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Abstract

In this work we consider linear codes which are locally testable in a sublinear number of
queries. We give the first general family of locally testable codes of exponential size. Previous
results of this form were known only for codes of quasi-polynomial size (e.g. Reed-Muller codes).
We accomplish this by showing that any affine invariant code C over Fy» of size ppn(n) is locally
testable using poly(log,, [C|/n) queries. Previous general result for affine invariant codes were
known only for sparse codes, i.e. codes of size p@™). The main new ingredients used in our proof
are a new extension of the Weil bound for character sums, and a Fourier-analytic approach for
estimating the weight distribution of affine invariant codes.
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1 Introduction

We study in this work families of locally testable codes. Let Fy = F,» be a finite field, where we
think of p as either constant or small. A code is a family of functions C = {f : Fpn — F,}. All
codes we consider in this work are linear'. The dimension of a code is dim(C) = log,(|C|).

A code is locally testable if there is a randomized algorithm, which when given as input a function
f : Fpn — [, probes f in a small number of locations and determines (with high probability)
whether f € C or f is far? from all codewords of C. A code is g-locally testable if the number of
probes is at most ¢, where ¢ is sublinear in the code length, i.e. ¢ = o(N).

Most of the study of locally testable codes has been focused on codes testable with constant
query complexity (i.e. ¢ = O(1)) or with poly-logarithmic query complexity (i.e. ¢ = (log N)°(1).
They appear as low-degree tests in the IP = PSPACE, MIP = NEXP and PCP = NP
theorems, and indeed the work of [15] (which was later partly derandomized by [8]) elucidates their
role as the “combinatorial heart” of PCPs.

In general, there is a tradeoff between the rate of the code dim(C)/N and the query complexity
of testing this code. A major open problem in this field is whether one can enjoy the best of both
worlds: a code of constant rate which is locally testable with a constant query complexity.

One line of research focuses on constructing explicit codes which try to approach this optimal
tradeoff. The best results to date are by Ben-Sasson and Sudan [6] and Dinur [13] (see also Meir [25])
which achieve an explicit binary code of rate m which is testable using a constant number
of probes.

A second line of research focuses on characterization of general families of codes that are locally
testable [9, 26, 1, 16, 19, 21, 17, 20, 14, 22]. Many results in this field apply only to sparse
codes over binary fields Fon, which are codes of dimension O(log N) [17, 20, 14, 22]. Another

example is Generalized Reed-Muller codes which are the family of polynomials f : Fp» — T,
d

of total degree at most d. These codes are testable using pP—! = exp(d) queries, while having
dimension O(n?) [1, 16, 19]. Such codes can be locally testable with sublinear number of queries
for d < O(logn), which gives codes of quasi-logarithmic dimension dim(C) < (log N)lglos NV,

Our work falls into the latter line of research. We exhibit a general family of codes of almost
optimal dimension dim(C) = N*() which are locally testable with sublinear query complexity. We
achieve this by studying affine invariant codes. A code C = {f : Fpn — F,} is affine invariant if it
is invariant under affine transformation of the coordinates of input space. That is, if f(z) € C then
also g(z) = f(ax +b) € C for any a,b € Fyn,a # 0. Previous results [14] showed that sparse affine
invariant codes (i.e., codes of size po(”)) are locally testable. We significantly extend this to codes
of up to exponential size, i.e. of size at most ppﬂ(m.

Theorem 1 (Main result). Let C = {f : Fpn — F,} be a linear code which is affine invariant of
dimension dim(C) < p*™, where o > 0 is an absolute constant. Then C is locally testable with query
complexity ¢ = poly(dim(C)/n) = o(p"). In particular, any sparse affine invariant code (i.e. with
dim(C) = O(n)) is locally testable with constant query complexity ¢ = O(1). The parameter « can
be chosen to be any o < 1/32 for large enough n.

This generalizes previous works in several aspects: our result applies to codes of exponential size
exp(N®), while previous results apply only to codes of polynomial size N O or quasi-polynomial

YA code C = {f : Fpn — F,} is linear if for any f(z),g(z) € C also h(z) = af(z) + Bg(x) € C where a, 8 € F,.
If f has distance ¢ from C, i.e. if mingec Preer,. [f(x) # g(x)] = ¢, we require the local test to reject f with
probability at least Q(e).



size exp(log N'°818 N - Previous results on sparse codes applied only to binary fields Fon, while
our result applies to any field of small characteristic. Note that a recent result of Ben-Sasson and
Sudan [7, 27] shows that affine invariant codes that are testable with constant number of queries
can not have exponential rate. Thus, our testing result of exponentially large codes can not be
improved to testing with constant locality.

The main new ingredients in our work is a Fourier-analytic approach for estimating the weight
distribution of affine invariant codes, and a new extension of the Weil bound for character sums
of low-degree polynomials. We start by describing our new result for character sums for polyno-
mials, and then discuss its relation to proving local testability of affine invariant codes. The proof
of our new extension for the Weil bound relies on techniques borrowed from additive combina-
torics. This demonstrates yet another connection between additive combinatorics and theoretical
computer science. Such connections were used before to establish results regarding pseudorandom
generators [10, 23, 28] and list-decoding of codes [18].

1.1 Character sums

Let F be a finite field. An additive character is a function x : ' — C for which x(z+y) = x(x)x(y)
(and which is not the identically zero function). For example, if F = F, is a prime finite field then

27
the additive characters are given by x,(z) = e ¢« * for a € F,. In the general case of F = Fyn,

271
the additive characters are given by x,(x) = eTTr(M), where a € Fy» and the Trace operator

Tr: Fyn — T, is defined as Tr(z) = Y27, ="

The Weil bound for character sums [29] is a general result regarding character sums of low-
degree polynomials over a finite field F. Let f(x) € F|z]| be a univariate polynomial of degree k.
Let x : F — C be any additive character. Weil’s bound states that either x(f(z)) is constant, or is
distributed close to uniform when x € F is uniformly chosen.

Theorem 2 (Weil bound [29]). Let f(x) be a univariate polynomial over F of degree < |F|*/?>9,

Let x : F — C be any additive character. Then either x(f(x)) is constant for all x € F, or

[Eer[x(f ()]l < [F|°.

The Weil bound is very effective to polynomials of degree k < \/@, however it fails for
polynomials of degree k > \/@ . We establish a general result in fields of small characteristics Fyn
which allows to extend polynomials by a small number of monomials of larger degree, as long as
they have small weight degree.

Definition 3 (Weight degree). Let t € {0,...,p" — 1}. The weight degree of ¢ is the hamming
weight of the digits of ¢ in base p. That is, let t = Z?;Ol tip’ be the representation of ¢ in base p,
where 0 < t; < p— 1. The weight degree of t is

The weight degree of a monomial 2! is the weight degree of ¢, and the weight degree of a univariate
polynomial f(z) is the maximal weight degree of a monomial in it with a nonzero coefficient.

We prove the following extension of the Weil bound in case f(z) is the sum of a low degree
polynomial and a small number of monomials of bounded weight degree (but of arbitrary degree).



Theorem 4 (Extension of the Weil bound). Let f(z) = g(x) + h(z) be a univariate polynomial
over Fpn, where g(x) is a polynomial of degree < IF|Y/279 and h(zx) is the sum of at most k > 1
monomials, each of weight degree at most d. Let x : Fpn — C be an additive character. Then either
X(f(z)) is constant for all x € Fpn, or

[Everle(f(@)]] < [Fpn| 7257

Note that in order to get a meaningful bound, we need our parameters to obey kd?2¢ < O(n).
Note that for d < (1—¢)logy(n) we may have k = n®®). This can be compared to a relatively recent
result of Bourgain [4] of a similar flavor. We state it below informally, as the exact formulation is
somewhat complex, and we will not require it in the paper.

Theorem 5 (Bourgain’s extension of Weil bound [4]). Let f(x) = g(x) + h(x) be a univariate
polynomial over a prime finite field F,, where g(x) is a polynomial of degree < ]Fq|1/2_5 and h(z)
is the sum of at most k = O(1) monomials, each of degree at most |F,|*7¢. Let x : F; — C be an
additive character. Then either x(f(x)) is constant for all x € Fy, or

|Eaer, [X(f(2))]] < [Fg| =2,

Comparing our result with the result of Bourgain, we note two important advantages of our
work: first, we can handle non-prime finite fields; second, when d < O(logn) is small enough, we
may have k = poly(n) monomials of high degree, while in the result of Bourgain one can take at
most k£ = O(1) such monomials. In contrast, the result of Bourgain does not assume a bound on the
weight degree of the monomials. The two advantages of our work are crucial for the application to
locally testing of exponentially large affine invariant codes. Bourgain’s result was used in a similar
fashion by Grigorescu, Kaufman and Sudan [14] to establish a similar result which holds only for
sparse affine invariant codes, i.e. codes of polynomial size. Our new character sum result allows us
to extend their techniques to handle exponentially large affine invariant codes.

1.2 Connection between character sums and affine invariant codes

Affine invariant codes can be characterized by trace codes. Let S C {0,...,p" — 1}. The S-trace
code over F,» is defined as the family of functions f : Fp» — I, given by

T(5) = { (Tr(z aex®) @ Fyn — IFp) e € Fpn} .

eeS

where we recall that the Trace function Tr : Fpn — F,, is given by Tr(z) = 2?2—01 2", For example,
Generalized Reed-Muller codes RM(n, d), which are the family of functions f : F) — F,, where f is
an n-variate polynomial of total degree at most d, can be equivalently characterized as

RM(n,d) =T ({e € {0,...,p" — 1} : wt(e) < d}).
We define two important properties of trace codes.

Definition 6 (Shift closed). Let S C {0,...,p" — 1}. The set S is said to be shift closed if, for
every e € S, we also have that ep’ (mod p") € S forall £ =1,...,n.

The term shift closed comes from viewing elements e € .S as vectors in [y}, given by the repre-
sentation of e in base p. In this case, ep’ (mod p™) corresponds to a cyclic shift of the vector by ¢
coordinates.



Definition 7 (Shadow closed). Let S C {0,...,p" —1}. The set S is said to be shadow closed if
the following holds. For any e € S, let e = Z?:_Ol e;p’ be the representation of e in base p. Define
the support of e to be the set of nonzero digits of e,

support(e) = {0 <i<n—1:¢; #0}.

Let €’ be obtained from e by changing some of the non-zero digits of e, i.e.

! __ /o1
e = E e .

iE€support(e)

Then we should have that also ¢/ € S. That is, S is shadow closed if

Z e;pi re €8, (eg)iesupport(e) € IE‘p cS.
i€support(e)
A set S is said to be affine closed if it is both shift closed and shadow closed. The following
general result was established by Kafuman and Sudan [21]. They show that the class of affine
invariant linear codes is equivalent to the class of trace codes of affine closed sets.

Theorem 8 (Monomial extraction [21]). Let C = {f : Fpn — F,} be an affine invariant linear
code. Then there exists an affine closed set S C {0,...,p" — 1} such that C = T(S). Moreover, for
any affine closed set S the code T(S) is linear and affine invariant.

Thus, to study affine invariant codes, we need to study trace codes. We now introduce two
notions. The dual of a code C = {f : Fyn — F,} is defined as

Ct=S(g:Fp —Fp): > fla)gle)=0 VfeC

CEE]Fpn

The affine closure of a function g : F,n — [, is the set of functions obtained by applying affine
transformations on the coordinates of the input space of f, that is

affine(g) = {(g(aa:+b) :Fpn — Fp) 1a,b € Fpn}.

It is easy to verify that if C is an affine invariant code, and g € C*, then in fact affine(g) C C*+. An
important case is when in fact affine(g) spans the entire code C*.

Definition 9 (Single orbit property). Let g € C+. We say that C has the single orbit property for
g if the affine closure of g is a spanning set for C*, that is if

C = Span(affine(g))*.

We will shortly see that the single orbit property is tightly connected to locally testing properties
of the code C. First, define the weight of g : F,n — ), to be the number of coordinates where g
evaluates to a nonzero value,

wt(g) = [{z € Fpn : g(z) # 0}].
The following result was established by Kaufman and Sudan [21]. If C is an affine invariant code

which has the single orbit property for a codeword g € C* of small weight, then C can be locally
tested?.

3In fact, the local test for C is performed by computing " f(az + b)g(z) for a small random subset of a,b € Fyn.
Note that to perform each such test, we only need to query f(z) only on x € Fpn for which g(z) # 0.



Theorem 10 (Theorem 2.9 in [21]). Let C = {f : Fpn — Fp} be a linear code which is affine
invariant. Assume there exists g € C+ such that C has the single orbit property for g. Then C can
be locally tested with O(wt(g)?) queries.

Hence, to show that C can be locally tested, it is sufficient to demonstrate that C is spanned
by the orbit of a short codeword under the affine group.

Let C = T (S) for some affine closed set S C {0,...,p" —1}. The dual code of C is a dual-trace
code d7 (), which can be verified (Claim 15) to be

dT(S):{(f:]FanIFp): > fl@)af=0 VeeS}.

IEEFpn

We need to establish that there exists f € d7(S) of small weight such that Span(affine(f)) =
d7 (S). Assume that this is false, i.e. that Span(affine(f)) C d7(S). Using the fact that S is affine
invariant, we show (Corollary 32) that in fact f € d7(S U {e}) where e € {0,...,p" — 1} \ S has
small weight.

Hence, in order to conclude the proof, we will show that for a suitably chosen weight ¢, there
exist codewords on weight ¢ in d7 (S) which are not in any of d7 (S U{e}) for any e ¢ S which has
small weight.

The main tool we develop in order to do so, is a tight estimate on the number of codewords of
weight ¢ in dual-trace codes. We show the following result.

Lemma (Lemma 25, informal statement). Let S C {0,...,p" — 1} be affine closed of size |S| <
P Then there exists luin = poly(]S|) and lmax = P2 such that for any bmin < € < lmax the
following holds. The number of codewords in dT (S) of weight exactly £ is given by

C(Z,E)pne—S'l(l +o(1))

where 8" = {e € S : (p,e) = 1} is the set of elements in S which are co-prime to p, and where
C(p,?) is given by

C(p,t) = H(vl,...,vg) € (Fp\{()})f:v1+...+v@:o}'.

Similar results were previously obtained over binary fields Fa» using properties of Krawtchouk
polynomials [17, 20]. Our technique is different, and relies on methods from additive combinatorics
and Fourier analysis. In particular it allows us to extend the result to arbitrary fields and allows to
obtain bounds for a wider range of values of £. The proof of this lemma relies on the new extension
of the Weil bound we establish.

Given the lemma, the proof of Theorem 1 can be easily concluded. Recall that we showed that
in order to prove local testability of an affine invariant code 7 (S), we need to show that there is
a short codeword whose affine closure linearly spans d7 (S). We showed that any f € d7(S) for
which this does not occur, is in fact contained in some d7 (S U{e}) for some e ¢ S of small weight.
Thus, to conclude the proof we need to show that there exist small weight codewords in

dT(S)\ U dT (S U {e}).
e¢S:e has small weight

To this end we apply the tight bounds we obtain for the number of codewords of weight £ in dual-
trace codes. We first show that if C is affine invariant of size |C| < p”o<n) then in fact C = d7(S5)



where S is affine invariant of size |S| < pP) 50 our estimates for the number of codewords apply
for d7(S). Fix a suitable weight ¢. The number of codewords of weight ¢ in d7(S) is given by

CB.l) s
Wi = SR el 4 o)),

where we recall that S’ = {e € S: (e,p) = 1}. On the other hand, as S is affine closed and e ¢ S,
we can bound the number of codewords of weight ¢ in any of the codes d7 (S U {e}) by

C(p, ¢ /
< SOOI (1 4 o)~ p W,
Thus to conclude we just need to verify that the number of distinct e of small weight is < p™. This
then can be verified by a routine calculation.

1.3 New extension to the Weil bound

We sketch in high level how we achieve the new extension to the Weil bound. Let f(z) = g(x)+h(z)
be a univariate polynomial over Fn, where deg(g) < |Fyn|"/27% and h(z) is the sum of & monomials,
each of weight degree at most d. We need to prove that either Tr(f) : F,n — Fp is a constant
function, or that it is highly unbiased (note that proving the result for the Trace operator implies
it immediately for all additive characters).

The analysis divides into two cases: either g has high weight-degree wt(g) > d + 1, or ¢
has low weight-degree wt(g) < d. The first case is the easier one, and both cases rely on an
analysis of directional derivatives of polynomials. The directional derivative of a polynomial f(x)
in direction y € Fy» is given by fy(z) = f(z +y) — f(x), and iterated derivatives are defined as

fyl,‘..,yk (x) = (fy1,~-~,yk71 )yk (:D)

The case of high weight g The first case, where wt(g) > d + 1 is easy to analyze by taking
enough derivatives that eliminate h(z), and reducing to a theorem of Deligne [12], which is a
multivariate analog of Weil’s bound. Specifically, For any yi,...,y4+1 one can verify that since
wt(h) < d then

h =0,

Y1s--Yd+1

hence fy, . yii1 = Gyi,..yar, - An iterated application of the Cauchy-Schwarz inequality yields that

2d+1

[T @] < Tr(fy1, o vatr (ﬂ?))]

ECEE]Fpn ]Ez7y1 oo Yd+1 e]Fpn [CL)

27i

where w = e » . Hence to prove that Tr(f(z)) in unbiased for uniform =z, it is sufficient to prove that
Tr(fys,....yas: () is unbiased for uniform z,y1, ..., y4+1. We then verify that as g is of weight degree
at least d 4 1, it is not eliminated by taking generic d 4 1 derivatives, and we get that f,, . .., (z)
is a nonzero polynomial in the variables z,y1,...,y441 of total degree at most deg(g) < |Fpn |1/2_5.
Moreover, we can prove that Tr(fy,, ..y, , (%)) is not a constant function; hence by Deligne’s theorem
we deduce that
T _
Ew,yl,.-->yd+1€Fpn [w QST yd+1(9€))] < |F| o

and the bound on the bias of Tr(f(x)) follows.



The case of low weight ¢ The harder case is handling g of small weight wt(g) < d, since h cannot
simply be eliminated by taking enough iterated derivatives, without eliminating f altogether. We
solve this problem by taking a smaller number of derivatives, such that f is not eliminated, but
instead is transformed into a special class of polynomials (p-multilinear polynomials). We then
proceed to study this family of polynomials, and are able to bound the bias of such polynomials,
given that they came from a polynomial f = g + h where g has low degree and h is the sum of a
small number of low weight degree monomials. Most of the technical challenges of the proof are in
this part.

1.4 Paper organization

We prove our main result, Theorem 1, on the local testing properties of affine invariant codes in
Section 2. The proof uses our new extension to the Weil bound, which we prove in Section 3. Both
sections are written in a self-contained manner, so that readers that are interested in the details of
only one of these results can read only the relevant section. We note that throughout the paper we
do not attempt to optimize constants.

2 Testing of affine invariant codes

We study affine invariant codes in this section. We begin with some definitions and stating our
main theorem formally. We then proceed to prove some properties of affine invariant codes, and
then apply those to prove our main result, Theorem 1.

2.1 Basic codes definitions

Let F = Fp» be a finite field. A code is a set of functions C = {f : F,n — Fp,}. A code is called
linear if it forms a linear space, i.e. if f(x),g(z) € C then also h(z) = af(x) + Bg(z) € C where
a, 3 € F,. We will only consider linear codes in this paper. For a linear code C, its dual is the set
functions which are normal to all codewords of C.

Definition 11 (Dual code). Let C = {f : F, — F,} be some linear code over F,. The dual code
Ct is defined as

ct= {(gzwgﬁm); > f@)g(z) =0 wec}.

zng

Note that the dual of the dual is the original code, i.e. (C+)+ = C. We next define the weight
and support of a codeword.

Definition 12 (Weight and support of codeword). The support of a codeword f : F, — Fp is the
set of z € F)) for which f(x) # 0,

support(f) = {z € Fyn : f(z) # 0}.

The weight of a codeword is the size of its support,

wt(f) = lsupport(f)| = [{z € Fyn : f(z) # 0}



2.2 Trace codes

Definition 13 (trace codes). Let S C {0,...,p" —1}. The S-trace code is a code whose codewords
are evaluations of functions f : F,» — IF), given by

7(S) = { (Z Tr(aez®) : Fpn — Fp> D € Fp} ,

eeS

1 i
nT Sl

where the Trace function Tr : Fpn — ), is given by Tr(z) = > 77

For example, dual-BCH codes of weight ¢ correspond to the special case
dBCH(t) = T({1,2,...,t}).
Generalized Reed-Muller codes over [y of total degree d are equivalent to
RM(n,d) =T ({e € {0,...,p" — 1} : wt(e) < d}).

The following fact gives some simple properties of the Trace operator. For a proof, see any
standard Algebra textbook, e.g. [5].

Fact 14 (Facts on the trace operator). Let Tr(z) = Y7~ a?" be the trace operator over Fyn. Then
1. For any x € Fyn, Tr(x) € Fp. That is, Tr : Fpn — Fp,.
2. The trace operator is linear. That is, for any x,y € Fpn and a,b € F,, we have

Tr(ax + by) = aTr(z) + bTr(y).

3. The trace operator is invariant under the Frobenius map. That is, for any x € Fpn and
0<i<n-—1 we have ‘
Tr(2?) = Tr(z).

4. Let x € Fpyn, and assume that for any o € Fpn we have Tr(ax) = 0. Then z = 0.

We denote the dual codeword to 7(S) by d7(S) = T(S)*. The following claim characterizes
dual-trace codes.

Claim 15 (Characterization of dual-trace codes). Let S C {0,...,p" — 1}. Then

dT(S)—{(g:FanIE‘p): Z g(x)z® =0 VeES}.

wGFpn

Proof. Let g : Fpn — T, be a function such that ) g(x)z® = 0 for all e € S. We first verify
that ¢ € d7(S). To do so, we need to show that > f(x)g(x) = 0 for any f € 7(S). Let
[ =2 ceg Tr(aex®) € T(S). Then we have

> f@ga) = Y Y Tr(aea)g(x)

z€F,n z€Fpn e€S

= ZTr(ae Z zg(x)) =0,

eeS z€F,n

10



where we used the fact that Trace is a linear operator over Fyn, thus Tr(az+by) = aTr(x)+bTr(y) for
any a,b € F, and x,y € Fpn. Thus, to prove the claim we need to establish that for any g € d7(5)
and any e € S we have ) g(z)z® = 0. Note that for any a. € Fpn we have f(z) = a.2z® € T(5),

thus we have
Z Tr(aez®g(x)) = 0.

mEFpn

Let z = erypn g(x)z¢. We obtained that for any a. € Fpn we have
Tr(aez) = 0.

This can only hold if z = 0, thus we conclude that we must have that ) g(x)z® = 0 for all
ees. O
The next claim shows that if S; C Sy then 7(S1) C 7(S2) and d7 (S1) 2 d7(S2).
Claim 16 (Monotonicity of trace codes). Let S; C Sy C {0,...,p" —1}. Then we have the following
inclusions
1. T(S1) CT(S2).
2. dT(S1) 2 dT(952).

Proof. The claim follows immediately from the definition of trace codes and of dual codes. O

We will consider in the following few claims only trace codes for S C {1,...,p" — 1}, i.e. we
disallow 0 € S. We will later also deal with sets containing 0. We now define irreducible degrees
and reduced forms. We will see that it is enough to study trace codes over reduced form sets.

Definition 17 (Irreducible degrees and reduced form). We define R as the set of co-prime elements
to p,
R={1<e<p"—1:(ep) =1}

For 1 < e < p" — 1 define its reduced form €’ € R as follows. Let e = p*m where (p,m) = 1. Then
the reduced form of e is ¢ = m. For a subset S C {1,...,p" — 1} define its reduced form S’ C R
as S’ ={e' :e € S}

Claim 18 (Trace codes are defined over reduce form sets). Let S C {1,...,p" —1}. Let S’ C R be
the reduced form of S. Then d7(S) =d7(S") and 7(S) =T (5).

Proof. By Claim 15 we have that g € d7(S) iff Y g(z)z® =0 for alle € S. For any 0 <k <n —1

we have
(Zg(l‘)l’e)p _ Zg($)$epk _ Zg(x)xepk (mod p")’

where we used the facts that * — P is a linear map over Fp», and that for any z € Fyn we
have 27" = z. Hence we get that 3 g(z)z® = 0 iff 3 g(z)z® = 0 for any ¢’ such that ¢/ = epF
(mod p™). This shows that d7(S) = d7(S5’), since for every element e € S there is some €’ = ep”

(mod p™) € S” and vice versa. Since d7 (S) = d7 (S’) we also get by the uniqueness of dual codes
that 7(S) = dT(S)* =dT(S")t =T (9. O

The next claim establishes the size of trace codes defined over reduced form sets S C R.

Claim 19 (Size of trace codes). Let S C {1,...,p" —1}. Let S’ C R be the reduced form of S.
Then |7(S)| = p™I¥'.

11



Proof. By Claim 18 we know that 7(S) = 7(S’). The codewords of 7T (S’) are functions of the

form
flz) = Z Tr(aez®),
ecs’
where a, € Fpn. The number of combinations of {ae : e € S’} is \Fpnﬂs/' = p"5’l. Hence to

conclude we need to show any two such settings are distinct. Since the code is linear, it is enough
to show that if the coefficients o, are not all zero, then the codeword is not the all zeros codeword,
i.e. there is some x € F,» such that

Z Tr(aexz®) # 0.

ecS’
Let p(x) = > cg Tr(cez?), and note that

-1
plz) =Y Z ' V'

ecS’ =0
n—1 ) )
*_ep® (mod p"
:E:E:a;:xp( P
e€S’ =0

where we used the facts that Tr(z) = 37 2" as well as the identity 2! = 2! (M°d ") which holds
for any t. Since S’ C R is a set of

all the monomials =" for e € S’ are disjoint. Hence p(z) is not the all zeros polynomial. As
deg(p) < p™ — 1 there must exist some x € Fy» such that p(z) # 0, and the codeword defined by f
is not the all zeros codeword. O

2.3 Characterization of affine invariant codes by trace codes

We start by recalling affine invariant codes, which are codes that are closed under an affine trans-
formation of the input space coordinates.

Definition 20 (Affine closure, and affine invariant codes). Let f : Fyn — F, be a function. The
affine closure of f is the set of functions

affine(f) = {(f(a:r +b) :Fpn —F,) 1 a,be Fpn}.
A code C = {f : Fyn — F,} is called affine invariant if for any f € C, we have affine(f) C C. A
codeword f € C affinely generates C if
C = Span(affine(f)).

We can characterize linear codes which are affine invariant as a special subfamily of trace codes.
To this end we will require some definitions. We first define shift closure of a set, which is tightly
related to the reduced form we previously defined.

Definition 21 (Shift closed). Let e € {0,...,p" — 1}. The shift closure of e is defined as the set
shift(e) = {ep’ (mod p™) : € =1,...,n}.

The shift closure of a set S C {0,...,p" — 1} is defined as the union of the shift closures of its
elements,
shift(S) = Ueegshift(e).

A set S C{0,...,p" — 1} is said to be shift closed if S = shift(S).

12



The term shift closed comes from viewing elements e € .S as vectors in [}, given by the repre-

sentation of e in base p. In this case, ep’ (mod p™) corresponds to a cyclic shift of the vector by ¢
coordinates. The following claim shows that trace codes are invariant under shift closure.

Claim 22. Let S C{0,...,p" —1}. Then
dT(S) = d7T (shift(S)), 7T(S) = T (shift(5)).
Proof. The proof is identical to the proof of Claim 18. O

We next define the notion of shadow closed sets.

Definition 23 (Shadow closed). Let S C {0,...,p" — 1}. The set S is said to be shadow closed if
the following holds. For any e € S, let e = Z?:_ol e;p’ be the representation of e in base p. Define
the support of e to be the set of nonzero digits of e,

support(e) = {0 <i<n—1:¢; #0}.

Let ¢’ be obtained from e by changing some of the non-zero digits of e, i.e.

/I /.1
e = E e .

i€support(e)

Then we should have that also ¢/ € S. That is, S is shadow closed if

Z e;pz rec S> (eg)iESupport(e) € Fp cS.
i€support(e)

Definition 24 (Affine closed). A set S C {0,...,p" — 1} is affine closed if it is both shift closed
and shadow closed.

We recall the following theorem of Kaufman and Sudan [21] that we presented in the intro-
duction. It shows that affine invariant linear codes are equivalent to trace codes over affine closed
sets.

Theorem (Theorem 8: Equivalence of affine invariant codes and trace codes of affine closed sets).
Let C = {f : Fyn — Fp,} be an affine invariant linear code. Then there exists an affine closed set
S C{0,...,p" — 1} such that C = T(S). Moreover, for any affine closed set S the code T(S) is

linear and affine invariant.

2.4 Weight distribution of affine invariant codes

Theorem 8 tells us that in order to study affine invariant codes, it suffices to study trace codes of
affine closed sets. In this subsection we establish the following lemma, which gives a tight estimate
on the number of codewords in d7 (S) for affine closed sets S. For the statement of the lemma
recall that R ={1 < e <p" —1: (e,p) = 1} is the set of elements co-prime to p.

Lemma 25 (Weight distribution of dual trace affine closed codes). There exist absolute constants
¢, > 1 such that the following is true. Let S C {0,...,p" — 1} be affine closed of size |S| < %p”/c.

13



Then there exists byin = ¢'|S N R|° and lypax = %p”/c, such that for any fmin < £ < lhax the
following holds. The number of codewords in dT (S) of weight exactly £ is given by

Cp,l) o
(€| )p L |SﬁR|(1+6)

where C(p,{) is defined as

C(p,0) = H(vl,...,vg) S (Fp\{()})f:v1+...+v@:o}'.

—n/2

and |e| <p < 1. In particular, one can take ¢ = 8 and ¢ = 16.

We start by showing a general bound on the weight degree of elements of affine closed sets, in
terms of the size of the set.

Claim 26 (Weight degree bound on affine closed sets). Let S C {0,...,p" — 1} such that S is affine
closed. Then for any e € S,
wt(e) <log, |SNR|+ 1.

Proof. Let S = SN R. Let e € S be of weight ¥ > 1. By taking some shift of e we may assume
e € R (that is, 0 € support(e)), hence e € S" = SN R. Consider the set

E’:{ Z eip' s eh € Fp, 667&0}.

i€support(e)

Note that as S is shadow closed, we have E' C S. Moreover since e, # 0 we have E' C R, hence
E' C S8 =SNR. Thus |E'| <|S'|. On the other hand,

B = (p— 1)p™ .

Hence we conclude that wt(e) < log,(;%[5"]) < log, [S'| + 1. O

We will need the following simple claim.
Claim 27 (Trace is not constant). Let f(x) = Y .y cex® be a nonzero polynomial. Then Tr(f(x)) :

Fyn — IF, is not a constant function.

Proof. Assume for contradiction that Tr(f(x)) = a for all x € Fpn. Let g(z) = Tr(f(x)) —a. We

have | .
q(r) = —a+ Z(Z aexe)pi = —a+ Z Z(Oée)pil‘epi (mod p")

=0 e€R =0 e€ER

Since e € R all the degrees ep’ (mod p") are distinct and different from 0. Thus ¢(x) is not the
zero polynomial. Since deg(q) < p™ — 1 we have that there must be z such that ¢(z) # 0, hence

Tr(f(x)) # a. O

The next lemma is a general lemma, which estimates the number of elements in d7 (S) where
S is a relatively small set of elements of small weight degree. We will then show that the lemma
can be applied to any affine invariant set S which is not too large.

14



Lemma 28 (Weight distribution of dual trace codes of reduced form sets). There exists an absolute
constant ¢ > 1 such that the following is true. Let S C R be such that for any e € S its weight
degree is at most wt(e) < d. There ezist lyin = c|S|2d22d and lypax = pVC, such that for any
Cinin < 0 < lax the following holds.

1. The number of codewords in dT (S) of weight exactly ¢ is given by

b— 1 ¢ nl—

(E!)p =111 + o).
where |e| < p~? < 1.

2. The number of codewords in d7 (S U{0}) of weight exactly ¢ is given by

Cp,4) o
(ﬂ)pf 511+ €).

where |e| < p~™? and C(p,?) is defined as
Cp,0) = H(vl,...,w) € (IE‘p\{O})ezvl—l—...—l—vg:OH.

In particular, one can take c = 8.

Proof. We start by proving the estimate for d7°(S). For any v = (vq,...,v) € {1,...,p—1}* define
the sets

1
Ap(v) ={(a,...,qq) € Ff;n : Zviaf =0 VYee S}
i=1

and
By(v) = {(a1,...,aq) € Ay(v) : a1, ...,y are all distinct}.

Let f: F; — I}, be a function f € dT (S), such that f has weight exactly ¢. Equivalently, there are
distinct points o, ..., oy € Fpn such that ) f(ay)af =0 for all e € S. We can identify f uniquely
by the list of points (a4, ...,ap) and the evaluation of f on these points v = (f(a1),..., f(ap)) €

{1,...,p — 1}*. Since the order of a,...,a, does not matter, and they are all distinct, there are
¢! elements in WUBy(v) which correspond to f, (i.e. these elements correspond to all orderings of
ai,...,0q). Thus we obtain the following identity,

1
Number of codewords in d7 (S) of weight ¢ = a Z | Be(v)].
T vefl,...p—1}¢

Hence, to conclude the proof we will show that |By(v)| ~ p™¢~I15D. In fact, we will first show that
|Ag(v)| = p"™~15D) and then deduce the estimate for |By(v)|.

Fix some v € {1,...,p—1}¥. We will now show an estimate on |A,(v)|, where the main tool we
use is Fourier analysis. Let o = (ae : e € S) € F5,, and define ¢q : Fpn — F,, by

dolz) = Tr(z aex®).

eeS

Take any tuple (z1,...,2¢) € Ff,n, and consider

M(Ila s 756@) = EO&E]F?n |:wvl¢a(371)+m+vz¢>a($g) ’
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27e

where w = e » is a p-root of unity. We claim that if (z1,...,2¢) € Ay(v) then p(xy,...,x¢) = 1,
and if (z1,...,2¢) & Ag(v) then p(z1,...,2¢) = 0. To see that,

e, o w0) = Bgps, W (Eees cclnattotua)]
_ HEa F |:wTr(o¢5(v1:1:§+,..+vgx§)):|
e p™
ecsS

= H 1111:(;;‘4-...—&-11@1’2:0 = 1(:1:1,...,15)6144(1))‘
eeS

Hence we have

By || Ae(0)] = Bay ..y (11, - - 1))

_ Tr(Y ccg e (V1§ 4. vpxf))
= E:vu---,weG]Fanaengn ["‘) c€

y4
= Eqers, JRE [“’Tr(zees %Wﬁ}

=1

We partition the expectation to the cases where o = 0% and o # 0°. When a = 0° then for all
i=1,...,¢ we have that

Ez,cr,n [wTr(ZeESae”i“f)] =1

Consider now any a # 0° and any i = 1,...,¢. As v; € F,\ {0} then also av; # 0°. We will show
that Tr(} " g aevizf) has small bias . To this end we apply Theorem 4. Let f(z) = g(x) + h(x)
for g(x) = 0 and h(z) = > cgaevizf. As S C R and not all a, = 0, we have by Claim 27 that
Tr(f) is not constant. Our condition on the set S was that wt(e) < d for any e € S. Hence we get
by Theorem 4 (for 6 = 1/2) that

(> Qev; ) 1S (1122d
]EIGFPn w e€S S “Fpn| [S] .

Hence we deduce that
|Ag(v)] = [Fpn[19)(1 + ¢)

1
where |e| < |Fpn]|5| “ s Thus, if we take £ > 8|S|?d?2¢ we get that |e] < p~™¥l <p~" « 1.
To conclude, we need to derive an estimate on |By(v)|. Let Cp(v) = Ay(v) \ Be(v). We will
show that |Cy(v)| < |Be(v)|, and hence |By(v)| ~ |Ay(v)|. To derive this, note that if (a1, ..., ay) €

Cy(v), then ai,...,ap are not all distinct, that is, a; = o« for some distinct i < j. Define
o) ¢ {1,...,p — 1}*~! by ”joining” «a; and aj, ie. vt(f’j) =uv, forl <a<iandi <a <j,
vgzjj? = v; + vy, {8 = Vat1 for @ > j. Then we can identify uniquely (ov,...,ar) € Cy(v) with
al9) = (ay, ... QG 1, Oy, e, ) € Ay_1(v9). Hence we get

i ¢ 2 —1-|8| s
Cow)] < 3 JAr (v >|s<2)rAe_1<->|smpn| (140 = T A1 +0),

1<j

Hence we get that
|B(v)| = [Fpn|151(1 4 €)

where ¢ = ﬁ—i + €. Thus if £ < p™/® we get that ﬁ—i < p~™/2. Hence we finished the proof of the
first claim.
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The proof of the second claim is completely analogous, except if we consider d7 (S U {0}), we
have that additional requirement that v; + ...+ v, = 0. Thus one should not consider A,(v) for all
v € (F,\ {0})*, but only those corresponding to v € C(p,£). Thus we have

1
Number of codewords in d7 (S U{0}) of weight ¢ = 7 Z | Be(v)].
" vel(p,l)

and the proof follows by the estimates we proved on |By(v)]. O
We can now deduce Lemma 25 from Claim 26 and Lemma 28.

Proof of Lemma 25. Let S C {0,...,p" — 1} be affine closed. We have that
d7T(S) =dT((SN R)U{0}).
By Claim 26 the maximal weight of elements in S is at most
d <log,|[SNR|+ 1.

Applying Lemma 28, we get that for £, = 16-|SNR|* > 8|S N R|2d?2% and lpay = %Gp"/‘l, we get
that for every fin < ¢ < fmax the number of codewords of weight ¢ in d7(S) = d7 ((SNR)U{0})
is
C(0,0) ne—isnr]
o P

where |e| < p~"/2. O

(1+¢)

2.5 Trace codes of exponential size are generated by a single orbit

We prove in this subsection that any affine invariant linear code of up to exponential size is generated
by a single orbit of a dual codeword. Combining this with Theorem 10 we get that any such code
is locally testable, which prove our main result, Theorem 1. We now state the main theorem we
prove in this subsection.

Theorem 29 (Affine invariant codes are generated by a single orbit). There exist absolute constants
0 <a<1landc,d > 1 such that the following is true. Let C = {f : Fpyn — Fp} be an affine invariant
linear code, such that dim(C) < Lp°". Then there exists f € C* such that

affine(f) =C
and of weight
wt(f) < (dim(C)/n)°.
In particular, one may choose o = 1/16, ¢ = 4 and ¢ = (2p)8.

Let C = 7(S) be an affine invariant code where S C {0,...,p" — 1} is affine closed. We start
by showing that if some f € C*+ = d7(S) does not generate d7(S), then in fact f € d7(S U {e})
where e € {1,...,p" — 1} \ S has small weight (Corollary 32). From this and the exact estimates
for the weight distribution for dual trace codes we derive Theorem 29. Before proving Corollary 32
we will require two technical claims.
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Claim 30. Let S C {0,...,p" '} be affine closed. Let f € d7(S) be a codeword which does not
affinely generate d7 (), i.e.
affine(f) C d7(95).

Then
affine(f) = d7(T)

for some affine closed T' 2 S.

Proof. The code affine(f) is an affine invariant code which is a proper subset of d7(S). By
Theorem 8 we know that affine(f) = d7(T) for some affine closed T C {0,...,p" — 1}. Since
d7(T) € d7(S) we must have that T' D S. O

Claim 31. Let S C T C {0,...,p" — 1} such that both S and T are affine closed. Then there exist
an element e € (T'\ S) N R such that

wt(e) <log,|S N R|+ 2.

Proof. Let "= SN Rand T" =T N R. We have S’ C T” as otherwise, if S’ = T’, we would have
S = affine(S’) = affine(T") = T.

Let k = |log, |S'[] +2. We argue there is e € 7"\ S of weight at most k. Otherwise, let
e € 8"\ T’ such that wt(e) > k. Consider the set

E = shadow(e) N R = Z elp' e €Ty ey A0 5,

i€support(e)

where we use the fact that since e € R then 0 € support(e). Note that by definition, E C T, since
T is affine closed hence in particular shadow closed.

Let ¢ € E C T’ such that wt(e’) = k (by setting wt(e) — k digits of e in base p to zero).
Consider the set

E' = shadow(e) N R = Z elp' el €Ty, ef #0
i€support(e’)

Note that since |E’| = (p — 1)p**¢)~1 = (p — 1)pF~1 > |S’| we cannot have that ¢ € S’. Hence we
found an element € € 7"\ S’ such that wt(e) < k. O

Corollary 32. Let S C {0,...,p" '} be affine closed. Let f € dT(S) be a codeword which does
not affinely generate d7(S), i.e.
affine(f) C d7(95).

Then there must exist e € R\ S of weight wt(e) <log, |S N R| + 2 such that
fedT(Sude}).

Proof. By Claim 30 we have affine(f) = d7 (T') where T' 2 S. By Claim 31 thereise € (T'\S)NR C
R\ S such that wt(e) < log, |S N R| + 2. Hence we conclude sicne

f e dT(T) CdT(SU{e}).
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We are now ready to prove Theorem 29.

Proof of Theorem 29. Let C be a linear affine invariant code. By theorem 8 we have C = 7(95)
where S C {0,...,p" — 1} is affine closed. By Claims 16, 18 and 19 we have that

Cl = T((SNR)U{0}) < |T(S N R)| = p"IS7*.

Hence we need to prove there is a codeword f € d7(S) of weight |S N R|¢ whose affine closure
spans d7 (S). Let £ be an appropriate weight to be determined later. We now count the number
of codewords in d7 (S) of weight exactly ¢. To this end we apply Lemma 25. The number of
codewords in d7 (S) of weight ¢ (as long as ¢ is in the permissible range) is given by

Cp, ¢ nl— —Q(n
WZ:(?’)pe [SNRI(] 4 =00,

Let f € d7(S) be such that affine(f) C d7(S). By Corollary 32 we know that there exists
some e € R\ S of weight wt(e) < k, where k < log,(|S N R|) + 2, such that f € d7(S U {e}). Let
E be the set of all such possible e,

E={ecR\S:wtle) <k}.

Fix some e € E. Let S, = affine(SU{e}). Note that as e € R\ S we have |S.NR| > [SNR|+1.
Hence for £ in the permissible range for S, we get that the number of codewords of weight ¢ in
d7 (Se) is given by

C p, ¢ nl— —Q(n —-n —Q(n
(@)p ISR 4 pm ) < pTW(L 4 pm ),

So, as long as |E| < p", we can deduce that there must exist some f € d7 (S) of weight ¢ which

is not in any of d7 (S U {e}) for any e € E (in fact, almost all f € d7 (S) of weight ¢ will do). This

will establish the theorem. Thus, we need to bound |E|. The following is a simple bound which is

sufficient for our needs. i
n .
E| < i< /4
|E] < ;_1 (Z.)p <p

as long as k < n/4.

To conclude we need to show that we can choose ¢ such that ¢ < |[S N R|¢ for some absolute
constant ¢ > 0, as long as |[SNR| < p®" for some absolute constant o > 0. The bounds on fy,;, and
fmax that are required for the application Lemma 25 are stricter for S, than for S, and are given
by

1, ,n/4
|Se| S Ep / ’
Cmin > 16]S. N R|*,

4
lrax < %GPn/ .

To verify them we need to give an upper bound on |S,| and |S. N R|. As S, = S U affine({e}) we
have

|Se| < |S| + [affine({e})| = | S| +np",
|S. N R| < |S N R| + |affine({e}) N R| < |S N R| + p*.
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Note that p* = p?|S N R|. Thus, the bounds for applying Lemma 25 are satisfied if we make sure
that

4
|S] < 321,%”]7”/ )

lmin > (20)%S N R,

4
lnax < 1%]9“/ .

Notice that as long as |S| < ﬁp”/ 16 we have that all the conditions are satisfied (for large enough
n) and that £y < fmax. Hence we may choose ¢ = f,i, to conclude the proof. O

3 Extension of the Weil bound

In this section we prove our new extension to the Weil bound for character sums, which is one of
the key technical ingredients in our proof of the local testability of affine invariant codes. As this
result may be of independent interest, this section is self-contained, and the interested reader may
read this section without relying on Section 2.

We recall several definitions and theorems from the introduction, for the sake of self containment.
Let F = Fy» be a finite field. An additive character x : F — C is a mapping such that x(z +y) =

x(z)x(y) and x is not identically zero. The following is a classical result by Weil.
Theorem (Weil bound - Theorem 2). Let f(x) be a univariate polynomial over F of degree |F|*/?~9.

Let x : F — C be an additive character. Then either x(f(x)) is constant or

[Ezer[x(f(@))]] < [F|~°.
n—1

The weight degree of a monomial z is defined as follows. Let t = > 7" a;p’ be the representation
of t in base p, where 0 < a; < p — 1. The weight degree of z! is defined to be wt(z') = 3" a;. The
weight degree of a polynomial f(z) is the maximal weight of a monomial in f.

Note 33. We note that the weight degree of a polynomial can be equivalently defined also as
a deriwative degree, defined as follows. The directional derivative of f(x) in direction y € Fyn

is defined as fy(xz) = f(x +y) — f(x). Define iterative derivatives in directions yi,...,y; as
ot = (Fyrrvn_i)yn- The derivative degree of f is the minimal d such that for any d + 1
derivatives y1,...,¥4+1 € F, fyi...ysr. () = 0. It can be verified that the derivative degree of a

polynomial is exactly its weight degree. We do not prove this here, and will not require this fact
in the proof.

We prove an extension of the Weil bound in case f is the sum of a low degree polynomial and
a small number of monomials of bounded weight (but of arbitrary degree).

Theorem (Extension of the Weil bound - Theorem 4). Let f(x) = g(x) + h(x) be a univariate
polynomial over Fyn, where g(z) is a polynomial of degree IF|Y/2-9 and h(zx) is the sum of at most
k > 1 monomials, each of weight degree at most d. Let x : Fyn — C be an additive character. Then
either x(f(x)) is constant or

[Ever[x(f(x)]| < [F| "5

3.1 Technical claims

In this subsection we provide some technical claims that will be needed for the proof of Theorem 4.
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3.1.1 The trace operator

The trace operator T'r : Fyn — ), is defined as T'r(x) = Z?:_()l a?' . We give in this subsection some
simple properties of the Trace operator.

Claim 34 (Characterization of additive characters). Let x : F,n — C be an additive character.
Then there exists a € Fyn such that x(z) = w™(%) where w = €27/?,

Proof. We first prove that x(z) = w/® where ¢ : Fpn — F, is a linear map. Note that we must
have x(0) = 1 since x(0) = x(0 + 0) = x(0)?, and we cannot have x(0) = 0 as this will imply that
X = 0. Thus, we get that the image of x is a p-th root of unity since x(z)? = x(pz) = x(0) = 1.
Thus we can write y(z) = w*®) for some mapping £ : F,» — F),. The mapping ¢ is linear since

Slaty) — x(@ + 1) = x(2)x(y) = @)+

Now we argue that any linear mapping ¢ : Fp» — [F,, can be represented as {(z) = Tr(ax) for
some a € Fp». This is proved by a counting argument. Each linear map ¢ : F,» — [, can be
uniquely identified by its image on a basis for F,» as a linear space over F,. Thus, the number of
such linear mappings is at most p”. On the other hand, for each a € Fy» the mapping z — T'r(ax)
is linear (since Trace is a linear mapping), and the total number of theses mappings is the number
of distinct a € F», that is p™. To conclude we just need to show that for any distinct a # b € Fpn
the mappings Tr(ax) and Tr(bx) are distinct. Equivalently, since Trace is a linear mapping, we need
to show that Tr((a — b)z) # 0. This is clear however because the Trace mapping is not identically
zero and a — b # 0 is invertible. O

Claim 35 (Trace of a p-power is unbiased). For every ¢ # 0 and 0 < L < n — 1 we have
Tr(ca?”
Egek,n [w™ " )] = 0.

Proof. We have Tr(ca:pL) = Tr(cpniLx), so it suffices to prove the claim for L = 0. Let £ : Fjn — F),
defined as ¢(x) = Tr(cx). The mapping ¢ is linear, and as it is not identically zero, its output is
uniform over Fj,. Thus we have that E,c,» [w!®)] = 0. O

3.1.2 Reduced forms

We define in this subsection reduced forms of polynomials. We show that for studying character
sums it is the sufficient to restrict to reduced polynomials. We start by considering univariate
polynomials, and then generalize the definitions and claims to multivariate polynomials.

Definition 36 (Reduced form: univariate polynomials). Let m(x) = az’ be a monomial. We say m
is reduced if p{t. If t = pFr for p{ r we define the reduced form of m(z) to be m(z)?" " = a2
A constant term ¢ € Fpn is reduced if ¢ € F), otherwise its reduced form is Tr(c) € F,. We say a
polynomial is reduced if all its monomials are reduced, and the reduced form of a polynomial is the

sum of the reduced forms of its monomials.

Claim 37 (Equivalence of reduced form: univariate polynomials). Let f(z) be a univariate polyno-
mial over F. Let f/(z) be its reduced form. Then

1. Tr(f(z)) = Te(f'(z)).
2. deg(f") < deg(f).
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3. wi(f) < wt(f).

Proof. For a monomial m(z) = ax' with t = pFr, p { r, let m/(z) = a?" " 2" be its reduced
form. Note that m/(z) = m(z)?" ". Since Tr(z) = Tr(zP) we have that Tr(m(z)) = Tr(m/(z))
for all x € F. Note that wt(m') = wt(m) and deg(m’) = r < t = deg(m). For a general
polynomial f(z) = > m;(xz) we have that f'(z) = > m}(x). Hence we get that Tr(f) = Tr(f),
and since cancelations among the m/ can only reduce the degree and weight degree of f’, we get
that deg(f'") < deg(f) and wt(f") < wt(f). O

Claim 38 (Trace of reduced non-constant polynomial is non-constant: univariate polynomials). Let
f(z) be a non-constant reduced univariate polynomial. Then Tr(f(z)) is not constant.

Proof. Assume for contradiction that Tr(f(z)) = ¢ for some ¢ € F,. Let f(z) = ao + > ;c; i’
where ag € Fp,, a; € Fpn for i € I and I C {0,...,p" — 1} is nonempty such that p ti for all i € I.
Define g(x) = Tr(f(z)) — c. We have that

n—1 ) ) n—1 o .
g(x) = —c+ Tr(f(x)) = (ag — ¢) +Zzagﬂxizﬂ = (ag — ©) +Zza?7xzpf (mod p™).

i€l j=0 i€l j=0

Notice that all the monomials in this representation are distinct, since all 7 € I are not divisible by
p. Thus this is a non-zero polynomial of degree at most p” — 1, and so it cannot evaluate to zero
on all elements of [Fn. O

We now generalize some of the definitions and claims to multivariate polynomials. When we refer
to the degree of a multivariate polynomial we always mean is its total degree. The weight degree
of a monomial z{' ... 2% is the sum of the weight degrees of the variables, that is wt(z{'...2%) =
wt(z]') + ... + wt(z$*). The weight degree of a multivariate polynomial is the maximal weight

degree of its monomials.

Note 39. As in the univariate case, the weight degree of a multivariate degree is equivalent to its
derivative degree, which is defined in an analogous way to the univariate case.

Definition 40 (Reduced form: multivariate polynomials). Let m(z1,...,zs) = az(' ...z be a
monomial. We say m is reduced if p { ged(eq, . .., es) (that is, at least one e; is co-prime to p). If ¢; =
pFr; where p{ ged(ry,. .., rs) we define the reduced form of m(x1,...,xs) to be apnfkaz’{l ..xls. We

say a polynomial is reduced if all its monomials are reduced, and the reduced form of a polynomial
is the sum of the reduced forms of its monomial.

Claim 41 (Equivalence of reduced form: multivariate polynomials). Let f(z1,...,xs) be a multi-
variate polynomial over F. Let f’(x1,...,xzs) be its reduced form. Then

L Tr(f(x1,...,25)) = Te(f'(z1,. .., xs)).
2. deg(f') < deg(f).
3. wi(f') < wi(f).

Proof. The proof is identical to the proof of Claim 41 for the univariate case. O

Claim 42 (Trace of reduced non-constant polynomial is non-constant: multivariate polynomials).
Let f(x1,...,x5) be a non-constant reduced multivariate polynomial. Then Tr(f(x1,...,xs)) is not
constant.
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Proof. The proof is very similar to the proof of Claim 38 for the univariate case. If f is not a constant
polynomial, that is if I is not empty, then for any ¢ € F, the polynomial Tr(f(z1,...,zs)) — ¢ is
a non-zero polynomial of individual degree at most p™™ — 1 in each variable, and such a polynomial
cannot evaluate to zero on all points in (F,n)®. O]

3.1.3 Properties of derivatives

Let f(x) be a univariate polynomial. For every s > 1 define the s-iterated derivative polynomial
of f, Af(x;y1,...,Ys), to be the multivariate polynomial in variables z,y1,...,ys € F defined as

Af(@iys- - ys) = fyree (@) = Y0 (DI f@ 4 ).

IC|s] icl

Derivatives play a crucial role in the proof of Theorem 4. We study in this subsection some of
their properties, and prove some structural results on polynomials of the form Af(x;y1,...,ys).

Claim 43 (Derivation maintains degree). Let m(z) = z! be a monomial. Then for any k, all the
monomials appearing in Am(x;y1,...,yx) have total degree t (or Am(x;y1,...,yx) =0).

Proof. The polynomial Am(z;y, ..., yx) is alinear combination of (z+3,.; y;)" for subsets I C [k],
each of which is homogeneous of degree t. O

We show that the character sum of a polynomial can be bounded by a character sum of its
iterated derivatives polynomial.

Claim 44 (Bias can be bounded by bias of derivatives). For any univariate polynomial f(x) and

s>1
1/2¢

EIEF[WTYU(@)]‘ < (Ex,yl,...,yseF[wTr(Af(x?ylv--wys))]>

Proof. Consider first the case s = 1. We have

2 R
‘ExgﬂwT“f@”H = By pep 0TV @ LT =

[T E)-T(f=)] =, yeplw TV @) - @)] —
W@ty =f@)) = | PRASSERN

Ex,x’e]F
Ex,yelﬁ' [ z,y€F

Hence

1/2
EpeplwTV @] < (IELyeF[wa(Af(:v;y))]) / '

For s > 1 we prove the result by induction. By the base case of s = 1 and the Cauchy-Schwartz
inequality, we have that

s s—1

2 2 2s—1
[wTr(f(x))] < (Ex,yleF [WT‘r(Af(x;yl))D <Eyer [(E%F [wTr(Af(x;zn))]) } )

Ewe]F

For every value of y; € F we have by the s — 1 case that

s—1

2
(ExelF[wTr(Af(x;yl))]) S Bays,...yseF [wTr(Af(w?ylv“"ys))]

)

hence we get that
25

Tr(Af(25y1,0-Ys
SEx:ylny,..‘,yseF[w (Af (501 y))]

‘ExeF[wTr(f(:r))]
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We now define a special family of multivariate polynomials that will play an important role in
the proof. Such polynomials arise when taking d-iterated derivatives from a polynomial of weight
degree d.

Definition 45 (p-multilinear polynomials). A multivariate polynomial f(z1,...,xs) over Fyn is
p-multilinear if all its monomials are of the form xzfll .2 In particular, if it is nonzero it has

weight degree s.

Claim 46 (Structure of derivatives of monomials). Let m(z) = 2 be a monomial of weight degree d.
The d-iterated derivatives polynomial Am(z;y1,. .., yq) of m is given as follows. Let t = Z?Zl ay, pli
where 1 <ay,,...,ap, <p—1and ) a;=d. Let S be the family of all partitions of {1,...,d} into
k subsets of sizes ay,,...,as,, that is

8:{(51,...,Sk):Slu...USk:{l,...,d},‘Sﬂ:agl,...,|Sk’:agk}.

Then we have

k
Am(aiynsov) =e 3 T TTwr”

(S1,...,5,)€S j=11i€S;

where ¢ = H?:l ag;! #0in F. In particular, Am is a non-zero p-multilinear polynomial in y1, ..., yq
which does not depend on zx.

Proof. We have

Am(x;yr, ..., yq) = Z( 1), x+Zyz = Z(—l)dHI'(az—FZyi)t

1C[d) icl 1C[d] icl

Substituting t = ay, p%, and using the linearity of the Frobenius map = — 277 we get that

Am(ziy, . oya) = D (- dHI‘Hl’p]JFZ v

IC[d) icl
Since ) ag; = d we get that Am is a degree-d polynomial in the Frobenius images of z,y1,. .., Y4,
i.e. in the monomials {27, (y1)?, ..., (ya)” :0<j<n—1}.

We first claim that Am does not depend on z, and is p-linear in y1,...,yqg. That is, all the
monomials of Am consist of a product (yy)?"" ... (yq)?'*, where 0 < j1,...,jq <n — 1. Otherwise,
there exists some monomial in Am which does not depend on at least one of yi,...,yq. This
is because all monomials of Am are products of d Frobenius images of z,y1,...,yq, and by the

pigeonhole principle, if either a single variable y; has two images appearing, or an image of x appears
in the monomial, then there must exists a variable y; not participating in the monomial.

Assume w.l.o.g that Am contains monomials in which y; does not participate. Substituting
y1 = 0 in the definition of Am, since Af(z;0) = f(x) — f(z) = 0 for any polynomial f, we get that

Am(z;0,y2,...,yq) = 0.

Hence, if there exist monomials in Am(x;y,...,yq) which do not depend on y;, they are left
intact by the substitution y; = 0, while all monomials depending on y; vanish. Thus since
Am(z;0,y2,...,yq) = 0 all the monomials in Am(x;y,...,yq) must depend on y;.
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We have thus proved that Am(z;yi,...,yq) does not depend on z, and is p-linear in y1, ..., y4.

To conclude we need to compute the exact form of Am(x;y1,...,yq). Any monomial depending
on all y,...,yq must come from the term corresponding for I = {1,...,d},
k £, £
@+ 3w =[] + 3 ).
i€(d] Jj=1 i€(d]
The individual degree of each y; is some p%, and there are exactly ay; variables among y1, ..., Y4
which has individual degree p%. Since the number of variables d is exactly the sum > ag,
all the monomials depending on all of yi,...,yq must be of the form H§:1 Hz‘esj (yi)pej, where
(S1,...,8k) € S is a partition of {1,...,d} into sets of sizes ay,,...,ar,. The coefficient of the

N
monomial H§:1 [Lc s, (y;)P” is equal to the number of times this monomial appears in the last

term, which is exactly H?:l ag;!. O

Claim 47 (Derivative of reduced monomial is nonzero). Let m(x) be a nonzero reduced monomial
of weight degree d. Then Am(z;yi,...,yq) is a nonzero reduced polynomial.

Proof. Let m(x) = z' for t =3 ay, p'i. Since m is reduced we must have ag # 0. By Claim 46 we

know that .
e.
Am(zsy,..ova)=c >, [T T]w)"
(S1,...,5,)€S j=11i€S;
Thus any monomial of Am(x;y1,...,yq) contains at least one variable of degree 1, thus it is
reduced. O

Claim 48 (Derivative of distinct reduced monomials is distinct). Let m/(x), m”(z) be two distinct
monomials of weight degree d. Then Am/(z;y1,...,yq) and Am” (x;y1,...,yq) are nonzero poly-
nomials which do not share any common monomial.

Proof. Let m'(z) = &t and m”(z) = z!” for t' # t". By Claim 46 we have that Am/(z;y1,...,yq)
is a nonzero polynomial such that all its monomials have total degree exactly ¢'. Similarly

Am”(x;y1,...,y4) is a nonzero polynomial such that all its monomials have total degree exactly
t”. Since t' # t” the polynomials Am/(z;y1,...,y4) and Am”(z;y1,...,y4) contain no common
monomial. n

Claim 49 (High derivative vanishes). Let f(x) be a polynomial of weight degree at most d — 1.
Then Am(z;y1,...,yq) =0.

Proof. Tt is enough to prove the claim for monomials. Let m(x) = x! be some monomial, and let
d = wt(m) < d—1 be its weight degree. By Claim 46 we have that Am(z;y1,...,ys) does not
depend on z, thus

Am(z;y1, . Yar, Yar+1) = Am(T + Yars1;915 - - Yar) — Am(z;y1, ..., yar) = 0.

O
Lemma 50 (Highest non-vanishing derivative). Let f(z) be a nonzero reduced polynomial of weight
degree d. Then Af(x;y1,...,yq) 18 a nonzero reduced polynomial which does not depend on x and
18 p-linear in y1,...,Yq4.
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Proof. Let f(z) = Y. ciat. Let m(z) = ¢t be some monomial of f. If wt(m) < d — 1 then
by Claim 49 we have Am(x;y1,...,y4) = 0. Thus it is enough to consider just the monomials
of weight degree exactly d. By Claim 47 the derivative polynomial of each reduced monomial
of weight degree d is a reduced polynomial, and these polynomials for two distinct monomials
contain no shared monomials, and so cannot cancel each other. Thus the derivative polynomial
Af(z;y1,--.,y4) is a nonzero reduced polynomial. By Claim 46 is does not depend on z, and it is
p-linear in y1,...,yq- O

Lemma 51 (General non-vanishing derivatives). Let f(z) be a nonzero reduced polynomial of
weight degree d. For any k < d the polynomial Af(x;y1,...,Yyk) is a nonzero reduced polynomial

M T, YLy -y Yk

Proof. Let f(z) = > czt. Let m(x) = ¢;z' be some monomial of f. Observe that all monomials
in the polynomial Am(x;yi,...,yr) have the same total degree t. Thus, if m(x) is reduced then so
is Am(z;y1, ..., yk), since if zy7' ... y7* is a monomial of Am(x;yi, ..., yx) which is not reduced,
then p | ged(eo,...,ex). However t = ep + ... + e, and since m(x) is reduced we have that
p t t. Contradiction, hence Am(z;yi,...,yx) must be reduced. Hence, we get that if f(z) is a
reduced polynomial, then Af(x;y1,...,yx) is also reduced. To conclude we need to prove that
Af(x;y1,...,yx) is nonzero. Assume by contradiction it is zero; then so is Af(z;y1,...,Y4) =
Z[g{kﬂ,_,_,d}(*1)‘I|+d_kAf($ + > icr¥isyt,-- ., Yk). However by Lemma 50 we know that if f is a
nonzero reduced polynomial, then Af(xz;y1,...,yq) is nonzero. Hence also Af(x;y1,...,yx) must
be nonzero. O

3.1.4 Additional claims

We give in this subsection some more claims we will require. The first is the Schwarz-Zippel lemma.
Claim 52 (Schwarz-Zippel). Let f(z1,...,zs) be a polynomial over F of total degree e. Then

P - =0 < —.
z1,...,£s€F[f(x1’ 71"8) ] = |F‘

The second result we will need is a theorem of Deligne [12] which is a multivariate analog of
Weil’s bound.

Theorem 53 (Deligne theorem [12]). Let f(x1,...,x5) be a multivariate polynomial over F of
degree |F|'/2=%. Let x : F — C be an additive character. Then either x(f(z1,...,xs)) is constant
or

Bay,.. aer X (f(2))]] < [F|7°.
3.2 The case of high weight ¢

In this subsection we prove Theorem 4 in the case that g has high weight degree, wt(g) > d + 1.
This is captured by the following lemma, which we prove in this subsection. This is the easier case
for Theorem 4.

Lemma 54 (The case of high weight g). Let f(z) = g(z) + h(z) be a nonzero reduced univariate
polynomial over Fpn, where g(z) is a polynomial of degree |F|1/2-9 and weight degree at least d+1,
and h(z) has weight degree at most d. Then

Epeplw ™V @] < 7w
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Proof. The polynomial f is nonzero reduced and of weight degree at least d + 1. By Lemma 51
we know that Af(z;yi1,...,y4+1) is nonzero and reduced. However, since wt(h) < d we have that
Ah(z;y1,...,Yq+1) = 0 by Claim 49, hence we get that Af(x;y1,...,%a+1) = Ag(z; Y1, -+, Ydt1)-
Also, since derivation cannot increase total degree, we have that deg(Af(x;y1,...,¥q+1)) <
deg(g) < [F|1/2~0.

So, we have that f'(z,y1,...,94:1) = Af(x;y1,...,yq+1) is a nonzero reduced polynomial of
degree at most |[F|'/279. By Claim 42 we have that Tr(f’) is a non-constant function. Thus by
Deligne’s Theorem (Theorem 53) we get that is must be highly unbiased, that is

E@thydﬂEF[wTr(f’(x,y1,~-,yd+1))] ‘ < ‘[F’—@

To conclude we apply Claim 44 to get that

_1 5
2 < |F| T aE

EIGF[WTY(J“(:E))]‘ < T(f (@ )]

Exzyl""vderl €F [w

3.3 The case of low weight g

In this subsection we prove Theorem 4 in the case that g has low weight degree, wt(g) < d. This
is captured by the following lemma, which we prove in this subsection. This is the harder case for
Theorem 4.

Lemma 55 (The case of low weight g). Let f(z) = g(x) + h(x) be a nonzero reduced univariate
polynomial over Fpn, where g(x) is a polynomial of degree \F\lﬂ*‘; and weight degree at most d,
and h(x) has weight degree d and is the sum of k monomials. Then

Eperlw™V @) < [F|~ @z 00/,

To prove Lemma 55 we require some claims.

Claim 56 (Structure of derivative of g). Let g(x) be a polynomial of degree at most |F|'/2~% and
weight degree at most d. For L = [n(1/2— )] there exists a p-multilinear polynomial u(y2, ..., yq)
such that

L
TI'(Ag(l‘, Ytye- oy yd)) = TT(y}f . U(y27 . )yd))'
and such that deg(u) < p*F < ’F|1—25+2/n'

Proof. By linearity, it suffices to show that for every monomial m(z) appearing in g, there exists a
p-multilinear polynomial w,,(ya,. .., yq) such that Tr(Am(z;y1,...,y4)) = Tr(ylfL U (Y2, -+, Yd))
and deg(u,,) < p?~.

Let m(x) = cz! be such a monomial. If wt(m) < d we have by Claim 49 that Am(z;y1,...,94) =
0. Otherwise assume that wt(m) = d. By Claim 46 we know that Am(z;y1, ..., yq) does not depend
on x and is p-multilinear in y1,...,yq. Moreover, if t = Z§:1 ay; pY% where 1 < ag; < p—1 we know
that

k
0.
Am(x;ylv"'ayd) :nyjwj(y%---,yd)
i=1
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where w;(y2,...,Y4) is a homogeneous p-multilinear polynomial of total degree t — p%. Since
t < [F|Y/?7% we have that ¢y, ...,0, <n(1/2 —§) < L. Thus, taking w,, (2, . . .,y4) to be

k
L—t;
U (Yo, ya) = Y wi(ya, - ya)’
j=1
we get that
L k L L—¢;
T wm(yze o ya) = 3 Tr( wslye, oy ) =
j=1
k .
J
S Tr(y  wiya, - - ya)) = Te(Am(z; 41, -, ya))-
j=1

To conclude we need to bound deg(u,,). Since deg(w;) < deg(m) < p™/27%) and L —¢; < L we

get that deg(u,,) < deg(m) - p* < p?~. O
Claim 57 (Structure of derivative of h). Let h(x) be a polynomial of weight degree d which is the
sum of k£ monomials. For every 0 < L < n — 1 there exists a p-multilinear polynomial v(y2, ..., yq)
such that

L
Tr(Ah(z;y1, ..., ya) = Tr(y] - o(y2, ... Ya))-

and the number of distinct total degrees of monomials appearing in v is at most kd.

Proof. By linearity, it suffices to show that for every monomial m(z) appearing in h, there exists a

p-multilinear polynomial v,,(y2, ..., yq) such that Tr(Am(z;y1,...,yq)) = Tr(ylfL U (Y2, -, Yd))
and the monomials appearing in v, have at most d distinct total degrees.

Let m(z) = cz® be such a monomial. If wt(m) < d we have by Claim 49 that Am(x;y1,...,yq) =
0. Otherwise assume that wt(m) = d. By Claim 46 we know that Am(z;yi,...,yq) does not depend
on z and is p-multilinear in y1,...,yq. Moreover, if ¢t = Z§:1 agjpej where 1 < ay; < p—1 we know

that

k
Z.
Am(xiyr,..ya) = Y oh wi(ya,. .., ya)
=1

where w;(ya, .. .,yq) is a homogeneous p-multilinear polynomial of total degree ¢ — p%. Let

L*Zjﬁ»n

k
Um(y27 ... 7yd) - Zw](yQ) .. 'ayd)p
7=1

where we reduce individual powers of ya, . . ., yq modulo p™ (that is, we replace each y¢ with y; mod p*

i )
which are equivalent as functions over the field Fyn). Thus we get that

k
L L L—t;+n

Trl” om(ss - va) = S Tr( wim, ) ) =
7j=1

k .

J
S TrE w3, - 9a)) = Te(Am(zi g, 5a))-
i=1
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To conclude we need to bound the number of distinct total degrees of monomials appearing in v,,.
L—L4;4+n

Each polynomial w; is homogeneous, and so also w? ’" is homogenous, hence contributing a

unique total degree to monomials in v,,. As the number of distinct w; is bounded by &k < d we get

the required bound. ]

Claim 58 (Covering argument for a single element). Let 0 < e < p™ — 1 such that wt(e) = d. For
0 <s<n—1define e, = e p® mod p”, such that also 0 < ez < p™ — 1. For a < n let

S={0<s<n—-1:e;,>p" }.
Then |S] < a-d.

Proof. For every 0 < e < p”" —1let € € {0,...,p — 1}" denote the vector corresponding to the
base-p representation of e, that is e = Z?:_ol €(i)p’. Observe that € is just the cyclic shift of € by s
coordinates, that is €5(i) = €(i — s (mod n)). Note that the weight of e is just the hamming weight
of €, and that e; > p"”~% if and only if the vector € contains some nonzero entry in the indices
n—a <i<n-—1. As € contains only d nonzero entries, there are at most a - d cyclic shift of & such

that some of these entries moves to indices i € {n —a,...,n —1}. Thus we get that |S| <a-d. O

Claim 59 (Covering argument for sum of monomials). Let h(y1,...,yp) be a polynomial over F»
of weight degree at most d, such that the number of distinct total degrees of its monomial is z. Let
hs(yi,. .. ) = h(y1,...,u)P reducing each individual degree of y1,...,4, modulo p™. Then for
every a there exists 0 < s < a such that

deg(hs) < p”_LiJ.

Proof. Let ¢ = | i-]. Let {e1,...,e.} be the set of total degrees occurring in monomials of h. The
number of 0 < s < n — 1 such that (e; - p® mod p™) > p"~ 7 is bounded by d - ¢ < a/z by Claim 58.
Thus, there are at most a values for s such that for some e; we have e; - p° mod p™ > p"*~ 9. Since
there are a + 1 possible values for 0 < s < a, by the pigeonhole principle there exists a value for
which for alli =1,...,k,
(€; - p” mod p") < p" 71

hence we get that deg(hs) < p"~ 2. O
Claim 60 (Structure of derivative of f). Let f(z) = g(x) + h(z) be a nonzero reduced univariate
polynomial over F,n, where g(x) is a polynomial of degree |F|'/279 and weight degree at most d,

and h(z) has weight degree d and is the sum of £ monomials. Then there exists M € {0,...,n—1}
and a p-multilinear polynomial 7(y2, ..., y4) such that
M

Tr(Af(z;y1,- -, 9a) = Te(y) (Y2, -+, va))

246
and deg(r) < \F[17d2k+1+3/n.

Proof. Let L = [n(1/2 —6)|. By Claim 56 there is a p-multilinear polynomial u(ys,...,y4) such
that Tr(Ag(x;y2,...,yq)) = Tr(y’l’L ~u(ya,...,yq)) and deg(u) < p?!. By Claim 57 there is a

p-multilinear polynomial v(ys,...,yq) such that Tr(Ah(z;y2,...,v4)) = Tr(ny -v(y2,...,yq)) and
the number of distinct total degrees of monomials in v is bounded by kd.
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For s define r4(y2,...,ya) = p*(u(y2,...,ya) + v(y2,...,yq)) where individual degrees of
Y2, ...,Yq are reduced modulo p”, and set a = an to be determined later. We will show there
exists 0 < s <n — 2L — a such that deg(rs) < p"~®. This will establish the result as for every s,

L+s

Te(Af(zsyrs- - ya) = Te(y]) 752, -2 9a))-
First, notice that since deg(u) < p2L we have that for any 0 < s <n — 2L — a we have that
deg(u?") < deg(u) - p* < p*"* < p* 7.

We now move to consider v. By Claim 59 we have that there exists 0 < s < n — 2L — a such that
if we let vs(y2,...,%q) = v(y2,...,yq)" reducing individual degrees modulo p”, we have that

—2L—
="z

deg(vs) <p

Combining the two bounds, we get that

n—2L—a

deg(rs) §Inaux(p”_a,p’%L a2k ),

n—2L—d%k

Setting a = | "5

| to optimize the bound we get that

25
deg(rs) < p"* < pn(17d2k+1)+3.

We are now ready to prove Lemma 55.

Proof of Lemma 55. We will bound the bias of Tr(f(z)) by the bias of Tr(Af(x;y1,...,yq4)). By
Claim 44 we have that

Tr(f(x;yh---,yd))] 1/2¢

Ezer [wTr(f(x))] ) < |Eays,....yqeF [w

To bound the bias of Tr(Af(z;y1,...,y4)), we apply Claim 60. We have

M

Tr(Af(z;y15- -, 9a) = Te(yy - r(y2,- -5 va))

25
where deg(r) < ]IF‘|1 1 T3/ Moreover since f is nonzero and reduced, then by Lemma 50
Af(z;y1,.--,Yyq) is nonzero, hence r(yo, .. .,yq) must also be nonzero.
M
Whenever o, ..., yq are such that r(ya,...,yq) # 0, we have that Eyley[w“(yf T(Y2,¥a))] = ()

by Claim 35. The probability that r(ya,...,yq) = 0 is bounded by Claim 52 by

d 25
Pl" [T(y27 e 7yd) = 0] S eg(r) S |IF‘ d2k+1 +3/n
Y2,.-,Yd EF |F‘

Combining the results, we get that

E,erlw ™V )| < B @e0m 3t < || O/
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