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Abstract

We propose a framework for studying property testing of collections of distributions, where the
number of distributions in the collection is a parameter of the problem. Previous work on property
testing of distributions considered single distributions or pairs of distributions. We suggest two models
that differ in the way the algorithm is given access to samples from the distributions. In one model the
algorithm may ask for a sample from any distribution of its choice, and in the other the choice of the
distribution is random.

Our main focus is on the basic problem of distinguishing between the case that all the distributions in
the collection are the same (or very similar), and the case that it is necessary to modify the distributions
in the collection in a non-negligible manner so as to obtain this property. We give almost tight upper and
lower bounds for this testing problem, as well as study an extension to a clusterability property. One of
our lower bounds directly implies a lower bound on testing independence of a joint distribution, a result
which was left open by previous work.
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1 Introduction

In recent years, several works have investigated the problem of testing various properties of data that is
most naturally thought of as samples of an unknown distribution. More specifically, the goal in testing a
specific property is to distinguish the case that the samples come from a distribution that has the property
from the case that the samples come from a distribution that is far (usually in terms of #; norm, but other
norms have been studied as well) from any distribution that has the property. To give just a few examples,
such tasks include testing whether a distribution is uniform [GROO, PanO8|| or similar to another known
distribution [BFR™10], and testing whether a joint distribution is independent [BFET01]. Related tasks
concern sublinear estimation of various measures of a distribution, such as its entropy [BDKROS5!,IGMV09]
or its support size [RRSS09]. Recently, general techniques have been designed to obtain nearly tight lower
bounds on such testing and estimation problems [ValO8al [ValO8bl].

These types of questions have arisen in several disparate areas, including physics [Mag81, [SKSB9S|
NBSO04]], cryptography and pseudorandom number generation [Knu69], statistics [[Csi67) [Har75, WW95|
Pan04, [Pan08, [Pan03], learning theory [Yam93[, property testing of graphs and sequences (e.g.,[GROO,
CS07, [KS08, INSO7, RRRSO7, [FMOS]) and streaming algorithms (e.g., [AMS99, FKSV99, [FS00, GMVQ9,
CMIMO3], [CK04, BYJK ™02, M08, BO104, [BO10b, BO0S, TKOS09]). In these works, there has been
significant focus on properties of distributions over very large domains, where standard statistical techniques
based on learning an approximation of the distribution may be very inefficient.

In this work we consider the setting in which one receives data which is most naturally thought of
as samples of several distributions, for example, when studying purchase patterns in several geographic
locations, or the behavior of linguistic data among varied text sources. Such data could also be generated
when samples of the distributions come from various sensors that are each part of a large sensor-net. In these
examples, it may be reasonable to assume that the number of such distributions might be quite large, even
on the order of a thousand or more. However, for the most part, previous research has considered properties
of at most two distributions [BFR™00, [Val08a]. We propose new models of property testing that apply
to properties of several distributions. We then consider the complexity of testing properties within these
models, beginning with properties that we view as basic and expect to be useful in constructing building
blocks for future work. We focus on quantifying the dependence of the sample complexities of the testing
algorithms in terms of the number of distributions that are being considered, as well as the size of the domain
of the distributions.

1.1 Our Contributions
1.1.1 The Models

We begin by proposing two models that describe possible access patterns to multiple distributions
Dy, ..., Dy, over the same domain [n]. In these models there is no explicit description of the distribu-
tion — the algorithm is only given access to the distributions via samples. In the first model, referred to as
the sampling model, at each time step, the algorithm receives a pair of the form (i, j) where i is selected
uniformly in [m] and j € [n] is distributed according to D;. In the second model, referred to as the query
model, at each time step, the algorithm is allowed to specify i € [m] and receives j that is distributed accord-
ing to D;. It is immediate that any algorithm in the sampling model can also be used in the query model. On
the other hand, as is implied by our results, there are property testing problems which have a significantly
larger sample complexity in the sampling model than in the query model.

In both models the task is to distinguish between the case that the tested distributions have the property



and the case that they are e-far from having the property, for a given distance parameter e. Distance to the
property is measured in terms of the average ¢;-distance between the tested distributions and the closest
collection of distributions that have the property. In all of our results, the dependence of the algorithms on
the distance parameter € is (inverse) polynomial. Hence, for the sake of succinctness, in all that follows we
do not mention this dependence explicitly. We note that the sampling model can be extended to allow the
choice of the distribution (that is, the index 7) to be non-uniform (i.e., be determined by a weight w;) and
the distance measure is adapted accordingly.

1.1.2 Testing Equivalence in the sampling model

One of the first properties of distributions studied in the property testing model is that of determining whether
two distributions over domain [n] are identical (alternatively, very close) or far (according to the ¢; -distance).
In [BERT 10, an algorithm is given that uses O(n?/3) samples and distinguishes between the case that the
two distributions are e-far and the case that they are O(e//n)-close. This algorithm has been shown to
be nearly tight (in terms of the dependence on n) by Valiant [Val08bl]. Valiant also shows that in order
to distinguish between the case that the distributions are e-far and the case that they are (3-close, for two
constants € and 3, requires almost linear dependence on n.

Our main focus is on a natural generalization, which we refer to as the equivalence property of dis-
tributions Dy, ..., Dy,, in which the goal of the tester is to distinguish the case in which all distributions
are the same (or, slightly more generally, that there is a distribution D* for which % Yo 1Dy — D1 <
poly(e)/y/n), from the case in which there is no distribution D* for which L >, ||D; — D*||; < e. To
solve this problem in the (uniform) sampling model with sample complexity O(n2/ 3m) (which ensures with
high probability that each distribution is sampled Q(nQ/ 3]logm) times), one can make m — 1 calls to the
algorithm of [BFR™10] to check that every distribution is close to D.

OUR ALGORITHMS. We show that one can get a better sample complexity dependence on m. Specifically,
we give two algorithms, one with sample complexity O~(n2/ 3m1/3 4 m) and the other with sample complex-
ity O(n*/2m'/2+n). The first result in fact holds for the case that for each sample pair (4, 7), the distribution
D; (which generated j) is not selected necessarily uniformly, and furthermore, it is unknown according to
what weight it is selected. The second result holds for the case where the selection is non-uniform, but the
weights are known. Moreover, the second result extends to the case in which it is desired that the tester pass
distributions that are close for each element, to within a multiplicative factor of (1 £ €/c) for some constant
¢ > 1, and for sufficiently large frequencies. Thus, starting from the known result for m = 2, as long as
n > m, the complexity grows as O(n?3m!'/3 + m) = O(n*3m!/3), and once m > n, the complexity is
O(n'?m1/2 4 n) = O(n'/?>m!/?) (which is lower than the former expression when m > n).

Both of our algorithms build on the close relation between testing equivalence and testing independence
of a joint distribution over [m] x [n] which was studied in [BEET01]]. The O(n?/3m!/3 + m) algorithm
follows from [BFFT01] after we fill in a certain gap in the analysis of their algorithm due to an imprecision
of a claim given in [BERT00]. The O(n'/2m!/2 4 n) algorithm exploits the fact that i is selected uniformly
(or, more generally, according to a known weight w;) to improve on the O~(n2/ 3m1/3 4 m) algorithm (in the
case that m > n).

ALMOST MATCHING LOWER BOUNDS. We show that the behavior of the upper bound on the sample com-
plexity of the problem is not just an artifact of our algorithms, but rather (almost) captures the complexity
of the problem. Namely, we give almost matching lower bounds of Q(n?/3m!/3) for n = Q(mlogm) and
Q(n'/?>m1/2) (for every n and m). The latter lower bound can be viewed as a generalization of a lower



bound given in [BER™10], but the analysis is somewhat more subtle.

Our lower bound of Q(n?/3m!/3) consists of two parts. The first is a general theorem concerning
testing symmetric properties of collections of distributions. This theorem extends a central lemma of
Valiant [[ValO8b] on which he builds his lower bounds, and in particular the lower bound of Q(nQ/ 3) for test-
ing whether two distributions are identical or far from each other (i.e., the case of equivalence for m = 2).
The second part is a construction of two collections of distributions to which the theorem is applied (where
the construction is based on the one proposed in [BFF™01] for testing independence). As in [ValO8b], the
lower bound is shown by focusing on the similarity between the typical collision statistics of a family of
collections of distributions that have the property and a family of collections of distributions that are far
from having the property. However, since many more types of collisions are expected to occur in the case
of collections of distributions, our proof outline is more intricate and requires new ways of upper bounding
the probabilities of certain types of events.

1.1.3 Testing Clusterability in the query model

The second property that we consider is a natural generalization of the equivalence property. Namely, we
ask whether the distributions can be partitioned into at most k subsets (clusters), such that within in cluster
the distance between every two distributions is (very) small. We study this property in the query model,
and give an algorithm whose complexity does not depend on the number of distributions and for which the
dependence on n is O~(n2/ 3). The dependence on k is almost linear. The algorithms works by combining the
diameter clustering algorithm of [ADPRO3] (for points in a general metric space where the algorithm has
access to the corresponding distance matrix) with the closeness of distributions tester of [BFR™10]. Note
that the results of [ValO8b] imply that this is tight to within polylogarithmic factors in n.

1.1.4 Implications of our results

As noted previously, in the course of proving the lower bound of Q(nz/ 3mlt/ 3) for the equivalence prop-
erty, we prove a general theorem concerning testability of symmetric properties of collections of distribu-
tions (which extends a lemma in [ValO8b]). This theorem may have applications to proving other lower
bounds on collections of distributions. Further byproducts of our research regard the sample complexity
of testing whether a joint distribution is independent, More precisely, the following question is considered
in [BFRT10]: Let Q be a distribution over pairs of elements drawn from [m] x [n] (without loss of general-
ity, assume n > m); what is the sample complexity in terms of m and n required to distinguish independent
joint distributions, from those that are far from the nearest independent joint distribution (in term of ¢; dis-
tance)? The lower bound claimed in [BFFT01], contains a known gap in the proof. Similar gaps in the lower
bounds of [BFR™ 10] for testing the closeness of distributions and of [BDKRO3]| for estimating the entropy
of a distribution were settled by the work of [[ValO8bl|, which applies to symmetric properties. Since inde-
pendence is not a symmetric property, the work of [Val08bl] cannot be directly applied here. In this work, we
show that the lower bound of Q(n?/3m!/3) indeed holds. Furthermore, by the aforementioned correction of
the upper bound of O~(n2/ 3m1/3 ) from [BEFT01]], we get nearly tight bounds on the complexity of testing
independence.

1.2 Other related work

Other works on testing and estimating properties of (single or pairs of) distributions include [BatO1, GMVQ9,
BKRO04, RS04, I AAK ™07, RX10, BNNR09, [ACS10, AIORQ9].



1.3 Open Problems and Further Research

There are several possible directions for further research on testing properties of collections of distributions,
and we next give a few examples. One natural extension of our results is to give algorithms for testing the
property of clusterability for £ > 1 in the sampling model. One may also consider testing properties of
collections of distributions that are defined by certain measures of distributions, and may be less sensitive to
the exact form of the distributions. For example, a very basic measure is the mean (expected value) of the
distribution, when we view the domain [n] as integers instead of element names, or when we consider other
domains. Given this measure, we may consider testing whether the distributions all have similar means (or
whether they should be modified significantly so that this holds). It is not hard to verify that this property
can be quite easily tested in the query model by selecting ©(1/¢) distributions uniformly and estimating the
mean of each. On the other hand, in the sampling model an 2(y/m) lower bound is quite immediate even
for n = 2 (and a constant €). We are currently investigating whether the complexity of this problem (in the
sampling model) is in fact higher, and it would be interesting to consider other measures as well.

1.4 Organization

We start by providing notation and definitions in Section 2] In Section [3] we give the lower bound of
Q(nQ/ Sml/ 3) for testing equivalence in the uniform sampling model, which is the main technical contribu-
tion of this paper. In Section 4| we give our second lower bound (of Q(nl/ 2mt/ 2)) for testing equivalence
and our algorithms for the problem follow in Sections [5]and [6} We conclude with our algorithm for testing
clusterability in the query model in Section

2 Preliminaries

Let [n] o {1,...,n},andlet D = (Dy,..., D,,) be a list of m distributions, where D; : [n] — [0, 1] and
> j=1Di(j) = 1forevery 1 <i < m. Foravector v = (v1,...,0,) € R, let ||v|[1 = > I, |v;] denote
the /1 norm of the vector v.

For a property P of lists of distributions and 0 < € < 1, we say that D is e-far from (having) P if
LS ID; — D ||y > € for every list D* = (D5, ..., D},) that has the property P (note that || D; — D}||;
is twice the the statistical distance between the two distributions).

Given a distance parameter e, a testing algorithm for a property P should distinguish between the case
that D has the property P and the case that it is e-far from P. We consider two models within which this
task is performed.

1. The Query Model. In this model the testing algorithm may indicate an index 1 < ¢ < m of its
choice and it gets a sample j distributed according to D;.

2. The Sampling Model. In this model the algorithm cannot select (“query”) a distribution of its
choice. Rather, it may obtain a pair (¢,7) where 7 is selected uniformly (we refer to this as the
Uniform sampling model) and j is distributed according to D;.

We also consider a generalization in which there is an underlying weight vector w = (w1, ..., wy,)
(where Z;Zl w; = 1), and the distribution D; is selected according to w. In this case the notion of
e-far needs to be modified accordingly. Namely, we say that D is e-far from P with respect to w if
Yot wi - |[Dy — Df||1 > e forevery list D* = (D7, ..., D;},) that has the property P.



We consider two variants of this non-uniform model: The Known-Weights sampling model, in which
w is known to the algorithm, and the Unknown-Weights sampling model in which w is known.

A main focus of this work is on the following property. We shall say that a list D = (D ... D,;,) of m
distributions over [n] belongs to Ppily, (or has the property Pply) if D; = Dy forall 1 < i,i" < m.

3 A Lower Bound of 2(n%3m'/3) for Testing Equivalence in the Uniform
Sampling Model when n = Q(mlogm)

In this section we prove the following theorem:

Theorem 1 Any testing algorithm for the property Py, in the uniform sampling model for every ¢ < 1/20
and for n > cmlogm where c is some sufficiently large constant, requires Q(nQ/ 3mt/ 3) samples.

The proof of Theorem (1| consists of two parts. The first is a general theorem (Theorem [2) concerning
testing symmetric properties of lists of distributions. This theorem extends a lemma of Valiant [ValO8b,
Lem. 4.5.4] (which leads to what Valiant refers to as the “Wishful Thinking Theorem”). The second part
is a construction of two lists of distributions to which Theorem [2]is applied. Our analysis uses a technique
called Poissonization [SzpO1] (which was used in the past in the context of lower bounds for testing and
estimating properties of distributions in [RRSS09} [ValO8al [ValO8b]), and hence we first introduce some
preliminaries concerning Poisson distributions. We later provide some intuition regarding the benefits of
Poissonization.

3.1 Preliminaries concerning Poisson distributions

For a positive real number A, the Poisson distribution poi()) takes the value z € N (where N =
{0,1,2,...}) with probability poi(z;\) = e *\*/x!. The expectation and variance of poi(\) are both
A. For A1 and Ay we shall use the following bound on the ¢; distance between the corresponding Poisson
distributions (for a proof see for example [RRSS09, Claim A.2]):

lpoi(A1) — poi(A2)|[1 < 2|A1 — Ao . (1)

For a vector A\ = (A1,...,Aq) of positive real numbers, the corresponding multivariate Poisson dis-
tribution poi(X) is the product distribution poi(A;) X ... x poi(Ag). That is, poi(X) assigns each vector
F=ux1...,1q € N? the probability H?Zl poi(zi; A;).

We shall sometimes consider vectors X whose coordinates are indexed by vectors @ = (ay,...,ay) €
N, and will use (@) to denote the coordinate of X that corresponds to @. Thus, poi(X(a)) is a univariate
Poisson distribution. With a slight abuse of notation, for a subset I C [d] (or I C N™), we let poi(X(I))
denote the multivariate Poisson distributions restricted to the coordinates of X in I.

For any two d-dimensional vectors 2= (/\I“, el /\:{) and \~ = (A1,--.,A;) of positive real values,
we get from the proof of [ValO8b, Lemma 4.5.3] that,

[poi(3) — poi(A )| < i [poi(x) — poi(x)]|
j=1

for our purposes we shall use the following generalized lemma.



Lemma 1 For any two d-dimensional vectors Xt = (A, AT) and X = (A1,-..,A;) of positive real
values, and for any partition {I;}i_, of [d],

Hpm (X)) — poi(X H Z Hpm (X (I poi(/_\'_([i))H1 :

Proof: Let {I;}_, be a partition of [d], let 7 denote (i1, ...i4), by the triangle inequality we have that for
every k € [{],

poi(#; X) = poi(is A7) = | TT poitiss Af) — T oilisi ;)]
jeld) jeld)
< ‘ Hp01 i3 A j H poi(ij; A j Hp01 i3 A ‘
jE(d] JE[d\ Ik J€l,
+| T woitizsA)) TT poitisi ;) — TT woitisi ;)]
JE\ I JEIk jeld)

Hence, we obtain that

[poiCi) = poi(x7)| = D |poi(i’ X*) — poi(i X)|
ieNd
< jpoi(X+(1k)) poi(X~ (L)) H

[ |poi(X* (1] \ 22)) — poi(A~([a]\ 1))

Thus, the lemma follows by inductionon /. W
We shall also make use of the following Lemma.

Lemma 2 For any two d-dimensional vectors Xt = (A, AT) and X = (A1,---,A,) of positive real
values,

Hpm (A1) = poi(X~ H <2 Zi:

Proof: In order to prove the lemma we shall use the KL-divergence between distributions. Namely, for two
L . . def ¢

(llStl‘lbuthIlS p1 and po oveia domain X, Dkr,(p1]|p2) = Y zex pi(z) - In %' Let \tT = ()\}L . ,)\(J{),

A7 = (A] ..., A;) and let i denote (i1, ...174). We have that

poi(i; A1) d At i
1 5 = Zln <e i ()\j/)\]_) >
poi(z; A7) =

I
B

((Aj‘ ~A) i ln()\j/)\j_))

RN
Il
—

M=

((A; A i (/AT - 1)) :

<.
Il
—



where in the last inequality we used the fact that Inx < x — 1 for every « > 0. Therefore, we obtain that
Dic. (poi(¥4)poi(1)) = 3 poi(Fs X) - 1n 22T

b 1;
ieNd

d
S(OF =N+ AT /A7 =) @)

j=1

IA

- )2
(07 =)

— )
1 )‘j

I
.M&

J

where in Equation (2) we used the facts that ), poi(i; A) = 1and ), poi(i; A) -4 = A. The /1 distance
is related to the KL-divergence by || D — D’||; < 21/2Dxy, (D||D’) and thus we obtain the lemma. W

The next lemma bounds the probability that a Poisson random variable is significantly smaller than its
expected value.

Lemma 3 Let X ~ poi(\), then,
Pr[X < )\/2] < (3/4)M* .

Proof: Consider the matching between j and j + A/2 for every j = 0,...,A/2 — 1. We consider the ratio
between poi(j; A) and poi(j + \/2; \):

poi(j+ A/20) e M NTM2/( 4+ A/2)!
poi(j; A) B e~ - M /5!

)\A/2
G+NDG+A2-1)---(F+1)
A A A
JHA2 j+A2-1  j+1

A A A

A—2 N2
- (

1
A\ 2/4
3/4)A>

(
= @/

This implies that

Pr[X < A/2] = P;;g;)?/i] § P2 X <X
Pr[X < A/2]
PrA/2 < X < )]

(3/4M1,

A

and the proof is completed. W



The next two notations will play an important technical role in our analysis. For a list of distributions

D =(D;...Dy,),aninteger x and a vector @ = (a1, ..., a,) € N™, let
def T
pP(j;@) = [ poi(as; - Di(4)) - 3)
i=1

That is, for a fixed choice of a domain element j € [n], consider performing m independent trials, one for
each distribution D;, where in trial 7 we select a non-negative integer according to the Poisson distribution
poi(A) for A = & - D;(j). Then pP*%(j; @) is the probability of the joint event that we get an outcome of a;
in trial 4, for each ¢ € [m]. Let AP+ be a vector whose coordinates are indexed by all @ € N, such that

n
NP (d) =" pPr(j;a) - )
j=1
That is, AP+%() is the expected number of times we get the joint outcome (a1, . . . , a) if we perform the

probabilistic process defined above independently for every j € [n].

3.2 Testability of symmetric properties of lists of distributions

In this subsection we prove the following theorem (which is used to prove Theorem I)).

Theorem 2 Let D and D~ be two lists of m distributions over [n), all of whose frequencies are at most
% where k is some positive integer and 0 < § < 1. If

poi PG — poi XDk
[t (A7) = poi (37 )

then testing in the uniform sampling model any symmetric property of distributions such that D" has the
property, while D~ is Q(1)-far from having the property requires (k- m) samples.

16 3520
<= 5
’1 30 5 ©)

A HIGH-LEVEL DISCUSSION OF THE PROOF OF THEOREM . For an element j € [n] and a distribution
D;, i € [m], let oy ; be the number of times the pair (¢, j) appears in the sample (when the sample is selected
according to some sampling model). Thus (o j,. .., Q) is the sample histogram of the element j. The
histogram of the elements’ histograms is called the fingerprint of the sample. That is, the fingerprint indi-
cates, for every @ € N, the number of elements j such that (o j, ..., @y j) = d. As shown in [BFR™10],
when testing symmetric properties of distributions, it can be assumed without loss of generality that the
testing algorithm is provided only with the fingerprint of the sample. Furthermore, since the number, n, of
elements is fixed, it suffices to give the tester the fingerprint of the sample without the 0= (0,...,0) entry.

For example, consider the distributions Dy and Do over {1,2,3} such that D;[j] = 1/3 for every
j €{1,2,3}, Dy[1] = D2[2] = 1/2 and D5[3] = 0. Assume that we sample (D1, D5) four times, according
to the uniform sampling model and we get the samples (1, 1), (2,1), (2,2), (1, 3), where the first coordinate
denotes the distribution, and the second coordinate denotes the element. Then the sample histogram of
element 1 is (1, 1) because 1 was selected once by D; and once by Ds. For the elements 2, 3 we have the
sample histograms (0, 1) and (1, 0), respectively. The fingerprint of the sample is (0,1,1,0,1,0,0,...) for
the following order of histograms: ((0,0), (0,1),(1,0),(2,0)(1,1), (0,2), (3,0),...).

In order to prove Theorem [2, we would like to show that the distributions of the fingerprints when the
sample is generated according to D+ and when it is generated according to D~ are similar, for a sample size



that is below the lower bound stated in the theorem. For each choice of element j € [n] and a distribution D,
the number of times the sample (7, j) appears, i.e. «; ;, depends on the number of times the other samples
appear simply because the total number of samples is fixed. Furthermore, for each histogram @, the number
of elements with sample histogram identical to @ is dependent on the number of times the other histograms
appear, because the number of samples is fixed. For instance, in the example above, if we know that we
have the histogram (0, 1) once and the histogram (1, 1) once, then we know that third histogram cannot be
(2,0). In addition, it is dependent because the number of elements is fixed.

We thus see that the distribution of the fingerprints is rather difficult to analyze (and therefore it is
difficult to bound the statistical distance between two different such distributions). Therefore, we would like
to break as much of the above dependencies. To this end we define a slightly different process for generating
the samples that involves Poissonization [SzpO1]. In the Poissonized process the number of samples we take
from each distribution D;, denoted by &, is distributed according to the Poisson distribution. We prove that,
while the overall number of samples the Poissonized process takes is bigger just by a constant factor from
the uniform process, we get with very high probability that x; > «;, for every i, where x; is the number
of samples taken from D);. This implies that if we prove a lower bound for algorithms that receive samples
generated by the Poissonized process, then we obtain a related lower bound for algorithms that work in the
uniform sampling model.

As opposed to the process that takes a fixed number of samples according to the uniform sampling
model, the benefit of the Poissonized process is that the «; ;’s determined by this process are independent.
Therefore, the type of sample histogram that element j has is completely independent of the types of sample
histograms the other elements have. We get that the fingerprint distribution is a generalized multinomial
distribution, which has been studied by Roos [R0099] (the connection is due to Valiant [[ValO8al).

Definition 1 /n the Poissonized uniform sampling model with parameter k (which we’ll refer to as the
r-Poissonized model), given a list D = (D, ..., Dy,) of m distributions, a sample is generated as follows:

e Draw K1, ..., Ky < poi(k)

e Return k; samples distributed according to D; for each i € [m).

Lemma 4 Assume there exists a tester T’ in the uniform sampling model for a property P of lists of m
distributions, that takes a sample of size s = km where Kk > c for some sufficiently large constant c, and
works for every € > €y where € is a constant (and whose success probability is at least 2/3). Then there
exists a tester T for P in the Poissonized uniform sampling model with parameter 4k, that works for every
€ > €9 and whose success probability is at least %.

Proof: Roughly speaking, the tester 7" tries to simulate 7" if it has a sufficiently large sample, and otherwise
it guesses the answer. More precisely, consider a tester 7" that receives £’ samples where £’ ~ poi(4km).
By Lemma (3)) we have that,

Pr [k’ < km] < (3/4)"™ .

If < > km then T" simulates 7" on the first xm samples that it got. Otherwise it outputs “accept” or “reject”
with equal probability.
The probability that v’ > rm is at least 1 — (3/4)""™, which is greater than % for £ > c and a sufficiently
1_19

g ] . 4 2 1 _ .
large constant c. Therefore, the success probability of 7" is at least = - 5 + ¢ - 5 = 35, as desired. W

Given Lemma 4| it suffices to consider samples that are generated in the Poissonized uniform sampling
model. The process for generating a sample {a j,..., Qm j} jeln) (recall that «; ; is the number of times



that element j was selected by distribution D;) in the k-Poissonized model is equivalent to the following
process: For each ¢ € [m] and j € [n], independently select «; ; according to poi(x - D;(j)) (see [Fel67,
p. 216]). Thus the probability of getting a particular histogram @; = (aij,...,an ;) for element j is
pP R (5 d;) (as defined in Equation ). We can represent the event that the histogram of element j is d;
by a Bernoulli random vector 5} that is indexed by all @ € N, is 1 in the coordinate corresponding to a;,
and is 0 elsewhere. Given this representation, the fingerprint of the sample corresponds to Z;‘:l gj. In fact,

we would like I;j to be of finite dimension, so we have to consider only a finite number (sufficiently large)
of possible histograms. Under this relaxation, Ej = (0,...,0) would correspond to the case that the sample
histogram of element j is not in the set of histograms we consider. Roos’s theorem, stated next, shows that
the distribution of the fingerprints can be approximated by a multivariate Poisson distribution (the Poisson
here is related to the fact that the fingerprints’ distributions are generalized multinomial distributions and
not related to the Poisson from the P01sson1zat10n process). For simplicity, the theorem is stated for vectors
b that are indexed directly, that is b = (bj1,---5bjn)

Theorem 3 ([R0099]) Let D" be the distribution of the sum S,, of n independent Bernoulli random vectors
bi,... by in RM where Pr [5} = é’g] = pje and Pr [l% =(0,..., 0)} =1- Z?:l pje (here € satisfies

eje = land ejp = 0 for every I’ # (). Suppose we define an h-dimensional vector X = (A1, ..., An) as
follows: N\p = 37" pje. Then

h
S§ Z] 1pj€

(6)
5 — 12] 1]7][

HDS” —poi(Y)

We next show how to obtain a bound on sums of the form given in Equation (6) under appropriate
conditions.

Lemma 5 Given a list D = (Dq,. .., Dy,) of m distributions over [n| and a real number 0 < 6 < 1/2
such that for all i € [m] and for all j € [n], D;(j) < %for some integer Kk, we have that

D,k( ;. 2\2
Z ] lpDH(Ja ) §25 (7)
denmd > i=1 PP(j; @)

Proof:

7 1pD7N(j3_’)2 Dy. -
> ST DR d) < D max (p"(5;@))
genm\g —I=1 aeNm™\0

= Z max (Hpm a;; k- Di( ))>

aeNm™\0

5 a1+...+am
> ()
GeN™\§
o0 " 5 a
2 m (%)

26, ()

IN

IN

IN
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where the inequality in Equation (8)) holds for 6 < 1/2 and the inequality in Equation (8] follows from:

e—n-Di(J') (Ii . Dz(]))a
a!
(k- D;(4))"

é a
m 9y
and the proof is completed. W

Proof of Theorem By the first premise of the theorem, D} (j), D; (j) < % for every ¢ € [m] and
j € [n]. By Lemma [5|this implies that Equation (7) holds both for D = D" and for D = D~. Combining
this with Theorem [3| we get that the ¢; distance between the fingerprint distribution when the sample is

generated according to D (in the x-Poissonized model, see Deﬁnition and the distribution poi (XD+”“
&)

poi(a; k- Di(j)) =

IN

IN

is at most % 20 = %5, and an analogous statement holds for D~. By applying the premise in Equation
(concerning the ¢; distance between poi ()\D+”“> and poi ()\D_ ”’”)) and the triangle inequality, we get that

the ¢; distance between the two fingerprint distributions is smaller than 2 - %5 + % — %25 = %, which
implies that the statistical difference is smaller than 3—80, and thus it is not possible to distinguish between D™
and D~ in the x-Poissonized model with success probability at least %. By Lemma 4| we get the desired

result. W

3.3 Proof of Theorem/I

In this subsection we show how to apply Theoremto two lists of distributions, D™ and D, which we will
define shortly, where D™ € P4 = Pyl while D~ is (1/20)-far from P°4. Recall that by the premise of
Theorem|[I} n > emlog m for some sufficiently large constant ¢ > 1. In the proof it will be convenient to
assume that m is even and that n (which corresponds in the lemma to 2t) is divisible by 4. It is not hard to
verify that it is possible to reduce the general case to this case. In order to define D, we shall need the next
lemma.

Lemma 6 For every two even integers m and t, there exists a 0/1-valued matrix M with m rows and t
columns for which the following holds:

1. In each row and each column of M, exactly half of the elements are 1 and the other half are 0.

2. For every integer 2 < x < m/2, and for every subset S C [m] of size x, the number of columns

j such that M[i,j| = 1 for every i € S is at least t - (211 (1 - %) — 4/ 2xltnm>, and at most

1 /221
t-<21+ rtnm>

Proof: Consider selecting a matrix M randomly as follows: Denote the first £/2 columns of M by F'. For
each column in F, pick, independently from the other ¢/2 — 1 columns in F’, a random half of its elements to
be 1, and the other half of the elements to be 0. Columns ¢t/2+1, ..., t are the negations of rows 1,...,t/2,
respectively. Thus, in each row and each column of M, exactly half of the elements are 1 and the other half
are 0.

11



Consider a fixed choice of . For each column j between 1 and ¢, each subset of columns S C [m] of
size z, and b € {0, 1}, define the indicator random variable /g ; ; to be 1 if and only if M i, j] = b for every

1 € S. Hence,
1 1 1 1 z-1
Prllgip=1==-(——)-...-[=— .
issn=1=3-(3- =) (3-57)

Clearly, Pr[Is j, = 1] < 5. On the other hand,

1 z\*
Prllg p=1] > 5 o

IV
2|~
7 N
[a—
|
[\
S\RM
N———

where the last inequality is due to Bernoulli’s inequality which states that (1 4+ x)™ > 1 + nzx, for every real
number z > —1 # 0 and an integer n > 1 ([MV70]).
Let Esy, denote the expected value of Zz/j 1 Is jp. From the fact that columns ¢/2 + 1,...,¢ are the

negations of columns 1,...,¢/2 it follows that Eé’:t so1dsin = Zé/j 1 Is j0. Therefore, the expected
number of columns 1 < j < ¢ such that M, j| = 1 for every ¢ € S is simply Eg; + Eg (that is, at most

t- L and at least ¢ - 2% (1 — 2—7?12)) By the additive Chernoff bound,

T o7
72 trxlnm
N Isjs - Es,b‘ >/ 5 < 2exp(—2(t/2)(2zInm)/t)
j=1

—2x

Pr

= 2m

Thus, by taking a union bound (over b € {0, 1}),

t
Pr [‘ ZISJJ — (Esy + ES,O)‘ >V2txlnm| < 4m™% .
j=1

By taking a union bound over all subsets S we get that M has the desired properties with probability greater
than 0. W

We first define D, in which all distributions are identical. Specifically, for each i € [m]:

i : 2/3,,1/3
4y def m ifl1 <j<t—r—
PG = T i< N
0 ow.

We now turn to defining D~. Let M be a matrix as in Lemmal|for ¢t = n/2. For every i € [m]:

. . 2/3,,1/3
7n2/3}n1/g if 1 S]S” gn
o def £ ifZ<j<n
D: = n 2 = 10
i ) and M[i,j —n/2] = 1 (10
0 ow.

12



For both D" and D, we refer to the elements 1 < j < M as the heavy elements, and to the elements
5 < j < n, as the light elements. Observe that each heavy element has exactly the same probability weight,

m, in all distributions D} and D; . On the other hand, for each light element 4, while D} (j) = 1

(for every ¢), in D~ we have that D:r () = % for half of the distributions, the distributions selected by the
M, and D;r (7) = 0 for half of the distributions, the distributions which are not selected by M. We later use
the properties of M to bound the /; distance between the fingerprints’ distributions of D+ and D~

A HIGH-LEVEL DISCUSSION. To gain some intuition before delving into the detailed proof, consider first
the special case that m = 2 (which was studied by Valiant [Val08a], and indeed the construction is the
same as the one he analyzes (and was initially proposed in [BER™00])). In this case each heavy element has
probability weight ©(1/n%/3) and we would like to establish a lower bound of Q(n%/?) on the number of
samples required to distinguish between D' and D~ . That is, we would like to show that the corresponding
fingerprints’ distributions when the sample is of size o(nQ/ 3) are very similar.

The first main observation is that since the probability weight of light elements is ©(1/n) in both D+ and
D™, the probability that a light element will appear more than twice in a sample of size o(nz/ 3) is very small.
That is (using the fingerprints of histograms notation we introduced previously), for each @ = (a1, a2) such
that a1 + a2 > 2, the sample will not include (with high probability) any light element j such that o1 ; = a4
and ap ; = az (for both D™ and D). Moreover, for every z € {1, 2}, the expected number of elements j
such that (o 5, @2 j) = (,0) is the same in D+ and D, as well as the variance (from symmetry, the same
applies to (0, x)). Thus, most of the difference between the fingerprints’ distributions is due to the numbers
of elements j such that (a1 j, a2 ;) = (1,1). For this setting we do expect to see a non-negligble difference
for light elements between D and D~ (in particular, we cannot get the (1, 1) histogram for light elements
in D™, as opposed to D).

Here is where the heavy elements come into play. Recall that in both DT and D~ the heavy elements
have the same probability weight, so that the expected number of heavy elements i such that (a1 ;,a2 ;) =
(1,1) is the same for D and D~. However, intuitively, the variance of these numbers for the heavy elements
“swamps” the differences between the light elements so that it is not possible to distinguish between D™
and D~. The actual proof, which formalizes (and quantifies) this intuition, considers the difference between
the values of the vectors A2 ¥ and XD~ (as defined in Equation ) in the coordinates corresponding to
d such that a; + ap = 2. We can then apply Lemmas|[I]and 2] to obtain Equation (5)) in Theorem 2

Turning to m > 2, it is no longer true that in a sample of size 0(n2/ 31/ 3) we will not get histogram
vectors @ such that >, a; > 2 for light elements. Thus we have to deal with many more vectors @ (of
dimension m) and to bound the total contribution of all of them to the difference between fingerprints of D™
and of D~ . To this end we partition the set of all possible histograms’ vectors into several subsets according
to their Hamming weight Y ;" | a; and depending on whether all a/s are in {0, 1}, or there exists a least one
a; such that a; > 2. In particular, to deal with the former (whose number, for each choice of Hamming
weight x is relatively large, i.e., roughly m®), we use the properties of the matrix M based on which D~
is defined. We note that from the analysis we see that, similarly to when m = 2, we need the variance of
the heavy elements to play a role just for the cases where > ;" | a; = 2 while in the other cases the total
contribution of the light elements is rather small.

In the remainder of this section we provide the details of the analysis.

Before establishing that indeed D~ is Q(1)-far from P4, we introduce some more notation (which will
be used throughout the remainder of the proof of Theorem [I). Let S, be the set of vectors that contain
exactly x coordinates that are 1, and all the rest are 0 (which corresponds to an element that was sampled
once or 0 times by each distribution). Let A, be the set of vector that their coordinates sum up to = but must

13



contain at least one coordinate that is 2 (which corresponds to an element that was samples at least twice by
at least one distribution). More formally, for any integer x, we define the following two subsets of N"™:

def m . Doy a; = and
Sx_{ €N Vie[m],ai<2}’

and

def [~ ym . Dy a; = and
Am_{GEN " diem],a; > 2

For @ € N™, let sup(a) & {i : a; # 0} denote the support of @, and let
oy def | . a2 -
Iy (@) = {] : D (j) = - Vi € sup(a)} . (11)

Note that in terms of the matrix M (based on which D~ is defined), I)/(&@) consists of the columns in M
whose restriction to the support of @ contains only 1’s. In terms of the D™, it corresponds to the set of light
elements that might have a sample histogram of @ (when sampling according to D™).

Lemma 7 For every m > 5 and for n > clnm for some sufficiently large ¢, we have that " | ||[D; —
D*||1 > m/20 for every distribution D* over [n]. That is, the list D~ is (1/20)-far from P®9.

Proof: Consider any @ € So. By Lemmalf] setting ¢ = n/2, the size of I/(@), i.e. the number of light
elements ¢ such that D; [(] = 2 for every i € sup(d), is at most % ( 7+ 8lnm>. The same lower bound

holds for the number of light elements ¢ such that D; [¢] = 0 for every i € sup(@). This implies that for
every i # 4 in [m], for at least § — n <i + w/Slgm) of the light elements, ¢, we have that D; [¢] = 2

while D}, [¢(] = 0, or that D}, [(] = 2 while D; [¢] = 0. Therefore, | D; — D/ [|; > 3 — 2/22 which
for n > clnm and a sufficiently large constant c, is at least %. Thus, by the triangle 1nequa11ty we have that
for every D*, Y1, ||D;” — D*||1 > [ 2] - & , which greater than /20 form > 5. W

In what follows we work towards establishing that Equation (5) in Theorem[2]holds for D+ and D~. Set
K=20- :127//33 where § is a constant to be determined later. We shall use the shorthand X+ for A2 +*, and X\~

for XD (recall that the notation XD was introduced in Equation ). By the definition of X+, for each
acN™,

@) = ZH m

j=1li=1
n2/3m1/3/2 . . _

5/7n, 1/3 2/3))a

= Z e * > 1Y
5 m . (n1/3m2/3
/m - a;! j=n/2+1i=1 66/ ) a;!

_ i P LD JCCR

a 2¢9 1 ai! 2@5(7”/")1/3 1 CLi!

By the construction of M, for every light j, >, D (j) = % -5 = . Therefore,

o n?3ml/3 5 (5/m)“1 (26/(n
I | al m/n)l/S 2. H

i=1 jelp (@) i=1

1/3 2/3))ai
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Hence, X* (&) and X~ (@) differ only on the term which corresponds to the contribution of the light elements.
Equations and demonstrate why we choose M with the specific properties defined in Lemma [6]
First of all, in order for every D, to be a probability distribution, we want each row of M to sum up to

exactly n/2. We also want each column of M to sum up to exactly m/2, in order to get [ ;" e~mDI () =

[T, e %P U). Finally, we would have liked |Ip/(@)| - [/, 2% to equal n/2 for every @. This would
imply that X (@) and X\~ (@) are equal. As we show below, this is in fact true for every @ € ). For vectors
a € S; where = > 1, the second condition in Lemma@ensures that |I/(a@)| is sufficiently close to % - 5.
This property of M is not necessary in order to bound the contribution of the vectors in A,. The bound that

we give for those vectors is less tight, but since there are fewer such vectors, it suffices.

We start by considering the contribution to Equation of histogram vectors @ € 57 (i.e., vectors of
the form (0,...,0,1,0,...,0)) which correspond to the number of elements that are sampled only by one
distribution, once. We prove that in the Poissonized uniform sampling model, for every @ € S; the number
of elements with such sample histogram is distributed exactly the same in D™ and D~.

Lemma 8

S [poitk* (@ — poi(i-(@)|| =o.

£ 1
aesS,

Proof: For every @ € S1, the size of Ij/(a) is 7, thus,

: a;! 2
jeln (@) i=1 ‘ =1

| ARG s RS

ai!

= 0 for every @ € S;. The lemma follows by

By Equations li and , it follows that ’Xﬂd’) — X (@)
applying Equation ().

We now turn to bounding the contribution to Equation (5 of histogram vectors @ € Az (i.e., vectors of
the form (0,...,0,2,0,...,0) which correspond to the number of elements that are sampled only by one
distribution, twice.

Lemma 9
[poi i (42)) — poiCi-(a)|, < 35

Proof: For every @ € As, the size of I/(d) is %, thus,

Z ﬁ (25/(n1/3m2/3))ai _ nﬁ (5/(n1/3m2/3))ai | 12

A a;! . a;!
Jjely(a@)i=1 ’ i=1 ’

By Equations (12), (12) and (12) it follows that

To (2 _ wH(a) — n T (0/(n!Bm?/3))e
X(@) - At@) = 265<m/n)1/31]1 -
1/3 52
_ o nt (13)
4ed(m/n) / ma/3
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and that

- n2/3m1/3 2 (5/m)‘“
A@) = 2ed paler a;!
n2/352
= R (14)
By Equations (I3) and (T4) we have that
. . 2
(F-@ - X+ @) S5-25(m /)13 52
= <
A= (@) 4m
2
< 2 (1)
m

By Equation and the fact that | As| = m we get

(X—(a) —X+(a))2
2@ ="

acAs

=42

3

The lemma follows by applying Lemma2 W

Recall that for a subset [ of N, poi(X(I )) denotes the multivariate Poisson distributions restricted to
the coordinates of X that are indexed by the vectors in I. We separately deal with S, where 2 < x < m/2,
and > m/2, where our main efforts are with respect to the former, as the latter correspond to very low
probability events.

Lemma 10 For m > 16, n > emlInm (where c is a sufficiently large constant) and for 6 < 1/16

Hp01/\+(US )—p01 <US )H <326 .

Proof: Let @ be a vector in S, then by the definition of S, every coordinate of @ is O or 1. Therefore we
make the following simplification of Equation : Foreach d € Um/ > ls

T

s n2/3m1/3 J\* n ) v
ATa)=———-(—] + : .
2¢d m 2e0(m/n)1/3 nl/3m?2/3
By Lemma |6} for every @ € Um/2 'S, the size of Ips(@) is at most % - <211 + \/4"”1;““) and at least

n. (; — ,/W). By Equation (12) this implies that

(@) = n2/3m1/3 5 v n 1 26 x
(@) = 20 \m + 2e(m/n)1/3 "\ 2 i nl/3m2/3 ’
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where — (22;”; + w“g””) < < /R and thus [n] < \/Z - <2zf + \/4mlnm>. By the facts

that n > c¢mInm for some sufficiently large constant ¢, and that 23% < 1 for every 2 < x < m/2 and

m > 16, we obtain that |n| < / % So we have that

. 2
_’—f— =\ _ Y=\ 2 n . 25 . E
Gr@-X @7 < (s () )

n2 462 Yo
4 \n2BmAn ) m

IN

and that

]
IN

(X+(a)—xf(a))2 5 4/3 ( " ) N

om1/3  \ n2/3m1/3

< nA/3 46 Yo
= 13\ n2Bmis ) m
n4/3 4$1/x5 z
< ma/3 \ n2/3m1/3
nA/3 89 *
< . .
= A3 <n2/3m1/3)

(A(@) = X(@)* _ =t [8sm* ’
Z X—((i = Zm4/3' n2/3

anm/Q 1 r=2
89m?2/3
_ 2
= 2645 ( 7 ) (16)
6452
<
= 1-85
< 12852 17

where in Equation we used the fact that n > m, and Equation holds for § < 1/16. The lemma
follows by applying Lemma2, W

Lemma 11 Forn >m, m > 12and § < 1/4,

> 2 Hpoi(x+(6)) - poi(X‘(ci))H1 < 328°.

x>m/2 AESy
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Proof: We first observe that | S| < m®/x for every x > 6. To see why this is true, observe that |.S;| equals
the number of possibilities of arranging x balls in m bins, i.e.,

—1 T (2m)* 9t @
|Sx’:<m—|—x )S(m+$) S(m) m7

mx
_ < 2
x x! x! (x —1)! — oz’

where we have used the premise that m > 12 and thus z > 6. By Equations and (and the fact that
|z — y| < max{z,y} for every positive real numbers z,y),

a) = A"(a@)| < Z Z H<n1/3m2/3>
x>m/2 GES, x>m/2a€S, =1
Z Z < >Z§”1ai
= 1/3,,2/3
x>m/2 €Sy FAm?/
. m* n 20 v
< Y 5 ()
r=m/2
< = 2m® n 20 v
= m 2 \ nl/3m2/3
x=m/2
B > 26m/ ‘
- m Z T pl/3
a: m/2
> 26m1/3\ "
_ 3
P> ( L
x=m/2—3
8463
<
- 1-26 (18)
< 1663 (19)

where in Equation we used the fact that n > m and Equation holds for § < 1/4. The lemma
follows by applying Equation (I). W
We finally turn to the contribution of @ € A, such that z > 3.

Lemma 12 Forn > mand d < 1/4,

S° 37 |Jpoith (@) - poiti-(@)| < 165

>3 A€A,

Proof: We first observe that |A,| < m®~! for every x. To see why this is true, observe that | A,| equals
the number of possibilities of arranging = — 1 balls, where one ball is a “special” (“double”) ball in m bins.
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By Equations and (and the fact that |z — y| < max{z,y} for every positive real numbers x,y),

Sy @-v@| = Y 311 ()

>3 A€A, r>3adcA, =1
( >Zz‘—1 a;
- Z Z 1/3,,2/3
>3 AEA, nem

IN

20 :B
Zm "9 \ 1B m2/3
26mt/
- SRR
20m
483
S ( 1/3)

463
1—26
863 1)

IN

(20)

IN

where in Equation we used the fact that n > m and Equation holds for § < 1/4. The lemma
follows by applying Equation (I). W

We are now ready to finalize the proof of Theorem|[I]

Proof of Theorem [t Let DT and D~ be as defined in Equations (9) and (10}, respectively, and recall
that k = ¢ - 2 /3 (where & will be set subsequently). By the deﬁmtlon of the dlStI’lbuthl’lS in D" and D~

the probablhty weight assigned to each element is at most W = -, as required by Theorem By

Lemmal7} D~ is (1/20)-far from P°4. Therefore, it remains to establish that Equation (5) holds for DT and
D~. Consider the following partition of N™:

m/2

{{@'}aesl,Am U S {d}acu, .. . 500 {E}anIZ3AI} :
=2

where {@}zer denotes the list of all singletons of elements in 7". By Lemma l]it follows that

[poi(X*) = poi(X7)| | < D [[poi(X* (@) — poi(h~(a)|

" 1
aesy

‘pm (Xt (Ag) — poi(XA™(A2)) H

m/2 m/2

+ oot (U $0) - poi(5((J 520,
r=2 v=2
DY Hpoi(X+<a> - poilt- @]

x>m/2 €Sy

~ poi( X~ (@)
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For § < 1/16 we get by Lemmas [8}{12]that
Hpoi(Xﬂ - poi(j\)_)H1 < 350 + 4853,
which is less than 25 % for6 =1/200. W

3.4 A lower bound for testing Independence

Corollary 4 Given a joint distribution Q) over [m] x [n] impossible to test if Q) is independent or 1/48-far
from independent using o(n?*/3m*/3) samples.

Proof: Follows directly from Lemma[15]and Theorem [ |

4 A Lower Bound of Q(n'/?2m'/2) for Testing Equivalence in the Uniform
Sampling Model

In this section we prove the following theorem:

Theorem 5 Testing the property Pyl in the uniform sampling model for every ¢ < 1/2 and m > 64
requires Q(n'/?m/?) samples.

We assume without loss of generality that n is even (or else, we set the probability weight of the element
n to 0 in all distributions considered, and work with n — 1 that is even). Define H,, to be the set of all
distributions over [n] that have probability % on exactly half of the elements and O on the other half. Define
‘H;? to be the set of all possible lists of m distributions from H,,. Define ;" to consist of only a single
list of m distributions each of which is identical to U,,, where U,, denotes the uniform distribution over [n].
Thus the single list in U belongs to Ppy'y,. On the other hand we show, in Lemma that H]* contains
mostly lists of distributions that are Q(1)-far from Py;',. However, we also show, in Lemma that any
tester in the uniform sampling model that takes less than n/2m1/? /6 samples cannot distinguish between
D that was uniformly drawn from H] and D = (U,, ..., U,) € U)". Details follow.

Lemma 13 For every m > 3, with probability at least <1 — T) over the choice of D € 'HI"" we have that
D is (1/2)-far from Py,

Proof: We need to prove that with probability at least (1 — %) over the choice of D € H)", for every

v = (v1,...,v,) € R" which corresponds to a distribution (i.e., v; > 0 forevery j € [n]and > 7_; v; = 1),

fZ ID; = vl > - (22)

We shall actually prove a slightly more general statement. Namely, that Equation (22)) holds for every vector
v € R". We define the function, med® : [n] — [0, 1], such that medP () = pu1(D1(j),..., Dm(5)),
2
where pi1(21,. .., 2y) denotes the median of x1,. .., x,, (Where if m is even, it is the value in position %
2
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in sorted non-decreasing order). The sum )", |z; — c| is minimized when ¢ = p1 (1, .. ., zy,). Therefore,
2
for every D and every vector v € R”,

> ||Di — med®||, <> Di = vl - 23)
=1

=1

Recall that for every D = (Dy,...,D,,) in H!", and for each (i,j) € [m] x [n], we have that either
D;i(j) = 2, or D;(j) = 0. Thus, med®(j) = 0 when D;(j) = 0 for at least half of the i’s in [m] and
medP (j) = 2 otherwise. We next show that for every (i, j) € [m] x [n], the probability over D € H" that
D;(j) will have the same value as med? (j) is at most a bit bigger than half. More precisely, we show that
for every (i,7) € [m] x [n]:

Prper [Di(§) # med® (j)] > % (1 — %) : (24)
Fix (4, ) € [m] x [n], and consider selecting D uniformly at random from . Suppose we first determine
the values Dy (j) for ¢’ # 4, and set D;(j) in the end. For each (¢', j) the probability that D;/(j) = 0is 1/2,
and the probability that D;(j) = 2 is 1/2. If more than m,/2 of the outcomes are 0, or more than /2 are
%, then the value of med?(j) is already determined. Conditioned on this we have that the probability that
D;(j) # medP(j) is exactly 1/2. On the other hand, if at most /2 are 0 and at most m,/2 are 2 (that i,
for odd m there are (m — 1)/2 that are 0 and (m — 1)/2 that are 2, and for even m there are m,/2 of one
kind and (m/2) — 1 of the other) then necessarily med? (j) = D;(j). We thus bound the probability of this
event. First consider the case that m is odd (so that m — 1 is even).

, 1 m m 1 m! 1
()2 Ak
2 22
By Stirling’s approximation, m! = v/2wm (2)™ e*, where A, is a parameter that satisfies ;- 7 <
A < ﬁ, thus,
m 1 VO M ! 26)
mym| - gm (\/2amm a2 ym/2eTmzr Y2 2"
1 2
om ~ omil
- (27
™m/2
1
< (28)
™m/2
< (29)
— \/ﬁ Y

where Inequalities (28)) and (29) hold for m > 3. In case m is even, the probability (over the choice of D (j)

for i # i) that med® (j) is determined by D;(j) is Pr [Bin (m, ) = ] < Pr[Bin (m,1) = 2].
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Hence, Equation (24) holds for all m and we obtain the following bound on the expectation

Epepm [ZHD,- —medDH1] - ZZEDEW [|D:(j) — med® ()] (30)
=1

i=1 j=1
) . 2
= m-n-Prpexp [Dj(i) # med®(i)] - - (31)
1 1 2
> nm-—-—(1-—1] - 32
2 m-n-g < m) - (32)
— m—Jm, (33)
while the maximum value is bounded as
m m n
S|P —med®||, = > |Di(§) — med”(j)| (34)
i=1 i=1 j=1
n
m 2
= 2w a
J=1
= m. (36)
Assume for the sake of contradiction that
m
Prper [Z 1D — med®||, < m/2] > 2 (37)
i=1 Vm
then by Equation (36) we have,
Eper [iHD-medDH] < 2.y <12> m (38)
m i ) . )
P vmo 2 Vm
= m-ym, (39)

which contradicts Equation (33). H

Recall that for an element j € [n] and a distribution D;, i € [m], we let a; ; denote the number of times
the pair (i, j) appears in the sample (when the sample is selected in the uniform sampling model). Thus
(@1,4,...,am,;) is the sample histogram of the element j. Since the sample points are selected indepen-

dently, a sample is simply the union of the histograms of the different elements, or equivalently, a matrix M
in N7,

Lemma 14 Let U be the distribution of the histogram of q samples taken from the uniform distribution over
[m] x [n], and let H be the distribution of the histogram of q samples taken from a random list of distributions
in H". Then,
4q?
U =Hly < —. (40)
mn
Proof: For every matrix M € N™*" let A)s be the event of getting the histogram M i.e. M[i,j| = z if

element j is chosen exactly x times from distribution D; in the sample; For every & = (x1, ..., %) € N™,
let Bz be the event of getting a histogram M with exactly x; samples from distribution D; i.e., such that
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forevery i € [m], 3¢, Mi, j] = xi; Let C be the event of getting a histogram M such that there exists
(i,4) € [m] x [n] such that M[i,j] > 2; Let V = {Bz : Pry; (Bz N C) > 0} (where C denotes the event
complementary to C'). Recall that if we take strictly less than n/2 samples then conditioned on the event
that there are no collisions in the sample, a sample from U,, and a sample from a random distribution in H,,
are distributed exactly the same. This simple observation is not true for samples from H and I/, and instead
we use the following, more subtle, observation: For every Bz € V, given the occurrence of Bz N C, i.e.,
given the histogram projected on the first coordinate and given that there were no collisions, samples from
‘H and U are distributed the same. We shall use this fact in order to bound the statistical distance between H
and U. We next formalize this.

et =Hll, = Y [Pr(An) = Prog(An)|+ D [Pry(An) —Pri (Au)| (41
ApCC Ay CC
< Pry(C)+Pr(C)+ > [Pry(Anr) — Pry (An)] - 42)
ApcCC

We start by bounding the third term in Equation (42)).

> Pry(Au) —Pry(Am)l = D> Y [Py (An) — Pry (An))| (43)
ApCC Bz ApCBznC
= Y Y [Py (Am) — Pry (Au)) (44)
Bz€V Ay, CBzNC
+ > Y Pry(An) —Pry(An)| .. 49)

BfGV Apnr ngﬂé

We next bound the expression in Equation (#4).

ST > [Pry(An) — Pry (Ay)|

Ba‘c‘EVA]Wngmé

= Y Pry(Bz) Y. Pry(Au|BzNC)-|Pry (C|Bz) — Pry (C|Bg)| (46)
BzeV Al\/ngi’ﬂé

= Y Pry(Bg)[Pry (C|Bz) — Pry (C|B;)| (47)
BzeV

= Y Pry(Bz)|(1 - Pry (C|Bz)) — (1 — Pry (C|By))| (48)
BzeV

= > Pry(Bsg) [Pry (C|Bz) — Pry (C|Bz)| (49)
BzeV

< Pry (C) +Pry (C) (50)
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where in Equation we used the fact that for every Bz € V, M € N7 Pry, (Bz) = Pry (Bz) and
Pry (Ap|Bz N C) = Pry (An|Bz N C). Turning to the expression in Equation ,

S>> Pru(An) -Pry(An) = >0 > Pry(Awm) (51)
BfGVAAngfﬁé BfGVA]Wngr\Ié
< ) Pru(Bz) (52)
BzeV
= Z Pry(B (53)
BzeV
= Y Pry(BzNC) (54)
BzeV
< Pry(C), (55)

where the first equality follows from the fact that Bz € V, hence by the definition of V we get that
Pry (Ay) = 0. We thus obtain that ||/ — H||; < 2Pry(C) + 3Pry/(C). If we take ¢ uniform inde-
pendent samples from [6] then by a union bound over the g samples, the probability to get a collision is at
most §+ 2 +...+ L7 L which is q . Thus, 2Pry (C) +3Pry (C) < 2- 51— 43 - = ifn, and the lemma
follows .

Proof of Theorem Assume there is a tester, 7', for the property Py, in the uniform sampling model,
which takes ¢ < m! 2711/2/6 samples. By Lemma

Prpewm [A accepts D] < \/2> 14+ (1 _ ;m) ‘ :1)) 56)
m
3 m
1
< =
-2 (58)

where the last inequality holds for m > 64. By Lemma 4 for ¢ < m1/2 1/2/6 i ||Z/I H, <
by Equation ( . (Prpeym [A accepts D] — Prpeym [Aaccepts D)) > 2 -1 > L. W

18 , while

S Algorithms for Testing Equivalence in the Sampling Model

In this section we state our two main theorems (Theorems [6] and [7) regarding testing Equivalence in the
sampling model. We prove Theorem [f]in this section. In Section [ we prove a stronger version of Theorem{[7]
(Theorem[14)) as well as a stronger version of Theorem [6] (Theorem [I3)). We have chosen to bring the proof
of Theorem [f] in addition to the proof of Theorem [I5] because it is simpler than the latter.

Theorem 6 Let D be a list of m distributions over [n]. It is possible to test whether D € P in the
unknown-weights sampling model using a sample of size O((n*/*m'/® 4 m) - poly(1/e)).

Theorem 7 Let D be a list of m distributions over J It is possible to test whether D € P in the
known-weights sampling model using a sample of size O((n'/?>m"/? 4 n) - poly(1/e)).
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Thus, when the weight vector @ is known, and in particular when all weights are equal (the uniform
sampling model) we get a combined upper bound of O(min{n?/3m!/3 + m,n*2m!/2 + n} - poly(1/e)).
Namely, as long as n > m the complexity (in terms of the dependence on n and m) grows as O(n2/ 31/ 3),
and when m > n it grows as O(n'/2m1/2).

In order to prove Theorem E] we shall consider a (related) property of joint distributions over [m] x [n].
Specifically, we are interested in determining whether a distribution @) over [m] x [n] is a product distribution
Q1 X Q2, where Q1 is a distribution over [m] and Qs is a distribution over [n] (i.e., Q(i,7) = Q1(7) - Q2(J)
for every (i,7) € [m] x [n]). In other words, if we denote by 71() the marginal distribution according to
Q of the first coordinate, ¢, and by m5() the marginal distribution of the second coordinate, j, then we ask
whether 71 () and w2 @) are independent. With a slight abuse of the terminology, we shall say in such a case
that Q is independent.

As we observe in Lemmal[I3] the problem of testing independence of a joint distribution and the problem
of testing equivalence of a list of distributions in the (not necessarily uniform) sampling model, are closely
related. In the proof of the lemma we shall use the following proposition.

Proposition 8 (IBFF01]) Let p,q be distributions over [m] x [n]. If|[p—ql|1 < €/3 and q is independent,
then ||p — mip x mp|1 < e

Lemma 15 [f there exists an algorithm T for testing whether a joint distribution Q) over [m] X [n] is inde-
pendent using a sample of size s(m,n, €), then there exists an algorithm T" for testing whether D € P*4 in
the unknown-weights sampling model using a sample of size s(m,n, €/3).

If T is provided with (and uses) an explicit description of the marginal distribution 7 Q), then the claim
holds for T in the known-weights sampling model.

Proof: Given a sample {(i¢, j¢)};_,(m,n, €/3) generated according to D in the sampling model with a
weight vector & = (wq, . .., wyy,), the algorithm 7" simply runs 7" on the sample and returns the answer that
T gives. If w is known, then 7" provides T" with « (as the marginal distribution of 7). If Dy, ..., D,, are
identical and equal to some D*, then for each (i, j) € [m] x [n] we have that the probability of getting (3, j)
in the sample is w; - D*(j). That is, the joint distribution of the first and second coordinates is independent
and therefore T' (and hence T”) accepts with probability at least 2/3.

On the other hand, suppose that D is e-far from P9, that is, ", wj - ||D; — D*||; > e for every
distribution, D* over [n]. In such a case, in particular we have that > ;" | w; - HDZ - EH | > € where D is
the distribution over [n] such that D(j) = >, w; - D;(j). By Proposition the joint distribution @ over i
and j (determined by the list D and the sampling process) is €/3-far from independent, so 7" (and hence T")
rejects with probability greater than 2/3. W

5.1 Proof of Theorem [6l

By Lemma in order to prove Theorem [6]it suffices to design an algorithm for testing independence of
a joint distribution (with the complexity stated in the theorem). Indeed, testing independence was studied
in [BFE"01]]. However, there was a certain flaw in one of the claims on which their analysis built (Theorem
15 in [BEF™01]], which is attributed to [BFR™00]), and hence we fix the flaw next (building on [BFR™10]],
which is the full version of [BERT00]).

Given a sampling access to a pair of distributions p and q and bounds on their {o,-norm b, and b,
respectively, the algorithm Bounded-/..-Closeness-Test (Algorithm [I]in Figure [I)) tests the closeness of p
and q. The sample complexity of the algorithm depends on by, and bq, as described in the next theorem.
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For a multiset of sample points F' over a domain R and an element i € R, let occ(j, F') de-
note the number of times that j appears in the sample F' and define the collision count of F' to be

coll(F) def ZjeR (OCC(Qj’F)).

Theorem 9 Let p and q be two distributions over the same finite domain R. Suppose that ||p||,, < bp
and ||q||,, < bq where bq > bp. For every € < 1/4, Algorithm Bounded-/..-Closeness-Test
(P, 4, bp, by, |R|, €) is such that:

1. If|lp — dll; < €/(2|R|'/?), then the test accepts with probability at least 2/3.

2. If |[p — qll; > € then the test rejects with probability at least 2/3.
The algorithm takes O (\R| . b%,/ 2 /€2 +|R* bq - bp/ 64) sample points from each distribution.

Proof: Following the analysis of [BFRT00, Lemma 5], we have that:

Algorithm 1: Bounded-/,-Closeness-Test
Input: p, q, by, by, |R|, €
1 Take samples F}} and F3 from p, each of size ¢, where t = O (\R| 05?2+ |R|? - by - bp/e4>;

2 Take samples F2 and F} from q, each of size ¢;

/* rp is the the number of self collisions in Fg. */
- 1y.
3 Letrp = coll(F});
/* rq is the the number of self collisions in F&. x/
1y.
4 Letrq = coll(Fy);
/* Spq 1s the number of collisions between Fg and Fg. */

5 Let Sp7q = ZjGR(OCC(j’ Fp2) : OCC(j, Fg))’
6 Define 1 % %(Tp +7q);

7 Define s def 25p.q5

8 if rq > (7/4)(%)bp then output REJECT ;
9 Define § & ¢/|R|"/?;

10 if r — s > 262 /2 then output REJECT ;
11 output ACCEPT ;

Figure 1: The algorithm for testing ¢; distance when ¢, is bounded

Exp[r — s] = t*|lp — qlf3 , (59)

and we have the following bounds on the variances of rp, 74 and s (for some constant c):

Vars] < e 3 p(0)a(t) + ct* 3 (p(O)a(®)? + p()’a(t)) . (60)
leR leER
Var[rp] < ct? > " p(0)® +ct® Y p(0)?, (61)
leR leER
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and
Var[rq] < ct? Y a(t)* +ct? Y " q(0)* . (62)
LeR leR
Using the bounds we have on the ¢, norms of p and q we get (possibly for a larger constant c):

Var[s] < ct?(|pl|oo + ct* ([ Pllscllallz + [PlIZ,) < ct?bp + ct® (bpllallz +b3) (63)
Var[rp] < ct?||p||3 + ct®|plloolPl3 < ct[[Plloo + ct?||pll3 < ct?bp + ct®b] (64)

and
Var[rq] < ct?(|qll3 + ct*[|allsllall3 < ct*[lall3 + ct®bg]lall3 - (65)

By Equations and (65)), a tighter bound on ||q||3 will imply a tighter bound on Var[s] and Var[r].
To this end, the check in Step [8|in the algorithm was added to the original /5-Distance-Test of [BFRT00].
This check is beneficial in achieving a tighter bound on the sample complexity. First, prove that the tester
distinguishes with high constant probability between the case that ||q||3 > 2b, and the case that ||q||3 <
(3/2)bp, by rejecting (with high probability) when rq > (7/4)(4)bp. Notice that by the triangle inequality
lp — all2 > [lallz — [[pll2 . Thus, if g3 > (3/2)bp and [[p[|3 < bp then it follows that ||p — q|2 >
\/(3/2)1)11)/2 - bll)/Q. Therefore, by the fact that b, > 1/|R|, we obtain that |[p — q|[1 > |[|p — qll2 >
(N/(3/2) - 1) /|R|"/? which is greater than ¢/(2|R|/?) for € < 1/4. Consider first the case that |q|3 >

2bp, so that Exp[rq] > 2(;) bp. Then we can bound the probability that the tester accepts, that is, that
rq < (7/4)(5)bp, by the probability that rq < (7/8)Exp[rq]. In the case that ||q||3 < (3/2)bp, so that
Explrq] < (3/2)(5)bp. we can bound the probability that the tester rejects, that is, that rq > (7/4)(5)bp,
by the probability that rq > (7/6)Exp[rq]. Then the probability to accept when ||q||3 > 2b, and reject
when ||q||3 < bp is upper bounded by Pr[|rq — Exp[rq]| > Exp|[rq]/8]. Now, using the upper bound on the
variance of rq that we have (the first bound in Equation @), the fact that for every distribution q over R,
lall3 < 1/|R| and Exp[rq] = (5)|lal|3, we have that

64 Var[rq]
P — Ex > Ex g < — 4 66
fira ~ Exlrall > Bxplral/8] < (66)
c- (t*[|all3 + *]lalloolall3)
< e 67)
tYall3
c cllalls
= + (68)
a3 tllalls
Rl c[R][da]ls
< 69
< b (69)
To make this a small constant, we choose ¢ so that:
t:Q(]R\l/Q—i—\R]bq) . (70)

Next, we prove that the tester distinguishes between the case that ||p — qll2 > J and ||p — ql2 < §/2
by rejecting when r — s > t252/2. We have that Exp[r — s] = t2||p — q||3. Chebyshev gives us that
Pr[|A — Exp[A]| > p] < Var[A]/p?, and so, for the case ||p — ql|2 > § (i.e. Exp[r — s] > t262) we have
that

Pr[r — s < t26%/2] < Pr[|(r — s) — Exp[r — s]| < t26%/2] (71)
< Mool (72)
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and similarly, for the case ||p — ql|2 < 6/2 (i.e. Exp[r — s] < t262/4) we have that

Pr[r — s > t%6%/2] < Pr[|(r —s) — Exp[r — s]| < t262/4] (73)

16Var[r — s]
That is, we want Viﬂ[gj sl which is of the order of w to be a small constant. If we use Var[r —
s] = % (Var[rp] 4+ Var[rq]) + Var[s], then we need to ensure that each of VarE;‘i"RlQ , VargZ‘zL"R‘Q and

wi[fiw is a small constant, which by Equations , , , and the premise that ||q||% < 2bp, holds
when

t=Q (IR] -0 */ + R bq - by /") (75)
since both by, bg > 1/|R

As a corollary of Theorem 9] we obtain:

, this dominates the sample complexity. H

Theorem 10 Let Q be a distribution over [m] X [n| such that Q satisfies: ||m1 Qo0 < b1,

7[-2@”00 < b2
and by < by. There is a test that takes O(nmb}/Qb;/Q/GQ +n2m?2b1b3 /€t) samples from Q, such that if Q is
independent, then the test accepts with probability at least 2/3 and if Q is e-far from independent, then the
test rejects with probability at least 2/3.

Proof: By the premise of the theorem we have that || Q|| ., < b2 and that ||71Q x Q|| < b1-ba. Applying
Theorem@we can test if @) is identical to 71 Q X 2@ using sample of size O(nmb}/ 2b§/ 2 /2 +n%m?b1b3 /)
frorrﬂ Q. If Q is independent, then () equals () X (@ and the tester accepts with probability at least
2/3. If Q is e-far from independent, then in particular @ is e-far from 71 Q) x 2@ and the tester rejects with
probability at least 2/3. W

Applying Theoremwith by =1/m, by =1/ n2/3m1/3 and combining that in the sample analysis of the
procedure TestLightIndependence [BFET01]], the following theorem is obtained:

Theorem 11 ( [BFF01]) There is an algorithm that given a distribution Q over [m] X [n] and an € > 0,
o If Q) is independent then the test accepts with high probability.

o If Q) is e-far from independent then the test rejects with high probability.
The algorithm uses O((n®3m!/3 + m)poly(e 1)) samples.

Finally, Theorem [6|follows by combining Theorem [IT| with Lemma [I3]

6 Algorithms for Tolerant Testing of Equivalence in the Sampling Model

Given a list of distributions D, a folerant equivalence tester is guaranteed to accept, with high probability,
if the distributions in D are close (and not necessarily identical), and reject D, with high probability, if
the distributions in D are far. In this section we prove Theorems and Theorem states that
there is a tolerant equivalence tester taking O(n!/2m!'/2 + n) samples in the known-weights sampling
model. Theorem (15| states that there is a tolerant equivalence tester taking O(nQ/ Sm1/3 4 m) samples
in the unknown-weights sampling model. A tolerant equivalence tester is also a non-tolerant equivalence
tester, so Theorems [I4]and [I5]are stronger versions of Theorems|[7]and [6] respectively.

'We obtain a sample from 71 Q x w2 @ by simply taking two independent samples from @, (i1, j1) and (42, j2) and considering
(i1,72) as a sample from 71 Q X T2 Q.
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6.1 An Algorithm for Tolerant Testing of Identity in the Sampling Model

Consider the problem where given sample access to a distribution p and an explicit description of a dis-
tribution q, the algorithm should accept ,with high probability, if p and q are identical, and should reject,
with high probability, if p and q are far. This is called Identity Testing and is defined in [BFEFT01]. If
the algorithm is guaranteed to accept p and q that are close, and not necessarily identical, we refer to it as
a tolerant identity test. We will use the tolerant identity test as a subroutine in the algorithms for tolerant
testing of equivalence.

We next present and prove Theorem (12} which states that there is a tolerant identity tester taking ON(\/H)
samples. The theorem is a restatement of theorems in [Whil] and [BFET01]. The specific tolerance of
Theorem [12]is somewhat complex and in order to state it we introduce the following new definitions.

Definition 2 For two parameters o, 3 € (0,1), we say that a distribution p is an («, 3)-multiplicative
approximation of a distribution q (over the same domain R) if the following holds.

e Foreveryi € R such that q(i) > a we have that q(i) - (1 — 3) < p(i) < q(i) - (1 + 5).
e Foreveryi € R such that q(i) < o we have that p(i) < - (1 + f).

Definition 3 For o € (0, 1), we say that a distribution p is an a-additive approximation of a distribution q
(over the same domain R) if for everyi € R, |p(i) — q(i)| < «.

Theorem 12 (Adapted from [Whil, [BEF"01)) Given sample access to p, a black-box distribution over
a finite domain R, and q, an explicitly specified distribution over R, for every 0 < e < 1/3, algorithm
Test-Tolerant-Identity (p, q, n, €) is such that:

1. If |p — qd||l1 > 13€, the algorithm rejects with high constant probability.

2. If q is an (e¢/n, €/24)-multiplicative approximation of some q such that ||p — q'||; < Z\Q/i‘i where

¢ =log(n/e)/log(1 + €), the algorithm accepts with high constant probability (in particular, if q is

an (€/n, €/24)-multiplicative approximation of p or if |p — q||; < 2\2/52,

the test accepts with high
constant probability) .

The algorithm takes O(y/npoly(e 1)) samples from p.

In the proof of Theorem [I2] we shall use the following definitions and lemmas.

Definition 4 (IBFF"01]) Given an explicit distribution p over R, Bucket(p,R,«,[3) is the partition
{Ro, ..., Re} of Rwith ¢ =log(1/c)/log(1l + ), Ry = {i : p(i) < a}, such that for all j in [¢],

Ri={i:al+p) ' <pl)<a(l+p3)} (76)

Definition 5 (IBFF"01]) Given a distribution p over R, and a partition R = {Ry,..., R} of R, the
coarsening p ) is the distribution over [(] with distribution p gy (i) = p(R;).

Theorem 13 ((BFF"01]) Let p be a black-box distribution over a finite domain R and let S be a sample
set from p. coll(S’)/(‘g‘) approximates ||p||3 to within a factor of (1 + €), with probability at least 1 — 9,
provided that |S| > c+/|R|e=2log(1/8) for some sufficiently large constant c.

29



Lemma 16 (IBFF01]) Ler p,q be distributions over R and let R' C R, then ||pjp — qprll1 < 2[p —
ql1/p(R').

Lemma 17 ((BFFE01]) For any distribution p over R,

pl3 — IUrI3 = Ip — Ul

Let p be a distribution over some finite domain R, and let R’ be a subset of R such that p(R’) > 0
where p(R') = >, P(i). Denote by p|z the restriction of p to R, i.e., p|p is a distribution over R/

such that for every i € R/, PR (i) = przg))_

Lemma 18 (Based on [BFF"01]) Ler p,q be distributions over R and let R’ C R, then Y, p/ |p(i) —
q(i)| < [p(R') — q(R)| + a(R)lpjr —qrll -

Proof:
N ali p(i)(p(R) — q(&)) pHaR) .

Tio)—ae) < 3 POPCE AN SRR —qi| )

= |p(R)—a®E)|+ > W‘q(i) (78)
iI€ER!

_ Nl n | P@) a9
= |p(R) q(R)Hi;q(R) ‘p(R,) o) (79)
= |p(R) —aR)[+a(R) - |pjr —ar, - (80)

and the lemma is established. W

Lemma 19 Let p, q be distributions over a finite domain R and let R' C R be a subset of R such that for
every i € R’ it holds that

q(i) €ep(i) [l —€1+¢, (81)
Then for every i € R,

qr (i) € |/ (4) - {8;37 Eii—i

~—

} (82)

~—

Proof: Equation implies that q(R’) € p(R’)[1 —¢,1 + €] and therefore zggg € [%Jre, %_6] Thus,
qa() o p(0) [(1—e> (1+¢)
1)

we obtain that a7y € p( (1te)’ (1—¢)

Proof of Theorem [I2; The algorithm Test-Tolerant-Identity is given in Figure [I5] Let E; be the event
that for every i in [(] we have that m; approximates | p|r, |2 to within a factor of (1 + €2). By Theorem
if S; is such that |S;| > cy/ne *log ¥ then E; occurs with probability at least 8/9. Let Es be the event
that for every ¢ in [¢] we have that [(|S;|/|S]) — p(R:)| < €/(2¢). By Hoeffding’s inequality F5 occurs
with probability at least 8/9 for [S| = Q(f?¢72). Let Ej be the event that Pir) and qr, are €/(2()-
additive approximations of p ) and q(r), respectively. By taking O(e~2¢?1og ¢) samples, F3 occurs with
probability at least 8/9.

Let p and q be as described in Case|l} i.e. ||p — q|l1 > 13e. Suppose the algorithm accepts p and
q. Conditioned on E; N E3, this implies that for each partition R; for which Steps [§] - [I0] were preformed,

} , and the lemma follows. W
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Algorithm 2: Test-Tolerant-Identity

Input: Sampling access to p, and explicit description of q, and parameters n, €

R def {Ry, - ,Rs} = Bucket(q,n,€e/n,e/24);

Let S be a set of ©(y/ne~? log n) samples from p ;
Let H be the set of all = such that q(z) > €(1 + €)/n;
foreach R; C H do
LetS; =SNR;;
if q(R;) > €/( then
Let c be the constant from Theorem (13];
if |.S;| < cy/ne"*log ¢ then output REJECT ;
Letm; = coll(Si)/(‘SQ”) ;

if m; > (1‘?;')2 then output REJECT ;

o 0 N NN R W =

[
=]

11 end

12 end

13 Take © (e~ *(log ) samples and obtain a €/(4¢)-additive approximations px) and qx) of p(r)
and q(R), respectively;

14 if ||piry — Quryll1 > 3¢/2 then output REJECT ;

15 output ACCEPT ;

which are those for which q(R;) > €/¢, we have ||p|g,[|3 < % - 12—z, which is at most 1‘}4,72 for
0 < € < 1/3. Thus, by Lemma [17]it follows that
2 2 ) _ 4€
IPir, — Uir,ll2 = [IPig, 12 = U)R ]2 < ik (83)
1
From the bucketing definition we have that for every i € [/],
layr, = Uir, I3 < === (84)
|R; [R; 112 = ‘Rz’ :
By the triangle inequality we obtain from Equations and that ||p|p, — qig, I3 < %2 and thus

IP|r, — qir;|l1 < 3e. We also have that the sum of q(R;) over all R; for which Steps 8 - |10 were not
preformed is at most £+ (€/¢)+n- (e(14€)?/n) < 4e. For those R; we use the trivial bound ||pjr, —qg, |1 <
2. Also, |[p(r) — aryll1 < 2¢ by Step[14] So by Lemma(i§|we get that [[p — ql|1 < 13¢ in contradiction
to our assumption. Therefore, the test accepts p and q with probability at most 1/3 (the bound on the
probability of £ U Ey U E3).

We next turn to proving the second item in the theorem. Suppose q is an (¢/n, (¢/24))-multiplicative

L . 2 .
approximation of some q’ such that p is Z\Q/‘% ~close to q’. Conditioned on Fs, every R; that enters Step

also passes this step, since otherwise we get, in contradiction to our assumption, that q(R;) > ¢/¢ while
p(R;) < 2¢/(3¢). From the bucketing definition we have that for every i € [¢] and for every x € R;,

a(Ri) 1
|Ril [ (1+(e/24))

q(z) € (14 (e/24)) ] . (85)
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Since q is an (€/n, €/24)-multiplicative approximation of q', we get by Lemma 19| that for every R; C H
and every x € H,

al@) _ d@) [ (/29) (1+(e/24))
() € (R {<1+<e/24>>’<1—<e/24>>} (80)

Combining Equations (85)) and (86) we get that

d(Ri) [(1-(c/24)) (1+ (e/24))
| Ri] [(1+(6/24))2’ (1—(6/24))] ’ (87)

d(z) €

and thus for 0 < e < 1/2,

! 1—(e/2 1 2
A0, [0 g2) 0+ (2] )
q'(Ry) | Ri | Ri
By Equation (88) we obtain that for every R; C H
lajr, = Ulr.ll2 < €/ 2V/|Ri]) - (89)
For all subsets R; C H with q(R;) > €/¢ we have that q'(R;) > €¢/((1 + €)¢), combined with the fact that
lp—df1 < ij; we get by Lemma 16| (for sufficiently large n) that
Ipir, — dig, It < €/(2Vn) . (90)
This implies that
1P, — dig,ll2 < IPjR; — g, Il < €/(2v/n) < €/(2V/[Ri]) - On
By the triangle inequality we get that
PR, = Urill2 < PR, — djg,ll2 + llajr, — Uir,ll2 < €/V/|Ri - 92)

Therefore, by Lemma [I7]it follows that
PR3 = PR, — Urill5 + |UR: 15 < (1 + €2)/|Ri] - (93)

Therefore, conditioned on FE; N F» all such subsets will pass Step Since q is €/2-close to g, by the
triangle inequality p is e-close to q and thus conditioned on E3 the algorithm will pass Step as well.
Thus the algorithm accepts with probability at least 2/3.

Finally, the sample complexity is O(\/ﬁe_5) from Step , which dominates the sample complexity of

Step (13). W

6.2 An Algorithm for Tolerant Testing of Equivalence in the Known-Weights Sampling
Model

In this section we prove Theorem [I4, We note that in the proof of the theorem we essentially describe a
tolerant tester for the property of independence of two random variables.

Theorem 14 Let D be a list of m distributions over [n] and let W0 be a weight vector over [m|. Denote by
QP the joint distribution over [m] x [n] such that QP (i,5) = w; - Di(j). There is a test that works in
the Known-Weights sampling model, which takes O((n'/?>m!/? +n)poly(1/€)) samples from D, and whose
output satisfies the following:
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€2

e IfDis 24€ﬁ-close to being in P4, where { = log(n/e¢)/log(1 + €), or if QP is an (¢/n, €/120)-

multiplicative approximation of m11QP" x wQP, then the test accepts with probability at least
2/3

o [f D is 19¢-far from being in P4, then the test rejects with probability at least 2/3.

In the proof of Theorem [T4] we shall use the following lemma:

Lemma 20 Let Q be a joint distribution over [m] x [n]. Let Q' be a (a1, B1)-multiplicative approximation
of mQ. Let Q? be a (az, Bo)-multiplicative approximation of T2 Q. Denote by A the set of all i € [m] such
that Q1 (i) > a1 (1 + 31). Denote by As the set of all j € [n] such that Q*(j) > az(1 + B2). For every

B1 C A; and every Bo C As, (@1 X @2>

(MmQ X Q) 5, x5,

BuxB isa (0, %)—multiplicative approximation of
1X 52

Proof: For every (i, j) € By x By we have that

Qi) Q*(j) € mQ(i) - mQ() - [(1— B1) - (1= Ba), (14 B1) - (1 + )] - %94)
(1481)-(1482) _ 2(81+82) (1-p1)-(1-B2) 2(B1+062)
From the facts that m =1+ (1%}11)‘(1352) and (1+61)-(1+ﬂ§) > 1-— m, and from

Lemma/[l19 the lemma follows. H

Algorithm 3: Tolerant Testing of Equivalence in the Known-Weights Sampling Model

Input: Parameter 0 < e < 1/3, sampling access to a list of distributions, D, over [n], in the
Known-Weights sampling model
1 Let Q denote QP7;
2 Take © (e 3nlogn) samples and obtain a (¢/n, ¢/120)-multiplicative approximation, Q2, of
Q) ;
3 Let H be the set of all j € [n] such that Q2(j) > €(1 + ¢)/n and let L be [n] \ H;

4 Call Test-Tolerant-Identity with parameters: Q) 7 (117 X @2>‘ I |H|-m, e, 1/9;
X

[m
5 if Test-Tolerant-Identity rejects then output REJECT ;
def

6 Z = {|m]x H,[m]x L};

7 Take ©(e~2) samples and obtain a (e/2)-additive approximations Qvgf and va of
(m@Q x Q) 7y and Q 7y, respectively;

8 if | QL% ~ Q|| > 2¢ then output REJECT;

9 output ACCEPT;

Figure 2: The algorithm for tolerant testing of equivalence in the known-weights sampling model

Proof of Theorem@]i The test referred to in the statement of the theorem is Algorithm[3|(see Figure[2). Let
E}; be the event that Q)2 is an (e /n, €/120)-multiplicative approximation of w2, as defined in Deﬁnition
By applying Chernoff’s inequality and the union bound, E; occurs with probability at least 8/9 (for a
sufficiently large constant in the ©(-) notation for the sample size). By Lemma conditioned on FEj,
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we have that (117 X @2> is a (0, €/24)-multiplicative approximation of (m1Q X m2Q),(,)x sz~ Thus,

[[m]xH
H (w X @2> i — (W x WQQ)Hm]X HH < €. Let E5 be the event that the application of Test-Tolerant-
1

Identity returned a correct answer, as defined by Theorem We run the amplified version of Test-
Tolerant-Identity , therefore the additional parameter, which is the confidence parameter, is set to 1/9,
i.e. Ey occurs with probability at least 8 /9.

Let D be 19¢-far from being in P°Y and assume the test accepts. Conditioned on F this implies that

HQHm]XH - (U7 X @2)

< 13e¢. By the triangle inequality, we obtain that conditioned on £ N Fo,

[ x H ||
HQHm]xH_('J;XW?Q)‘[m}xHHl < e+ 13e < 14e . (95)

Conditioned on E; we have that Q([m] x L) < ¢, and therefore

Q] % L) - || Qg = (@ % 72Q) g

’1 < 2. (96)

Let E3 be the event that @%%2 and Q(D are €/2-additive approximations of (m1Q x m2Q)zy and Q(7,
respectively. By taking ©(e~2) samples, E3 occurs with probability at least 8/9. Conditioned on E3, we
have that

[(mQ x mQ) 1) — Qupy||, < 3e. 7

Combining Equations (95)) - (97), by Lemma|I8] we have that
[(mQ x Q) — Q|l; < 3e+ 14e + 2¢ = 19¢ . (98)

Hence D is 19¢-close to being in P°4, in contradiction to our assumption. It follows that the test accepts
with probability at most 1/3.

2
€

On the other hand, consider the case that either D is W—close to being in P9, or that WlQDﬂF’ X

QP is an (¢/n, €/120)-multiplicative approximation of Q7*, and assume that the test rejects. In case

the test rejects in Step then conditioned on E9, we get by Theorem H that (w’ X @2> is not

[[m]x H
an (e/n, €/24)-multiplicative approximation of any g’ such that HQHm}X g—dq H1 < 2\2/6; Conditioned

on E, we have that (15 X @2)[ H is an (¢/n, €/24)-multiplicative approximation of (@ X 72Q) 1« -
m| X

Thus, conditioned on E; N E3, we obtain that ||QQ — @ x mQ)||; > 2\2/62 By Proposition ﬁ this implies that
D is Z%-far from being in P°4. By setting q' = Q|m]xm We also have that (15 X @2 is not an

[[m]xH
(€/n, €¢/24)-multiplicative approximation of Q|(,x . For the sake of simplicity, denote (zﬁ @2) by A
and (W x Q) by B. Hence, there exists (i, j) € [m] x H that satisfies either

Alimyxer (i5.3) > (1 + (€/24)) Qg x 12 (1, 7) 99)

or
Ajpmyxa (1,7) < (1= (e/24))Q|pmyxm (4, 7) - (100)
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By Lemma we get that A,y is a (0, ¢/30)-multiplicative approximation of Bjj,,|» r- Therefore, by
Equations (99) and (99), either it holds that

.. 1+4(e/30) .
Q|myxm (4,7) < WB\[m}xH(%J) (101)
or that 1~ (¢/30)
. — (e .
Qm)xm (i, 5) > WBHm]xH(%J) . (102)

Since Q([m] x H) = B([m] x H), we obtain from Equations (101) and (102) that either Q(i,7) <
}igigzg B(i,j) or Q(i,j) > }:EZ%Z; B(i,7), which by a simple calculation implies that ) is not a
(e/n, €/120)-multiplicative approximation of i x m2 Q.

Alternatively, in case the test rejects in Step[§|then by the triangle inequality we get that conditioned on
Ejs, Q is e-far from 7m1Q) X m2@). In both cases we get a contradiction to our assumption and therefore the
algorithm accepts D with probability at most 1/3 (which is the upper bound on the probability of £ U Es U
E3).

The sample complexity of Step[5)is bounded by O(n'/2m!/2poly(e~1)) so the overall sample complex-
ity is O((n'/?>m'/? + n)poly(e~1)). M

6.3 An Algorithm for Tolerant Testing of Equivalence in the Unknown-Weights Sampling
Model

In this section we prove the following theorem:

Theorem 15 Let D be a list of m distributions over [n]. It is possible to distinguish between the case that

Dis ;??/E;—close to being in P4, where { = log(n/e€)/log(1l + €) and the case that D is 25¢-far from being

in P4 in the unknown-weights sampling model using a sample of size O((n*/*m/3 +m) - poly(1/e)).

Proof of Theorem The algorithm referred to in the statement of the theorem is Algorithm [
(given in Figure [3). We note that we run the amplified version of Test-Tolerant-Identity and Bounded-
£-o-Closeness-Test and that the additional parameter in the application of Test-Tolerant-Identity and
Bounded-/,-Closeness-Test is the confidence parameter. Let E; be the event that @1 is an (¢/m, €/250)-
multiplicative approximation of 1. By taking a sample of size ©(e >mlogm), F; occurs with proba-
bility at least 20/21. Let E; be the event that @2 is an (¢/ n2/3m1/3, €/250)-multiplicative approximation
of m2(Q). For a sample of size @(6_3712/ 3m1/3 log n), we get, by Chernoff’s inequality, that F occurs with
probability at least 20/21. By Lemma 20} for every 0 < e < 1/3, we get, condition on E; N Ej, that
(@1 X @2> _— is a (0, ¢/24)-multiplicative approximation of (m1Q X m2Q),y, x r,- Thus, conditioned

on F; N E5, we have that

<e. (103)

@@

— T X T
|HyxHz ( 1Q 2Q)|H1XH2 1

Let F5 be the event that the application of Test-Tolerant-Identity returned a correct answer, as defined by
Theorem Es5 occurs with probability at least 20/21.
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Algorithm 4: Tolerant Testing of Equivalence in the Unknown-Weights Sampling Model

Input: Parameter 0 < e < 1/8, sampling access to a list of distributions, D, over [n], in the
Unknown-Weights sampling model
1 Let Q denote QP7;
2 Take O(e 3mlog m) samples and obtain an (¢/m, €/250)-multiplicative approximation Q* of 7,Q ;

3 RY (Ro,-+ Ry} = Bucket (QL,m, (1 + €)e/m,¢) ;

4 Let Ly = Rp and let Hy = [m] \ L1;

5 Take O (e 3n?/3m!/3 logn) samples and obtain an (¢/(n?/3m!/3), €/250)-multiplicative
approximation @2 of m@ ;

6 Let Hy be the set of all j € [n] such that Q2(j) > e(1 + €)/(n?/3m!/3) and let Ly = [n] \ Ho;

7 Take ©(e~2) samples and let y be the fraction of samples in H; x Ha;

8 if v > 3¢/2 then

9 Call Test-Tolerant-Identity with parameters: Q| x 7, (Q' x @2)| HyxHy» | Hi| - |Ha| €, 1/21;

10 if Test-Tolerant-Identity rejects then output REJECT ;

11 end

12 Let S be a set of O(¢£2¢~2) samples;

13 foreach R; do

14 Let S; = SN (R; x Lo);

15 if |:S;|/|S| > ¢/¢ then

16 Call Bounded-/,-Closeness-Test with parameters: (710 X m2Q)|r,xLy» Q| R, x Lo>
40/ (en®3m 3| Ry), 20/ (en?®/3m1/3), |Lo| - |Ry|, €, 1/(21€);

17 if Bounded-/..-Closeness-Test rejects then output REJECT ;

18 end

19 end

20 7% {Hy x Hy, L1 x Hy, Ry X La,--- , Ry X La};

21 Take ©(e~2/?log /) samples and obtain an ¢/ (2¢)-additive approximations @%52 and é(l) of
(m1Q x m2Q) 7y and Q 7y, respectively;

if H@gf - ©<I>H1 > 2¢ then output REJECT ;

23 output ACCEPT;

2

N

Figure 3: The algorithm for tolerant testing of equivalence in the unknown-weights sampling model

Let D be 25e-far from being in P°1 and assume the algorithm accepts. Then either Test-Tolerant-
Identity returns accept or v < 3¢/2. Consider the case that Test-Tolerant-Identity returns accept. Con-
‘(@1 % @2)

ditioned on FE3, by Theorem |12} we have that — QH, xH;

< 13e. By the triangle
‘H]_ ><H2 1

inequality and Equation (103) we obtain that

H(mQ X T2Q) 1y ctty — Q|| < 136+ € = e (104)
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Consider the case v < 3¢/2. Let E be the event that |y — Q(H; x Hs)| < ¢/2. By taking ©(¢~2) samples,
E4 occurs with probability at least 20/21. Then we have that

Q(Hl X Hg) < 2e. (105)

Let F5 be the event that all applications of Bounded-/..-Closeness-Test returned a correct answer, as
defined by Theorem@ By the union bound, E5 occurs with probability at least 20/21. Conditioned on Es,
we obtain that every R; that passes Step[17|satisfies the following

| (m1Q x ™2Q)|pyx 1, — Q\Ringul <e. (106)

Let Eg to be the event that for every i in [¢] we have that [(]S;|/|S]) — Q(L2 x R;)| < €/(2¢). By Hoeffd-
ing’s inequality Eg occurs with probability at least 20/21 for | S| = €(£?¢~2). From the fact that for every
R; that doesn’t enter Step 17| we have that |.S;|/|S| < €/¢, we obtain, conditioned on Fj, that

Q(R; x Ly) < 3¢/(20) . (107)

Let E; be the event that @%ZX}Z and Q (7) are €/(2¢)-additive approximations of (71Q x m2Q) ) and Q 1),
respectively. By taking ©(e~2¢2 log /) samples, E'7 occurs with probability at least 20/21. Since we assume
that the algorithm accepts D then, in particular, D passes Step Therefore, conditioned on E7, we have
that

[(m1Q x mQ) 1) — Q| < 3e.- (108)
Conditioned on F1 N Es, for 0 < e < 1/5 we have that

Q(Ly x Hy) < 3¢/2 . (109)
For every I € 7 we have the following trivial bound
[(m1Q x mQ)r — Qu, < 2. (110)
Combining Equations (104)) - (I10)), by Lemma|[I8] we have that
|(mQ x mQ) — Ql; < 3¢+ 14e +2e+ £ -3¢/(20) - 2+ 3€¢/2 - 2 = 25¢ . (111)

Therefore, D is 25¢-close to being in P in contradiction to our assumption. It follows that the algorithm
accepts D with probability at most 1/3.

On the other hand, let D be z’f;%-close to being in P°? and assume the algorithm rejects. Conditioned on

E1N Es,, we have that (@1 X @2) \H, x H,, 18 @ (0, €/24)-multiplicative approximation of (71 Q X T2Q) 1, x Hs-
Therefore, conditioned on £y N Es N E3 N Ey, if we reject in Step @], then we obtain by Theorem @] that

62

HQ‘HMHQ—(MQ><772Q)|H1X1{2H1>72-€\/ﬁ. (112)

tn = 1

It follows, by Lemma , that | Q X mQ — Q| > w 7. £ > 3\6/52 . If we reject in
Step 17| then conditioned on E5 N Eg, there is R; such that Q(R; x La) > €/¢ in which the following holds,

H(TrlQ X WQQ)\RZ-XLQ — QR xLs

> e/2vm). (113)
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Thus, by Lemma [mQ x mQ — Q| > M ~€/(2y/n) > €2/(46y/n) . If we reject in Step
then conditioned on FE7 it follows that ||[11Q) X m@Q — @||; > €. Thus we get a contradiction to our
assumption (that the algorithm rejects), which implies that the algorithm accepts D with probability at
least 2/3. To achieve (1 — §) confidence, the amplified algorithm takes the majority result of ©(log1/6)
applications of the original algorithm. In addition, both algorithms are applied on restricted domains (H; X
Hj in Test-Tolerant-Identity and R; X Lo in Bounded-/.,-Closeness-Test ). This affects the sample
complexity only by a factor of poly(1/e,logn). For every R; that enters Step the number of required
samples from the domain R; x Ly in that step is bounded by O((n?/3 - |R;|"/? /m/6 + n2/3 . |R;| /m?/3) -
poly(1/€)). Thus, since / is logarithmic in n and 1/¢, the number of samples required by all the applications
of Bounded-/,.-Closeness-Test is bounded by O(n?/3m?/?.poly(1/e€)). Therefore, the sample complexity
is O((n**m/3 + m) - poly(1/e)) as required. M

7 Testing (k, 5)-Clusterability in the Query Model

In this section we consider an extension of the property Py, studied in the previous sections. Namely,
rather than asking whether all distributions in a list D are the same, we ask whether there exists a partition
of D into at most k lists, such that within each list all distributions are the the same (or close). That is, we
are interested in the following a clustering problem:

Definition 6 Let D be a list of m distributions over [n]. We say that D is (k, 3)-clusterable if there exists a
partition of D to k lists ,{D; }¥_, such that for every i € [k] and every D, D’ € D;, |D — D'||, < 5.

In particular, for k¥ = 1 and 8 = 0, we get the property Pp,’,,. We study testing (k, 3)-clusterability (for
k > 1) in the query model. The question for £ > 1 in the (uniform) sampling model remains open.

We start by noting that if we allow a linear (or slightly higher) dependence on n, then it is possible (by
adapting the algorithm we give below), to obtain a tester that works for any € and G The complexity of this
tester is O(n - k - poly(1/€))). However, if we want a dependence on n that grows slower than ! ~°(1), then
it is not possible to get such a result even for m = 2 (and k£ = 1). This is true since distinguishing between
the case that a pair of distributions are 3-close and the case that they are 3’-far for constant 3 and (3’ requires
n'=°() samples [Val08b]. We also note that for 5 = 0 the dependence on n must be at least Q(n?/3) (for
m = 2 and k = 1) [Val08b]. Our algorithm works for 3 = 0 and slightly more generally, for 5 = O(¢//n),
has no dependence on m, has almost linear dependence on k, and its dependence on n grows like O(nQ/ 3.

Theorem 16 Algorithm Test-Clusterability (see Figure d) is a testing algorithm for (k, ﬁ)—clgstembility
of a list of distributions in the query model, which works for every € > 84n'/2, and performs O(nz/ 3.k
poly(1/€)) sampling queries.

We build on the following theorem.

Theorem 17 (BFR™00]) Given parameter 8, and sampling access to distributions p, q over [n], there is a
test, (1-Distance-Test (p, g, €, 0), which takes O(e~*n?/3log nlog 6 1) samples from each distribution and
for which the following holds.

o If||p —dqll, < e€/(4n'/?), then the test accepts with probability at least 1 — 6.

e If ||p — ql|; > € then the test rejects with probability at least 1 — 0.
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Our algorithm is an adaptation of the diameter-clustering tester of [ADPRO3]], which applies to clustering
vectors in R, and is given in Figure @ While often clustering algorithms rely on a method of evaluating
distances between the objects that they cluster, the algorithm from [BFRT00] only distinguishes pairs of
distributions that are very close from those that are e-far (in ¢; distance). Still, this is enough information in
conjunction with the algorithm of [ADPRO3] to construct a good distribution (k, b)-clusterability tester.

Algorithm 5: Test-Clusterability
Input: Parameters k, (3, €, and access in the query model to a list D of m distributions over [n]
1 Pick rep; uniformly from D;
2 1:=1;
3 find_new_rep := true;
4 while (i < k£ + 1) and (find_new_rep = true) do
5 Uniformly and independently select a set, D', of 21n(6(k + 1)) /e distributions from D;

6 foreach D € D' do

7 find_new_rep := true;

8 for / :=1to1ido

9 if /1-Distance-Test (D, rep,, ¢/2, ¢/12(k + 1)In(6(k + 1))) then
10 find_new_rep := false;
1 end

12 end

13 if find_new_rep = true then
14 1 =1+ 1;

15 rep, = D;

16 break ;

17 end

18 end

19 end

20 if i < k then output ACCEPT ;
21 else output REJECT ;

Figure 4: The algorithm for testing clusterability

Proof of Theorem [16; Assume all applications of ¢;-Distance-Test returned a correct answer, as defined
by Theorem By the union bound, this happens with probability at least 5/6. Let us refer to this event
as F;. Conditioned on F1, the clustering algorithm rejects only if it finds £ 4 1 distributions in D such that
the /1 distance between every two of them is greater than 4;/52 > f3. Thus, if D is (k, 3)-clusterable, then
it will be accepted with probability at least 5/6.

We thus turn to the case that D is e-far from being (k, 3)-clusterable. In this case we claim that as
long as there are ¢ < k representatives, rep,,...,rep,, the number of distributions D; € D such that
||D; —repy|l1 > €/2is at least em /2. To verify this, assuming in contradiction that there are less than em /2
such distributions. But then, by modifying each of these distributions so that it equals rep;, and modifying
each of the other distributions so that it equals the representative it is most close it, we get a list that is
(k,0)-clusterable (at a total cost of less than em).

Since in each iteration of the while loop, there are less than & + 1 representative distributions, at least <*
of the distributions in D are 5-far from any of the former representative distributions. Therefore, conditioned
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on Eq, for every iteration of the while loop, the probability that a new representative is not found is less than
(1-— e/2)21n(6(k+1))/6 < em6(k+1)) = 1/6(k + 1). By applying the union bound, the algorithm rejects
D with probability greater than 2/3. Since there are O(log k/¢) iterations, and in each there is a single
application of the ¢;-distance test, by Theorem[17]the total number of samples used is as stated. W
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