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Abstract

Given a finite group G by its multiplication table as input, we give a deterministic
polynomial-time construction of a directed Cayley graph on G with O(log|G|) generators,
which has a rapid mixing property and a constant spectral expansion.

We prove a similar result in the undirected case, and give a new deterministic polynomial-
time construction of an expanding Cayley graph with O(log|G|) generators, for any group G
given by its multiplication table. This gives a completely different and elementary proof of a
result of Wigderson and Xiao [10].

For any finite group G given by a multiplication table, we give a deterministic polynomial-
time construction of a cube generating sequence that gives a distribution on G which is arbitrarily
close to the uniform distribution. This derandomizes the well-known construction of Erdés-Rényi
sequences [2].

1 Introduction

Let G be a finite group with n elements, and let J = (g1,92,...,9%) be a generating set for the
group G.

The directed Cayley graph Cay(G,J) is a directed graph with vertex set G with directed edges
of the form (z,zg;) for each z € G and g; € J. Clearly, since J is a generating set for G, Cay(G, J)
is a strongly connected graph with every vertex of out-degree k.

The undirected Cayley graph Cay(G,J U J~1) is an undirected graph on the vertex set G' with
undirected edges of the form {z,xg;} for each x € G and g; € J. Again, since J is a generating set
for G, Cay(G,J U J~!) is a connected regular graph of degree |J U J 71|,

Let X = (V, E) be an undirected regular n-vertex graph of degree D. Consider the normalized
adjacency matrix Ax of the graph X. It is a symmetric matrix with largest eigenvalue 1. For
0 < A < 1, the graph X is an (n, D, \)-spectral expander if the second largest eigenvalue of Ay, in
absolute value, is bounded by A.

The study of expander graphs and its properties is of fundamental importance in theoretical
computer science; the Hoory-Linial-Wigderson monograph is an excellent source [4] for current
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developments and applications. A central problem is the explicit construction of expander graph
families [4, 5]. By explicit it is meant that the family of graphs has efficient deterministic construc-
tions, where the notion of efficiency is often tailored to a specific application, e.g. [9]. Explicit
constructions with the best known (and near optimal) expansion and degree parameters are Cayley
expander families (the so-called Ramanujan graphs) [5].

Does every finite group have an expanding generator set? Alon and Roichman, in [1], answered
this in the positive using the probabilistic method. Let G be any finite group with n elements.
Given any constant A > 0, they showed that a random multiset J of size O(logn) picked uniformly
at random from G is, with high probability, a spectral expander with second largest eigenvalue
bounded by \. In other words, Cay(G, JUJ 1) is an O(logn) degree, A-spectral expander with high
probability. The theorem also gives a polynomial (in n) time randomized algorithm for construction
of a Cayley expander on G: pick the elements of J independently and uniformly at random and
check that Cay(G,.JJ U J~!) is a spectral expander. There is a brute-force deterministic simulation
of this that runs in n?U°87) time by cycling through all candidate sets J. Wigderson and Xiao in
[10], give a very interesting n©() time derandomized construction based on Chernoff bounds for
matrix-valued random variables (and pessimistic estimators). Their result is the starting point of
the study presented in this paper.

In this paper, we give an entirely different and elementary n©®) time derandomized construction
that is based on analyzing mixing times of random walks on expanders rather than on its spectral
properties. Our construction is conceptually somewhat simpler and also works for directed Cayley
graphs.

The connection between mixing times of random walks on a graph and its spectral expansion
is well studied. For undirected graphs we have the following.

Theorem 1.1 [8, Theorem 1] Let A be the normalized adjacency matriz of an undirected graph.
For every initial distribution, suppose the distribution obtained after t steps of the random walk
following A is e-close to the uniform distribution in the Ly norm. Then the spectral gap (1 — |A1])
of A is Q(31og (2)).

In particular, if the graph is Cay(G,J U J~1) for any n element group G, such that a C'logn
step random walk is %—close to the uniform distribution in L; norm, then the spectral gap is a
constant &.

Even for directed graphs a connection between mixing times of random walks and the spectral
properties of the underlying Markov chain is known.

Theorem 1.2 [6, Theorem 5.9] Let Aoz denote the second largest magnitude (complex valued)
etgenvalue of the normalized adjacency matriz P of a strongly connected aperiodic Markov Chain.
Then the mizing time is lower bounded by T(€) > %, where € is the difference between the
resulting distribution and the uniform distribution in the Ly norm.

In [7], Pak uses this connection to prove an analogue of the Alon-Roichman theorem for directed
Cayley graphs: Let G be an n element group and J = (g1,...,gx) consist of £ = O(logn) group
elements picked independently and uniformly at random from G. Pak shows that for any initial
distribution on G, the distribution obtained by an O(logn) steps lazy random walk on the directed
graph Cay(G,J) is m— close to the uniform distribution. Then, by Theorem 1.2, it follows
that the directed Cayley graph Cay(G, J) has a constant spectral expansion. Crucially, we note



that Pak considers lazy random walks, since his main technical tool is based on cube generating
sequences for finite groups introduced by Erdds and Rényi in [2].

Definition 1.3 Let G be a finite group and J = {(g1,...,gx) be a sequence of group elements. For
any 6 > 0, J is said to be a cube generating sequence for G with closeness parameter 0, if the
probability distribution Dy on G given by g5* ... g*, where each €; is independently and uniformly
distributed in {0, 1}, is d-close to the uniform distribution in the La-norm.

Erdos and Rényi [2] proved the following theorem.

Theorem 1.4 Let G be a finite group and J = (g1,...,gx) be a sequence of k elements of G
picked uniformly and independently at random. Let Dy be the distribution on G generated by J, i.e
Dj(x) = Pricepqony : 1<i<i[91' ---giF = @] for x € G, and U be the uniform distribution on G.
Then the expected value E;| Dy — U|3 = 1/2%(1 — 1/n).

In particular if we choose k& = O(logn), the resulting distribution D is -close to the

_ 1
. ST poly(n)
uniform distribution in L9 norm.

Our Results

Let G be a finite group with n elements given by its multiplication table. Our first result is a
derandomization of a result of Pak [7]. We show a deterministic polynomial-time construction
of a generating set J of size O(log|G|) such that a lazy random walk on Cay(G,J) mixes fast.
Throughout the paper, we measure the distance between two distributions in Lo norm.

Theorem 1.5 For any constant ¢ > 1, there is a deterministic poly(n) time algorithm that com-
putes a generating set J of size O(logn) for the given group G, such that given any initial distri-
bution on G the lazy random walk of O(logn) steps on the directed Cayley graph Cay (G, J) yields
a distribution that is #-close (in Lo norm) to the uniform distribution.

Theorem 1.5 and Theorem 1.2 together yield the following corollary.

Corollary 1.6 Given a finite group G and any € > 0, there is a deterministic polynomial-time
algorithm to construct an O(logn) size generating set J such that Cay(G, J) is a spectral expander
(i.e. its second largest eigenvalue in absolute value is bounded by €).

Our next result yields an alternative proof of the Wigderson-Xiao result [10]. In order to
carry out a similar approach as the proof of Theorem 1.5 for undirected Cayley graphs, we need
a suitable generalization of cube generating sequences, and in particular, a generalization of [2].
Using this generalization, we can give a deterministic poly(n) time algorithm to compute J =
(91,92, - --,gx) where k = O(logn) such that a lazy random walk of length O(logn) on Cay (G, J U
J 1Y) is m—close to the uniform distribution. Here the lazy random walk is described by the

symmetric transition matrix A; = %I + :,%k(PJ + Pj-1) where P; and Pj-1 are the adjacency
matrices of the Cayley graphs Cay(G, J) and Cay(G, J~!) respectively.

Theorem 1.7 Let G be a finite group of ordern and ¢ > 1 be any constant. There is a deterministic
poly(n) time algorithm that computes a generating set J of size O(logn) for G, such that an O(logn)
step lazy random walk on G, governed by the transition matrixz Ay described above, is %-close to
the uniform distribution, for any given initial distribution on G.



Theorem 1.7 and the connection between mixing time and spectral expansion for undirected
graphs given by Theorem 1.1 yields the following.

Corollary 1.8 (Wigderson-Xiao) [10] Given a finite group G by its multiplication table, there
is a deterministic polynomial (in |G|) time algorithm to construct a generating set J such that
Cay(G,J U J™1) is a spectral expander.

Finally, we show that the construction of cube generating sequences can also be done in deter-
ministic polynomial time.

Theorem 1.9 For any constant ¢ > 1, there is a deterministic polynomial (in n) time algorithm
that outputs a cube generating sequence J of size O(logn) such that the distribution Dj on G,

defined by the cube generating sequence J, is #—close to the uniform distribution.

1.1 Organization of the paper

The paper is organized as follows. We prove Theorem 1.5 and Corollary 1.6 in Section 2. The proof
of Theorem 1.7 and Corollary 1.8 are given in Section 3. We prove Theorem 1.9 in Section 4.
Finally, we summarize in Section 5.

2 Expanding Directed Cayley Graphs

Let D; and Dj be two probability distributions over the finite set {1,2,...,n}. We use the Ly norm
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to measure the distance between the two distributions: ||D; — D22 = [er[n] |D1(x) — Do (a:)ﬂ ?

Let U denote the uniform distribution on [n]. We say that a distribution D is d-close to the
uniform distribution if ||D — U2 < 9.

Definition 2.1 The collision probability of a distribution D on [n] is defined as Coll(D) =
> icn] D(i)%. It is easy to see that Coll(D) < 1/n + 6 if and only if |D — U||3 < § and Coll(D)
attains its minimum value 1/n only for the uniform distribution.

We prove Theorem 1.5 by giving a deterministic construction of a cube generating sequence J
such that a random walk on Cay(G, J) mixes in O(logn) steps. We first describe a randomized
construction in Section 2.1, which shows the existence of such a sequence. The construction is
based on analysis of [7]. This is then derandomized in Section 2.2.

2.1 Randomized construction

For a sequence of group elements J = (g1, ..., gr), we consider the Cayley graph Cay(G, J), which
is, in general, a directed multigraph in which both in-degree and out-degree of every vertex is
k. Let A denote the adjacency matrix of Cay(G,J). The lazy random walk is defined by the
probability transition matrix (A+1)/2 where I is the identity matrix. Let @y denote the probability
distribution obtained after m steps of the lazy random walk. Pak [7] has analyzed the distribution
Q7 and shown that for a random J of O(logn) size and m = O(logn), Q; is 1/n°(M-close to the
uniform distribution. We note that Pak works with the Lo, norm. Our aim is to give an efficient
deterministic construction of J. It turns out for us that the Ls norm and the collision probability



are the right tools to work with since we can compute these quantities exactly as we fix elements
of J one by one.

Consider any length-m sequence I = (i1,...,iy) € [k, where i;s are indices that refer to
elements in the set J. Let Rj,] denote the following probability distribution on G. For each z € G-
Ri(z) = Prelgi! - ... gi" = z], where € = (e1,...,€n) and each ¢; € {0,1} is picked independently

and uniformly at random. Notice that for each z € G we have: Q;(z) = = 2 refkm RI(z).

Further, notice that R{ is precisely the probability distribution defined by the cube generating
sequence (i, , Giyy - - - » Gi,, ), and the above equation states that the distribution @ is the average
over all I € [k]™ of the R.

In general, the indices in I € [k]™ are not distinct. Let L(I) denote the sequence of distinct
indices occurring in I, in the order of their first occurrence in I, from left to right. We refer to L([I)
as the L-subsequence of I. Clearly, the sequence L(I) will itself define a probability distribution
Ri([ on the group G.

uppose the elements of J are independently, randomly picked from G. The following lemma
shows for any I € [k]™ that if Ri( s d-close to uniform distribution (in Lo norm), in expectation,

then so is RIJ . We state it in terms of collision probabilities.

Lemma 2.2 For a fized I, IfIEJ[Coll(RI{(I))] =Ej[> e Ri(]) (9)] < 1/n+0d then E [Coll(RY)] =
Ej[>geq R (9)°] < 1/n+34.

A proof of Lemma 2.2 is in the appendix to keep our presentation self-contained. A similar
lemma for the Lo, norm is shown in [7, Lemma 1] (though it is not stated there in terms of the
expectation).

When elements of J are picked uniformly and independently from G, by Theorem 1.4,
IEJ[COH(Ri(I))] =E;> cq Ri(I) (9)%] = % + 2%(1 — %), where ¢ is the length of the L-subsequence.
Thus the expectation is small provided ¢ is large enough. It turns out that most I € [k]™ have
sufficiently long L-subsequences (Lemma 2.3). A similar result appears in [7]. We give a proof of
Lemma 2.3 in the appendix.

Lemma 2.3 [7] Let a = ﬁ. The probability that a sequence of length m over [k] does not have

k
. (ae)a
an L-subsequence of length € is at most ~_—.

(k/a) log(ae)
log(a/2)
The following lemma (which is again an Ly norm version of a similar statement from [7]), we

observe that the expected distance from the uniform distribution is small, when I € [k]™ is picked
uniformly at random. The proof of the lemma is given in the appendix.

To ensure the above probability is bounded by 2%, it suffices to choose m >

Lemma 2.4 E;[Coll(Q /)] = EJ[deg QJ(g)2] < %—I— 2®%m).

We can make 2@7%@ < % for some ¢ > 0, by choosing m = O(logn). That also fixes k to be
O(log n) suitably.



2.2 Deterministic construction

Our goal is to compute, for any given constant ¢ > 0, a multiset J of k group elements of GG such
that Coll(Qy) = > cq Qs(9)*> < 1/n+ 1/n° where both k and m are O(logn). For each J
observe, by Cauchy-Schwarz inequality, that

Col@) =Y Qsle) < X 3 BRI =1 Y Coll(RY) (1)

ged 9eG " Ie[k]m Iefkm

Our goal can now be restated: it suffices to construct in deterministic polynomial time a multiset

J of group elements such that the average collision probability 7 > refkm Coll(RY) <1/n+1/n°.

Consider the random set J = {X,..., X} with each X; a uniformly and independently dis-

tributed random variable over G. Combined with the proof of Lemma 2.4 (in particular from

Equation 17), we observe that for any constant ¢ > 1 there are k and m, both O(logn) such that
5 11

Es[Coll(Qr)] < = Ej[ErepymColl(Ry)] < — + — (2)

ne’

3

Our deterministic algorithm will fix the elements in J in stages. At stage 0 the set J = Jy =
{X1,X2,..., Xy} consists of independent random elements X; drawn from the group G. Suppose
at the j** stage, for j < k, the set we have is J = Jj ={z1,22,..., 25, Xj41,..., Xk}, where each
zr(1 <1 < j)is a fixed element of G and the X (j +1 < s < k) are independent random elements
of G such that

E[EsepgmColl(RY)] < 1/n+1/n".

Remark.
1. In the above expression, the expectation is over the random elements of J.

2. If we can compute in poly(n) time a choice x4y for X1 such that Ej[Ejcpym Coll(R{)] <
1/n 4+ 1/n¢ then we can compute the desired generating set J in polynomial (in n) time.

Given J = J; = {x1,..., 25, Xj11,..., X} with j fixed elements and k — j random elements, it
is useful to partition the set of sequences [k]™ into subsets S, , where I € S, if and only if there
are exactly r indices in I from {1,...,j}, and of the remaining m — r indices of I there are exactly
¢ distinct indices. We now define a suitable generalization of L-subsequences.

Definition 2.5 An (r,f)-normal sequence for J is a sequence {ni,no, ..., Np,...,nppe} € [k]"H
such that the indices ng,1 < s <r arein {1,2,...,5} and the indices ns,s > € are all distinct and
in{j+1,...,k}. Le. the first r indices (possibly with repetition) are from the fized part of J and
the last ¢ are all distinct elements from the random part of J.

Transforming S, to (r,/)-normal sequences

We use the simple fact that if y € G is picked uniformly at random and x € G be any element
independent of y, then the distribution of zyz~! is uniform in G.

Let I = (i1,...,im) € Sy¢ be a sequence. Let F = (if,...,i5.) be the subsequence of indices
for the fixed elements in I. Let R = (is,,...,is,,,) be the subsequence of indices for the random
elements in I, and L = (i, ..., ie,) be the L-subsequence in R. More precisely, notice that R is a



sequence in {j + 1,...,k}™ " and L is the L-subsequence for R. The (r,¢) normal sequence I of
I € S, ¢ is the sequence (i, ..., 05 Ge,,---,de,)-

We recall here that the multiset J = {z1,...,2;, X;41..., Xy} is defined as before. For ease of
notation we denote the list of elements of J by ¢g¢,1 <t < k. L.e. gt = z; for t < j and g = X for
t > j. Consider the distribution of the products g;! ...g;™ where ¢; € {0,1} are independent and
uniformly picked at random. Then we can write

€1 €m _ €f1 €f2 €fr
iy -G = A0Gip 219,072 10, 2 where
— €sy Csa Csm—r
02120 = i G,

. . . . € € €
By conjugation, we can rewrite the above expression as 91;11 zzlgijfj Z2... gljf: zr, Where z =
—€f €f1
gif1 Zogifl.

We refer to this transformation as moving gfjf ! to the left. Successively moving the elements
1

gE}{l ) gf)’:?, . ,gf;cr to the left we can write
1 2 T
m _ €f €fr I I /
gil...gim = gifl1 iy 2071 2
where each z; = uziuy 1 and u, is a product of elements from the fixed element set {z1,...,2;}. No-
ice that each z is duct of ti f elements f i Cmer
tice that each z; is a product of some consecutive sequence of elements from <gis1 Giar e Giy ).
If 2 =[], gf:Z then z; = []5_, utgfzj u; *. Thus, the product 22 ... 2., is of the form
m—-r
2021 .- 2 = hge,
a=1

where each hs, = yaggj“ y !, for some elements y, € G. In this expression, observe that for
distinct indices a and b, we may have i,, = i5, and y, # y» and hence, in general, hs, # hs, .

Recall that the L-subsequence L = (i¢,,...,1,) is a subsequence of R = (is,...,1s,_,). Con-
sequently, let (he,, hey, - - ., he,) be the sequence of all independent random elements in the above
product [ hs* that correspond to the L-subsequence. To this product, we again apply the
transformation of moving to the left, the elements hei!, heZ, . . ., h;g , in that order. Putting it all
together we have

m €f €fr 1 €e €e —
g5l g = gz}fl1 .. .giJfr het ... he,y(€),

where y(€) is an element in G that depends on J,I and €, where € consists of all the ¢; for i; €
I'\ (FUL). Let J(I) denote the multiset of group elements obtained from J by replacing the
subset {Gi,,» Gicys-- -1 Gic, } With {he;, heys ..o, he, }. 1t follows from our discussion that J(I) has
exactly j fixed elements x1, 29, ..., z; and k—j uniformly distributed independent random elements.

Recall that I = (G f1y0fos-nnsifyslersdess- - - te,) 18 the (7,¢)-normal sequence for I. Analogous to
Lemma 2.2, we now compare the probability distributions R{ and R;(I). The proof of the lemma

is in the appendix.



Lemma 2.6 For each j < k and J = {z1,..., 25, X;q1,..., Xk} (where x1,...,2; € G are fized

elements and Xji1,..., X are independent uniformly distributed in G), and for each I € [k]™,

E,[Coll(R)] < E,[Col(R]")].

Remark 2.7 Here it is important to note that the expectation E;[Coll(R{)] is over the random
elements in J. On the other hand, the expectation E][COH(R}]\(I))] is over the the random elements
in J(I) (which are conjugates of the random elements in J). In the rest of this section, we need to
keep this meaning clear when we use E j[Coll( ;(1))] for different I € [k]™.

By averaging the above inequality over all I sequences and using Equation 1, we get
E;[Coll(Q)] < EEen [Coll(RY)] < BBy [Coll(RLD)]. (3)
Now, by Equation 2 and following the proof of Lemma 2.4, when all k elements in J are random
then we have E(]E]e[k}m[coﬂ<R}{(I))] <1/n+1/n° Suppose for any J = {x1,...,2j, Xj41,..., Xy}
we can compute EjErem [COH(R]{(I) )] in deterministic polynomial (in n) time. Then, given
the bound EJEIe[k}m[COH(R}{(I))] < 1/n+ 1/n¢ for J = {x1,...,25, Xj41,..., X}, we can

clearly fix the (j + 1)% element of J by choosing X;+1 := z;4+1 which minimizes the expecta-
tion E E Ie[k]m[Coll(R;(I))]. Also, it follows easily from Equation 3 and the above lemma that

EE ¢ fggm [Coll( %’(’))} < § implies E;Coll(Q.7) < EjE ¢m[Coll(R{)] < 6. In particular, when J
is completely fixed after k stages, and if Ele[k}m[Coll(RI{(l))] < 6 then Coll(Qy) <.

Remark 2.8 In fact, the quantity Ele[k]m[Coll(R;(”)] plays the role of a pessimistic estimator for
Ecpgm[Coll(RY)].

We now proceed to explain the algorithm that fixes X; 1. To this end, it is useful to rewrite
this as

1
EE[Col(R1")] = AP E,[Coll(RZ")]
rl IESTJ

Sy
- ¥ [Srel g 5 g [Coll (D)) (4)
rl

km

For any r,¢ the size of S, is computable in polynomial time (Lemma 2.9). We include a proof
in the appendix.

Lemma 2.9 For each r and ¢, |S, | can be computed in time polynomial in n.

Since r,¢ is of O(logn), it is clear from Equation 4 that it suffices to compute

Eres, E J[COH(RI{(I))] in polynomial time for any given r and ¢£. We reduce this computation
to counting number of paths in weighted directed acyclic graphs. To make the reduction clear, we
simply the expression Ejeg, ,E J[COH(R}{(I))] as follows.

8



Let u be a sequence of length r from the fixed elements x1, 2, ..., z;. Weidentify @ as an element
in [j]". The number of I sequences in S, , that have u as the prefix in the (r, ) normal sequence I

is |Jre\ Recall that R J{ )( ) = Probg[gf;1 ) ng heitt o hatt = g]. Let u = (Gig, s 9ip,). Tt s

convenient to denote the element gf}{l . .ng heit™ .. hehtt by M(a, €, I,J ).
Let € = (e1,...,€r4¢) and € = (€}, ..., €., ,) be random uniformly picked from {0,1}""*. Then

co(R/Y) = S (rIV ()

geG
= Probea[M(a,e1,J) = M(a,é,1T,J)]. (5)
For fixed €, & and @ € [5]", let S, be the set of all I € S,.; such that the subsequence of indices
of I for the fixed elements {x1,22,...,2;} is precisely u. Notice that |S}',| = |S”Z‘

Then we have the following.

1
Eres, B[y (RV(9)7] = 22004 >

geG gee{0,1}t+r

> Y EilXy@ernm@e i |6

| Td a€lj]" IGS"

where Xnae . ny=Mae Ty 52 0—1 indicator random variable that gets 1 when M (u,€,1,J) =

M (a, €, f, J) and 0 otherwise. Crucially, we note the following:

Claim 2.10 For each I € S*, and for fized €€, the random variables X(ae T ))=M(ae gy T

identically distributed.

The claim follows from the fact that for each I € S“E, the fixed part in 7T is @ and elements
in the unfixed part are identically and uniformly distributed in G. We simplify the expression in
Equation 6 further.

1 |Sr,€|
[E™ M| Z Z Ejl XM (aeI,0)= M(EE’IJ)} = 1S,4| Z i EJ[XM(a,aiJ):M(a,a,iJ)] (7)
uelj]" 1est, ©Laeld]
1
= E?EJMJﬂmaﬁﬂzﬂuﬂijﬂ (8)
we(j]"

where Equation 7 follows from Claim 2.10. Let pa(e, &) be the number of different assignments
of ¢ random elements in J such that M(u,€, I, J) = M(a,€,I,J). Then it is easy to see that

1 1 _ 1
Z jTEJ[XM(a,E,T,J)zM(a,E’,T,J)] - Z,—Tpg(e,?) ol 9)

aels]" u

where the factor 2 ~7 accounts for the fact that £ unfixed elements of J are picked uniformly and
independently at random from the group G.



Notice that 2"+ < 2™ = n9W for m = O(logn) and €& € {0,1}"+’. Then, combining the
Equation 4 and Equation 9, it is clear that to compute E JIEI[COH(RI{(I))] in polynomial time, it
suffices to compute [Zﬁe[j]* jir pa(E €) %} (for fixed r, ¢, € €) in polynomial time. We now turn
to this problem.

2.3 Reduction to counting paths in weighted DAGs

We will interpret the quantity [Zue[g]r = pa(€, &) ﬁ} as the sum of weights of paths between a
source vertex s and sink vertex ¢ in a layered weighted directed acyclic graph H = (V, E). The
vertex set V' is G x G x [r+{+1]U{s,t}, and s = (e, e,0), where e is the identity element in G. The
source vertex s is at 0-th layer and the sink ¢ is at the r 4+ ¢ + 2-th layer. Let S = {z1,z9,...,z;}.
The edge set is the union E = E; U Eg U Eg\ g U E;, where

ES = {( (gah 1)) ‘ g,hGG}
Es = {((g,h,t), (g, hat,t +1)) | g,h € Gz € S,1 <t <1},

Eas = {((g,ht), (g2, hat,t +1)) | g,h € G,z € G,r <t <r+(}, and
E. = {(g.gr+t+1),t)]geGh

All edges in Fs and E; have weights 1 each. Each edge in Fg has weight % Each edge in Eg\g has
weight %

Each s-to-t directed path in the graph G corresponds to an (7, £)-normal sequence I (correspond-
ing to some I € S, /), along with an assignment of group elements to the ¢ distinct independent
random elements that occur in it. For a random I € S, 4, the group element corresponding to each
of the r “fixed” positions is from {x1,22...,2;} with probability 1/j each. Hence each edge in
Eg has weight 1/j. Similarly, the ¢ distinct indices in I (from {Xj;1,...,X;}) are assigned group
elements independently and uniformly at random. Hence edges in Eq\ g has weight %

The weight of an s-to-t path is a product of the weights of edges on the path. The graph depends
on j,¢€ and €. So for fixed 7, ¢, we denote it as H, (j, €,€). The following claim is immediate from
the Equation 9.

Claim 2.11 The sum of weights of all s to t paths in Hj ¢z is Zae[j}r ]% pa(€,€) 2.
In the following lemma we observe that [E, L pa(e, @) ﬁ} can be computed in polynomial
time. The proof is easy.

Lemma 2.12 For each j,€,é,r £, the quantity [Zue[j]r = pa(€,€) ﬁ} can be computed in time

polynomial in n.

Proof: The graph H, ¢(j, € €) has n? vertices in each intermediate layer. For each 1 <t < r+/¢+2,
we define a matrix M;_; whose rows are indexed by the vertices of layer t—1 and columns by vertices
of layer ¢, and the (a,b)™ entry of M;_; is the weight of the edge (a,b) in the graph Hjee. Their

product M = HTMH M is a scalar which is precisely [Zﬁe[j]r ]% pa(E,€) ﬁ As the product of
the matrices M; can be computed in time polynomial in n, the lemma follows. O
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To summarize, we describe the (j + 1) stage of the algorithm, where a group element ;41 is
chosen for X;;1. The algorithm cycles through all n choices for x;1. For each choice of x;;1, and
for each €, €, and r, ¢, the graph H, ¢(j + 1,€,€) is constructed. Using Lemma 2.12, the expression
in 4 is computed for each choice of x;;1 and the algorithm fixes the choice that minimizes this
expression. This completes the proof of Theorem 1.5.

By Theorem 1.2 we can bound the absolute value of the second largest eigenvalue of the matrix
for Cay(G, J). Theorem 1.5 yields that the resulting distribution after an O(log n) step random walk
on Cay(G,J) is m close to the uniform distribution in the Ly norm. Theorem 1.2 is in terms
of the L1 norm. However, since |Li| < n|Lo| < n|Lz2|, Theorem 1.5 guarantees that the resulting
distribution is Wl(n) close to the uniform distribution also in L; norm. Choose 7 = m = ¢’ logn
and € = % in Theorem 1.2, where ¢, ¢’ are fixed from Theorem 1.5. Then |A\p4:| < 20(71/& < 1.
This completes the proof of Corollary 1.6.0

3 Undirected Expanding Cayley Graphs

In this section, we show a deterministic polynomial-time construction of a generating set J for
any group G (given by table) such that a lazy random walk on the undirected Cayley graph
Cay(G, JUJ ') mixes well. As a consequence, we get Cayley graphs which have a constant spectral
gap (an alternative proof of a result in [10]). Our construction is based on a simple adaptation of
techniques used in Section 2.

The key point in the undirected case is that we will consider a generalization of Erdos-Renyi
sequences. We consider the distribution on G defined by gi*...g;* where ¢; €g {—1,0,1}. The
following lemma is an easy generalization the Erdos-Renyi result (Theorem 1.4). A similar theorem
appears in [3, Theorem 14]. Our main focus in the current paper is the derandomized construction
of Cayley expanders. Towards that, to make our paper self-contained, we include a short proof of
Lemma 3.1 in the appendix.

Lemma 3.1 Let G be a finite group and J = (g1,...,gr) be a sequence of k elements of G
picked uniformly and independently at random. Let Dy be the following distribution: Dj(x) =
Priceni-1,01} : 1<i<i}l91’ -+ g = x] for x € G, and U be the uniform distribution on G. Then

Ej |Saca (Ds(@))’] = Es[Coll(D,)] < (§)" + 3.

Deterministic construction

First, we note that analogues of Lemma 2.2, 2.3, and 2.4 hold in the undirected case too. In
particular, When elements of J are picked uniformly and independently from G, by Lemma 3.1,

2
we have ]EJ[COH(Ri(I))] =E; [deG (Ri(l)(g)) ] < (8)*+ L, where ¢ is the length of the L-

n’
subsequence L(I) of I. Now we state Lemma 3.2 below, which is a restatement of Lemma 2.4 for
the undirected case. The proof is exactly similar to the proof of Lemma 2.4. As before, we again
consider the probability that an I sequence of length m does not have an L sequence of length £.
Also, we fix £, m to O(logn) appropriately.

Lemma 3.2 Let Q;(g) = I%mZIe[k}m Ri(g9). Then E;[Coll(Qy)] = Ej[3_ cq Qs(9)% < 1/n+
2 (3)°,

11



Building on this, we can extend the results in Section 2.2 to the undirected case too in a
straightforward manner. In particular, we can use essentially the same algorithm as described
in Lemma 2.12 to compute the quantity in Equation 5 in polynomial time also in the undirected
setting. The only difference we need to incorporate is that now €,é € {—1,0,1}" . This essentially
completes the proof of Theorem 1.7. We do not repeat all the details here.

Finally, we derive Corollary 1.8. The normalized adjacency matrix of the undirected Cayley
graph (corresponding to the lazy walk we consider) is given by A = 1[ + 3 <PJ + Pj-1) where
Py and Pj;-1 are the corresponding permutation matrices defined by the sets J and J~'. Asin
the proof of Corollary 1.8, we bound the distance of the resulting distribution from the uniform
distribution in L; norm. Let m = ¢’ logn be suitably fixed from the analysis and |A™v — u|; < i
Then by Theorem 1.1, the spectral gap 1 —|A1| > 5. Hence the Cayley graph is a spectral expander
It follows easily that the standard undirected Cayley graph with adjacency matrix ﬂ(PJ + Pj-1)
is also a spectral expander.

4 Deterministic construction of Erdos-Rényi sequences

In this section, we prove Theorem 1.9. We use the method of conditional expectations as follows:
From Theorem 1.4, we know that E;||D; — U||3 = 3¢ (1 — ). Therefore there exists a setting of
J,say J = (x1,...,x), such that ||DJ ~U|3 < 2k (1 — 1). We find such a setting of J by fixing
its elements one by one. Let § = nc,c > 1 be the required closeness parameter. Thus we need k
such that ;k < 4. Tt suffices to take k > clogn. We denote the expression Xfll X f: by X€ when
the length t of the sequence is clear from the context.

Let after ith step, z1,...,x; be fixed and X;y1,..., Xy are to be picked. At this stage, by
our choice of x1,...,x;, we have E;_(x,,, x,)(|[Ds—Ul3 | X1 = z1,...,X; = ;) < 2ik(l —
%) Now we cycle through all the group elements for XH-I and fix X;41 = w;41 such that the
Er—(xii0,.x0) 1D — U3 X1 =21,...,Xiv1 = 2i41) < 5% L(1- 7) Such an x; 1 always exists by
a standard averaging argument. In the next theorem, we show that the conditional expectations
are efficiently computable at every stage. Theorem 1.9 is an immediate corollary.

Assume that we have picked z1,...,z; from G, and X;41,..., X are to be picked from G. Let
the choice of z1, ..., z; be such that E;_(x, | x)(IDs=Ul} | X1 =21,..., X; = 2;) < 5e(1—2).

Let, for x € G and J = (X1,..., X})

Qu(x) = Precqo e [X© = 7]

When J is partly fixed,

Qs(x) = Pracponygefoiys—i 770 - X? =1

= ZPr61 7l = Pr62[ :y_lzn]

yeG

= Zu Pr62 X62 =y lx]
yeG

= Y uy)Qxy'a)
yeG

12



where p(y) = Prg [29 = y]. Then E;[Coll(D,)] = E,||D; — U3 +
(Es|Dy = U3 | X1 = 21, X = x3,..., X; = @) +
Next theorem completes the proof.

and E,[Coll(Q,)] =

n?

1
o

Theorem 4.1 For any finite group G of order n given as multiplication table, EJ[COII(@J)] can
be computed in time polynomial in n.

Proof:
E;[Col(Q)] =E; Y _ Q%(=). (10)

zelG

Now we compute E; > @3(:6)

E; Y Q5 = E;d (D pw)Qxy ) (Y u(z)Qx (=)

zeG zeG yeG zeG
= 3w Y [Qx(y ™ 0)Qx(z7'2)]. (11)
y,z€G zeG

Now,
Y Qs 0Qx ()] = 3 Pre[X° =y la]Pro[X7 = 2 7ly]
zeG zeG

= Q%ijy (OXz12(€)

= 22k<22><y-1 Xa-12(E) + DD Xy12(E) x4 (’))12)

e=¢ zeG e£e xeG

where x4(€) is an indicator variable which is 1 if X¢ = a and 0 otherwise. If € = € then x,-1,(€) -
Xz-14(€) = &y, where 6,3 = 1 whenever a = b and 0 otherwise.
For € # €, Xy-1,(€) - X,-1,(€') = 1 only if yX€ = 2X% = . Therefore for € # &, we have

22k Z Z Xy-12(6) * Xo-12(€) = Eeed,ge e (1= dee).
e£e zeG
Putting this in Equation 12, we get
n
2%k (Z gxy—l ) xo-1,(8) + ; ;Xy_l &)xo1, (¢ ')) = oi0u: + Beed, ge . xo (1 - dee).
€= 6 xr ete x

Therefore we get

~ _ ~ _ n
E; Y Qxv'0)-Qe(z7'2) = Fpbys +Es[Beo[8,5e.50 (1~ bcer)]]

zeG
= 2%5%2 + Bee [(1 — dee)Ey [5yX€7ZX'€/:|:|

n e é
= 27(5%2 + Eeer [(1 — bee)Pry(yX© = 2X )] (13)

13



Claim 4.2 Foré # e, Prg(yX® = 2X9) = L.

n

Proof: Let j be the smallest index from left such that €; # €;. Let Xj1, -...- ij_;l_l = a. Let
Xfr;,rl oo XF=band ij;il o ~XZ’“‘Z' = b/. Also, without loss of generality, let ¢; = 1 and
¢} = 0. Then we have Prg(yX© = 2X%) = Prx,,,(yaX; ;b = zat/) = L. O
Thus Equation 13 becomes
2k k
] B —1 ] B —1 _ n 2 - 2
E; Y Qxy'z)-Qx(z 'z) = RO T — oo

zeG

Putting this in Equation 11, we get

Huluz) (4)

ESCol(@)] =By 3 @) = 3 g2 m- 0, + (2% — 28,

zeG y,2€G

Clearly, for any y € G, pu(y) can be computed in time O(2°) which is a polynomial in n since
i <k = 0O(logn). Also from Equation 14, it is clear that E ;[Coll(Q )] is computable in polynomial
(in n) time. 0o

5 Summary

Constructing explicit Cayley expanders on finite groups is an important problem. In this paper,
we give simple deterministic construction of Cayley expanders that have a constant spectral gap.
Our method is completely different and elementary than the existing techniques [10].

The main idea behind our work is a deterministic polynomial-time construction of a cube
generating sequence J of size O(log|G|) such that Cay(G,J) has a rapid mixing property. In
randomized setting, Pak [7] has used similar ideas to construct Cayley expanders. In particular,
we also give a derandomization of an well-known result of Erdés and Rényi [2].
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Appendix

We include a proof of Lemma 2.2.

Proof of Lemma 2.2

Proof: We use the simple fact that if y € G is picked uniformly at random and x € G be any
element independent of ¥, then the distribution of zyxz~! is uniform in G.

Let I = (i1,...,%m), and L = (i, ...,1%,,) be the corresponding L-subsequence (clearly, r1 = 1).
Let J = (91,92,---,9k) be uniform and independent random elements from G. Consider the
distribution of the products g;!...gi™ where ¢; € {0,1} are independent and uniformly picked at
random. Then we can write

€1 Em _ €rq €rg 57‘2
iy - Gi, = Y, "1Y; T2 xz—lgm Ty,

where, by definition of L-subsequence, notice that x; is a product of elements from
{girl,giw,...,girjil} for each 7. By conjugation, we can rewrite the above expression as

€r

€
girl1 xlgi:j Zo...hexy_ x4, where
€ —
here = 33@197;:5 z .

We refer to this transformation as moving xy_; to the right. Successively applying this trans-
formation to xy_9,Tp_3...,T1 we can write
€rq 7 Ep €r
gl -..gim = hirll hi; .. .hirjxlxg e Tp_1Ty,
where each hi'rj is a conjugate 2jGir, z;l. Crucially, notice that the group element z; is a prod-
uct of elements from {girl,g%, ces >9irj,1} for each j. As a consequence of this and the fact
that {girl, Girys - -+ s giw} are all independent uniformly distributed elements of G, it follows that
{hi, s Pirys ooy iy, ) are all independent uniformly distributed elements of G. Let J' denote
the set of k group elements obtained from J by replacing the subset {gi, i, - - ,gire} with
{hirl,h%, ceey hw}. Clearly, J’ is a set of k independent, uniformly distributed random group
elements from G.
Thus, we have
€

€1 em _ p°1 T (E
gi -9 = hirl e hiwx(e),

where z(€) = x1x2...2, is an element in G that depends on J, I and €, where € consists of all the
€j for i; € I'\ L. Hence, for each g € G, observe that we can write

Ri(g) = Probq,._,,em[H g =g
j=1
= Probe, .. [h::ll . hf:j = g;c(E)fl]

= EeR] ) (g2(®)7")].
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Therefore we have the following;:

E;[Coll(RY)] = E, > (R{(9))]

= BBy (R]1(R)]

h

= B[S (R] (1))

h
1

where the inequality in 15 follows from Cauchy-Schwarz inequality and the last step follows from
the assumption of the lemma. oo

We use simple counting argument to prove Lemma 2.3. A similar lemma appears in [7].

Proof of Lemma 2.3

Proof: Consider the event that a sequence X of length m does not have an L-subsequence of length
£. Thus it has at most £ — 1 distinct elements, which can be chosen in at most (gfl) ways. The m
length sequence can be formed from them in at most [¢ — 1]" ways. Therefore

(ekl) [£—1]"
Pr[X has L-subsequence of length </ < —— —

INA
7 N
~

S
[a—y
~
o~
L
N
~
?‘
-y
S~
3

oo

Next we prove Lemma 2.4.

Proof of Lemma 2.4

Proof:
We call I € [k]™ good if it has an L-subsequence of length at least ¢, else we call it bad.

17



Es[Col(@)] = Es[D_Q3(9)]

geG
= Ej[) (Ei(Ri(9))]
geG
< E J[Z Er(R3(g))] By Cauchy-Schwarz inequality (17)
geG
= E[[EJ[COH(R[)H
1
= il 2 2 mers o
I€k]™ geG Ie[k]™
I is good I is bad
: 1 .
< Prg[I is good] (n + 26) + Pry[I is bad] (18)

Here the last step follows from Lemma 2.2 and Theorem 1.4. Now we fix m from Lemma 2.3

appropriately to O(logn) such that Pr7[I is bad] < 55 and choose £ = ©(m). Hence we get that

E;[Coll(Q.)] < £ + 556 oo
Next, we give the proof of Lemma 2.6

6 Proof of Lemma 2.6

Proof: For each g € G, we can write

R{(g)

m
€4 € € e €e N\ —
Pr0b617---75m[H gZ]] = g] = PrObGIa--wEm [ngfll et gzjf: hzl1 te he/ = gy(ﬁ) 1]
i=1

= B[R (gy@™)].

Therefore we have the following:

E;s[Coll(R])] = E;>_(R{(9))*

= E[)(ER D (gy(e)™)?
g

< B> E(R](gy(®)1)?] (19)
g

_ T J(I) =112
= EB,)_(R: (gy(@) )]
g
. J(I) 2
- B0
= E,[Coll(RZV)],
where the inequality 19 follows from Cauchy-Schwarz inequality. oo

We include a short proof of Lemma 2.9.
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Proof of Lemma 2.9

Proof: There are (T) ways of picking r positions for the fixed elements in I. Each such index can
be chosen in j ways. From the (k — j) random elements of J, ¢ distinct elements can be picked in
(kzj ) ways. Let n,,_,¢ be the number of sequences of length m — r that can be constructed out of
¢ distinct integers such that every integer appears at least once. Clearly, |S, ¢| = (T) i (kzj )nm,ng.
It is well known that n,, . is the coefficient of ™" /(m —7)! in (¢ — 1)*. Thus, by the binomial
theorem 1,y ¢ = Zfzo(—l)i(f) (¢—1i)™~". Since m = O(logn) and £ < m, ny,_¢ can be computed
in time polynomial in n. oo

Next, we give a proof of Lemma 3.1.
Proof of Lemma 3.1

Proof: The proof closely follows the proof of Erdés-Rényi for the case € € {0,1}*. We briefly
sketch the argument below for the sake of completeness.

We denote the expression gi* ... gi* by g°. For a given J, x(€) = 1if g¢ = x and 0 otherwise. Let
S1 = {(& &)|e # €;3i such that & # € and &€, = 0}. Let So = {(¢,€)|e # €;& # €, = &¢é, = —1}
E;s[Coll(Dy)] = Ey[> (Ds(z))’]
zeCG
_¢ 2
= Ey Z (Prg[g = :n]) ]
zeG

et |3 (Zo) ()
= % ZEJ [ZX:U ()| + > Ey

G e#£¢€

S @l ]

zeG

_ % F+ Y Ey [ZM@)M(E)

(&&)ES ete.

1 . o
- [P T e = 3 Pul =)

(e,&)€St (e,€)€S2
- 1+<1_1_5’“)+5’“
- 3k 3k 9k ) n Ok
- (-1)(3+3)-"
n 3k 9k
8\" 1
<9) T

To see the last step, first notice that if € = € then ) - x2(€)x2(€) = 1. A simple counting
argument shows that [Ss| = S8 (¥)2/3%~ = 5%, So > (eies, Pra(gc = g°) < 5. Now consider

A
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(€,€) € S1, let j be the first position from left such that €; # €. W.lLo.g assume that €; = 1 (or
€ = —1) and € = 0. In that case write §° = ag;b and g = al/. Then Prg,lg; =001 = 1. Hence

_z _z k_aok_rk
Z(E,E/)ESH Prg(ge = g€ ) = 9737 -5" ?;’L 5 . 0O
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