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Abstract

Recently there has been much interest in Gowers uniformity norms from the perspective of
theoretical computer science. This is mainly due to the fact that these norms provide a method
for testing whether the maximum correlation of a function f : F) — F, with polynomials of
degree at most d < p is non-negligible, while making only a constant number of queries to the
function. This is an instance of correlation testing. In this framework, a fixed test is applied
to a function, and the acceptance probability of the test is dependent on the correlation of the
function from the property. This is an analog of prozimity oblivious testing, a notion coined by
Goldreich and Ron, in the high error regime.

We study in this work general properties which are affine invariant and which are correlation
testable using a constant number of queries. We show that any such property (as long as the
field size is not too small) can in fact be tested by the Gowers uniformity test, and hence having
correlation with the property is equivalent to having correlation with degree d polynomials for
some fixed d. We stress that our result holds also for non-linear properties which are affine
invariant. This completely classifies affine invariant properties which are correlation testable.

The proof is based on higher-order Fourier analysis, where we establish a new approximate
orthogonality for structures defined by linear forms. In particular, this resolves an open problem
posed by Gowers and Wolf. Another ingredient is a nontrivial extension of a graph theoretical
theorem of Erdos, Lovasz and Spencer to the context of additive number theory.
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1 Introduction

Blum, Luby, and Rubinfeld [2] made a beautiful observation that given a function f : Fy — Fy,
it is possible to inquire the value of f on a few random points, and accordingly probabilistically
distinguish between the case that f is a linear function and the case that f has to be modified
on at least € > 0 fraction of points to become a linear function. Inspired by this observation,
Rubinfeld and Sudan [15] defined the concept of property testing which is now a major area of
research in theoretical computer science. Roughly speaking to test a function for a property means
to examine the value of the function on a few random points, and accordingly (probabilistically)
distinguish between the case that the function has the property and the case that it is not too
close to any function with that property. Interestingly and to some extent surprisingly these tests
exist for various basic properties. The first substantial investigation of property testing occurred
in Goldreich, Goldwasser, and Ron [4] who showed that several natural combinatorial properties
are testable. Since then there has been a significant amount of research on classifying the testable
properties in combinatorial and algebraic settings.

Studying property testing in algebraic setting requires understanding the density of linear struc-
tures in subsets of Abelian groups. It is possible to express the density of those structures by certain
analytical averages. Analyzing these averages and understanding the relations between them is the
core of many problems and results in additive combinatorics and analytic number theory, and many
tools and theories are developed for this purpose. The theory of uniformity, initiated by the proof
of Szemerédi’s theorem [16], plays an important role in this area, and it was a major breakthrough
when Gowers [6] introduced a new notion of uniformity in a Fourier-analytic proof for Szemerédi’s
theorem.

Gowers’ work initiated an extension of Fourier analysis, called higher-order Fourier analysis. In
the classical Fourier-analysis of )}, a function is expressed as a linear combination of the characters
of F; which are exponentials of linear polynomials. In higher-order Fourier analysis, the linear
polynomials are replaced by higher degree polynomials. Higher-order Fourier expansions are very
useful in studying averages that are defined through linear structures. However for these expansions
to be useful one needs some kind of orthogonality, or at least an approximation of it. The works
of Green and Tao [10] and Kaufman and Lovett [12] provide an approximate orthogonality that
can be used to analyze averages such as Exepn[f1(X) ... fm(X)] in a straightforward manner when
proper higher-order Fourier expansions of fi,..., f;, are known. However it is not a priori clear
that these results can be applied to analyze more general averages of the form

k k
Ex,,... x.ern [fl <Z )\1,iX¢> R (Z )\m,in)] , (1)
i1

=1

where \; ; € ), are constants. Such averages arise naturally when one studies linear structures in
subsets of Abelian groups.

Our first result is an extension of the results of Green and Tao [10] which can be applied to such
general averages. Then, we apply these techniques to determine which Gowers norms of fi,..., fi
one needs to bound in order to guarantee that the average in (1) is small. Our result in particular
improves a result of Gowers and Wolf [7] and settles a conjecture posed by them.

Gowers’ notion of uniformity has an interesting implication in the context of property testing.
The Gowers norm of a function can be expressed as an average of values of this function on a
few random sample points. There are theorems which show that a bounded function has non-



negligible Gowers uniformity norm if and only if it has a non-negligible correlation with a low
degree polynomial. These two facts show that having correlation with low degree polynomials
is testable. Our main result is that, roughly speaking, the only correlation testable families of
functions are the ones that can be tested by Gowers uniformity norms.

The tests that we study in this article are slightly different in nature from the typical statements
in the area of property testing. Typically in property testing the goal is to distinguish the functions
that are in a set D (structured) from the functions that are in a non-negligible distance from every
element in D. For example linearity testing [2], probably the most celebrated result in this area,
says that it is possible to test whether a function f : F§ — 3 is linear or that it has to be modified
on at least a non-negligible fraction of all points in order to become a linear function. In this article,
we are interested in a different kind of tests. Here we seek a weaker structure in the function, and
having correlation with an element in D replaces the usual condition of actually being in D. This
is in the spirit of proximity oblivious testing, a notion introduced by Goldreich and Ron [5] in the
context of graph properties.

1.1 Notations

The complex unit disk is denoted by D = {2 € C: [2[ < 1}. We denote elements of F by z,y, z,
where x = (z(1),...,2(n)). We frequently need to work with the elements of (Fg)k which we regard
as vectors with k coordinates. We denote these by x = (z1,...,x1) € (Fg)k Capital letters X, Y,

etc are used to denote random variables. For an element m € F), let e,(m) := s ™. We denote
by f,g,... functions from F} to C, and by f, g, ... functions from F) to F). By f := ep(f) we mean
f(z) = ep(f(x)). The bias of a function f : Fj — C is defined as

bias(f) := |Exerp [f(X)]|- (2)

The bias of a function f: F}} — [, is defined to be bias(f) := bias(e,(f)). The inner product of two
functions f, g : Fj — C is defined as

(f,9) == Exerp [f(X)g(X)]. 3)

The correlation of a function f : F) — C with a set D of functions from F}} to C is defined as

1fllu(py = sup [(f, 9} (4)

geD

By an abuse of notation, if D is a set of functions from [}’ to F), we define

1/ 1lu(p) = sup [(f, ep(g))] -
geD

Note that || - ||,(p) is always a semi-norm.

For two vector spaces V and W over F,,, let Lin(V, W) denote the set of all linear transformations
from V to W. Let Aff(n,F)) denote the group of all invertible affine transformations from F} to
itself. For a function f :F) — C, and an 4 € Aff(n,F,), we denote by Af the function that maps
x to f(Ax).



1.2 Gowers Uniformity Norms
Gowers uniformity norms are defined in the more general setting of arbitrary finite Abelian groups.

Definition 1.1 (Gowers uniformity norms). Let G be a finite Abelian group and f : G — C. For
an integer k > 1, the k-th Gowers norm of f, denoted || f||yx is defined by

IF1Z =K | J] c*15f (X - Zm) : (5)
SC[k]

i€S

where C denotes the complex conjugation operator, and X, Y1, ...,Ys are independent random vari-
ables taking values in G uniformly at random.

In this article we are only interested in the case where G = F). These norms were first defined
in [6] in the case where G is the group Zy. Note that ||f||;n = [E[f(X)]], and thus || - |1 is a
semi-norm rather than a norm. The facts that the right-hand side of (5) is always non-negative,
and that for £ > 1, || - ||+ is actually a norm are easy to prove, but certainly not trivial (see [6] for
a proof).

Let us explain the relevance of the uniformity norms to the area of property testing. The goal
in property testing is to obtain certain information about a function by “reading” its values only
on a small number of points. The simplest case is that of testing correlation with linear functions.
For a € F}}, let £, : F, — T}, be the corresponding linear function, defined as £,(x) = > 7 a(i)x(i).
Let Linear = {{, : a € F}} be the set of linear functions. Let f : F, — [F, be a function, and let
f =ep(f). The correlation of f with linear functions is given by

Hf”u(Linear) = @ag?ﬁ«(sar |<fa ep(£a)>| = (Ilré%,? bias(f - Ea)a
which is the same as the absolute value of the maximal Fourier coefficient of f. It is known [2, 6]
that the correlation of f with linear functions is related to the U? norm of f. Specifically, for every
e >0,

o Direct Theorem: If || f||y(Linear) > €, then [|f[[y2 > €.

e Inverse Theorem: If || f||y2 > e, then || f|y(Linear) > €.

These two facts together show that ||f||;2 gives a rough estimate for the maximum correlation of
f with linear functions. Recall that

11l = llep(])llr = Elep(f(X +Y + Z) — (X +Y) = (X + Z) + (X)),

where X,Y,Z € F) are uniformly chosen. In other words, the joint distribution of f(X+Y +
2),{(X+Y),f(X + Z),f(X) allows to distinguish between the case that f has correlation at least
¢ with linear functions, and the case where f has correlation at most § = £2/2 (say) with linear
functions. Hence, correlation with linear functions is “testable with just 4 queries to {7 (for every
e > 0).

Similar to the case of linear functions, correlation with degree d polynomials can be tested by
the U%! uniformity norm. The main ingredient is the inverse theorem for [, which was proved
in [1, 18]. Let Poly,(F}) be the set of polynomials of degree at most d over ). These results show
that, as long as p > d (i.e. the field is not too small), for every € > 0,



o Direct Theorem: If || f[lupoly,n)) = €, then || f|[yan = €.
o Inverse Theorem: If || f||ya+1 = ¢, then || f[lu(poly,@Fn)) = 0(e) > 0.

The exact dependency of d(¢) on ¢ is currently unknown, but crucially 6 does not depend on n.
Analogously to the case of linear functions and U?, we get that the joint distribution of (f(X +
>icr Yi) + I C [d+1]) where X,Y7,...,Yy11 € F are uniformly chosen, distinguishes the case
where f has noticeable correlation (> ¢) with degree d polynomials, from the case where f has
negligible correlation (< §(g)/2) with degree d polynomials, for every ¢ > 0. Hence, correlation
with polynomials of total degree d is testable with just 24! queries to f (for every £ > 0).

An equivalent qualitative formulation of the direct and inverse theorems stated above is as
follows. Let (f, : Fy — F,)nen be a sequence of functions. Then as long as d < p we have that

Jimlep(£n) lupoly, () = 0 <= lim_|lep(fn)[[ass = 0.

It will be convenient to express our results in such terms.

1.3 Correlation testable properties

The above discussion motivates the general definition of correlation testable properties. Let D =
{Dy}nen be a family of sets, where each D, is a set of functions from IFZ to Fp,. Informally, D
is correlation testable using g queries if there exists a distribution over z1,...,z, € Fy, and for
every ¢ > 0 there exists d(¢) € (0,¢), such that the following holds. The joint distribution of
(f(x1),...,f(zq)) allows to distinguish between the case that f has noticeable correlation (> ¢) with
D and the case that f has negligible correlation (< d6(¢g)) with D.

Definition 1.2 (Correlation testable properties). A family D = (D,,) is correlation testable with q
queries, if there exists a distribution p taking values in (Fy)? and a mapping T : FE — {0,1}, such
that the following holds. For every € > 0, there exist 6 € (0,¢), 0 <0~ <0t <1 and ng € N, such
that for every n > ng and t: F) — F), we have:

o If Hep(f)”u(Dn) > ¢ then Pr(Xl,_“’Xq)NM[F(f(Xl), L H(Xy))=1]> 60",
o If lep(B)llu(p,) <0 then Prix, . x,)~oull (£(X1),.. . £(X,)) =1] < 0.

Following the discussion on Gowers uniformity norms, Poly, = {Poly,(F})},en is correlation
testable using ¢ = 2%t queries, as long as d < p.

Our goal is to study families D = {D,},en which are correlation testable using a constant
number of queries. We shall require the sets D,, to be consistent with each other:

e Al: (Consistency) For positive integers m > n and g € D,, the function h : F}’ — F,
defined as h(zy,...,xm) = g(z1,...,zy,) belongs to D,,.

We need to make also a more crucial assumption. In this general setting, the algebraic structure
of ) is ignored, and we are treating I as a generic set of size p". In order to take the algebraic
structure of I} into account, we shall require D), to be affine invariant:

e A2: (Affine invariance) For every positive integer n, if g € D, then for every A €
Aff(n,Fp), we have Ag € D,,.



Invariance plays a crucial role in the area of property testing. We refer to the work of Kaufman
and Sudan [13] for the role of invariance in algebraic property testing. We stress that we do not
require D to be linear; i.e. we do not require that if f,g € D,, then also f+ g € D,,.

The last condition relates to the size of D,,. We study families where one can distinguish
functions with noticeable correlation from function with negligible correlation. In order not to
make this meaningless, we would like to have functions with negligible correlation. For example,
we would like a random function not to have correlation with D with high probability. Fix a
function g € Dy,. The number of functions f : F) — I, which have correlation at least § with g is
p@)P" where lims_yo ¢(6) = 1. Thus, a sufficient condition for random functions not be correlated
with D, is that the size of D,, is p°®"). We thus add the following requirement.

e A3: (Sparsity) For every ¢ > 0 and large enough n, we have |D,| < p°?".

We call every D = {D,, },en satisfying assumptions A1, A2, A3 a proper dual.

Our main result is the following theorem which roughly speaking says that the only correla-
tion testable families of functions are the ones that can be tested by Gowers uniformity norms
provided that the field size p is not too small. Say a sequence of functions (f,)nen is unbiased if
lim,, o, bias(f,) = 0.

Theorem 1.3 (Main theorem). Consider a proper dual D = {Dy}nen. If D is correlation testable
with q queries, and if p > q — 1, then there exists 1 < k < g — 1 such that the following holds. For
every unbiased sequence of functions (f, : Fjy — Fy)nen, we have

Tim_[lep(Ea)llu(p,) = 0 = lim_[lep(E) g = 0.
Equivalently, Theorem 1.3 can be phrased as follows: the sequence (f,)nen has correlation with D
iff it has correlation with polynomials of degree at most k.

We remark on the seemingly odd requirement that f,, is unbiased. Let u be some distribution
over Fy, and let f, : Fj) — F), be a random function, where each f,(z) is sampled independently

according to . By condition A3, since |D,| = p°®"), we have that with probability 1 — 0,(1),

nh_{go Hep(fn)”u(Dn) =0.
However, if © has a nonzero bias, then almost surely f,, will have correlation with constant functions.
It turns out that ruling out sequences of functions which have correlation with constant functions
is sufficient for establishing Theorem 1.3.

Paper organization We give a short overview of the proof of our results in Section 2. We discuss
systems of linear forms in Section A. We survey higher-order Fourier analysis in Section B. We prove
new strong orthogonality results for systems of linear forms in Section C which in particular answers
a conjecture of Gowers and Wolf. We prove a slightly weaker version of the main theorem (for
strongly correlation testable families) in Section D. We prove the main result for correlation testable
families in Section E. We prove the extension of Erdos-Lovasz-Spencer theorem in Section F. We
give some concluding remarks and pose some open problems in Section G.



2 Proof overview

In this section we give an overview of the proofs of our main results. We skip most of the technical-
ities, and try to emphasis the essence of the proofs. The proof of Theorem 1.3 is based on studying
averages of functions evaluated on linear forms.

2.1 Linear forms

A linear form in k variables is a vector L = (A1,...,\g) € IE"; regarded as a linear function from V¥
to V, for every vector space V over F,: If x = (x1,...,7;) € VE, then L(x) := \jzy + ... + \pap.
A system of linear forms in k variables is a finite set £ = {L1,..., Ly} of distinct linear forms L;
in k variables. For a function f : F) — C, and a system of linear forms £ = {L1,..., Ly} in k
variables, define the average

tg(f) =K

Hf(Li(X))] : (6)

where X is a random variable taking values uniformly in (FZ)’“. We define two generalizations of
such averages. First, when f: F) — C, one may take conjugations. For a € {0,1}™, define

tﬁ,a(f) =K

Hca“)f(Li(X))] : (7)

where C is the conjugation operator. Second, if f: F) — [F;,, one may take coefficients in [F;,. For
B € Iy, define

trp(f) =E lep (Z ﬁ(i)f(Li(X))>] : (3)
=1

We note that for functions f : Fjy — Fp, (8) is more general than (7). Indeed, if a € {0,1}™, then
setting (i) = (—1)*0) gives t, 4(e,p(f)) = tr ().

Let D be a proper dual family which is correlation testable. Then since D is affine invariant,
it is easy to show that correlation with D can be expressed in terms of averages tz 5 We show
in Lemma E.2 that for every € > 0 there exist § € (0,¢), systems of linear forms Ly,..., L, and
corresponding coefficients i, ..., 8¢, and ng € N, such that the closures of the following two sets
are disjoint:

T = {(tz, 5, (), - bz, 5, ()| > mo, £ Fy — Fp, [lep (D)l up,) = €},
and

Se i ={(tz, 5 )tz 5,5)n > no, £ Fy = Fy, llep() lup,) <0}
Moreover, each of the systems L1,..., Ly has at most ¢ linear forms.

Recall that D is the unit disk in C. It turns out to be easier to first analyze sets with a stronger
requirement which holds for all functions f : F) — D, and not just for functions of the form
[ =ep(f) for £ : F} — Fp. Say a family D is strongly correlation testable if the closures of the
following two sets are disjoint:

T = {(tﬁhal(f)’ S 7tl:£7atz(f))|n > ng, [ : Fg — D, HfHu(Dn) = 5}7
and
Se =A{(tey,0:(f), - s tepar () > o, [ Fy = D, || fllump,) < 6}



2.2 Complexity of systems of linear forms

We turn to analyze averages of the form ¢, ,(f), and more generally averages of the form
E [T, Co‘(i)fi(Li(X))} where X € (IF;‘)’“ is uniform. A crucial ingredient is that we can “approxi-
mate” f; by nice functions, and that these approximation are essentially undetected by averages of
the above form.

Green and Tao [11] defined the notion of the Cauchy-Schwarz complezity of a system of linear
forms (for precise definition, see Definition A.1). This gives a parameter s € N for which the
following lemma follows by a sequence of clever applications of the Cauchy-Schwarz inequality.

Lemma 2.1 ([11)). Let £ = {L1,..., Ly} be a system of linear forms of Cauchy-Schwarz com-
plezity s. Let f;, g; : By — D be functions for 1 <i < m. Assume that ||f; — gi|ys+1 < e/m for all

1 <i<m. Then
Hgi(Li(X))]
i=1

<e

— Y

Ex [H fi<L@-<X))] ~Ex
i=1

where X € (F)* is uniform.

Gowers and Wolf [8, 7] asked for the minimal d € N such that a bound on max;e)y [|fi —
E[fi]||¢ra+1 will allow to approximate E [[]:", fi(Li(X))] by [T, E[fi]. They denoted this d as the
true complezity of a system of linear forms. For a linear form L = (Ay,..., ;) € IF’; and for ¢t € N,

define L' € F’;t to be the t-tensor power of L, defined as

t
Lt = H)\ijtil,...,itE[l{i]
j=1

Gowers and Wolf [8, 7] showed that if the field size is not too small, then the true complexity is
the minimal d for which L’f“, ..., L%+ are linearly independent.

Theorem 2.2 ([8, 7]). Let L = {L1,...,Ln} be a system of linear forms of Cauchy-Schwarz
complezity s, and assume p > s. Let d > 0 be such that L‘liH, e ,Lﬁjl are linearly independent.
Then for every € > 0, there exists 6 > 0 such that the following holds. Let fi,..., fm : Fy — D be
functions where || fi — E[fi]||garr <. Then

Ex Hfi(Li(X))] - TIEls]| <=
=1 =1

where X € (Fg)k is uniform.

We prove in this paper that Gowers and Wolf definition of true complexity extends also to the
more general cases where g; may be any functions, and not just constant functions.

Corollary A.8 (restated). Let L = {L1,..., Ly} be a system of linear forms of true complexity
d and Cauchy-Schwarz complexity at most p. Then for every € > 0, there exists § > 0 such that
the following holds. Let f;,g; : Ty — D for 1 < < m be functions such that ||f; — gi|lyasr < 9.

Then .
[ (L (X))]
i=1

<,

Ex [ﬁ fz-<Lz-<X>>] Ex

i=1

7



where X € (F;})k is uniform.
In fact, Corollary A.8 follows immediately from the following stronger theorem which we prove,
which in particular resolves an open problem posed by Gowers and Wolf (Problem 7.6 in [7].

Theorem C.6 (restated). Let £L = {L1,..., Ly} be a system of linear forms of Cauchy-Schwarz
complexity at most p. Let d > 0, and assume that L‘li+1 is not in the linear span of Lg“, o, LA
Then for every € > 0, there exists 6 > 0 such that for any functions f1,..., fm : F, — D where
| fillatr < 9 we have

<e.

Exe(mnr [H fi(Li(X))
i=1

2.3 Approximation by averages over polynomial factors

We now define the notion of a “nice approximating function”, which will play the role of g1, ..., gm
in the previous subsection. These functions will be averages of fi,..., f;, on polynomial factors.

A polynomial factor B is a partition (sigma-algebra) of [y defined by a collection of polynomials
Py, ..., Po. The atoms of the partitions are

{z € Fy: Pi(z) = a(l),...,Pc(z) = a(C)},

where a(1),...,a(C) € F,. The degree of B is the maximal degree of P, ..., Pc, and the complexity
of Bis C.

The rank of a polynomial P of degree k is the minimal number of lower degree polynomials
required to compute it. That is, rank(P) < r if there exists r polynomials @1, ..., Q, of degree at
most k — 1 such that P(z) = T'(Q1(x),...,Qr(z)) where I' : ) — T, is some function. The rank of
a set of polynomials P, ..., Po is the minimal rank of a nonzero linear combination of them. The
rank of a polynomial factor B is the rank of the set of polynomials defining it.

The average of a function f : F}; — D over a polynomial factor B, denoted E(f|B) : Fj, — D, is

That is, E(f|B)(z) is the average of f in the atom to which = belongs. The usefulness of these
averages is that they may be used to approximate the function f. It is known (see Theorem B.7)
that given any d < p and § > 0, for every function f : F) — D, there exists a polynomial factor B
of degree d and bounded complexity such that

If = E(f[B)llya+s < 6.

Combining this with the discussion in the previous subsection, we may replace any arbitrary func-
tion f with a structured function E( f|B) without changing averages t. o by much. Note that E(f|B)
is B-measurable, that is, it is constant on the atoms of B. Thus, it will suffice to study averages
tr.a(g) where g is a B-measurable function.



2.4 Strong orthogonality and an invariance theorem

Let g : Fj — D be a B-measurable function. Equivalently, it can be expressed as g(x) =
L(Py(z),...,Po(x)), where I' : F§' — I is some function. By the Fourier decomposition of T,

C
g(@) = > T(ey | D7) - Pi(x)
j=1

c
v€F5

Thus, to analyze the average t. o(g), we need to understand averages of the form

m C
Ex {ep (D> Aij-Pi(Li(X) || (9)

i=1 j=1

where \; ; € F), are coefficients.
It is known that polynomials which have large rank must be almost unbiased (Theorem B.11).
That is, if Py, ..., Pc have large enough rank, then

C
Ex |op | S70)-B(X) | || <e
j=1

for all nonzero v € Fg . However, when studying averages of the form ) \; ; Pj(L;(x)) there could be
cancelations; for example, if P is a linear function then P(z+y+z)—P(z+y)—P(z+2)+P(x) = 0.

We prove in Lemma C.1 that this is the only bad case that can occur. If Pi,..., Po are
polynomials of degree less than p, then for every € > 0, if their rank is large enough, then for every
setting of \; ; € I, one of the following two cases must hold:

Aig - Bi(Li(X)) | || <,
1

m C
EX €p

3

—1

or

We study when the latter case may hold, and prove relevant conditions on the polynomials in
Lemmas C.2 and C.3. Essentially, we show that the only important parameter is the degree of the
polynomials. We use these to prove the following invariance theorem.

Proposition C.5 (restated). Let P = {P1,...,Pc},Q = {Q1,...,Qc} be two collections of
polynomials over ), of degree at most d < p such that deg(P;) = deg(Q;) for every 1 <i < C. Let
Lq,...,L,, be linear forms, and I : Iﬁ‘g — D be an arbitrary function. Define f,g:F; — D by

flx) =T(P(x),...,Pco(x))

and

g(zx) =T(Q1(x),...,Qc(x)).



Then for every € > 0, if rank(P), rank(Q) are large enough then for all « € {0,1}"™,

te.a(f) —tral9) e,
if at least one of the following two conditions hold:
(i) The polynomials Pi, ..., Pc and Q1,...,Q¢ are homogenous.
(ii) The system of linear forms {L1,..., Ly} is homogenous.

As we shall see, we may assume that all the systems of linear forms arising in our proofs are
homogenous. Informally, a system of linear forms is homogeneous if (maybe after some change of
basis) we have L;(z1,...,x) = Li(z1,...,25-1) + Tk-

2.5 Interior of a set of averages of linear forms

Another ingredient in the proof of Theorem 1.3 is an extension of a graph theoretical result of
Erdos, Lovész, and Spencer [3] to the setting of additive combinatorics. We show (Theorem F.1)
that if £q,..., Ly are systems of linear forms, then (excluding some trivial obstructions) then the
set

{(tei (), ot () f Ty —[0,1]} C R

has a nonempty interior for some finite N € N. Formally, for the theorem to hold, we require the
systems of linear forms to be non-isomorphic and connected:

Two systems of linear forms £ = {L},..., L]} and £" = {L{,..., L} are isomorphic, if the
distributions (L}(X),..., L (X)) and (L}(X),...,L” (X)) are identical. Note that if £, L" are
isomorphic then ./ (f) =tz (f) for all functions f: Fy — D.

A system of linear forms £ = {L, ..., Ly, } is connected if it cannot be partitioned as £ = £L1UL,
where span(L£;) Nspan(Ly) = {0}. Note that if £ is not connected, then tz(f) = tz, (f)te,(f) for
all functions f: Fy — D.

2.6 Proof for strongly correlation testable families

Let D = {D,}nen be a family which is strongly correlation testable. Assume for simplicity of
exposition in the proof overview that the following holds (in the actual proof we have generalized
averages tz, o,(f)): there exists a system of linear forms £y, .., L, such that for every € > 0 there
exists § € (0,e) and ng € N, such that the following two sets are disjoint:

1 = {(tﬁ1(f)v s 7tﬁl(f))‘n > ng, [ IFZ — D, ”f”u(Dn) 2 5}’

and
Se = {(te, (f), - te,(F)n>no, [ Fy = D, || fllup,) < 6}

We can furthermore assume that these systems are homogeneous, and that their Cauchy-Schwarz
complexity is s < p (this follows from the assumption the the number of queries is ¢ < p).

Let t € N be maximal such the following holds. There exists polynomials P, of degree exactly
t such that

e P, has noticeable correlation with D,: liminf, . [|ep(Pn)|lu(p,) > 0

10



e P, has “large enough rank” (exact definition is deferred to the actual proof).

We can show that ¢t < s: if P, are polynomials of degree > s and large enough rank, then
llep(Pn)|ls+1 = 0 and hence tz,(e,(Py)) =~ 0, for all 1 <7 < £. Thus we must have |le,(FPp)|lw(b,) =
0.

Let f, : F) — D be a sequence of functions. We establish the main result (for strongly
correlation testable families) by showing that:

nlg{.lo [fnllup,) =0 = nlgrolo [ fnllge+1 = 0.

Proof of <«: Assume by contradiction that lim, o ||fnllgt+1 = 0 but that ¢ :=
liminf, o0 || frllup,) > 0. Let g’ > 0 be the Ly distance between T. and S (here we use the
fact that their closures are disjoint, hence there is positive distance between the sets). Let B, be
a polynomial factor of degree s such that || f, — E(f,|Bn)||ys+1 < n. Choosing n > 0 small enough
we can guarantee that [tz,(fn) — tc, (E(falBn))| < €'/2, hence we must have ||[E(f|Bn)|lub,) = 9

Assume B, is defined by polynomials P, 1, ..., P, ¢, which we can assume to be of high enough
rank. For v € Fg, define P, o(z) := > (i) Py i(z). We have E(f,|B,)(z) = Z%Fg cvep(Pn~ (7))
where |c¢,| < 1. Using the assumption that lim, .« || fn||gt+1 = 0, we show that if deg(P,) < t,
then its contribution to the sum is negligible, i.e. ¢, can be assumed to be arbitrarily small. Thus,
there must exist a polynomial P, - of degree at least ¢ + 1 such that [le,(Pp)llu(p,) > op~C. As
this polynomial has “large enough rank”, this contradicts the maximality of t.

Proof of =: Assume that € := lim,_ || fu|lyt+1 > 0 (actually we have liminf, which we can
replace by an actual limit by Condition A1). Thus, there exist polynomials P, of degree at most ¢
such that |(f,, P,)| > . We can assume these polynomials to have “large enough rank”. Assume
first that these polynomials are of degree exactly ¢t. By the definition of ¢, there exist polynomials
Qn of degree t and “large enough rank” such that [|Qnlly(p,) > €’ We use the invariance theorem
to construct a new sequence of functions f : ) — D (essentially replacing P, with Q) such that

e f/ has correlation with @,. In fact, this correlation is strong enough to guarantee that
| fillu(p,) = €” for some €” > 0 independent of n.

e Averages t., cannot distinguish f,, from f;,. So, we must also have || f|ly(p,) = 8" > 0.

The case where P, have degrees less than t is reduced to the case of degree t. We use the theorem on
the interior of a set of averages of linear forms to argue that we can (essentially) tweak f,, slightly,
without changing averages ¢z, by much, but such that f,, will have correlation with polynomials of
degree exactly ¢t and large enough rank.

2.7 Proof for correlation testable families

The proof for the correlation testable families (i.e. with guarantees only for functions f : ¥} —
[F,) follows similar steps, albeit slightly more involved. Let P(F,) C RP denote the convex set
of probability distributions defined over F,. Then correlation testable families can in fact test
randomized functions as well, i.e. functions f: F;y — P(IF,). Once this is established the remainder
of the proof follows identical lines to the case of strongly correlation testable families, where we
employ the fact that P(IF,) is a convex set to appropriately define averages such as E(f|B).
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A Systems of linear forms

Suppose that p > 3 is a prime, and let A be a subset of F). The density of the 3-terms arithmetic
progressions in A is given by

El1a(X)1a(X +Y)1a(X 4+2Y) | Y #0], (10)

where X and Y are independent uniform random variables. If we also allow the degenerate 3-term
arithmetic progressions (z,x, ), then the formula will simply be

E[1a(X)1a(X +Y)14(X +2Y)].

Here we used the linear forms z, x + y, and x + 2y to express the number of 3-terms arithmetic
progressions in A.

Generalizing these notions, a linear form in k variables is a vector L = (Aq,..., ;) € IF’;
regarded as a linear function from V* to V, for every vector space V over Fp: If x = (21,...,2) €
VE, then L(x) := Mx1 + ... + \xr. A system of m linear forms in k variables is a finite set
L ={L1,..., Ly} of distinct linear forms, each in k variables. For a function f : F) — C, and a
system of linear forms £ = {Lq,..., Ly} in k variables, define

tg(f) =K

m
Hf(Li(X))] : (11)
i=1

where X is a random variable taking values uniformly in (F;‘)’“ More generally, we consider
two types of generalized averages. First, when f : F) — C takes complex values, we allow also
conjugation. Let C denote the conjugation operator C(z) = z. Then for a € {0,1}"™ define

tea(f) =E (12)

[Tc@r(ri(x))
=1

Note that ¢tz gm () = t£(). Second, when f := ey(f) where f: F — [, we also allow coefficients.
For g € F}", define

trp(f) =E [ep (Z ﬁ(i)f(Li(X)))] : (13)
i=1

We note that for functions f : F;) — F), the latter average is more general than the first one: for
every o € {0,1}™, let 8 € {—1,1}" be set as (i) = (—1)*®); then tr s(f) = tralep(f)).

Note that if A C ) and 14 : Fj — {0,1} is the indicator function for A, then t,(14) is the
probability that Li(X), ..., L, (X) all fall in A. Roughly speaking, we say A C F}; is pseudorandom

with regards to L, if
A"
te(la) ~ o)
that is if the probability that all Li(X),..., L, (X) fall in A is close to what we would expect if

A was a random subset of F} of size [A|. Let a = [A|/p" be the relative measure of A, and define
f(z) :=14(x) — . We have

te(la) =te(a+f)=a™+ > o™ Pty ().
SC[m],S#0
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So, a sufficient condition for A to be pseudorandom with regards to L is that (7 .;c51(f) < a™
for all nonempty subsets S C [m]. Green and Tao [11] showed that a sufficient condition for this
to occur is that || f||s+1 is small enough, where s is the Cauchy-Schwarz complexity of the system
of linear forms.

Definition A.1 (Cauchy-Schwarz complexity). Let £L = {Li,..., Ly} be a system of linear forms.
The Cauchy-Schwarz complexity of £ is the minimal s such that the following holds. For every
1 <i < m, we can partition {L;}jcim)\(iy into s+ 1 subsets, such that L; does not belong to the
linear span of each such subset.

The reason for the term Cauchy-Schwarz complezity is the following lemma due to Green and
Tao [11], whose proof is based on a clever iterative application of the Cauchy-Schwarz inequality.

Lemma A.2 ([11]). Let fi,..., fm :Fp = D. Let L= {L1,..., L} be a system of m linear forms
in k variables of Cauchy-Schwarz complexity s. Then

< mi irstt.
< i | fillrs+1

EXG(F;;)k [H f%(Lz(X))]
i=1

Note that the Cauchy-Schwarz complexity of any system of m linear forms in which any two
linear forms are linearly independent (i.e. one is not a multiple of the other) is at most m — 2, since
we can always partition {Lj}je[m}\{i} into the m — 1 singleton subsets.

The following is an immediate corollary of Lemma A.2.

Corollary A.3. Let L = {Ly,..., Ly} be a system of linear forms in k variables of Cauchy-Schwarz
complezity s. Let f;, gi : Ty — D be functions for 1 <i < m. Assume that || fi — gillys+1 < gmyyy for

alll <i<m. Then
EX — EX ng(Lz(X))] <e
i=1

—_ )

Hfi(Li<X))

where X € (Fg)k is uniform.

In particular, if A C ) of size [A| = ap” satisfies |14 — afys+1 < o™, then t£(14) = a™.

A.1 The true complexity of linear forms

The Cauchy-Schwarz complexity of £ gives an upper bound on s, such that if |14 — «/|¢7s+1 is small
enough then A is pseudorandom with regards to £. Gowers and Wolf [8] defined the true complezity
of a system of linear forms as the minimal s such that the above condition holds for all sets A.

Definition A.4 (True complexity [8]). Let L= {L,..., Ly} be a system of linear forms over IF,,.
The true complexity of L is the smallest d € N with the following property. For every e > 0, there
exists § > 0 such that if f : T} — D is any function with || f||yarr <6, then

te(f)l <e.

An obvious bound on the true complexity is the Cauchy-Schwarz complexity of the system.
However, there are cases where this is not tight. Gowers and Wolf [7] characterized the true
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complexity of systems of linear forms, assuming the field is not too small. For a linear form
L e F', let Lk e IFZlk be the k-tensor power of L. That is, if L = (\1,..., Ay,), then

k
Lk = H)‘ij D1y ...,k € [M]
j=1

Theorem A.5 (Characterization of the true complexity of linear systems, Theorem 6.1 in [7]).
Let L = {Lx,...,Ln} be a system of linear forms over ¥} of Cauchy-Schwarz complexity s, and
assume that s < p. The true complexity of L is the minimal d such that Lf“, oo, L& are linearly
independent over IF),.

A natural generalization is to allow for multiple sets. Let Ay,..., A, C Fy be sets of relative
measures ai, . .., 0y. Let L = {L1,..., Ly} be asystem of linear forms over F,,. We say Aq,..., A,
are pseudorandom with respect to L1,..., L, if

PrXe(]F;})k[Ll(X) € Aq,... ,Lm(X) S Am] ROy Oy

Analogously to the case of a single set, let f;(x) = 14,(z) — ;. Then a sufficient condition is that
for all nonempty subsets S C [m], we have

E

Hfi(Li(X))] ~ 0.

i€S

In [7], Gowers and Wolf showed that if £ has true complexity d and || f1||gat1, ..., || fmllgarr are
small enough then this stronger condition also holds.

Theorem A.6 (Theorem 7.2 in [7]). Let £ = {L1,...,Ln} be a system of linear forms over Fy
of Cauchy-Schwarz complexity s, and assume that s < p. Assume that L has true complexity d.
Then for every € > 0, there exists 6 > 0 such that the following holds. Let fi,..., fm : Fy — D be
functions such that || fil|gyar < 9, for all 1 < i < m. Then for all nonempty subsets S C [m] we
have

<e.

Ex e [H fi(Li(X))]

€S
In particular, Gowers and Wolf used this to derive the following corollary.

Corollary A.7 ([7]). Let L = {L1,..., Ly} be a system of linear forms of true complezity d and
Cauchy-Schwarz complexity at most p. Then for every € > 0, there exists & > 0 such that the
following holds. Let f; : Ty — D for 1 <i < m be functions such that || f; — E[fi]||yarr < 0. Then

11 fi<Li<X>>] - T1ElA
=1 =1

In this paper we are able to extend the results of Gowers and Wolf to arbitrary approximating
functions, and not just constant functions. We prove the following result, which qualitatively
improves both Lemma A.2 and Corollary A.7.

EX <e.
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Corollary A.8. Let L = {Li,...,Lpy} be a system of linear forms of true complexity d and
Cauchy-Schwarz complexity at most p. Then for every € > 0, there exists & > 0 such that the
following holds. Let f;,g; : By — D for 1 <i < m be functions such that || f; — gillyars < 0. Then

Hgi(Li(X))]

<e¢

)

Ex [ﬁ fi(Li<X))] - Ex

where X € (}Fg)k is uniform.

In fact, we prove a stronger results, from which Corollary A.8 follows immediately. It suffices
to have L{™! linearly independent of L&, ... L4 and || f1|| a1 small enough in order to bound
averages of the form E [, fi(Li(X))]. A weaker version of this was posed as an open problem
by Gowers and Wolf [7]*.

Theorem C.6 (restated). Let £L = {L1,..., Ly} be a system of linear forms of Cauchy-Schwarz
complexity at most p. Let d > 0, and assume that LcllJrl is not in the linear span of Lg“, oo, LAFL
Then for every € > 0, there exists 6 > 0 such that for any functions fi,..., fm : F, — D with
| f1llgra+s < 9, we have

<eg

9

EXG(IFg)k [H fz(Lz(X))]

i=1

where X € (F7)* is uniform.

A.2 Equivalence of systems of linear forms

Let S be a subset of F’;. Here we think of S as a linear structure, and we are interested in the
number of affine copies of S in a set A C Fj. Pick a linear transformation 7' € Lin(IF’Ij,IE‘Z)
uniformly at random, and also independently and uniformly a random element X € Fj. Then
the density of the structure S in A is the probability that X + T'(x) € A for every x € S. Note
that a uniform random 7" € Lin(FI; ,IF}) can be defined by mapping each standard vector e; € IF’;
uniformly and independently to a point in Fj. Hence if the elements of a linear structure S are
N1y Aig) € IF’; where 1 < 4 < m, then the density of the structure S in A is the probability

that for every 1 < i < m, X + Z?Zl AijY; € A, where X,Y7,...,Y), are i.i.d. random variables
taking values uniformly in Fy. So if we define the system of linear forms £ = {Li,..., L} by

letting
Li= (LA, ., Nik)s (14)

for 1 < i < m, then t,(14) gives the density of the structure S in a set A C ;. Note that since
for a fixed ¢ € F), a uniform random variable X has the same distribution as X + ¢, for this
system of linear forms £ the distribution of (L1(X),..., L, (X)) is the same as the distribution of
(L1(X)+¢, ..., Lp(X) +¢).

Definition A.9 (Homogeneous linear forms). A system of linear forms £ = {Li,...,Ly} in k
variables is called homogeneous, if for a uniform random variable X € (Fg)k, and every fized
ceFy, (Li(X),..., Ln(X)) has the same distribution as (L1(X) +¢,..., Ln(X) +¢).

'Gowers and Wolf required that L‘f“ is linearly independent of Lg“, ., L%t and that all
lfillga+i, .. || fmllyasr will be bounded by 4.
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We wish to identify two systems of linear forms Lo = {Li,...,Ly,} in ko variables,
and £y = {L},...,L,} in ki variables, if (L1(X),...,L,(X)) has the same distribution as
(LY(Y),..., L, (Y)) where X and Y are uniform random variables taking values in (Fg)ko and
(IFZ)’“, respectively. The distribution of (L;(X),..., Ly (X)) depends exactly on the linear depen-
dencies between L1, ..., L,,, and two systems of linear forms lead to the same distributions if and
only if they have the same linear dependencies.

Definition A.10 (Isomorphic linear forms). Two systems of linear forms Ly and L1 are isomorphic
if and only if there exists a bijection from Ly to L1 that can be extended to an invertible linear
transformation T : span(Ly) — span(Ly).

Note that if £ = {L1, ..., L, } is a homogenous system of linear forms, then (L1 (X), ..., L, (X))
has the same distribution as (L1(X) +Y,..., L, (X) +Y), where Y is a uniform random variable
taking values in ) and is independent of X. We conclude with the following trivial observation.

Observation A.11. Fvery homogenous system of linear forms is isomorphic to a system of linear
forms in which there is a variable that appears with coefficient exactly one in every linear form.

Consider a system of linear forms £ in F’; , and note that for every f: F) — C,

te(f) =E [H F(T(L)] (15)

LeL

where T' is a random variable taking values uniformly in Lin(span(£),[F}). Suppose that there
exists a non-trivial subset S C £ such that

span(S) Nspan(£ \ S) = {0}.
Then for every f:F; — C we have

te(f) =ts(ftens(f)-
This leads to the following definition.

Definition A.12 (Connected linear forms). A system of linear forms L is called connected, if for
every non-trivial subset S C L, we have

span(S) Nspan(L \ S) # {0}.

B Higher-sorder Fourier analysis

Although Fourier analysis is a powerful tool in arithmetic combinatorics, there are key questions
that cannot be addressed by this method in its classical form. For example in 1953 Roth [14] used
Fourier analysis to show that every dense subset of integers contains 3-term arithmetic progressions.
For more than four decades generalizing Roth’s Fourier-analytic proof remained an important
unsolved problem until finally Gowers in [6] introduced an extension of the classical Fourier analysis
which enabled him to obtain such a generalization. The work of Gowers initiated a theory which
has now come to be known as higher-order Fourier analysis. Ever since several mathematicians
contributed to major developments in this rapidly growing theory.
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This section has two purposes. One is to review the main results that form the foundations
of the higher-order Fourier analysis. A second is to establish some new facts that enable us to
deal with the averages ¢, conveniently by appealing to higher-order Fourier analysis. The work of
Gowers and Wolf [8] plays a central role for us, and many ideas in the proofs and the new facts
established in this section are hinted by their work.

The characters of ) are exponentials of linear polynomials; that is for a € F), the correspond-
ing character is defined as xo(z) = ep(>_;; a;z;). In higher-order Fourier analysis, the linear
polynomials > a;z; are replaced by higher degree polynomials, and one would like to express a
function f : Fjy — C as a linear combination of the functions e,(P), where P is a polynomial of a
certain degree.

Consider a function f : Fj — C, and a system of linear forms £ = {L1,..., Ly, }. The basic
properties of characters enable us to express te(f) as a simple formula in terms of the Fourier
coefficients of f. Indeed if f :=>" gk f(a)xa is the Fourier expansion of f, then it is easy to see
that

te(f) = flar)... flam), (16)

where the sum is over all aq, ..., q, € Fg satisfying Z;il a; ® L; = 0. The tools that we develop in
this section enables us to obtain simple formulas similar to (16) when Fourier expansion is replaced
by a proper higher-order Fourier expansion.

B.1 Inverse theorems for Gowers uniformity norms

We start with some basic definitions.

Polynomials: Consider a function f: F — F,,. For an element y € F}}, define the derivative of
f in the direction y as A f(z) = f(z +y) — f(x). Inductively we define Ay, . f= Ay (Ay.. 4 1),
for directions yi,...,yx € Fy. We say that f is a polynomial of degree at most d, if for every

Y1, -, Yar1 € Fp, we have Ay, . f = 0. The set of polynomials of degree at most d is a vector

space over [F,, which we denote by Polyd(Fg). It is easy to see that the set of monomials xlf ool

where 0 < 41,...,%, < p and Z;‘Zl ij; < d form a basis for Poly,(Fy). So every polynomial P €
Poly,(F}) is of the from P(z) := Zcil,”_,inaz’f ...z where the sum is over all 1 < 41,...,i, < p

Lxim,
with Z?zl ij <d, and ¢;, . ;, are elements of IF,. The degree of a polynomial P : IE‘Z — I}, denoted
by deg(P), is the smallest d such that P € Poly,(F;). A polynomial P is called homogenous, if all
monomials with non-zero coefficients in the expansion of P are of degree exactly deg(P).

Phase Polynomials: For a function f : F) — C, and a direction y € )} define the multiplicative
derivative of f in the direction of y as A, f(x) = f(z +y)f(x). Inductively we define A,, _, f =

Ay, (Ay, . ye_y [), for directions y1, ...,y € F. A function f : F) — C is called a phase polynomial

of degree at most d, if for every yi1,...,yar1 € Fp, we have Ay, ..., f = 1. We denote the space
of all phase polynomials of degree at most d over )} by Pd(IE‘g). Note that for every f: F) — Fp,
and every y € F}), we have that

Ayep(f) = ep(Ayf).

This shows that if f € Poly,(Fy), then e,(f) is a phase polynomial of degree at most d. The
following simple lemma shows that the inverse is essentially true in high characteristic case:

Lemma B.1 (Lemma 1.2 in [18]). Suppose that 0 < d < p. Every f € Py(Fy) is of the form
f(z) = ey(0 +f(x)), for some 6 € R/Z, and f € Poly,(F}).
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When d > p, more complicated phase polynomials arise. Nevertheless obtaining a complete
characterization is possible [17].

Now let us describe the relation between the phase polynomials and the Gowers norms. First
note that one can express Gowers uniformity norms using multiplicative derivatives:

11 = E [ Ay, (X))

where X,Y7,...,Y) are independent random variables taking values in F) uniformly. This for
example shows that every phase polynomial g of degree at most d satisfies ||g||;rar1 = 1.

Many basic properties of Gowers uniformity norms are implied by the Gowers-Cauchy-Schwarz
inequality which is first proved in [6] by iterated applications of the classical Cauchy-Schwarz
inequality.

Lemma B.2 (Gowers-Cauchy-Schwarz). Let G be a finite Abelian group, and consider a family of
functions fs : G — C, where S C [k]. Then

E| T ¢ Brsx + 3ol < IT sl (17)

SC[K] i€s SC[K]
where X,Y1,...,Yy are independent random variables taking values in G uniformly at random.

A simple application of Lemma B.2 is the following. Consider an arbitrary function f : G — C.
Setting fy := f and fg:=1 for every S # () in Lemma B.2, we obtain

ELFON < 1 Flls- (18)

Equation (18) in particular shows that if f, g : F}; — C, then one can bound their inner product
with Gowers uniformity norms of fg:

(oo < N fallow- (19)

Consider an arbitrary f : FZ — C and a phase polynomial g of degree at most d. Then for every
Y1, -5 Yd+1 € Fg, we have

Ay1,~~~,yd+1 (fg) = (Ayly~~-yyd+1 f)(Ay1,~~~,yd+1g) = A3,11,-~~7yd+1f7

which in turn implies that ||fg|/ya+1 = || f]|ya+1. Combining this with (19), we conclude that the
correlation of f with any phase polynomial of degree at most d is a lower-bound for || f||;ra+1:

[fllupay < N llgas (20)

This provides us with a “direct theorem” for the U%*! norm: If || f|l,p,) = 6, then [|f||ya1 > 6.
Recently Bergelson, Tao, and Ziegler [1, 18] established the corresponding inverse theorem in the
high characteristic case.

Theorem B.3 ([1, 18]). If 1 < d < p, then there exists a function § : (0,1] — (0,1] such that for
every f:F) =D, and e > 0,

e Direct theorem: If || f|l.p,) = ¢, then || f[lyarr > €.
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e Inverse theorem: If || f|[yar1 > &, then || fllyp,) = 0(e).

Theorem B.3 requires that 1 < d < p. In this range, Lemma B.1 shows that the phase
polynomials of degree at most d can be described using polynomials of degree at most d. So
Theorem B.3 shows that in this case if || f[|ya+1 > €, then there exists a polynomial g : Fj — F,
of degree at most d such that [(f,ey(g))| > d(¢) > 0. Tao and Ziegler [18] conjectured that
Theorem B.3 remains valid if one removes the condition 1 < d < p. They proved the following
partial result in this direction.

Theorem B.4 ([1, 18]). For every integer d > 1, there exists a function ¢ : (0,1] — (0,1] and a
positive integer c(d) such that for every f :F} — D, and ¢ > 0,

e Direct theorem: If || f|lup,) = €, then || fllyaq > €.

e Inverse theorem: If || f||yar1 > €, then || fup, ) = 0(¢)-

c(d)

B.2 Decomposition theorems

An important application of the inverse theorems is that they imply “decomposition theorems”.
Roughly speaking these results say that under appropriate conditions, a function f can be decom-
posed as f1 + fo, where fi is “structured” in some sense that enables one to handle it easily, while
fo is “quasi-random” meaning that it shares certain properties with a random function, and can
be discarded as random noise. In the following we will discuss decomposition theorems that follow
from Theorem B.3, but first we need to define the polynomial factors on [y .

Definition B.5 (Polynomial factors). Let p be a fived prime. Let Py,...,Pc € Poly,(Fy). The
sigma-algebra on ¥y whose atoms are {x € F} : Pi(x) = a(1),..., Pc(z) = a(C)} for all a € Iﬁ‘gv is
called a polynomial factor of degree at most d and complexity at most C.

Let B be a polynomial factor defined by Py, ..., Po. For f: F — C, the conditional expectation
of f with respect to B, denoted E(f|B) : F, — C, is

E(f1B)(x) = Egyern: i (y)=Py (2),... Pe () =Po ()} [ ()]

That is, E(f|B) is constant on every atom of B, and this constant is the average value that f
attains on this atom. A function g : F) — C is B-measurable, if it is constant on every atom of
B. Equivalently, we can write g as g(z) = I'(Pi(x), ..., Pc(x)) for some function I": Fg — C. The
following claim is quite useful, although its proof is immediate and holds for every sigma-algebra.

Observation B.6. Let f : Fj) — C. Let B be a polynomial factor defined by polynomials Py, ..., Pc.
Let g : F)y — C be any B-measurable function. Then

(f.9) = (E(f[B),9).

The following theorem that follows in a standard manner from Theorem B.3 gives a simple
decomposition theorem.

Theorem B.7 (Decomposition Theorem [9]). Let p be a fizred prime, 0 < d < p be an integer,
let 6 > 0, and suppose that n > no(0) is sufficiently large. Given any function f : Fy — D, there
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exists a polynomial factor B of degree at most d and complexity at most Cpax(p, d, ) together with
a decomposition

f=fi+ fa,

where

f1:=E(f|B) and || fa|lya+r < 4.

We sketch the standard proof of Theorem B.7 below, as we will need some extensions of it in
this paper. For a full proof we refer the reader to [9].

Proof sketch. We create a sequence of polynomial factors By, Ba, ... as follows. Let By be the trivial
factor (i.e. E(f|B) is the constant function E[f]). Let g; = f — E(f|B;). If ||gillgarr < § we are
done. Otherwise by Theorem B.3, since ||gil|c < 2, there exists a polynomial P; € Poly,(F}) such
that (gs,ep(P;)) > ¢(9). Let Biy1 = B; U{F;}. The key point is that one can show

lgi+1113 < llgi = {gi ep(P)I3 < llgill3 — €(0).

Thus, the process must stop after at most 1/¢(d) steps. O
Suppose that the factor B is defined by Pi,...,Pc € Poly,(Fy). Assume that fi(r) =
I'(Pi(z),...,Pc(x)). Using the Fourier decomposition of I', we can express f as
R C
o= 3 T, (X008 2
+eF§ i=1

Note that for every v € Fg, chﬂ v(#) Pi(z) € Polyy(Fy). So (21) gives an expansion for f; which
is similar to the Fourier expansion, but instead of characters e,(> a(i)x;), we have exponential

functions e, <ZZC:1 v(z)Pl(ﬂv)) which have polynomials of degree d in the powers instead of linear

functions. For this decomposition to be useful similar to the Fourier expansion, one needs some
kind of orthogonality for the functions appearing in the expansion.

Definition B.8 (Bias). The bias of a polynomial P € Poly,(Fy) is defined as
bias(P) i= bias(e,(P)) = [Exca lep(P(X))]|

We shall refine the set of polynomials { Py, ..., P,} to obtain a new set of polynomials with the
desired “approximate orthogonality” properties. This will be achieved through the notion of the
rank of a set of polynomials.

Definition B.9 (Rank). We say a set of polynomials P = {Py,..., P} is of rank greater than r,
and denote this by rank(P) > r, if the following holds. For any non-zero a = (aq,...,q) € IF;,
define Py(x) := Z;Zl a;Pj(x). For d := max{deg(P;) : aj # 0}, the polynomial P, cannot be
expressed as a function of r polynomials of degree at most d — 1. More precisely, it is not possible
to find r polynomials Q1,...,Qy of degree at most d — 1, and a function I' : ¥, — F), such that

P(.CI}) = F(Ql(*’n)? ) Qr(x))

The rank of a single polynomial P is defined to be rank({P}).
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The rank of a polynomial factor is the rank of the set of polynomials defining it. The following
lemma follows from the definition of the rank. For a proof see [10].

Lemma B.10 (Making factors high-rank). Let r : N — N be an arbitrary growth function. Then
there is another function 7 : N — N with the following property. Let B be a polynomial factor with
complexity at most C'. Then there is a refinement B' of B with complexity at most C' < 7(C) and
rank at least r(C").

The following theorem due to Kaufman and Lovett [12] connects the notion of the rank to the
bias of a polynomial. It was proved first by Green and Tao [10] for the case d < p, and then
extended by Kaufman and Lovett [12] for the general case.

Theorem B.11 (Regularity [12]). Fiz p prime and d > 1. There exists a function rpq:(0,1] - N
such that the following holds. If P : )y — I}, is a polynomial of degree at most d with bias(P) > e,
then rank(P) < rp 4(e).

Combining Lemma B.10 with Theorem B.7, it is possible to obtain a strong decomposition
theorem.

Theorem B.12 (Strong Decomposition Theorem [9]). Let p be a fixed prime, 0 < d < p be an
integer, 6 > 0, and let r : N — N be an arbitrary growth functions, and suppose that n > ng(d, d,r(+))
is sufficiently large. Given any function f : ¥y — D, there exists a decomposition

f=fi+ fa,

such that
f1:=E(f|B), | follgatr <9,

where B is a polynomial factor of degree at most d, complexity C' < Chax (where Chpax depends on
p,d,o,7(-)), and rank at least r(C).

We sketch the proof below. For a full proof we refer the reader to [9].

Proof sketch. The proof follows the same steps as the proof of Theorem B.7, except that at each
step, we regularize each polynomial factor B; to obtain B';, and set B;11 = B'; U {P;}. The only
new insight is that as B’; is a refinement of B; we have

If = E(f1B)l2 < If = E(f1Bi)ll2-
O

Note that Theorem B.12 guarantees a strong approximate orthogonality. For every fixed func-
tion w : N — N, by taking r(-) to be a sufficiently fast growing function, one can guarantee that
the polynomials Py, ..., Po that define the factor B have the property

c
Cp (Z V(Z)Pz(X)>]
i=1

for all nonzero v € Fg. That is, the polynomials can be made “nearly orthogonal” to any required
precision. The following lemma demonstrates the power of this technique. It shows that by choosing
r(-) large enough, we can make sure that the distribution of the polynomials is almost independent.

E < 1/w(C), (22)
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Lemma B.13. There exists a function r : N — N such that the following holds. Let Py, ..., Pc €
Polyy(F}) be polynomials of rank at least r(C). Then for every a € IFI?, we have

Pryera [P1(X) = a(1),..., Po(X) = a(C)] < 2p~°.
Proof. Using the notations of (22), set w(C) = p?¢ . We can write the probability that P;(X) =
a(l),..., Pc(X) =a(C) as

C
Pryxepp [P1(X) = a(1),..., Po(X) = a(C)] = plc > Exer lep <Z V(@) (Pi(X) — a(Z')))] :
=1

C
~v€F5

The contribution of v = 0 to the sum is exactly p~¢, and by the choice of w(-), the contribution of
any other terms v # 0 is at most p~2¢, and the lemma follows. O

The decomposition theorems stated to far referred to a single function. In this paper we require
decomposition theorems which relate to several functions with a single polynomial factor. The
proofs can be adapted in a straight-forward manner to prove the next result.

Lemma B.14 (Strong Decomposition Theorem - multiple functions). Let p be a fized prime, 0 <
d < p and m be integers, let § > 0, and let r : N — N be an arbitrary growth functions, and suppose
that n > no(p,d,d,m,r(-)) is sufficiently large. Given every set of functions fi,..., fm : F) — D,
there exists a decomposition of each f; as

fi = fi1+ fiz2,

such that
fi1 =E(fi|B), | fi2llgrar <9,

where B is a polynomial factor of degree at most d, complexity C < Chax (where Chpax depends on
p,d, 5, m,r(-)) and rank at least r(C). Furthermore we can assume that B is defined by homogeneous
polynomaals.

C Strong orthogonality

Let B be a polynomial factor defined by polynomials Pi,...,Pc, and let f : F) — D be a
B-measurable function. We saw in (21) that f can be expressed as a linear combination of
ep(zicz1 (i) P;(z)), for v € Fg. Furthermore if we require the polynomials to be of high rank,
then we obtain approximate orthogonality as in (22). This approximate orthogonality is suffi-
cient for analyzing averages such as E[f1(X)f2(X)... fin(X)], where fi,..., fin (not necessarily
distinct) are all measurable with respect to B. However it is not a priori clear how this or-
thogonality can be used to deal with averages of the form E[f;(L1(X))... fin(Lmn(X))], for linear
forms L4, ..., Ly,. The difficulty arises when one has to understand exponential averages such as
Ele,(P(X +Y)—P(X)—P(Y))]. This average is 1 when P is a homogeneous polynomial of degree
one, but it does not immediately follow from what we have said so far that it is small when P is of
higher degree. In this section we develop the results needed to deal with such exponential averages.
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Consider a set of homogeneous polynomials { Py, ..., Py}, and a set of linear forms {L1, ..., Ly, }.
We need to be able to analyze exponential averages of the form:

k m
Ex |ep ZZM,;‘P@‘(L]'(X)) )

i=1 j=1

where )\; ; € F),. Lemma C.1 below shows that if {P;,. .., P} are of sufficiently high rank, then it is
either the case that Z?Zl > i1 AijPi(Lj(x)) = 0 which implies that the corresponding exponential
average is exactly 1, or otherwise the exponential average is very small. Note that this is an
“approximate” version of the case of characters. Namely if {xy,,...,Xy,} are characters of F},

then E Hle [T5% 0 xwi (L (X))} is either 1 or 0. In the case of polynomials of high rank, the “zero”
case is approximated by a small number.

Lemma C.1. Let p be a fized prime. There exists a function v : N x (0,1] — N such that the
following holds. Let {L,..., Ly} be a system of linear forms. Let P = {P,..., Py} be a collection
of polynomials of degree at most d < p, such that rank(P) > r(d,e). For every set of coefficients
{NijeF,:ieclk],je[m]}, and

k. m
Pp(x) := ZZAi,j'PZ'(Lj(X))7

i=1 j=1
one of the following two cases holds:
Py=0 or bias(Py) < €.

Lemma C.1 shows that in order to estimate bias(Pp) for polynomials of high rank P =
{P1,..., P}, it suffices to determine whether P is identically 0 or not. Our next observation
which is one of the key tools in this article says that when the polynomials are homogeneous and
linearly independent, then P, = 0 depends only on the set of the coefficients ); ;, the linear forms
L;, and the degrees of the polynomials involved in P, ..., P, and not the particular choice of the
polynomials.

Lemma C.2. Let {Li,...,Ln} be a system of linear forms over ¥y, \i ; € ¥, for i € [k],j € [m],
and dy,...,dy € [d]. One of the following two cases hold

e [or every collection P = {P,..., Py} of linearly independent homogeneous polynomials of
degrees dy, ..., d:
k m
DD AigPi(L(x) =0
i=1 j=1
e For every collection P = {P,..., Py} of linearly independent homogeneous polynomials of

degrees dy, ..., dy:

k. m
DD X Pi(Li(x) #0

i=1 j=1
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In this article we shall need to deal with non-homogenous polynomials. The following lemma
shows that if the set of the linear forms is homogeneous, then the case of the non-homogenous
polynomials reduces to the homogenous polynomials. Let P : Fj — [}, be a polynomial of degree
at most d. For 1 <1 < d, let P denote the homogenous polynomial that is obtained from P by
removing all the monomials whose degrees are not equal to [.

Lemma C.3. Let L = {L1,...,Ly,} be a set of homogeneous linear forms. Furthermore let
P ={P1,..., P} be a collection of polynomials of degrees dy,...,dy such that {Pi(di) 21 € [k]} are
linearly independent over F,. Then for X\;; € F,

S S Mg Pi(Li(00) = 0 4= S 7 Mg P (L)) = 0
C.1 Proofs of Lemmas C.1, C.2 and C.3
Let P(z) be a homogeneous polynomial of degree d < p. Let B(z1,...,xq) be the symmetric multi-

linear form associated with P, that is P(z) = B(z,...,z) and B(z1,...,2q) = B(24,,...,%s,), for
every permutation o of [d]. If L(x) = Zle ciz; is a linear form in k variables, then we have

PL(x) = Y ciy...c;,B(®mi,...,z,).

115,50 €[K]
For u = (u1,...,uq) € [k]?, denote x4 = (Tuy,--.,Tu,). Let U? C [k]¢ be defined as U? =
{(u,...,uq) € [k]4:u; <uy < ... <ug}. For u € U? denote by ry(u) the number of distinct
permutations? of (u1,...,uq), and let cg(u, L) := ¢y, . .. cy,. Since B is symmetric, we have
P(L(x)) = Y rq(u)ca(u, L) B(xu). (23)
ueUd

Note that 74(u) depends only on u and c4(u, L) depends only on the linear form L and u € [k]%.
We need the following claim.

Claim C.4. Let B be homogeneous multi-linear form over F, of degree d < p. Consider a linear

combination
= ) cuB(xu)
ueU?
where not all the coefficients cy are zero. Then there exist ai,...,ar € Fp and o # 0 such that for
every w € Fg
Q(ayw,...,apw) = aB(w,...,w).
Proof. Consider x = (ajw, . ..,apw). As B is multi-linear, we have
d
Xu) = Haui -B(w,...,w),
i=1
2If the multiplicities of the elements of a multi-set are i1, . .., s, then the number of distinct permutations of those

(G1+...+ig)!

elements is 5
11l..1p!
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for every u € U?. Let a = (ay,...,a;) and let a® denote the monomial a" = H?Zl ay,;. We thus
have

Q(ayw,...,qpw) = Zcua“ - B(w,...,w).

Consider g(ay,...,ar) = Y yepd cua®. This is a polynomial in ay, ..., a; which is not identically
zero, as distinct u € U¢ correspond to distinct monomials a. Hence there exist some assignment
for a for which a := g(a) # 0. O

Consider a set of linearly independent homogeneous polynomials { P}, ..., Py}, a system of linear
forms {L1, ..., Ly} and some coefficients \; ; € IF,, where i € [m],j € [k]. Let B; be the symmetric
multi-linear form associated with P;. Denoting d; := deg(P;) and using the notation of (23), we
thus have

k. m kK m
Pax) = D> D NP(Li(x) =D Xij Y ra(w)eq,(u, L) Bi(xy)
i=1 j=1 i=1 j=1 uecy%
k
= > b ( ), (24)
=1 uevdi

where

bfi (u Z)\ch (u, L;)

Note that the coefficients b?" (u) do not depend on the specific set of polynomials Py, ..., P;. Among
Lemmas C.1, C.2 and C.3 first we prove Lemma C.2 which has the simplest proof.

Proof of Lemma C.2. We will show that Py(x) = 0 if and only if b% (u) = 0, for all i € [k] and
u € U%. Let B;, be a polynomial appearing in Py with a nonzero coefficient, that is b?go(u) #£0
for some u € U%o in (24). Consider any assignment of the form x = (ajw, ..., azw). We have that

Bi(xy) = a"B;(w,...,w) = a"P;j(w).

Hence we get that

k
Palarw, . agw) = 3 i), (25)
where o; = ) cpd; a“bfi(u). Applying Claim C.4, there exists a choice of a1, ..., ag, such that
a;, # 0, and then the linear independence of {Py, ..., P;} shows that Py # 0. O

The proof of Lemma C.2 shows that Py (x) # 0 if and only if b‘iii (u) # 0 for some i and u. Next
we prove Lemma C.1 where we show that in this case under the stronger condition of high rank
bias(Py) is small.

Proof of Lemma C.1. Suppose that Py(x) # 0 so that bfi(u) # 0, for some i € [k] and u € U%.
Let d;, < d be the largest degree such that b?oio (u) # 0, for some u € Uo.
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Assume for contradiction that bias(Pp) > . By the regularity theorem for polynomials (Theo-
rem B.11) we get that Py(x) can be expressed as a function of r < r(d;,,e) < r(d,e) polynomials
of degree at most d;, — 1. We will show that this implies rank(P) < r. We know that Pj(x) can
be expressed as a function of at most r polynomials of degree at most d;, — 1. This continues to

hold under any assignment x = (ajw,...,arw). That is
k

Ppr(aqw, ..., apw) = Z a; Pi(w),
i=1

with o = Y, cpai a“bfi (u) is a function of at most r polynomials of degree at most d;, — 1. By
Claim C.4 there exists a choice of ay, . . ., ai such that «;, # 0, and this shows that rank(P) <r. O

Next we prove Lemma C.3 where we deal with the case that the polynomials are not necessarily
homogeneous, but instead the system of linear forms {L1, ..., L,,} is homogeneous.

Proof of Lemma C.3. It follows from Observation A.11 that by a change of variables we can assume
that Ly,..., Ly, are linear forms over [} in s variables x1,...,x,, and z; appears with coefficient
1 in all linear forms. For 1 <i < k, let B}, ... ,Bfi be the symmetric multilinear forms associated
with Pi(l), cee P-(di), respectively. Then (24) must be replaced by

7

k d;
Py(x) = ZZ)\JP ZZZA,J > m(w)e(u, L) Bl(xy)
i=1 j=1 =1 j=11[=1 ueU!
k d;
= > D) bi(u)Bj(xw), (26)

i=1 I=1 ueU!

where
m
w) Y Aja(ua, L)
j=1

Suppose that Py (x) # 0. We claim that in this case there exists an i € [k] and u € U% such that
b?i(u) # 0, and this establishes the lemma. In order to prove this claim it suffices to show that if
bf"'(u) = 0, for every u € U%_ then bl(u) = 0 for every 0 <t < d; and u € U'. Let otherwise t be
the largest integer such that bl(u) = r(u) > ojei Aijer(u, Ly) # 0, for some u = (u, ..., ut) € Ut.
Consider v’ = (1, uy,...,u;) € UL, Since z1 appears with coefficient 1 in every L;, we have that
cey1(u', Lj) = ¢¢(u, Lj). Also note that since d; < p, and p is a prime, r;(u) # 0 for every 1 <1 < d;
and u € U'. Hence we conclude that

T
b (u') = 1441 (u Z)\mct (u,L;) = t;;l(fl) )bt(u) # 0

which contradicts the maximality of ¢. O
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C.2 An invariance result

The following proposition which is a consequence of the lemmas that we established in Section C
is one of the key ingredients in the proof of our main result, Theorem 1.3.

Proposition C.5. Let r : N x (0,1] be the function in Lemma C.1. Let P = {Py,...,P:},Q =
{Q1,...,Qk} be two collections of polynomials over [}, of degree at most d < p such that deg(P;) =
deg(Q;) for every 1 < i < k. Let Ly,..., Ly, be linear forms, and I : IF’; — D be an arbitrary
function. Define f,g:F, — D by

f(@) =T(Pu(z), ..., Py(x))
and
9(2) = T(@i(2), ., Qulx).
Then for every e > 0, if rank(P), rank(Q) > r(d, ), we have
lte(f) —te(g) < 2p™ -,
provided that at least one of the following two conditions hold:
(i) The polynomials Py, ..., P, and Q1,...,Qk are homogenous.
(i) The system of linear forms {L1,..., Ly} is homogenous.

Proof. The Fourier expansion of I' shows

yEFk 1=1
We thus have
[Ty =" > T Thmep | D %) RLix) ],
i=1 V1o Ym EFE i€[k],j€[m]
and
[[o@e) = S o Thwe | S %) QulLx)
i=1 AL,...ymEFk i€[k],j€[m]
By Lemma C.1 we know that for every ~1,...,7m € IE"; each one of the polynomials

D icpkljem) Vi(8) - Pi(Lj(x)) and 3 e jepm) 75 (6) - Qi(Lj(x)) are either zero, or have bias of at
most €. But Lemmas C.2 and C.3 show that under each one of the Conditions (i) or (ii), since
deg(P;) = deg(Q;), we have that

Yo 6) PLi(x) =0 > (i) Qi(L;(x)) =0.

ic[k],j€[m] i€[k],j€[m]
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Hence we have that
Ex |ep | D %) PALiX) || —Bx [ep | Y. %) Qi(Li(X)) | || < 2,
and

<2 > [TE)I ).

’Yl,-.-,’YmE]FI;

Ex [H f(Li(X))
i—1

- Ex [H Q(Li(X))]
=1

Since Hf”oo <1, we conclude

< 2ep™k.

Ex [H f(Li(X))

- Ex [H Q(Li<X))]

i=1

C.3 A solution to the Gowers-Wolf conjecture

In this subsection we prove the following theorem, which qualitatively strengthens both Lemma A.2
and Theorem A.6.

Theorem C.6. Let L = {Li,...,Ly} be a system of m linear forms in k variables of Cauchy-
Schwarz complexity at most p. Let d > 0, and assume that LcllJrl is not in the linear span of
Lg“, oo, L& Then for every e > 0, there exists 6 > 0 such that for every functions fi,..., fm
F, — D where || f1||ya+1 < 6 we have

<e.

Exe !H fi(Li(X))]
=1

Let s < p denote the Cauchy-Schwarz complexity of £. Note that Lemma A.2 requires
the stronger condition ||fi||ys+1 < J, while Theorem A.6 requires two stronger conditions: that
Lcllﬂ, ..., L%+ are linearly independent, and that all || fi|a+1, ..., | fm|lges1 are bounded by 6.
Before proving Theorem C.6 we give an immediate corollary of it which we find quite useful.

Corollary C.7. Let L = {L1,...,Ly} be a system of m linear forms in k wvariables of true
complexity d and Cauchy-Schwarz complexity at most p. Then for every € > 0, there exists § > 0
such that the following holds. Let f1,..., fm : ), — D be functions. Let B be a polynomial factor
such that

1 fi = E(fil B)lyasr <0,
for all1 <t < m. Then

—E <e

)

E [H fi(Li(X))
i=1

HE(fiB)(Li(X))]

i=1

where the average is over X € (Iﬁ‘g)’g
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We now turn to prove Theorem C.6. If d = s, then Theorem C.6 follows from Lemma A.2.
Thus we assume d < s, hence also d < p. We will assume throughout the proof that p,m, s, d, ¢ are
constants, and we will not explicitly state dependencies on them.

Let r : N — N be a growth function to be specified later. Let n > 0 be a sufficiently small
constant which will be specified later. By Lemma B.14 there exists a polynomial factor B of degree
s, complexity C' < Cpax(n,7(+)) and rank at least r(C') such that we can decompose each function
fi as

fi=hi+h
where h; = E(f;|B) and ||h]||s+1 < n. We also have ||hi|l < 1 and ||h}| < 2. We first show that
in order to bound E [T, fi(L;(X))] it suffices to bound E [[[:"; hi(L;(X))], if n is chosen to be
small enough.

Claim C.8. Ifn <e-47"/10 then

E —E < £/10,

[T fi(za(x))
i=1

H hi(Li(X))]

=1

; ; k
where the average is over uniform X € (Fp)".

Proof. We have

m

I A(zx))

=1

E —-E

Hm(m(x»] = Y B[ ] mL(x)

i=1 ICm| iel iem|\I

Fix I C [m]. Let j € [m] \ I. Since the Cauchy-Schwarz complexity of {L1,..., Ly} is s, we have
by Lemma A.2 that

E|[JrraX) T mi@aX)||<WBillvee [TRille  TT il < m-2

i€l i€[m]\1 i€l ie[m\(T1U{j})
As there are 2™ — 1 different choices for I the claim follows. O

We thus set n = ¢ -47™/10, and regard n from now on as a constant, and we do not specify
explicitly dependencies on 7 as well.

Let {P;}1<i<c be the polynomials which define the polynomial factor B, where we assume each
P; is homogeneous of degree deg(P;) < s. Since each h; is measurable with regards to B, we have
hi(x) = T;y(Pi(x),..., Pc(x)) where T'; : Fg — D is some function. Decompose I'; to its Fourier
decomposition as

C
Ti(2(1),....2(C) = D cin-ep | 2 01)=() |
'yE]Fg Jj=1

where |¢; 4| < 1. Define for v € F
express each h; as

€', the linear combination P, (z) = Z]Q:l v(j)Pj(z). We can

hi(z) = Z Ciry e (Py()),

C
~€F5
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and we can express

E Hhi(Li(X))] = D Al m)s (27)
i=1 Y1y Ym EFG
where .
A1y Ym) = (H Cim) Elep (Py, (L1(X)) + ... + Py, (Lm(X)))] - (28)
i=1

We will bound each term A(7i,...,%n) by 7 := 7(C) = p~™%/10, which will establish the result.
Let S ={vy ¢ IFI? : deg(Py) < d}. We first bound the terms A(y1,...,%m) with 4 € S.

Claim C.9. If the growth function r(-) is chosen large enough, and if § > 0 is chosen small enough,
then for all v, € S we have
‘CL'YI| ST

Consequently, for all v1 € S and v2,...,vm € Fg we have

Ay ey Ym) < T

Proof. The bound on A(vi,...,7%y,) follows trivially from the bound on ¢;,,, since
|24 -+ [€mm| < 1. To bound ¢y, note that
ety =El(X)ep(~P ) = 3 iy [ep(Py(X) = P(X))].
v EFF ' #y

where the averages are over uniform X € Fj. We first bound E [h1(X)e,(—P,(X))]. Using the fact
that hy = E(f1|B) and that the function e,(—P,(x)) is B-measurable, we have by Observation B.6
that

|E [h1(X)ep(= Py (X)) | = [E [fr(X)ep(= Py (X))]| < [ fillyars < 6.

Hence, by choosing § < p~ " Cmax(r()¢ /20 we guarantee that |E [h1(X)e,(—Py(X))]| < 6§ < 7/2.
Next for v # 7/, we bound each term E [e, (P (X) — Py(X))] by 7p~¢/2. Assume that for some

~' # ~ we have
E [ep(Py(X) — Py(X)]| > 7€/

Then by Theorem B.11 we have that
rank(P,, — Py) < r'(1p=9/2) = r1(O).
Thus, as long as we choose r(C) > r1(C), we have that
> JeryE [ep(Py(X) = Py(X))]| < 7/2
Y'FY
and we achieve the bound |cy | < 7. O

Consider now any v; ¢ S. We will show that if we choose r(-) large enough we can guarantee
that
[E [ep (Pyy (L1(X)) + - 4 Py, (L (X)))] | < 7, (29)
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which will establish the result. Assume that this is not the case for some y; ¢ S and ya, ..., v, € Fg .
By Lemma C.1 there is a rank r”(7) = r3(C) such that if we guarantee that r(C) > ro(C) and
if (29) does not hold, then we must have

Py (Ly (X)) + ...+ Py, (L(x)) = 0. (30)

Let t = deg(P,,) > d. Let P§t) be the degree ¢t homogeneous part of P,. Since the degrees of the
polynomials are at most p — 1, we must have that

PO(L1(x)) + ...+ PP (Lin(x)) = 0. (31)

The following claim concludes the proof. It shows that if (31) holds, then L} is linearly dependent
on L%, ... Lt . This immediately implies that also Lc1l+1 is linearly dependent on Lg“, cee LflnH
(since t > d + 1) which contradicts our initial assumption.

Claim C.10. Let Py, ..., P, be homogenous polynomials of degree t < p, where Py is not identically
zero, such that

Pl(Ll(X)) + ...+ Pm(Lm(X>) =0.
Then Lt is linearly dependent on LY, ... L.
Proof. Let M(x) = z;, - ... x;, be a monomial appearing in P; with a nonzero coefficient a; # 0.

Let «; be the coefficient of M(z) in P; for 2 < i < m. We have that
arM(Li(x)) + ...+ amM(Ly(x)) = 0.

Let x = (x1,...,2) and Lij(x) = A\j121 + ... + A gz We have
t
M(Li(x)) = H(/\i,lwl(ij) + oo+ Ak (i5))-
j=1

Consider the assignment z; = (2(7), ..., 2(i)) where z(1),..., 2(k) € F), are new variables. We thus
have the polynomial identity

Zai()\i71z(1) + ...+ )\i,kz(k:))t =0,
=1

which as t < p is equivalent to

m
Z oL =0.
i=1

D Characterization of strongly correlation testable properties

Consider a family D := {D,, },en where D,, is a set of functions from F} to D. We recall some basic
definitions from the introduction. The correlation of a function f : Fj — D with D, is

1f lu(pay = sup [{f, 9)]-

gE€Dny,

31



Given a function f : F — D and a system of linear forms £ = {L1,..., Ly} in k variables, recall
that the average of f over £, with conjugations a € {0,1}"™, is

tg}a(f) = EXG(F?)’“ [H Cazf(LZ(X))]
=1

where C is the conjugation operator. A family D is said to be correlation testable with linear
forms if there exists a set of linear forms L1, ..., L, along with conjugations aj, ..., ay, such that
the collection of averages (tz, o, (f),---,tz,0,(f)) allows to distinguish whether f has noticeable
correlation with D,, or negligible correlation with D,,. The true complexity (Cauchy-Schwarz
complexity) of D is the maximal true complexity (Cauchy-Schwarz complexity) of {L;}i=1,. .

Definition D.1 (Strongly correlation testable properties). A family D = {Dy}nen is strongly
correlation testable by linear systems with true complexity d and Cauchy-Schwarz complexity s,
if the following holds. For every € > 0, there exist § € (0,e), ng € N, and systems of ho-
mogeneous linear forms Li,...,Lp in m1,...,my variables, respectively, where each system has
true complexity at most d and Cauchy-Schwarz complexity at most s, along with conjugations
a; € {0,1}™ ... ay € {0,1}"™ such that the closures of the following two sets are disjoint:

Te = {((teraa (), tepa(F) 1 f 1 By = Don > ng, || fllup,) = €}

and
Se={((tey,ar () s topan(f)) : f:Fy = D,n > no, | fllup,) <6}

A system D = { Dy, }nen where D, is a set of functions from F)) to D is consistent if Dy, € Dy 1,
where we identify F;; with the subspace F) x {0} of IFZ“. In this section, we prove the following
theorem.

Theorem D.2 (Main theorem: strongly correlation testable functions). Consider a consistent
family D = {Dp}nen - If D is strongly correlation testable with true complexity d and Cauchy-
Schwarz complezity s < p, then there exists 0 <t < d such that the following holds. Let (fy : Fj —
D)pen be a sequence of functions. Then

7}1_{20 an - E[fn]”u(Dn) =0+~ nh—>ngo an - E[fn]HUH‘l =0.

Define a set S C N to be the set of all degrees &k > 1 for which the following holds. For every
growth function r : N — N, there exists ng,a € N, such that for every n > ng there exist a
polynomial P, over F)) of degree exactly k such that

(1) llep(Bo)llupn) = 1/a;
(ii) rank(P,) > r(a).
Claim D.3. Unless all functions in D are constant functions, we have 1 € S.

Proof. Let gn, € Dy, be a nonconstant function. There must exist a nonzero Fourier coefficient
a € F)° such that

Gno(@) =0 #0.
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Since we assume that the family D is consistent, for every n > ng, the function

gn(l'(l), s 7x(n)) - gno(w(l)v s 7w(n0))

belongs to D,,. Let P,(z) = >, a(i)z(i) be a linear function. For every nonzero linear function
we have rank(P, ) = co. By construction, each linear function P, has correlation with D,,,

lep(Pa)llu(p,) = [(ep(Pn), gn)| = 0l > 0.
O

The case where all functions in D are constants is easy to analyze, as in this case we have that

[ llugpay = I1F o

for all function f : F) — D. Thus, from now on we assume that there are some nonconstant
functions in D, and hence 1 € S.

Claim D.4. § C{1,...,s}.

Proof. Let k > s, and assume by contradiction that for every growth function r : N — N, there
exists a,ng € N, such that for every n > ng, there exists a polynomial P, of degree k with
llep(Pr)llu(p,) = 1/a and rank(P,) > r(a). We will show that in this case, the closures of T}/, and
S1/a are not disjoint for all a € N, which will yield a contradiction. Assume to the contrary that
they are disjoint for every a € N. Then for every a € N, there exists a minimal distance u(a) > 0,
such that for every 2’ € Ty, and 2" € S/, we have

12" = 2"lloo = p(a). (32)

Applying Theorem B.3 for s < p and Theorem B.11 for k, if we choose the rank bound r(a)
large enough, we can guarantee that

lep(Pr)llpstr < pla)/2. (33)

We first note that 0° = (0,...,0) is in S /q for every a € N, since for f =0 we have tz o(f) =
0. Combining this with (32) we get that for every sequence of functions f, : F; — D with
liminf,, o0 || fnllu(p,) = 1/a, we have

o ([ (te, 0 (), -+t () o > ). (34)

Consider now the polynomials P,,. By Lemma A.2, since each system L; has Cauchy-Schwarz
complexity at most s < p, we have

ls.0:(ep(P))| < llep(Po)llps1 < p(a) /2,

for all 1 <4 < /. Thus we reached a contradiction. O

We now define ¢ := max(S). Theorem D.2 follows from the following two lemmas.

Lemma D.5. Let (fn : Fy — D)uen be a sequence of functions such that E[f,] = 0. If
My o0 || fullprerr = 0, then limn oo || fullu(p,) = O

Lemma D.6. Let (f, : Fy — D)uen be a sequence of functions such that E[f,] = 0. If

We prove Lemma D.5 in Subsection D.1 and Lemma D.6 in Subsection D.2.
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D.1 Proof of Lemma D.5

Suppose that lim, e || fnl|lge+1 = 0, but

c:=limsup || fnllup,) > 0
n—o0
Since D is consistent, we can replace the limsup by an actual limit. Assume that ¢ =
limp, e0 || fallu(p,) and set € := ¢/2. Since D is strongly correlation testable with true complexity
d and Cauchy-Schwarz complexity s < p, there exist 6 € (0,¢), & > 0, and a family of homogenous

systems of linear forms L1, ..., L, of Cauchy-Schwarz complexity at most s and true complexity at
most d along with conjugations ag, ..., ap such that
H(tﬁhoq(f)a s toga (f) — (tﬁl,oq 9),--- stegan (@)oo > g, (35)

for every f,g:F; — D (with n > ng) satisfying || f||,(p,) = € and ||g]lw(p,) < 9.

Let r : N — N be a growth function to be defined later. We apply Theorem B.7 and Corollary C.7
to deduce that there exists a polynomial factor B, of degree s, complexity C),, < Chax(s,e,7(+))
and rank at least r(C),), such that for h,, := E(f,|B,) we have

‘tﬁiyai(fn) - tﬁi,ai(hn” < 5//2a (36)

for all 1 <i < {. Equations (35) and (36) imply that for large enough n we have ||hn||y(p,) > 9.
So, for large enough n, there exists g, € D,, such that

|<hnagn>| > 0. (37)

Let B,, be defined by polynomials Q. 1,...,Qn,c, and define Q- := ZZC:nl (%) Qn,i(z) for every
v € an. By choosing the growth function r(-) large enough, we have by Theorem B.11 that for all

v#EY, .
bias(Qny — Qn.)| < p~29"5/100. (38)

As hy, is Bp-measurable, we can express it as h,(z) = F,(Qn1(2),...,Qnc,(x)) for some F, :
IF‘I?" — . Consider the Fourier decomposition of F},,

Cn
Fo(z1,..0520,) = Z Fa(7)ep <Z 7(@%’) :
i=1

yEFG™

We thus have .
(@) = D Fa()ep(@n (@),

vGIFg"

where \Z/J'\n('y)| < 1. Define W,, := {v € ]Fg" : deg(Qn ) < t}. We now show that the assumption

limy, o0 || fn|l7e+1 = 0 implies that by taking n large enough, we can make |ﬁ’\n(fy)] arbitrarily small
for all v € W,.

Claim D.7. For large enough n, we have |F7\1(7)| < p~95/10 for all vy € W,,.
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Proof. By expanding (hy,ep(Qn~)) we have
R\l( ) = (hn,ep( Qn'y Z F, (") - bias( Qn’y Qn,’y)-

Y'#Y
We bound each term individually. As e,(Qn ) is By-measurable and h, = E(f,|By), we have that

(hn,ep(Qnyy)) = (fn, ep(Qniy)),
and since deg(Qn,,) <t we have
(s €p(Qua )| < |l fulliers < p~“m=/100,
for large enough n. By (38) and the bound ||F;Hoo <1, we conclude that
[Fa(v)| < p~8/10,
for all v € W,. O

Now, Claim D.7 implies that

Z ?”(7)<ep(Qn,7),gn> §5/2

YEW,

However, since |(hy, gn)| > & we must have that there exists v* & W,, such that

|{ep(@nrr)s gn)| 2 p~6/2. (39)

We now show a contradiction to the assumption that ¢ = max(S). Set P, := Qn+. As Qn & Wi,
by 39 we have that

o t+1<deg(P,) <

* llep(Pu)llucon) ZP_C"5/2
e rank(P,) > rank(B,) > r(Cy).

Let n1 < ny < ... be an infinite sequence such that t' := deg(P,,) > t+ 1 and C,, = C. Since
the family D is consistent, we may assume (by refining the sequence) that deg(P,) = t' and
rank(P,) > r(C) for all n € N. As r(-) is an arbitrary growth function, we must have ¢’ € S and
the lemma follows.

D.2 Proof of Lemma D.6

Let (fn : Fy = D)nen be a sequence of functions such that limy, e || fullu(p,) = 0, and assume by
contradiction that
¢ = limsup || f||ye+1 > 0.

n—oo
Since D is consistent we may replace the limsup by an actual limit by refining the sequence. So
we assume that || fn||g++1 > ¢ for all large enough n > ny. By Theorem B.3 this implies (since
t < s < p) that there exist polynomials Q,, € Poly,;(IF;) such that

[(fn: €p(@n))] = 6,

for some § = d(c) > 0. We first regularize the polynomials to have arbitrarily large rank.
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Claim D.8. There exists 1 < tg < t such that the following holds. For every growth function
r: N — N there exists b € N and an infinite subsequence n1 < ng < ..., along with polynomials
Qn, of degree exactly ty, such that

® [(fnirep(@n;))] = 1/b;
o rank(Qy,) > r(b).

Proof. We first claim that it is enough to prove the claim where ¢y may depend on 7(-). Otherwise,
assume that for every r(-) there exists a ty(r) for which the claim holds, but there is no single ¢
which holds for all r(-). Then, for each possible 1 < i < ¢, let r;(-) be a growth function for which
the claim does not hold for tg =i and r;(-). Set r = max(ry,..., ), and we reach a contradiction.

Thus, it is sufficient to show that for every growth function r(-), there exists 1 < ¢y < ¢ for
which the claim holds. Applying Theorem B.11, for every growth function r : N — N, we can

express each polynomial @, as a function of C,, < Cpax(t,7(-)) polynomials Q;vl, - .,Q;%Cn of
degree at most ¢ where rank(Qy, 1,...,@Q;, o) > r(Cy). Assume that Q,(z) = Fu(Qy 1, -+, Q) 0,)-

Let Qy, ., = chzn1 Y(1)Q;, () for v € IE‘]?". By the Fourier decomposition of F),, we have

p(Qu(2)) = Y Fuly)ep (Q) (@) -

WEFZ?"

Since Hl/?\nHoo < 1, we have that for every n there exists v, such that

(s ep(@np )| = 3p7C.

Since we assumed E[f,] = 0, we cannot have that @y, ., is a constant, thus we have deg(Qy, ) > 1

n,Yn/ —
and hence rank(Q;, ., ) > r(Cy). Let o be a number which is the degree of @y, .~ for infinitely
many n. Since r(-) is arbitrary, the claim follows. O

We fix 1 < tg < t given by Claim D.8. Let r : N — N be a growth function to be determined later.
Since D is consistent, we can refine the sequence (fy,)nen to the subsequence given by Claim D.8,
and obtain there exists function f,, : Fjy — D with lim,, e || fallu(p,) = 0, and polynomials @y, of
degree exactly tg, such that for every n > ng,

 [{fn,ep(Qn))| = 1/b;
e rank(Q@,) > r(b).
We first derive a contradiction when ¢ty € S.
Lemma D.9. Ifty € S, then limsup,,_, || fullup,) > 0-

Proof. In the proof, we think of p, s as constants and do not explicitly mention dependencies on
them. Given the value of b, let 7, : N — N be a growth function to be determined later, where we
will in particular have 7,(a) > r(a), for all a,b € N. Since typ € S, there exist polynomials P, of
degree exactly tg, functions g, € D,, and ng,a € N, such that for every n > ng,

d |<eP(Pn)7gn>‘ > 1/CL;

e rank(P,) > m(a).
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Set € = m. Since D is correlation testable with true complexity d and Cauchy-Schwarz
complexity s < p, there exist 6 € (0,¢), n > 0, and a family of homogenous systems of linear
forms Lq,...,Ly of true complexity at most d and Cauchy-Schwarz complexity at most s, and
conjugations aq, ..., ayp, such that

H(tﬁhal (f)7 R T, (f)) - (tﬁl,oq (f/)v R TR (f/))”oo > 2n,

for every f, f' : T — D (with n > no) satisfying || f'||u(p,) > € and || f||4(p,) < 6. We will prove the
lemma by constructing a new sequence of functions (f}, : Fy — D),en such that for large enough
n, we will have

 [(f}:9n)| > € and hence || £}, |lup,) > €;

o |tr, a;(fn) —tria,(fi)] <m, foralll <i<k.

This will conclude the lemma as it will show that |le,(fs)l|u(p,) > ¢ for large enough n.

Let r1 : N — N be a growth function to be determined later (whose choice depends on the
values of a,b). By Theorem C.6, there exists a polynomial factor B, of degree s, complexity
Cp < Chax(n,a,b,71(+)) and rank at least r1(C),), such that for h, := E(f,|B,) we have

[ti0:(fn) = tei0i(hn)] < /10, (40)

for all 1 <+¢ <k, and also
1= hallysss < 1/25. (41)

Recall that @), is a polynomial of degree tg < t < s such that |(f,, @n)| > 1/b, for n > ny. By
the choice of (41) we have that h,, is also correlated to @, as

[y €p(Qu))| = [(frs €p(@n))] = [(fr = P, €p(@n))| = % = lfn = hallysss = 1/2b. (42)

Assume By, is defined by polynomials @, ..., @, ¢, - Define @], , = Zfﬁl Y(1)Q;, ; for v € Fg".
The function h,, = E(f,|B) is B,-measurable, hence h,, = F,( ;171, . ,Q;l’cn) for some function
F,: Fg” — DD, and we have

—

(@) = Y Fu()ep(@ (@)

NEFG™
where || Fp|lso < 1. Thus we have
12 < \<hn,ep<czn>>\ < Y Bl bins(Q,, — @u)l (43)
VGFS"

We now show that when r1(-) is chosen large enough (as a function of a,b), then almost all
the contribution to the correlation in (43) comes from a single term v*. Let r1(C) be chosen large
enough, such if R is a polynomial on F} of degree at most s and rank at least r1(C)/2, then for
large enough n we have

Ibias(R)| < e-pC. (44)

Such a choice is guaranteed by Theorem B.11. Assuming such a choice for r(-), we have the
following claim.
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Claim D.10. There exists v* € Fg” such that \ﬁ;( )| > 1/4b and |bias(@)
Moreover, for all v # v* we have |bias(Q;, , — Qn)| < ¢ p©

Qn)| = 1/4b.

nay*

Proof. Assume first that rank(Q7, ., — Qn) > r1(Cy,)/2 for all v € Fg". This implies by (44) that

[(hn, ep(Qn))] < Z |F )|[bias(Q;, , — Qn)| < e L

106’
WGFC”

which is a contradiction to (42). So there must exist at least one 7 such that rank(@Q;, ., — Qn) <
71(Cr)/2. Assume there were two distinct 7' # 4" such that rank(Q], ., — Qn) < 71(C»)/2 and
rank(Q;, . — Qn) < 71(Cy)/2. Then by subadditivity of rank, this implies

= rank((Q;w/ — Qn) - (Qn,’y” - Qn))
< rank(Q;Iﬁ/ — Qn) + rank(Qn;y” - Qn) <7 (Cn)a

which is a contradiction to the fact that {Qp1,...,Qnc, } has rank at least r1(Cy,). So, there exists
a unique y* € IFS” such that rank(Q], .« — Qn) < r1(Cy)/2. Thus by (44) we have

ra‘nk(Qn'y 'y)

Z ]F )||bias(@;,  — Qn)| < e < 1/100.
YEY*

However, by (42) we have |(hy,e,(Qy))| > 1/2b. Hence
[Fu(y")||bias(Qf, 1 — Qn)| = 1/4b.

The claim follows as |I/5’;('y*)\ <1 and |bias(Q;, .~ — Qn)| < 1. O
The next claim shows that if we require 71 (+) and 7(+) to be large enough, then we can guarantee

that deg(Qy, ,~) = deg(Qn)-

Claim D.11. If ri(-),7(:) are chosen large enough, then

deg(Q;, ,+) = deg(Qn).

Proof. Recall that we have by assumption rank(Qy) > r(b) and rank(Q;, .~) > 71(Cp). We also have
|bias(Qy, o+ — @n)| > 1/4b by Claim D.10, which by Theorem B.11 1mphes that rank(Q;, .« — Qn) <
' (b), for some function 7/(-). We have two cases to consider:

o If deg(Qn) < deg(Qy, ,+), then we have rank(Qy, ) < r'(b) + 1. To avoid this case we choose
r1(C) > r'(b) +1 for all C € N.

o If deg(Qy) > deg(Q;, ), then we have rank(Qy,) < 7'(b) + 1. To avoid this case we choose
r(b) > r'(b) + 1 for all b € N.

If these two conditions are met, this guarantees that deg(Q;, .-) = deg(Qy) as claimed. O

We thus have deg(Q;, ) = deg(Qn) = to. We now claim that without loss of generality
we can assume v* = e; = (1,0,...,0). This can be achieved by performing an invertible linear
transformation on the basis Qn Lreeos Q;%Cn which preserves the polynomial factor defined by it
as well as its rank. Summarlzlng Claim D.10 and Claim D.11 and the discussion above, we have
established the following properties:
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L | Fu(en)] > 45;
2. |bias(Q), 1 — Qn)| > ib and |bias(Q/,
3. deg( 'nl) = deg(Qn) = to;
4. rank(Q;, 1) > 71(Cy) and rank(Qy) > r(b).

oy — Qn)| < e-p O for all v # ey

We now repeat the same process for g,. Let A = ep~“max. There exists a polynomial factor 5/,

of degree s and complexity Cj, < Cy,,, defined by polynomials {F}, ; : 1 <14 < Cj,}, such that for
gy, :=E(gn|B',) we have
lgn = gnllyss1 < A,

and also that g}, = G, (P!

’I’L,l""7

PAC%) where

L |Galen)| > 45;
2. |bias(P, ; — Pn)| > % and |bias(P, . — P,)| <e-p % for all v # ey;

3. deg(Py, ;) = deg(P,) =
4. rank(Py ;) > r1(Cy,) and rank(P,) > 7(a).

We now define a new polynomial factor B, as follows. Let Ry,2,..., R, c, be random polyno-
mials in I} chosen such that deg(Ry,;) = deg(F, ;). We note that for every rank bound r*, for

large enough n the following holds with high probability. Let P! be some (possibly zero) linear

combination of P,, P! ,,..., P! n,Cl and let R! be a nonzero linear combination of R, 2,..., Ryc, -
Then as long as deg(Rl) > deg(Pl) we have that rank(P! + R!) > r*
We define B,, = {P,, Rn.2, ..., Rnc, }. Define Ry =~v(1)P,(z )+Z7, " (1) R i(x) for v € IF']?".

We define the new sequence of functions as

fn(x) = Fo(Pn, Ry, .., Ruc,)- (45)

We conclude the proof by showing that |tz, o, (f}) — .0 (fn)| < nforall 1 < i < ¢, but that
[(frgn)| > €.
Claim D.12. |tz o,(f}) —tr,a:(fn)] < forall1 <i</{.
Proof. Note that deg(R, ;) = deg(P,,;) for all 1 <4 < £. Since all the linear forms are homoge-
nous, we can apply Proposition C.5. By the proposition, there exists a bound r '(n) such that if
rank(B,,), rank(B,,) > r/ ‘then the claim follows. To ensure this, we require for B, that r1(C) > r!

for all C € N; and for B,, that r* > 7’ and that 7,(a) > 7’ (note that it is crucial to allow 7 to
depend on both a, b, since 1 depends on both a,b). ]

Claim D.13. |{f],gn)| > €.

Proof. We first claim, it suffices to prove |(f,, g,)| > 2¢. Indeed

[(Fragn = ) < D IFa)llen(Run)s g0 — 90| < 97" gn — ghllysr <e,
weFC”
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where we used the fact that deg(R], ,) < s. Now note that

(Frogn) = D Fa(0)Ga(y)bias(Ruy — Php).

!
'yGFg” ,ﬂ/GIFg"

Consider first the term v =+’ = e;. We have R, ¢, = P, and by our construction,

— — 1
Fp(e1)Gn(e1)bias(F, — PT,LJ) >

L1,
1 da da =%

We now bound all other terms (v,7") # (e1,e1). By choosing 71 (-), 7* large enough, we can bound
|bias(Ryy — Py, )| < e- p~ (CntCn),

Putting all these together we conclude that |(f], gn)| > ¢ as claimed. O

This concludes the proof of Lemma D.9. O

Lemma D.9 shows that if ¢y € S, then we are done. We will next show that S = {1, ..., ¢} which
will conclude the proof of Lemma D.6. Consider any ¢’ < ¢t and systems of linear forms L1, . 5 Ly

For a function f : F) — R we shorthand t.(f) = tz«(f) for all conjugates a since f = f. In

Lemma D.14 below we shall show that it is possible to construct two different families of functions
fns [+ By = [=1,1] such that

(i) fn and f] cannot be distinguished by averages t,;
(ii) fn has correlation with polynomials of degree exactly ¢ and of arbitrarily high rank;

(iii) f} is a linear combination of a bounded number of exponentials of polynomials of degree
exactly ' and arbitrarily high rank.

We note that the combination of (i), (ii), (iii) implies that ¢ € S: Condition (ii) im-
plies by Lemma D.9 that limsup,_, [[fallup,) > 0. By Condition (i) this implies that also
limsup,, o0 | f2lluw(p,) > 0; so there exist g, € D, such that limsup,, . [(f5,gn)] = 6 > 0. By
Condition (iii) we can express f)(z) = chzl aiep(Qn,i(z)) where C' is a uniform bound, |a;| < 1
and @), ; are polynomials of degree t' and arbitrarily high rank. Hence, we must have for infinitely
many 7 that [{e,(Qn.),gn)| > dp~¢ for some i. Since D is consistent, we can extend this to all
large enough n and complete the proof.

It only remains to prove the following lemma.

Lemma D.14. Let Ly,...,Ly be systems of linear forms. Let t' < t. There exists functions
fos [, i By = [=1,1] and a constant C € N such that the following holds:

(i) For every i € [(],
tﬁi(fn) = tﬁz(f’!’l)

(ii) There exist polynomials Py, : Ty — T}, satisfying deg(Py,) =t and lim,, o rank(P,) = oo, and

liminf | (e,(P,), fu)| > 0.
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(11i) f], is a linear combination of exponentials of C' high rank polynomials of degree exactly t'.
That is, there exist polynomials Qu1,-..,Qnc @ Fy — Ty satisfying deg(Qn:) = t' and
limy, o0 rank(Qp ;) = 0o for all 1 <i < C, and

C
folz) = Z aiep(Qn,i(2)),
=1

where |a;| < 1.

Proof. We first note that it is sufficient to prove the lemma for systems of linear forms which are
non-isomorphic and connected, since we can decompose each system to its connected components
and remove isomorphic copies.

First let us introduce some notations. For positive integers m > n, let m,,_, denote the natural
projection from F)" to [} defined as

T @ (X1, @) = (T1, .0, Tn).

For functions f:F)' - Cand g:F) — C, let f®g: F™+" — C denote the function

(f ®g)(x17 L 7xm+n) = f(xlu o 7xm)g($m+17- . '71"m+n)7

and note that for every system of linear forms £, we have

te(f®@g) =te(f)tc(g).

By Theorem F.1, there exist a constant N € N, an € > 0, and a function I : IF'I]JV — [0, 1] such
that

{ZeR 2= (tes (), te,(F)llow <2 € {(tey (1), te(F) | £ FY > 0,11} (46)

Consider two sequences of polynomials P, Q, : Fy — F), such that deg(P,) =t and deg(Qn) =/,
and
lim rank(P,) = lim rank(Q,) = cc.
n—oo n—oo
Define g, : Fy — {—=1/p,1 —1/p} as gn(z) =1 —1/p if and only if @n(z) = 0. Note that
1
gn(z) = Z —ep(aQn(z)).

aclF,\{0}

Define h,, : Fjy — {0,1} as hy(z) = 1 if and only if P,(z) = 0.
Let § > 0 be sufficiently small so that for every m > N, and every i € [k],

E2,(F) = t, (Sh + (1= 0)F 0 o] < /2.
Then by (46), for every m > N, there exists a function G,, : Fév — [0, 1] such that for every i € [k],

tr,(Gm) =te,(0hm + (1 —0)F o T n). (47)
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For n > 2N, let m = [n/2] and define f,, f;, : F) — [-1,1] as
fn = gn—m®(6hm+(1 _6)Fo7rmﬁN)a
fr/L = In-m® (Gm o TrmHN)-

By (47) for every i € [k] and every n > 2N,

tﬁi (fn) = tlli (gnfm)tﬁi (5hm + (]- - 6)F o 7Tm~>N) = tlli (gnfm)tﬁi (Gm o 7Tm~>N) = tﬁi(fylz)a

which establishes (i). To establish (ii), let R, := Qn—m ® Pn,. Note that R, is a polynomial of
degree t and lim,,_,~ rank(R,) = co. We have

(fnsep(Bn)) = (gn—m> ep(Qn-m)) - (0hm + (1 = 0)F @ MmN, €p(Prn))-

We now lower bound the terms. By the definition of g,,_n,, we have

1

1 1 .
’<gnfm7ep(anm)>| = ]; + - Z blas((a - I)anm) = 2]9’

p aclF,\{0,1}

for large enough n—m since rank(Qy,—,) — oo. The function F ®7,,_, y depends only on the first N
variables; hence we have limy, o0 (F' ® Ty N, €p(Pp,)) = 0 since rank(P,,) — oo by Theorem B.11.
Finally, by the definition of h,, we have
1
(hins ep(Pm)) = Prx [P (X) = 0] > 2
for large enough m, since rank(P,,) — co. We thus conclude that

1

(s ep(Bn))| = 7

for large enough n, which establishes (ii). To conclude the proof we establish (iii). Let
R N
Gm(z) = > G(V)e, (Z v(i)w(i)>
vEFY i=1
where |é('y)] < 1. We thus have
@) = gom(@),....;2(n —m))Gn(z(n —m+1),...,2(n —m + N))

N
) ;a(y)ep (aQnm(az(l), sl —m) + 3 )a(n —m + i)) .
=1

’yEIFg)V ,a€F,\{0}

Hence, we can express f) as the linear combination of C' = (p — 1)pN exponentials of polynomials
of degree exactly t’; and as N is fixed and n — m — oo, their rank is unbounded. This established
(iii) and concludes the proof. O
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E Characterization of correlation testable properties

Consider a family D := { Dy }nen where D, is a set of functions from F} to Fj,. Given a function
f, : I, — [}, we want to probabilistically determine whether f,, has correlation with D;,. That is,
we want to determine if [e,(f,)|lu(p,) is non-negligible or not, where we are only allowed to read
the value of f,, on a few points. We recall the definition of correlation testable properties.

Definition E.1 (Correlation testable properties). A family D = (D,,) is correlation testable with q
queries, if there exists a distribution p taking values in (Fy)? and a mapping I : FE — {0,1}, such
that the following holds. For every e > 0, there exist § € (0,€), 0 <60~ <0 <1 and ng € N, such
that for every n > ng and t: Fy — F) we have:

o If llep(B)llu(p,) = € then Prix,, . x,)~uL(E(X1), .. £(Xg)) =1] = 07

o If [lep(f)llup,) <0 then Prx, . x)~pul(E(X1), ... £(Xg)) =1] < 6.

We study proper dual families D. We recall that a family D is proper dual if the following
conditions hold:

e Al: Consistency For positive integers m > n and g € Dy, the function h : F;" — F;, defined
as h(xy,...,zm) = g(r1,...,x,) belongs to D,,.

e A2: Affine invariance For every positive integer n, if g € D,,, then for every A € Aff(n,F,),
we have Ag € D,,.

e A3: Sparsity For every € > 0 and large enough n, we have |D,| < pP".

E.1 Correlation testing by averages over linear forms

We first show that if D is a proper dual family which is correlation testable using ¢ queries, then
it is in fact also testable using averages of linear forms. When arguing about functions to IF,, one
may allow more general types of averages. Let £ = {Lq,..., L} be a system of linear forms in k
variables. Let 8 € F}' be a vector of coefficients. Recall that for a function f : F;) — F), we define

the average

m

trp(f) = Exegepy lep (Z ﬁ(i)f(Li(X)))] -

i=1
We note that for functions f: F}) — ), these averages generalize the previous averages ¢z, which
were defined for bounded functions. Indeed, for o € {0,1}" let 8 € {—1,1}™ be defined as
B(i) = (—1)*@), then

£ 5(6) = tealep(D)):

Lemma E.2. Suppose that a proper dual family D = {D,} is correlation testable with q queries.
Then for every ¢ > 0, there exists 6 € (0,¢), ng € N, and homogeneous systems of lin-
ear forms Ly,..., Ly with my,...,my linear forms, accordingly, and corresponding coefficients
pr € Fp, ..., B € B, such that the closures of the following two sets are disjoint:

Te = A{(tr, 5, (), - 17, 5, (0))In > mo, £: Fy — Fp, [lep(D)lun,) = €},
and

Se = {(tr, 5 (5)s i1z, 5,(0)In > no, £ : Fy — Fp, [lep(F) [|u(p,) < 6}
Moreover, the systems L1, ..., Ly have Cauchy-Schwarz complexity at most g — 2.
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Proof. Since Dy, is a proper dual, by Condition A2, for every f,, : F} — IF, and every A € Aff(n,[F,),
we have that |e,(Af,)|lwp,) = llep(fa)llup,)- Let A € Aff(n,F,) be a uniform random invertible
affine transformation. Then by the assumption that D is correlation testable, we have that

o If [ley(fn)llu(p,) = & then Prix, . x.)ouacasinm,) [D(fa(AX1), ..., f(AXy)) = 1] > 6T
o If [le,(fn)llw(p,) <6, then Prix, . x )~u, Acaf(nf,) [l (fn(AX1),. .. 2 (AXy)) =1] < 0™,

We establish the lemma by showing that if we set ng large enough, then the probability

Prix,... xp)~uAeAft(nF,) [ (E(AX7), ... f(AX,)) = 1]

can be approximated with an arbitrarily small error by linear combinations of {7 5 (f),..., 2 (f),
where {(L;, Bi) }1<i<e are all possible homogeneous systems of at most ¢ linear forms. Note that ¢
is a constant depending only on p, ¢, and that the Cauchy-Schwarz complexity of any homogeneous
system of ¢t < ¢ linear forms is at most ¢t — 2 < g — 2. We start by decomposing I' to its Fourier

decomposition
D). 2(a) = 3 Fe, (Z 100) z<z’>) .

~vEFE =1

We thus have that

Pr(xy,... Xy o At () [D(EAXT), . (AX)) =1] = ) T'(7)E [ep (Z v(i) - f(AXi)>] ;
=1

~vEeF}

where the expectation is taken over (Xi,...,X,) ~ p and A ~ Aff(n,F,). Thus, it is enough
to show that each term E [e, (Y7, 8(i) - f(AX;))] can be approximated by linear combinations of
{7, 5. () i<i<k-

Fix (z1,...,74) € (Fy)? Suppose that the rank of span{x1,...,z,} over Fpisr. Let y1,...,y, €
[}, form a basis for span{z1, ..., 24}, so that x; = 22:1 Aijyj, for every 1 < i < g. Then the distri-
bution of (Az1, ..., Az,) is the same as the distribution of (Yo+3_7_; Ai;Yj, ..., Yo+ 771 Ag;Y5),
where Yy, Y1,..., Y, are i.i.d. random variables taking values in F)) uniformly at random conditioned
on Yi,...,Yy being linearly independent. However since if we pick Yi,...,Y, independently and
uniformly at random, with probability 1 — 0,4(1) they will be linearly independent, by tak-
ing n to be sufficiently large this distribution can be made arbitrarily close to the distribution of
Yo+27 1 MY, Yo+ 2771 AgjYj), where Yy, ..., Y, are i.i.d. random variables taking values
in F) uniformly at random.

Thus, we can approximate each term E(ep,(3°1, B() - f(Axy))] by

E [ep( i BG) (Yo + 320 )\i,ij))], which is one of the averages ¢} 5 (f). We now con-
clude the proof, since E[e,(>_7_, 8(4) - f{(AX;))] where (X7,...,X,) ~ p can be approximated by
an appropriate weighted average of t7.. 5 (f),... 7, 64(f)' O

E.2 From field functions to distributional functions

The next step is to move from functions f : Fj} — F), to functions whose output lies in some
convex set. Once this is accomplished, we can use the same techniques used for studying functions
[ :Fy — D, there were used in Section D.
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Let P(F,) denote the family of probability measures over F,. That is, P(IF,) C RP is given by

P(Fp) ={u:Fp—[0,1]: Y pulc) =1},

ceFp

We identify every element ¢ € F,, with its corresponding dirac measure on IF,. That is ¢ € I}, is
corresponded with the probability measure p. where p.(c) = 1 and p.(¢’) = 0 for all ¢ # ¢. We
refer to functions I' : F) — P(IF)) as distributional functions. Note that they are a superfamily of
functions from ) to F},, which can be regarded as deterministic functions. Given a distributional
function I', we identify it with a distribution over functions from F} to F): If F ~ I, the value F(z)
is independently chosen for every = € F}) according to the distribution I'(x).

We extend the notion of averages tz g to distributional functions I'. For ¢ € I, define the
function a. : P(F,) — D to be

ac(p) = Eznplep(c- 2)].

For a distributional function I' : I} — P(IF,,) we consider the functions a.oI': F) — D, which can
equivalently be defined as

(acoI')(x) = Ep~rlep(c- F(x))].
Let £ ={L1,...,Ln} be a system of m linear forms in k variables, and let 3 € ;. We define

tz,5() = Exempy [H(aﬁ(i) ° F)(Lz‘(X))] :

i=1
Note that for functions f: F — F), this definition identifies with our previous definition.

Claim E.3. Let £L = {Lq,..., Ly} be a system of linear forms in k variables. Let 3 € Fy' be a
vector of corresponding coefficients. Then for every distributional function I' : Fj — P(F,), and
every € > 0, we have

Prp~r [

£ 5(F) — t*ﬁﬁ(r)‘ < e} = 1— o,(1).

Proof. The proof follows by a first and second moment estimation, and then applying Chebyshev’s
inequality. Let F ~T'. Fix x € (IE‘Z)’C , and consider the random variable

A(x) = ¢p (Z ﬂ(i)F(Li(X))> :
=1

We have t7. 5(F) = Iﬁ er(]}rg)k A(x). Note that when L1(x),..., L, (x) are all distinct, we have
Err[Ax)] = [[(asq) o T)(Li(x)).

i=1

Thus, we get that

|Ep~rltz s(F)] — 7 5()] < Prx ey [L1(X), ..., L (X) not all distinet] < m2p",
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where the second inequality follows by the union bound. We now bound the variance of
t75(F). Note that two random variables A(x'), A(x") are independent if {L1(x'),..., Ly (x')}
and {L;(x"),..., Ly (x")} are disjoint. We thus can bound

VarFNr[tZﬁ(F)] < Prxlyx//E(Fg)k HL1(X'), ..., Lin(X)} N {L1(X"), ..., Lin(X")} #£ 0] < m2p~",

where the second inequality follows from the union bound. The claim follows for Chebychev’s
bound. O

We extend also the notion of correlation to distributional functions. We shorthand e, (T") :=
a; oI', and consider

lep(M)lu(p,) = sup [{ep(I"), ep(g))-

Claim E.4. Let D = {Dy}nen be a proper dual family. Then for every distributional function
[':Fy — P(Fp) and any € > 0 we have

Pre~r [

lenE)luor) = lep(Dlucoy| > €] = onl)
Proof. Fix g € Dy, and consider the random variable (e,(F),ep,(g)) = p—ln Zmng ep(F(z) — g(x)).

Its expected value is (e,(I'), e,(g)), and since the values {F(z) : = € F};} are chosen independently,
we can apply Chernoff’s bound and get that

Preor [{ep(F), ep(g)) — (ep(T), ep(g))] > €] < 27"

for some constant ¢ = ¢(g) > 0. By the sparsity Condition A3 we get that for every ¢ > 0 there
exists ng, such that for every n > ng we have |D,| < p°P". We conclude the proof by choosing ¢
small enough such that pC/ < e, and apply the union bound over all g € D,,. ]

We thus obtain the following lemma, which allows us to consider distributional functions instead
of field functions.

Lemma E.5. Suppose that a proper dual family D = {D,} is correlation testable with q queries.
Then for every ¢ > 0, there exists 6 € (0,¢), ng € N, and homogeneous systems of lin-

ear forms Ly,..., Ly with my,...,my linear forms, accordingly, and corresponding coefficients
pr e Fp, ..., B € B, such that the closures of the following two sets are disjoint:

T, = {(tzl,ﬁl (P)v s 7t*£4,ﬁg(r))’n > ng, I FZ - P(Fp)v ”ep(P)Hu(Dn) = 5}7

and
Se = {(t*ﬁlﬁl (r),... ,tzbﬁe(l”))m > ng, ' IE‘Z — P(F,), ||ep(F)Hu(Dn) <6}

Moreover, the systems L1, ..., Ly have Cauchy-Schwarz complexity at most ¢ — 2.

Proof. Apply Lemma E.2 for D and £/2. There exist § € (0,/4) and systems of linear forms
Ly,..., Ly withmy,...,my linear forms, accordingly, along with coefficients 51 € Fj", ..., By € F'*,
such that the closures of the sets

Tepa o= {2 (D 5, ()| > 10,2 B = By ey () L,y > </2}
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and
Sepo i =A{(tz, 5, (B), - 1z, 5, ()0 > o, £: Fy = Fy, llep () |[u(p,) < 20}

are disjoint. For a distributional function I' : F} — P(Fp) define 2(T') := (t7, 5, (I), ..., %, 5,(I').
Let ¢ > 0 be the Lo distance between the closures of T/, and S, /5, and set e = c¢/4. We will
show that for large enough n > ng, if I' : Fjy — P(IF},) has [le,(I')|[y(p,) > € then z(I") is within Lo
distance &" from T, /o; and if [le,(T')|ly(p,) < ¢ then z(T') is within L., distance ¢’ from S, jo; this
will conclude the lemma.

Consider first the case where |le,(I)||,p,) = €. Let F ~ I'. By Claims E.3 and E.4 we have
that there exists ng, such that for every n > ng we have

Pre~r(llep(F)llu(p,) = €/2] = 0.99,

and that for every 1 < i </ we have

1
Prer||th s (F) —t& o (T)| <e1>1- —.
rp~r| £176l( ) EWBl( N <el> 1007

By the union bound, there exists a specific { : F; — F), such that both conditions hold. That is,
2(f) € S.jp and [|2(T) — 2(f)[lcc < €. The case where [|e,(T)|y(p,) < ¢ is completely analogous. [

We thus study from now on distributional functions I' : F}} — P(IF;,). The next step is to define
averages of such functions with regards to polynomial factors. Let B be a polynomial factor. We
define the average E(T'|B) : F; — P(IF,) as follows. Assume B defines a partition C1...UC} of
Fy. For x € C; define E(T'|B)(x) to be the average of I'(y) over y € Cj,

1
BTIB)@) = &7 3 T,
yec;
Note that a. o E(T'|B) = E(a. o T'|B).
We say a polynomial factor B is (d, d)-good for T if, informally, U%*! norms cannot distinguish
between I' and E(I'|B). Formally, we say a polynomial factor B is (d, §)-good for I if for all c € IF,,

we have
lac o' — ac o E(T'|B)||gra+1 < 0. (48)

We first argue that (d, §)-good polynomial factors exist for every distributional function.

Claim E.6. Let § > 0, d < p and r(-) be an arbitrary growth function. Then for every distributional
function T' : B — P(F,) there exists a (d, §)-good polynomial factor B with degree d, complexity
C < Cpax(p,d,d,7(-)) and rank at least r(C).

Proof. Apply Lemma B.14 on the set of functions {a.oI': c € Fp}. O

The next claim is an analog of Corollary C.7. It shows that if I' is a distributional function,
and if B is a (d, §)-good polynomial factor for I' where § > 0 is small enough, then averages t}. 3
cannot distinguish between I' and E(T'|B) if the true complexity of £ is at most d.

Claim E.7. Let £L = {Ly,..., Ly} be a linear system of true complezity d and Cauchy-Schwarz
complexity at most p. For every € > 0, there exists § > 0 such that the following holds. Let
I : Fy — P(Fp) be a distributional function and let B be a (d,)-good polynomial factor for T'.
Then for every g € F}',

tz,s(1) =tz s(E(L]B))| <e.
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Proof. Let fi :==ag ol for 1 <i < m. We have

tr 5(I') = Exegrn)x [H fi(Li<X))] :

i=1

and since ag(;) o E(I'|B) = E(f;|B), we also have

tz s(E(L|B)) = Excgrn)x [H E(fi’B)(Li(X))] :

i=1
The claim follows by Corollary C.7 and (48). O

We would also require an analog of Proposition C.5. Let I' : Fy — P(FF,) be a distributional
function, and let B be a (d,d)-good polynomial factor for I' defined by polynomials P, ..., Pc.
Let B’ be another polynomial factor defined by polynomials Q1,...,Qc. We define a new hybrid
distribution, denoted E(I'|B — B’) as follows: assume E(T'|B)(xz) = F(Pi(x),...,Pc(x)) where
F: Fg — P(FF,) is some function; we define

E(T|B — B)(z) == F(Qi(2),. .., Qc(x)).

Lemma E.8. Let £ be a homogeneous system of m linear forms. Let d > 1 be a degree bound,
and € > 0 a required error. There exists Tmin = Tmin(Mm,d,€) such that the following holds. Let
B, B’ be polynomial factors of degree at most d defined by P, ..., Pc and Q1,...,Qc, respectively.
Assume that deg(P;) = deg(Q;) for all 1 < i < C and rank(B),rank(B’) > rmin. Then for every
distributional function ' : F)) — P(Fp) and any B € F' we have

|t2,6(E(TIB)) — 7 s(E(I|B — B))| < e.

The proof is identical to the proof of Proposition C.5 and we do not repeat it.

E.3 Proof of Theorem 1.3

The proof follows very similar lines to the proof of Theorem D.2. We will highlight the changes
that need to be made in the proof, and avoid repetition wherever possible.

Let D = { Dy }nen be a proper dual family where D,, is a family of functions from F); — F;,. By
Lemma E.5 we get that for every e > 0 there exists 6 € (0,¢), ng € N and systems of homogeneous
linear forms Li1,..., Ly which have Cauchy-Schwarz complexity < g — 2, along with coefficients
B1, - .-, Be, such such that the closure of the following two sets are disjoint:

Te o= {(tz, 5, (D) 1z, 5,(D)) 0 > no, T - Fy — P(Fy), [lep(D)|lwbp,) = €}

and
Se i ={(tz, 5, D)z, 5,(0))n > no, T 1 Fy — P(Fp), lep(D)][wp,) < 6}

Let s < ¢ —2 < p be a bound on the Cauchy-Schwarz complexity of £1,...,Ly, and d < s be a
bound on their true complexity. We define § in the same way as in the proof of Theorem D.2.

Claim E.9. Unless all functions in D are constants, we have 1 € S.
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The proof is identical to the proof of Claim D.3. The case where D consists of only constant
functions is analyzed in the same way, hence we assume that 1 € S from now on.

Claim E.10. S C{1,...,s}.

Proof. The proof is identical to the proof of Claim D.4. The only difference is the argument why
0% is in the closure of S.. Let I' map every element of ) to the uniform probability distribution
over ). Then it is easy to verify that |tz, 5,(I')| = O(p™") for all 1 <i < £. O

We denote t := max(S). Let (I'y, : Fy — P(IFy))nen be a sequence distributional functions where
limy, o0 Elep(I'y,)] = 0. Similar to the proof of Theorem D.2, the proof of Theorem 1.3 follows from
the following two lemmas.

Lemma E.11. If lim, s [lep(Tn)[[e+1 = 0 then limy oo [lep(Tn) [lu(p,) = O-
Lemma E.12. If lim, 0 || follu(p,) = 0 then limy o0 || follge+1 = 0.

The proof of both lemmas is identical to the proof of Lemmas D.5 and D.6, where the only
difference is that one considers averages 7. 5 (I'y) instead of tz, a,(fn) and apply the claims proved
in the previous subsection for function I' : F) — P(F,) instead of their analogs for functions
[+ Fy — D. The only lemma whose proof needs to be slightly changed is Lemma D.14. We
sketch below an analog version for distributional functions. First, note that for every function
F: IF;)V — [0, 1] there exists a distributional function I' : Fi)v — P(F,) such that a,oI'p = F for
all c € Fp \ {0}: simply set Pr[I'p(z) =0] = F(x)+ (1 — F(:L’))% and Prl'p(z) = 2] = (1 — F(.Z‘))%
for z € F), \ {0}. Moreover, this implies that for every system of m linear forms £ and coefficients
B (Fy\ ()™,

tzs(Lr) =te(F).

The lemma now follows, when in the proof of Lemma D.14 one replaces F' with I'g, g, with Q,, (a
deterministic distributional function) and h,, with I'y, .

F Non-isomorphic connected systems have nonempty interior

We prove in this section the following theorem.

Theorem F.1. Let Lq,...,L; be non-isomorphic connected systems of linear forms. For suffi-
ciently large n € N, the set of points
{(te,(f)s oot () | f:Fy = [0,1]} C R (49)

has a non-empty interior.

We divided this section into two parts. In Section F.1 we introduce new notations and develop
some preliminary tools. The proof of Theorem F.1 is given in Section F.2.
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F.1 Flagged systems of linear forms

Consider a system of linear forms £. Recall that £ is connected if there does not exists nonempty
S C £ such that span(S) Nspan(£\ S) = {0}. Suppose that there are subsets S1, Sy C £ such that

span(S;) Nspan(L \ ;) = {0},
for : = 1,2. Then for T = 51 N Sy, we have
span(T) Nspan(£\ T) = {0}.

This in particular shows that (up to the isomorphisms) there is a unique way to partition a system
of linear forms £ into disjoint connected systems of linear forms L1,..., L. We call each one of
L1,..., L, a connected component of L. Since connectivity is invariant under isomorphisms we
have the following trivial observation.

Observation F.2. Two systems of linear forms L1 and Lo are isomorphic if and only if there is
a one to one isomorphic correspondence between their connected components.

A 1-flagged system of linear forms is a system of linear forms £ and a non-zero linear form
M € span(L). We use the notation £ to denote such a 1-flagged system of linear forms. Here £ is
called the underlying system of linear forms of LM . We call 5840 and £i\41 isomorphic, if there is an
invertible linear transformation 7' : span(Lp) — span(£L;) that maps My to M; and its restriction
to Ly induces an isomorphism between Ly and L;.

Let £ be a system of linear forms in k variables. For a 1-flagged system of linear forms £,
and a function f : F)) — C define the function fLM :Fy, = Cby

M s Exe(ry) !H f(L(X))'M(X) = x] . (50)

Lel

Note that we have

M

te(f) = Exerp [fﬁ (X)} : (51)

Let ,Céwo and £§WI be 1-flagged systems of linear forms in IF’;O and F’;l, respectively. We want
to define an operation that “glues” these two systems to each other by identifying My and M;: To
this end, first we consider the system of linear forms £’ defined as

£={LoleForh . Leryyu{laLeForh . LeL}

Take any element M # 0 in F§0+k1, and any surjective linear transformation 7T : IF’;(’H“ — ]F];O+k1_1

that maps both 0@ My and M; © 0 to M. Then the product of £)" and £* which is denoted by
Eéwo . Eiwl is defined as the 1-flagged system of linear forms
£t g (T M.

Note that since T is surjective, this definition does not depend (up to isomorphism) on the particular
choices of the linear form M and the map 7. The restrictions of T' to each one of the sets

span{L &0 € IF];O““ : L e Ly},
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and
span{0&® L € IF’;OJrkl :Lely}

is invertible, and thus 7" induces isomorphisms between these sets and their corresponding £; (i = 0
or 1). Therefore we shall refer to {T(L & 0) € F’;OJrkl L e Lo} and {T(0® L) € F’;U+k1 :Le
L1 }M1 respectively as copies of L(])V[O and L{V[ Lin Eg4° 'E{V[ !, In the sequel, we will frequently identify
1-flagged system of linear forms with their copies in their product.

The definition of the product of 1-flagged systems of linear forms is motivated by the following
fact: It follows from (50) that if Eéuo and Eiwl are 1-flagged systems of linear forms, then for every

function f: F;y — C, we have
Moy

= L0 e (52)

fﬁ(j)wo'ﬁiwl
Lemma F.3. Let Eéwo and E{wl be 1-flagged systems of linear forms such that both LoU{My} and
Ly U{M} are connected. Then LU {M} is also connected, where LM := £ . £

Proof. Suppose that Eéwo and Eiwl are respectively in kg and k; variables. Let T : F’;ﬁkl —
F’;ﬁkl_l be as in the definition of the product of two 1-flagged systems of linear forms given above.
Consider a nonempty set S C LU {M}. Suppose to the contrary of the assertion that

span(S) Nspan((£L U {M})\ S) = {0}. (53)

We identify Eg/lo and Eiwl with their copies in £M. In particular, both My and M; are identified
with M. Since Lo U{M} and £ U {M} are both connected with have M € span(Ly \ {M}) and
M € span(Lq \ {M}). Then it follows from (53) that we have S # £; U{M}, for i = 1,2. Also by
(53) we have

span(§ N (Lo U {M})) N span((Lo U {M})\ S) = {0},

and
span(S N (£1 U {M})) Nspan((£1 U {M})\ S) = {0}.
Thus at least one of LoU{M?} or £, U{M} is not connected which contradicts our assumption. [J

For a system of linear forms £ and an L € span(L) define deg,(L) to be the number of pairs
(z,y) € L x L satisfying x +y = L.

Let £M := £} . £M where £} and £M are 1-flagged systems of linear forms. It follows from
the definition of the product that if z + y € span({M}) with x € Ly and y € Ly, then both z,y
belong to span({M}). Hence for every L € span({M }), we have

degz, (L)+degy, (L) < degy(L) < degg, (L)+deg, (L)+[span({ M })NLo|+[span({M})NLy|, (54)
and similarly for L € £; \ span({M}) where i = 0,1, we have
deg, (L) < deg, (L) < degz, (L) + 2lspan({M}) N L1, (55)

Lemma F.4. Let .le\/[l, e ,ﬁfy" be non-isomorphic 1-flagged systems of linear forms such that
L; U{M;} are connected for all i € [k]. For every N > 0, there exist a 1-flagged system of linear
forms LM such that rank(span(£)) > N, and the underlying systems of linear forms of LM - EZMZ'
for i € [k] are connected and non-isomorphic.
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Proof. Let d > p+ N be larger than the size of £;, for every ¢ € [k]. Denote e; = (1,0,...,0) € IFg,
and consider the system of linear forms

M= ({0} X Fg—l) U ({1} % {0, 1}d—1) \ {0, e1} CFL

We claim that M is connected. Indeed Fi—1\ {0} = ({0} x Fd=1)\ {0} C M is trivially connected,
and hence if S C M is such that span(S) Nspan(M \ S) = {0}, then without loss of generality we

can assume that
({0} X Fgfl) \ {0} C S.

One can easily verify that S cannot be equal to ({0} x F&1)\ {0}. Hence there exists at least one
element L € SN ({1} x {0,1}%7!). Then M C span({L}U ({0} x Fg_l)) C span(S) which together
with the assumption span(S) N span(M \ S) = {0} shows that S = M. Hence M is connected.

Note that 2471 < deg (L) < 4p?~! for every L € M, and deg,(e1) = 2(2¢71—1). Furthermore
for every A € F,, \ {0, 1}, we have deg (Ae1) = 0. Also we have span({e;}) " M = (. Set

LM = Mo MO
—_—
10p? times
and N
LM = (cu{MHM.
By (54) and (55), and the above properties of M, we have 2971 < deg,(L) < 4p?~!, for every
L e £\ {M}. Moreover deg,(M) > 10p?, and deg,(L) = 0 for every L € span({M})\ {0, M}. Tt

also follows from span({e1}) N M = 0 that span({M}) N L = {M}.
For every i < [k], set /\/iwi = LM. E;Ml Then by (54) and (55), we have

(i) degy, (Ws) > 10p%;
(ii) 2971 < degy. (L) < 4p®~' +2p < 5p~! for every L € N\ (L£; U{W;});
(ili) degy. (L) < |£;| < 297! for every L € £;\ {W;}.

Since M is connected and e; € span(M), we have that M U {e;} is also connected. Then
Lemma F.3 shows that £ is connected. Now since L£; are connected, Lemma F.3 implies that
N; = N; U {W;} are connected. It remains to show that they are non-isomorphic. But if N is
isomorphic to N for some 4,j € [k], then there is a bijection between N; and N that can be
extended to an invertible 7' : span(N;) — span(Nj). Since such a function, maps 0 to 0, and
preserves the degrees, by (i), (ii), and (iii) above, we have T'(W;) = W and {T'(L) : L € L;} = L;.
Thus the restriction of T' to LZM ‘ is an isomorphism between EZM ¢ and E?/[j contradicting our

M;

assumption that £;

M; . :
and L’j 7 are non-isomorphic. O

F.2 Finishing the proof.

We view averages t£(f) as polynomials in the variables {f(z) : x € F}},

ZOEED O | (O)]

xe(Fp)k i=1

We start by proving a technical lemma.

52



Lemma F.5. Let L1,..., Ly be non-isomorphic connected systems of linear forms. Let Py, ..., Py
be functions mapping every f : F) — C to C in the following way. Every P; is a polynomial of
degree at most d in variables {f(x) : x € Fy}. If n > d + max;cp rank(span(L;)), and for every
i € [k], rank(span(L;)) > d, then

Pi(f)te, (f) + - 4 Pe(f)te, (f) # 0,
unless P; =0 for all i € [k].

Proof. We claim a stronger statement that if at least one of P; is not divisible by f (6), then

Pr(fte, () + - 4 Pe(f)te, ()= # 0-

Trivially it suffices to prove this statement for the case where for every i € [k], no monomial of P,
is divisible by f(0). Assume to the contrary that there exist polynomials P; of degree at most d in
variables {f(x) : € F)} with monomials which are not divisible by f(0) such that

Pr(f)te, () + - 4 Be(f)ic, ()] y5)=0 = O-

Without loss of generality assume that every L; is a system of linear forms in Iﬁ‘é for some positive
integer [. Define the rank of a monomial erFg f(z)® to be the rank of span({z : ay; # 0}). Let
r; denote the largest rank of a monomial with a non-zero coefficient in P;.

Set ig := argmax;cy (r; + rank(span(L;))). Let non-zero z1,...,z, € ) be so that

rank(span({z1,...,2.})) = 4,

and [[7, f(z;)® where a; > 0 appears with a non-zero coefficient in P;,. Since n > d +
rank(span(L;,)), there exists x € (FJ)¥ such that {L(x) : L € L;} are all distinct and
span({L(x) : L € L;,}) Nspan({z1,...,z.}) = {0}. Note that the connectivity of L;,, and the
assumption that deg(P;,) < rank(span(L;,)) implies that the monomial

(ngi> [T sz,
=1

LGEZ'O

appears with a non-zero coefficient in P;,(f )tﬁio (f) (i.e. there is no cancelation). This is because
the maximal connected component

Suppose that this monomial appears with a non-zero coefficient also for some other 1 < j < k in
Pi(N) e, f(L(x")), where x" € (IF;)’“. Then the maximality of r;, +rank(span(L;,)), connectivity
of £;, and the assumption that deg(P;) < rank(span(L;)) shows that {L(x) : L € £;} = {L(x) :
L € L;,} as multisets. By the assumption that {L(x) : L € L£;,} are all distinct we get that {L(x') :
L € L;} are also all distinct. It follows that £; is isomorphic to L;,, which is a contradiction. [

Consider a system of linear forms £ and a function f : F) — C. Define the function foF . Fy —

C, as
FE () =Y fEMED" (2,

Lel

The following easy lemma which follows from linearity of expectation explains the motivation for
this notation.
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Lemma F.6. For f,g:F; — C, and every system of linear forms L, we have

Che(f 4190 = B [g(X)75(X)

where X is a random variable taking values in ¥y uniformly at random.

Consider connected non-isomorphic systems of linear forms L1, ..., L. We claim that in order
to prove Theorem F.1 it suffices to shows that there exists f : F), — (0, 1) such that oL 9Lk
are linearly independent over R.

Claim F.7. Let f : F}} — (0,1) be such that O . fO%% are linearly independent over R. Then
there exists € > 0 such that

{ter(D)este () 4202 € RN Jlzllow <) C {(tei(9): - b0 (9)) 9 : Fp = (0, 1)}

Proof. Let e, ...,e; € R¥ denote the unit vectors. Since fo1, ..., f9£¢ are linearly independent
over R, for every e; there exists g; : Fj — R such that

Exery [gi(X)fMj (X)} = 0ij»

where §; j = 1;—; is the Kronecker delta function. For z € R* define g.(z) = Ele zigi(z), and
consider the map T : R¥ — RF

T(z1,...,2k) = (te, (f+92), . e, (f +92)).

The Jacobian of T is the identity matrix, and hence invertible. By the inverse function theorem,
for every n > 0, {T'(2) : ||z||cc < 1} contains a neighborhood of T'(0) = (tz,(f),...,tz,(f)). We
will choose 17 > 0 small enough such that ||f + g.|lcc < 1 for all ||z]lec < 7. O

Suppose to the contrary that for every f : Fy — (0,1), oL f9Lk are linearly dependent
over R. Note that for every 1 <i <k, and for every z¢ € Fy, f9%i(xg) is a polynomial of degree
|£;| — 1 in the variables {f(z) : z € F}}. The linear dependency of fO£1 .. 9 shows that for
every f:F) — (0,1), the k x k matrix whose ij-th entry is E [faﬁi (X) fO% (X)] is singular which
in turn implies that the determinant of this matrix as a polynomial in {f(z) : x € F}} is the zero
polynomial. So the functions f?i considered as vectors with polynomial entries are dependent over
the field of fractions of polynomials in variables {f(r) : # € F}}. Furthermore since the degree of
the ij-th entry of this matrix is at most |£;| + |£;| — 2 which does not depend on n, we conclude
that there exists polynomials Py, ..., Py in the variables {f(z) : z € Fp}, and of degree at most

some integer C' := C(|L1],...,|Lk|) (which does not depend on n) such that
P(f) 7 4+ Pr(D) P = 0. (56)
Let /\/llLl, e ,/\/llLl be some representatives for all the isomorphism classes of 1-flagged systems of

linear forms {(£; \ {L})F :i € [k],L € L;}. Let {a;; € Zy :i € [k],7 € [I]} be such that for every
i € [k], we have

I L
L M
FOE = aq M

i=1
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By Lemma F.4 it is possible to find a 1-flagged system of linear form £M of arbitrarily large rank
such that for ./\/'JW] = ij LM (where j € [I]), the systems of linear forms N are non-isomorphic

W L.
and connected. Note that by (52) we have fNJ' - fMJ'JfﬁM, and so we have

k W,
Z Z Oéi,jPz‘(f)fNj =0,

=1 jell]

which by (51)) implies that

k
> ( Oéz‘,jPz'(f)> tn; (f) = 0. (57)
1

JEl]

1=

By Lemma F.5 this shows that Zle a; jP;(f) = 0 for every j € [l]. Now since the £; are non-
isomorphic, (£; \ {LHF # (£; \ {M})M for every two distinct i,j € [I] and every L € £; and
M € L;. Hence for every j € [l], there is exactly one i € [k]| such that a;; # 0. It follows that
P; = 0 for every i € [k] which is a contradiction.

G Concluding remarks

In this paper we study affine invariant properties which are testable. We show that essentially every
such property can be tested by an appropriate Gowers uniformity norm. One technical limitation
of our techniques is that they hold only if the field size is not too small (i.e. if the Cauchy-Schwarz
complexity is smaller than the field size). The main reason for this obstacle is that the inverse
theorem for Gowers norm, which fully established for large fields, is only partially understood for
small fields. Thus, we do not have corresponding decomposition theorems for small fields which
are suitable for our needs.

Even if the conjectured form of the inverse theorem for the Gowers norm for small fields was
proved, it would still not answer the following problem: is it possible to test, using a constant
number of queries, whether a function f : F) — [, is correlated to a polynomial of degree d, where
d > p? We know that the Gowers norm test fails, as it actually tests distance to a larger set of
functions (non-classical polynomials). The simplest case which is unknown is the following:

Problem G.1. Let f : F§ — Fy. Does there exist a test which queries f on a constant number
of positions, and which can distinguish whether f has noticeable or negligible correlation with cubic
polynomials?

In fact, even the following simpler problem is unknown:

Problem G.2. Let ¢ > 0 and f : F§ — Fy. Does there exist a test which queries f on q(e)
positions, and which can distinguish whether f has correlation at least €, or at most 0(g), with
cubic polynomials?
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