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Abstract

An algorithm for a constraint satisfaction problem is called robust if it outputs an assignment
satisfying at least (1 — g(g))-fraction of the constraints given a (1 —¢)-satisfiable instance, where
g(e) = 0ase — 0, g(0) =0. Guruswami and Zhou conjectured a characterization of constraint
languages for which the corresponding constraint satisfaction problem admits an efficient robust
algorithm. This paper confirms their conjecture.
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1 Introduction

The constraint satisfaction problem (CSP) provides a common framework for many theoretical
problems in computer science as well as for many real-life applications. An instance of the CSP
consists of a number of variables and constraints imposed on them, and the objective is to efficiently
find an assignment for variables with desired properties, or at least to decide whether such an
assignment exists. In the decision problem for CSP we want to decide if there is an assignment
satisfying all the constraints, in Max-CSP we wish to find an assignment satisfying maximum
number of constraints, in the approximation version of Max-CSP we seek for an assignment which
is in some sense close to the optimal one. This paper deals with an interesting special case, robust
satisfiability of the CSP: Given an instance which is almost satisfiable (say (1 — ¢)-fraction of the
constraint can be satisfied), we want to efficiently find an almost satisfying assignment (which
satisfies at least (1 — g(e))-fraction of the constraints, where lim._.¢ g(¢) = 0).

Most of the computational problems for the CSP are hard in general, therefore we have to
put some restrictions on the instance. In this paper we restrict the constraint language, that
is, all constraint relations must come from a fixed, finite set of relations on the domain. Robust
satisfiability was in this setting first suggested and studied in a paper by Zwick [27]. The motivation
is that in certain practical situations instances might be close to satisfiable (for example, a small
fraction of constraints might have been corrupted by noise) and an algorithm that is able to satisfy
most of the constraints could be useful.

Zwick [27] concentrated on Boolean CSPs. He gave a semidefinite programming (SDP) based
algorithm which finds (1 — O(e!/3))-satisfying assignment for (1 — ¢)-satisfiable instances of 2-SAT
and linear programming (LP) based algorithm which finds (1-0(1/log(1/¢)))-satisfying assignment
for (1 — ¢)-satisfiable instances of Horn-k-Sat (the number k refers to the maximum numbers of
variables in a Horn constraint). The quantitative dependence on & was improved for 2-SAT to
(1 — O(y/e)) in [9]. For CUT, a special case of 2-SAT, the Goemans-Williamson algorithm [13] also
achieves (1 — O(y/€)). The same dependence was proved more generally for Unique-Games (q) [8]
(where g refers to the size of the domain), which improved (1 —O(/zlog'/?(1/¢))) obtained in [20].
For Horn-2-Sat the exponential loss can be replaced by (1 — 3¢) [19] and even (1 — 2¢) [14]. These
bounds for Horn-k-Sat (k > 3), Horn-2-Sat, 2-SAT, and Unique-Games (¢) are actually essentially
optimal [20, 21, 14] assuming Khot’s Unique Games Conjecture [20].

On the negative side, if the decision problem for CSP is NP-complete, then given a satisfi-
able instance it is NP-hard to find an assignment satisfying a-fraction of the constraints for some
constant o < 1 (see [19] for the Boolean case and [17] for the general case). In particular these
problems cannot admit an efficient robust satisfiability algorithm (assuming P # NP). How-
ever NP-completeness of the decision problem is not the only obstacle for robust algorithms. In
[15] Hastad proved a strikingly optimal hardness result: for E3-LIN(g) (linear equations over Z,
where each equation contains precisely 3 variables) it is NP-hard to find an assignment satisfying
(1/q + e)-fraction of the constraints given an instance which is (1 — ¢)-satisfiable. Note that the
trivial random algorithm achieves 1/q in expectation.

As observed in [27] the above results cover all Boolean CSPs, because, by Schaefer’s theorem [26],
E3-LIN(q), Horn-k-Sat, and 2-SAT are essentially the only CSPs with tractable decision problem.
What about larger domains? A natural property which distinguishes Horn-k-Sat, 2-SAT, and
Unique-Games (q) from E3-LIN(g) and NP-complete CSPs is bounded width [11]. Briefly, a CSP
has bounded width if the decision problem can be solved by checking local consistency of the
instance. These problems were characterized independently by the authors [1] and Bulatov [4].
It was proved that, in some sense, the only obstacle to bounded width is E3-LIN(q) — the same
problem which is difficult for robust satisfiability. These facts motivated Guruswami and Zhou to



conjecture [14] that the class of bounded width CSPs coincide with the class of CSPs admitting a
robust satisfiability algorithm.

A partial answer to the conjecture for width 1 problems was recently independently given by
Kun, O’Donnell, Tamaki, Yoshida and Zhou [22] (where they also show that width 1 characterizes
problems robustly decidable by the canonical LP relaxation), and Dalmau and Krokhin [10] (where
they also consider some problems beyond width 1). This paper confirms the Guruswami and Zhou
conjecture in full generality. The proof uncovers an interesting connection between the outputs of
SDP (and LP) relaxations and Prague strategies — a consistency notion crucial for the bounded
width characterization [1].

2 Preliminaries

Definition 2.1. An instance of the CSP is a triple Z = (V, D,C) with V a finite set of variables,
D a finite domain, and C a finite list of constraints, where each constraint is a pair C = (S, R)
with S a tuple of variables of length k, called the scope of C, and R an k-ary relation on D (i.e. a
subset of D), called the constraint relation of C.

A finite set of relations T' on D is called a constraint language. An instance of CSP(T") is an
instance of the CSP such that all the constraint relations are from I.

An assignment for Z is a mapping F : V — D. We say that F satisfies a constraint C' = (S, R)
if F(S) € R (where F is applied component-wise). The value of F, Val(F,Z), is the fraction of
constraints it satisfies. The optimal value of T is Opt(Z) = maxp.y—p Val(F,T).

The decision problem for CSP(I") asks whether an input instance Z of CSP(I') has a solution, i.e.
an assignment which satisfies all the constraints. It is known [5] that if CSP(T") is tractable, then
there exists a polynomial algorithm for finding an assignment F' with Val(F,Z) = 1.

Definition 2.2. Let I' be a constraint language and let o, B < 1 be real numbers. We say that an
algorithm («, B)-approzimates CSP (L), if it outputs an assignment F' with Val(F,Z) > « for every
instance T of CSP(T") such that Opt(Z) > 5.

We say that CSP(T") admits a robust satisfiability algorithm if there exists a function g : [0,1] —
[0,1] such that lim._og(c) = 0, g(0) = 0, and a polynomial algorithm which (1 — g(e),1 — ¢)-
approzimates CSP(T') for every € € [0,1].

Bounded width and the Guruswami-Zhou conjecture

A natural notion with distinguishes known CSPs which admit a robust satisfiability algorithm (like
Horn-k-Sat, 2-SAT, and Unique-Games (g)) from those which do not (like E3-LIN(q), NP-complete
CSPs) is bounded width.

Informally, CSP(I") has bounded width if the decision problem for CSP(I") can be solved by
checking local consistency. More specifically, for fixed integers (k,1), the (k,[)-algorithm derives
the strongest constraints on k variables which can be deduced by looking at [ variables at a time.
During the process we may obtain a contradiction (i.e. an empty constraint relation), in this case Z
has no solution. We say that CSP(I") has width (k,) if this procedure is sound, that is, an instance
has a solution if and only if the (&, [)-consistency algorithm does not derive a contradiction. We say
that CSP(T") has width k, if it has width (k, 1) for some [. Finally, we say that CSP(T") has bounded
width if it has width & for some k. We refer to [11, 24, 6] for formal definitions and background.

Conjecture 2.3 (Guruswami, Zhou [14]). CSP(T") admits a robust satisfiability algorithm if and
only if CSP(I") has bounded width.



One implication of the Guruswami-Zhou conjecture follows from known results. In [1] and [4]
it was proved that E3-LIN(q) is essentially the only obstacle for bounded width — if I" cannot
“encode linear equations”, then CSP(I") has bounded width (here we do not need to assume P #
NP). Therefore, if CSP(I") does not have bounded width, then I' can encode linear equations and,
consequently, CSP(I") admits no robust satisfiability algorithm by Hastad’s result [15] (assuming
P # NP). Details will be presented in [10].

This paper proves the other implication:

Theorem 2.4. If CSP(I") has bounded width then it admits a robust satisfiability algorithm.
The randomized version of this algorithm returns an assignment satisfying, in expectation, (1 —
O(loglog(1/e)/log(1/¢€)))-fraction of the constraints given a (1 — €)-satisfiable instance.

LP and SDP relaxations

Essentially the only known way to design efficient approximation algorithms is through linear
programming (LP) relaxations and semidefinite programming (SDP) relaxations. For instance, the
robust satisfiability algorithm for Horn-k-Sat [27] uses LP relaxation while the robust satisfiability
algorithms for 2-SAT and Unique-Games(q) [27, 9] are SDP-based.

Recently, robust satisfiability algorithm was devised in [22] and independently [10] for all CSPs
of width 1 (this covers Horn-k-Sat, but not 2-SAT or Unique-Games(q)). The latter one uses a
reduction to Horn-k-Sat while the former uses an LP relaxation directly. In fact, it is shown in
[22] that, in some sense, LP relaxations can be used precisely for width 1 CSPs.

Our algorithm is based on the canonical SDP relaxation [25]. We will use it only for instances
with unary and binary constraints (a reduction is provided in the appendix). In this case we can
formulate the relaxation as follows.

Definition 2.5. Let I' be a constraint language over D consisting of at most binary relations and
let T = (V,D,C) be an instance of CSP(I') with m constraints. The goal for the canonical SDP
relaxation of Z is to find (|V||D|)-dimensional real vectors X4, € V,a € D mazimizing

=3 D DD IR DD SR (+)

(z,R)eC a€ER ((z,y),R)€C (a,b)ER
subject to
(SDP1) x,yp >0 forallx,y € V,a,be D,
(SDP2) x,xp =0 forallz € V,a,b€ D,a#b, and

2
(SDP3) > .cpXa = YaenVYas ||[ZaenXal| =1 forallz,yeV.

The dot products x,y, can be thought of as weights and the goal is to find vectors so that maximum
weight is given to pairs (or elements) in constraint relations. It will be convenient to use the notation

xa=3x,

a€A

for a variable z € V and a subset A C D, so that condition (SDP3) can be written as xp = yp,
Ixp|[* = 1. The contribution of one constraint to () is by (SDP3) at most 1 and it is the greater
the less weight is given to pairs (or elements) outside the constraint relation.

The optimal value for the sum (x), SDPOpt(Z), is always at least Opt(Z). There are algorithms
that outputs vectors with (x) > SDPOpt(Z) — ¢ which are polynomial in the input size and log(1/J).



Polymorphisms

Much of the recent progress on the complexity of the decision problem for CSP was achieved by
the algebraic approach [5]. The crucial notion linking relations and operations is a polymorphism:

Definition 2.6. An l-ary operation f on D is a polymorphism of a k-ary relation R, if

(f(a%,...,all),f(a%,...,alz),...,f(a,i,...,aﬁc)) €R

whenever (al,... at), (a3,...,a3), ..., (d},...,ad}) € R.

We say that f is a polymorphism of a constraint language U, if it is a polymorphism of every
relation in T'. The set of all polymorphisms of T' will be denoted by Pol(T)
We say that T is a core, if all its unary polymorphisms are bijections.

The complexity of the decision problem for CSP(I") (modulo log-space reductions) depends only
on equations satisfied by operations in Pol(I') (see [5, 23]). Moreover, equations also determine
whether CSP(I") has bounded width [24]. The following theorem [12] states one such an equational
characterization:

Theorem 2.7. Let I' be a core constraint language. Then the following are equivalent.

e CSP(I") has bounded width.
e Pol(T") contains a 3-ary operation fi and a 4-ary operation fo such that, for all a,b € D,

fila,a,b) = fi(a,b,a) = f1(b,a,a) = fa(a,a,a,b) =--- = fa(b,a,a,a) and fi(a,a,a) = a.

We remark that the problem of deciding whether CSP(T") has bounded width, given I' as an input,
is tractable (the problem is obviously in NP).

3 Prague instances

The proof of the characterization of bounded width CSPs in [1] relies on a certain consistency notion
called Prague strategy. It turned out that Prague strategies are related to outputs of canonical
SDP relaxations and this connection is what made our main result possible.

The notions defined below will be used only for certain types of instances and constraint lan-
guages. Therefore, in the remainder of this section we assume that A is a constraint language
on a domain D, A contains only binary relations, J = (V, D,C7) is an instance of CSP(A) such
that every pair of distinct variables is the scope of at most one constraint ((x,y),ng), and if
((aj,y),ng) € C7 then ((y,a:),P?fx) € 7, where P?fx = {(b,a) : (a,b) € ng}. (We sometimes
omit the superscripts for Py ,’s.)

The most basic consistency notion for CSP instances is 1-minimality.

Definition 3.1. The instance J is called 1-minimal, if there exist subsets Pg €D, x eV such
that, for every constraint ((x,y),ng), the constraint relation ng is subdirect in PY x Pyj, i.€.
the projection of ng to the first (resp. second) coordinate is equal to PY (resp. Pf)

The subset PY is uniquely determined by the instance (if z is in the scope of some constraint).



Weak Prague instance

We will work with a weakening of the notion of a Prague strategy which we call a weak Prague
instance. First we need to define steps and patterns.

Definition 3.2. A step (in J) is a pair of variables (x,y) which is the scope of a constraint in
CY. A pattern from x to y is a sequence of variables p = (x = x1,2,...,x, = y) such that every
(i, iy1), i =1,...,k— 1 is a step.

For a pattern p = (x1,...,x) we define —p = (vg,...,x1). Ifp=(z1,...,2x), ¢ = (Y1,---, Y1),
xp = y1 then the concatenation of p and q is the pattern p+ q = (x1,x2,..., Tk = Y1,Y2,- -, Yk)-
For a pattern p from x to x and a natural number k, kp denotes the k-time concatenation of p with
itself.

For a subset A C D and a step p = (x,y) we put A+ p to be the projection of the constraint
relation Py, onto the second coordinate after restricting the first coordinate to A, that is, A+p =
{beD:(3aeD)(ab)e Py} For a general pattern p, the set A+ p is defined step by step.

Definition 3.3. J is a weak Prague instance if

(P1) J is 1-minimal,
(P2) for every A C PY and every pattern p from x to x, if A+p= A then A—p= A, and
(P3) for any patterns p1,pa from x to x and every A C PY, if A+ py +py = A then A+ p, = A.

The instance J is nontrivial, if P # () for every x € V.

To clarify the definition let us consider the following digraph: vertices are all the pairs (4, z),
where z € V and A C PY, and ((A,z), (B,y)) forms an edge iff (z,y) is a step and A + (z,y) = B.
Condition (P3) means that no strong component contains (A, z) and (A, z) with A # A’, condition
(P2) is equivalent to the fact that every strong component contains only undirected edges. Also
note that 1-minimality implies A C A + p — p for any pattern from z.

The simplest example of an instance satisfying (P1) and (P2) but not (P3) is V = {z,y, 2},
D = {0,1}, Ppy = P,. = {(0,0),(1,1)}, Py. = {(0,1),(1,0)}. We have {0} + (z,y,z,2) +
(z,y, z,z) = {0}, but {0} + (z,y, z,2) = {1}.

The simplest example of an instance satisfying (P1) and (P3) but not (P2) is V = {z,y, z},
D ={0,1}, P,y = P,. = P., = {(0,0),(1,0),(1,1)}. Here {0} + (x,y,2,2) = {0}, but {0} —
(x,y,z,x)={0,1}.

The main result of this paper relies on the following theorem which is a slight generalization of
a result in [1].

Theorem 3.4. If CSP(A) has bounded width and J is a nontrivial weak Prague instance of CSP(A),
then J has a solution (and a solution can be found in polynomial time).

SDP and Prague instances

We now show that one can naturally associate a weak Prague instance to an output of the canonical
SDP relaxation. This material will not be used in what follows, it is included to provide some
intuition for the proof of the main theorem.

Let x4, € V, a € D be arbitrary vectors satisfying (SDP1), (SDP2) and (SDP3) . (These
vectors do not need to come as a result of the canonical SDP relaxation of a CSP instance.) We
define a CSP instance J = (V, D, {((x,y), Poy) : ,y € V,x # y}) by Pry = {(a,b) : xayp > 0}.
and we show that it is a weak Prague instance.



The instance is 1-minimal with PY = {a € D : x, # 0}. To prove this it is enough to verify that
the projection of P, , to the first coordinate is equal to P,. If (a,b) € P, ,, then clearly x, cannot be
the zero vector, therefore a € PY. On the other hand, if @ € PY then 0 < ||x4||> = XaXp = Xa¥D
and thus at least one of the dot products x,ys, b € D is nonzero and (a,b) € Py 4.

To check (P2) and (P3) we note that, for any xz,y € V,x # y and A C PY, the vector
Y A+(x,y) has either a strictly greater length than x4, or x4 = y 44 (s, and the latter happens iff
A+ (z,y,7) = A (see Claim 4.1.3, in fact, one can check that y44(,,) is obtained by adding to
x4 an orthogonal vector whose size is greater than zero iff A + (x,y,z) # A). By induction, for
any pattern p from x to y, the vector y a4, is either strictly longer than x4, or x4 = ya4, and
A+p—p=A. Now (P2) follows immediately and (P3) is also easily seen: If A+ p+ ¢ = A then
necessarily x4 = x4, which is possible only if A = A 4 p.

Remarks. To prove property (P2) we only need to consider lengths of the vectors. In fact,
this property will be satisfied when we start with the canonical linear programming relaxation (and
define the instance J in a similar way). This is not the case for property (P3).

We also remark that the above weak Prague instance is in fact a Prague strategy in the sense
of [1]. However the following example shows that J is not necessarily a (2, 3)-strategy, meaning
that the (2, 3)-algorithm will remove some pairs from constraint relations. Consider V = {z,y, z},
D = {0,1} and vectors xg = (1/2,1/2,0), x1 = (1/2,-1/2,0), yo = (1/4,—1/4,/2/4), y1 =
(3/4,1/4,—/2/4), 2o = (1/4,1/4,/2/4), 21 = (3/4,—1/4,+/2/4). The constraint relations are
then P, = {(0,1),(1,0), (1, 1)}, Py, = {(0,0),(0,1), (1, 1)}, Py = {(0,0),(0,1),(1,0), (1, 1)}.
The pair (0,0) will be deleted from P, . during the (2, 3)-algorithm, since there is no a € {0,1}
such that (0,a) € Py, and (0,a) € P, ;.

Finally, we note that if 7 is an instance of the CSP with SDPOpt(Z) = 1 and we define
J using vectors with (x)=1, then a solution of J is necessarily a solution to Z. Showing that
“SDPOpt(Z) = 1”7 implies “Z has a solution” was suggested as a first step to prove the Guruswami-
Zhou conjecture. The above example explains that it is not straightforward to achieve this goal
using (2, 3)-strategies.

4 Proof

The main result, Theorem 2.4, is a consequence of the following theorem. The reduction, deran-
domization and omitted details are in the appendix.

Theorem 4.1. Let I' be a core constraint language over D containing at most binary relations.
If CSP(T") has bounded width, then there exists a randomized algorithm which given an instance T
of CSP(T) and an output of the canonical SDP relazation with value at least 1 — 1/n*™ (where n
is a natural number) produces an assignment with value at least 1 — K/n, where K is a constant
depending on |D|. The running time is polynomial in m (the number of constraints) and n™.

Proof. Let T = (V, D,C) be an instance of CSP(I") with m constraints and let x,, z € V, a € D be
vectors satisfying (SDP1), (SDP2), (SDP3) such that the sum (%) is at least 1 — 1/n%". Without
loss of generality we assume that n > |D].

Let us first briefly sketch the idea of the algorithm. The aim is to define an instance J in a
similar way as in the previous section (see Step 9), but instead of all pairs with nonzero weight we
only include pairs of weight greater than a threshold (chosen in Step 1). This guarantees that every
solution to J satisfies all the constraints of Z which do not have large weight on pairs outside the
constraint relation (the bad constraints are removed in Step 3). The instance J (more precisely,
its algebraic closure formed in Step 10) has a solution by Theorem 3.4 as soon as we ensure that



it is a weak Prague instance. Property (P1) is dealt with in a similar way as in [22]: We keep only
constraints with a gap — all pairs have either smaller weight than the threshold, or significantly
larger (Step 2). This also gives a property similar to the one in the motivating discussion in the
previous section: The vector y a4 (,,) is either significantly longer than x4 or these vectors are
almost the same. However, large amount of small differences can add up, so we need to continue
taming the instance. In Steps 4 and 5 we divide the unit sphere into layers and remove some
constraints so that almost the same vectors of the form x4, y 44 (s, never lie in different layers.
This already guarantees property (P2). For property (P3) we use “cutting by hyperplanes” idea
from [13]. We choose sufficiently many hyperplanes so that every pair x4, xp of different vectors
in the same layer is cut (the bad variables are removed in Step 7) and we do not allow almost the
same vectors to cross the hyperplane (Step 8).
The description of the algorithm follows.

1. Choose r € {1,2,...,n — 1} uniformly at random.
2. Remove from C all the unary constraints (z, R) such that |[x,||* € [n~%~%,n~%") for some
a € D and all the binary constraints ((x,y), R) such that x,y, € [n~4 =% n=%") for some

a,be D.
3. Remove from C all the unary constraints (z, R) such that ||x,||*> > n~*" for some a ¢ R and
all the binary constraints ((z,y), R) such that x,y, > n~%" for some (a,b) € R.

Let u; = 2|D|>n~*~* and us = n=*" — uy. For two real numbers 7,1 # 0 we denote by v + 1 the
greatest integer ¢ such that v — i) > 0 and this difference is denoted by v mod 1.

4. Choose s € [0, uz] uniformly at random.
5. Remove from C all the binary constraints ((z,y), R) such that | ||xa||> — |lys||*| < u1 and
(Ixall? = ) = uz # (lysl[2 = 5) = us for some A, B C D.

The remaining part of the algorithm uses the following definitions. For all x € V let P, =
{a € D : ||x4|*> > n~%}. For a vector w we put h(w) = (||w]|*> — s) + up and t(w) =

[W(logn)n% min{+/(h(w) + 2)ug, 1}—‘ . We say that wy and wy are almost the same if h(wy) =

h(ws) and ||wi — wal[* < us.

6. Choose unit vectors qi, qo, ..., d[r(logn)n2e] independently and uniformly at random.

7. We say that a variable x € V' is uncut if there exists A, B C P,, A # B such that h(x4) =
h(xp) and sgn x4q; = sgn xpq; for every 1 < i < #(x4) (in words, no hyperplane determined
by the first t(x4) = t(xp) vectors q; cuts the vectors x4, xp). Remove from C all the
constraints whose scope contains an uncut variable.

8. Remove from C all the binary constraints ((x,y), R) for which there exist A C P,, B C P,
such that x4, yp are almost the same and sgn x4q; # sgn ypq; for some 1 < i < t(x4).

9. Let S denote the set of pairs which are the scope of some binary constraint of Z. Let

J = (V.DA((z,y), P, : (x.y) € SUSTH}), P, = {(a,b) : xayp 2 n ™"}
10. Form the algebraic closure J' of the instance J: J' = (V, D, {((x,y),Pf;) :(2,y) € SUSTY):

P ={(f(a1,az,...), f(b1,bs,...)) : f € Pol(T), (ar,b1), (az,b2), - € P, }

11. Return a solution of J'.



Claim 4.1.1. Ezxpected fraction of constraints removed in steps 2, 3, 5, 7 and 8 is at most K/n
for some constant K.

Proof. Step 2. For each binary constraint there are |D|? choices for a,b € D and therefore at most
|D|? bad choices for 7. For a unary constraint the number of bad choices is at most |D|. Thus the
probability that a given constraint will be removed is at most |D|?/(n — 1) and it follows that the
expected fraction of removed constraints is at most |D|?/(n — 1).

Step 3. The contribution of every removed constraint to the sum (*) is at most 1 — n=4" <
1 —n~4%4_ If more than v-fraction of the constraints is removed than the sum is at most 1/m((1—
m +ym(l — =) = 1 — yn=4"+4 Since (x) > 1 — 1/n*", we have v < 1/n.

Step 5. For every constraint ((x,y), R) and every A, B C D such that | [|x4|* — ||lys||*| < u1,
x4l < |lysll, the inequality (||xa|l* —s) = us # (||lys||* — s) + ug is satisfied only if s € (I —
iug,l + uy — ius] for some integer i, where | = HXAH2 mod us. These bad choices for s cover
at most (uy/ug)-fraction of the interval [0,us]. As uj/us < Ki/n* (for a suitable constant K;
depending on |D|), the probability of a bad choice is at most K; /n*. There are 4/°! pairs of subsets
A, B C D, therefore the probability that the constraint is removed is less than K 141D /n* and so is
the expected fraction of removed constraints.

Before analyzing Steps 7 and 8 let us observe that, for any vector w such that 1 > ||w|| > n=%",

m(logn)n?" ||w|| < t(w) < 2n(logn)n®* 1 ||w|| + 1.

The first inequality follows from

2
VW) T Dz = (WP + 205 — ) + ) > \/u”w”““ > flwl

U2

and the second inequality follows from

2
w||® 4+ 2up — s
\/<h<w>+2>u2s\/u2(” L2029 < \iwl? + 202 < Wl + 211wl < 2w

Step 7. Consider two different subsets A, B of P, such that h(x4) = h(xp). Suppose that
A\ B # (), the other case is symmetric. Let 6 be the angle between x4 and xp. As x4 — xanp(=
XA\ B)s XB—XAnp and X 4np are pairwise orthogonal, the angle 6 is greater than or equal to the angle
04 between x4 and x4np. We have sinfy = HXA\BH/HXAH. Since A C P,, we get HXA\BH >
V=% =n7?" and then sin 64 = ||x4\5|| / l|xall > n72"/||xall, s0 6 > 04 > n=%"/ ||x4]|.

The probability that q; does not cut x4 and xp is thus at most 1 — n=2" /7 ||x4|| and the
probability that none of the vectors qu, ..., qx,) cut them is at most

n-2r N\ Hxa) 1 2 [|x 47108 1\logn
™ [|xall ™" [|x4l| 2 n

The first inequality uses the fact that t(x4) > (logn)n?"||x4|| observed above. In the second
inequality we have used that (1 —1/n)" < 1/2 whenever n > 2.

For a single variable there are at most 4/°! choices for A, B C P,, therefore the probability that
z is uncut is at most 4/P /n. The scope of every constraint contains at most 2 variables, hence
the probability that a constraint is removed is at most 2 - 4P| /n and the expected fraction of the
constraints removed in this step has the same upper bound.



Step 8. Assume that ((z,y), R) is a binary constraint and A C P,, B C P, are such that x4
and yp are almost the same. Let 8 be the angle between x4 and yp and 04 be the angle between
yp and yp — x4. By the law of sines we have |[x4|| /(sinf4) = ||ys — xal| /(sin#), and

0 <osing— B =Xall 5y o lym = xall o Vin
[Ixall [Ixall [Ixall

Therefore, the probability that vectors x4 and yp are cut by some of the vectors q;, 1 < i < ¢(x4)
is at most

[I¢all n

A/ U1 <

[eall

2D2 —4r—4 K
VADERTT o ey tognyn? < K2

t(xa) (27 (log n)n™ [|xal| +1)

Y

where K5 is a constant. There are at most 4Pl choices for A, B, so the probability that our
constraint will be removed is less than K»4!P! /n. O

We now proceed to show that J is a weak Prague instance. First we check condition (P1):

Claim 4.1.2. The instance J is 1-minimal and Pg =P,.

Proof. Let (z,y) € S and take an arbitrary constraint ((z,y), R) which remained in C.

First we prove that P, , C P, x P, for every a,b € D. Indeed, if (a,b) € Py, then x,y;, > n~*",
therefore Hxa||2 = XoXp = Xo¥p > 1Y, s0 a € P,. Similarly, b € p,.

On the other hand, if @ € P, then n™%" < ||x4||* = X,yp, thus there exist b € D such that
Xoyp > n ¥ /|D| > n~4~* (we have used n* > |D|). But then x,y, > n~*, otherwise the
constraint ((z,y), R) would be removed in Step 2. This implies that (a,b) € P,,. We have shown
that the projection of P,, to the first coordinate contains FP,. Similarly, the second projection
contains P, so P, is subdirect in P, x P,. ]

For verification of properties (P2) and (P3) the following observation will be useful.

Claim 4.1.3. Let (z,y) € SUS™, AC P,, B= A+ (2,y). If A= B+ (y,x), then the vectors
x4 and yp are almost the same. In the other case, i.e. if A G B+ (y,x), then h(yp) > h(x4).

Proof. The number ||y p — x4[* is equal to

YBYB — XAYB — XAYB +XAXA = XDYB — XAYB — XAYB + XAYD = Xp\AYB t XAYD\B-

No pair (a,b), with a € Aand b€ D\ B, is in ng so the dot product x,yp is smaller than n=*".

Then in fact x,y, < n~ 4"~ otherwise all the constraints with scope (x,%) would be removed in
Step 2. It follows that the second summand is always at most |D|?>n~4"~* and the first summand
has the same upper bound in the case B + (y,z) = A.

Moreover, |[yg|[* — [|xal|? is equal to

YBYB — XAXA = XDYB — XAYD = XDYB — XAYB — XAYD\B = XD\AYB — XAYD\B-

If B+(y,x) = A then we have a difference of two nonnegative numbers less than or equal |D|?n =474

therefore the absolute value of this expression is at most uj. But then h(x4) = h(yp), otherwise
all constraint with scope (z,y) or (y,x) would be removed in Step 5. Using the previous paragraph,
it follows that x4 and xp are almost the same.

If B+ (y,z) properly contains A then the first summand is greater than or equal to n~*", so
the whole expression is at least n=4" — |D[>n =44 > uy and thus h(yg) > h(xa). O
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Claim 4.1.4. J is a weak Prague instance.

Proof. (P2). Let A C P, and let p = (x1,...,2;) be a pattern in J from z to x (i.e. 1 =
r; = x). By the previous claim h(x4) = h((Xi) a4 (z1,...2:)) = M(Xic1) A1, mir) = 0 =
h((X2) At (z1,22)) = P(x4). It follows that all these inequalities must in fact be equalities and, by
applying the claim again, the vectors (X;)at(z;,2s,....z;) A4 (Xj+1) A4 (21,9,....0;4,) aT€ almost the
same and A + (z1,22,...,Tj41) + (Tj41,25) = A+ (x1,22,..., ;) for every 1 < j < i. Therefore
A+ p—p= A as required.

(P3). Let A C P,, let py = (x1,...,x;), p2 be two patterns from x to  such that A+p;+ps = A
and let B = A + p;. For contradiction assume A # B. The same argument as above proves that
the vectors (X;j) At (zy,ez,...x;) A0 (Xj41) A4 (21,29,....0;,,) are almost the same for every 1 < j < i,
and then h(x4) = h(xp). There exists ¢ < ¢(x4) such that sgn x4q; # sgn xpq;, otherwise z is
uncut and all constraints whose scope contains x would be removed in Step 7. But this leads to
contradiction, since sgn (X;) Ay (zy,....z;)qi = S0 (Xj+1) At (ay,...0;,1)Q for all 1 < j < i, otherwise
the constraints with scope (z;,2;41) would be removed in Step 8. O

Observe that every solution F' to [J is a solution to the torso of Z: For every remaining unary
constraint (z, R) we have P, C R (from Step 3) and for every remaining binary constraint ((z,y), R)
we have P,, C R. Since we have removed at most (K /n)-fraction of the constraints from C, the
mapping F' is an assignment for the original instance Z of value at least K/n. Also, the instance
J is nontrivial because, for each z € V, there exists at least one a € D with [|x,]|* > 1/n?* (recall
that we assume n > |D|).

The only problem is that the CSP over the constraint language of J (consisting of ng’s) does
not necessarily have bounded width. This is why we are forming the algebraic closure 7' in Step 10.
The new instance still has the property that Py’ = {f(a1,az,...) : f € Pol(T'),a1,as,--- € P,} C R
for every unary constraint (z, R), and Pg@; C R for every binary constraint ((z,y), R), since the
constraint relations are preserved by every polymorphism of I'. Moreover, every polymorphism of
I is a polymorphism of the constraint language A’ of J’, therefore CSP(A’) has bounded width
(see Theorem 2.7 for instance; technically, A’ does not need to be a core, but we can simply add
all the singleton unary relations). As the algebraic closure of a weak Prague instance is a weak
Prague instance, we can apply Theorem 3.4 to get a solution to J’. ]

5 Open Problems

The quantitative dependence of g on ¢ is not very far from the (UGC-) optimal bound for Horn-k-Sat.
Is it possible to get rid of the extra loglog(1/e)?

A straightforward derandomization using a result from [18] has g(¢) = O(loglog(1/e)/+/log(1/¢)).
How to improve it to match the randomized version?

It was observed by Andrei Krokhin that the quantitative dependence is, at least to a large
extend, also controlled by the polymorphisms of the constraint language. The problems 2-SAT,
Unique-Games (q) suggest that majority or, more generally, near-unanimity polymorphisms could
be responsible for polynomial behavior.

The simplest example of polymorphism which does not imply any known stronger property
for decision CSPs other than bounded width is the 2-semilattice operation f on a three element
domain D = {0,1,2} defined by f(0,0) = f(0,1) = f(1,0) =0, f(1,1) = f(1,2) = f(2,1) =1,
f(2,2) = f(2,0), £(0,2) = 2. This might be a source for possible hardness results.

Finally, we believe that the connection between SDP, LP and consistency notions deserves
further investigation.
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Appendix

Omitted details concerning Theorem 2.4

Reduction to core constraint languages with unary and binary relations
The reduction is given in the following proposition.

Proposition 5.1. Let I' be a constraint language on the domain D which contains relations of
mazimum arity | and such that CSP(I') has bounded width. Then there exists a core constraint
language T7 on D' containing only at most binary relations such that CSP(I") has bounded width
and such that the following holds: If CSP(I") admits a robust satisfiability algorithm which is
(1 —g(e),1 — e)-approximating (for every e), then CSP(I') admits a robust satisfiability algorithm
which is (1 — (14 1)g(e), 1 — €)-approzimating.

Proof. First we form the core of I': We take a unary polymorphism f € Pol(I") with minimal image
(with respect to inclusion) and put I'® = {R® = RN f(D)*%(R) . R € I'}, D° = f(D). Then I'°
is a core constraint language. It is known that CSP(I") has bounded width iff CSP(I'“) does (see
[24]), therefore CSP(I'°) has bounded width.

Next we define the constraint language I'. The domain is D' = (D¢)!. For every relation
R € T'¢ of arity k we add to I"” the unary relation R’ defined by

(al,...,al)eRl iff (a1,...,ak)€RC,
for every k <[ we add the binary relation

Ek = {((al, . ,al), (bl, .. .,bl)) Lap = bk},

and for every (ai,...,a;) € D' we add the singleton unary relation {(a,...,a;)}. The singletons
ensure that I is a core. That CSP(I”) has bounded width can be seen, for instance, from Theo-
rem 2.7: If ff, f§ are polymorphisms of I'® from this theorem, then the corresponding operations
f1, 4 acting coordinate-wise on D’ satisfy the same equations and it is straightforward to check
that f1, f5 are polymorphisms of I".

Now, let Z = (V, D,C) be an instance of CSP(I") with Opt(Z) = . We transform 7 to an
instance Z' of CSP(I"”) as follows. We keep the original variables and for every constraint C' =
((x1,...,2k), R) in C we introduce a new variable x¢- and add k + 1 constraints

((.Tc), R/)a ((xlvxc)) El)? ((.Tg,xc), EQ)? R ((xkvxc)’ Ek) (T)

If F:V — D is an assignment for Z of value 1 — ¢ then F'© = fF has at least the same value (as f
preserves the constraint relations), and the assignment F” for Z’ defined by

F'(z) = (Fx),?,...,7) forzxeV
Fl(z¢) = (F(x1),...,F(zx),7,...,7) for C = ((x1,...,7x), R)

(where ? stands for an arbitrary element of A) has value at least 1 — &, since all the binary
constraints in Z' are satisfied, and the constraint (z¢, R') is satisfied whenever F' satisfies C.

We run the robust algorithm for CSP(I”) to get an assignment G’ for Z' with value at least
1—g(e), and we define G(z), z € V to be the first coordinate of G’(z). Note that, for any constraint
C of Z, if G’ satisfies all the constraints (1) then G satisfies C. Therefore the value of G is at least
1—(+1)g(e). O
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Proof of Theorem 2.4 using Theorem 4.1

Let I" be a core constraint language with at most binary relations (which we can assume by Proposi-
tion 5.1) such that CSP(I") has bounded width. Let Z be an instance of CSP(I") with m constraints
and let 1 —e = Opt(Z).

We first check whether Z has a solution. This can be done in polynomial time since CSP(I")
has bounded width. If a solution exists we can find it in polynomial time (see the note after
Definition 2.1).

In the other case we know that e > 1/m. We run the SDP relaxation with precision § = 1/m
and obtain vectors with the sum (%) equal to v > SDPOpt(Z) — 1/m. Finally, we execute the
algorithm provided in Theorem 4.1 with the following choice of n.

log w . 1
n=|-————, wherew=min{ ——,m,.
4loglogw 1—wv

The assumption is satisfied, because v > 1 — 1/n%" is equivalent to n*” < 1/(1 —v) and

log w log w log w

n4n — 24n10gn S 244loglogw log 4loglogw < Qloglogw loglogw = w S 1 ! X
—v

The algorithm runs in time polynomial in m as n” < n** < w < m. To estimate the fraction of
satisfied constraints, observe that v > Opt(Z) —1/m=1—e—1/m >1—2¢,s0 1/(1 —v) > 1/2¢,
and also m > 1/e, therefore w > 1/2¢. The fraction of satisfied constraints is at least 1 — K /n and

Ezi logw 1) > K, log(1/2¢) > K, log(1/¢) ’
K = K \4loglogw loglog(1/2¢) loglog(1/e)

where K3, K4 are suitable constants. Therefore the fraction of satisfied constraints is at least

B loglog(1/e)
-0 ()

Derandomization

We start by describing the changes in Theorem 4.1. The statement remains the same except the
algorithm will be polynomial in m and gn?log”n

The random choices in Step 1 and Step 4 can be easily avoided: In Step 1 we can try all (n —1)
possible choices for r and in Step 4 we can try all choices for s from some sufficiently dense finite
set, for instance {0, ua/n?, 2us/n*,...}. The only difference is that bad choices for s could cover a
slightly bigger part of the interval than wu; /uy and we would get a slightly worse constant K.

For derandomization of Step 6 we first slightly change the constant in the definition of ¢(w),
say t(w) = [4(logn)...]. Next we use Theorem 1.3. from [18] from which it follows that we can
efficiently find a set @) of unit vectors such that

Q1 = (V|| D))t Fea0tet (/)

and such that, for any vectors v, w with angle 6 between them, the probability that a randomly
chosen vector from @ cuts v and w differs from 8 /7 by at most k. We choose k = 1/n?" = 1/22nlogn
therefore

|Q| S K5mK6 2n210g2n’

where we have used |V| = O(m) which is true whenever every variable is in the scope of some
constraint (we can clearly assume this without loss of generality).
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Now if we choose qi,d2, d[4(10g n)n2n] uniformly at random from @), the estimates derived in
Steps 8 and 9 remain almost unchanged: The probability that q; does not cut x4 and xp in Step 8
is at most 1 —n=2" /7 ||xal| + &£ <1 —n"2"/4||xa|| (for a sufficiently large n), and the probability
that vectors x4 and yp are cut by some q; in Step 9 is at most K} /n (for any K > Ks).

Of course we cannot try all possible {4(log n)n%w -tuples of vectors from () as there are too
many. However, we can apply the method of conditional expectations — we choose the vectors one
by one keeping an estimate of the expected number of constraints removed below K /n.

Finally, the proof of the deterministic version of Theorem 2.4 remains almost the same except
we need to ensure that 27° 18”7 jg polynomial in m. Therefore we need to choose a smaller value

SF

loglogw

for n, say

then the algorithm outputs an assignment satisfying at least (1 -0 (W))—ﬁaetion of the
og(l/e

constraints.
Algebraic closure of a weak Prague instance

Proposition 5.4 below justifies the last sentence in the proof of Theorem 4.1. But first we collect
some useful facts about Prague instances.
It will be convenient to replace (P2) with an alternative condition:

Lemma 5.2. Let Jbe a 1-minimal instance. Then (P2) is equivalent to the following condition.

(P2*) For every step (z,y), every A C P, and every pattern p from y to z, if A+ (x,y)+p=A4
then A+ (z,y,x) = A.

Proof. (P2*) = (P2). If p= (v = =1, 22, ...,2 = x) is a pattern from =z to = such that A+p = A,
then repeated application of (P2*) gives us

A+p—p = [A+(z1,22,...,26-1)] + (Th—1, Tk, Th—1) + (Th—1, T2, . - . , 1)
= A+ (21,22, ,2p-1) + (Tp—1,Tp—2, ..., 71)
= [A+ (21,22,...,28-2)] + (Tp—2, Th—1, Th—2) + (Th—2, Th—3, ..., T1)
= A+ (r1,22,...,Tk—2) + (Tp_2,Tk_3,...71)
= A.

(P2) = (P2*). By applying (P2) to the pattern (x,y) +p we get A+ (x,y)+p—p+ (y,z) = A.
From 1-minimality it follows that A+ (z,y) € A+ (z,y)+p—p, hence A+ (z,y,z) = (A+(z,y)) +
(y,z) € (A+ (z,y) +p—p) + (y,z) = A. The other inclusion follows again from 1-minimality. [J

The next lemma shows that when we start with an element and keep adding a pattern from z to
x, the process will stabilize.

Lemma 5.3. Let Jbe a weak Prague instance, x € V, a € P, and let p be a pattern from x to x.
Then there exists a natural number 1 such that the set [a], := {a} + Ip satisfies [a], + p = [a], and
a € [a]p.
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Proof. Because the domain is finite there exist positive integers [ and I’ such that {a} +Ip+1'p =
a+Up. As[a]p+p+ (' —1)p = [a], it follows from (P3) that [a], +p = [a],. By 1-minimality, a is
in {a} + Ip — lp which is equal to [a], by (P2). O

Proposition 5.4. Let J = (V,D,{Pyy : (z,y) € S}) be a weak Prague instance and let F be a set
of operations on D. Then J' = (V,D,{P,, : (v,y) € S}), where

P;y = {(f(al,ag, . ..),f(bl,bg, .. )) : f c .7:, (al,bl), (ag,bg), RN Px7y},

1s a weak Prague instance.

Proof. 1t is apparent that J' is 1-minimal with
P =P, :={f(a1,a9,...): f €F, ai,as, - € Py}.

In what follows, by A +' p we mean the addition computed in the instance J’ while A + p is
computed in J.
Before proving (P2*) and (P3) we make a simple observation.

Claim 5.4.1. If f € F is an operation of arity k, x € V, p is a pattern from x, and A1, ..., Ax C P,
B C PJ are such that f(Aq, As,..., Ar) C B, then f(A1 +p,As+p,...Ax+p) C B+ p.

Remark. By f(Ai,..., A;) we mean the set
f(AlaA27"'aAk):{f(ala"'aak‘):al GAl,CLQGAQ,..-,ak;GAk;}-

Proof. Tt is enough to prove the claim for a single step p = (x,y). The rest follows by induction. If
be f(A1+ (z,y),...,Ar + (x,y)) then there exist elements by € Ay + (z,y), ..., bk € Ar + (z,v)
so that f(b1,ba,...,b;) =b. As b; € A; + (z,y) there are elements a; € A; such that (a;, b;) € Py,
for all 1 <4 < k. But then (f(a1,a2,...,a), f(b1,b2,...,b)) is in P, and f(a1,az,...,a;) €
f(A1, Ag, ... Ag) C B, therefore b = f(by,ba,...,bx) € A+ (z,y). O

To prove (P2*) for J' let (z,y) be a step, A C Py, let p be a pattern from y to = such that
A+ (x,y) +' p = A, and let a be an arbitrary element of A +' (z,y,2). As A+ (z,y,7) =
(A+' (w,y)) +' (y,2), there exist b € A+ (z,y) such that (a,b) € P, . By definition of P, ,
we can find f € F (say, of arity k), elements ay,ag,...,ar in P, and by,...,b; in P, so that
(flar,a2,...,ax), f(bi,b2,...,by)) = (a,b) and (a;, b;) € Ppy forall 1 <i < k.

We consider the sets [bi]g, [b2]g, ..., [b2]y from Lemma 5.3 for the pattern ¢ = p + (z,y). We
take [ to be the maximum of the numbers for by,. .., by from this lemma, so [b;], = b; + lg. We get

ai € {bi} + (y,7) C [bilq + (y,7) = [bi]g + p+ (z,y) + (y,2) = [bilg + p,

where the first step follows from (a;, b;) € P, the inclusion and the first equality from Lemma 5.3,
and the second equality from (P2*) for the instance J (as ([bi]q +p) + (z,y) +p = [bi]q +p). Thus
a = f(ai,as,...,ax) is an element of

f([b1lg +p,[b2lg + 255 [bklg +p) = f({01} +lg +p,..., {bk} + g+ D)

and this set is contained in (A4' (z,y))+ lg+'p = A+ (x,y)+'l(p+ (x,y))+'p = A by Claim 5.4.1
applied with A; = {b;} and the pattern lq+ p. We have shown that every element a of A+’ (z,y, z)
lies in A. The other inclusion follows from 1-minimality.

To prove (P3) let x € V, A C P, and let p, ¢ be patterns such that A+'p+'q = A. We first show
that A C A+'p. Let a € P., take f € F, a1, az,...,a; € P, such that f(a1,...,ax) = a, and find [
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so that [a;]p+q = a;i +1(p+¢). From (P3) for J and Lemma 5.3 it follows that [a;]p+q + P = [@i]p+q-

By Claim 5.4.1, a € f([al]p+qv [aQ]IH-q? ) [ak]p+q) = f([ath—q + p, [02]p+q +Dy [ak]p+q + p) C
A+'l(p+q)+ p = A+'p. The same argument used for A+'p instead of A and the patterns q+p, q
instead of p+ q,p proves A+ p C A+ p+'q = A. ]

Proof of Theorem 3.4

Theorem 3.4 is a generalization of a result in [1] and can be proved in a similar way. We present
an alternative proof which will appear in [3].

Preliminaries

In this section we assume basic knowledge of universal algebra. Notions which are not defined here,
like algebra, subuniverse, product, subdirect product, congruence, factor algebra, simple algebra,
term, variety, etc. can be found in [7].

We use boldface letter for algebras, the same letter in the standard font denotes the universe of
the algebra. The fact that B is a subuniverse of an algebra A (or B is a subalgebra of A) will be
denoted be B < A (or B < A). A subuniverse B of A is proper if ) # B & A. If B is a subdirect
subuniverse of Ay X Ay X --- X Ay we write B <g Ag X Ay X --- X Ay. In this situation, the
projection kernels are denoted by mg, 71, .... By a subpower of A we mean a subuniverse (or a
subalgebra) of a power of A.

We say that an instance Z of the CSP is in a variety V if the domain of J is the universe
of some algebra D in V and all the constraint relations are subpowers of D. A core constraint
language cannot encode linear equations iff the variety generated by the algebra of polymorphisms
is in a congruence meet semi-distributive (SD(A)) variety (this follows from results in Chapter 9
of [16]). Therefore Theorem 3.4 is a consequence of the following result.

Theorem 5.5. Every nontrivial weak Prague instance in an SD(A) variety has a solution.

All instances considered in this section have the set of variables V', domain D, all constraints have
binary constraint relations which are subuniverses of an algebra D in a meet semi-distributive
variety. The set of scopes is denoted by S, we assume S = S™', SNS™! = (), and for every
(x,y) € S there is exactly one constraint with this scope, its constraint relation is denoted by P, ,
(with a superscript indicating the instance, when necessary). If the instance is 1-minimal then
every PY is a subuniverse of D and we denote the subalgebra of D with universe PY by PY (the
superscript is often omitted).

Absorption

One of the main tools for proving Theorem 5.5 is the absorption.

Definition 5.6. We say that B is an absorbing subuniverse of an algebra A, denoted by B <1 A, if
B < A and there ezists a term t of A such thatt(B,B,...,B,A,B,B,...,B) C B for any position
of A.

The next lemma is a straightforward consequence of the definitions.

Lemma 5.7. Let R <g A x B and let C be an (absorbing) subuniverse of A. Then
{de B:3ce C(cd) € R}

is an (absorbing) subuniverse of B. The absorption is realized by the same term.

18



The Absorption Theorem [2] concerns linked subdirect products of algebras from Taylor varieties.
We formulate it only in the special case of SD(A) varieties.

Definition 5.8. A subdirect subalgebra R of A x B is called linked, if mg V 71 = 1Rr.

Theorem 5.9 (Absorption Theorem). If A and B are algebras in an SD(A) variety, R <g A xB
1s linked and R # A X B, then A or B has a proper absorbing subuniverse.

We also require the following corollary.

Lemma 5.10. Let A and B be algebras in an SD(A) variety such that neither A nor B has a
proper absorbing subuniverse, let R <g A x B and let a be a mazximal congruence of A. Then

(casel) either (a,b),(a’,b) € R implies that (a,a’) € a for all a,a’ € A, or
(case2) for every a € A and b € B there exists a' € A such that (a,a’) € a and (d’,b) € R.

Proof. Consider the subdirect product R' = {(a/a,b) : (a,b) € R} <g A/a x B. The algebra
A/« has no absorbing subuniverse (since the preimage of an absorbing subuniverse of A/« is an
absorbing subuniverse of A) and is simple (as a is maximal). If (casel) is not satisfied then the
projection of mp V w1 to the coordinate A/« is not the equality congruence, therefore, since A/«
is simple, mp V m; = lgs, so R’ is linked. By the Absorption theorem, R’ = A/a x B which is a
restatement of (case2). O

Pointed terms

The second algebraic tool are pointed terms.

Definition 5.11. Let A be an algebra. A term t(xo,...,zn—1) of A points to a if there exist
ag,...,an_1 € A such that

t(bo,...,bn—1) = a whenever b; € A and |{i : a; # b;}| < 1.

The existence of pointed terms is proven in a sequence of lemmata.

Lemma 5.12. Let Ag,A;..., A, be algebras and let R S [[;, Ai. If R <[], A then some
A; contains a proper absorbing subalgebra.

Proof. Suppose, for a contradiction, that the lemma holds for n — 1 and fails for R < []7, A;.
The projection my(R) is an absorbing subuniverse of Ag, so mp(R) = Ag. Therefore there exists
a € Ag such that

0# R ={(b1,....bp-1)|(a,br,....01)} # [ [ As.
=1

But then, since R’ <[]}, A;, we get a proper absorbing subuniverse of one of the A;’s. O

Lemma 5.13. Let Ag, Aq,..., A, be simple algebras with no proper absorbing subuniverses lying
in an SD(A) variety. If R <, [ A; and m; V mj = 1r for every i # j, then R =[], A;.

Proof. First we prove that there exists j such that A, £ T # Or. Indeed, otherwise the SD(A)
congruence identity gives /\;,;(m; V 7;) = Or which is a contradiction.

The projection of my vV A, 20 Ti O the 0-th coordinate is not the equality congruence, and, since
Ay is simple, 7 V /\i;ﬁ0 m = 1R.
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Suppose, for a contradiction, that the lemma holds for n — 1 and fails for R <g [[ , A;. By
this assumption, the projection of R to the coordinates 1,2,...,n is equal to [ ; A; and R is a
subdirect product of Ag and []7_; A;. By the previous paragraph, R is linked and therefore, by the
Absorption Theorem, R is either equal to Ag x [[;; A;, or A contains a proper absorbing sub-
universe — which contradicts the assumption, or []?_; A; contains a proper absorbing subuniverse
— which contradicts Lemma 5.12. O

Lemma 5.14. Let A be a simple algebra in an SD(A) variety with no proper absorbing subuniverse.
Let n be an arbitrary positive integer, and let Z C A™ be such that:

Va;ébEZElz’,j(ai:aj/\bi;ébj)\/(ai;éaj/\bi:bj)

and
Va € Z Sga({ao,...,an—1}) = A.

Then every function from Z to A is a restriction of some n-ary term operation of A.

Proof. Let F < A4" be the free algebra on n-generators (the universe consists of the n-ary term
operations of A).

Choose a, b to be two arbitrary tuples from Z and let R be the projection of F to the coordinates
a,b. Since F is generated by projections, we have (a;,b;) € R for every i < n. By the second
condition on Z the algebra R is subdirect in A x A. The first condition provides i,j with, say,
a; = a; and b; # b; (the other case is similar). Thus the projection of my V7 (computed in R) to the
second coordinate is not the equality congruence, and, by simplicity of A, it is the full congruence.
That means that R is linked, so 7, V7, = 1p.

By the previous paragraph, the restriction of F to Z satisfies the assumptions of Lemma 5.13,
and therefore is the full relation. In other words, every function from Z to A extends to a term
operation of A. ]

Corollary 5.15. Let A be a simple algebra with no proper absorbing subuniverse in an SD(A)
variety. Then for every a € A there exists a term of A which points to a.

Proof. Let A ={ag,...,an—1} and b = (ag, ap,a1,a1,...,ap-1,an—1). Putting
Z={ce A |{i:c; #b}| <1}

we obtain a set satisfying the assumption of Lemma 5.14 and therefore the constant function

mapping Z to a extends to a term operation — the term points to a. O

Pointed decomposition

The proof of Theorem 5.5 will proceed by reducing a given weak Prague instance to a smaller
induced subinstances.

Definition 5.16. Let J be an instance. Then J' is an induced subinstance of J with potatoes
P.<D,zeV ifPag,y =P, ,N (P, x P?;)

In order to succeed with such a reduction we need to decompose the instance first.

Definition 5.17. A decomposition of a 1-minimal instance J consists of induced subinstances
JL T of J with potatoes Paff <Pu,zeV,k<I, and a subset X of V' such that

o ifv ¢ X then P¥ = P, for all k <1,
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o ifx e X then

— PEN P =0 for all k # K, and
— for any step (x,y) either P* 4 (x,y) = P?f for allk <1, or Pk + (x,y) = P, for allk <.

We say that the decomposition is pointed, if there exists a term t of D of arity m and indices
ki,...kmy such that

Vo< kVzeV t(Pk,. . Pk p, pr+  pkn)yc pl
The decomposition is proper if J' is a nontrivial instance and P} G P, for some x € V.
In the following two subsections we prove:

Theorem 5.18. FEvery nontrivial weak Prague instance J with |Py| > 1 for some © € V has a
proper pointed decomposition.

In the last subsection we show that J' is a weak Prague instance. These two facts imply Theo-
rem 5.5: A minimal induced subinstance Z of any weak Prague instance has |PZ| = 1, € V and
such an instance trivially has a solution (which sends z to the unique element of P7).

Pointed decomposition in absorption case

We prove Theorem 5.18 in the case that some algebra P, has a proper absorbing subuniverse A.

We define a preorder on the set of all pairs (C,y), 0 # C & P, by (C,y) C (D, 2) if there exists
a pattern p from y yo z such that C'+p = D. Among the equivalence classes of this preorder which
are greater than A we choose a maximal and denote it by M.

Let X denote the set of all y € V' for which there exists some C such that (C,y) € M. The set
C' is uniquely determined by y: If (C,y), (D,y) € M then by the fact that (C,y) and (D, y) are in
the same equivalence class of C we get C'+ p =D and D + ¢ = C for some patterns p and ¢ from
y to y, and, by (P3), C = D. We put P; to be the unique set with (P;,y) e M. Fory & X we
put Py]L = P,.

We show that the induced subinstance J' of J with potatoes Pyl7 y € V is a pointed decom-
position of 7.

By definition, Py1 = A + p for some pattern p from = to y. Lemma 5.7 applied step by step
shows that Pz} is an absorbing subuniverse of P, and the absorbing term is the same as for A and
P.. This term satisfies the condition in Definition 5.17 with k; = 1 for all 4.

Let y € X be arbitrary and let (y, z) be any step. If (P} + (y, 2), 2) € M then P, + (y,z) = P}
as required. On the other hand if (P} + (y,z),2) ¢ M then this pair is outside of the preorder,
therefore P} + (y,2) = P-.

Pointed decomposition in no absorption case

Now we prove Theorem 5.18 in the case that none of the algebras P,z € V has a proper absorbing
subuniverse.

Lemma 5.19. Let a be a mazimal congruence on some P,. Then for every step (x,y)
(casel) either (a/a+ (z,y)) N (b/a+ (z,y)) # O implies (a,b) € o for all a,b € Py,

(case2) or ajo+ (x,y) = Py for all a € P,.
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Proof. The lemma is a restatement of Lemma 5.10. 0

If P, and « are as in the previous lemma then
{a/a+ (z,y) :a € P}

is a partition of P, and the corresponding equivalence relation, denoted by o+ (z,y), is easily seen
to be a congruence of P,. Moreover in (casel) the function

{(a/a,b/(a + (:c,y))) : (a,b) € C}

provides an isomorphism between P,/o and Py /(a + (z,y)). Therefore, in this case, a + (x,y) is
a maximal congruence of P, and (o + (z,v)) + (y,2) = o

Lemma 5.20. Let o be a mazimal congruence on Py, a € Py, and let p be a pattern from x to y.
If a/ao+p & Py then for any o' € P, we have d'/a+p —p=d'/a.

Proof. The proof is by induction on the length of p. Let p = (x, 2) +p'. Then a/a+ (z,z) & P, and
(casel) of Lemma 5.19 (used for the step (x, z)) applies. Therefore a+(z, z) is a maximal congruence
on P,, both a/a+(x, z) and a'/a+(x, z) are its congruence classes and o’ /a+ (z,2)+(z,2) = d' /.
By inductive assumption (a’/a + (z,2)) +p' — p' = (d/ /o + (2, z)) and the lemma is proved. O

If P, and « are as in the previous lemma, a/a+p & Py, and ¢ is another pattern from z to y such
that a/a+q & P, then, by the previous lemma, (a/a+p) —p+q =a/a+qand (a/a+q)—q+p=
a/a+ p, and using (P3) we get a/a+p=a/a+q.

Now we are ready to define the decomposition. We assume that P, has at least two elements
and put a to be a maximal congruence on P,. We denote by PL, ... ,le the equivalence classes of
a and will decompose 7 into J7',...,J!. We include y into X if there is a pattern p from z to y
such that P! +p & P, and, in this case, we set P; = Pf + p (by the discussion after the lemma,
the definition is independent on the choice of p). If y ¢ X let P¥ = P,.

Let y be an arbitrary variable in X. By Lemma 5.20, PF N P?f/ = () for any k # k’. Choose
any step (y,z), and suppose that P;“ + (y,2) & P, for some k. Then, by Lemma 5.20 again,
P; + (y,z) & P, for all k and P; + (y,2) = PF as required. Therefore the induced subinstances
JY, ..., J" with potatoes Pf, x € V form a decomposition.

Clearly, for any k, Pf is a subuniverse of P, and therefore, by Lemma 5.7, P?f is a subuniverse
of Py. In order to find a pointed term for this decomposition consider P, /a. This algebra is simple,
has no proper absorbing subuniverses (since P, does not) and lies in an SD(A) variety. Therefore,
by Corollary 5.15, there exists a term t(z1, ..., 2,,) in P, /a pointing to Pl /a.

This term clearly satisfies the required condition for x and for y ¢ X. On the other hand if
y € X then Py /(a+p) is isomorphic to P,/ via an isomorphism sending P} to P, and therefore
t(z1,...,n) satisfies the condition for P, as well. This finishes the case when there is no absorption
in the Prague instance.

Reducing to the point

The following theorem finishes the proof of the main result.

Theorem 5.21. Let J be a weak Prague instance with a pointed decomposition J', ..., T with
potatoes PF, x € V, k < 1. Then J" is a weak Prague instance.
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We start with a definition of relativized addition of patterns. Throught the proof we need to
compute steps (patterns) in subinstances J!,..., J".

For A C P¥ we denote by A +* (x,y) the addition computed in J* (i.e. A+F (z,y) = (A+
(x,y)) N Pyk) The definition naturally extends to patterns. Sometimes, working in instance 7, we
need to cross-over from J* to J*¥. To do that we introduce A +%* (z,v) = (A + (z,y)) N P;/.
Theorem 5.21 is a consequence on the following lemmas:

Lemma 5.22. Let v € V, A C Pl and let p be a pattern from x to x. If A+'p = A then
A= (A+p)nPL

Using this lemma we prove Theorem 5.21.

Proof of Theorem 5.21. Tt follows from the definition of decomposition that J! (as well as J2, ...,
JY) is 1-minimal.

(P3). Let A C Pl let p,q be patterns from z to z such that A+'p+lqg= Aandlet B= A+!p.
Since the domain is finite, there is j such that A+ j(p+q) = A’ = A"+ j(p+ q) for some A’ C P,.
Putting B’ = A’ + p we obtain B’ + ¢+ (j — 1)(p + q) = A’ and, by (P3), A’ = B’. Then, by
Lemma 5.22,

A=(A+jlp+q)nPi=ANP =B NP/ >BNP=B.

Similarly B O A and finally A = B as required.

(P2). If A+'p = A, where A C P, and p is a pattern from z to z, then there is j and A’ C P,
such that A+ jp = A’ = A’ + jp and, by (P2), A’ — jp = A’. By Lemma 5.22, A = A’ N P} and
we have A —! jp C (A" — jp) N P} = A’ N P! = A. On the other hand, since A +! jp = A we get
ACA-'jp. Thus A= A ! jp as required. O

The remaining part of this section is devoted to the proof of Lemma 5.22. Let J,J%,...,J" as

well as z, A, p be as in the statement of the lemma.

Note that, as A+'p= A, we have A C A+p C A+2p C --- and therefore it suffices to prove
the claim for some pattern jp in place of p. Since the domain is finite, we can find j and A’ C P,
such that A" = A+ jp, A’ + jp = A’ and therefore, by (P2), A’ — jp = A’. By enlarging j further
we can guarantee that for any B C P, and any j' we have

e B+ j'p=A’if and only if B+ jp= A" and
e B—j'p=A"ifand only if B— jp= A"

We substitute p with jp and get A+p=A"= A'+p=A"—pand, for any j', B+j'p= A" (B—j'p =
A’) if and only if B+p = A’ (B — p = A’ respectively). We put A” to denote A’ N P} and since,
clearly, A C (A +p) N P} = A” we aim to prove the inverse containment.

Let t(x1,...,xy) be the term from the definition of pointed decomposition. By induction on
0 < o0 <m we prove the following lemma.

Lemma 5.23. There exist A1, ..., Am C A” such that

t(A", .. A" Apyq,.. ., Ap) C A

o

and A; +p = A’ for every i > o.
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Note that the lemma holds for 0 = 0 by putting 4; = A for all 4, and if it holds for o = m then
A" Ct(A”,...;A”) C A and Lemma 5.22 is proved.

The reminder of this section is devoted to the proof of Lemma 5.23. The proof requires two
technical claims.

Claim 5.23.1. For every B C A’ we have B+p= A" if and only if B—p=A’.

Proof. Let B C A’ and B +p = A’. Since the instance is finite, there exists j such that B’ :=
B —jp = B’ — jp, but then, by (P2), B+ jp = B’. Since J is 1-minimal, we have B — jp+jp 2 B,
hence B'=B'+2jpD> B+ jp=A". As BC A" we get B =B — jp C A’ — jp = A’ and therefore
B — jp = A’. By the properties of A’ and B stated above, we have B — p = A’ and one of the
implications of the claim holds. The proof of the inverse implication is analogical. O

Next we split the pattern p into parts. Let p = ¢ + (y,2) + r + (v,w) + s where ¢ is a maximal
initial fragment of p consisting of steps (y, z) such that P; +1(y,2) = Py1 + (y,2) and s a maximal
terminal fragment of p consisting of steps (y, z) such that P} — (y,z) = Pz} (note that some of the
patterns ¢,r,s may be empty). If such a decomposition is impossible then it is easy to see that
following the pattern p from A step by step we obtain A” contained in A and Lemma 5.22 is proven
without the help of Lemma 5.23 — this is a trivial case.

Throughout the proof we will be using variations of the pattern p evaluated in subinstance J!
except for the middle part which is evaluated in J*. That is for B C P} we will be evaluating

B+ g+ (y, 2) +F 1 81 (v,w) +1 s,
The following claim deals with such evaluations and their inverses.

Claim 5.23.2. We show that P} = P} +' q +Y% (y,2) +F r +%1 (v,w) +' 5 and P} = P} -1 s P!

(v,w) =* 1+ =1 (y,2) =1 q for any k.

Proof. Since J! is 1-minimal P! +'q = Pyl. If k=1 we get Py1 +5F (y, 2z) = PF from 1-minimality
of Jt. If k # 1 then, by the choice of the partition of p, we get Py1 +(y, 2) # P! and, by definition of
decomposition, P; + (y,2) = P,. Thus Py1 +Lk (y,2) = P*. Since J* is 1-minimal, using previous
facts, we get P! 41 q +5F (y,2) +F r = P

If kK =1 we get P} +%! (v,w) = P! from 1-minimality of J'. If k # 1 then, by the choice
of the partition of p, we get PL — (v,w) = P} + (w,v) # P! and, by definition of decomposition,
Pl+(w,v) = P,. Thus (P¥+(v,w))NP} # 0 and, by the definition of decomposition P¥ + (v, w) =
P, and further P* +%1 (v, w) = PL. For the pattern s we use, once again, 1-minimality of J'. All
these facts together imply that P} = P} +1 ¢ +YF (y, 2) 4% r 451 (v, w) +1 s.

The reasoning for the inverse pattern is an alphabetical variant of the proof above. O

Note that the second equality of Claim 5.23.2 implies that, for any B C P} we have
BC B+ q+" (y,2) +F r +7! (v,w) +1 s — p.

Proof of Lemma 5.23. Let 0 < o < m and Ayy1,...,An C A” satisfy Lemma 5.23 with a term ¢
and indices ki, ..., k,, such that

kor_ ko ”
tPY . P Py P Py C P Yy, o

The proof proceeds by evaluating certain propagation of sets A” and A; along the pattern p.
The set appearing on the j-th coordinate (j # o+ 1) of t(x1,...,x,,) will be propagated along p
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within J' except that middle part of the pattern will be propagated in J*. On the (o + 1)-th
coordinate we follow p with no restrictions.

Thus A} = A; +1 g +Y% (y,2) +8 ¢ 480 (vw) 41 s for j > 0o+ 1, for j < o+ 1 we have
A" = A" 41 g +YR5 (y, 2) +F5 R0 (v, w) +1 s (by Claim 5.23.2) and on the coordinate o + 1 we
put A, | = Aoy1 +p.

Let j be arbitrary. Since A; +p = A’ then, by Claim 5.23.1, A; — p = A’. By definition of
A%, using the remark after Claim 5.23.2, A} —2p 2 A; —p = A’. On the other hand A’ — 2p C
A'—2p=A". Thus A} —2p = A’ and, by the choice of p, A" and Claim 5.23.1, A; +p = A". This
proves a part of Lemma 5.23, it remains to prove that t(A”,... A" Al , ... A}) C A

We prove that t(A”,..., Al ) C A step by step. First we show that

t(A/,+1qa"'aAO+1+Q7"'7Am+1q)gA+1q'

Since every constraint relation is closed under t(z1,...,zm), we have t(A” + q,..., Am + q) C
A + g and since, by the choice of ¢, we have A; +' ¢ = A; + g and A” +1 ¢ = A” + q, we get
tA"+ g, . Apr1 + G, A+ q) € A+ g as required.

Let (s,u) be an arbitrary step from ...+ (y,z) +r + (v,w). Denote the sets obtained by the
initial part of our pattern p (excluding (s,u)) by Bi,..., By, (for i # o+ 1 the set B; is obtained
by following p in J' with middle part in J%, for B,,; we just follow p). By the construction
t(By,...,Bpy) C B (where B is obtained by following the same initial part in J') and we want to
extend this inclusion by the step (s, u).

Let Bl 1 = Bot1 + (s,u) and let B, = B; +'%i (s, u) in case of the first step, B, = B; +"i (s, u)
in the middle step and B! = B; +*! (s,u) in case of the last step, for i # o + 1. For any
b e t(B],...,B],) we find a;,b; such that ¢(b1,...,by) = b, a; € By, b; € B} and (a;,b;) € Ps,.
Now a = t(ai,...,am) € B (as t(Bi,...By) C B) and (a,b) = (t(a1,...,am), t(b1,...,bn)) € Psy
(as t is a polymorphism of P ,,), therefore t(by,...,by) € B + (s,u). But also t(by,...,by) € P}
since either all the arguments are in P}, or b; € P*i for i # o+ 1 and we can use the property
t(Pffl,...,PfO,Pu,Pf‘)”,...,Pl’fm) C Pl. Put together, b = t(b1,...,bn) € B+ (s,u), which
extends the inclusion to the next step.

The computations for the pattern s are analogical to those for ¢ and finally we get t(A”,... Al ) C
A +'p = A. This finishes the proof of the lemma. O
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