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Abstract We prove that any propagating EOL system cannot generate the
language {w#w|w € {0,1}*}. This result, together with some known ones,
enable us to conclude that the flip-pushdown automata with & pushdown
reversals (i.e. the pushdown automata with the ability to flip its pushdown)
and EOL systems are incomparable. This result solves an open problem
stated in [3].
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1 Introduction

A flip-pushdown automaton, introduced by Sarkar [7], is an ordinary one-
way pushdown automaton with the ability to flip its pushdown during the
computation. It is known [7] that the flip-pushdown automata without any
limit on the number of flips are equally powerful to Turing machines.

Holzer and Kutrib [3, 4] have shown that k + 1 pushdown reversals are
more powerful than %k for deterministic and nondeterministic flip-pushdown
automata, and, nondeterminism is more powerful than determinism for flip-
pushdown automata with constant number of flips. Moreover, they consid-
ered in [3] some closure properties and as well as some computational prob-
lems of these language families. However, they left some problems considered
in [3] open. Among others, what is the relationship between EOL (or ETOL)
languages and the languages accepted by flip-pushdown automata with con-
stant number of flips? (We define EOL systems below; for more information,
see [6].) Although they have proved that the EOL language {a"b"c"|n > 0}
cannot be recognized by such automata [3], they left open the second part
of the problem.

In this paper we complete solution of the problem above by showing that
the language {w#w|w € {0,1}*} cannot be derived by any (propagating)
EOL system, but on the other hand, it can be accepted by a pushdown au-
tomaton with one flip. To show that {w#w|w € {0,1}*} is not EOL language,
we use a proof technique (see the proof of Theorem 3 below) that is quite
different from techniques based on combinatorial properties of languages (see
2, 6]).

Note that, in [1, 2, 5, 6], one can find several quite simple languages that
are known to be not EOL languages, but it is not clear whether any of them
is suitable for our purposes, (i.e. acceptable by a flip-pushdown automaton
with constant number of flips).

2 Definitions

By |M| we denote cardinality of a set M, by |z| we denote the length of a
word x and by A we denote the empty word.

Definition 1. An EOL system ia a quadruple G = (X, P,w,A), where ¥ is
a nonempty finite alphabet, w € ¥*, P is a finite set of productions of the
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forma — B, a € X, 3 € ¥, and A C X. If § # X for each production, then
G is called propagating.

Definition 2. Let G be an EOL system G = (X, P,w, A). A derivation D in
G is a triple (©, v, p), where © is a finite set of ordered pairs of non-negative
integers (the occurrence in D), v is a function from © into ¥ (v(i,7) is the
value of D at occurrence (i,j)), and p is a function form © into P (p(i, j)
is production of D at occurrence v(i, j)) satisfying the following conditions.
There exist a sequence of words ag, ayq, ..., aqp in X* (called the trace of D)
such that t > 1 and

(i) © ={(,5)|0<i<tandl<j<|al},
(ii) v(i,j) is the jth symbol in «y,

(iii) for 0 < @ < t 0541 = 6102...0)a,/, Where p(i,j) is the production
v(i,j) — 05 for 1 < j <oyl

In such a case D is said to be a derivation of a; from «q, and t is called the
length of the derivation D, and we will write g =& . Formally, a =% «
for each a € ¥*. (We will omit the subscript G [the superscript ¢] if G is
clear from the context [if ¢ = 1].)

We will say that a language L is generated by G if

L = {z|r € A*,w =, x for some t > 0}.

For some 7, (0 <i <t),let a; = y172.. Vo> (15 €  for 1 < j < ayl),
and let a; 11 = 0102...0), be from (iii) above. If 1 < d < h < ||, hen we
will say that the word 040441 . . . 0, with the position (i +1, 0102 ...04_1]| + 1)
is derived under D in one steps from the word ~v;v441 . . . 7, with the position
(i,d).

Let 0 < j <m <tandlet oy = alatlalt! for some of,allf € ¥ all €
St foreach 4, (j < i < m). If the word of; with the position (i+1, |af, ;|+1)
is derived under D in one step from the word o/! with the position (i, |al|+1)
for each i, (j <14 < m), then we will say that the word o’/ with the position
(m,|a),| + 1) is derived under D in m — j steps from the word o}’ with the
position (j,]al| +1). (If the positions are clear from the context, then we
will omit that information.)



3 Results

Now we will prove our main result: EOL systems and languages accepted by
flip-pushdown automata with constant number of flips are incomparable. To
do so, we will use the following two known Theorems.

Theorem 1 [3]. Any flip-pushdown automaton with constant number of
flips cannot accept the language Ly = {a"b"c"|n > 0}.

Theorem 2 (A reformulated Theorem 2.1 from [6]).

There is an algorithm that given any EOL system generating a language
without the empty word produces a propagating EOL systems generating the
same language.

Since one can easily construct an EOL system generating L, and also con-
struct a flip-pushdown automaton with one flip accepting L, = {w#w|w €
{0,1}*}, to derive our main result, now it is enough to prove the following

Theorem 3. Any propagating EOL system cannot generate L.

Before proving Theorem 3, we need the following Lemma 1 and its Corol-
lary.

Lemma 1. Let G = (3, P,w, A) be any propagating EOL system. Let a@ =*
3 for some «, 3 € ¥ and some s > (|3|!) - |S[?>. Then a = 3 fors' = s—|3|!

Proof: Since G is propagating one, there is a derivation D with a trace
a = g, Qaq,...,as = 3, where o; € ¥ for 0 < 7 < 5. For every j =
0,1,2,...,(|X[")-[3| =1, the sequence oy, o, 1, Q42 - - -, Q4 [x|, Where t; =
J|%|, must contain two elements oy, a,,; with t; < [; <m; <tz and oy, =
;. Fori=1,2,...,|%], let B; = {j|0 < j < (|Z]!) - [X] = 1,m; —[; = i}.
Since 1 < m;—I; < |X| for each j, there is B, with |B,| > (|X[!)-|X|/|Z| = |Z]!
If we modify D so that one segment oy, 1, 42,...,an,; with j € B, may
be deleted from the trace, (recall a;; = oy, ), then we obtain a derivation of
B from « of the length s — r. Thus, by deleting |X|!/r such segments, we
obtain a derivation of # from « of the length s — |X|! O

Corollary. For G there is a constant ¢ > 0 such that if w =" x for some
x € ¥ and for some h > 0, then w =" x for some h' < c|z|.



Proof: Let D be the shortest derivation of x from w and let d denote its
length. Since G is propagating one, there are words 1y, Y], W9, ¥, ... 1y, U
such that

w=1 NP = by SR Y = hy B Y == Y =1,

where ¢t > 1, |t = |¢i| and [; > 0 for ¢ = 1,2,... ¢, and |9} < [1i41] for
i=1,2,...,t—1,andd =t —1+Y'_, ;. Suppose to the contrary that
d > c|z| for ¢ = (|2|!) - |2* + 2. Thus, [; > ¢ — 1 for some j, since clearly
t <|x|. Let ¥ = 6102... 0y, and Y = 6105 ... 5,,, where m = || = |¢}| and
;00 € ¥ for i = 1,2,...,m. Since G is propagating one, §; = &, for every
i. By Lemma 1, §; =% & for every i, where l; = l; — |3|! Hence 1; =0 (U
Thus, by modifying D so that 1; may derive ¢} in I; steps (instead of [; steps)
we obtain a derivation of z with the length shorter than d - a contradiction!
O

Proof of Theorem 3. The structure of the proof is as follows. The
main idea of the proof is formulated in Claim 3 and explained in its proof.
To apply Claim 3 in the proof of Theorem 3, we firstly have to prove Claim 1
and Claim 2.

Suppose to the contrary that there is an EOL propagating system G =
(3, P,w, A) generating L. Let us choose n large enough (it will be specified
later how large it should be). For every nonnegative integer m, let

Ly, = {wvudtuvu|u,v € {0,1}", w =" uvudfuvu}.

Note that, L., C Ly. Clearly, L,,, = 0 for m < 1 and n large enough.
Hence, by Corollary, there is [, 2 < [ < ¢(6n + 1), such that

|Lnal = 2%/ (e(6n + 1)), (1)
for n large enough, where c is from Corollary for GG. Fix such [ and let
k = max({|d] : v — 0 is in P} U {|w|}). (2)

We will say that a word « € L, is wide, if there is j, (0 < j <) and there
are words 41,03 € X*, a symbol dy € X, and words 1, z3 € A*, 5 € AT such
that o = 112073, w =7 010203, 6; =7 ; for i = 1,2,3, || > n/k and x9
does not contain #.

Claim 1. L, ; contains at most |L,,|/2 wide words.



Proof: Let x be any wide word with the values j, 01, d9, d3, 1, T2, x3 as above.
First, let us prove that there is no any other word x5, # x5, o), € A*, with
6y =177 2, since otherwise w =7 610,03 =7 r12hx3. But x12575 cannot
belong into Ly = {w#w|w € {0,1}*}, because for any two words y;,y3 € A*,
from which exactly one of them contains #, there is at most one word y, € A*
such that y1y2y3 € Lo. Hence, the word x5 is uniquely determined by the
couple (dg,1 — 7).

Since x1wox3 = x = wvuHuvu for some u,v € {0,1}", and since
does not contain # (see the definition of wide words above), there are words
20, 21,23, 24 € {0,1}* such that zpzix92324 = wvu, where |z1x923] = 2n if
|zo| < 2n, and z; = 23 = X if |23 > 2n. Hence the word wvu is uniquely de-
termined by the quadruple (|zo|, 21, x2, 23), since uvu is a periodic word with
the period of the length 2n, and hence the word wvu is uniquely determined
by its subword z;x923 of the length at least 2n and by the position of the
subword 22523 in the word wvu determined by |2|. Consequently, also the
wide word = wvu#uvu is uniquely determined by the same quadruple.

Since x5 is uniquely determined by the couple (d2,1 — j), (see above), the
number of all the wide words cannot exceed the number of all 5-tuples of the
form (|20l z1,02,1 — 7, 2z3), where 0 < |29] < mn, dp € X, 1 <1 —j < ¢(bn+1),
|z123] < 2n —n/k, 21,23 € {0,1}*. But the number of such 5-tuples is at
most

(n+1) -S| (c(6n+1)) - (2n —nfk + 1) - 2207 /*F1 < 22071 /(6 + 1))
for n large enough. By (1), Claim 1 follows. O

Let x be any word in L,;. Let D be any derivation of z from w of the
length [ with a trace w = ag,aq,ae,...,a; = x. Since x contains exactly
one #, the following values d;’s, 3;’s and y;#z2;’s are uniquely determined by
D. For i =0,1,2,...,l — 1, there is an integer d; such that a subword of
x containing # (denote this subword by y;#z;) is derived under D in [ — i
steps from the d;th symbol of «;; let 3; denote this symbol. Thus, (a) hold.

(a) The d;th symbol of a;, i.e. ; derives y;#z; under D in [ — i steps for
0<e<Il—1.
Again, the fact that x contains exactly one # yields that fori =0,1,2,...,1—
2, the production that has been applied according to D to the d;th symbol
of o; has to have a form
Gi = &ir1Bir1pin



for some &; 11, i1 € ¥, where a1 = 0i11&i118i11pi41Tiy1 for some g;11, Tiq
€ ¥*, where |0;11&410i+1| = di11. But it means, together with (a), that for
i=0,1,2,...,1 — 2 there are r;;1, $;+1 € A* such that (b) and (c) hold.

(b) vi#tzi = ris1Yiv1 #1541,

(¢) 7341 [Siy1] is derived from &; 41 [from ¢; 1] under D in [ —i — 1 steps.

Claim 2. Let x be any word in L,,; that is not wide. Let D be any derivation
of ¥ from w of the length | with the corresponding values «;, d;,y;, z;, 3; for
0<i<Il—1, and @;,&;,r;,s; for 1 <1 <[ —1, as above. Then there are
indices 0 < p,q < l—1 such that n < |y,| <2n andn < |z,| < 2n. Moreover,
lyil > |y;| and |z| > |z fori < j.

Proof: One can easily observe that to prove Claim 2, it is enough to show

that (3), (4) and (5) hold.

0 <yl = |yit1] <nmand 0 < |z| — |zip1| <nfor0<i<1—-2, (3)
2n < |yo| and 2n < |zg|, (4)
lyi—1] < nand |z <n. (5)

We will prove (3) - (5) only for y;’s. The proof for z;’s is similar.

Choose any i, 0 < ¢ < [ — 2. Since x is not wide and r;;; does not
contain #, (because the subword y;#z; of = contains the unique symbol #
and y; = r41Yir1, by (b)), then any symbol of & cannot derive (during
the derivation of ;1 from &1 under D, recall (¢)) any subword of 7,y of
the length at least n/k. Thus, |ri| < (n/k)[&i] < (n/E)|&ir1Bir10ii] <
(n/k) - k =n, by (2). This yields (3), since y; = ri11yi+1, by (b).

Clearly, there are &y, po € X* such that w = ag = &Bopo, where || =
dy, see the selection of dy, By and yo#zo above. Since yy#z is a subword of z,
there are 1o, 89 € A* with = royo#2050. Similarly, as in (¢) above, rq [so] is
derived from &, [from ] under D in [ steps, since D derives z = royo#2050
from w = ap = §Bopo in [ steps (see above), and yo#zo is derived from
under D in [ steps, by (a). Since z is not wide and 7y evidently does not
contain #, then any symbol of &, cannot derive (during the derivation of
ro from & under D) any subword of ry of the length at least n/k. Thus,
rol < (/B)[6ol < (n/R)w| < (n/k) - k = n, by (2). Since @ = royodtzos is
in L, , then |royo| = 3n. Consequently, |yo| > 3n —n = 2n. This yields (4).
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By (a), the d;_1th symbol of o;_1, i.e. §_1 derives y;_1#2,_1 under D in
one step. It means that 31 — y;_1#2_1 is a production of G. Thus, (5)
holds, since |y;_1| < lyi_1#21-1| < k < n for n large enough, by (2).

This completes proof of Claim 2 (for y’s). O

Claim 3. Let z = uvu#uvu be any word in L, ; with |u| = n that is not
wide. Let D, «y,d;,y;, z, 3; for 0 < i <[l —1, and r;,s; for 1 <1 <[ —1,
and p,q be the values for x from Claim 2. Let ' = u'v'u/#u'v'v’ be any
other word in L,; with |u'| = n that is not wide and let D', o, d}, y., z., 0.

for 0 < i <1l—1, and 7}, s for 1 < i <[ —1, and p',q be analogous

values for x', (i.e. (a) - (c) above and Claim 2 hold for these values). Let
uFu,p=p,q9=4q,08, =, and B, = B,. Then there is a word z" that
does not belong into Lo but that can be derived in G

Proof: Assume p > ¢. (The proof is similar for ¢ > p.) Since yo#zo is
a subword of x, there are words rg, sp € X* with x = royo#20s9. Thus, by
(b), Tor1 -« . Tp1TpYpFE2ZpSpSp—1 - - - S150 = T = wvuFuvu. Hence the suffix of

the length n of y, is u, since |u| = n and n < |y,|, by Claim 2. Similarly,
TOTY - T AT 2pSpSy 1 - - - 8180 = ' = wv'u/#u'v'u’ for some rg, 55 € X7
Claim 2 and the assumptions p > ¢ = ¢ yield |z)| < |z},| < 2n. Hence, the

suffix of the length n of the word s,s, ;... s}s; is v/, since s}

o

[W'v'u'| — |2,| = 3n —2n = n = |[u|. By the assumption of Claim 3, u #
/ "o =) / / ! o/ )

u'. Hence, the word o = rory...r, 11 yp#2ps,S,_1 - - - 818 cannot belong

4 3 ! . / / ! o/ ! ! :

into Ly, since the words rory ...1, 17y, and 2,8,5, 1 ...s;s, have different

suffixes u and «’ of the length n, (see above). But, on the other hand, the
word z” can be derived from w simply by modifying the derivation D’ of 2’ so
that the d,th symbol of o, i.e. 8, may derive y,#z, (like under D, see (a))
instead of y,#2,, (recall the assumptions p = p" and 3, = 3, of Claim 3). O

In order to complete the proof of Theorem 3, now it is enough to show
existence of words x and z’ satisfying Claim 3. To do so, we proceed as
follows. For each u € {0,1}", let

M, = {z|z = wou#uvu,v € {0,1}",x € L,,;, x is not wide}.

Note that |M,| < 2™ for each u and M, N M, = @ for u # /. Hence, by
Claim 1 and by (1), the number of nonempty sets M, is at least (|L, | —
|Ln.]/2)/2" > 2" /(2¢(6n + 1)). For each nonempty set M,, mark arbitrary
one word z in M, and assign to z the values p, q, §8,, 3, from Claim 2. There
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are two marked words = € M, and 2’ € M, for some u # v’ with the same
values p,q, 5, B,, since the number of marked words (i.e. the number of
nonempty sets M, ) is greater than the number of all possible different quadru-
ples (p,q, B, 3,), which is at most I?|X]? < 2(6n+1)?|X|* < 2"/(2¢(6n+1))
for n large enough.

This completes the proof of Theorem 3. O
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