =AY, and g; = Ay, ,, for i € [I]. Observe that for each i € [I], f{’ = f] + Linear(fi11,..., fx). Hence

w;,t)
{f{,-.., f'} is an independent set of polynomials. All required properties of the lemma are now clearly
satisfied. 0
Corollary 1. Letk > 1,n >3 and let 1 <i <n. Let A be a read r oblivious ABP, with source s and sink
t having variable order x1,x2,...,Ti—1,Ti,Tit1,-..,Tn. We usey as alias for x;. Let f = 0A/0y. Suppose

A depends on y, that is f £ 0. Then we can write for some ' <r, f=>" 11 Pidis where

i€

1. {plaPQa s apr’} c ]F[mla T2,... ,$7;,1] and {q17q27 R qr’} - F[xiJrlvxiJer s 7l'n] are both z'ndependent
sets of polynomials.

2. Va € FT’/, > a;p; can be computed by a read r oblivious ABP with variable order x1,x2,..,x;_1.

i€[r’]
3. Va € FT/, Zz’e[r/] a;q; can be computed by a read r oblivious ABP with variable order x;11,T;12,...,Ty.

Proof. We make changes to A by modifying the edges in the y-layer as follows: for a variable edge (labeled
with y), label it with 1. For a constant edge, remove it. The resulting ABP A’ computes f. Then in the
proof of Lemma 6, take the level L to be the starting level of the original y-layer. As |L| is bounded by the
number of y-variables in the y-layer of A, we are done. O

4 A Generator for m-Oblivious ABPs

We assume |F| is large enough. The explicit requirement on |F| will become clear after the description of

the generator. For now, let us fix S = {ay,...,,anx} C F, for some N. Denote by S,, = {a1,...,am},
for 1 <m < N. Let Z = {z1,29,...}, Y = {y1,92,...}, U = {ug,uz,...} and V = {v1,vq,...} be sets of
variables. For k > 1, we use Zj to denote the k-tuple of variables (z1, 22, ..., 2;), similarly for Y%, Uy and

V. Define the function ¢ on natural numbers by £(k,r) = 2rk + 1. In the following, per abuse of notation,
we write (Zy(k,ry, Uk, Vi) to denote the tuple Zyg, )\ #Ur#Vi.

For every k > 0, 7 > 1 and a variable w, let H*"(w) = (HP" (w), Hy'" (w), . Hf(l: 22 (W), where for

each i € [((k,r) + 2K], Hf’r is the ith Lagrange interpolation polynomial on the set Sy ,)42k- Hik’r is a
univariate polynomial in w of degree £(k,r) + 2k — 1, satisfying that Vo; € Sy )12k, Hik’r(aj) =1lifi=j
and 0 otherwise. For k > 1, and two variables u and v, let E¥(u,v) = (u-L¥(v),...,u- L% (v)), in which L¥
is the ith Lagrange interpolation polynomial on the set Syx.

k,r)+2k _

For k > 0 and r > 1, we define the polynomial mapping Fk”“(Zg(ky,ﬂ), Uk, Vi) : F¥ F2* inductively

as follows:
1. FO"(z1) = 21, and

2. For clarity we use y1,¥2,...,%2, as aliases for the variables zy(x 415 Ze(k,r)425 - - - » 20(k,r)+2r, TESPEC-
tively. We take Fk+1’T(Zg(k7r), Yo, Uri1, Vis1) to be equal to the following 2°!-tuple of polynomials:

E* Y (upgr, 1) + F¥"(Zoery, Uy Vi) " (Zogrerys U, Vi) + T (Yar))

where TF7 : F2" — FYRNF2E §g defined by T57(Ya,) = e Vit H*" (y04).



From the construction we can see that in order to accommodate for S, |F| should be no less than
max(¢(k,r) + 2k, 2*). Now let us compute F'1'" to get a sense and for later use. We obtain

FU = E'up,v1) + FO"(20)#F% (21 4 (2141 + - + 2144))
= (ulL%(Ul)+21,U1L%(’01)+21+"'+Zl+r).

Note that 294, ..., 212, are not used in the Lagrange interpolation in the 7" part. By a straightforward
induction, one can prove the following bound for the individual degree of a variable in F*.

Proposition 1. Yk > 2 and r > 1, the individual degree of any variable in any component of F*" is at
most [Tep—1y (0, 7) +25)(€(, ) + 25 — 1)).

The main theorem of this section is proved next. It shows that the generator F*" works for the class C
of polynomials computed by read r m-oblivious ABPs, where there is one single fixed order 7 of the variables
for the entire class C. Wlog. the order is assumed to be x1,x2,.... A generator for any other fixed order, is
obtained by permuting the components of the output of the generator in the appropriate way. To make the
algebraic geometry go through in the proof, we will assume that F is algebraically closed. We will remove
this requirement subsequently with Corollary 2.

Theorem 2. Let F be an algebraically closed field. Let k > 0, and let A be a w-oblivious ABP of read r > 1
with variable order x1, Ty, ..., Tor. Suppose A computes f, then f =0 < f(F*") =0.

Proof. The “="-direction is trivial, so it suffices to show that if f # 0, then f(F*") # 0. We prove this by
induction on k. For k = 0 it is obvious. For k = 1, we know there exists (a,b) such that f(a,b) # 0. Recall
FU = (uy L1 (v1) + z1,u1 Li(v1) + 21 + - - + 2z14+). Then setting ¢ to be the assignment of (Za,41,u1,v1) as
21 = a, 23 = b — a and other variables to 0, would give f(F1") = f(a,b) # 0. So f(F1") #0.

Now let k£ > 1. For the induction step from k to k+1, we need to prove that F*+1L.7 works for an oblivious
read 7 ABP polynomial f with variables x1,...,xox+1. We use X as an alias for x9x, and A as an alias for
agr. Let g = 0f/0X, and note that f = g- X + f | x=0, since f is multilinear. Wlog. we can assume that f
depends on X. Namely, since f is multilinear, if f does not depend on any variable, i.e. Vi,0f/0z; = 0, then
f € F (even if char(F) > 0). Clearly the theorem holds in this case. Otherwise, the rest of the proof goes
through mutate mutandis by selecting X to be the median variable (w.r.t. the variable order z1,xs,...) of
variables that f depends on. Thus g # 0. We claim that the following holds:

Claim 1. h:= g(F*L7) |, A% 0

Before proving Claim 1, let us show that this is sufficient to complete the proof of Theorem 2. Consider
SFRETY ], —a. Tt is equal to the following:

h- (F;:'LT |’Uk+1=A> + ((f |X=0)(Fk+1yr)> ‘Uk+1=A =

h - <<E§:_17T + P(Zf(kﬂ‘%Uk’Vk)) |vk+1:A) + ((f |X:0)(Fk+17r)> ‘UkJrl:A
b (upg1 + P(Zoggorys U, Vie)) + ((F [x=0) (F*TH7)) Jusi=a,

for some polynomial P in variables (Zy ), Uk, Vi). Observe that ((f [x=0)(F*"")) [u,,,—a does not
contain the variable ug41. The same holds for P(Zg(k7,«), Uk, Vi)). Hence h - up4q cannot be canceled, and
we conclude that f(F¥T17) |, . —a# 0. This implies f(F*T17) # 0.

We will now prove Claim 1. Let F/*+1Lr = pk+lr _ pk+1r Note that since f is multilinear, g does not
depend on X. Hence g(F*T17) |, ., —a= g(F'**1r). We will show that g(F’**1:7) # 0. We have that

FRALT = FR(Zy ey Uk V)3 (Zogrorys Us, Vi) + T (Yar))

Again we will use y1,y2, . . . , Y2, as alias for the variables 2y r)4-1, Ze(k,r)+25 - - - » Ze(k,r)+2r» respectively. Corol-

lary 1 gives us that we can write g = Zie[r'] Piqi, for some 1’ < r, where



1. {p1,p2,---,pr} CFlx1,22,...,290_1] and {q1,q2, ..., ¢} C Flror i1, Tokya, ..., Toe+1] are both inde-
pendent sets of polynomials.

2.Va € F', Y

L1, L2y ..y Lok _1-

iej) @i can be computed by an oblivious ABP of read r with variable order

3. Va € IF‘T,, Zie[r/] a;q; can be computed by an oblivious ABP of read r with variable order
.’I,‘2k+17.’172k+27...,$2k+1.

For any a € F" with a £ 0, Zie[r,] a;p; #Z 0, and this sum can be computed by an oblivious ABP of
read r with variable order xi,xs,..,79x_;. Hence by induction hypothesis Zie[r,] a;pi(F*7) # 0. Let
pi = pi(Fo7 (2, .. - 20(k,r)> Uk, Vi)). The above shows that P := {p1,p2,...,pm} is an independent set
of polynomials. Let ¢; = q;(F*"(z1, ..., 2¢(k,r)> Uk, Vi)). Similarly we have that Q := {q1,q2,...,¢} is an
independent set of polynomials.

Since p1 + po + ... + P # 0, there exists input ¢ € F° so that if we let a; = p;(c), then
a=(ay,ag,...,a)#0. Let V C F“*1)+2k be the algebraic set defined by the system of equations

(k,r)+2k

{Di(z1,- - 2oy, Uk, Vi) = a - Vi € [1']}

We know this system has a solution namely c¢. Since F is assumed to be algebraically closed, by Exercise 1.9
p. 8 in [15] (See Appendix B), we know that each irreducible component of V has dimension at least
L(k,r) 4+ 2k — r’. Since the system is solvable there must exist at least one irreducible component, and since
r>1,4(kr)+2k—1">3.

Let W C F{RNH2E ho the algebraic set defined by the equation Zie[r/] aiGi(21, -y Zo(k,r)> Uk, Vi) = 0.
Since @ is an independent set of polynomials the L.h.s. of the above equation is a nonzero polynomial. In case
the Lh.s. is a non-zero constant, then we are done. Namely, letting b € FARHLF20041) 16 the assignment
where we set (21, ..., 2¢(k,r)» Ug, Vi) t0 ¢, y1,...,yr to 0, and the remaining variables arbitrarily, would give
g(F"*+1r)(b) = >ier) @idi(21s - Ze(,ry, Uns Vi) () # 0. Otherwise, we know by Proposition 1.13 in [15]
(See Appendix B), that W is a finite union of hypersurfaces each of dimension ¢(k, r)+2k—1 (these correspond
to the irreducible factors of Zz’e[r/] a;iGi(21, -+ -5 Zo(k,r)> Uk, Vi) ). We want to argue that V +Im T' cannot be

contained in W. Namely, to see the consequence, suppose we have ¢/ = ¢’ 4+ T(d), for ¢’ € V and d € F*",
with ¢/ € W. Then letting b € F**+17+2k 16 the assignment where we set (2155 Ze(k,r)> Uk, Vi) to ¢ and
Yo, i=d %ive/s that g(F/kTLm)(b) = Diep] pi(FRr (")) qi(FF (" + T(d))) = iep Pi(€)ai (" +T(d)) =
Zie[w] a;Gi(c') # 0.

We complete the proof by showing that the Zariski-closure of V' 4+ Im T has dimension greater than
dim W.

Claim 2. dimV +1Im T = ((k, r) + 2k.

Proof. Observe that for any 7/ < r, Im T contains any r”-dimensional coordinate subspace of F‘(7)+2k,

Namely, by setting y,4; = oy, for all i € [r], where a;,,a,,...,a;, are distinct elements of Sy )42k, We

obtain Zie[r] yi - HE (y,y) = Zie[r] yi - Ho (,) = Zie[r] Yi - €j,, where ey, ea,. .., €y )12k are standard

k,r)+2k

basis vectors of FY . Hence the claim follows from Lemma 4. O

The above claim implies that V +Im 7' ¢ W. By the above remarks, this gives that g(F'*T%7)(b) # 0,
for some b. This proves Claim 1, and finishes the proof of the theorem. O

Corollary 2. LetF be any field. Let k > 0, and let A be a w-oblivious ABP over F of read r > 1 with variable
order x1,Za,..,Tor. Suppose A computes the polynomial f € Flxy,xa,..,29x]. Then in the construction of
FkT selecting any set S of size max(£(k,r) + 2k, 2%) contained in F (or an arbitrary field extension G of F,
if F is not large enough) yields that f =0 <= f(F*") =0,



Proof. First consider the case when char(FF) = 0. In this case we take S = {0, 1,2, ... }. Let IF be the algebraic
closure of F. Interpreting A as an ABP over [, we can apply Theorem 2 to conclude f =0 «= f(F¥") =0.
All coefficients of F*" are rational numbers and thus lie inside F. Hence the property f =0 <= f(FF¥") =0
also holds when considering we work over F.

In case char(F) > 0, if |F| is not large enough, by allowing ourselves to use elements from the extension
G, we can still get the required S. Then similarly as above, by considering the algebraic closure of G and
applying Theorem 2, the required generator property follows, considering one works over G. O]

5 A Black-Box PIT Algorithm for m-OABPs

Algorithm 1 PIT Algorithm for read r m-OABPs.
Input: Black-box access to f € Flxy, za,...,z,] computed by a m-OABP with read r.
Output: returns true iff f =0.
let k be such that 281 < n < 2k,
let D = [T;cpu_y (€0, 7) +20)(€G.7) + 25 — 1).
let Sp4+1 be an arbitrary subset of F' (or an extension field of F if |F| < D + 1) of size D + 1.
let R = Sikm+2k,
D+1

compute A = F*"(R).
permute the vectors in A according to .
for all a € A do

check whether f(a) = 0.
end for
return true if in the previous stage no nonzero was found, false otherwise.

—
<

Theorem 3. Lgt F be an arbitrary field. Using black-box Algorithm 1 we can check deterministically in
time 20(rlogrlog=nloglogn) whether a given polynomial f € Flxy, o, ..., x,] computed by a read r 7-OABP
is identically zero or not. If char(F) > 0, the algorithm is granted black-box access to extension fields of F.

Proof. By Lemma 2, we can assume wlog. that f is computed by a read r m-oblivious ABP. By Theorem 2,
we see that f = 0 < f(F*") = 0. By Proposition 1, the individual degree of variables of f(F*") can be
bounded by D = [T, ¢(,_1)(€(j, ) + 25)(£(j,r) +2j — 1). Correctness now follows from Lemma 5. Bounding

D by (2rk +2k)?*, and knowing that the number of variables of f(G*") is 2rk + 2k 41, the theorem follows
by straightforward arithmetic.

We remark that the hitting set A, will be constructed over an extension field of F if |F| < max(¢(k,r) +
2k,2F) or [F| < D + 1. In the former case, it is because of having enough interpolation points to define
the generator. In the latter case it is in order to apply Lemma 5, as was done in the above. To work over
the extension field the algorithm by Shoup [22] can be used to obtain an irreducible polynomial of degree
d over F in time poly(d). With our demands, it suffices for the degree of this polynomial to be bounded
by O(lognlogr + lognloglogn). Field operations in the extension field then take time poly(logn,logr),
assuming a unit cost model for operations in F. The cost of constructing A this way, can thus easily be seen
to be subsumed by the time bound given in the theorem. O

We remark that the above implies that read polylog(n) m-OABPs can be tested in DTIME[20(Pelylog(n))],

6 Separation Results and Lower Bounds for OABPs

Definition 4. For a given m-OABP A with X = {x1,...,%on41}, and two variable sets Y = {y1,...,yn}
and Z = {z1,...,2n}. We call the partition B : X \ {xz-1(n41)} — Y U Z by mapping x.-1;y to y;, and
Tr-1(nt144) to 2 fori € [n] the middle partition of A.
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By making use of the partial derivative matrix, we obtain a lower bound on the number of reads for an
OABP as follows:

Lemma 7. Given a m-OABP A on variables X = {x1,...,xon+1} of read v, let f = 8@/81%71(”“). Let B
be the middle partition for A. Then we have that r > rank(M;s ).

Proof. Due to Lemma 2, we can assume that A is oblivious. Let the edges labeled with z,-1(,41) be e1,

.., ew, for v’ < r, and let g; = Asoum@wm(ei) and h; = Aend(e/i)-,?ink(A)a for ¢ € [r']. Note that taking
the partial derivative w.r.t. X -1(,41) is equivalent to setting T -1(,41) to 1, and removing all constant
labeled edges in the @ -1(,41)-layer. Then we get that f = Zie[r’] gi - h;. From the definition of the
middle partition, g and hP are on two disjoint variable sets, respectively. Thus from the third property of
Lemma 3, rank(Mys ,5) = 1. So we have rank(Mz) = rank(M(Zie[T,]gilhi)B) = rank(}_, () My .p5) <
> iepr Tank(Mgs ) < ' < 7. The claim follows. O

6.1 Exponential Lower Bounds for Permanent, Determinant and Full Rank
Polynomials

Theorem 4. Any OABP computing the permanent or determinant of an n X n matriz of variables has size
Q(2"/n) and read (2" /n?).

Proof. Theorem 5 in [7] (which derives from [17]), states that in the model where edges are labeled with
linear forms, any ordered ABP A requires 2(2") nodes to compute the permanent or determinant. The size
lower bound then follows from Lemma 1. The lower bound on the number of reads follows from the fact
that there must be 2(2") edges in A, each having at least one variable. Hence some variable is read at least
(2" /n?) many times in A. We get the bound of the theorem, by observing that the conversion of Lemma 1
does not increase the read: if a variable x; is read r times it will appear r times in a linear form of the new
created homogeneous ABP. O

Ryser’s Formula [23] states the n x n permanent equals ZSC[n](—l)‘S‘ [Licpn) >-j¢s ®ij- Hence we see
that the n x n permanent can be computed by an oblivious ABP of size O(n?2") and read 2". For the

determinant, simply computing the sum of all n! terms can be done by an oblivious ABP of both size and
read 90(nlogn)

Theorem 5. Any OABP A over variables X = {x1,...,Zony1}, W = {Wijk}ijkcizni1] Using constants
from F computing the polynomial p constructed in the proof of Theorem 1 requires some variable to be read
at least 2™ times.

Proof. Interpret A as working over the field F(W). The theorem then follows by combining Lemma 7 and
Theorem 1. O

We can also interpret this to be giving a stronger lower bound (seen as a function of the number of
variables), but for a polynomial which uses O(n?) transcendental constants in its definition.

Corollary 3. For any field F, and any estension field G of F of transcendence degree at least (2n + 1)3,
there exists a polynomial p € Glxy,xa,...,Ton11], such that any OABP over G computing p requires some
variable to be read at least 2" times.

6.2 Separation of R,_1-OABP and R,-OABP

Consider the elementary symmetric polynomial of degree k in n variables given by S¥ = Y~ SCn],|S|=k [Lics -

Theorem 6. S* is an Ry-OABP-polynomial, but not a Rj,_,-OABP-polynomial, for n > 2k — 1, k > 2.

To prove Theorem 6, it is enough to prove the following two lemmas:
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Lemma 8. S* can not be computed by an Ry_1-OABP, forn >2k —1, k> 2.

Proof. We only need to prove the statement for n = 2k — 1. This is because for n > 2k — 1, if there is
an Ri_1-OABP A computing S,’j(xl, ..oy Tp), setting edges labeled with zog, ..., 2, to 0 in A will give
an Ry_1-OABP computing S5, (x1,...,2951). So if S5 _,(z1,...,72,_1) can not be computed by an
Ri_1-OABP, it follows that S¥(z1,...,2,) can not be computed by an Ry_;-OABP, for any n > 2k — 1.
For n = 2k — 1, in order to get a contradiction, suppose there exists some Rjy_1-OABP A comput-
ing S¥. Since S¥ is a symmetric polynomial, we can assume the order of variables in A is (z1,...,7,).
Let B be the middle partition for A, and let wt(e) denote the Hamming weight of e. Note that
08k 0z, = S*~N(xy,...,2h_1,Thy1,- .., Top_1). By Lemma 7, rank(M(Sk_i)B) < k — 1. However, we

have rank(M(Skj)B) > k. This is because for e, f € {0,1}F71, M(Skj)s(@,f) — 1 if and only if

wt(e) + wt(f) = k — 1. If we let E = {eg,e1,...,ex—1} C {0,1}*71 be an arbitrary set of vectors with
weight 0,1,2,...,k — 1, respectively, then the minor of M(Sk—l)B indexed by rows E and columns FE is a
n—1

permutation matrix. We have reached a contradiction. O

Lemma 9. S* can be computed by an Ry-OABP of size O(kn), forn >k > 1.

Proof. For any j € [n — k + 1], let s;? = Svli—j—i-l(xj? ...Zn). We prove the following stronger statement
by induction: for each k, there is an Ri-OABPs A with variable order x1,...,z,, such that for every
j € [n— k+ 1], there is a node v; with (Ay)., ¢ = s¥, where t = sink(A). Per abuse of notation, this node
v; is denoted by s? as well. We will ensure that on any path from 8? to t only variables from {xz;,...,z,}
appear. Initially, we will not worry about layering the ABP.

For the base case k = 1. For any j € [n], s]1 =2;+...+x,. Sofor j <n, s} =zx;+ 8]1+1. Hence the
required read-once program A; is easily given. Next consider k > 1.

We will use the R;_1-OABP for Ax_; to get the Rp-OABP for A;. Observe the following equation holds
forany 1<j<n—k+1,

o =y syl 4 oh, ©)

and that s&_, | =z, 41 - SZ:}HQ.

The program Ay, is constructed as follows. First of all, the sink node will be equal to the old sink of Aj_1.
For all j € [n — k + 1], we add a new node sg‘?. From s’fhkﬂ we add a path to sﬁ:}ﬁ_l of weight x,_pi1.

Then using Equation (2), working from j = n — k down to 1, we create a path from sf to s;?_H of weight 1
i
sk equals S*. For clarification we have supplied some figures (Figures 1, 2 and 3). Since we maintain the
invariant that on any path from sé“ to t only variables from {z;,...,z,} appear, it is immediately clear that
adding the path from s? with weight z; to sf;% leaves the program ordered w.r.t. the order x1,xs,...,x,.
Furthermore, it is clear that the invariant is maintained. A similar comments holds regarding the path added
from sé‘“‘ to 5?+1 with weight 1.

One can draw the ordered ABP on a grid, as has been show for example for A in Figure 1. By considering
the diagonals as levels on this grid, one can conclude we have given a leveled m-oblivious ABP with order

T1,T2, ..., T, of size O(kn) for S¥. O

and a path from s;“ to s with weight z;. The node s¥ can be taken as the new source, as the polynomial

6.3 Exponential Gap of Reads Between m-OABP and 7n’-OABP

In this section we show that under different permutations = and 7', the gap between the number of reads
for the models m-OABP and 7’-OABP can be exponentially large.

Theorem 7. Given X = {xg,21,...,Zon-1,Tan}, n > 1, there exists a polynomial p on X, and two
permutations m and 7 on X, such that 1) There exists a read-once m-OABP computing p, and 2) Any
7' -OABP computing p requires read 2™.
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Figure 3: Example : R5-OABP for Sg(xl, ...xg) with redundant nodes still to be removed.
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Proof. Define p(zo,21,...,%2n) = 2o [[;cp(®2i-1 + T2i + T2i-172;). Let po = zo, and p; = z2-1 + 22 +
X9i—1Z2;, for i € [n]. Let 7 determine the variable order g, 21, ..., Za,. First, it is easy to construct an R;-
OABP A; computing p; with order (z2;_1,x2;), for i € [n], and there is an R1-OABP A, computing zy. To
construct m-OABP A computing p, we compose A; sequentially, by connecting sink(A;_1) and source(A;),
for i € [n].

Let 7’ determine the variable order 1, %3, ..., T2n_1, %0, T2,...,T2,. Let A be a 7'-OABP computing p,
and suppose the read of A is r. Let ¢ = dp/0xg, and let B be the middle partition for A. By Lemma 7,
r > rank(Ms) = rank(Ml—Iiem p?) = Hie[n} rank(Mpfs) = Hie[n] 2 =2m, O
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A  Proof of Theorem 1

Let X = {z1,...,2on11}, Y = {y1,.. ..y}, Z={21,..., 20}, and W = {w; j 1 }i j kefzn+1)- For a field T, let
F(W) be the field of rational functions of F in variables W.

In this section we define a polynomial p(X) € F(W)[X], such that dp/0x; is full rank for every i € [2n+1],
when working over X \{z;}. The construction extends the construction in Section 4.1 of [19]. We denote by
[i, 7] the interval {k € N | i < k < j}. Let |[4, ]| be the length of the interval, with |[i,j]| = 0 if j < ¢, and
Ii,7]l = j—i+1if ¢ <j. Let X; ; be the set of variables z,,, with m € [i, j]. Let W; ; be the set of variables
w15, with 1 € [i, j]. We are going to define a family of functions f; ;, that is indexed by intervals [, j].

We first define f; ; for [i, j]’s with even length. For [4, j] with length 0, f; ; := 1. If |[¢, j]| > 0, define f; ;
as

fij = A +zx;) figr, -1+ sz‘,l,jfz‘,lfl+1,j,
1
where [ € [i + 1,7 — 2], with the constraint that |[¢,]| is even.

For a partition A on X, and an interval [i, j] with length 2m, it is proved in [19] that if A is balanced
on [i,j], namely that the restriction of A on [i, j] assigns half of the variables to Y and the other half to Z,
then rank(M fiAj) attains the maximum of 2.

Now we define fi,; for [i, 4]’s with odd length. For [¢, j] with length 1, f;; := z;. If |[¢, 5]| > 0, define f; ;
as

fi; = A +zxy) fizr,j-1 + Z wi g fifiv1,j

l€fi,j—1]
It is noted that the variables in f; ; are contained in X; ; UW; ;.

Claim 3. Given interval [i,j] of odd length 20 —1, for any k € [i, j] and a partition A of X which is balanced
on [i, j]\ {k}, Moy, ,jox,)a has rank 271 In particular, f := fion41 satisfies that Of /Oxy, is a full rank
polynomial for any k € [2n + 1], when working over X\{zy}.
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Proof. We prove by induction on ¢, where 2¢ — 1 is the length of the interval [¢, j]. For [¢, j] of length 1 (i.e.
¢ = 1), note that f,;, = z; so it clearly satisfies the requirement. Next we do the induction step from ¢ to
¢+ 1, so suppose |[i, ]| = 20 + 1. We distinguish between k € {i,j} and k € [i + 1,5 — 1]. We write f’ to
indicate the derivative of f w.r.t. xg.

If k € {4, j}, suppose k = i. Consider the term wj ; ; fi i fi+1,j = Wi j%ifi+1,5. After taking the derivative
w.r.t. o it becomes w;; j fi+1,5. Since fiy1; is a full rank polynomial, and w;;; does not appear in any
other term of f] ;, we get that when A is balanced on [i, j]\ {k}, 2* > rank (Mg ya) = rank(Ms,,, ya) > 2.
The case when k = j is dealt with by considering the term w; ;1 ; fi.j—1fj,;-

Fix k € [i + 1,j — 1], we have that

fij =0 Faix)fig o1+ Z wi i fifieng + Z wi 1 fiifli1
J—121>k i<I<k
since x, does not appear in fi41 5, for I > k, nor f;;, for | < k. To prove fz’j is full rank when A is balanced
on [i,j] \ {k}, like in [19], we distinguish between two cases.

Case one: for every [ € [i+1,j—1], such that [i,]\ {k} is of even length, A is not balanced on [¢, ]\ {k}.
Wlog. assume x; is partitioned in Y, then as A is not balanced on [i,{] \ {k} for every | € [i + 1,5 — 1],
but balanced on [4, j] \ {k}, x; must be partitioned in Z. Thus A is balanced on [i + 1,5 — 1] \ {k}. So by
induction hypothesis we get that rank(M(ﬂ+1 j_l)A) = 2¢=1 and note that rank(M((14¢,2;)4)) = 2. Thus
2! > rank(M(fi/j)A) > mnk(M(fi/+1 jil)A)rank(M(Hmimj)A) = 2%, which yields rank(M(f;j)A) =2f

Case two: there exists I’ € [i + 1,5 — 1], such that [;,1'] \ {k} is of even length, and A is balanced
on [i,I'] \ {k}. Suppose I' < k, and consider the term wj; ;fi i fj,,; ;. Note that w;y ; does not appear
in other terms. Thus 2¢ > rank(M(fi/,j)A) > rank(M(fM,fl//H,j)A) = rank(M(fN,)A)rank(M(fl//Hyj)A) =

l[E111/29["+ LK} /2 — 9¢ which gives us rank(My ya) = 2. If ' > k, by considering the term
wi i fi p fr41,5, we can get the same result. O

B More Algebraic Geometry

We collect the theorems used in this article, omitting their proofs. Let F be an algebraically closed field.
For a set of polynomials S C Flxy,...,x,] we denote by Z(S) the algebraic set of common zeroes of S. For
a subset V' C F" we denote by I(V) the ideal of V. I(V) is the subset of polynomials in Flxy,...,z,] that
vanish on V. Taking complements of algebraic sets in F" to be open sets, gives rise to a topology on F”, the
so-called Zariski topology. For any set S C F", S denotes the closure of S in the Zariski topology. S equals
the intersection of all algebraic sets containing S. If S = F", then S is said to be dense in F”. A non-empty
set V of F" is called irreducible, if it cannot be written as a union V; U V5 of proper closed subsets of V. A
variety is any algebraic sets which is irreducible. We remark that [20] calls any algebraic set a variety. We
will keep to the terminology of [15].

Proposition 2 (Corollary 4, p. 479 in [20]). Let V  C F"™ be an algebraic set. Then the dimension of V is
equal to the largest integer r for which there exist r variables ;,,...,x;, , such that I(V)NF[z;,... 2] =

{0}
A corollary of Proposition 2, which is not explicitly stated but given as a remark in [20], is the following:

Corollary 4 (Variation of Proposition 5, p. 480 in [20]). Let V' C F" be an algebraic set. Then the dimension
of V is the largest dimension of a coordinate subspace H C F" for which a projection of V' onto H is Zariski
dense. That is, the closure of the projection of V onto H is H itself.

Proposition 3 (Exercise 1.9, p. 8 in [15]). Let I C Flxq,...,x,] be an ideal that can be generated by r
elements. Then every irreducible component of Z(I) has dimension > n — r.

Proposition 4 (Proposition 1.13, p. 7 in [15]). A variety Y in F" has dimension n — 1 if and only if it is
the zero set Z(f) of a single non constant irreducible polynomial in Flxq, ..., x,)].
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