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1 Permutation Problems Complete for L

In Definition 18 of our ECCC paper [AASW10] (which corresponds to Def-
inition 3.5 of the journal version of this work [AASW12]), we define the
language PWP and state that it was shown to be complete by Cook and
McKenzie [MC87]. We thank Eric Miles and Emanuele Viola [MV12] for
calling our attention to the following facts:
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e The correct citation for this paper is [CM87], instead of [MC87], and

e The problem that Cook and McKenzie actually show is complete,
which they call Permutation Product (PP), is not obviously equiv-
alent to PWP.

In this comment, we provide a simple reduction, to establish our claim
that PWP is, indeed, complete for L. It suffices to provide a reduction from
the L-complete language PP to PWP.

2 Reduction from PP to PWP

First, we present the problem PP, as defined in Cook-Mckenzie, which is
L-complete: Given a list of permutations 71, 7ms,...,m € S, and indices
i,7 € [n], check if the product [];_; 7% maps i to j.

Now, for completeness, we remind the reader of the definition of the
problem PWP: For permutations 71,2, ..., m € S, check if their product
[1L_; 7& is the identity.

There is a direct reduction from PP to PWP as explained below:

Firstly, we reduce the PP instance to one in which ¢ = j by considering
the list of permutations 7y, mo, ..., Ty, T+1, where myq is the transposition
(i j). Clearly, their product maps i to ¢ iff the first ¢ of them map i to j.

Next, enlarge the domain by one element, so that we will consider per-
mutations in S, instead of S,: Replace each m; by o € S,41, where o,
coincides with 7 on [n] and og(n + 1) = n+ 1. Let 7 € S, 41 denote the
transposition (i n+ 1). Let g denote the permutation Hf;ll O
Claim. Hf;ll 7, maps 4 to i if and only if grg~'7 is the identity permuta-
tion.

Proof.

Suppose H';;J;ll 7 maps ¢ to i. Then g(i) = 4. Since g(n+1) =n+1 we
can see that grg~'7 maps i to i and n+ 1 to n + 1. As for the other points
j € [n+1], 7 doesn’t interfere and the combination of g and g~! fixes them
all.

Conversely, suppose g7g~ 17 is the identity. Then, in particular, grg=17(i) =
i which means grg~!(n + 1) = i which implies g7(n + 1) = i which implies
g(i) = i which implies Hf;ll T, maps i to 4.

In summary, the reduction from PP to PWP is:
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