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Abstract

The Weil bound for character sums is a deep result in Algebraic Geometry with
many applications both in mathematics and in the theoretical computer science. The
Weil bound states that for any polynomial f(x) over a finite field F and any additive
character x : F — C, either x(f(x)) is a constant function or it is distributed close to
uniform. The Weil bound is quite effective as long as deg(f) < /|F|, but it breaks
down when the degree of f exceeds \/E . As the Weil bound plays a central role in
many areas, finding extensions for polynomials of larger degree is an important problem
with many possible applications.

In this work we develop such an extension over finite fields Fj» of small character-
istic: we prove that if f(z) = g(z) + h(z) where deg(g) < +/|F| and h(z) is a sparse
polynomial of arbitrary degree but bounded weight degree, then the same conclusion of
the classical Weil bound still holds: either x(f(x)) is constant or its distribution is close
to uniform. In particular, this shows that the subcode of Reed-Muller codes of degree
w(1) generated by traces of sparse polynomials is a code with near optimal distance,
while Reed-Muller of such a degree has no distance (i.e. o(1) distance) ; this is one of
the few examples where one can prove that sparse polynomials behave differently from
non-sparse polynomials of the same degree.

As an application we prove new general results for affine invariant codes. We prove
that any affine-invariant subspace of quasi-polynomial size is (1) indeed a code (i.e. has
good distance) and (2) is locally testable. Previous results for general affine invariant
codes were known only for codes of polynomial size, and of length 2" where n needed
to be a prime. Thus, our techniques are the first to extend to general families of such
codes of super-polynomial size, where we also remove the requirement from n to be a
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prime. The proof is based on two main ingredients: the extension of the Weil bound
for character sums, and a new Fourier-analytic approach for estimating the weight
distribution of general codes with large dual distance, which may be of independent
interest.
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1 Introduction

In this work we provide a new extension to the Weil bound for character sums. Additionally,
we develop a new approach for estimating the weight distribution of general codes whose
dual has large distance, which greatly extends the method of Krawtchouk polynomials. We
combine these results for obtaining better understanding of general families of affine invariant
codes of quasi-polynomial size, extending previous results which could only handle such codes
of polynomial size.

1.1 Character sums

Let F be a finite field. An additive character is a function x : F — C for which x(x +
y) = x(2)x(y) (and which is not the identically zero function). For F = FF,», the additive
characters are given by y,(x) = e%Tr(‘”), where a € Fy» and the Trace operator Tr : Fpn —
F, is defined as Tr(z) = 3.1 a¥".

The Weil bound for character sums [23] is a deep result from Algebraic Geometry. The
result deals with character sums of low-degree polynomials over a finite field F. Let f(z) €
F[x] be a univariate polynomial of degree at most \/\IFT . Let x : F — C be any additive
character. Weil’s bound states that either x(f(z)) is constant, or is distributed close to
uniform when x € F is uniformly chosen.

Theorem 1.1 (Weil bound [23]). Let f(z) be a univariate polynomial over F of degree
< |F|V?79. Let x : F — C be any additive character. Then either x(f(z)) is constant for all
rxeF, or

[Eaer[x(f(2)]] < [F|~.

The Weil bound, being a general and powerful result, has found many applications in
mathematics and also in theoretical computer science, in particular in the areas of pseudo-
randomness, explicit constructions and coding theory. For example, it has been used in the
study of extractors ([9, 24]) and in the study of locally testable codes ([8, 16]). The Weil
bound is very effective for polynomials of degree < \/W , however it fails for polynomials
of degree exceeding \/W . We establish a general result in fields of small characteristics Fyn
which allows to extend polynomials by a small number of monomials of larger degree, as
long as they have small weight degree. In particular, in some range of the parameters we
may add O(n) monomials, while in another range we can add monomials of degree p"~1°8",
Both of these extend the classic Weil bound significantly.

Definition 1.2 (Weight degree). Let t € {0,...,p" — 1}. The weight degree of ¢ is the
hamming weight of the digits of ¢ in base p. That is, let t = Z?:_Ol t;p" be the representation
of t in base p, where 0 <t; < p — 1. The weight degree of ¢ is

n—1
wt(t) = t.
=0

The weight degree of a monomial x! is the weight degree of ¢, and the weight degree of a
univariate polynomial f(z) is the maximal weight degree of a monomial in it with a nonzero
coeflicient.



We prove the following extension of the Weil bound in case f(z) is the sum of a low degree
polynomial and a small number of monomials of bounded weight degree (but of arbitrary
degree).

Theorem 1.3 (Extension of the Weil bound). Let f(z) = g(x) + h(z) be a univariate
polynomial over Fn, where g(z) is a polynomial of degree < |F|Y/*7° and h(x) is the sum of
at most k > 1 monomials, each of weight degree at most d. Let x : Fyn — C be an additive
character. Then either x(f(x)) is constant for all x € Fyn, or

Eacr[X(f(@))]] < [Fpe| 555

Note that in order to get a meaningful bound, we need our parameters to obey kd?2? <
O(n). Note that for d < (1 — €)log,(n) we may have k = n®1). This can be compared to
a relatively recent result of Bourgain [2] of a similar flavor. We state it below informally, as
the exact formulation is somewhat complex, and we will not require it in the paper.

Theorem 1.4 (Bourgain’s extension of Weil bound [2]). Let f(x) = g(x)+h(x) be a univari-
ate polynomial over a prime finite field F,, where g(z) is a polynomial of degree < |F,|'/?70
and h(x) is the sum of at most k = O(1) monomials, each of degree at most |F,|'~¢. Let
X : F, — C be an additive character. Then either x(f(x)) is constant for all x € F,, or

Eer, [X(f(2))]] < [Fy] 7.

Comparing our result with the result of Bourgain, we note several important advantages
of our work: first, we can handle non-prime finite fields; second, when d < O(logn) is small
enough, we may have k& = poly(n) monomials of high degree, while in the result of Bourgain
one can take at most k = O(1) such monomials; Third, we can handle additional monomials
with degree up to p"~1°¢" while Bourgain result (even if worked for non prime fields) would
allow degree bounded by p™/¢ for some constant ¢ < 1. In contrast, the result of Bourgain
does not assume a bound on the weight degree of the monomials. The advantages of our
work are crucial for our applications to estimating the weight distributions of codes, and for
local testability of codes.

Finally, we view Theorem 1.3 as an important step towards understanding sparse poly-
nomials. Sparse polynomials arise naturally in many areas of theoretical computer science,
most notably in circuit complexity and learning theory. To date, our understanding of the
behavior of sparse polynomial has been quite limited. An immediate corollary of Theorem 1.3
gives what is, to the best of our knowledge, the first result which separates the behavior of
sparse polynomials from general polynomials (of the same degree), in the context of small
finite fields.

The Reed-Muller code RM,(n,d) is a code generated by all n-variate polynomials over
IF, of total degree at most d. It can equivalently be described as 7 ({e € F} : wt(e) < d}),
i.e. codewords are traces of univariate polynomials of F,» of weight degree at most d. The
minimal distance of RM,,(n, d) is well known; in particular, whenever d = w(1) the minimal
distance is o(1). To the contrast, let C be a (nonlinear) code generated by traces of sparse
polynomials. Our results show that the code C C RM,,(n, d) has far better minimal distance;
in fact, it has near optimal distance. This argument holds even when d = O(logn) and the
sparsity is n®1). Previous similar results were only known for constant sparsity.
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Corollary 1.5. Fiz d < O(logn). Let ty,...,tx € [p™ — 1] be chosen of weight degree at
most d, where k = O(z555). Consider the code C = {Tr(Zf:1 a;x") :a; € Fyn}. Then

1. C is a subcode of RM,(n,d);

2. The minimal distance of C is at least 1 —1/p — p=4™),

1.2 Weight distribution of linear codes

Using a Fourier-analytic technique we show new estimates of the weight distribution of linear
codes with large dual distance. This result combined with our new extension to the Weil
bound imply estimation of the weight distribution of every affine-invariant code of super-
polynomial size.

A code is a subset C C IFJJDV , which can equivalently be viewed as a family of functions
C={f:[N]— F,}. All codes we consider in this work are linear’. The dimension of a code
is dim(C) = log,(|C|).

Let C C IF;V be any linear code. Let Const = {a’¥ : a € F,} be the linear code of constant
words. Note that as C is a linear code, then either Const C C or ConstNC = {0"}. We define
the distance between C and the code of constant words as the minimal distance between a
nonconstant codeword of C and a constant word,

dist(C,Const) = min min {ie[N]:fi # a}|.
f€C\Const a€lFy N

The dual of a linear code is defined as
N
i=1

We prove the following theorem, which gives a tight estimation on the weight distribution
of C* based on the distance between C and the constant word codes. Previous results on
the weight distribution of general codes (e.g. [11]) were based on the use of Krawtchouk
polynomials. These results applied only to binary codes whose duals have distance very
close to 1/2. L. they didn’t apply to codes with some arbitrary constant distance as we
have here.

Theorem 1.6 (Weight distribution result). Let C C F)) be a linear code, and assume that
dist(C, Const) = § > 0. For every € > 0 there exist ly, = O(3log(|C]) + log(1/€)) and
lnax = O(VeN), such that for any { € [lymin, lmax] the following holds. The number of

codewords g € C+ of weight exactly { is given by o - %(1 + €), where
o a= (,3;_!1)2 if C N Const = {0V }.

o o= C(Z’Z) if Const C C, where Cpy = |{v1,...,v, € Fy\ {0} : Zle v; = 0}.

'A code C = {f : Fpn — F,} is linear if for any f(z),g(x) € C also h(z) = af(z) + Bg(z) € C where
a,B €T,



1.3 Application to Locally testable codes

Let Fy = Fpn be a finite field, where we think of p as either constant or small. In this
context, a code is a family of functions C = {f : F,n — F,}. A code is locally testable if there
is a randomized algorithm, which when given as input a function f : F,» — ), probes f in
a small number of locations and determines (with high probability) whether f € C or f is
far? from all codewords of C. A code is g-locally testable if the number of probes is at most
q, where ¢ is sublinear in the code length, i.e. ¢ = o(N).

A recent line of research in property testing focuses on characterization of general families
of codes that are locally testable [11, 14, 8, 17]. The known results for general codes that
are locally testable apply only to sparse codes over binary fields 5, which are codes of size
NOW_ This is in contrast to result for specific families of codes (such as Reed-Muller codes)
for which much better results are known. It is an important problem to better understand
general codes. One reason is that such an understanding might aid in finding specific codes
with better parameters; while another is to understand the extremal properties of such codes.

In this work we break the sparsity requirement for local testability of general codes.
Namely, we exhibit a general family of codes of size N8V )’V that are locally testable with
log N queries. We achieve this by studying affine invariant codes. A code C = {f : Fpn —
[F,} is affine invariant if it is invariant under affine transformation of the coordinates of the
input space. That is, if f(z) € C then also g(z) = f(ax +b) € C for any a,b € Fyn,a # 0.
Previous results [8] showed that sparse affine invariant codes over Fy of length 2" for prime
n (i.e., codes of size N°(V) are locally testable. We significantly extend this to codes of size

yo

super-polynomial in N, i.e. to codes of size at most N1&M™  Moreover, we remove the

requirement from n to be a prime.

Theorem 1.7 (Testing result (informal)). Let C = {f : F,n — F,} be a linear subspace
which is affine invariant of size NN for any e < 282 and n large enough. Then the

log 2
following holds: 22p

o C is a code, namely it has a constant distance.
o C is locally testable with query complexity ¢ = poly(dim(C)/n).

In particular, any sparse affine invariant code (i.e. with dim(C) = O(n)) is locally testable
with constant query complexity ¢ = O(1).

Our result generalizes the result of Grigorescu, Kaufman and Sudan [8] in few aspects:
First, the result of [8] applies only to sparse codes (i.e codes of size N°M) while our result
applies to codes with super polynomial number of codewords (i.e. to codes of size at most
NOUeN)) Second, the result of [8] could work only for fields of size 2" where n needed to be
prime, while we remove the requirement for n to be prime. Third, we provide a self-contained
proof of a generalization of [8], which used complex machinery (such as Bourgain’s extension
to the Weil bound, and properties of Krawtchouk polynomials). Moreover, previous results
on the testability of sparse codes applied only to binary fields Fy, while our result applies to

2If f has distance € from C, i.e. if mingec Proer,. [f(2) # g(x)] = €, we require the local test to reject f
with probability at least Q(e).



any field of small characteristic. The testing result uses our new extension to the Weil bound
as well as our new estimation on the weight distribution of codes with large dual distance.

1.4 Proofs overview
1.4.1 New extension to the Weil bound

The proof of our new extension for the Weil bound relies on techniques borrowed from
additive combinatorics. This demonstrates yet another connection between additive combi-
natorics and theoretical computer science. Such connections were used before to establish
results regarding pseudorandom generators [5, 18, 22] and list-decoding of codes [12].

We sketch in high level how we achieve the new extension to the Weil bound. Let
f(z) = g(x) + h(x) be a univariate polynomial over F,., where deg(g) < |F,»|"/?7% and h(z)
is the sum of k£ monomials, each of weight degree at most d. We need to prove that either
Tr(f) : Fyn — F, is a constant function, or that it is highly unbiased (note that proving the
result for the Trace operator implies it immediately for all additive characters).

The analysis divides into two cases: either g has high weight-degree wt(g) > d+ 1, or g
has low weight-degree wt(g) < d. The first case is the easier one, and both cases rely on an
analysis of directional derivatives of polynomials. The directional derivative of a polynomial
f(x) in direction y € Fyn is given by f,(z) = f(z +y) — f(x), and iterated derivatives are

deﬁned as fyl:-uvyk (l’) - (fylwwykfl)yk (‘I)

The case of high weight g The first case, where wt(g) > d + 1 is easy to analyze by
taking enough derivatives that eliminate h(z), and reducing to a theorem of Deligne [7],
which is a multivariate analog of Weil’s bound. Specifically, For any v, ...,y4:1 one can
verify that since wt(h) < d then

hylz"'zyd+l = 07
hence fy, . yi1 = Gyr,..yars- An iterated application of the Cauchy-Schwarz inequality yields
that
2d+1
‘EweFP" [wTr(f(:c))] < ]Exaylr--yyd-&-lern [wTr(fyl """ de(x))]

2mi

where w = e » . Hence to prove that Tr(f(z)) in unbiased for uniform z, it is sufficient to
prove that Tr(f,, ..., (z)) is unbiased for uniform z,yi,...,y411. We then verify that as g
is of weight degree at least d + 1, it is not eliminated by taking generic d + 1 derivatives,
and we get that f, .. (z)is a nonzero polynomial in the variables x,y, ..., yas1 of total
degree at most deg(g) < |Fpn|'/*7°. Moreover, we can prove that Tr(fy, ,,.,(x)) is not a
constant function; hence by Deligne’s theorem we deduce that

Eo et [0 ]| < [

and the bound on the bias of Tr(f(x)) follows.



The case of low weight ¢ The harder case is handling g of small weight wt(g) < d, since
h cannot simply be eliminated by taking enough iterated derivatives, without eliminating f
altogether. We solve this problem by taking a smaller number of derivatives, such that f is
not eliminated, but instead is transformed into a special class of polynomials (p-multilinear
polynomials). We then proceed to study this family of polynomials, and are able to bound
the bias of such polynomials, given that they came from a polynomial f = g + h where ¢
has low degree and h is the sum of a small number of low weight degree monomials. Most
of the technical challenges of the proof are in this part.

1.4.2 Estimations on weight distribution of codes

Following we describe our approach for estimating the weight distribution of general codes
whose duals have large distance. A central notion that is useful here is the bias of a code.
The bias of a codeword f € C is defined as

bias(f) = |Egepn [w!™]] = % Z W@\

T€[N]

where w = €2™/P. We define the bias of a code as the maximal bias of a nonconstant

codeword:

bias(C) = jomax bias(f).

Note that always bias(C) < 1 and that as the distance of the code gets larger the bias of the
code gets smaller.

We relate the codewords in C* with the following sets. For v = (vy,...,v) € {1,...,p—
1}* define the sets

Ai(v) = {(x1,...,x) € [N]*: Zvif(xi) =0 VYfecC}

and

Bi(v) = {(x1,...,20) € Ay(v) : 21, ...,z are all distinct}.
It follows from the definition that number of codewords in Ct of weight ¢ is
& > vett,..p-1y¢ | Be(v)|. Hence, to obtain our estimation on the weight distribution of Ct we
need to show that |By(v)| ~ N*/|C|. The main step is to show that |A,(v)| ~ N*/|C|. From

the last we deduce the estimate for |B,(v)|. For estimating |A,(v)|, we take (x1,...,2/) €
[N], and consider

Esec [wv1f(x1)+~--+vef(ze)] 7
The above expectation is 1 iff (z1,...,2/) € Ay(v) and otherwise it is 0. This holds since
C is a linear subspace. l.e., either the inner product of v with (f(z1),..., f(z,)) is always

zero; or it is uniformly distributed over [, when f € C is uniformly chosen. Hence we have

4
N7NA()] = Eay,.. meiniErec [0 T2 0] = Bree [ [ Baen [0/

i=1



We partition the expectation to the cases where f = 0 and f # 0Y. When f = 0" then
foralli =1,...,¢ wehave that E, ¢/ [w”if(xi)} = 1. If f is non constant ‘ExiE[N] [w”if(“i)} ‘ <
bias(C) < 6. Hence we deduce that

{4

[Ae(v)] = m(

1+mn)

where || < |C|6°. Le. for codes with small bias (that is of large distance) |Ay(v)| ~ N*/|C|.
We use our extension to the Weil bound to show that affine invariant subspaces of super-
polynomial size have very small bias (and hence are in fact codes), and form this we deduce
estimation on the weight distribution of their duals.

1.4.3 The connection between character sums and the testability of affine in-
variant codes

We sketch in high level how we achieve our improved testability result for affine-invariant
codes using the new extension to the Weil bound. Basically, we follow the proof idea of [8].
They use Bourgain’s result for character sums, as well as properties of Krawtchouk polyno-
mials. We replace these ingredients with our new expansion to the Weil bound and our new
estimation to the weight distribution of linear codes.

Affine invariant codes can be characterized by trace codes. Let S C {0,...,p" —1}. The
S-trace code over F,n is defined as the family of functions f : F,» — F, given by

T(S) = { (Tr(z aex®) : Fpn — Fp> ta. € Fpn} .

ecS
where we recall that the Trace function Tr : F,n — F, is given by Tr(z) = S0 a?".
For example, Generalized Reed-Muller codes RM,(n,d), which are the family of functions
J :F) — F, where f is an n-variate polynomial of total degree at most d, can be equivalently
characterized as

RM,(n,d) =T ({e € {0,...,p" — 1} : wt(e) < d}).

We define two important properties of trace codes.

Definition 1.8 (Shift closed). Let S C {0,...,p" — 1}. The set S is said to be shift closed
if, for every e € S, we also have that ep’ (mod p*) € S forall £ =1,... n.

The term shift closed comes from viewing elements e € S as vectors in F}, given by the
representation of e in base p. In this case, ep’ (mod p") corresponds to a cyclic shift of the
vector by ¢ coordinates.

Definition 1.9 (Shadow closed). Let S C {0,...,p" — 1}. The set S is said to be shadow
closed if the following holds. For any e € S, let e = Zf;ol e;p’ be the representation of e in
base p. Define the support of e to be the set of nonzero digits of e,

support(e) = {0 <i<n—1:¢; #0}.



Let €’ be obtained from e by changing some of the non-zero digits of e, i.e.
¢ = Z elp’.
i€support(e)

Then we should have that also ¢/ € S. That is, S is shadow closed if

Z eipl ree Sa (eg)iESUpport(e) € IE‘p g S.
i€support(e)

A set S is said to be affine closed if it is both shift closed and shadow closed. The
following general result was established by Kafuman and Sudan [15]. They show that the
class of affine invariant linear codes is equivalent to the class of trace codes of affine closed
sets.

Theorem 1.10 (Monomial extraction [15]). Let C = {f : Fpn — F,} be an affine invariant
linear code. Then there exists an affine closed set S C {0,...,p" — 1} such that C = T(5).
Moreover, for any affine closed set S the code T (S) is linear and affine invariant.

Thus, to study affine invariant codes, we need to study trace codes. Recall, the dual of
acode C={f:F, — F,} is defined as

Ct=S(g:Fp —>F,): > flr)glx)=0 VfecC

IEFpn

The affine closure of a function g : F,n — I, is the set of functions obtained by applying
affine transformations on the coordinates of the input space of f, that is

affine(g) = { (glaz +b) : Fpe — F,) ca,b e Fpn}.

It is easy to verify that if C is an affine invariant code, and g € C*, then in fact affine(g) C C*+.
An important case is when in fact affine(g) spans the entire code C*.

Definition 1.11 (Single orbit property). Let g € C+. We say that C has the single orbit
property for g if the affine closure of ¢ is a spanning set for C*, that is if

C = Span(affine(g))*.

We will shortly see that the single orbit property is tightly connected to locally testing
properties of the code C. First, define the weight of g : F,n — I, to be the number of
coordinates where g evaluates to a nonzero value,

wt(g) = {z € Fpn @ g(x) # 0}].

The following result was established by Kaufman and Sudan [15]. If C is an affine invariant
code which has the single orbit property for a codeword g € C* of small weight, then C can
be locally tested?.

3In fact, the local test for C is performed by computing > f(ax + b)g(z) for a small random subset of
a,b € Fyn. Note that to perform each such test, we only need to query f(z) only on z € F,n for which

g(z) # 0.
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Theorem 1.12 (Theorem 2.9 in [15]). Let C = {f : F,n — F,} be a linear code which is
affine invariant. Assume there exists g € C+ such that C has the single orbit property for g.
Then C can be locally tested with O(wt(g)?) queries.

Hence, to show that C can be locally tested, it is sufficient to demonstrate that C* is
spanned by the orbit of a short codeword under the affine group.

Let C = T(S) for some affine closed set S C {0,...,p" — 1}. The dual code of C is a
dual-trace code d7(S), which can be verified (Claim 4.3) to be

dT(S):{(f:Fpn%Fp): Z f(x)z®=0 VeGS}.

IEFpn

We need to establish that there exists f € dT7(S) of small weight such that
Span(affine(f)) = d7(S). Assume that this is false, i.e. that Span(affine(f)) C d7(S). Us-
ing the fact that S is affine invariant, we show (Corollary 4.21) that in fact f € d7(SU{e})
where e € {0,...,p" — 1} \ S has small weight.

Hence, in order to conclude the proof, we will show that for a suitably chosen weight ¢,
there exist codewords on weight ¢ in d7(S) which are not in any of d7 (S U {e}) for any
e ¢ S which has small weight. The main tool we develop in order to do so, is a tight estimate
on the number of codewords of weight ¢ in dual-trace codes. We show the following result.

Lemma (Lemma 4.14, informal statement). Let S C {0,...,p" — 1} be affine closed. Define
S"'={e€ S:(pe) =1} to be the set of elements in S which are co-prime to p, and assume
that |S'| < n® where € < logp/log2p and n is large enough. Then there exists lyin = O(|S])
and lpax = p*™ | such that for any ( € [Cinin, Cmax] the following holds. The number of
codewords in dT (S) of weight exactly ¢ is given by

%pnaqsw(l +0(1))

where and where C(p,{) is given by

C(p,0) = '{(vl,...,vg) € (Fp\{o})‘:v1+...+w:0}‘.

Similar results were previously obtained over binary fields Fy using properties of
Krawtchouk polynomials [11, 14]. Our technique is different, and relies on methods from
additive combinatorics and Fourier analysis. In particular it allows us to extend the result
to arbitrary fields and allows to obtain bounds for a wider range of values of ¢. The proof of
this lemma relies on the new extension of the Weil bound we establish, as well as the new
estimation of the weight distribution of codes with large dual distance.

Given the lemma, the proof of Theorem 1.7 can be easily concluded. Recall that we
showed that in order to prove local testability of an affine invariant code 7(S), we need to
show that there is a short codeword whose affine closure linearly spans d7 (S). We showed
that any f € d7(S) for which this does not occur, is in fact contained in some d7 (S U {e})
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for some e ¢ S of small weight. Thus, to conclude the proof we need to show that there
exist small weight codewords in

dT(S)\ U AT (S U {e}).

e¢S:e has small weight

To this end we apply the tight bounds we obtain for the number of codewords of weight /¢
in dual-trace codes. We first show that if C is affine invariant of size |C| < p™ ™ then in fact
C = dT(S) where S is affine invariant, and [S’| < n¢, so our estimates for the number of
codewords apply for d7(S). Fix a suitable weight /. The number of codewords of weight ¢
in d7(S) is given by
C(p, ’
w = 8D i1 1 o1,
where we recall that S" = {e € S : (e,p) = 1}. On the other hand, as S is affine closed and
e ¢ S, we can bound the number of codewords of weight ¢ in any of the codes d7 (S U {e})
by
C(p,0) n(f—|S’'|—1)
o P
Thus to conclude we just need to verify that the number of distinct e of small weight is
<& p". This then can be verified by a routine calculation.

< (1+0(1)) ~ p "W

1.5 Paper organization

We prove the extension to Weil bound for character sums, Theorem 1.3, in Section 2. We
prove the new estimation of the weight distribution of codes with large dual distance, i.e.
Theorem 1.6 in Section 3. Both sections are written in a self-contained manner, so that
readers that are interested in the details of only one of these results can read only the
relevant section. Finally, the result about the testability of affine-invariant codes with super
polynomial size (i.e. Theorem 1.7) is proved in Section 4. We note that throughout the
paper we do not attempt to optimize constants.

2 Extension of the Weil bound

We prove in this section a new extension of the Weil bound for character sums. We recall
several definitions and theorems from the introduction, for the sake of self containment.
Let F = F,» be a finite field. An additive character x : F — C is a mapping such that
x(z+y) = x(z)x(y) and x is not identically zero. The following is a classical result by Weil.
It shows that if f(x) is a low-degree polynomial, then if x(f(x)) is not a constant function,
then its distribution is very close to uniform.

Theorem 2.1 (Weil bound [23]). Let f(z) be a univariate polynomial over F,n of degree
< pl/2=9n ety Fpn — C be any additive character. Then one of the following must hold:

1. x(f(x)) is constant for all x € Fyn; or

12



2. [Eaer, X (f(2))]] < p~".

We prove an extension of the Weil bound by allowing a few additional monomials of high
degree but of low weight degree. The weight degree of a monomial z! is defined as follows.
Let t = Z?’;Ol a;p’ be the representation of ¢ in base p, where 0 < a; < p — 1. The weight
degree of 2! is defined to be wt(z') = > a;. The weight degree of a polynomial f(z) is the
maximal weight of a monomial in f.

Note 2.2. We note that the weight degree of a polynomial can be equivalently defined also
as a derivative degree, defined as follows. The directional derivative of f(x) in direction
y € Fpn is defined as fy(x) = f(z +y) — f(z). Define iterative derivatives in directions
Yy Uk @S [y = (Formes)un- Lhe derivative degree of f is the minimal d such that
for any d + 1 derivatives y1,...,yst1 € Fpn, fyi. . yap, () = 0. It can be verified that the
derivative degree of a polynomial is exactly its weight degree. We do not prove this here,
and will not require this fact in the proof.

We prove an extension of the Weil bound in case f is the sum of a low degree polynomial
and a small number of monomials of bounded weight (but of arbitrary degree).

Theorem (Theoreml.3 - Extension of the Weil bound). Let f(x) = g(x) 4+ h(x) be a uni-
variate polynomial over Fyn, where g(x) is a polynomial of degree < p/2=9m and h(x) is the
sum of at most k > 1 monomials, each of weight degree at most d. Let x : Fpn — C be an
additive character. Then one of the following must hold:

1. x(f(z)) is constant for all x € Fyn; or

)

2. |Eeer, [X(f(2))]| < p~owem",

2.1 Technical claims

In this subsection we provide some technical claims that will be needed for the proof of
Theorem 1.3.

2.1.1 The trace operator

The trace operator Tr : Fpn — F, is defined as Tr(z) = 37~ 27". We give in this subsection
some simple properties of the Trace operator.

Claim 2.3 (Characterization of additive characters). Let x : Fyn — C be an additive char-
acter. Then there exists a € F,n such that y(r) = w™() where w = /7.

Proof. We first prove that x(z) = w’® where ¢ : F,n — F, is a linear map. Note that
we must have x(0) = 1 since x(0) = x(0 + 0) = x(0)?, and we cannot have x(0) = 0 as
this will imply that x = 0. Thus, we get that the image of y is a p-th root of unity since
x(z)P = x(pr) = x(0) = 1. Thus we can write x(z) = w*® for some mapping ¢ : Fpn — F,.
The mapping ¢ is linear since

taty) _ @) +e(y)

w x(r+y) = x@)x(y) =w

13



Now we argue that any linear mapping ¢ : F,» — F, can be represented as {(z) = Tr(ax)
for some a € F,». This is proved by a counting argument. Each linear map ¢ : F,n — F,
can be uniquely identified by its image on a basis for F,» as a linear space over F,. Thus,
the number of such linear mappings is at most p”. On the other hand, for each a € Fyn
the mapping z — Tr(ax) is linear (since Trace is a linear mapping), and the total number
of theses mappings is the number of distinct a € Fy», that is p". To conclude we just need
to show that for any distinct a # b € Fp» the mappings Tr(az) and Tr(bx) are distinct.
Equivalently, since Trace is a linear mapping, we need to show that Tr((a —b)x) # 0. This is
clear however because the Trace mapping is not identically zero and a—b # 0 is invertible. []

Claim 2.4 (Trace of a p-power is unbiased). For every ¢ # 0 and 0 < L < n — 1 we have
L
ExE]Fp" [OJTI“(CIP )] = 0.

Proof. We have Tr(cz?”) = Tr(c?" "z), so it suffices to prove the claim for L = 0. Let
0 :Fyn — F, defined as ¢(z) = Tr(cz). The mapping ¢ is linear, and as it is not identically
zero, its output is uniform over F,. Thus we have that E,cp ., [W!®)] = 0. O

2.1.2 Reduced forms

We define in this subsection reduced forms of polynomials. We show that for studying
character sums it is the sufficient to restrict to reduced polynomials. We start by consid-
ering univariate polynomials, and then generalize the definitions and claims to multivariate
polynomials.

Definition 2.5 (Reduced form: univariate polynomials). Let m(z) = az’ be a monomial.
We say m is reduced if p 1 t. If t = p*r for p { r we define the reduced form of m(x) to be
m(z)?" " = a?" "z". A constant term ¢ € F,n is reduced if ¢ € ), otherwise its reduced
form is Tr(c) € F,. We say a polynomial is reduced if all its monomials are reduced, and the
reduced form of a polynomial is the sum of the reduced forms of its monomials.

Claim 2.6 (Equivalence of reduced form: univariate polynomials). Let f(z) be a univariate
polynomial over F. Let f’(x) be its reduced form. Then

1. Tr(f(z)) = Tre(f'(x)).
2. deg(f') < deg(f).
3. wt(f) < wt(f).

Proof. For a monomial m(z) = az’ with ¢ = p*r, p t r, let m/(z) = a®" "2" be its reduced
form. Note that m/(z) = m(z)?" ". Since Tr(z) = Tr(2?) we have that Tr(m(z)) = Tr(m/(x))
for all z € F. Note that wt(m') = wt(m) and deg(m’) = r < t = deg(m). For a general
polynomial f(x) = > m;(z) we have that f'(x) = > m/(z). Hence we get that Tr(f) =
Tr(f’), and since cancelations among the m/ can only reduce the degree and weight degree
of f/, we get that deg(f’) < deg(f) and wt(f") < wt(f). O
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Claim 2.7 (Trace of reduced non-constant polynomial is non-constant: univariate polyno-
mials). Let f(z) be a non-constant reduced univariate polynomial. Then Tr(f(x)) is not
constant.

Proof. Assume for contradiction that Tr(f(x)) = ¢ for some ¢ € F,. Let f(z) = ap+>_;c; a;a’
where ag € Fp, a; € Fyn for i € I and I C {0,...,p" — 1} is nonempty such that p{ i for all
i € I. Define g(z) = Tr(f(z)) — ¢. We have that

g(x) = —c+Tr(f(x)) = (ag — c) + Z Za];jxipj — (a0 —¢) + Z Zafjxipj (mod p™)

icl j=0 i€l j=0

Notice that all the monomials in this representation are distinct, since all ¢+ € I are not
divisible by p. Thus this is a non-zero polynomial of degree at most p™ — 1, and so it cannot
evaluate to zero on all elements of Fyn. O

We now generalize some of the definitions and claims to multivariate polynomials. When
we refer to the degree of a multivariate polynomial we always mean is its total degree. The
weight degree of a monomial 7" ... 2% is the sum of the weight degrees of the variables, that
is wt(a ... 2%) = wt(z]") + ... + wt(zs). The weight degree of a multivariate polynomial
is the maximal weight degree of its monomials.

Note 2.8. As in the univariate case, the weight degree of a multivariate degree is equivalent
to its derivative degree, which is defined in an analogous way to the univariate case.

Definition 2.9 (Reduced form: multivariate polynomials). Let m(xq,...,zs) = azxf' ... 2%
be a monomial. We say m is reduced if p { ged(eq, . .., es) (that is, at least one e; is co-prime
to p). If e; = p*r; where p { ged(ry,...,r,) we define the reduced form of m(zy,..., ) to
be apn_kxgl ...z7*. We say a polynomial is reduced if all its monomials are reduced, and the

reduced form of a polynomial is the sum of the reduced forms of its monomial.

Claim 2.10 (Equivalence of reduced form: multivariate polynomials). Let f(z1,...,x;) be a
multivariate polynomial over F. Let f'(xy,...,zs) be its reduced form. Then

L Tr(f(xy, ... xs)) = Te(f (21, ..., xs)).
2. deg(f') < deg(f).
3. wt(f) < wt(f).

Proof. The proof is identical to the proof of Claim 2.10 for the univariate case. m
Claim 2.11 (Trace of reduced non-constant polynomial is non-constant: multivariate poly-
nomials). Let f(z1,...,25) be a non-constant reduced multivariate polynomial. Then
Tr(f(x1,...,2s)) is not constant.

Proof. The proof is very similar to the proof of Claim 2.7 for the univariate case. If f is
not a constant polynomial, that is if 7 is not empty, then for any ¢ € F, the polynomial
Tr(f(z1,...,25)) — ¢ is a non-zero polynomial of individual degree at most p™ — 1 in each
variable, and such a polynomial cannot evaluate to zero on all points in (Fy»)°. []
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2.1.3 Properties of derivatives

Let f(z) be a univariate polynomial. For every s > 1 define the s-iterated derivative polyno-
mial of f, Af(x;y1,...,ys), to be the multivariate polynomial in variables x,y,...,ys € F

defined as
Af(l’;yh e ayS) = fyl ----- ys(‘r> = Z(_D‘IH—SJC(I + Zyz)

IC[s] el

Derivatives play a crucial role in the proof of Theorem 1.3. We study in this subsection
some of their properties, and prove some structural results on polynomials of the form

Af(x’yhays)

Claim 2.12 (Derivation maintains degree). Let m(x) = z' be a monomial. Then for any k, all
the monomials appearing in Am(z;yy, ..., yx) have total degree t (or Am(z;yy,...,yx) =0).

Proof. The polynomial Am(x;yi,...,yx) is a linear combination of (x4 _,_; ;)" for subsets
I C [k], each of which is homogeneous of degree ¢. O

We show that the character sum of a polynomial can be bounded by a character sum of
its iterated derivatives polynomial.

Claim 2.13 (Bias can be bounded by bias of derivatives). For any univariate polynomial f(z)

and s > 1
|Em€F[wTr(f(z))H < (]Ez,y1,...,ys€F[wTr(Af(m;yl’m’yS))])1/2

Proof. Consider first the case s = 1. We have
|Ex€F [wTr(f(m))] - Em,x’EF

By e ™UE)-TUE)) —
WU D))

‘2 [wTr(f(x))wTr(f(x/))] —

[wa(f(ery))*Tr(f(w))} -

z,ycF

[wTF AL @),

Ez,yEIF = ]E:E,yGIF

Hence y
[Eeerlw ™| < (Bayerlo™A )2

For s > 1 we prove the result by induction. By the base case of s = 1 and the Cauchy-
Schwartz inequality, we have that

2%~

s 1 s—1
Euer ™" < (Bpyyerlw™ @) <E, e [(Exew[wa@f(W))])Q ]

For every value of y; € F we have by the s — 1 case that

(]EIGF [WTT(Af(l“;m))])QS*l S ]E [wTr(Af(x;yl,.,,,ys))] :

r:yQ"'wySe]F
hence we get that

Tr(Af(z3y1,eYs))
[w J.

B e[ @] |25

S ]Exvy17y27"'ayse]F
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We now define a special family of multivariate polynomials that will play an important
role in the proof. Such polynomials arise when taking d-iterated derivatives from a polyno-
mial of weight degree d.

Definition 2.14 (p-multilinear polynomials). A multivariate polynomial f(z1,...,z,) over

F,» is p-multilinear if all its monomials are of the form leo” ...x{;is. In particular, if it is
nonzero it has weight degree s.

Claim 2.15 (Structure of derivatives of monomials). Let m(x) = z' be a monomial of weight

degree d. The d-iterated derivatives polynomial Am(z;y1,...,yq) of m is given as follows.
Let t = Z?Zl ag].pej where 1 < ay,,...,a;, <p—1and ) ay=d. Let S be the family of all
partitions of {1,...,d} into k subsets of sizes ay,, ..., ay,, that is

S:{(Sl,...,sk)ZSlU...USk:{l,...,d},|Sl| :agl7...,|Sk| :(lgk}.

Then we have

Am(z;y1, ..., ya) = ¢ Z HH(Z/i)pej-

(S1,...,9%)€S j=14i€S;

where ¢ = Hle ag;! # 0 in F. In particular, Am is a non-zero p-multilinear polynomial in
Y1, - - -, Yyq which does not depend on z.

Proof. We have

Am(zsyr,.ya) = (D" m@ + ) ") =D (=D @+ )"

1C[d) icl 1C[d) icl

Substituting t = > ay, p%, and using the linearity of the Frobenius map z — 2 we get that

Am(rzyn, - oun) = 3 (D)@ + 3w,

1Cld] il
Since ) a;, = d we get that Am is a degree-d polynomial in the Frobenius images of
T,Y1, - -, Yg, i.e. in the monomials {27, (y1)?', ..., ()" : 0< j <n—1}.

We first claim that Am does not depend on z, and is p-linear in y;,...,yq. That is, all
the monomials of Am consist of a product ()" ... (ya)”*, where 0 < ji,...,jq < n — 1.
Otherwise, there exists some monomial in Am which does not depend on at least one of
Y1,---,Yq- This is because all monomials of Am are products of d Frobenius images of
Z,Y1,---,Yq, and by the pigeonhole principle, if either a single variable y; has two images
appearing, or an image of x appears in the monomial, then there must exists a variable y;
not participating in the monomial.

Assume w.l.o.g that Am contains monomials in which y; does not participate. Substi-
tuting y; = 0 in the definition of Am, since Af(z;0) = f(x) — f(z) = 0 for any polynomial
f, we get that

Am(x;0,ys,...,y4) = 0.
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Hence, if there exist monomials in Am(x;y,...,y4) which do not depend on y;, they are
left intact by the substitution y; = 0, while all monomials depending on y; vanish. Thus

since Am(z;0,%a,...,yq) = 0 all the monomials in Am(x;y, ..., yq) must depend on 7.
We have thus proved that Am(x;yi,...,yq) does not depend on z, and is p-linear in
Y1, ---,Yq. To conclude we need to compute the exact form of Am(z;yy,...,y4). Any mono-
mial depending on all 4, ..., ys must come from the term corresponding for I = {1,...,d},
k
(r+ > u) =TT + > ).
i€(d] j=1 i€(d]

The individual degree of each y; is some p%, and there are exactly ag; variables among
Y1, ...,yq which has individual degree p%. Since the number of variables d is exactly the sum

> ay,, all the monomials depending on all of 1, . .., y4 must be of the form H?Zl [Lies, (yi)pzj :
where (S1,...,S;) € Sisapartition of {1,...,d} into sets of sizes ay,, . . . , ag,. The coefficient
of the monomial H;‘f:l Hz‘es]- (yi)p‘fj is equal to the number of times this monomial appears in

the last term, which is exactly H?Zl ag,!. O

Claim 2.16 (Derivative of reduced monomial is nonzero). Let m(x) be a nonzero reduced
monomial of weight degree d. Then Am(x;y,...,yq) is a nonzero reduced polynomial.

Proof. Let m(z) = a for t = Y ayp%. Since m is reduced we must have ag # 0. By
Claim 2.15 we know that

Amziy,..y)=c Y. [T

(S1,---,Sk)ES j=114€S;

Thus any monomial of Am(z;y1,...,y4) contains at least one variable of degree 1, thus it is
reduced. O

Claim 2.17 (Derivative of distinct reduced monomials is distinct). Let m/(x), m”(z) be two
distinct monomials of weight degree d. Then Am/(x;y1,...,yq) and Am”(x;y1,...,yq) are
nonzero polynomials which do not share any common monomial.

Proof. Let m/(x) = 2¥ and m”(x) = 2 for ' # ¢". By Claim 2.15 we have that

Am/(x;y1,...,y4) is a nonzero polynomial such that all its monomials have total degree
exactly ¢. Similarly Am”(x;y1,...,y4) is a nonzero polynomial such that all its mono-
mials have total degree exactly t”. Since ' # t” the polynomials Am/(z;y1,...,ys) and
Am"(z;41,. .. ,yq) contain no common monomial. ]

Claim 2.18 (High derivative vanishes). Let f(x) be a polynomial of weight degree at most
d — 1. Then Am(z;y1,...,y4) = 0.

Proof. Tt is enough to prove the claim for monomials. Let m(z) = z* be some monomial, and
let d = wt(m) < d—1 be its weight degree. By Claim 2.15 we have that Am(x;y, ..., ya)
does not depend on x, thus

Am(x;y1, -5 Yar, Yarr1) = AT + Yari1391, - Yar) — Am(@syr, - yar) = 0.
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Lemma 2.19 (Highest non-vanishing derivative). Let f(z) be a nonzero reduced polynomial
of weight degree d. Then Af(x;y1,...,Y4) 1S a nonzero reduced polynomial which does not
depend on x and is p-linear in yyi,...,Yq.

Proof. Let f(x) = > ¢, Let m(x) = ¢’ be some monomial of f. If wt(m) < d —1
then by Claim 2.18 we have Am(z;yi,...,yq) = 0. Thus it is enough to consider just
the monomials of weight degree exactly d. By Claim 2.16 the derivative polynomial of each
reduced monomial of weight degree d is a reduced polynomial, and these polynomials for two
distinct monomials contain no shared monomials, and so cannot cancel each other. Thus
the derivative polynomial Af(x;y,...,y4) is a nonzero reduced polynomial. By Claim 2.15
is does not depend on x, and it is p-linear in yy,..., ya. O

Lemma 2.20 (General non-vanishing derivatives). Let f(x) be a nonzero reduced polynomial
of weight degree d. For any k < d the polynomial Af(z;yi,...,yx) is a nonzero reduced
polynomial in x,yq, ..., Y.

Proof. Let f(x) =" ¢zt Let m(x) = ¢;2' be some monomial of f. Observe that all mono-
mials in the polynomial Am(z;yy,...,yx) have the same total degree t. Thus, if m(z) is
reduced then so is Am(x;yi, ..., yx), since if z°y(* ...y * is a monomial of Am(z;y, ..., yx)
which is not reduced, then p | ged(ey, ..., ex). However t = eg + ... + e; and since m(x) is
reduced we have that p { ¢t. Contradiction, hence Am(x; vy, ..., yx) must be reduced. Hence,
we get that if f(x) is a reduced polynomial, then Af(x;y;,...,yx) is also reduced. To con-
clude we need to prove that Af(z;yi,...,yx) is nonzero. Assume by contradiction it is zero;
then so is Af(z;y1,...,Ya) = Zlg{k+1,...,d}(_1>m+d_kAf($ + D ierYisyi, - - Uk). However
by Lemma 2.19 we know that if f is a nonzero reduced polynomial, then Af(z;y1,...,y4)
is nonzero. Hence also Af(x;y1,...,y,) must be nonzero. ]

2.1.4 Additional claims

We give in this subsection some more claims we will require. The first is the Schwarz-Zippel
lemma.

Claim 2.21 (Schwarz-Zippel). Let f(xy,...,25) be a polynomial over F of total degree e.
Then .
- =0 < —.
zl’“]::gseﬂ?[f(xh >x8) 0] = |F‘
The second result we will need is a theorem of Deligne [7] which is a multivariate analog

of Weil’s bound.

Theorem 2.22 (Deligne theorem [7]). Let f(x1,...,xs) be a multivariate polynomial over
F of degree |F|V/279. Let x : F — C be an additive character. Then either x(f(z1,...,xs))
15 constant or

Ear,...cnex[x (f(2))]] < [F|7°.
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2.2 The case of high weight ¢

In this subsection we prove Theorem 1.3 in the case that g has high weight degree, wt(g) >
d + 1. This is captured by the following lemma, which we prove in this subsection. This is
the easier case for Theorem 1.3.

Lemma 2.23 (The case of high weight g). Let f(x) = g(x) + h(x) be a nonzero reduced
univariate polynomial over Fpn, where g(x) is a polynomial of degree |F|Y/*=° and weight
degree at least d + 1, and h(x) has weight degree at most d. Then

B e [w™ V]| < ||~ 5¥T

Proof. The polynomial f is nonzero reduced and of weight degree at least d + 1. By
Lemma 2.20 we know that Af(z;41,...,Yar1) is nonzero and reduced. However, since
wt(h) < d we have that Ah(x;y1,...,yqs1) = 0 by Claim 2.18, hence we get that
Af(x;yr, - Yar1) = Ag(z;y, ..., yq01). Also, since derivation cannot increase total de-
gree, we have that deg(Af(z;y1,...,yap1)) < deg(g) < |F|V/?79.

So, we have that f'(x,y1,...,Yar1) = Af(x;91,...,Yas1) is a nonzero reduced polynomial
of degree at most |F|'/279. By Claim 2.11 we have that Tr(f’) is a non-constant function.
Thus by Deligne’s Theorem (Theorem 2.22) we get that is must be highly unbiased, that is

E

N dee]F[wTY(f’(x,yl ..... yd+1))]‘ < ’]F‘fé.

To conclude we apply Claim 2.13 to get that

1
< |F| e

‘Exe]F [wTr(f(w))] { S [wTr(f'(l",w ,,,,, yd+1))]

Efﬂ,yl ~~~~~ Ya+1€EF

2.3 The case of low weight g

In this subsection we prove Theorem 1.3 in the case that g has low weight degree, wt(g) < d.
This is captured by the following lemma, which we prove in this subsection. This is the
harder case for Theorem 1.3.

Lemma 2.24 (The case of low weight g). Let f(x) = g(x) + h(x) be a nonzero reduced
univariate polynomial over Fpn, where g(x) is a polynomial of degree |F|Y/*7° and weight
degree at most d, and h(x) has weight degree d and is the sum of k monomials. Then

]EIEF[WTT(J‘(I))] < |F\_ﬁ+o(1/”)'

To prove Lemma 2.24 we require some claims.

Claim 2.25 (Structure of derivative of g). Let g(x) be a polynomial of degree at most |F|*/2~9

and weight degree at most d. For L = [n(1/2 — 0)]| there exists a p-multilinear polynomial
u(ya, - .., ya) such that

L
Tr(Ag(z;y1, -5 yq) = Tr(y) - ulys, -, y4))-
and such that deg(u) < p?* < |F|'—20+2/n,
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Proof. By linearity, it suffices to show that for every monomial m(z) appearing in g, there
exists a p-multilinear polynomial w,,(yz, .. .,yq) such that Tr(Am(z;y1,...,yq)) = Tr(ny .

U (Y2, - - -, yq)) and deg(u,,) < p?L.

Let m(z) = cx' be such a monomial. If wt(m) < d we have by Claim 2.18 that
Am(x;y1,...,y¢) = 0. Otherwise assume that wt(m) = d. By Claim 2.15 we know that
Am(x;y1,...,yq4) does not depend on x and is p-multilinear in wi,...,yq. Moreover, if
t= 25:1 agjpgj where 1 < ay; <p —1 we know that

k
0.
Am(; ;- ya) = D Y8 wi(Ya, - Ya)
j=1

where w;(ya, . . ., ya) is a homogeneous p-multilinear polynomial of total degree t — p%. Since
t < |F|*/27% we have that /1, ...,¢, < n(1/2 —§) < L. Thus, taking u,(ys, . . .,ya4) to be

k

L—t;
um<y27"'7yd>:ij(yQa--'7yd)p !
j=1

we get that

k
L J
Tl”(ylf ’ um(y27 cee 7yd)) = Z Tr(ylio wj(y27 s ayd)p ) =
=1

k
£j

ST Wiy, ya) = Te(Am(zs s ya)).

j=1

To conclude we need to bound deg(u,,). Since deg(w;) < deg(m) < p"1/2=9) and L—¢; < L
we get that deg(u,,) < deg(m) - p* < p?L. O

Claim 2.26 (Structure of derivative of h). Let h(z) be a polynomial of weight degree d which
is the sum of £ monomials. For every 0 < L < n — 1 there exists a p-multilinear polynomial
v(ya, .. .,yaq) such that

L
TI'(Ah(I‘, Yiy- - 7yd)) = Tr(yll) ’ U(y27 s ayd))'
and the number of distinct total degrees of monomials appearing in v is at most kd.

Proof. By linearity, it suffices to show that for every monomial m(z) appearing in h, there
exists a p-multilinear polynomial vy, (ye, ..., yq) such that Tr(Am(x;y1,...,ya)) = Tr(y’fL .
Um (Y2, - ., yq)) and the monomials appearing in v, have at most d distinct total degrees.

Let m(z) = ca' be such a monomial. If wt(m) < d we have by Claim 2.18 that
Am(z;y1,...,yq) = 0. Otherwise assume that wt(m) = d. By Claim 2.15 we know that
Am(x;y1,...,yq4) does not depend on x and is p-multilinear in yi,...,yq. Moreover, if
t= Z?Zl agjpgﬂ' where 1 < ay; <p—1 we know that

k
0.
Am(x;ylv'”?yd) = Zy:fjwj(y?a-'wyd)
=1
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where w;(ys, . . .,ya) is a homogeneous p-multilinear polynomial of total degree t — p%. Let

k

Um(y% <. 7yd) = ij(y27 v ayd)p
j=1

L—£j+n

where we reduce individual powers of ys, ..., yq modulo p™ (that is, we replace each yf with

¢mod P which are equivalent as functions over the field F,n). Thus we get that

L—Zj+n

)

k
L
Tl"(yf : Um<y27 v 7yd)) = Z Tr(yzf wj(y27 v 7yd)p
7j=1

k
5
ZTr(yf wi(y2, ..., va)) = Te(Am(z;y1, ..., ya)).
j=1

To conclude we need to bound the number of distinct total degrees of monomials appearing

L—{:4n
in vp,. Each polynomial w; is homogeneous, and so also w? """ is homogenous, hence
contributing a unique total degree to monomials in v,,. As the number of distinct w; is
bounded by k < d we get the required bound. O]

Claim 2.27 (Covering argument for a single element). Let 0 < e < p”—1 such that wt(e) = d.
For 0 < s < n —1 define e, = e - p® mod p", such that also 0 < e, < p” — 1. For a < n let

S={0<s<n—1:e;,>p" "}
Then |S| < a-d.

Proof. For every 0 < e <p"—11let €€ {0,...,p— 1}" denote the vector corresponding to
the base-p representation of e, that is e = Z?:_ol ¢(i)p'. Observe that €, is just the cyclic shift
of € by s coordinates, that is €,5(i) = €(7 — s (mod n)). Note that the weight of e is just the
hamming weight of €, and that e, > p"~® if and only if the vector €, contains some nonzero
entry in the indices n—a < i < n—1. As € contains only d nonzero entries, there are at most
a - d cyclic shift of € such that some of these entries moves to indices i € {n —a,...,n—1}.

Thus we get that [S| < a-d. O

Claim 2.28 (Covering argument for sum of monomials). Let h(yi,..., %) be a polynomial
over F,» of weight degree at most d, such that the number of distinct total degrees of
its monomial is z. Let hy(y1,...,y) = h(yi,..., )" reducing each individual degree of
Y1, - - .,y modulo p"”. Then for every a there exists 0 < s < a such that

deg(hy) < p" L),

Proof. Let ¢ = [4]. Let {e1,...,e.} be the set of total degrees occurring in monomials
of h. The number of 0 < s < n — 1 such that (e; - p* mod p"”) > p"~? is bounded by
d-q < a/z by Claim 2.27. Thus, there are at most a values for s such that for some e;
we have e; - p® mod p™ > p"~?. Since there are a 4+ 1 possible values for 0 < s < a, by the
pigeonhole principle there exists a value for which for all i =1,... k,

(€; - p°* mod p") < p"™*

hence we get that deg(h,) < p" 9. O
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Claim 2.29 (Structure of derivative of f). Let f(x) = g(x) + h(x) be a nonzero reduced
univariate polynomial over F,., where g(r) is a polynomial of degree |F|'/?7% and weight
degree at most d, and h(z) has weight degree d and is the sum of k£ monomials. Then there
exists M € {0,...,n — 1} and a p-multilinear polynomial r(ys, ..., y4) such that

M
Tr<Af(ny17ayd)) = Tr(yf 'T(3/27~--7yd>>
and deg(r) < |F|17d2111+3/n.

Proof. Let L = [n(1/2—4¢)]. By Claim 2.25 there is a p-multilinear polynomial u(ya, ..., vq)
such that Tr(Ag(z;ya,...,y4)) = Tr(ylfL ~u(ys, ... ,yq)) and deg(u) < p*. By Claim 2.26
there is a p-multilinear polynomial v(ys, ..., y4) such that Tr(Ah(z;ys,...,yq4)) = Tr(y’fL .

v(y2, .. .,yaq)) and the number of distinct total degrees of monomials in v is bounded by kd.
For s define r4(y2,...,y4) = p*(u(y2, ..., Ya) + v(Ya, - .., ya)) where individual degrees of
Yo, - - ., yq are reduced modulo p”, and set a = an to be determined later. We will show there

exists 0 < s < n — 2L — a such that deg(ry) < p"~® This will establish the result as for
every s,

L+s
Tr<Af<x7ylaayd)) = Tr(yf Ts(y2>"'7yd))'
First, notice that since deg(u) < p?L we have that for any 0 < s < n — 2L — a we have that

deg(uf") < deg(u) - p* < p*+s < pr.

We now move to consider v. By Claim 2.28 we have that there exists 0 < s <n —2L —a
such that if we let v,(ya,...,%4) = v(ya, ..., 94)? reducing individual degrees modulo p", we
have that

n—2L—a

deg(vs) < pnfL %k

Combining the two bounds, we get that

n—2L—a

deg(rs) §rnaux;(p”_a,p”_L a2k J).

n—2L—d?k

o | to optimize the bound we get that

Setting a = |

deg(ry) < pm¢ < p T,

We are now ready to prove Lemma 2.24.

Proof of Lemma 2.24. We will bound the bias of Tr(f(z)) by the bias of
Tr(Af(x;y1,...,yqa)). By Claim 2.13 we have that

d
Bocr W™ < |y pucrl ™0 @1 yd»Hl/? '
To bound the bias of Tr(Af(z;y1,...,ya)), we apply Claim 2.29. We have
M
Tr(Af(way17ayd)) = ’I‘r(yll7 'T(?J%---;yd))
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25
where deg(r) < |IF|17 Zrr1 " Moreover since f is nonzero and reduced, then by Lemma 2.19
Af(z;y1,...,yq) is nonzero, hence r(ys, .. .,yq) must also be nonzero.
Whenever  ys,...,yq are such that 7r(ye,...,y4) # 0, we have that

M
E, cr[w™® 7#2va)] = 0 by Claim 2.4. The probability that r(ys,...,ys) = 0 is
bounded by Claim 2.21 by

. = <
Pr eF[r(y% 7yd) O] =
Combining the results, we get that

| E e ™0 @] < [F|” @zt a3t < || @O0/

[]

3 Weight distribution of codes with large dual distance

We begin with some definitions and then state our theorems formally.

3.1 Basic coding definitions

Let ), be a finite field. A linear code over [, is a linear subspace C C IF;V . The dimension of
a code dim(C) is the dimension of the linear space. We will view codewords both as elements
f € F) and as functions f : [N] — F,. For a linear code C, its dual C* is the set functions
which are orthogonal to all codewords of C,

ct= {gemﬁv: Z}f(x)g(x) =0 erc}.

z€[N

Note that the dual of the dual is the original code, i.e. (Ct)* = C. We next define the weight
and support of a codeword. The support of a codeword f € C is the set of x € [N] for which

f(x) #0,
support(f) = {z € [N]: f(z) # 0}.

The weight of a codeword is the size of its support,
wi(f) = [support(f)| = [{z € [N]: f(z) # 0}].

The distance of a linear code C is the minimal hamming distance between two distinct
codewords. Equivalently, it is the minimal weight of a nonzero codeword,

dist(C) = fegii{gN}Wt(f)'

We would be interested in a related notion, which is the distance between C and constant
codewords. Let Const = {a" : a € F,} be the code of constant codewords. Note that as C

24



is linear, we either have that Const C C or that Const NC = {0V}. We define dist(C, Const)
to be the minimal distance between a nonconstant codeword of C and constant functions.

dist(C, Const) = min min Pr [f(z) # al.

feC\Const a€lFp z€[N]

Note that 0 < dist(C, Const) < 1 — 1/p. A related notion, which sometimes is more conve-
nient, is that of bias. The bias of a codeword f € C is defined as

bias(f) = |Egepy [w!™]] = % Z Wl @1

z€[N]

where w = €2™/P. Note that 0 < bias(f) < 1, where bias(f) = 1 iff f € Const. We define
the bias of a code as the maximal bias of a nonconstant codeword,

bias(C) = feg{%i(nst bias(f).

Note that always bias(C) < 1. We now establish a relation between distance in bias both in
the case where the distance is small and where it is near maximal.

Claim 3.1. Let C C F} be a linear code.
(i) If dist(C, Const) > ¢ then
bias(C) < 1 —Q(5/p?).
(ii) If dist(C,Const) > 1 —1/p+ 0 then

bias(C) < 2pod.

Proof. Fix f € C. Let q(a) = Pryen[f(2) = a]. Then

bias(f) = | 3 gla)u| (1)

We first prove (i). Note that by our assumptions on the distance, g(a) < 1 — § for all
a € F,. We can assume w.l.o.g that 6 < 1/2, as otherwise the bound will follow the bound
for § = 1/2. One can verify that for 6 < 1/2 the RHS of (1) is maximized when ¢(0) =1—¢
and ¢(1) = J; hence

bias(f) < (1 —§) + dw| = 1 — Q(6/p?).

We now prove (iz). Since the distance is at least 1 — 1/p + 0, we have g(a) < 1/p+ 6 for
all @ € Fp. Hence }_, p |q(a) — 1/p] =23, )>1/p(a(a) = 1/p) < 2pd. Using the fact that
> _qer, W =0 we get that

bias(f) = | Y (q(a) — 1/p)w”| <> lg(a) — 1/p| < 2p0.

aclFy, aclkF,
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Let C be a code. The next theorem provides a tight estimate on the number of codewords
in C* of weight ¢ for a range of values of £ which depends on the bias of C and the required
error of approximation. For simplicity of notation, we denote by #(1 &+ €) an unspecified
quantity in the range [t — te, t + te].

Theorem (Theorem 1.6 - Weight distribution of codes). Let C C F) be a linear code with
bias(C) = d < 1. Fiz e > 0, and let ly, = logy /5 IC| 4+ log(1/€) and lpax = VeN. Then for
any £ € [Cmin, bmax), the number of codewords g € C*+ of weight exactly € is given by

(i) If C N Const = {0}":

(p—1)" N*

Number of codewords in C*+ of weight { = Tm(l + 2¢).
(i1) If Const C C:
() N*
Number of codewords in C+ of weight { = C(Z’ )m(l + 2¢).

where C(p,{) is defined as
C(p,?) = H(vl,...,w) € (IFp\{O})E:vl—I—...ijg:OH.

3.2 Proof of Theorem 1.6
We start by proving (i). For any v = (vy,...,v,) € {1,...,p — 1}* define the sets

14

Ay(w) = {(x1,...,20) € [N]": szf(xz) =0 VfeCl}

i=1
and
By(v) ={(z1,...,2¢) € Ay(v) : 21, ..., 2 are all distinct}.

Let ¢ € C* be such that ¢ has weight exactly ¢. Equivalently, there are distinct points
x1,...,2¢ € [N] such that > f(x;)g(z;) = 0 for all f € C. We can identify ¢g uniquely by
the list of points (x1,. .., x,) and the evaluation of g on these points v = (g(z1),...,g9(x¢)) €

{1,...,p — 1}*. Since the order of z1,...,7, does not matter, and they are all distinct,
there are ¢! elements in WBy(v) which correspond to g, (i.e. these elements correspond to all
orderings of x1,...,z,). Thus we obtain the following identity,

1
Number of codewords in C* of weight ¢ = — Z | Be(v)].

Hence, to conclude the proof we will show that |By(v)| ~ N*/|C|. In fact, we will first show
that |Ay(v)| = N*/|C| and then deduce the estimate for | B,(v)].
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Fix some v € {1,...,p — 1}*. We will now show an estimate on |A4,(v)|, where the main
tool we use is Fourier analysis. Take any tuple (1, ..., z,) € [N]¢, and consider

[l’(xlv s 7x€) = EfGC [wvlf(xl)—i_'"—'—wf(me)]

)

27

where w = e » is a p-root of unity. We claim that if (x1,...,z,) € Ay(v) then p(xy,..., z,) =
1, and if (z1,...,2¢) € As(v) then pu(xq,...,2z,) = 0. This holds since C is a linear subspace.
Hence, either the inner product of v with (f(x1),..., f(z,)) is always zero; or it is uniformly

distributed over F, when f € C is uniformly chosen. Hence we have

N*QA[(,U)‘ = ]E:E1 ..... z¢€[N] [N(ﬂjl, R ,:Cg)]

= By, mpeinEpec [t/ 0ol @0)]

14
= Ejec HE@E[N] [wvif(l‘i)] )

=1

We partition the expectation to the cases where f = 0 and f # 0Y. When f = 0" then
for all  =1,...,¢ we have that

Ezie[N] [wvif(xi)] = 1.

Consider now any f # 0V and any i = 1,...,¢. Since we assumed C N Const = {0}, f is
not constant. Let f; : [N] — F, be defined by f;(z) = v;f(x). Note that since C is linear we
have f; € C; and since v; € F), \ {0} then also f; is not constant. Hence

[ [w“if(“)ﬂ < bias(C) < 0.

Hence we deduce that ,

N
[Ae(v)] = m(l +1)

where || < |C]6°. In particular, if £ > log, /5 |C| 4 log(1/€) we get that 1 <'e.
To conclude, we need to derive an estimate on |By(v)|. Let Cy(v) = Ay(v) \ Be(v). We
will show that |Cy(v)| < |Be(v)|, and hence |B,(v)| & |Ay(v)|. To derive this, note that if

(21,...,20) € Cy(v), then z4,...,x, are not all distinct, that is, x; = z; for some distinct
i < j. Define v € {1,...,p — 1}*~! by "joining” z; and x;, i.e. o8 =y, for 1 < a < i
and ¢ < a < 7, UW = v; + vj, 08 = .1 for @ > j. Then we can identify uniquely

(21, ... 2¢) € Cp(v) with 209 = (21,... 25 1,7j41,...,70) € Ar_1(v®)). Hence we get

|C(>|<§ | (ij)|< ! | ()‘<€2N€
(% Ap_q(v" Ap_q( 57
¢ = ~ /-1 = \9 -1 =N |C|
Hence we get that as IOHg as €2 < eN we have

{4

| Be(v)| = ﬁ(

1+ 2e).
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This concludes the proof of (7).

The proof of (i7) is completely analogous. Assume Const C C. Define C' = {f € C :
f(0) =0} sothat C = {f' + f": f €', f" € Const}, bias(C’') = bias(C) and C' N Const =
{0}™. We apply the same argument as in (i) for the code C’. The only additional requirement
is that vy +...+v, = 0. Thus one should not consider A(v) for all v € (F,\ {0})¢, but only
those corresponding to v € C'(p, ¢). Thus we have

1
Number of codewords in C* of weight ¢ = 7 Z | Be(v)].
'UECKpl)

and the proof follows by the estimates we proved on | By(v)].

4 Testing of affine invariant codes with super-
polynomial size

We begin with some definitions and then state our theorems formally.

4.1 Trace codes

F7 : :
We study codes C C F,” where we view codewords as functions f : F} — F),.

Definition 4.1 (trace codes). Let S C {0,...,p" — 1}. The S-trace code is a code whose
codewords are evaluations of functions f : F,» — [F,, given by

T(S) = { (Z Tr(aex®) : Fpn — Fp) D € Fp} ,
ecsS
n—1 p{

where the Trace function Tr : Fyn — F), is given by Tr(z) = > /" =

For example, dual-BCH codes of weight ¢ correspond to the special case
dBCH(t) = T({1,2,...,t}).
Generalized Reed-Muller codes over [} of total degree d are equivalent to
RM,(n,d) =T ({e € {0,...,p" — 1} : wt(e) < d}).

The following fact gives some simple properties of the Trace operator. For a proof, see
any standard Algebra textbook, e.g. [3].

Fact 4.2 (Facts on the trace operator). Let Tr(z) = Y. @ be the trace operator over
Fon. Then

p

1. For any x € Fpn, Tr(z) € F,. That is, Tr : Fpn — F,.
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2. The trace operator is linear. That is, for any x,y € Fpn and a,b € IF,, we have

Tr(ax + by) = aTr(x) + bTr(y).

3. The trace operator is invariant under the Frobenius map. That is, for any v € Fpn and
0<i<n-—1 we have ‘
Tr(2?") = Tr(x).

4. Let © € Fyn, and assume that for any o € Fyn we have Tr(ax) = 0. Then x = 0.

We denote the dual codeword to T(S) by dT(S) = T(S)*. The following claim charac-
terizes dual-trace codes.

Claim 4.3 (Characterization of dual-trace codes). Let S C {0,...,p" — 1}. Then
a7 (S) = {(g cFpn = Fp) Z g(x)z®=0 Vece S}.
l‘EFpn

Proof. Let g : Fyn — F, be a function such that ) g(z)z® = 0 for all e € S. We first verify
that g € d7(S). To do so, we need to show that ) f(z)g(z) = 0 for any f € T(S). Let
[ =2 ces Tr(aez®) € T(S). Then we have

. f@gla) = D) Tr(aea)g(x)

Z‘G]Fpn ZDG]Fpn eeS
= X:Tr(a6 Z x%g(z)) =0,
eeS wG]Fpn

where we used the fact that Trace is a linear operator over Fyn, thus Tr(az + by) = aTr(z) +
bTr(y) for any a,b € F, and z,y € Fyn. Thus, to prove the claim we need to establish that
for any g € d7(S) and any e € S we have > g(x)z® = 0. Note that for any a. € Fyn we
have f(x) = a.2z® € T(S5), thus we have

Z Tr(aexg(z)) = 0.

a?GFpn
Let z = er]Fpn g(z)xz°. We obtained that for any a. € F,» we have
Tr(aez) = 0.

This can only hold if z = 0, thus we conclude that we must have that ) _g(z)z® = 0 for all
eeS. O

The next claim shows that if S C Sy then T(S;) C T(S53) and d7(S1) 2 dT(S,).

Claim 4.4 (Monotonicity of trace codes). Let S; C Sy C {0,...,p" — 1}. Then we have the
following inclusions

1. T(S51) € T(S2).
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2. dT(Sy) 2 dT(Ss).

Proof. The claim follows immediately from the definition of trace codes and of dual codes.
O

We will consider in the following few claims only trace codes for S C {1,...,p" — 1}, i.e.
we disallow 0 € S. We will later also deal with sets containing 0. We now define irreducible
degrees and reduced forms. We will see that it is enough to study trace codes over reduced
form sets.

Definition 4.5 (Irreducible degrees and reduced form). We define R as the set of co-prime
elements to p,
R={1<e<p"—1:(ep) =1}

For 1 < e < p" — 1 define its reduced form €’ € R as follows. Let e = p*m where (p,m) = 1.
Then the reduced form of e is ¢/ = m. For a subset S C {1,...,p" — 1} define its reduced
form S"C Ras 8’ ={¢ :e€ S}.

Claim 4.6 (Trace codes are defined over reduce form sets). Let S C {1,...,p" — 1}. Let
S" C R be the reduced form of S. Then d7(S) = dT(S’) and T(S) = T(5).

Proof. By Claim 4.3 we have that g € d7(5) iff > g(z)z® = 0 for all e € S. For any
0<k<n-—1we have

(Z g(ac)xe)pk =Y g@)a = 3 gla)a modr),

where we used the facts that z — z*" is a linear map over [F,», and that for any o € Fp»
we have 27" = 2. Hence we get that > g(z)z® = 0 iff 3 g(x)z® = 0 for any ¢’ such that
¢ = ep® (mod p"). This shows that d7(S) = dT(S"), since for every element e € S there
is some ¢’ = ep® (mod p") € S’ and vice versa. Since d7 (S) = dT(S’) we also get by the
uniqueness of dual codes that 7(S) = dT(S)* =dT(S)* =T(9). O

The next claim establishes the size of trace codes defined over reduced form sets S C R.

Claim 4.7 (Size of trace codes). Let S C {1,...,p" —1}. Let S" C R be the reduced form of
S. Then |T(S)| = p"¥'.

Proof. By Claim 4.6 we know that 7(S) = 7(S"). The codewords of T (S’) are functions of

the form
fl@) =) Tr(aa),
ecsS’
where a,, € Fy.. The number of combinations of {a, : e € S} is |Fpn |19l = p"¥'l. Hence to

conclude we need to show any two such settings are distinct. Since the code is linear, it is
enough to show that if the coefficients a, are not all zero, then the codeword is not the all
zeros codeword, i.e. there is some x € F,» such that

Z Tr(oez®) # 0.

eesS’
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Let p(z) = > e Tr(cea®), and note that

n—1
p(x) = ala

ecS’ =0

n—1
T i n
— 2 § a]g o d (mod p )7

ecS’ 1=0

where we used the facts that Tr(z) = Y7~ 2#" as well as the identity ¢ = z* (™4 7") which
holds for any ¢. Since S" C R is a set of

all the monomials 2" for e € S’ are disjoint. Hence p(z) is not the all zeros polynomial.
As deg(p) < p™ — 1 there must exist some x € F,» such that p(x) # 0, and the codeword

defined by f is not the all zeros codeword. m

4.2 Characterization of affine invariant codes by trace codes

We start by recalling affine invariant codes, which are codes that are closed under an affine
transformation of the input space coordinates.

Definition 4.8 (Affine closure, and affine invariant codes). Let f : F,» — F, be a function.
The affine closure of f is the set of functions

affine(f) = {(f(aas+b) :Fp —»F):abe Fpn}.

A code C ={f :Fyn — F,} is called affine invariant if for any f € C, we have affine(f) C C.
A codeword f € C affinely generates C if

C = Span(affine(f)).

We can characterize linear codes which are affine invariant as a special subfamily of trace
codes. To this end we will require some definitions. We first define shift closure of a set,
which is tightly related to the reduced form we previously defined.

Definition 4.9 (Shift closed). Let e € {0,...,p" — 1}. The shift closure of e is defined as
the set
shift(e) = {ep’ (mod p") : £ =1,...,n}.

The shift closure of a set S C {0,...,p" — 1} is defined as the union of the shift closures of
its elements,

shift(S) = Ueegshift(e).
Aset S C{0,...,p" — 1} is said to be shift closed if S = shift(.S).

The term shift closed comes from viewing elements e € S as vectors in F, given by the
representation of e in base p. In this case, ep’ (mod p") corresponds to a cyclic shift of the
vector by £ coordinates. The following claim shows that trace codes are invariant under shift
closure.
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Claim 4.10. Let S € {0,...,p" — 1}. Then
dT(S) = dT(shift(S)), T(S) = T (shift(5)).
Proof. The proof is identical to the proof of Claim 4.6. [

We next define the notion of shadow closed sets.

Definition 4.11 (Shadow closed). Let S C {0,...,p" — 1}. The set S is said to be shadow
n—1

closed if the following holds. For any e € S, let e = 3" e;p" be the representation of e in
base p. Define the support of e to be the set of nonzero digits of e,

support(e) = {0 <i<n—1:¢ #0}.

Let €’ be obtained from e by changing some of the non-zero digits of e, i.e.

r_ 1
e = E e’

i€support(e)

Then we should have that also ¢’ € S. That is, S is shadow closed if

Z elp’ec S, (eé)iesupport(e) ek, CS.

iEsupport(e)

Definition 4.12 (Affine closed). A set S C {0,...,p" — 1} is affine closed if it is both shift
closed and shadow closed.

We recall the following theorem of Kaufman and Sudan [15] that we presented in the
introduction. It shows that affine invariant linear codes are equivalent to trace codes over
affine closed sets.

Theorem 4.13 (Equivalence of affine invariant codes and trace codes of affine closed
sets [15]). Let C = {f : Fyn — F,} be an affine invariant linear code. Then there exists
an affine closed set S C {0,...,p" — 1} such that C = T (S). Moreover, for any affine closed
set S the code T (S) is linear and affine invariant.

4.3 Weight distribution of affine invariant codes

Theorem 4.13 tells us that in order to study affine invariant codes, it suffices to study trace
codes of affine closed sets. In this subsection we establish the following lemma, which gives
a tight estimate on the number of codewords in d7(S) for affine closed sets S. For the
statement of the lemma recall that R = {1 <e <p" —1: (e,p) = 1} is the set of elements
co-prime to p.

Lemma 4.14 (Weight distribution of dual trace affine closed codes). Let S C {0,...,p"—1}
log p
be affine closed of size |S N R| < O(niee2 /log®n). Then there ewists Ly, = O(|S N R|) and
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Cnax = Q(p”/Q) such that for any { € [limin, bmax| the following holds. The number of codewords
in dT(S) of weight € is given by

where C(p,{) is defined as

C(p, t) = '{(vl,...,w) € (IFp\{O})E:vl—I—...ijg:OH.

We start by showing a general bound on the weight degree of elements of affine closed
sets, in terms of the size of the set.

Claim 4.15 (Weight degree bound on affine closed sets). Let S C {0,...,p" — 1} such that
S is affine closed. Then for any e € S,

wt(e) <log,|SNR|+ 1.

Proof. Let S" = SN R. Let e € S be of weight £ > 1. By taking some shift of e we may
assume e € R (that is, 0 € support(e)), hence e € S" = S N R. Consider the set

E':{ Z elp' e €T, 667&0}.
i€support(e)

Note that as S is shadow closed, we have E' C S. Moreover since e, # 0 we have £/ C R,
hence £/ C S = SN R. Thus |E'| <|S’|. On the other hand,

|E/| _ (p . 1)pwt(e)fl.
Hence we conclude that wt(e) < log,(-25]5"[) < log, [S'| + 1. O

We will need the following simple claim.

Claim 4.16 (Trace is not constant). Let f(z) = >
Tr(f(z)) : Fpn — F, is not a constant function.

. :
ccr @eZ® be a nonzero polynomial. Then

Proof. Assume for contradiction that Tr(f(z)) = a for all z € Fyn. Let g(z) = Tr(f(x)) — a.

We have o .
q(r) = —a + Z(Z Ocexe)pi = —a+ Z Z(Oée)pil‘epi (mod p).

=0 e€R =0 e€ER

Since e € R all the degrees ep’ (mod p™) are distinct and different from 0. Thus ¢(z) is not
the zero polynomial. Since deg(q) < p" —1 we have that there must be = such that ¢(z) # 0,
hence Tr(f(x)) # a. O

The next lemma gives an estimation on the weight distribution of d7(S) where S’ = SNR
is a relatively small set of elements of small weight degree. We will then show that the lemma
can be applied to any affine invariant set S which is not too large.
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Lemma 4.17 (Weight distribution of dual trace codes of reduced form sets). Fiz d <
O(logn). Let S” C R be such that for any e € S’ its weight degree is at most wt(e) < d
and |’ < O(sa). Then there exist by = O(|S']) and lmax = Q(p™?), such that for any
0 € [limin, Umax], the number of codewords in dT (S U{0}) of weight ¢ is given by

—C(Z’ g)p”“—ls")u +0.1).

Proof. The proof follows immediately from Theorem 1.6 using the bias bounds given by
Theorem 1.3. L

We can now deduce Lemma 4.14 from Claim 4.15 and Lemma 4.17.

Proof of Lemma 4.14. Let S C {0,...,p" — 1} be affine closed. Let S’ = SN R. We have

that d7(S) = dT (S’ U{0}). By Claim 4.15 the maximal weight of elements in S is at most
logp

d <log, |S'| + 1. Assume that [S"] < O(nﬁ/log2 n). It can be verified that this satisfy

the condition in Lemma 4.17 that |S’| = O(z553). The claim thus follows by an application

of Lemma 4.17. ]

4.4 'Trace codes of quasi-polynomial size are generated by a single
orbit

We prove in this subsection that any affine invariant linear code of dimension up to n'*€ is
generated by a single orbit of a dual codeword for any € < log(p)/log(2p) and large enough
n. Combining this with Theorem 1.12 we get that any such code is locally testable, which
prove our testing result, Theorem 1.7. We now state the main theorem we prove in this
subsection.

Theorem 4.18 (Affine invariant codes are generated by a single orbit). Let C = {f : Fyn —

F,} be an affine invariant linear code such that dim(C) < O<n1+ﬁ)‘;%/log2 n). Then there
exists f € C+ such that

affine(f)* =C
and of weight
wt(f) < O(dim(C)/n).

Let C = T(S) be an affine invariant code where S C {0,...,p" — 1} is affine closed.
We start by showing that if some f € Ct = dT(S) does not generate d7(S), then in fact
fedT(SU{e}) wheree € {1,...,p"—1}\S has small weight (Corollary 4.21). From this and
the exact estimates for the weight distribution for dual trace codes we derive Theorem 4.18.
Before proving Corollary 4.21 we will require two technical claims.

Claim 4.19. Let S C {0,...,p" '} be affine closed. Let f € dT(S) be a codeword which
does not affinely generate d7(S), i.e.

affine(f) C dT(95).

Then
affine(f) = dT(T)

for some affine closed 7' 2 S.
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Proof. The code affine(f) is an affine invariant code which is a proper subset of d7(5). By
Theorem 4.13 we know that affine(f) = d7(T") for some affine closed T' C {0,...,p" — 1}.
Since dT (T') € dT(S) we must have that 7' 2D S. O

Claim 4.20. Let S C T C {0,...,p" — 1} such that both S and T are affine closed. Then
there exist an element e € (T"\ S) N R such that

wt(e) <log,|S N R|+ 2.

Proof. Let "= SN R and T" =T N R. We have S" C T" as otherwise, if S = T", we would
have S = affine(S’) = affine(T") = T.

Let k = [log, [S|] +2. We argue there is e € T"\ S of weight at most k. Otherwise, let
e € S"\ T" such that wt(e) > k. Consider the set

E = shadow(e) N R = Z elp' el €T, ey #£0 5,

i€support(e)

where we use the fact that since e € R then 0 € support(e). Note that by definition, £ C T”,
since T is affine closed hence in particular shadow closed.

Let ¢/ € EE C T’ such that wt(e') = k (by setting wt(e) — k digits of e in base p to zero).
Consider the set

E' = shadow(e/) N R = Z elp' el €F,, ey #0

i€support(e’)

Note that since |E'| = (p — 1)p**¢)~1 = (p — 1)p*' > |S'| we cannot have that ¢/ € 5.
Hence we found an element ¢’ € 7"\ S’ such that wt(e') < k. O

Corollary 4.21. Let S C {0,...,p" "'} be affine closed. Let f € dT(S) be a codeword which
does not affinely generate dT(S), i.e.

affine(f) C dT(9).
Then there must exist e € R\ S of weight wt(e) <log, |S N R[4 2 such that
fedT(Su{e}).

Proof. By Claim 4.19 we have affine(f) = d7(T) where T' 2 S. By Claim 4.20 there is
e€ (I'\S)NRC R\ S such that wt(e) < log,|[S N R|+ 2. Hence we conclude sicne

FedT(T) CdT(SU{e)).

We are now ready to prove Theorem 4.18.
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Proof of Theorem 4.18. Let C be a linear affine invariant code. By theorem 4.13 we have
C = T(S) where S C {0,...,p" — 1} is affine closed. By Claims 4.4, 4.6 and 4.7 we have
that

Cl=T((SNR)u{0}) = p"=nF+,

Let £ = O(]S N R|). We count the number of codewords in d7(S) of weight ¢. To this end
we apply Lemma 4.14. The number of codewords in d7 (S) of weight ¢ is given by

C(p, !
W, = —(Z’ )p"“—'S”R‘)(l +0.1).

Let f € dT(S) be such that affine(f) C d7(S). By Corollary 4.21 we know that there exists

some e € R\ S of weight wt(e) < k, where k <log,(|SN R|)+2, such that f € dT(SU{e}).
Let E be the set of all such possible e,

E={ec R\ S:wtle) <k}.

Fix some e € E. Let S, = affine(SU{e}). Note that as e € R\ S we have |S.NR| > |SNR|+1.
Hence for ¢ in the permissible range for S, we get that the number of codewords of weight ¢
in d7(S.) is given by

C(p,

—(5" ) prISenBD (1 4 0.1) < 2p7"W,.
So, as long as |E| < p", we can deduce that there must exist some f € d7T(S) of weight ¢
which is not in any of dT7(S U {e}) for any e € E (in fact, almost any f € dT(S) of weight

¢ will do). Thus, to conclude the theorem we need to bound |E|, which is simple since

k
n\ .
E| < Z (i)pz < nOlogn) "
i=1
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