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Abstract

We consider the problem of testing if a given function f : Fy — F, is close to a n-variate
degree d polynomial over the finite field F, of ¢ elements. The natural, low-query, test for this
property would be to pick the smallest dimension ¢ = t,4 &~ d/q such that every function of
degree greater than d reveals this feature on some {-dimensional affine subspace of Fy and to
test that f when restricted to a random t-dimensional affine subspace is a polynomial of degree
at most d on this subspace. Such a test makes only ¢* queries, independent of n. Previous
works, by Alon et al. | ], and Kaufman and Ron | | and Jutla et al. | 1,
showed that this natural test rejected functions that were Q(1)-far from degree d-polynomials
with probability at least Q(q~*) (the results of | ] hold for all fields F,, while the results of
[ ] hold only for fields of prime order). Thus to get a constant probability of detecting
functions that were at constant distance from the space of degree d polynomials, the tests made
¢*' queries. Kaufman and Ron also noted that when g is prime, then ¢' queries are necessary.
Thus these tests were off by at least a quadratic factor from known lower bounds. It was unclear
if the soundness analysis of these tests were tight and this question relates closely to the task
of understanding the behavior of the Gowers Norm. This motivated the work of Bhattacharyya
et al. | ], who gave an optimal analysis for the case of the binary field and showed that
the natural test actually rejects functions that were Q(1)-far from degree d-polynomials with
probability at least ©(1).

In this work we give an optimal analysis of this test for all fields showing that the natural test
does indeed reject functions that are Q(1)-far from degree d polynomials with (1)-probability.
Our analysis thus shows that this test is optimal (matches known lower bounds) when ¢ is prime.
(It is also potentially best possible for all fields.) Our approach extends the proof technique of
Bhattacharyya et al., however it has to overcome many technical barriers in the process. The
natural extension of their analysis leads to an O(qd) query complexity, which is worse than
that of Kaufman and Ron for all ¢ except 2! The main technical ingredient in our work is a
tight analysis of the number of “hyperplanes” (affine subspaces of co-dimension 1) on which the
restriction of a degree d polynomial has degree less than d. We show that the number of such
hyperplanes is at most O(q*s:4) — which is tight to within constant factors.
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1 Introduction

Testing low-degree polynomials is one of the most basic problems in property testing. It is the pro-
totypical problem in “algebraic property testing”, and has seen many applications in probabilistic
checking of proofs. In this work we focus on this basic problem and give optimal (to within large
constant factors) results for the setting of degree d multivariate polynomials over fields of constant
size. This setting has been considered before in [ , , , ], but their
results were off by a “quadratic factor”. We remove this gap here, and in the process introduce
some algebraic results about restrictions of low-degree polynomials to affine subspaces that may be
of independent interest.

To describe our work, and the previous work more precisely, we start with some basic notation.
For integer ¢, we let [t] denote the set {1,...,t}. We let F; denote the finite field of cardinality gq.
We consider the task of testing functions mapping Fy to Fy. Let P(n,d,q) denote the set of all
n-variate polynomial functions over F; of total degree at most d. We let 6(f, g) = Pr;[f(z) # g(z)]
denote the distance between f and g, where the probability is over z chosen uniformly from Fy.
Let d4(f) = mingep(n,q,q10(f,9)} denote the distance of f from the space of degree d polynomials.
We say f is d-far from g if §(f,g) > ¢ and d-close otherwise. We say f is o-far from the set of
degree d polynomials if d4(f) > 0. The goal of low-degree testing is to design a test to distinguish
the case where d4(f) is zero from the case where it is large.

A k-query tester (for P(n,d,q)) is a probabilistic algorithm 7' = T'(n,d,q) that makes at most
k = k(d,q) queries to an oracle for the function f : Fy — F, and accepts f € P(n,d,q) with
probability one. It has d-soundness € if it rejects every function f with d4(f) > § with probability
at least e. We say T is absolutely sound if for every ¢ and 6 > 0 there exists € > 0 such that for
every d and n, T = T'(n,d, q) has §-soundness e.

With the above definitions in place, we can now describe previous works. (We note that the testing

problem was studied actively for large fields and small degrees starting with | | and in the
PCP literature, but we will not describe such works here.) The setting where the degree of the
polynomial is larger than the field size was first considered by Alon et al. | ] who considered

the setting of ¢ = 2. They described a basic test that made O(2%) queries.! Their analysis showed
that this test has d-soundness Q(627¢). Thus to get an absolutely sound test, they iterated this
test O(2¢) times, getting a query complexity of O(4%). They showed no test with o(2%) queries
could test this family, thus giving a bound that was off by a quadratic factor.

The setting of general ¢ was considered by Kaufman and Ron | ] and independently (for the
case of prime ¢) by Jutla et al. | |. They (in particular | ]) showed that there exists
an integer t = t, 4 ~ d/q (we will be more precise with this later) such that the natural test for
low-degreeness makes Q(q') queries. They also show that ¢’ is a lower bound on the number of
queries if ¢ is prime. Finally they analyzed this O(q') query test, showing that the J-soundness of
this test is Q(5¢"), again leading to an absolutely sound test with query complexity O(¢?") which
is off by a quadratic factor. The proof techniques of | | and | , | were similar
and indeed the subsequent generalization of Kaufman and Sudan | ] shows how these results
fall in the very general framework of “affine-invariant” property testing, where again all known
tests are off by (at least) a quadratic factor.

!Throughout this paper we think of ¢ as a constant and so dependence on ¢ may some times be suppressed.
Dependence on d is crucial and complexity depending on n will be too large to be interesting.



In a recent work, Bhattacharyya et al. | | raised the question of getting “optimal tests” for
P(n,d,q). Again they restricted their attention to the case of ¢ = 2 and came up with a new proof
technique that allowed them to prove that the original O(2%)-query test of [ ] is absolutely
sound. This also gave the first example of a linear-invariant property with tight bounds on query
complexity.

The proof of | | was significantly more algebraic than those of | , , ].
(Indeed the work of | | confirms that the central ingredient in the proofs in [ , ,

| are all the same and relies on very little algebra.) However, the proof of | | seemed
very carefully tailored to the case of Fo and extensions faced several obvious obstacles. In this
work we manage to overcome these obstacles and show that the O(q!) query tester of | ] is

also absolutely sound (though as it turns out, the dependence of the constant on ¢ is terrible). En
route of proving this we obtain several new results on the behavior of polynomials when restricted
to lower dimensional affine spaces, that may be of independent interest. Below we explain our main
theorem and some of the algebraic ingredients that we obtain along the way.

1.1 Our main results

To state the test of | ) | and our theorem we need a few more definitions. For an affine
subspace A in Fy, let dim(A) denote its dimension. For function f : Fjy — F, and affine subspace A,
let fla : A — F, denote the restriction of f to A. For a function f, we let deg(f) denote its degree
as a polynomial. We use the fact that f|4 can be viewed as a dim(A)-variate polynomial with
deg(f|a) < deg(f). A special subclass of tests for P(n,d, q) would simply pick an affine subspace
A of Fy and verify that deg(f|4) < d. We introduce the concept below of the testing dimension
which attempts to explore the minimal dimension for which such a test has positive soundness.

Definition 1.1 (Testing dimension). For prime power q and non-negative d, the testing dimension
of degree d polynomials over F, is the smallest integer t satisfying the following: For every positive
integer nand every function f : Fy — F, with deg(f) > d, there exists an affine subspace A of
dimension at most t such that deg(f|a) > d. We use t,q to denote the testing dimension.

This notion was studied in | | who proved the following fact. As it also follows easily from our
results we give the proof in Section 4.3.

d+1 ‘I

Proposition 1.2. The testing dimension t, 4 = [q_q/p

The test proposed by | | is the following:

t-dimensional (degree d) test: Given oracle access to f : Fy — Fy, pick a random affine sub-
space A with dim(A) =t and accept if deg(f|4) < d.

[ ] shows that the ¢, 4-dimensional test, which has query complexity g’ and accepts f €
P(n,d,q) with probability one, has d-soundness roughly Q(dg~'=¢). We show that the test is
absolutely sound (and in fact instead of losing a g ~ta¢ factor we even gain it for small §). Specifically,
if we let py(f,t) denote the probability which the t-dimensional test rejects a function f, then we
show:



Theorem 1.3. For every prime power q, there exist constants €1,€2 > 0 such that for every d
and n and every function f : Fy — Fy, it is the case that pa(f,taq) > min{e;q'ad(f),ea}. In
other words the t, 4-dimensional test rejects f with probability min{e;q'a45(f), e2}, where t, 4 is the
testing dimension for degree d polynomials over IFy.

Our analysis follows the approach of | | who derive their analysis by first studying the
behavior of functions that are not degree d polynomials, when restricted to affine subspaces of
codimension one. Following their terminology we use the phrase hyperplane to refer to subspaces
of IFy of codimension one (i.e., dimension n — 1), and let H(g,n) denote the set of all hyperplanes in
;. We highlight two key quantities of interest to this approach. The first of these asks how often
can a degree d polynomial drop in degree when restricted to hyperplanes. Formally:

Definition 1.4. For prime power q and non-negative integer d, let N = Ny(q,d) be the maximum
over all n, and all functions f € P(n,d,q) of the number of hyperplanes Ay,...,Anx such that
deg(fl|a,) < d. Le.,

No(g,d) = max [{A € H(n,q)|deg(f[a) <d}|.
n,f€P(n,d,q)

A priori it may not be clear that Ny(d, ¢) is even bounded (i.e., is independent of n), but an easy
argument from [ ] shows this quantity is at most ¢?. For our purposes we need a much
tighter bound of roughly g'e¢ and our first main technical theorem (of two) shows that this is
indeed the case.

Theorem 1.5. For every q,d, No(d,q) < q¢'eaTt. In other words if f € P(n,d,q), then |[{A €
H(g,n)|deg(f) < d}| < No(d,q) < g4t

(We note that it follows from the definition of Ny and ¢, 4 that No(d,q) > g'+d.)

The above theorem gives a tight analysis (up to constant factors depending on the field size) of
the number of hyperplanes where a degree d polynomial drops in degree. However for the analysis
of the low-degree test, we need a similar theorem that talks about general functions. Extracting
the correct quantity of interest (one that can be analyzed and is useful) turns out to be somewhat
subtle. Rather than looking at general functions, or even functions that are far from polynomials,
we look only at the restrictions of functions to hyperplanes and ask “when does pairwise consistency
imply global consistency”.

Definition 1.6. For prime power q and non-negative integer d, let N = Ni(q,d) be the largest
integer such that the following holds: There exists n, and N hyperplanes A1, ..., Ay € H(n,q) and
N polynomials P, ..., Py € P(n,d,q) such that the following hold:

Pairwise consistency For every i,j € [N] it is the case that Pi|a,na; = Pjlana,-

Global inconsistency For every Q € P(n,d,q), there exists i € [N] such that Q|a, # P;|a, -

Note that viewed contrapositively, the definition of N says that if some arbitrary function f looks
like a degree d polynomial on Ni(q,d) + 1 hyperplanes, then its restriction to the union of these
hyperplanes (which is typically an overwhelmingly large set) is a polynomial of degree d and hence
f is close to a polynomial of degree d. Our second main technical theorem shows that N7 is not
much larger (in a technical sense) than Ny(q, d).



Theorem 1.7. For every q, there exists a constant \q such that for every d, N1(q,d) < gleatra In
other words if A, ..., Ax € H(n,q) and P1,..., Pk € P(n,d,q) are such that P;|a,na; = Pj|a,na,
for every i,j € [K] and K > g'v4tXa_ then there exists Q € P(n,d,q) such that Q|a, = P;|a, for
every i € [K].

1.2 Comparison to | ]

While our proof outline does follow the same one as that of | | the technical elements are
much more complex and we point out the similarities and differences here. Both proofs work by
induction on the number of variables. Key to this induction is an ability to understand how functions
(that are not polynomials and are even far from them) behave on restrictions to hyperplanes. Once
such an understanding is obtained, the proofs are immediate given the work of | ] — and
we simply mimic their proofs. (We note that much of the novelty of [ | is in this part,
but given their work their is no novelty in ours in this part.) Their proof roughly shows that for
t = log, N1(q,d) the t-dimensional test is absolutely sound. To make this useful, one needs two
more ingredients: (1) A good upper bound on Nj(g,d) and (2) A (possibly weak) relationship
between the soundness of a t-dimensional test and the soundness of the (¢ — 1)-dimensional test (so
that one can eventually analyze the ¢, 4-dimensional test).

In [ ] both of these elements turn out to be simple (once one has the right insights). Ni(q,d)
is at most ¢? (by a simple linear algebra argument). And a t-dimensional test can be related to
a t — 1 also by similar linear algebra arguments for the case ¢ = 2. In our case it turns out both
ingredients are non-trivial.

For (2) we prove (see Lemma 4.6) that a t — 1 dimensional test (as long as t — 1 > t,4) has
d-soundness at least 1/¢ times the J-soundness of the ¢-dimensional test. Even this step (though
simple in comparison to the other part) is not immediate and requires a more algebraic view of
restrictions than in previous works.

For (1), our task turns out to be much harder. We consider the simpler case of bounding Ny(d, q)
first and this ends up using several algebraic features of affine transformations and restrictions
to hyperplanes (see Lemmas 4.4 and 4.8). This still leaves the question of bounding Nj(d, q), for
which we build an inductive proof, where each inductive step uses the bound on Ny(d, ¢). The most
problematic part however turns out to be the base case, where we need to show that the abundance
of hyperplanes leads to a cover of most of Fy by ¢ “near-parallel” hyperplanes. For this part we
resort to the “density Hales-Jewett theorem” | , | which says (for our purposes) that for
every q and every € > 0 there is a ¢ = ¢4 such that € - ¢° hyperplanes in ¢ dimensions will contain
q “near-parallel” ones. (Unfortunately this leads to a horrendous bound on ¢, but fortunately e
is independent of n and d and so this suffices for Theorem 1.3).

2 Overview of our proof

Here we give an overview of our proof and lead the reader through the technical parts of the paper.
We start by listing ingredients in order of increasing “complexity” that we prove (each of which
we argue is necessary), and then describe how these are put together to get our final analysis.



All the novel technical ingredients talk about the behavior of some function f when restricted to
hyperplanes.

Step 0. We start by considering an m-variate function f which is not a degree d polynomial,
and ask: Does there exist a single hyperplane on which f is not a degree d polynomial? Obviously
existence of such a hyperplane is a necessary condition for any ¢ < m dimensional test to work. By
definition this question has an affirmative answer if m > ¢, 4, the testing dimension. The testing
dimension was already analyzed by Kaufman and Ron [ ], but we end up reproving this result,
since we need stronger versions of this analysis (as we describe next). Proposition 1.2 captures this
step. Its proof relies on Lemma 4.6 which is a central ingredient in our next step.

Step 1. Next we consider the same function f as above, but now ask: Is the fraction of hyperplanes
on which f has degree greater than d, a constant (independent of d)? Such a statement is necessary
to show that the ¢~™-soundness of the (m—1)-dimensional test is an absolute constant (independent
of d): the function f is ¢~"-far from degree d polynomials and so the fraction of (m—1)-dimensional
affine subspaces on which f is not of degree d better be a constant. Such a strong analysis is not

implied by our theorem statement, but is essential to the proof approach of | ]. We give an
affirmative answer to this question. Proving this turns out to be non-trivial and does not follow
from either | ] or | |. Indeed our proof is new even for the case of ¢ = 2.

We manage to give a relatively clean proof of this statement by interpreting restrictions to hyper-
planes algebraically. Since this style of analysis is central also to the next step, we give the essential
details here (though formalizing some steps ends up requiring more work). For simplicity, assume we
are restricting f to a hyperplane of the form z1 = """, y;2;+yo. The restriction of the function f to
this hyperplane is now given by the function fy, . .0 (2, ... 2m) = fF it yiti+Y0, T2, . .., Tm),
which can be viewed as a polynomial in xo, ..., z, whose coefficients are themselves polynomials
in y2,...,Ym,%. By the previous paragraph, it (roughly) follows that there exists a setting of
Y25 -+ - Ym, Yo such that fy, . .. is not a polynomial of degree d. In turn this implies that there
is a monomial of degree greater than d in xo, ..., x;, which is a non-zero function of s, . .., Ym, ¥o-
The key now is to notice that this coefficient is a polynomial in yo, ..., ym,yo of degree at most
g — 1 and so is non-zero with probability at least 1/q when ya, ..., Ym,yo are assigned randomly.

This step is performed in Section 4.3. The heart of the proof is given by Lemma 4.6, which
formalizes the above argument and extends it to general hyperplanes (which may not have support
on z1). An important ingredient of the general proof is that instead of trying to understand the
function f we apply an invertible linear transformation to the space F)' and consider the function
f o A. Tt is clearly enough to understand the restrictions of this function. The point is that we
can pick A in such a way that f o A contains a canonical monomial which is a monomial of a very
special form (see Definition 4.1). Intuitively, a canonical monomial has its degree “squeezed” to
a few variables. The notion of canonical-monomials did not appear in | | and it makes our
proofs considerably simpler. Roughly, having a canonical monomial in a polynomial enables us
to focus almost entirely on this monomial instead of the whole polynomial. Furthermore, when
restricting our attention to canonical monomials, the algebraic approach, hinted at the previous
paragraph, becomes transparent and easy to use. For that reason canonical monomials will play an
important role in all our proofs. Proving the existence of a transformation A such that fo A has a
canonical monomial, is done in Lemma 4.4. Basically, the proof shows that a canonical monomial



for f can be found by taking the maximal monomial, in the graded lexicographical order, among
all monomials in {f o B}, when we run over all invertible linear transformations B. We discuss
canonical monomials in Section 4.1.

Step 2. We then move to the third in the series of questions. If previously we asked whether
there exists a hyperplane, or even a noticeable fraction of hyperplanes where f has degree greater
than d, we now ask: Do an overwhelming number of hyperplanes reveal that f has degree greater
than d? We analyze this question when f is a polynomial of degree d+ 1, thus leading to an analysis
of No(g,d) (or No(q,d+ 1) to be precise). We show that the number of hyperplanes on which f
has degree d is O(q'+¢). So if the number of variables m is really large compared to ¢, d then the
fraction of hyperplanes where f drops in degree is tiny.

This bound again views the restriction of f to the hyperplanes of the form zy = """, y;2; + yo as
a polynomial in xs, ..., 2y and Yo, ..., Ym,Yo. We then perform an elementary, though somewhat
non-obvious, algebraic analysis of this polynomial to show that there are few hyperplanes where f
loses degree. Roughly, we show that when working with an appropriate basis for the space (i.e. when
applying the linear transformation that guarantees the existence of a canonical monomial, found
in the previous step) it is the case that for every fixing of ya, ..., y;, where t = log, No(q, d) = tq4,
there is at most one setting of y;41, . .., ym such that the degree of f decreases on the corresponding
hyperplane. Canonical monomials again play a crucial role in the proof.

This step is captured by Theorem 1.5 that is proved in Section 4.4. Lemma 4.8 is the main step in
which we give the analysis for hyperplanes of the form z1 = Y ", y;x; + yo that is described above.

Step 3. This leads to the final step (which unfortunately ends up getting proved in two substeps)
where we consider general functions that are Q(q~‘e¢)-far from degree d polynomials and show that
even in this case (which subsumes the case of degree d+ 1 polynomials), the number of hyperplanes
on which f drops in degree is bounded by O(g'«4), thus giving a bound on Nj(q,d).

This part is itself proved by induction on the number of variables (with the base case being the
hardest step; we will get to that later). And the inductive claim is somewhat different: instead of
talking about functions that are far from polynomials (in some loose sense), we explicitly ignore a
known small subset of the domain and argue f is a polynomial on the rest. Specifically, we assert
that if a function f is a degree d polynomial on a large, K > Nj(q,d), number of hyperplanes
Aj, ..., Ak, then there is a degree d polynomial ) that agrees with f on the union of A1,..., Ag.
Since the union has large volume it follows that f is close to some degree d polynomial (specifically

Q)

The inductive claim is relatively easy when the number of variables is very large. In such case if
we consider the restriction of f to some generic hyperplane A then all the intersections A; N A are
distinct, and we can use the inductive claim to assert that f[sn,4,) is a degree d polynomial Q.
Since this holds with overwhelmingly high probability over A, we can claim the same holds also for
the ¢ — 1 parallel shifts of A, and since these cover F*, we can claim (by interpolation) that f|u, 4,
is a degree d+ ¢ polynomial Q. Now, if K > Ny(q,d+ q), then this allows us to use the bound from
the previous step (the low-degree polynomial @) cannot drop in degree too often) to claim that @
must be a degree d polynomial. This is the argument behind the induction step in the proof of
Theorem 1.7, that is given in Section 4.5.



All this works fine when the number of variables is large. As the number of variables gets smaller,
some things break down. A N A; starts coinciding with A N A; for some pairs etc., but careful
counting (Claim 4.12) makes sure we do not lose too much in this as long as the number of variables
is sufficiently larger (by an additive constant) than log, K (the number of given hyperplanes). This
becomes our “base case”, and we resort to a different argument at this stage.

In the base case, we have that a constant fraction of all hyperplanes are “good” - i.e., f restricted to
these form a degree d polynomial. It seems intuitive that at this stage f ought to be a degree d poly-
nomial on the union of these (huge) number of hyperplanes, yet there seems to be no obvious way
to conclude this intuitive fact. Furthermore, the density of hyperplanes is so high that restricting
our attention to any lower dimensional hyperplane would not maintain the number of hyperplanes
on the restriction (namely, for every hyperplane A there are i, j € [K] such that ANA4; collides with
AN Aj). However we now use the density in our favor by finding ¢ hyperplanes, say Aq,..., A,
that have the same intersection. ILe., 4; N A; = A; N Ay, for every triple of distinct 4, j,k € [q].
To show that ¢ such hyperplanes exist we use the “density Hales-Jewett theorem” [ , ]
— a somewhat heavy hammer with a high associated cost (see Theorem 3.4). The high cost is
the base case dimension has to be lower bounded by a very large constant, albeit a constant —
specifically it is some sort of Ackerman function of some polynomial in ¢ (in the improved proof of
the density Hales-Jewett theorem [ ]). Nevertheless it does imply that if log N1(g, d) is suffi-
ciently large as a function of ¢ (a constant we label A, 4), then this allows to conclude that ¢ such
“near-parallel” hyperplanes do exist. Now, with a linear change of basis, we can assume that the
A;NAj is contained in the hyperplane z; = 0, and that none of the hyperplanes Ay, ..., A, is equal
to the hyperplane z1 = 0. The crux of the idea is that now, on all the ¢ — 1 hyperplanes, 1 = «,
a € F, — {0}, the hyperplanes A; N {z1 = a},...,A; N {x1 = a} are parallel. The situation is
perhaps better explained by Figure 1 (for the case ¢ = 5). This allows us to prove (using arguments
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We think of the horizontal line {z; = a} as a description of the corresponding
hyperplane. The diagonal lines correspond to the different A;’s. The intersec-
tion of all A;’s, depicted by the black circle, is an affine subspace of co-dimension
1 inside {1 = 0}. Focusing on the subspace {x; = 2}, we have the ¢ different
intersections A; N{x1 = 2}, captured by the red circles. Furthermore, all those
subspaces are parallel to each other and cover all of {z; = 2} (which is not
evident from the picture).

Figure 1: Near parallel hyperplanes

similar to the inductive step) that f on these hyperplanes is a degree d polynomial, and roughly
tells us what Q mod (:z:‘f_1 —1) is (where @ is the desired polynomial of degree d that agrees with f
on the union U;ex)A;). Pushing our luck further, we note that if log N1(q, d) = ¢+ Ay 4 then we can

find ¢ independent variables x1, ..., x; such that we know the polynomial ) mod Hﬁzl(xq_l —1).

)



If t > d/(q—1) this should tell us exactly what @ is, and with some careful examination we confirm
this intuition, and show that this polynomial @) agrees with f on every one of the given hyperplanes,
thus concluding the analysis in the base case. The base case is given in Lemma 4.11.

Putting things together. Once we have the upper bound on Ni(q,d) (tight to within constant
factors that depends only on ¢), it is straightforward to mimic the work of | | to derive
an analysis of the (roughly) log, N1(g.d)-dimensional test, which shows that this test is absolutely
sound. We then use the fact from Step 2 (for every m > t,4 an m-dimensional non-degree d
polynomial f is of degree greater than d on at least 1/¢ fraction of the hyperplanes) to conclude
that the soundness of the (m — 1)-dimensional test is at least a 1/g-fraction of the soundness of the
m-dimensional test, as long as m > t, 4. After a constant number of such steps, we end up with a
soundness analysis of ¢, j-dimensional test also!

Organization of this paper. Section 3 contains some notations and basic facts regarding poly-
nomial. We discuss the density Hales-Jewett theorem in Section 3.2. The main body of the paper
is Section 4. The section is organized as follows. In Section 4.1 we give the definition of canonical
monomials and shows how to “rotate” the space in order to find one (Lemma 4.4). Section 4.2
shows the basic and simple fact that the rejection probability of the /-dimensional test is monotone
in ¢ and in Section 4.3 we prove that although the rejection probability is monotone, it does not
decrease too fast when we go from ¢ to £ —1 (Lemma 4.6). We then give the proofs of our two main
technical contributions. Theorem 1.5, in which we bound Ny(g,d), is proved in Section 4.4 and
Theorem 1.7 is proved in Section 4.5. Section 4.6 contains a strengthening of Theorem 1.7 (given as
Theorem 4.16), that is proved in a relatively direct manner from Theorem 1.7. Finally, we analyze
the t, q-dimensional test in Section 5, giving a proof of Theorem 1.3 — our main theorem.

3 Preliminaries

Throughout the paper ¢ = p* is a power of a prime number p and [F, is the field of characteristic

p with ¢ elements. We denote by =, equality modulo p. Recall that for every 0 # o € I, it holds
that a4~! =, 1. For an integer t we denote [t] = {1,...,t}.

Recall that H(g,n) is the set of hyperplanes in Fy. Similarly, we denote Aff(g,n) the set of affine
linear functions in Fy. We will often use the fact that every hyperplane is the set of zeros of an
affine linear function. We will also use the term flat to denote an affine subspace (of dimension
possibly lower than n —1). When L = 2?21 o;T; + ag is a linear function, we call ag the free term
of L.

Let d, e € N be integers and denote by d = )", d;p* and e = > e;p’ their base p expansion. Namely,
Vi 0 < d;,e; < p. We denote d < e if d is not larger than e as integers and d <, e if for every i it
holds that d; < e;. We recall Lucas’ theorem.

Theorem 3.1 (Lucas’ theorem). In the notations above, (3) =, I1; (7). where (§) =0 if e; < d;.



In particular, () # 0 if and only if d <, e. It follows that for e < ¢ the expansion of (y + z)¢ in F,
has the form

=Y ()t )

We will represent functions f : Fj — F, as n-variate polynomials, with individual degrees at most
q — 1. Whenever we have a polynomial that has a variable of degree larger than ¢ — 1 we will use
the identity 2¢ — x =, 0 to reduce its degree.

3.1 The Distance Between Polynomials

A basic fact that is required for understanding the testing dimension for polynomials of degree d
is the minimal distance between any two such polynomials. It is well known (cf. | |) that if
d=r(q —1)+ s where 0 < s < ¢ — 1 then the relative minimal distance is (¢ — s)¢~"~!. However,
for completeness we provide an easy proof of a slightly weaker claim that still suffices for our needs.

Lemma 3.2. Let ¢ = p¥, where p is a prime number. Let f # g € Fqlz1, ..., 2] be two distinct
polynomials of degree at most d and individual degrees at most ¢ — 1. Then §(f,g) > g1,

Proof. By linearity it is enough to lower bound the distance of a non-zero f from the zero polyno-
mial. In other words, we have to bound from below the number of non-zeros of f. We do so by
induction on n. When n = 1, since f has degree at most d < ¢, it has at most d zeros and therefore
5(f,0)> (q—d)/qg=1—d/q > q %@ 1) where the last inequality follows from Claim 3.3 proved
below. For the induction step, we express f as a polynomial in x,

flze,...,zn) = x8 - ge(x1, . o Tp_1).

<
—_

®
I
o

Let emax be the degree of f as a polynomial in z,. As deg(ge,..) < d — €max, the induction
hypothesis implies that the number of non-zeros of g, is at least ¢~ (¢=¢max)/(@=1) . gn=1_ For any
such non-zero (ay,...,an—1) € IFZL_I we get that f(ai,...,an—1,2y) is a non-zero polynomial in z,
of degree enax and therefore has at least ¢ — epax non-zeros. Consequently,

5(f, 0) > (q o emax) . q—(d—emax)/(q—l) . qn—l/qn _ (1 _ emax/Q) . q—(d—emax)/(Q—l)

> () q—Emax/(q—l) .q—(d—etnax)/(q—l) — q—d/(q—l)’
where inequality (%) follows from Claim 3.3. O

Claim 3.3. For any 0 < z < q — 1 it holds that 1 — z/q > ¢q~%/(@=1),

Proof. Consider the function F(z) = 1—xz/q—q %/(¢=1. It is easy to see that F(0) = F(¢—1) =0
and that the second derivative of F' is always negative. It immediately follows that F' > 0 for
0<z<qg-1. O



3.2 Density Hales-Jewett Theorem

We will need to use the following version of the density Hales-Jewett theorem. The theorem was
first proved by Furstenberg and Katznelson | ]. A more recent prove with explicit bounds on
the density parameters was obtained in | .

Before stating the theorem we need to define the notion of a combinatorial line. Let ¥ = {a1,...,aq}
be an alphabet of size ¢. E.g., one can think of ¥ as being F,. A set £L = {v1,...,v,} C X" is a
combinatorial line if we can partition the coordinates [n] to two disjoint sets [n] =TUJ, INJ =
such that: (1) For all ¢ € I and k, k" € [q], (vk): = (vg)i. Namely, for all i € I, the i’th coordinate
of all elements in £ is fixed. (2) For j € J and k € [¢], (vy); = ag. Le., the j'th coordinates
advances with k.

It is not hard to see that if we set X = F; then a combinatorial line in Fy corresponds to a set
of the form {v +tu | t € Fy} where v € Fy, u € {0,1}" \ {0} and v, have disjoint supports. In
particular, a combinatorial line in Fy' is a line in the geometric sense.

Theorem 3.4 (][ , ). For any integer ¢ and any 0 < ¢ € R there ezists an integer Ay,
such that if n > Ay . then any set A C ¥y, of size |A| > q"/q°, contains a combinatorial line.

We now state an easy corollary of the theorem. We say that w is the direction of the line {v+tu | t €
F,}. Notice that, say, 2u is also the direction of the line but since u and 2u are linearly dependent
we ignore this small issue.

Corollary 3.5. Let 1 < t be an integer. If n > Ngq,c) +t — 1 then any set A C Fy, of size
|A| > ¢"/q°, contains t combinatorial lines whose directions are linearly independent.

Proof. The proof is by induction on t. For ¢t = 1, Theorem 3.4 implies that A contains a line and
the claim follows.

Assume that we proved the statement for all # < ¢t — 1 and consider ¢/ = ¢t. By the induction
hypothesis we can find ¢t — 1 lines in linearly independent directions inside A. To simplify notations
assume that those directions are e, ...,e;,—1 where e; € {0,1}" is zero everywhere except for the
i’th coordinate (by applying an invertible linear transformation to A this can be assumed w.l.o.g.).
By the pigeonhole principle there is some u € Ff]_l such that the number of elements v € A that
identify with u on their first £ — 1 coordinates is large. Namely,

#{v € Al (v, vm) = uh 2 [Al/q"71 > (¢"/a%) /g = "o
In other words, the number of elements of A that belong to the (n —t + 1)-dimensional flat
M={velFy|(vi,...,v-1) = u}

is at least |M|/q¢¢. As the dimension of M isn —t+1> A, ., we can apply Theorem 3.4 and get
that AN M contains a line. It is immediate that the direction of this line is linearly independent
of er,...,e_1. O
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4 Restrictions to Hyperplanes

In this section we will study the behavior of polynomials when restricted to hyperplanes. Recall
that a hyperplane A C Fy is an (n — 1)-dimensional affine subspace. For each hyperplane there is
a linear function L such that

A= {z|L(z) =0}

It will be convenient to express L as L(x) = x — Y, ;.1 % — ag, where k is the first non-zero
coefficient in L (the coefficient of xj, is not necessarily 1, but scaling L by a constant does not change
the definition of A so we can assume this w.l.0.g.). For such an L we will express the restriction of
f to A as

n
fla=f@i, o an)li=o = f(z1,. ., @ho1, Y i+ 00, Tt - Tn),s
i=h+1

since setting L = 0 is equivalent to substituting > , 41 Qi + ag to T

4.1 Canonical Monomials

The notion of canonical monomial will play an important role in our proofs. Intuitively, the reason
for defining canonical monomials is because they decrease in degree on any hyperplane, and thus
give an extremal example that is useful to study.

Definition 4.1. A canonical monomial of degree d in m < n variables over Fy is a monomial
[T2, 25 such that (1) Y1 ei=d. (2) For all1 <i<m, ¢—q/p<e <q. (3) If p' <, em then
for every j <m, p'+e; >q—1. (4) em < q.

Note that Property 3 implies Property 2, but for clarity we keep both.

The following simple lemma shows that whenever we have a bivariate polynomial over I, there
exists an invertible linear transformation A : Fg — [y, such that f o A contains a canonical
monomial of maximal degree.

Lemma 4.2. Let f(x1,22) be a degree d < 2(q — 1) polynomial over Fy. Then, there exists o € I,
such that f(x1,xe + axy) contains a canonical monomial of degree d.

Proof. Assume w.Lo.g. that f(21,72) =3 0<ca_ecq aea§zd ¢ (we can ignore monomials of degree
smaller than d). Let epax be the maximal degree of x; in f. If f already has a canonical monomial
then we are done (i.e. we can take a = 0). Otherwise, consider the monomial containing z7™** and
let i be such that p’ <p d — emax and emax + p* < q. Consider the polynomial f(z1,z2 + zx1). By
(1) it follows that

f(z1, 22 + 221) =) Z ez Z (d — e) (Z:Ul)rxg*e”"

r
e<d r<pd—e

11



€max +pl d— (emax +p1)
Ly

The coefficient of ] in the expression above is equal to

d— (Emax + D' — 1)
3 %Wﬂ,i_r( - =

r<emax—+p

aemax ( pimax> zp + Z aemaerpi*T < ( maXT p )> Zr?

r< Emaxfpi

r#p*

€max “l’pi 77‘))
T

where some of the binomials (di( may be zero modulo p. However, by our choice of p

it follows that the coefficient of zP' in the above expression is non-zero. Hence, since epax + ' < ¢,

€max +pi d— (emax +pi)
T

the coefficient of ] is a non-zero polynomial in z. It follows that there is some

a € F, such that the coefficient of xim‘"‘ﬁpzxg_(emaﬁpl) in f(z1, 22 + axp) is non-zero. In this way
we can gradually increase the maximal degree of x; until we obtain a canonical monomial. Here
we use the simple fact that composition of maps of the form (z1,z2) — (x1, x2 + aur) has the same
form. O

The next lemma generalizes the above claim to n-variate polynomials. In fact, we will prove a
slightly stronger property. For that end we will need the following definition.

Definition 4.3 (Graded Lexicographical Order). We denote [, x5 >m [l @' if Do qei >
Soiyriorif Yo e =y i r; and the first i for which e; # r; satisfies e; > r;. Note that we only
consider monomials in which all individual degrees are smaller than q (we can reduce the degree of
other monomials). The max-monomial of a polynomial g is the mazximal monomial appearing in g
(with a non-zero coefficient of course).

Lemma 4.4. Let f(z1,...,2y) be a degree d < n(q — 1) polynomial over Fy. Let

A = argmax maz-monomial of (f o B)(x1,...,2p).
invertible B

In words, A : ¥y — Fy is an invertible linear transformation such that the maz-monomial of (foA)
18 maximal, in the graded lexicographical order, among all monomials of all polynomials of the form
f o B, for invertible B. Then, the maz-monomial of f o A is a canonical monomial of degree d.

Proof. Indeed, since composition with an invertible transformation does not affect the degree, the
max-monomial of f o A is of degree d. Assume that it is the monomial M = [[;*, =7, where
€ly...yem > 0. If M is not a canonical monomial then there must exist i < m with ¢; < ¢ — ¢q/p
(recall that we only consider monomials in which all individual degrees are smaller than ¢). Assume
w.lo..g. that? i = m — 1. Consider the sum of all monomials of degree d in f o A that involve
only the variables z1,...,x,, and that are divisible by H;’;Z z5'. Clearly, the sum is a nonzero

polynomial f of the form
m—2

f~: H x? -g(xm_l,xm).

i=1

2In fact, by the choice of A it must be the case that i = m — 1.

12



Let d = e;,_1 + e,. It follows that g is a nonzero bivariate polynomial of degree d’. Thus, by
Lemma 4.2 there is o € F,, such that g(zm—1, zm +ozpym—1) contains a canonical monomial of degree
d'. Tt follows that the max-monomial of f(21,...,Zm—1,%m + aTy_1) is larger than M (since we
‘pushed’ degree from x,, to z,,—1). Let A" = B o A where B(vi,...,v,) = (U1, Um—1,Vm +
QUp—1, Umt1, -+ -, V). 1t is clear that A’ is an invertible transformation and that the sum of all
monomials of degree d in f o A’ that involve only the variables x1,...,x,, and that are divisible by
= 12 x;" is equal to f(xl, ey Tm—1, T + QT —1). 1t is also clear that the max-monomial of fo A’
is equal to the max-monomial of f . This, however, contradicts the choice of A. Hence, it follows
that the max-monomial in f o A is a canonical monomial. O
A fact that we will use implicitly throughout our proofs, is that if M = HmJrl z;" is a canonical
monomial of degree d = e;+. . .+e€,41, then for any linear function L(z1, ..., Zm41), deg(M|r—o) <
d — em+1. Indeed, assume for simplicity that L(z) = 2, — > ity iy — o and let epq1 = Zj ijj
be the base p expansion of e,,+1. We have that

m m €m+1
Mo = (foi>-<2aixi+ag>
=1 =1

- (1) (zazjm)w]
([ ) (T (oot

J
Thus, M|r—o contains the monomial [[;", z7* which is of degree d — e,,+1 and any other monomial
contains a variable z; of degree at least e;+7;p’. However, by the definition of canonical monomials,
it must be the case that if 7; # 0 then e; + p’ > ¢ so, when after reducing modulo 3:,q€ —x =0, the
degree of the monomial drops by ¢ — 1 > e;,11.

1 ::]s 1 ::]3

In fact, we will usually apply this simple observation for a monomial M that is both a canonical
monomial and the max-monomial in some polynomial f (i.e. the max-monomial that is found in
Lemma 4.4). Then, by the maximality of M, it follows that the same conclusion will be true for
any linear function L, and not just L that is supported on xy,41.

4.2 Monotonicity

Here we prove that pg(f, k) is monotone in k. This is a simple fact that has an easy proof.

Lemma 4.5. Let k > k" be two integer and f : ¥y — F, a function. Then pa(f, k) > pa(f, k')

Proof. Consider the following way to randomly sample a k’-dimensional flat: Choose uniformly at
random a k dimension flat A C Fy. Then, choose uniformly at random a k'-dimensional flat B C A.

13



We have that

pa(f k) = Bzdinﬁg):k,[deg(ﬂB) > d]

=l el > d)- P fdes(fl) > d| dea(f1a) > ]

= i), Pr des(ln) > d | des(rla) >
< pd(fa k)

4.3 Relating Different Dimensions

The first lemma in this section shows that if a (k + 1)-variate function f has degree larger than d
(when k£ is not too small relatively to d) then py(f, k) > 1/q. Notice that we need to lower bound
k as, for example, when k = d/(q — q/p), the degree of :U‘f_Q/p o ZL’Z_Q/p decreases by ¢ — ¢/p on

any subspace. Proposition 1.2 is an (almost) immediate consequence of this lemma.

Lemma 4.6. Let k > (d+1)/(q — q/p) and let f : F¥*' — Fy have degree larger than d. Then
pa(f k) = 1/q.

Proof. Let A be the invertible linear transformation guaranteed by Lemma 4.4. To simplify nota-
tions, assume w.l.o.g. that A is the identity transformation. Let M be the max-monomial of f. By
the choice of A, M is a canonical monomial. Denote, M =[], i, where Y ", e; = deg(f) > d.
Roughly, we will show that in every linear function L, we can either tweak the coefficient of xy1,
or the free term, so that deg(f|r—o) = deg(f). This will prove the claim as it will map at most ¢
different functions to one ‘good’ function. Formally, we analyze two cases.

Case m < k. Notice that if L(241,. .., Zk+1) is a linear function then deg(f|r=o) = > 1", e; > d.
Indeed, M is still a canonical monomial in f|r—g as L does not involve 1, ..., Z,,. Any other linear
transformation has the form (after a possible rescaling) L = z; — ( f;l 1 Q57 +ag), where 1 < i <
m. Given & = (41, ..., 0, ap) consider the function Lg (24, ..., Tp4+1) = 5 — (Z;?:H_l a;x; +
zxp41 + ap). Note, that L and Lg . only differ in the coefficient of ;1. We will show that for
any a there is 8 € F, such that deg(f|r, ;=0) > d, which is sufficient to establish the claim. To
ease notations and w.l.o.g., assume that ¢ = 1. Namely, La .(21,...,2541) = 21 — (Z?ZQ T+
2Tp4+1 + o). Observe that the function f[r, —o has the same degree as f(Z?:Q T + 2Tp41 +
QQ,T2,...,Tkr1), when both are considered as polynomials in o, ..., ZTg11.

Let f be the sum of all monomials, of maximal degree in f, that involve only the variables z1, ..., .
Clearly M is such a monomial and therefore f is not zero. Let ey.x be the maximal degree of xq
in f. As M is a max-monomial we have that en. = 1. We can express f as

f=afm he  (x9,...,Tm) + Z x] - he(x2, ...y Tm),

e<Emax

14



# 0. Let f be such that f = f+ f. Hence, f(Z;?:Q 0T+ 2Tp41 + O, T2, Thy1) =
f(Z;?:Q Q;xj + 241 + o, T2, ... Thy1) + f(Zf:z a;xj + 241 + ao, T2, ..., Try1). Consider all

where he, ..

monomials of degree deg(f) in f(zg?:2 Qa;xj + 2Tp41 + 0, T2, . . ., Tp41) that have degree exactly
emax 1 both z and x4 and that only involve, besides z and x4 1, the variables z9, ..., z,,. Notice
that the sum of those monomials is ezvactly 225 he,y,, (T2, - - ., ). Furthermore,

deg(xzrialxhemax (5827 Tt 7:1:7)’1/)) = deg(ximaxhemax ("BQ’ e ’$m)) = deg(f) = deg(f)

Therefore, if we look at all monomials (in z2,...,2541) of maximal degree in f(Zf:Q ;T +
2Zp+1 + o, T2, ..., Tptr1), and think of their coefficients as polynomials in z, then at least one of
those monomials, call it M’, has a coefficient which is a non-zero polynomial in z. Hence, there is
some value € F, such that if we substitute z =  then the coefficient of M’ will not be zero. In
particular deg(f|L, ,=0) = deg(f) as required. This completes the proof of this case.

Case m = k+ 1. The analysis of this case is of a similar spirit to the previous case, only now we
show that, with high probability, the degree cannot go down by too much. Again we consider M =
Hfill xfl By the choice of A it follows that e; > eg > ... > egr1. For this case we will only focus
on linear functions that are supported on xp,1. Given @ = (aq,. .., ax) consider the linear function
L5, = Zle a;x; — 21+ 2 (we consider the case that the coefficient of 241 is —1, but the analysis
of other cases is the same). Consider the coefficient of Hle z;'in f(zq,..., o, Ele o + z). It
is not hard to see that this coefficient is a polynomial of degree ex;1 in z. Thus, there are at least
q — ex+1 values of z for which the coefficient of Hle z;* in f|p,,—o is nonzero. Thus, there are
at least ¢ — ep41 values of z for which deg(f|r,.=0) > e1+... +ex > k(g —¢q/p) > d+ 1. Thus
the probability that Ls . is ‘good’ is at least a=t. I=C+1 where the first multiplicand comes from
choosing a non-zero coefficient for x 1 and the second comes from picking z. We consider two cases.
If ep11 < ¢ — 1 then the probability is at least % : q_e% > 2(q¢—1)/q*> > 1/q. On the other hand,
if ex11 = ¢ — 1 then we also have e; = ... = €1 = ¢ — 1 and thus deg(f) = (k+1)(¢ —1). In this
case however, it is not hard to show, using similar arguments, that for any non-zero linear function
L= Zfill a;z; + z there is a choice of z such that deg(f|r—o) = deg(f)—(¢—1) =k(¢—1) > d+1.
Thus, in this case as well we get that with probability at least 1/q the function L is such that
deg(F\ng) > d.

This completes the proof of the lemma. O

We now use this lemma iteratively to obtain the following.

Lemma 4.7. Letn >k > (d+1)/(q — q/p) and let f : Fy — Fy have degree larger than d. Then
pa(f, k) > ¢ Moreover, if n > k' >k then pa(f, k) > pa(f, k') - ¢~ * =5,

Proof. The proof follows immediately from Lemma 4.6 by induction on n. For n = k the result is
trivial as deg(f) > d and hence py(f,n) = 1. So assume that n > k+ 1. Consider the following way
for sampling a random k-dimensional flat. First we choose at random a hyperplane A and then we
choose a random k-dimensional flat B C A. By Lemma 4.6 the probability that f|4 has degree
larger than d is at least 1/q. Conditioning on deg(f|4) > d we get by the induction hypothesis that
Prp[deg((fla)lg) > d] > ¢~ (""D=R = . ==k Thus, py(f.k) > pa(f,n—1) - (q-q~""P) >

—(n—k

q
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To prove the ‘moreover’ part we use a similar argument. Let A be a random k’-dimensional flat
and let B C A be a random k-flat. The probability that f|4 has degree larger than d is exactly
pa(f, k). Conditioning on this event, we get by the first part of the claim that py(f|a, k) > g K=k,
Combining the two results we obtain pg(f, k) > pa(f, k') - g~ %), O

We now give the proof of Proposition 1.2.

Proof of Proposition 1.2. The fact that t,4 < [(d+1)/(q¢ —q/p)] follows easily from Lemma 4.6.
To see that t;q > (d + 1)/(¢ — q/p) we let t be such that d +1 = (t — 1)(¢ — ¢/p) + r, where
0 <r < q—gq/p. Consider the function f(z1,...,x¢) = (Hf;% xg_q/p) - x}. Observe that f has
degree (t —1)(q¢—q/p)+r = d+ 1 but when we restrict f to any (¢ — 1)-dimensional affine subspace
its degree drops to at most (t — 1)(¢ — ¢/p) = d+ 1 —r < d (it is not hard to check that the
smallest decrease in degree is obtained for some substitution x; = «). Thus, the testing dimension

isat least t = (d+1—7r)/(¢—q/p)+1> (d+1)/(¢ — q/p). Since t is an integer it follows that
tga>t>[(d+1)/(q¢—q/p)]- O

4.4 The Case of Polynomials of Degree d + 1

In this section we show that the number of hyperplanes on which a degree d polynomial has degree

d—q/p
at most d — 1 is not too large, namely, it is at most Ny(q,d) = q{q*Q/PJH. Observe that

d—q/pJ

qtq,d_l < No(q,d) = q{qﬂz/p +1 < qtq,d—1+1 < qtq,d'f‘l.

As a first step we will bound the number of such hyperplanes that ‘depend’ on .

Lemma 4.8. Let f be a polynomial of degree d. Assume that f has a monomial of degree d that
contains x1 and at most t — 1 other variables. Then there are at most (¢ — 1)¢*~! linear functions
L of the form L(z1,...,xn) = &1 + Y 1o 0iZ; + a such that deg(f|r=0) < d — 1.

In words, if the minimal number of variables that appear with x; in a monomial of degree d in
fis t — 1, then there are at most (¢ — 1)¢*~! linear functions, that depend on zj, such that
the degree of f decreases on the hyperplanes defined by them. The proof is similar in spirit to
the proof of Lemma 4.6. We will show that after fixing some coeflicients in a linear function,
the number of completions to linear functions L that have those fixed coefficients and such that

deg(f|r=0) < deg(f) is small.

Proof. Consider all monomials of degree d in f that involve z; and contain at most ¢ — 1 other
variables. By our assumption, there is at least one such monomials. Let ey .x be the maximal
degree of z1 in those monomials. W.l.o.g. assume that M = z{™> . H';f:2 z;" is such a monomial in
f. For a linear function L(zy...,z,) = x1 + > 1o i + o denote Lo(xa ..., x) = —(ZEZQ ;i)
and Ly (2tq1,. .., 2n) = —(Djpiq i + o). Clearly, L = x1 — (Lo + L1). We would like to ‘fix’

Ly and count how many different L, are there so that the degree of f decreases when we set L = 0.

Consider the polynomial g(z1,...,x,) = f(x1 + Lo, x2,...,2,). Notice that

9loy—r,=0 = g(L1, @2, ..., xn) = f(L1+ Lo, x2,...,Zn) = floy=Lo+L, = [lr=0-
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Furthermore, observe, that M also appears in g (because it is of maximal degree in z; among all
monomials with only ¢ variables). We now express g as a polynomial in xa, ..., 2y with coefficients
in Fylz1, 2441, - .., 2y). Namely,

t
g($17"'7xn): Z (szl> 'gf(x17xt+17"‘7xn)'

7€{0,...,q—1}t—1 \i=2
As L does not involve any variable among xo, ..., x; it holds that
t
deg(gley—1,=0) < d <= deg(gle=r,) <d <= V& deg(grlay=r,) <d =) ri.
i=1

Let &€ = (e2...,e;). Consider gg, recalling that the monomial M = x> . [\, #5* appears in g.

In particular, deg(gs) = deg(M) = emax < ¢ — 1. Thus, if deg(g|s;—1,=0) < d then it must be the
case that
deg(gé‘azlle:O) < €max < g — 1.

Consider the homogeneous part of degree epmax of gz, denoted géemax) It clearly contains z{™
as a monomial. Observe further that deg(gz|s;=r,) < €max <= deg(géemx)hl:h) < €max-

(emax)

However, since gz is homogeneous of degree strictly smaller than ¢, this happens if and only

if gée”‘ax) lzy=1, = 0. Indeed, substituting a linear function to a homogeneous polynomial of degree

D < q either makes it zero, or does not affect its degree. However, since deg(g,(;max)) < q—1, this

means that, if we think of it as a polynomial in z; with coefficients in Fg[zs11, ..., 2], then it has
Ly € Fylxtq1,. .., 2] as a root. In particular, there are at most ¢ — 1 different L;’s that are roots
Of géemax

Concluding, we just proved that for every Lg there are at most ¢ — 1 different L;’s such that
deg(f|zy—Lo—L,=0) < d. Hence, there are at most (¢ —1)-¢'~! different linear functions L involving
x1 such that deg(f|r=0) < d, as required. O

The following lemma extends the argument to functions that do not necessarily depend on x.

Lemma 4.9. Let f be a polynomial that has a maz-monomial containing only t variables. Then
there are at most q* linear functions L such that deg(f|pL—o) < deg(f) — 1.

Proof. The proof is by induction on ¢. The case t = 0 is trivial. Assume that we proved it for ¢t — 1
and let f be a degree d polynomial that contains a max-monomial with ¢ variables. Assume w.l.o.g.
that the monomial is M = Hﬁzl z¢. Lemma 4.8 implies that there are at most (¢ —1) - ¢'~! linear
functions L, involving x1, such that deg(f|r=0) < d.

We now bound the number of linear functions that decrease the degree of f and that do not involve
x1. For that end, express f as a polynomial in x1. f = ZZ;(I) x{ge(2,...,Tn). As before, we have
that deg(f|r=0) < d if and only if VO < e < g — 1, deg(ge|r—0) < d — e. In particular for g = g, ,
where e is the degree of x; in M, it must be the case that deg(g|r—0) < d — e;.

At this point we use the fact that g., has a max-monomial with only ¢ — 1 variables, M; =
[1i_, 25, and conclude from the induction hypothesis that the number of linear functions L such
that deg(ge, |L—0) < deg(ge,) is at most ¢'~'. Hence, overall there are at most (g—1)-¢" 1 +¢'~1 = ¢
linear functions L such that deg(f|r=0) < deg(f). O
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We are now ready to prove Theorem 1.5. For sake of readability we repeat it here (in a slightly
different form).

Theorem 1.5 restated. Let f : Fy — Fy be a polynomial of degree d. Then there are al most
d—q/p
No(q,d) = qu*‘I/PJH linear functions L such that deg(f|r=o) < d.

Proof. Notice that it is enough to prove the theorem for the polynomial fo A where A : Fy — Fy is
an invertible linear transformation. Let A be the linear transformation guaranteed by Lemma 4.4.
Namely, it is such that f o A contains a canonical monomial. To simplify notations we assume
from now on that f has a canonical monomial. Let M = szl x;' be some canonical monomial
in f. Since M is a canonical monomial, it must be the case that e;_1 + e; > ¢. Therefore,

d=3"_ e = (e1+...4e2)+(em1+er) > (t—2)(¢—q/p)+q and hence, t < dq/p+2 =dyp g

a—q/p
Since t is an integer we actually get that ¢t < {%J + 1. Invoking Lemma 4.9 we conclude that
d—q/p
there are at most ¢' < q{q—q/PJ f o No(g, d) linear functions L such that deg(f|rL=o) < d. O

Corollary 4.10. Letn,d,q, K be integers such that K > Ny(q,d). Let f be an n-variate polynomial
of degree at most d over Fy. If there exist K hyperplanes Ay, ..., Ak, such that for all i € [K]
deg fla, < d < d, thendeg f < d'.

Proof. Assume for contradiction that d < deg(f) = d<d. Then, by Theorem 1.5 there are at most
No(gq,d) < Np(q,d) < K hyperplanes A on which deg(f|4) < d. This contradicts our assumption
that there are at least K hyperplanes {A;} on which deg(f|a,) < d'. O

4.5 Interpolating from Exact Agreement

In this section we prove Theorem 1.7 that shows that if we have enough ‘pairwise consistent’
polynomials then it is possible to obtain ‘global’ consistency. We first restate the theorem.

Theorem 1.7 restated. Let Ay, ..., Ak be distinct hyperplanes in Fy and Py, ..., Pk be polyno-
mials of degree d satisfying Pi|a,na; = Pjla,na; for every pairi,j € [K]. If

K > Ni(q,d) = 2No(q,d + q) - ¢*¢* = 2q{q q/pJ+2+)\q4’

where Mg 4 1s the constant Ay . from Theorem 5./ for ¢ = 4, then there exists a polynomial Q, of
degree d, such that Q|a, = P;|a, for everyi € [K].

Proof. In fact, we prove a slightly stronger statement. Specifically, we show that the conclusion

holds when
Nl (q7 d)

2Hn log, N1(q,d)—3 (1 Nl(‘l@)) ’

K > Ni(q,d,n) 2

qnzl
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This is indeed a stronger statement as the denominator above

n—log, N1(q,d)—3 n—log, N1(q,d)—3
Nl(Qv d) NI(Q>d)
2 H <1 o il =21~ Z g1
i=1 i=1
n_lOg Nl(qu)_g
2N1(q. d ! : 2N (¢, d
— 9_ I(Qa ) Z qz > 9 l(qv )qnflogq Ni(g,d)—2 _ 9 2q71 > 1,

n—1 n—1
q i1 q

namely, ]Vl(q, d,n) < Ni(q,d) for all n, and so the requirement on K is weaker.

The proof is by induction on the number of variables n. The idea of the proof is to find a linear
function L and restrict our attention to the different hyperplanes By, . We show that we can find
an L such that the induction assumption holds for every By, . By the induction hypothesis, for each
By, there is a polynomial P,, of degree d, that is defined over By, , and is consistent there with the
P;’s. Then we ‘glue’ the P,’s together and use Theorem 1.5 to claim that the resulting polynomial
has degree d. This is indeed the idea, but what is swept under the rug here is the base case which
is technically challenging. The base of the induction for us is the case n < log, N (¢,d) + 3. For

such n it holds that Jvl(q, d,n) = %Nl (q,d). The analysis of this case, which is the technical heart
of the proof, is given in the next lemma.

Lemma 4.11 (Main Lemma). Let n < log,(Ni(¢,d)/2) + 3 and K > Ni(q,d,n) = Ni(q,d)/2.
Let Ay, ..., A be distinct hyperplanes in ¥y and let Py, ..., P be polynomials of degree d satisfying
Pila;na; = Pjlana; for everyi,j € [K]. Then there exists a degree d polynomial P such that for
every i € [K], P|a, = Pi.

We defer the proof of Lemma 4.11 and continue with the proof of the theorem. Let L; € Affy be
an affine linear function such that A; = {u € F' | L;(u) = 0}. For the rest of the proof we denote
L ={Ly,...,Lix}. We will abuse notations and denote, for L € L, P, = P; and A;, = A; when
L = L;. Another important notation is the following. For L € Affy’ and v € F; we denote

BLG/ £ {’U S Fg ‘ L(’U) = ’7} and Ai,L,’Y £ Az N BL’A/.

Note that for 71,72, the hyperplanes By, and By ,, are shifts of each other (they can also be
empty sets if L is a constant function). The following lemma shows that we can find a hyperplane
such that if we restrict our attention to any coset of that hyperplane, then the induction assumption
continues to hold.

Claim 4.12. There is linear function L € Affj such that for every v € F, the number of the
distinct affine subspaces Ai .~ C Br, such that A; .~ # 0, is at least ]f\fvl(q, d,n—1).

Note that this claim is not trivially true as different hyperplanes may have the same intersection
with By .

Proof. Tt is clearly sufficient to prove the claim for K such that ],\71((]7 d,n) < K < Ni(q,d). Observe
that A; N B, = Aj N BL 4, for linearly independent L; and Lj, only if there are «, 8 € Fj such
that L = aL; + BL; 4+ . Further, observe that A;N By, = 0 only if L = L; ++/, for some 7' € F,.
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Using these two observations we perform a simple counting argument that shows that there is some
L € Aff} such that for every v, the number of distinct A; N By, , that are not empty, is as required.

Clearly, there are exactly ¢"t! affine linear functions over [Fy. For each affine linear function L
consider the number of ways that L can be represented as L = aLj + L2 + 7 where® o, 3,7 € F,
and L1, Ly € L. Since there are g3 K? such possible representations, there exists L € Affg that can
q3 K2

It follows, that for the L that we found and any v € Fy, there are at least K/ = K — qff—fg different
non empty flats of the form A;N By, . Indeed, for every such representation of L we throw away one
of the functions in the representation. As L cannot be represented using the remaining functions,
we get the desired bound on K’. Calculating we get

2
K=k-52 _ K(l— K>

qn—2 qn—2
Nl (Q7 d) >

Y

Ni(q,d) <1 —
_ (1 _ Nilg, d)> Ni(g, d)

—2
7 2T log, N1(g,d)—3 (1 _ M)
. Nl(Q7
= 2Hn logquqd (1 qud)
B Ni(g, d)
= 211 logg N1 ( qd 4<1 Ni(g.d )
= Nl(Q7dan_ )

O]

We proceed with the proof of Theorem 1.7. Let L € Affy be as promised by Claim 4.12. Notice
that L cannot be the constant function, as each constant function has at most K2 > &

representations. Fix v € Fy and let A} = A;1, = A; N B, and P/ = PZ-|A;7 for i € [K]. It
follows, by the choice of L, that the A, and P! satisfy the inductive assumption (as there are at

least ]Vl(q, d,n—1) distinct A}). Hence, the induction hypothesis implies that there is a polynomial
of degree d, Pr—,, such that Pr—,|a, = P/| 4 for every i € [K].

We are not done yet, as we may have a different polynomial for every v € IF,. So now we show that
by combining the different Pr—, we get a degree d polynomial P that is consistent with Py, ..., Py.
Define

SO B = IE)
v€F, \a#y

By construction, the degree of P is at most d +q — 1. It is easy to verify that for any v € F,,
P agrees with Pr—, on Br , = {v ey | L(v) = 'y} As the hyperplanes {BLV} er, Cover all of

3We could have taken «, 8 € I3, but we use this counting to also include the case that L is a shift of some L;.

20



Iy, it follows that for every i € [K] and v € A;, P(u) = P;(u). Indeed, if we let v = L(u) then
P;(u) =) Pp_.(u) = P(u), where (*) holds since, by the induction hypothesis, P; and Pj_. agree

on A; =A; N BLﬂ.

We are still not done as we only showed that deg(P) < d + ¢ — 1. However, as
K > Ni(g,d,n) = Ni(g,d)/2 > No(q,d +q),

Corollary 4.10 implies that the degree of P is, in fact, at most d. This complete the proof of
Theorem 1.7 modulo the proof of Lemma 4.11 that we give next. O

Proof of Lemma 4.11 As before, we let L; € Affy be an affine linear function such that
A = {u ey | Li(u) = O} and denote £ = {Ly,...,Lx}. Again we abuse notations and denote,
for Le L, P, = P, and A;, = A; when L = L;.

We will first use the assumption that n <log,(N1(¢,d)/2) + 3 and K > ]Vl(q, d,n) = Ni(q,d)/2 =
No(q,d + q) - ¢*+* to show that the set £ contains at least log,(No(q,d + q)) lines in linearly
independent directions. Indeed, we can think of £ as a set of points in AH;1 which is an (n + 1)-
dimensional space over [F,. By our setting of parameters it follows that

o K K K il

|Aﬁ‘g‘ - qn-l-l - qlogq(Nl(Q:d)/2)+4 - NI(Q7 d)/2

Thus, in order to apply Corollary 3.5 we just need to bound dim(Aff;) from below. As we have K
different hyperplanes over Fy it must be the case that log,(K) < n + 1. Therefore,

: d+q—q/p
dim(Aff?") =n+1 > log Kz{ J+2+)\ 4:{ + 14 X4
(Affy) o) q—q/p B q—q/p &
Corollary 3.5 now implies that there are at least L%J + 2 combinatorial lines inside £ whose
directions are linearly independent. In particular, there are
d _
£ {Hq/pJ 41 @)
q—q/p

such lines that their direction is not a constant linear function. By applying an invertible linear
transformation, we can assume w.l.o.g. that those direction are the linear functions x1,...,z¢. Le
we can assume that there exist ¢ linear functions Ly, ..., Ly such that for any i € [t] and o € Fy
the linear function L; — ax; belongs to L. Intuitively, the line whose direction is z; is depicted in
Figure 1 on page 7.

We will use these lines to construct a polynomial P, of degree d, that is consistent with P, ..., Px.

The construction of P is done in three steps. First we construct, for every ¢ € [t] and v € Fg, a
polynomial P,,—., which is defined on the hyperplane By, , = {U eFy|vi= ’y} and is consistent
with all the P;’s. In the second step we construct, for every i € [t], a polynomial P,, o, over the
set Uy20Bg;y = {v € Fy | v; # 0}, by a simple interpolation of {P = | 7€ FZ} The last step
consists of combining the different {Pmﬁgo}ie[t] to a single polynomial P.
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Step 1 Fix i € [t] and v € F;. Denote

Li— o

A 7

Pri=y = Z H B—a PLiy1pa; -
BEF, \a#B

Clearly, P is a polynomial of degree at most d + ¢ — 1. We now show that P,,—, is a polynomial of
degree at most d which is consistent with {P;,..., Pk} on By, . Fix j € [K] and u € A; N By, 4.
In particular, u; = v. Let ' = L;(u). We have

Pﬂ?i:“/(u) = Z H Llléuz;a ’ PLi—’Y*Iﬂxi(UJ = Z H é __OC: ’ PLi—Wflﬁa:i(u)

BeF, \a#pB BeF, \a#p

foa 0
- H B —al Priy1pra,(0) = Pry-1g,(u) = Pj(u),
ot

where (x) follows from the fact that
Li(u) =y B'u; = Li(u) =y~ 8y = Li(u) — 8 = 0.

Indeed, this implies that u € Ay, (y)—y-15, and now (x) follows as P, -1, and P; agree on
u€ AjNAp_ 15, (recall that for any i € [t] and o € Fy the linear function L; — aw; belongs
to L£). To conclude, P,,—, is a degree d + g — 1 polynomial that agrees with degree d polynomials
on at least K > Ny(q,d + q) flats. Corollary 4.10 now implies that deg(Py,—y) < d on By, . The

same argument also shows that {Pml:v}ie[t] ers are consistent with each other.
’ q

Step 2 Fix ¢ € [t]. Denote

Pt Y (T 222 ne

—
~v€eFy aG]F;;\{v} v

By construction, Py, .o, is a polynomial of degree at most d + ¢ — 2 (recall, o € Fy \ {7}). It is
not hard to verify that P,,q is consistent with Py, ..., P on the set {v e Fy | v; # O}. Moreover,
{Pxﬁﬁo}zzl are consistent with each other. Le, for every v = (v1,...,v,) € Fy such that v;,v; # 0,
the polynomials Py, 2o and Py, »o satisfy Pp,z0(v) = Pi,z0(v). Indeed, this follows immediately

from the consistency of {Py,—}, clt]yer: among themselves.
’ q

Step 3 This step is slightly more involved than the first two steps. Intuitively, we will show
that if a monomial M appears in both Py, o and P, o then it has the same coefficient in both.
Hence, we can construct a unique polynomial P as the sum of all monomials, with the appropriate
coefficients, that appear in any of the P, 0. While this is indeed the argument, for the proof we
will need to work with slightly less natural basis for the space of polynomials.

22



For a degree 0 < e < g — 1 define

1 e=0
A]\Lz(xi)é .CC? @#07(]—1 :
xg_l —1 e=q—1
Notice that Mo(z;),..., Mg—1(z;) form a basis to the space of polynomials in z;. For e =
(e1,...,en), 0 < eq,...,en < q— 1, define the e-monomial' Mz(z) to be

n

Me(z) & [ [ Me, (2:) -

i=1

Clearly, deg(Mz) = .1, e;. We say that M is of full degree in x; if e; = g—1. As with the standard
basis, it is not hard to see that every f : Fjy — [, has a unique representation as f(r) =} czMe(z),
where cz € F,;. We will heavily rely on this simple fact in the rest of the proof. The next lemma
gives some motivation for working with this less ordinary basis.

Lemma 4.13. Let X be a set of variables. Denote Sx = {v € Fy | Vo, € X :v; # O}. Let g, h :
Fy — Fy be two polynomials that agree on Sx, namely, Vv € Sx, g(v) = h(v). Then, the coefficient
of any e-monomial M that is not of full degree in any x; € X, is the same in both g and h.

Proof. Consider f = g—h. Clearly, f(v) = 0 for all v € Sx. We will show that when we represent f
in our basis we have that f =3 (xg_l —1)fi. The lemma will immediately follow by uniqueness
of representation, as any monomial in f = g — h has full degree in some z; € X.

The lemma follows from a standard counting argument. First, the number of functions that vanish

on Sx is equal to the number of functions over Fy \ Sx which is

¢Fa\Sx| — q|{v€]Fg|3xieX|vi:0}|'

Secondly, let us count the number of polynomials of the form

Z ceMz(x).

e: dr;eX s.t. e;=q—1

€X, e;=q—1}|

This number is equal to gl{€3z: Clearly,

#{veFy|ImeX, v;=0} =#{ee{0,.....q—1}" |, € X, e; =q—1} .

Hence, the number of functions that vanish on Sx is exactly as the number of polynomials of the
form } o5, e x e;=g—1 ceMe(x). Furthermore, any such polynomial } .5, < x .., 1 ceMe(x) vanishes
on Sx. By uniqueness of representation it follows that any f that vanish on Sy is a polynomial of
the form > o5, cx ..y 1 ceMe(). O

4We use &-monomials to denote monomial in the new basis. Note, that in the standard basis, an é&-monomial may
have more than one monomial.
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We continue with the proof of Lemma 4.11. By uniqueness of representation, for any m € [¢],
P, . +0 can be expressed as

Imaﬁo Z Q] H ! - 1) )

JCJt] ieJ

where, for any J C [t] and m € [t], the polynomial Q') contains only ;s for ¢ ¢ J and is not of
full degree in any variable x;, i € [t]. Moreover, we note that deg(Q'}') < deg(Py,,+0) — (¢ — 1)|J].
Our next goal is showing Q% = Q™ for any k,m € [t] \ J.

Claim 4.14. For every k,m ¢ J it holds that Q% = Q7

Proof. Recall that Py, »o and P, o agree on {v € Fy | Vi, U # 0}. Lemma 4.13 implies that they
have the same coefficient for any e-monomial which is not of full degree in neither xy nor z,,. I.e

Yoo d[e T -n= Y Qr[[ef -

JC[\km}  i€J JCEN{ksm)  i€J
The result now follows from uniqueness of representation. O
We continue with the proof of the main lemma. For every J C [t] define Q; = Q'}', where m € [t]\J

is arbitrary. By Claim 4.14, @ is well define. Now we can define a polynomial P that is consistent

with {P,..., P} on all of .
P& Qle -

JCt] ieJ

We first show that deg(P) < d+ g —2. Indeed, for J C [t] let m € [t]\ J. Since Q; = Q'}, it follows

that
deg(QJH wl - )—deg(@@”ﬂ w7t - ><deg( o) < d+q—2.

e ied

As this holds for every J C [t] we get that deg(P) < d+ ¢ — 2. Later we will show that deg(P) = d,
but first we show that P is consistent with the P;’s.

Claim 4.15. FEvery k € [K] and every u € Ay, satisfy P(u) = Py(u).

Proof. We will first prove the claim when for some m € [t], u,, # 0. For such u, ubt—1=0.
Therefore,
P = S QI -n=> @l -n= > r[Jw -
Jcl] i€ JC[\{m}  i€J JC[\{m}  i€J
= > QF[[@W!™ = 1) = Prro(u) = Pilu)
JClt] edJ

where in the last equality we used the consistency of P, o and P on Aj. It remains to show that
P(u) = Py(u) for u such that (uq,...,us) = (0, ...,0). Assume for a contradiction that this is not the
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case. Le that there is v € Fg"}\[t} such that P(0,v) # Px(0,v). Denote o = P(0,v) — P;(0,v) # 0.
We have that

0 =z 0,...,0
(P - P (o) =0 T 00
a z=(0,..,0)
Hence, as a polynomial in x1, ..., 2,
(P — Py) (z,v) = aH (1 — a;g_1> .
ict
Therefore,

deg(P = Pa0) = (g -1t = (q-1)- (]

> G-

(d+q) — Q/pJ N 1)

q—q/p

+1) >d+q—1,
q—q/p

where (x) follows from Equation (2). On the other hand,
deg(P — Pg)(z,v) < deg(P — Py) < max {deg(P),deg(Py)} <d+q—2

which is a contradiction. We thus conclude that for every k € [K] and u € Ay, P(u) = Pg(u). O

We finish the proof of Lemma 4.11 by the following observation. P is a polynomial of degree at
most d + ¢ — 2 that is equal to degree d polynomials on at least K > Ny(q,d + ¢q) hyperplanes. So,
by Corollary 4.10, deg(P) < d as required. O

4.6 Interpolating from Approximate Agreement

We use Theorem 1.7 to prove a version which applies to functions which are close to degree d
polynomials. Specifically, we consider a function f whose restriction on many hyperplanes is close
to some degree d polynomial, and show that such a function is close to a degree d polynomial. This
proof is essentially from [ |; we merely verify it extends to general ¢ (using our bounds on
Ni(g.d)). As a result, the description is terse and we skip the proof development.

Theorem 4.16. Let §; < %q_(l“'(d/(q_l)) and K > Ni(q,d). If the function f : Fy — Fy and
hyperplanes A1, ..., Ak are such that 64(f|a,) < 01 for everyi € [K], then 6q4(f) < 201+4(¢—1)/K.

Proof. We prove the theorem in four steps. Let P;, defined on A;, denote the polynomial (which,
by Lemma 3.2, is unique on A;) of degree at most d that satisfies 0(f|4,, P;) < 61.

First, we claim that for every pair of hyperplanes A; and Aj, we have Pila,na;, = Pjla;na;-
If A; and Aj are parallel, then there is nothing to prove. Else note that [4; N A;] = %|A,~]
and so 6(f|a,na;, Pilaina;) < g6, Similarly, 6(f|a,na;, Pjla,na;) < gé1. We conclude that
5(B\AimAj,Pj\AimAj) < 2¢6; < ¢~V But since both P, and P; are degree d polynomials
on A; N Aj, they must be identical if their distance is so small (by Lemma 3.2).
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Next, we use Theorem 1.7, to claim that there is a degree d polynomial () that agrees with all the
given P;’s. Specifically, we have Q|a, = P;|a, for every i € [K]. Note that to use Theorem 1.7, we
need K > Nj(q,d), which is true from our hypothesis.

The third claim we make is that there is a large fraction of points that are contained in a noticeable
fraction of the K hyperplanes. Specifically, if we say that z € Fy is bad if [{i € [K] | z €
Ai}| < K/(2q), then the probability that a uniformly chosen x € Fy is bad is at most 7 =
4(¢ — 1)/K. To prove this claim, let = € Fy be chose uniformly at random and let Y; be the
indicator random variable that is 1 if x € A; and 0 otherwise. Note that we need to show that the
probability that ). Y; < K/(2q) is at most 4(¢ —1)/K. Let Z; = Y; — Exp[Y;] = Y; — 1/q. Clearly,
Exp[Z?] = Exp[Y?] — Exp[Y;]? = 1/q — 1/¢*. Furthermore, the expectation of Y; - Y; < 1/¢? (it is
zero if the hyperplanes are parallel and 1/¢* otherwise). Thus we have Exp[Z; - Z;] < 0, and so
Exp[(3 e Z)? <Y, Exp[Z?] = K(q¢ — 1)/¢*. We thus conclude that

Pr

ZY;SK/@q)] = Pr

7

Z Zi < —K/(2Q)]

7

< ZZ > K2/( 2q)]
< 4L'K(q—1)<4(q—1).
- K2 q? - K

Finally, we claim that §(f, Q) can be bounded by 7 + 2d;. To see this, we consider the following
experiment: Pick x € Fy and @ € [K] uniformly and independently and consider the event that
“r € A; and f(z) # Pi(z)”. On the one hand we have this event happens with probability at
most d1/q, since probability x € A; is exactly 1/q and Pryea,[f(z) # Pi(xz)] < 1. On the other
hand, this probability can also be seen to be at least (§(f, Q) — 7)/(2q), since the probability that
x is not bad and satisfies f(z) # Q(x) is at least §(f, Q) — 7 and for every x that is not bad, the
probability that A; 3 x for random i is at least 1/(2¢). The upper bound 0(f, Q) < 26; + 7 follows
immediately.

Putting the above claims together we get that if K > Nj(gq,d) and ¢; < %qf(ud/(q*l)), then
6a(f) <261 +4(¢ - 1)/K. o

5 Analysis of the low-degree tests

Lemma 5.1. Lett > d/(q—1) be an integer. Then, if 4(f) < %q_d/(q_l) then pg(f,t) > min{4—1q, :
q" - da(f)}-

Proof. We will use the monotonicity of the rejection probability ps(f,-) (Lemma 4.5) and give a
lower bound on the rejection probability pg(f, ) for some ¢ < t.

Let § = 64(f) and let g be a polynomial of degree at most d satisfying §(f, g) = 9.

For every integer ¢, d/(q — 1) < ¢ < t, we claim that the probability that on a randomly chosen /(-
dimensional affine subspace A, f|4 and g| 4 disagree on exactly one point is at least ¢*-3-(1—(g*—1)-
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9). Indeed, the argument is quite routine so we only sketch it. Let x be a point on the /-dimensional
flat A. Consider the event that f(x) # g(x) but f(y) = g(y) for any other y € A. Clearly its

probability is at least Pr[f(z) # g(z)] = e a0 PILFW) # 9(y) and f(z) # g(w)] = 5— (g = 1)32,
where we have used the fact that the points in A are pairwise independent. Thus, taking the union

bound over all x € A we get that the probability that f and g disagree in exactly one point is at
least ¢*- 6 - (1 — (¢* — 1) -6).

The fact above allows us to analyze pq(f,¢) as follows: Since the ¢-dimensional test rejects whenever
it picks an A where f|4 and g|4 disagree on exactly one point, we conclude that pg(f,¢) > ¢* -0 -

(1= (¢ = 1)-5).

Now if § < %q_t, then we immediately get pq(f,t) > % -q*- 6. Else, let £ be the largest integer such
that § < £¢~* (and so § > 2—1qq_£). We then get pa(f,t) > pa(f,€) > 346> i as desired,
where (x) follows by the previous argument. O

Lemma 5.2. For every q, there exists € > 0 and ¢ such that for every d, t > t,q+ c and n, the
following hold: Let f : F} — F, be a function with dq(f) > q~*. Then pa(f,t) > e—i—%qt-Z;ﬁnH g

Proof. We prove the lemma for e = ﬁ and ¢ = log, N1(q, d) —t4.4+log, 128. Recall by Theorem 1.7
that

Ni(g,d) = 2No(g,d + q) - ¢t = 2qtqf‘l”PJ+2“q’4 > 2qladtI T,
where )y 4 is defined in Theorem 3.4, and so c is indeed bounded independent of d.

The proof is by induction on n. For the base case, we use n = t. In this case note that pg(f,t) =1
and 3%, 1 ¢ " =¢'/(g—1) and so £ -¢"- >, ¢~" < & and so the lemma holds for every e < 3.

We now move to the inductive case. Let Aj,..., Ax be all the distinct hyperplanes for which
8a(fla;) < ¢t If K is small, then we are easily done by induction since p4(f,t) = Exp4[pa(f]a,t)]
and the inductive hypothesis says that pg(f|a,t) is usually large. When K is large, we use Theo-
rem 4.16 to show that d4(f) is small, and this allows us to use Lemma 5.1 to claim pg(f,t) is large
in this case also. Details below.

Case 1: K < %qt. For a hyperplane A such that d4(f|4) > ¢~ we have, by the induction
hypothesis, pg(fla,t) > e+ %qt Y2, q " Using the fact that the number of hyperplanes in Fy is
at least ¢", we get that Pra[64(f|a) < ¢7'] < %¢'/¢". Combining the two we get

pa(fit) = Expu(pa(flat))
1, _, 1

> ~ -t _ — t/.n

> e+gq ;q <d'/a

1 oo
St PN
i=n-+1

as desired.

Case 2: K > 1¢'. Note that

= }qlogq Ni(g,d)+log, 128 o Ni(q,d).
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We thus have by Theorem 4.16, d4(f) < 2¢7% +4(q¢ — 1)/K. Using 2¢~% < %q_d/(q_l) and 4(q —
1)/K < 32-¢q~"*! < 1g=4/(@=1) (by our choice of t > log, N1(q, d)+log, 128 > d/(q—1)+log, 128+1)
we conclude in this case that §4(f) < %q_d/ (@=1), This allows us to use Lemma 5.1 in this case and
conclude that pg(f) > min{rlq,% ¢ - 34(f)}. Tt now follows from the choice of parameters that

1 1 —1 1 1 1 —1
g2t Xl and 3¢ da(f) > 5 > et gdt oS0 O

We now give the proof of our main theorem.

Proof of Theorem 1.3 We analyze two cases depending on d4(f).
L. 64(f) < 3¢V Since ty 4 = [(d+1)/(qg—q/p)] > d/(q— 1) we get from Lemma 5.1 that
pa(fitga) > min{g, 5 - g'+4 - 5a(f)}-

2. 04(f) > %q_d/ (@=1): In this case we can apply Lemma 5.2 and conclude that there exists
constants ¢, e > 0 such that for ¢t = t, 4 + c it holds that ps(f,t) > €+ %qt Yl g > e
Applying Lemma 4.7 we obtain that

pa(f,tqa) > palf,t) g tad) > e g

Set €1 = 1/2 and €2 = min{%q, e-q~°}. Note that, by Lemma 5.2, €5 depends only on g. Combining
the two cases we conclude that

pa(fstqa) > minfez, €1 - ¢4 - 0q(f)}

as claimed. O
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