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Abstract

We develop a new notion called tester of a class M of functions f : A — C that maps the elements
a € Ain the domain A of the function to a finite number (the size of the tester) of elements by, ..., b;
in a smaller sub-domain B C A where the property f(a) # 0 is preserved for all f € M. Le., for all
feMandacAif f(a) #0 then f(b;) # 0 for some 3.

We use tools from elementary algebra and algebraic function fields to construct testers of almost
optimal size in deterministic polynomial time in the size of the tester. We then apply testers to
deterministically construct new set of objects with some combinatorial and algebraic properties that
can be used to derandomize some algorithms.

We show that those new constructions are almost optimal and for many of them meet the union
bound of the problem. Constructions include, d-restriction problems, perfect hash, universal sets,
cover-free families, separating hash functions, polynomial restriction problems, black box polynomial
identity testing for polynomials and circuits over small fields and hitting sets.

Keywords: Combinatorial objects, Derandomization, d-Restriction problems, Perfect hash, Universal
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1 Introduction

1.1 Testers

A tester of a class of multivariate polynomial M over n variables is a set L of maps from a complex
(algebraic) structure A™ to a simple one B™ that preserve the property f(a) # 0 for every f € M,
ie., forall f € M and a € Aif f(a) # 0 then f(¢(a)) # 0 for some ¢ € L. See a formal definition
in section [2| page In this paper we study testers when A, the domain of the functions in M, is a
field or a subspace of a field and B C A is a small subfield. We use tools from elementary algebra and
algebraic function fields to construct testers of almost optimal size |L| in polynomial time.

One application of tester is the following: Suppose we need to construct a small set of vectors .S C X"
for some alphabet 3 that satisfies some property P. We map ¥ into a field I and find a set of functions
M p where S C F" satisfies property P if and only if S is a hitting set for Mp, i.e., for every f € Mp
there is @ € S such that f(a) # 0. We then extend F to a larger field K (or F-algebra A). Find S’ ¢ K"
that is a hitting set for Mp (which supposed to be easier). Then use tester to change the hitting set
S’ C K" over K to a hitting set S C F" over F.

In this paper we consider two main classes of multivariate polynomials over finite fields I, with ¢
elements. The first class is P(Fy,n,d), the class of all multivariate polynomials with n variables and
total degree d. The second class is DML(F,, n,d), the class of all multivariate polynomials f with dn
variables x; j, i =1,...,d, j = 1,...,n where each monomial in f is of the form z1; 22, - - Za,,-

For the class P(Fg,n,d) we give the following testers that map elements from A =F, to B=TF,

Poly time | 2! time | Explicit | Lower Bound
t |gq size=0() | size=0() | size=0() size=)()
All [ ¢>d(t—1)+1 dt dt dt dt
IS. | ¢g>c(d+1)? qP.S. d3t d*t dt dt
All [ g>c(d+1)% ¢qP.S. d3t d*t d’t dt
IS. | g>c(d+1) d*t d3t d*t dt
All [ ¢>c(d+1) dt d3t d3t dt
IS. | ¢g>d+1 d>t d*t d3t dt
All [¢>d+1 d’t d*t d*t dt
All |g<d+1 o0

In the table I.S. stands for “infinite sequence of integers t” and P.S. stands for “perfect square”. The
second column in the above table gives bounds on ¢, the size of the field. The parameter c is any
constant greater than 1. Notice that when ¢ < d 4 1 no tester exists for P(Fq, n,d). The third column
gives the size of testers that can be constructed in polynomial time. The forth column gives the size
of the testers that can be constructed in time 2¢. This will be used for fields F,» where r = O(logt).



The fifth column gives the size of the testers that can be explicitly constructed but are not known to be
polynomial time constructed. The last column gives lower bounds. For example, the second row and
third column in the table says that, for any constant ¢ > 1, perfect square ¢ > ¢(d + 1) there is a tester
L for P(F,,n,d) of size O(d®t) for infinite sequence of integers .

We then study testers for P(F,,n,d) that map subspaces S C F r of size q" to F, for some T' > t. We
were able to give better bounds for the size of such testers that can be constructed in polynomial time.
For small ¢t those bounds match the size of the explicit constructions in the above table.

For the class DML(Fy, n,d) when g > d+1 the testers for P(FF,, n, d) are also testers for DML(Fy, n,d).
For ¢ < d we give the following testers that map elements from A =F to B =T,

q | Upper Bound | Lower Bound
size = size =

2 | 21660 . ¢ 27 . ¢

3 21.12d ot 20.58d -t

4 20.87d -t 20.41d -t

5 | 9072d 90324 4

7 90.55d 4 20.22d 4

g | 200cga/q)d ¢ | o0(1/a)d ¢

The upper bound and lower bounds are bounds on the size of the testers. The time complexity of
constructing the above testers is within poly(t) of their upper bound size.

1.2 d-Restriction Problems

We apply testers to the following problems

d-Restriction Problems: A d-restriction problem [53] 0] is a problem of the following form: Given an
alphabet ¥ of size |X| = ¢, a length n and a class M of nonzero functions f; : P {0,1},i=1,2,...,t.
Find a set A C X" of small size such that: For any 1 < i1 < 9 < --- < ig < n and f € M there is
a € A such that f(ai,,...,a;,) #0.

The d-restriction problems considered in this paper are perfect hash, universal sets, cover-free families
and separating hash functions. Using tester we achieve an asymptotically optimal construction for those
problems.

Perfect Hash: For d < g we say that the set H of function h : [n] = F, is a (n, q, d)-perfect hashing [5]
(or (n,d, q)-splitter [53]) if for all subsets S C [n] of size |S| = d there is a hash function h € H such that
h|s is injective (one-to-one) on S, i.e., |h|s(S)| = d. Obviously, perfect hash is a d-restriction problem
with the alphabet 3 = F; where we regard each element in A C Fy as a function.



In [53] 5] it was shown that there is an (n,d?,d)-perfect hashing of size O(d*logdlogn) that can be
constructed in poly(n,d) time. Wang and Xing [81] used algebraic function fields and gave an explicitﬂ
(n,d*, d)-perfect hashing of size O((d?/logd)logn) for infinite sequence of integers n. For any ¢ the
only known polynomial time construction is of size O(d?logdlogn), [53, 5]. Blackburn and Wild [23]
gave an explicit optimal construction when ¢ is very large compared to d and logn. In this paper we
use testers to give a polynomial time construction that is almost optimal for any ¢ and n as described
in the following Table

poly time Union Lower
n |q Size = Bound Bound
5 4250 g b | o
all | ¢ > §d* dsn dise 1y
LS. | g2 5" '5ed | degmjtaien | loss
all | ¢ 2 5d’ rigi | degmg/tia | Tox
LS. | g> 44 1| gofen dlogn s
all | q> 1) 11| adpen dlogn s

In the table, [.S. means “for infinite sequence of integers n” and ¢ > 1 is any constant. The union bound
is a non-constructive bound that can be achieved using probabilistic method by randomly uniformly
choosing hash functions [7].

Our results improve all the results in the literature and give the first polynomial time O(logn/log q)
size construction for a fixed d and any n and gq.

Universal sets: Another d-restriction problem is the problem of (n, d)-universal set over an alphabet of
size q. This problem is d-restriction problem where M contains all the nonzero functions f : ¥¢ — {0, 1}.
That is, A C Fy is (n, k)-universal set if for every 1 <4y <iz <--- <ig <n and ay,...,aq € Fy there
is @ € A such that a;;, = a1,ai, = a,...,a;, = aqg.

The lower bound (g% logn/log q) for the size of (n,d)-universal set over F, can be derived from [44].
The union bound gives the upper bound O(dg®logn). The best known polynomial tim construction
for this problem gives a universal set of size d?U0gd/1080)¢d 60 for ¢ < d and O(d°(log d)? ¢*logn),
for ¢ > d [53, 2]. For ¢ < d the size of the construction in [53], d0°ed/102d)ydlogn, is better than
the size we get here. For ¢ > d we give a polynomial time construction of (n,d)-universal set of
size O(d*(q%/logq)logn). When ¢ = Q(d?) and perfect square, for infinite number of integers n,

'In this paper, when we say “explicit construction” we mean a construction that uses elementary algebra and algebraic
function fields in which each step of the construction is indicated. But it is not clear if the construction is polynomial time
construction.

2In this paper, when we say polynomial time we mean poly(n) - s where s is the size of the construction.



we give a polynomial time construction of size O(d?(¢?/log q) logn) and an explicit construction of size
O(d(g%/1og q)logn). Although those results slightly improve the existing results from the literature, the
latter bound is a surprising result since it exceeds the union bound O(dq?logn) achieved by probabilistic
method. This shows that our new technique may lead to new combinatorial bounds that exceed the
union bounds.

The following Table summarizes the results

Poly Time Explicite

n |q Size= Size=
IS. | ¢>c(d+1)2 qPS. d%ﬂgz dﬂﬁg

all | ¢>c(d+1)2 qP.S. dQQd% d2qd%
LS. [ > eld + 1) P Py

all | ¢>c(d+1) d%ﬂ% d3qd%
IS. |g>d+1 d4qdi‘3§3 dquﬁiz

all | ¢>d+1 d4q? llgi n dq? iﬁi n

all | ¢g<d+1 d7qFea s ) og 1 | @PglFea/ P Jog 1y
all | ¢g=2 d72%56d15g d°225515g 1

In the table ¢ > 1 is any constant, I.S. means “for infinite sequence of integers n”, P.S. means “perfect
square” and ¢, is the constant from Theorem

Cover-Free Families (CFF): Let X be a set with N elements and B be a set of subsets (blocks) of
X. We say that (X, B) is (w, r)-cover-free family ((w,r)-CFF), [43], if for any w blocks By,..., By, € B
and any other r blocks Ay,..., A, € B, we have

Bz A4
i=1 j=1

The goal is to find (w,r)-CFF with small N. Let N((w,r),n) denotes the minimum number of points
in any (w,r)-CFF having n blocks. When w = 1, the problem is called group testing. It is easy to see
that CFF is d-restriction problem.

The problem (w, r)-cover-free family is equivalent to the following problem: An (w,r)-cover-free family
is a set F C {0,1}" such that for every 1 <i; <ig < -+ <ig <n where d = w+r and every J C [d] of
size |J| = w there is a € F such that a;, =0 for all k ¢ J and a;;, = 1 for all j € J. Then N((w,7),n)
is the minimum size of such F.

There are several lower bounds for N((w,r),n). We give the one in [7§]

log n> .

()
w,r),n) > N ®
M())><m®

7



It follows from [79], that for infinite sequence of integers n, a (w,r)-cover free family of size M =
O ((wr)log*”log n) can be constructed in polynomial time. In [48], Liu and Shen show that for fixed
d (and therefore fixed w,r) there is an explicit construction of size O(logn) for infinite sequence of
integers n. This also follows, for all n and fixed d, from the (n,d)-universal set constructed in [52].

In this paper we show: for any constant ¢ > 1, the following (w, r)-CFF can be constructed in polynomial
time

Poly time Union Lower
n w Size= Bound Bound
w2 w1
LS | O(1) qug logn r*llogn ’{qu logn
all | O(1) q:gr logn r**llogn ’l’;ﬂ; logn
2 W wF2 w1 w41
I.S. 0(7’) % logn (’LUCE)TUQ logn W logn
3 W wF3 w1 w1
all | o(r) % logn (UJ’;)TI/Q logn | mrf@eiogy logn

To the best of our knowledge, this is the first asymptotically optimal (within poly(r)) construction for
any d, w = O(1) and n. For w = o(r) our construction is within 7°(*) of the lower bound.

Separating Hash Family: Let X and X be sets of size n and ¢, respectively. We call a set F of
functions f : X — ¥ an (M;n,q,{d1,ds,...,d,}) separating hash family (SHF), [75] [76], if |F| = M
and for all pairwise disjoint subsets Cy,Cq,...,C, C X with |C;| = d; for i = 1,2,...,r, there is at
least one function f € F such that f(C}), f(C2),..., f(C,) are pairwise disjoint subsets. The minimal
M is denoted by M (n,q,{di,da,...,d,}). It is easy to see that this problem is d-restriction problem.

In [22], Bazrafshan and Trund proved that for D; = d; +da + -+ + d,

logn
M di,do,....d.})=Q (D .
(n7Qa{ 1, 42, ’ }) < 110gq>

In [79], Stinson et. al. proved that an (M;n,q,{d1,d2}) separating hash families of size
M = O((dyd3)"°® ™ logn)

can be constructed in polynomial time for infinite sequence of integers n and ¢ > dido. The same proof
gives a polynomial time construction for any separating hash family of size

M = O(D;Og* "logn)

where

Dy = Z d;, dy,

1<i1 <o <r



when q > D».

In [48], Liu and Shen provide an explicit construction of (M;n,q, {d1,ds}) separating hash family
using algebraic curves over finite fields. They show that for infinite sequence of integers n there is an
explicit (M;n,q,{d1,ds}) separating hash families of size O(logn) for fixed d; and dy. This also follows
from [52], an (n, d; +dz)-universal set over {0, 1} is a separating hash family of size O(log n) for fixed dy
and dy. In this paper we give a polynomial time construction of an (M;n,q,{d1,d2}) separating hash
family of size M = ((d1d2)*logn/log q) for any q > d1da(1 + o(1)) and any n.

We show, for constant ¢ > 1 and ¢ > Dy, the following (M;n, q,{d1,ds,...,d,}) separating hash families
can be constructed in polynomial time

poly time Union Lower
n 149 Size = Bound Bound [17]
LS. | ¢>cD3 DQ% Dl% Dlllz%
(o= o0 | Dfft | o]
IS [ws D | Dttt D | D
all [qzcDy | Dingi | Dimgirpy | Driogy
IS. | ¢>Dy+1| D}l Dilogn D, Joen
(4= Dot | DIEE | Do | Dils

We now turn to another application of tester.

1.3 Black Box PIT

The second application of tester is getting asymptotically optimal black box PIT sets for classes of mul-
tivariate polynomials over finite fields with substitutions from an extension field of optimal dimension.

The black box Polynomial Identity Testing (PIT) problem is the following: Given an arithmetic circuit
C that either identical to the zero function or from a class of circuits C over a field F, with input variables
x1,%2,...,%, and given a substitution oracle that for an input @ € F” returns f(a). Determine whether
C computes the identically zero polynomial. We say that S C F” is a black box PIT set for C if for
every f € C there is a € S such that f(a) # 0.

When the field is finite [, many simple classes of circuits, such as circuits that compute monomials,
require black box PIT sets of exponential size. Therefore, many papers in the literature allow the
substitution oracle to receive assignment a from some extension field Fy: of F,. We say that S C F/, is
a black box PIT set over Fy for C if for every f € C there is a € S such that f(a) # 0. Our goal will be
to minimize the size of the black box PIT set |S| and minimize the dimension of the extension field ¢.

For this problem we use tester in the following way. First we construct an optimal black box PIT set



S for the class over a large field F,r. We then use a tester to map the assignments in S to assignments
in a smaller field [

Asymptotically Optimal Black Box PIT Sets for Polynomials: We study the following classes
of multivariate polynomials: P(Fg,n) is the class of all multivariate polynomials in Fy[z1,...,z,] of
variable degree (maximal degree of the variables) at most ¢ — 1, P(F4,n,(d,r)) is the class of all
multivariate polynomials in P(Fg,n) of degree at most d and variable degree at most r < ¢ — 1,
P(Fy,n,d) =P(Fy,n,(d,qg—1)), P(Fy,n,s) is the class of all multivariate polynomials in P(F,, n) with
at most s monomials. Polynomials in the latter class are called in the literature “sparse multivariate
polynomials”. P(Fy,n, (d,r),s) is the class of all multivariate polynomials in P(IF4, n) of degree at most
d, variable degree at most » and with at most s monomials.

To the best of our knowledge all the algorithms in the literature that construct black box PIT sets
for the above classes are either randomized, deterministic for some fixed extension field Fy: or obtains
non-optimal results in both the extension field dimension and the size of the black box PIT set [34] 24
80, B39, 45, @]. In this paper we give polynomial time constructions of black box PIT sets of size that
are within poly(n) of the optimal size, Also, the dimensions of the extension fields are optimal.

The following table summarizes some of our main results. See other results in Section

Class Extension Lower Upper Explicit Poly Time
Field [F Bound Bound Construction | Construction
P(F,,n) t > log,n + 2 - {oglan))-a" ng” ng”
P(Fyn,7) £ > log,n 1 2 G2yl Qogrm) ) 1" G CGE2Yi
P(Fg,n,(d,r)) | t>log,(d+1) [ Hmdr) {ogd) H(nd.r) dn? dn’1?
P(Fq,n,s) t >log,n +2 s (10%‘”)” s r q57:6-s n7q29(1tog2 q)-s
P(Fy,n,r,s) t > log,n +2 nloligil) .2 (lognl())éoqg(rJrl) 2 n6r"ll(;)gg((lr+l) .2 n7r5q24§10g2 r)s
P(Eyn. (dr).s) [ t>log (d+1) | Ggr.s | fegiioen.s | s | G

Notice that our polynomial time constructions (column 6 in the above table) are optimal in the largest
parameters (¢", (r+1)", n? and s in the last three rows of the table). For sparse polynomials P(F,,n, ),
P(Fy,n,r,s) and P(Fy,n,(d,r),s), all the results in the literature give black box PIT sets of size that
are at least quadratic in the size s. Also, the tight tradeoff with the field dimension (-/¢) in each row of
the table was not known before. The bound on the dimension of the field extension in the second column
is log,(degree) + 1 and is known to be the best possible dimension (even for randomized algorithms)
if one uses Schwartz-Zippel Lemma. Therefore, our constructions are tight in the dimension of the
field extension. For the class P(Fy,n, (d,r),s) (the last row of the table), the best known result in the
literature [45, O] used field extension of dimension that depends on the number of the variables n. Our
result uses field extension of dimension log,(d + 1) that is independent of the number of variables. Also
notice, that when ¢ > d+ 1 no extension field is needed. This will be further studied in [12] to give new
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Pseudorandom generators over small fields.

In this paper we also develop a new bound that beats the upper bound of Schwartz-Zippel Lemma (See
Lemma . This new bound gives a randomized algorithm for polynomial size black box PIT set even
over field extension of dimension 2 (See the Table in Lemma [73). Our new bound also significantly
improves the upper bounds when the size of the sparse multivariate polynomial is small.

Reduction of Black Box PIT Sets over Large Field to Sets over Small Field: We give several
polynomial time reductions of black box PIT sets over large fields to black box PIT sets over small fields.
For example, consider a subclass C C P(F,,n,d) and t such that ¢' > d+ 1. We give a polynomial time
algorithm that takes a black box PIT set S of size w for C over an extended field F,r and constructs a
black box PIT set for C over F,: of size O(d® - wT'/t).

In particular, we apply this result to the results in [70} (73] [74] [6] and get black box PIT sets over smaller
fields as indicated in the following table

Circuit Field Size of New Field New Size Ref.

Class size > PIT set size > of PIT set
SIX(k,d,n) | dnk® poly(n) - d d+1 poly(n) - d*+° | [70]
>, P,ROF kn® | (kn)OU+ogn) kn + 1 (kn)O(r+logn) [ 73]
ML SIS (k) | n2 nOG?) n+1 nOG?) [74]
R, ML n? k™ +0(klog n) n+1 k7™ +0(klogn) [6]

The classes in the table are: XII¥(k,d,n) is the class of depth-3 circuits with n variables, degree d
and top fanin k. PrROF is the class of read once formulas (ROF, each variable appears at most once
in the formula) with n variables in which we are allowed to replace each variable z; with a univariate
polynomial T;(z;) of degree at most k. X,PLROF is the sum of r PyROF formulas. Multilinear (ML)
YII¥TI(k) is the class of depth 4 circuits with n variables in which the fan-in of the top ¥ gate is a
constant k£ and each multiplication gate computes a multilinear polynomial. Ry ML is the class of
multilinear formulas with n variables where each variable appears at most & times in the formula.

The table shows the reduction to a smaller field. For example, in the first row in the table, in [70],
Saxena and Seshadhri gave a black box PIT set for XIIX(k,d,n) over fields of size at least dnk?. We
apply our reduction to give a black box PIT set for XIIX(k, d, n) over fields of size at least d+ 1. Notice
that our field size is independent of n and when the field F, satisfies ¢ > d + 1, no extension field is
needed.

1.4 Polynomial Restriction Problems

We now give another application of tester. Our new problem is called polynomial restriction problem
and is a generalization of the d-restriction problem. In the d-restriction problems all the functions

11



that determine the restrictions on the combinatorial structure depend on the same d variables. In the
polynomial restriction problem the functions that determine the restrictions may depend on all the vari-
ables but are multivariate polynomials with some bounded parameters (such as degree, variable degree
and size). Obviously, d-restriction problems are also polynomial restriction problems with polynomials
of degree d. We show that also for those problems several polynomial time constructions are almost
optimal. We now give a formal definition

Restriction Problem: A restriction problem is a problem of the following form: Given an alphabet
Y. of size |X| = ¢, an integer n and a class M of nonzero functions f : ¥ — {0,1}. Find a small set
A C X" such that: For every f € M there is a € A such that f(a) # 0.

We will study restriction problems when M is a class of multivariate polynomials over F,.

(s,d)-Sparse (d,r)-Degree Polynomial Restriction Problem: Let P(Fy,n, ((d,r),s)) be the class
of all multivariate polynomials in Fy[z1,...,z,] of degree d and variable degree at most  with at most s
monomials of degree d and any number of monomials of degree less than d. We denote P (Fy,n, ((d, q —

1), 5)) by P(Fg,n, (d; s)).

The (s, d)-sparse (d,r)-degree polynomial problem over F, problem is the following: Given the class
P(Fq,n,((d,7),s)). Find a small set S C Fy such that for every f € P(Fy,n,((d,r),s)) there is a € S
such that f(a) # 0. This problem can be regarded as black box PIT over Fy, hitting set problem or
polynomial restriction problem. We will call S a hitting set for P(Fy,n, ((d,r),s)). We note that this
class is not studied in the literature. Also notice that if f(x) € P(Fy,n,(d,r),s) then for any vector of
constants o € Fy we have f(z + a) € P(Fy,n,((d,7),s)). The class P(Fy,n,((d,),s)) is much larger
than P(Fy,n, (d,r),s) since we allow any number of monomials of degree less than d in f and therefore
the union bound does not give good bounds for this class. We develop new techniques that find lower
and upper bounds for the size of a hitting set for this class and apply tester to construct almost optimal
size hitting set.

The following table summarizes the results for the size of the hitting sets for M = P(Fy, n, ((d,r), s))
when r < p — 1 where p is the characteristic of the field.

Lower Upper Explicit Poly Time
Fy,d Bound Bound Construction Construction
q=72 2¢slogn 22dslogn 22:66d5]0g n 22:66dg 1002
g=2'<d Wfllﬂ,sll‘;iz d(2mg1)%slogn | 20+cddglogn | 20+ca)dslogn
qg<d Wg,rsllgiz d(2m,1)%slogn | 20Fe)ddlslogn | 2(H+¢)ddlslog® n
g<d=0(1) slogn slogn slogn slogn
T ! 6.1 24 37 2
g>d+1 dsllgig d sllogo(gq’;d) d (191222 q“*d f~log n
ogn ogn ogn ogn
¢2d+1=0() | s1 S Togla/d] iy $Togq
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In the table, the constant m,, satisfies

1 q 1 1 1 Ing 10g2q
L —— <mgp o= <gVe V=14 L 0= <2
q—1 q—r qg—1

and the constant c, satisfies

2 log(q® +1)  log(g+1) log g
= e 0) )< 1.66.
=0

In the table all the bounds are tight in the parameter s, the number of monomials of degree d. The
explicit constructions (see footnote in page @ are also tight in logn where in the polynomial time con-
structions we get (logn)2. This is because our algorithm requires an element of the field of multiplicative
order n?@. When d = O(1) (rows 4 and 6 in the table) n? is polynomial and finding such element can
be done in polynomial time.

1.5 Organization of this Paper

This paper is organized as follows. In Section[2]we study testers. In Subsection [2.I] we give the definition
of tester and the classes of polynomials that will be studied here. In Subsection we use elementary
algebra to give some basic properties of testers. In Subsection [2.3 we use algebraic function fields to get
the first non-trivial tester that reduces IFy: to IF, for polynomials of degree d < g — 1. In Subsection
we give testers that reduce some subspace S C Fy to F,. Those testers will have small size. In
Subsection we study testers that reduce Fy: to Fy for a subclass of polynomials of degree d with
no restriction on d. In Subsection [2.6] we define symmetric and reducible testers. Those will be used
to construct testers in polynomial time. In Subsection we give lower bounds for the size of testers.
Those bounds will show that our testers are almost asymptotically optimal.

In Section [3] we show that there is a polynomial time algorithm that constructs almost optimal testers
that reduce F: to IF;. The way we prove that is as follows. In Subsection we show how to reduce the
dimension of the field ¢ to O(loglogt), and then in Subsection we show how to exhaustively search for
a symmetric tester for the smaller field in polynomial time. In Appendix B we discuss another possible
approach for building testers of smaller size. In Subsection [3.5 we give a polynomial time construction
for testers from a subspace S C Fy: to F;. Those have size smaller than the above testers and can be
used to get better constructions for some problems. In Subsection [3.6| we show how to construct a tester
for a subclass of polynomial of degree d with no restriction on d. Then in Subsection we show how
to construct a tester from Fy: to F 4 for any ¢’ < t.

In Section (4] we show how to apply tester to d-restriction problems. We study perfect hash in Sub-
section universal sets in Subsection cover-free families in Subsection and seperating hash
family in Subsection 4.4
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In Section [5] we show how to apply tester to black box PIT. In Subsections we define the
polynomial classes we study and summarize the main results of this section. In Subsection [5.3| we give
some preliminary results. In Subsection [5.4] we show how to reduce a black box PIT set over a large field
to a black box PIT set over a smaller field. In Subsection [5.5| we prove new lower and upper bounds for
the size of black box PIT sets for several polynomial classes. Then in Subsections [5.6Hb.9| we give the
polynomial time constructions for the classes. In Subsection we consider other black box PIT sets
of classes of circuits known from the literature and apply the reduction to them.

In Section [6] we show how to apply tester to polynomial restriction problems. In Subsection we give
a lower bound for this problem and in Subsection [6.2| we give a nonconstructive upper bound. Then in
Subsection [6.3| we give the polynomial time construction. We then finish the paper in Section [7| where
we discuss the results and future work.

2 Testers

In this section we define testers and construct explicit testers that will be used in the sequel.

2.1 Definition of Tester

Definition 1. Let F be a field and A and B be two commutative F-algebras. Let M C Flzy, 2, ..., zy]
be a class of multivariate polynomials. Let S C A and R C B be sub-linear spaces over F and L =
{1,...,8,} be a set of maps S™ — R"™. We denote by fL the map S™ — BY where for a € S",
(fL)(a) = (f(£1(a)),...,f(L,(a))). We say that L is an (M, S, R)-tester if for every a € S™ and
f € M we have (Here 0 = 0¥ is the zero vector of length v)

(fL)(a) =0 = f(a) =0.

The integer v = |L| is called the size of the tester. The minimal size of an (M, S, R)-tester is denoted
by v (M, S). If no L exists then we write v3 (M, S) = co. When S and R are known from the context
we then just say tester for M.

We will also allow L = {¢1,...,¢,} to be a set of maps S — R. In that case ¢; : S™ — R™ is defined

as £;i(a) = (4i(a1),...,4i(ay)) where a = (a1,...,a,) € S™. In such case we call the tester symmetric
tester.
We say that the tester is componentwise tester if £;(a) = (4;1(a1),...,4;n(an)) for some 4;; : S — R.

All the testers that will be considered in this paper are componentwise testers. A componentwise tester
is called reducible if ¢; j(14) = 15 where 14 and 15 are the identities of the algebras A and B respectively.

Let y = (yq,..-,Yyq) and y; = (Yi1,---,Yin) be indeterminates over F for ¢ = 1,...,d. A multilinear
polynomial in F[y] is called (n,d)-multilinear polynomial if each monomial of f contains exactly one
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variable from each y;, i = 1,...,d. Let DML(F,n,d) be the class of all (n, d)-multilinear polynomials
in Fly]. Notice that DML(F,n,2) is the class of all bilinear forms y? Ay, where A € F™*". We
denote vg(d,S) = vR(DML(F,n,d),S). Let P(F,n,d) be the class of all multivariate polynomials in
Flxy,- -+, x,] of degree d and HP(IF,n,d) be the class of all homogeneous polynomials of degree d. We
denote vk (d, S) = v%(P(F,n,d),S) and vE7(d, S) = v%(HP(F,n,d),S). Then

vr(d,S) <vEP(d,S) < vk (d,S). (1)
Note that we omit the parameter n in the definition of v. We can do that since the bounds we find in

this paper are independent of n. When F is not clear from the context then we write: vr((d,F),S5),
vE((d,F),S) and vEP((d,F), S).

In the following subsections we will study bounds for vg,, Vf;q and Vﬁp where F, is the finite field with
q elements.

2.2 Preliminary Results for Testers

In this subsection we prove some elementary results on testers.

The following three Lemmas immediately follows from the definition of tester

Lemma 2. Let A and B be commutative F-algebras and C C S C A and R C B be subspaces over F. Let
M CFlxy,...,zp]. If L is a (M, S, R)-tester then L is a (M, C, R)-tester. In particular, vj(M,C) <
vp(M,S).

Lemma 3. Let A and B be commutative F-algebras and S C A and R C B be subspaces over F.
Let M C N C Flz1,...,2zp). If L is a (N, S, R)-tester then L is a (M, S, R)-tester. In particular,
vp(M, S) < vg(WN,S).

Lemma 4. Let A, B,C be commutative F-algebras and M C Flzy,...,2z,]. Let S C A, So C B
and S3 C C be subspaces over F. If Ly is a (M,Sy,Se)-tester and Lo is a (M, Sa, S3)-tester then
Loo Ly ={ly(€1) | €1 € L1,£2 € Lo} is (M, Sy, S3)-tester. In particular,

1/213(./\/1, Sl) < Vgg(M>SQ) : ng(M751)'

In particular we have

Corollary 5. Let K be an extension field of F, A be a K-algebra and S C A be a sublinear space. Let
M C Flz1,...,xn). Then
VI{?‘(Mas) < V]I?(MaK) ’ VHO{(M,S).

In particular, for any integers t and m we have

VR, (M. Eyim) < 18 (M) 18 (M. Fyom)
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and
(d IF t7n) < I/]F (d F ) VIFPt(d7]thm)‘
q

We must note here that VF (d,Fym) may be understood as VF (P(Fg,n,d),Fym) = VF ((d,Fg),Fgim),
which is what we meant in Corollary orasvp (P(Fg,n,d),F qtm) = VF ((d,Fgr), Ithm) The inequality
q

is true for both since, by Lemma [3]

vg (P(Fg,n,d),Fym) < Vﬁqt (P(Fyt,n,d),Fgm).

q

We now prove

Lemma 6. Let
M CFlzx {Zh ‘hEF[]giGF[y],SEN}

be a class of multivariate polynomials where x = (x1,...,2,) and y = (y1,...,Ym) are indeterminates.
Let A be a commutative F-algebra, S C A sublinear space,

Mx:{i)\ihi(w) ‘ Zh ) €M, AGIFSSGN}
i=1
and \
My:{Z)\igi(y) ' Zh ) €M, )\EIE‘SseN}
i=1
If Ly is an (Mg, S, F)-tester and Ly is an (M, S, F)-tester then L, x Ly is a (M, S,F)-tester. That is,
vp(M, S) < vp(My, S) - vp(My, S).
In particular, for any di and ds
vr(di + de, S) < vp(dy, S) - vp(da, S).
Proof. Suppose f(z,y) = Y.;_; hi(x)gi(y) € M, (a,b) € S"™ and (f(Ly X Ly))(a,b) = 0. Then
for every £, € L, and £, € L, we have f(£;(a ) £,(b)) = 0. Since f(£y(a),y) € M, and L, is an

v
(My, S, F)-tester we have: for every €, € L, f(£.(a),b) = 0. Let £ be any linear transformation in A4*.
Then for every £, € L,

Z hz(ex(a))é(gz(b)) = E(f(ex(a)’ b)) = 0.
i=1
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Since Y7 | hi(x)l(gi(b)) € M, and L, is an (Mg, S,F)-tester we have: Y7, hi(a)l(gi(b)) = 0 for
every linear transformation ¢ € A*. Now let {wi,...,w,} C A be a basis for Span p{g1(b),...,gs(b)}
and let £, i =1,2,...,7 be linear transformations in A" such that g;(b) = >77_; £u,(9:(b))w;. Then

flab) = > m(@)

= Zh Z w; (9i(b))w)

j=1
= Zw]Zh )w,(9i(b)) = 0.

O

We now prove two lemmas for 1/17;(1 and V%{qp. Let Fy[X],, be the linear space of polynomials in F,[X] of
degree at most w.

Lemma 7. We have

1. If ¢ > d(t — 1) then
WitP(d,Foe) < vt (d,Fo[X i) < d(t —1) + 1.

2. Ifg>d(t—1)+1 then

vE (d,Fy) < vf (d,Fy[X]im1) < d(t — 1) + 1.

Proof. Let Fye = Fy[a]/(g9(a)) for some irreducible polynomial g(a) € Fy[a] of degree t. Every element
in Fy: can be represented as wo +wja + -+ + w1t~ where w; € F, for i = 0,1,...,t — 1. We first
define the map ¢(wp + wia+ -+ + wt_latfl) =wy+wX+--+ cut_lXt*1 where X is indeterminates
over F,. Obviously, for any f € Fylzy, - ,z,] and B8 = (b1,...,0n) € ot if f(0(B1),...,4(Bn)) =0

then f(fB1,...,0,) = 0. This gives a (Fy[x1, -, xn],Fge, Fg[X]i—1)-tester of size 1.

For every f € P(Fy,n,d) and 21,..., 2, € F[X];—1 we have f(z1,...,2,) € Fy[X]44—1). Therefore, if
q > d(t—1)+1, we can choose F' C [, of size d(t —1)+1 and if f(21,...,2n)|x=g = 0 for all § € F then
f(z1,...,2n) = 0. Therefore, L = {{g | f € F} where {g:F,[X];—1 — F, is defined as {g(2(X)) = 2(B)
is a (P(Fy,n,d),Fq[X]i—1,F,)-tester of size d(t — 1) + 1.

Combining both testers, by Lemma [3| and 4 we get a (P(Fy,n,d),F,, Fy)-tester of size d(t — 1) + 1.
Therefore, for ¢ > d(t — 1) + 1,

vitP(d,Foe) < vh (d,Foe) < vh (d,Fg[X]i-1) < d(t—1) + 1.
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This proves || and |4 for ¢ > d(t — 1) + 1.

For (1, when ¢ = d(t — 1), consider f € HP(Fq,n,d) and z1,...,2, € F[X];—1. Let F = F, U {o0}
and define for z € Fy[X]i—1, l3(2) = 2(B) if B € F, and lo(2) to be the coefficient of X'~ in 2.
Let L = {{g | B € F,U{oco}}. Tt is easy to see that the coefficient of X1 in f(z,...,2,) is
flloo(21), -+ loo(2n)). Now if f(loo(21)y ..+, loo(2n)) = 0 then f(z1,...,2,) is of degree d(t —1) — 1 and
then if we also have f(€3(21),...,€3(2n)) = f(21,...,2n)|x=p = 0 for all § € F, then f(z1,...,2,) =0.
Therefore L = {{g | € F} is a (HP(Fg,n,d),Fq[X]i—1,Fy)-tester of size d(t — 1) + 1. O

The next result in this subsection shows how to reduce testers for degree d polynomials in F, to
testers in F ioz(ar/10e4. This will be used to construct testers that are almost (within poly(d)) optimal
in polynomial time.

For any positive integer k, let N,(k) denotes the number of monic irreducible polynomial of degree k
over F, [47]. We first prove the following

Lemma 8. For any finite field F, and any integers r and t such that ¢ >dt —d+1, we have
dt —d+1
Vﬁ(d,]th) S (7‘ + 1> . Vﬁ (d,qu) .

Proof. By Lemma [7] and Lemma [ we have
vk, (d,Fye) < vk (d,Fg[X]i1) < v, (d.Fg), Fg[X]e—1) - v, (d, Fyr).- (2)
Now it is enough to prove the following lemma. O

Lemma 9. For any finite field F, and any integers r and t such that ¢ >dt —d+1, we have

dt —d+1
7+

Vﬁr((d7Fq)vFQ[X]t—l) < r

1. (3)
Proof. Tt is known that ¢"~! < rN,(r) < ¢", [47]. Let R’ be the set of all monic irreducible polynomials

of degree r. Since

deg H p| =rNy(r) > ¢ l>dt—d+1,
pER/

we can choose R C R’ such that

dt—d+1<deg | [[p] <dt—d+1+r
PER
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Let f € P(Fq,n,d), z1,...,2n € Fg[X]t—1 and g(X) = f(21,...,2n) € Fg[X]at—q. Now g = 0 if and only
if g mod (HpeR p) = 0 if and only if g mod p = 0 for all p € R. Now since g € F;[X] then g mod p =0
if and only if g(8) = f(z1(8), ..., zn(8)) = 0 for one root 8 € Fyr of p. See Theorem 3.33 (ii) in [47].

Therefore,
dt —d+1+r

vE, ((d,Fq), Fo[X]t-1) < |R| < .

O

We note that a slightly better bound can be proved if R’ is the set of all the irreducible polynomials of
degree at most r. Now notice that when ¢; =t and t;,1 = [log(dt;)/logq] +1 then gti+1 ! > dt; —d +1,
and by Lemma [§] we have

dt; —d+1

tit1

t;

i+1

v (d,F ) < < +1> v (d,[ﬁqtiﬂ) <(@d+1) - f (d, thiﬂ).

Therefore, if ¢ > d + 1 and using Lemma [7| for the last step of the above recurrence, we get
VIE (d, th) < dlog* t+0(1) | "

where log™ ¢ is the minimum integer ¢ in which ¢; < 4 (or any other constant). In the next subsection
we prove that for ¢ > d + 1
v (d,Fp) < d°0W ¢,

When r divides ¢ then a better bound is proved in the following

Lemma 10. For any finite field F,, any integers r and t such that r|t and ¢" > d(t/r — 1)+ 1, we have

dt
v (d, Fye) < < —d+ 1> vk (d,Fyr) .

,
Proof. By Corollary [5| we have

vE (d,Fg) < vk (d,Fgr) - v ((d,Fy), Fgryesr).
Now by Lemma [7] and 8] if ¢" > d(t/r — 1) 4+ 1 we have

dt
VIE,]?qr ((d7 ]FQ)7 F(q’“)t/’r) S Vﬁr (d7 F(qr)t/r) S 7 - d + 1
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2.3 Testers for Large Fields

In this subsection we use algebraic function fields to construct explicit testers for large fields. We prove

Theorem 11. For any q > d+ 1 and any t we have

Vﬂz-)q (d,Fgt) < poly(d) - t
In particular, the bound is also true for v, (d,Fg) and l/ﬁp(d, Fgt).

We will in fact prove the bound I/IF (d,F,:) = O(d*)-t. For better bounds when g is large see Corollary

For notations used in this subsection we refer the reader to Appendix A. See also Subsections 1.1 — 1.4
in [67]. In this subsection we prove Theorem |11f and then in Subsection we show how to construct
such tester in polynomial time.

We first prove few lemmas using the technique used in [8], Lemma 2.2. (Here we use ¢ for linear maps
and [ for the dimension of divisors.)

Lemma 12. Let F/F, be a function field, Py, ..., Ps be distinct places of F/F, of degree 1 and D =
P +Py+---+P,. Let G be a divisor of F/Fy such that (supp D)N(supp G) = Q. Let L = {{p,,...,¢p,}
where Up, : L(G) — FyU{oo} is defined as {p,(x) = z(P;). Then

1. If s > ddeg(G) then any L' C L where |L'| = ddeg(G) + 1 is a symmetric and reducible
(P(Fy,n,d), Z(G),F,)-tester.

2. If s > ddeg(Q) then there is L C L of size [(dG) < ddeg(G) + 1 such that L is a symmetric and
reducible (P(Fq,n,d), Z(G),F,)-tester.

3. If s > ddeg(G) > 29 — 1 then there is L C L of size [(dG) = ddeg(G) — g + 1 such that L is a
symmetric and reducible (P(Fq,n,d), L(G),Fy)-tester. In particular,

v (d, Z2(@)) < 1(dG) = ddeg(G) — g+ 1.

Proof. Let M = P(Fy,n,d) and M(Z(G)") ={f(x) | f € M,x € Z(G)"}. We first show that {p,
is well defined, i.e., ¢p, : Z(G) — F,. Let z € Z(G). Then for every i, vp,(2) > —vp,(G) = 0 and
therefore by [¢] and [7 in Proposition ., lp,(z) = z(P;) # oo. Also, since P; is of degree 1 we have
tp,(2) = 2(P) € F,

In the same way the linear function ¢p, : £(dG) — F, is well defined. By Proposition for x =
(x1,...,2,) € ZL(G)" we have f({p(z1),...,¢p(zy)) = Lp(f(x)) and by Proposition flx) €
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M(Z(G)") C ZL(dG). Now if f(¢p,(x1),...,¢p,(xy)) = 0 for every P; € L' then ¢p,(f(x)) = 0 for every
P; € L' and therefore f(x) € Ker(¢p,) for every P; € L'. Therefore, it is enough to show that

2dG) (| [ Ker(tp,) | = {0}.

P,el’

If z € Z(dG) NKer(¢p,) for all P; € L' then {p,(z) = z(P;) = 0 and by [7in Proposition 89} vp,(z) > 1.
Then, since (supp D) N (supp G) = @ we have z € £(dG — D') where

D = Z P,
Pel’

This implies that

Z(dG)n (] Ker(lp) C £(dG - D).
P,el’

Now since deg(dG — D') = ddeg G — |L'| = —1 < 0, by [ in Proposition[90] we have £ (dG — D’) = {0}.
Therefore L' is a symmetric and reducible (P(Fy,n,d), Z(G),F,)-tester.

Obviously, the tester L is symmetric. Since by Proposition lp,(1) = 1(P;) = 1, the tester is also
reducible. This completes the proof of

Now consider the linear map

T:%(dG) — F;
f = (f(Pl)vf(PQ)vaf(Ps))

In |1] we actually have proved that ker T" = {0}. Therefore, there are w = dim .2 (dG) places P;,, ..., P;
such that the map

T : L(dG) — Fv
[ (F(Py) f(By), .., f(Bi,))
is an isomorphism. This completes the proof of [
Now by Proposition we have w = dim .2 (dG) = [(dG) = deg(dG) — g + 1 = ddeg(G) — g + 1. This
proves [3 O

Lemma 13. Let F/F, be a function field. Let G be a divisor of F/Fy and Q be a prime divisor of
degree deg Q =t = I(G) such that vg(G) = 0. If I(G — Q) = 0 then the map

E:2(G) — Fp=Fgu
VA A(®))
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is isomorphism of vector spaces over Fq and L = {E~1} is a symmetric and reducible (Fy[x],F ., £ (G))-
tester where x = (1, ...,Ty). In particular,

VPO%(G) (Fq[w],th) — 1

Proof. We first show that the map F is an isomorphism of linear spaces. Let f € Z(G). Then
vo(f) > —vg(G) = 0 and therefore by Proposition f(Q) # oo and the map is well defined. Since @
is prime divisor of degree ¢t we have dim .Z(G) = I(G) =t = [Fg : Fy] = dim Fy. Therefore, Fg = F.

Now we show that KerE = {0}. Let f € Z(G). If f € KerE then f(Q) = 0 and therefore vg(f) > 0.
Since vo(G) = 0 and I(G — Q) = 0 we have f € Z(G — Q) = {0}. Therefore F is an isomorphism of
vector spaces.

Now suppose h € Fy[z] and let E = (E,E,...,E) and E™' = (E~1L, B~ ... E71). Let a € Fi. If
(hL)(a) = 0 then 0 = ((hL)(a))(Q) = h(E~(a))(Q) = h(E(E™'(a))) = h(a).
Since F(1) = 1(Q) = 1 we have E~1(1) = 1 and the tester is reducible. O

Ballet in [8] shows that there is a devisor G and a prime devisor @ that satisfy the conditions in
Lemma [I3] We state the result in the following

Lemma 14. Let F//F, be algebraic function field of genus g that contains at least g+1 places of degree 1.
Let Q be a prime divisor of degree t. There is a divisor G that satisfies the following

1. vg(G)=0

2. vp(G) = 0 for any prime divisor P of degree 1.
3. I(G) =degQ = t.

4. deg(G)=t+g—1.

5. 1(G— Q) =0.

Proof. The proof follows immediately from Lemma 2.1 and 2.2 in [§]. O

We now use the above three lemmas to prove

Lemma 15. Let F//F, be a function field of genus g and t > 3+2log,(29+1). If F hasd(t+g—1)+1
places of degree 1 then
v (d, Foe) < dt +(d—1)(g — 1).
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Proof. First, by Corollary 5.2.10 (c) in [67], if 2g + 1 < ¢(*=1/2(¢/? — 1) then there is a prime divisor
of degree t. Since t > 3 + 2log,(2g + 1) the inequality holds and there is at least one prime divisor
of degree t. Let @ be such divisor. Let Pi,...,Ps, s = d(t+ g — 1) + 1, be distinct places of F//F, of
degree 1 and D = P, + Po + -+ + Ps. In Lemma we proved that there is a divisor G of F//IF, such
that (supp D) N (supp G) = 0, deg@Q =t =1(G), vo(G) =0,degG =t +g—1and I(G— Q) = 0.

By Lemmas and Lemma [ we have
v (d,Fg) < v (d, Z(G)) - vy (d,Fy) < ddeg G — g+ 1 =dt + (d—1)(g — 1).

We are now ready to give the explicit construction.

A tower of function fields over I, is a sequence F = (FO, p) F@) ... of function fields F(i)/]Fq with
F) - F@) C F®) C ... where each extension F(k+1)/F(k) is finite and separable

There are many explicit towers known from the literature. We will use the following W; tower defined
in [36]. See also [37] Chapter 1.

Lemma 16. Let z1 be indeterminate over Fp and FO) = Fo2(z1). For k> 1 let F®) = =1 (z)
where

q
zi
xp_,+1
Let gi be the genus of F(k)/an and Ny the number of places in F(k)/FqQ of degree 1. Then
[ dF 242 +1 if k=0 mod 2 A
96 = gk — g0/ _ D2 {1 if k=1 mod 2 )

and
N o] @@= +2¢ ifk>3¢=0 mod2 )
T (@ - 242 ifk>3,g=1 mod?2
We are now ready to prove Theorem

Proof. We first prove the result for ¢ > 2(d + 1). Let r be an integer such that ¢"t! < 2dt < ¢"*+2.
Consider the function field "1 /F 2 defined in Lemma|16| By Lemma F+1) is of genus g < ¢"*!
and has N > ¢"t2 — ¢"t! places of degree 1. By Lemma [15] since

N > r+2 _ r+1 _ qr+2 ﬁ_ r+1
> q ¢ = +< 5 ¢ >
> dt+dg"
> dt+g—-1)+1
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we have

VIQQ (d,Fyoe) < dt +(d—1)(g—1) < d(t + ¢ ) < d(2d + 1)t. (6)

Now by Lemma [2 and [7] and Corollary [5] we have
vie (d, Foe) < v (d,Foze) < v (d, Fe) - VI}’qQ (d,Fpe) = d(d+1)(2d + 1)t.

This proves the result for ¢ > 2(d + 1).

Notice that thus far we have proved that: for any t and any ¢ > 2(d + 1) we have Vﬁ(d, Fp) <
d(d + 1)(2d + 1)t. In particular, for any ¢ and any ¢® > 2(d + 1) we have

VI}’Q ,(d,Fpee) <d(d+1)(2d + 1)t. (7)

Now for ¢ > d + 1 we have ¢> > 2(d + 1) and with (7)) we have
v, (d, Foe) < v, (d,Foze) < v (d,Fe) - I/IE ,(d,Fpee) = d(d+1)(2d + 1)t. (8)
This proves the result. ]

Recall that vp, (d,Fgp) < Vﬁp(d’ Fg) < I/]%Dq (d,Fgt). Therefore all the above bounds and the bounds in
the following Corollary are also true for Vﬁp (d,Fg) and vg,(d,Fg:). We now prove

Corollary 17. Let ¢ > 1 be any constant. We have

1. For perfect square q where ¢ > c(d + 1)? there is an infinite sequence of integers t such that
1/]7;‘1 (d,Fp) = O(dt).

2. For perfect square ¢ where g > c(d + 1)? and any integer t we have 1/]1771 (d,Fge) = O(d?t).

3. For any q > c(d + 1) there is an infinite sequence of integers t such that I/E(d, Fy) = O(d*t).
4. For any q > c(d+ 1) and any integers t we have Vﬁ(d, F) = O(d?).

5. For any q > d+ 1 there is an infinite sequence of integers t such that Vﬁ(d, F,) = O(d?).

6. For any ¢ > d+ 1 and any integers t we have Vﬁ(d,th) = O(d*).

7. For any q > d and any integers t we have Vﬁp(d, F,) = O(d*).

8. For any g < d+ 1 and any integers t > 1 we have l/ﬁ (d,Fgt) = oc.
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9. For any q < d and any integers t > 1 we have l/%-ip(d, Fgt) = oo.

Proof. Let q > ¢(d + 1) for some ¢ > 1 and r be an integer such that ¢"*! < (¢/(c — 1))dt < ¢" 2.
Consider the function field F+1 /F 42 as in the proof of Theorem . Then F(+1) /Fp2 is of genus
g < ¢t and has N > ¢"t2 — ¢"*! places of degree 1. Since

4

N>g+2_ g+l > 7~+2_<
= q q 24 c

-1
— d) ¢ > g dg T > d(t 4+ Y > d(t g — 1)+ 1,
C
by Lemma
v (d,Foo) < d(t+¢ ) < [ —S—d+1) dt (9)
]Fq2 s q2t ~ q ~ C—l .

Therefore, for a perfect square ¢ > c(d + 1)? we have V4 > /c(d+1). Then @) implies

NG
Je—1

v (d, Fye) < < d+ 1) dt. (10)

This proves [3
Ift = [(c— 1)¢""2/(cd) | then ¢"t1 < (¢/(c —1))dt < ¢"+? and therefore

v, (@ Fg) < d(t+q™)

= d<t+;lc<((:t—+11>)>

(t+1) 2¢
d <t+ = 1)> < dt. (11)

Therefore, for a perfect square ¢ > c(d + 1)* we have /g > \/c(d 4+ 1). Then for t = [(yc —
qt+2/2/(/ed)], (11) implies

IN

24/c
v (d, Fyr) < ﬁ*{ldt. (12)

This proves [1]
Now, for ¢ > ¢(d + 1), by Lemma [2| Lemma E Corollary [5{ and @[}, we have

C
v (d,Foe) < v (d,Foae) < v (d, F2) - 4;42 (d,F ) < (c_ld + 1) d(d+ 1)t. (13)
For t = [(c—1)g""*/(cd)], by (L1)),
2
v (4, Fye) < v, (d,Fyp) - v, (d,Fpor) < _Cld(d+ 1)t. (14)
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This proves [4 and [{}
Now by (13) and (14) if ¢ > d + 1 then ¢*> = (d + 1)? > 2(d + 1) and therefore,
yg;qQ (d,Fp2ye) < (2d + 1)d(d + 1)t
and for £ = (2)7+2/(2d)),
VZ;Q L (d,F g2y) < 4d(d + 1)t.
Therefore
v (d, Foe) < v (d,Foze) < v (d,Fe) - VEZZQ (d,Fpee) < d(d+ 1)%(2d + 1)t,
and for £ = |(¢2)7+/(2d)),
v (d, Foe) < v (d,Fae) < v (d,Fpe) - y];’qQ (d,Fe) < 4d(d + 1)*t.
This proves [5 and [
Now by Corollary [5] Lemma [7] and [}, for ¢ > d,
vitP(d, Foe) < vt (d,F ) - uﬁf(d,w(qQ)t) < O(dMt.
This proves [
[§ and [9 are proved in Lemma O

We note here that there are other results that can be obtained with other conditions on d and ¢ that
are not included in the above lemma. For example, when ¢ is perfect square and ¢ > (d + 2)? then
I/%Dq (d,F ) < O(d3t). This follows if we choose ¢ = (d +2)/(d + 1) in the above proof.

In Subsection [3.4] we show that a tester with the bound in Theorem [11|can be constructed in polynomial
time. In Subsection [2.7] we show that the size of the above tester is almost optimal.

Before we leave this subsection we state the following open problems

Open Problems 1. Let ¢ > 1 be any constant. Prove
1. For perfect square q¢ where q > c(d 4+ 1)? and any integer t we have 1/]17?2 (d,Fye) = O(dt).
This will implies
2. For any q > c¢(d + 1) and any integers t we have uﬁ(d,lﬁ‘qt) = O(d?*t) and

3. For any ¢ > d+ 1 and any integers t we have Vﬁ(d,th) = O(d3t).
Is the following true?

4. There is a constant C' > 1 such that for every ¢ > C(d+ 1) and infinite sequence of integers t we
have V%Dq(d, F,t) = O(dt).
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2.4 Testers for Subspaces of Large Fields

In this subsection we study (M, S,Fy)-testers when S C Fy is a linear subspace over F,. In the
next section we show that such testers can be easily constructed in polynomial time and, for many
applications, are almost as good as the testers in the previous subsection.

We start with the following
Lemma 18. Let F'/F, be a function field of genus g. Let G be a divisor of F/F, and Q be a prime
divisor of degree deg Q =t = deg G + 1 such that vo(G) = 0. Then the map
Eg(G) — FQ:th
A A(®)
is one-to-one linear map and there is a symmetric and reducible (Fq[x], S, Z(G))-tester of size 1 where
S=FE(Z(G)) and x = (x1,...,ZTm).

In particular, S C Fy is a linear subspace over Fy, |S| = ") > ¢t=9 and
Vi) (Fole], 5) = 1.

Proof. We first show that the map F is a one-to-one linear map. Let f € Z(G). Then vo(f) >
—vQ(G) = 0 and therefore f(Q) # oo and the map is well defined. The fact that it is a linear map
follows from Proposition [88]

Now we show that KerE = {0}. Let f € Z(G). Then (f) > —G. If f € KerE then f(Q) = 0 and
therefore vg(f) > 0. Since vp(G) = 0 we have f € £(G — Q). Since deg(G — Q) = —1 by [§in
Proposition [90, .2 (G — Q) = {0} and therefore f = 0. Therefore E is a one-to-one linear map and the
map Eg: Z(G) — S defined as Eg(f) = E(f) is an isomorphism of linear spaces over F,.

Now suppose h € Fylz] and let Eg = (Eg,Eg,...,Es) and E§1 = (Egl,Egl,...,Egl). Consider
the tester L = {Eg'}. Let @ € S™. If (hL)(a) = 0 then 0 = ((hL)(a))(Q) = h(Eg'(a))(Q) =
h(Es(Eg'(a)) = h(a).

Since Eg(1) = 1(Q) = 1 we have Eg'(1) = 1 and the tester is reducible.

Since Ej is isomorphism we have |S| = |.2(G)| = ¢(%) and by the Riemann-Roch Theorem, Proposi-
tion [92] we have I(G) > degG+1—g=1t—g. O

We now prove

Lemma 19. Let F/F, be a function field of genus g and let t,g > 4. If F has d(t + g — 1) + 2 places
of degree 1 then there is a sublinear space S C F g of size q* such that Z/]E (d,S) <d(t+g—1)+1.
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Proof. First, by Corollary 5.2.10 (c) in [67], if 29+ 1 < ¢(*+9=1/2(¢1/2 — 1) then there is a prime divisor
of degree t + g. Since t, g > 4 the inequality holds and there is at least one prime divisor of degree t + g.
Let @ be a prime divisor of degree t + g.

Let P1,...,Ps, Ps, s = d(t+g—1)+1, be distinct places of F//F, of degree 1 and D = Py + P+ - -+ P
and let G = (t 4+ g — 1)Px. By Lemma [18| there is a subspace S C F i+ of size |S| = ¢' such that

By [ in Lemma [I2] and Lemma [] we have
v (d,8) < v (d,2(Q)) - vy (d, S) <ddeg G+1=d(t+g—1)+1.
O

Note that in the above lemma we could have used |4in Lemma and get 1/17;(1 (d,S) <dt+(d—1)(g—1).
This will not effect the asymptotic bounds we get in this paper. Also, we will see in the next subsection
that the construction of such tester is easier using this bound.

Now we prove a result similar to Corollary

Corollary 20. Let ¢ > 1 be any constant. For every t there is a sublinear space Sy C F,r over Fy for
some T = O(dt) of size |Si| = ¢' such that:

1. For perfect square q where q > c(d + 1)? and any integer t we have Vﬁ (d, Sy) = O(d?t).
2. For any q > c¢(d+ 1) and any integers t we have V%Dq(d, Sp) = O(d>t).
3. For any q > d+ 1 and any integers t we have Vﬁ(d, S;) = O(d*t).

Let ¢ > 1 be any constant. For everyt there is a sublinear space Sy C Fyr over Fy for some T = O(t)
of size |Si| = q' such that:

4. For perfect square q¢ where ¢ > c(d + 1)? there is an infinite sequence of integers t such that
yﬁ(d, Sy) = O(dt).

5. For any q > c(d + 1) there is an infinite sequence of integers t such that Vﬁ(d, Sy) = O(d?t).

6. For any q > d+ 1 there is an infinite sequence of integers t such that qu(d, Si) = O(d3t).
Proof. The proof is very similar to that of Corollary Let ¢ > ¢(d 4+ 1) and r be an integer such

that ¢"*! < (c/(c—1))dt < ¢"*2. Consider the function field F"+Y) /F 2 as in the proof of Theorem
Then F+Y/F 2 is of genus g < ¢"*! and has N > ¢"*2 — ¢"*! places of degree 1. Since

-1
N2g® =gtz = (T -d) ™ 2 =g dg T 2 ) 2 (g 1) 2
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we have N > d(t +¢g — 1) + 2 and by Lemma there is a sublinear space S C F(,2yi+s of size (¢%)"
such that

VZ;qQ (d,S) <d(t+qt) < ( < rd+ 1) dt. (15)

c—

Also T =t+ g <t+q""' = O(dt). This proves .
When t = |(c — 1)¢"*?/(cd)] then

vie,(d.8) < d(t+q™)

< d<t+dc(ctjll>
< a(trity) <

In this case T =t + g <t + ¢" ! = O(t). This proves .
Now for the same S C F(q2)t+g =F

2c
dt.
-1

2t+20 as above, by Lemma m and Corollary [5| we have

v (d,S) < vk (d,Fpe) - VIQQ(d,S) = < € Td+ 1) d(d + 1)t. (16)

and for t = |(c — 1)q¢""2/(cd)],
2c

Cc —

v (d,5) < Td(d+1)t. (17)

Since T = 2t + 2g < 2t + 2¢"*1 = O(dt) in the former and = O(t) in the latter, this proves |4 and @

Now for ¢ > d + 1 we have ¢> = (d + 1)? > 2(d + 1) and therefore by and (17), there is S’ C
F(q2)<2t+2g) = F(at449) Of size |S’| = ¢' such that

v (d, 8") < v (d,F ) - y;;q ,(d,8") = d(d+ 1)*(2d + 1)t,

and for t = |¢"*2/(2d)],
vl (d,S") < 4d(d +1)%
q

Since T' = 4t +4g < 4t + 4¢" ! = O(dt) in the former and = O(t) in the latter, this proves @ and @ O]

We note here that Corollary is subsumed by Corollary but as we will show in the sequel, its
construction requires less time complexity.
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2.5 Testers for Small Fields

In this subsection we use some elementary algebra and Theorem [11| to construct testers for small fields.
We prove

Theorem 21. For any ¢ < d+ 1 andt we have

vr, (d, Fgr) < poly(d) - 2704 - ¢

where )
— log(¢* +1) log ¢
=Y HT Y g (en),
i=0 q q

In particular we have following values of ¢,

q ‘ q ‘
2 | 1.659945821
3| 1.116191294
4 | 0.867464571
5
7

0.719921672
0.548433289

Proof. By Lemma |2 Corollary [5, Lemma |§| and (7| and we have
Lovp, (d,Fpe) < v, (d,Fyres).
2. v, (d,Fpyen) < wvp, (d,F i) - VF ) (d,Fytitz).
3. V]Fq(dl + dQ,th) < VIFq(dlant) . V[Fq(d?,]th).

4. vr, (¢, Fp2) < g+ 1.
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Let r be such that ¢ < d+1 < ¢?". Then

v, (d,Fg) < (d,Fu2r) By (1)
< ( v, dIFw)) o (. Fery) By (@)
< ( %q F2,+1)f/q 1) o (4, Frrye) By (@)
i fd/211
< ( <q2+1 ! ) or (&, F(gorye) ) By (4)
1=0
1
< ( ¢ +1 )20‘7 )poly(d) t By Theorem [1]]
< l_ qu
< poly(d) - 2% - £.

O]

We note here that the poly(d) part in the proof is at most O(d®). We now show how to reduce it to
O(dP). Take r such that ¢¥ ' < 2(d+ 1) < ¢*". Then

r—1 ; q27‘ o 1
[[@+1)= | < 4(d+ 1)
i=0

and by Corollary [17|for ¢*" > 2(d + 1)
V]F or (d, ]F(qQT)t) = O(dg)t

Therefore

r—1
V[Fq(d,]th) < ((H (qu + 1)> 23qd> V]Fq27" (d,]F(qQT)z) < O(d5)2ch -t.

=0

In Subsection we show that a tester with such size can be constructed in time 2% - poly(t). In
Subsection we give the lower bound vr, (d,Fy:) = 2d/a)¢ for the above tester. This shows that the
size of the above tester is almost optimal. We now list some open problems

Open Problems 2.

1. For q = 2 the upper bound for vr,(d,Fyr) is 215999 .t and the lower bound is 2% -t (see Theorem
. Find better bounds.
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2. A computer program may exhaustively searches for a better upper bound for vp,(d,Fq2) for small
d. This will lead to a better upper bound for vp,(d,Fot) for any d. For example, vp,(4,Fq2) <
vr,(2,F92)? = 9. If we can prove v, (4,Fy) < 8 then vp,(d,Fy) < 8441 and then we get the
upper bound vp,(d, Fg) < 216174 ¢,

2.6 Symmetric and Reducible Testers

In this subsection we give a classification of symmetric and reducible tester. This classification will first
help us understand the algebraic structure of symmetric and reducible tester. Then it will show that the
problem of deciding, given a set of maps L, whether L is a symmetric and reducible (P (Fy,n, d), Fy, Fy)-
tester is in NP. This will be used in the next subsection to construct a symmetric and reducible
(P(Fq,n,d),F,Fq)-tester of almost (within d?) optimal size in polynomial time.

2.6.1 Definition

We recall the definition of symmetric and reducible tester

Definition 22. Let F be a field and A and B be two commutative F-algebras. Let M C Flzy, 2, ..., zy]
be a class of multivariate polynomials. Let S C A and R C B be sub-linear spaces over F and L =
{l1,...,4,} be a set of maps S — R. Let £; : S™ — R™ where for a € S™,

EZ(CI,) = (&(al),&-(ag), oo ,Ei(an)).

We denote by fL the map S™ — BY where for a € S™, (fL)(a) = (f(l1(a)),..., f(£.(a))). We say that
L is an symmetric (M, S, R)-tester if for every a € S™ and f € M we have

(fL)(a) = 0" — f(a)=0.

We say that L is reducible if for all i, ¢;(13) = 14 where 14 and 1g are the identities of the algebras A
and B respectively.

For ¢ > d+1 we define 7(d, q,t) the constant for which a (P(Fy,n,d),F,Fy)-tester of size O(dT(d’q’t) 1)
exists. Define 7%(d, ¢,t) the constant for which a symmetric and reducible (P(FFy,n, d), Fq:,F,)-tester of
size O(d™ (441) . t) exists. Obviously

7(d,q,t) < 77(d, q,1).
Since the testers in Lemma [12] and Lemma [I3| are symmetric and reducible and Corollary [5] is also

true for symmetric and reducible testers, the testers constructed in Theorem and Corollary [17] are
symmetric and reducible. Therefore

T (d,q,t) < 4 (18)

for any ¢ > d+ 1 and any t and
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Corollary 23. We have

1. For perfect square q where ¢ > c(d+1)? there is infinite sequence of integers t such that 7*(d, q,t) <
1.

For perfect square q¢ where q > c(d + 1)? and any integer t we have 7*(d, q,t) < 2.
For any q > c(d + 1) there is an infinite sequence of integers t such that 7*(d,q,t) < 2.
For any q > c¢(d+ 1) and any integers t we have 7%(d, q,t) < 3.

For any q > d+ 1 there is an infinite sequence of integers t such that 7%(d, q,t) < 3.

S S e

For any q > d+ 1 and any integers t we have 7*(d, q,t) < 4.

2.6.2 Classification

In this subsection we give a classification of symmetric and reducible tester

We now prove

Lemma 24. We have: L = {{1,...,4,} is a symmetric (HP(Fq,n,d),F,,Fy)-tester for all n if and
only if there are 31,...,B, € Fg such that for every ai,az,...,aq € Fy

ajaz---aq= Z Biti(ar)li(az) - - - Li(aq).
i=1
Proof. (=) Suppose L is a symmetric (HP(Fy,n,d), Fy, Fy)-tester. For a = (a1,az,...,aq) € th define
Ai(a) = li(ar1)li(az) - - - Li(aq) and A(a) = (A1 (a),...,A\u(a)). Let
G={Aa)|acFi}.
Define the binary relation ¢ C G x Fy

¢:={(A(a),a1a2---aq) | a € th}.

Let a,b € F?,. Since f := 129+ g — Tgp1Tdeo - Tad € HP(Fy,n,d) we have: f({;i(ar),...,%(aq),
li(b1), ... ,Eigbd)) = 0 for all 7 implies f(a1,...,aq4,b1,...,bq) = 0. Thus, if A(a) = A(b) then a; ---aq =
by - - - bg and therefore the relation ¢ is a function ¢ : G — F, and ¢(A(a)) = ara2 - - - aq.

Now, let a1,...,a,,b € th and suppose A(b) = v1A(a1) + - - - + 1 A(a,) for some v1,...,7, € Fy. Let
g=T1 Tg — VTd1 - Tad = — VrZrayl " T(rg1)d € HP(Fg,n, d).
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Then
(gL)(b,a1,...,a;) = A(b) —m1A(a1) — -+ — v Ala,) = 0"

and therefore g(b,a1,...,a,) = ¢(A(b)) — v10(A(ar)) — -+ — v d(A(a,)) = 0 and

P(AB)) =no(AMar)) + - +wo(Alar)).

Therefore ¢ is linear function restricted on G and there is a natural unique extension of ¢ to a linear
function ¢ : Span G — F+ where ¢|g = ¢. This implies the result.

(<) Suppose there are 1, ..., [, € Fy such that for every ai,as,...,aq € Fy

mag---ag =Y Bili(ar)li(az) - li(aq).
i=1

Then for every

f= Zcixil ez, € HP(Fy,n,d)

el

where I C [n]¢ and every (by,...,b,) € F, we have

Fbr, oo bn) = ) cibiy by,

el

= Y iy Biti(bi)t(biy) -+ i(biy)
el j=1

= Y B> cili(bi)l(biy) -+ i(biy)
j=1 el

= Z Bif(li(b1),...,L;(by)).
j=1

Therefore, if f(£;(b1),...,€;(by)) =0 forall j =1,2,...,v then f(b1,...,b,) =0. O

We now prove

Lemma 25. We have: L = {{1,...,4,} is a symmetric and reducible (P(Fq,n,d),F g, Fq)-tester for all
n if and only if there are By, ..., B, € Fy such that for every ay,az,...,aq € Fy

araz---ag =Yy fili(a1)lias) - ti(aq) (19)
=1

and ¢;(1) =1 for all i.
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Proof. (=) If L is a symmetric (P(Fy,n,d),F,Fy)-tester then it is symmetric (HP(Fy,n,d),Fg, Fy)-
tester and by Lemma [24] the result follows.

(<) For any d’ < d we have

d—d’
alaz...ad/ = a1a2ad,11

= iﬁi&(m)&(az) o liaa))li(1) - 4i(1)
i=1
S i) o)
i=1
Then as in the proof of Lemma 24| we get that for every f € P(Fgy,n,d)
f(br,...,bp) = :ﬂjf(éj(bl), o li(by))
=

and therefore L = {/1,...,4,} is a symmetric and reducible (P(Fy,n,d),F,,F,)-tester. O

In the following lemma we show that when the tester is symmetric then we may assume without loss of
generality that all ¢; are linear functions from the dual vector space F;t.

Lemma 26. If L = {{1,...,4,} is a symmetric (and reducible) (P(Fq,n,d),F,e,Fy)-tester for all n
then there is a symmetric (and reducible) (P(Fq,n,d),Fq,F,)-tester L={ly,...,0,} with the same size
where each ¢;, i =1,...,v is a linear function in F;t.

Proof. Since L = {/1,...,4,} is a symmetric (and reducible) (P(Fy,n,d),Fy,F,)-tester for all n, by
Lemma [24] (and Lemma there are (31, ..., 8, € Fy such that for every ay,as,...,aq € Fy

ajaz---aq = Zﬁi&(al)&(ag) - Li(ag) (20)
=1

(and £;(1) = 1 for all i). Let W = {w1,...,w} be a basis for F: over F, where w; = 1. Define the linear
functions ¢; where gi(wj) = li(w;) for all i = 1,2,...,v and j = 1,2,...,t, and for every element a =
AMwi+- -+ wy € Fye where Ay € Fg, k= 1,2,...,t we have £;(a) = A f;(w1) +- - -+ Ali(w;). Obviously
l; € F?.. We now claim that L=1{l,...,0,} is a symmetric (and reducible) (P(F,,n,d), Fgt,Fq)-tester.
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Let a; = /\1'71(,01 + -4 Ai,twt fori=1,2,...,d. Then

d t d d
ajag---aqg = H Z)\i7jw]' = Z [(H AZJ%) (H wki>]
=1 \j=1 ke[t)d L \i=1 i=1
-4 5 -
= Z (H Az,k,) <Z ﬁmfm(wkl)gm(wkg) T gm(‘”lw))
keft]d L \i=1 m=1 J
r/ d v 7
= Z (H )‘i,kz') <Z Bmém(wkl)gm(wkzz) e 'Zm(wkd)>
ke[t)d L \i=1 m=1 1
v d
= Z Bm [(H )\ivki) (gm(w/ﬁ )Zm(wkz) e 'Zm(wkd))]
m=1 kelt]d L \i=1

AN

I
—_
.
Il
—_
<
Il
N

AN

I
—
<.
I
—
)
Il
—

Therefore, by Lemma L=1{l,...,0,} is a symmetric (P(F,,n,d), F,t,Fg)-tester.

Now if the tester is reducible then since w; = 1 we have f;(w;) = f;(w1) = 1. By Lemma L is
reducible. O

Testers of the form are called symmetric linear builders [14]. For d = 2, symmetric builders and
their connection to tensor rank are studied in [72]. We will further study builders in [14] and their
connection to d-dimensional tensor rank and give other results.

We now list some open problems

Open Problems 3.

1. Ghve a classification of non-symmetric testers.

2. Since symmetric testers are equivalent to (symmetric) rank of d-dimensional tensors, many of the
results in the theory of bilinear complexity (which is the non-symmetric case when d = 2) in [16]
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and in the literature are also true for symmetric testers for any d. We wonder if those results
may lead to other applications.

2.7 Lower Bounds

In this subsection we give some lower bounds for the size of testers.

In Theorem [21| we have proved that for any ¢ < d + 1 and ¢ we have

1 1 1 d log g
vk, (d,Fp) < <1+n(q+)+0<og2q>) .tzzo( §q>d.t‘
q q

We now give the following lower bound

Theorem 27. For any q, d and t we have

1 1 -1 Q(l)d
dF.)> (1 _ =29a)h
Ve, (¢ q)_< A (q—l)qH)

Proof. Consider the class of functions

d-1 t

M= TS Mawis | Wak: — vaks) ‘ (Nij)j € PY(Fy) foralli=1,...,d=1,1<hk1 <ka < ¢,
i=1 j—1

where P!(F,) is the ¢-dimensional projective space over F,. For A = (A1, A2...,Aq_1) € PY(F,)4 ! we
will denote fy = H?:_ll (22:1 i jyij). Let M = {(yd,kl — Yd ky) | 1<k <ky< qt}.

Obviously, M € DML(Fy,n,d). Let L = {£1,...,£,} be a (DML(Fq,n,d),F;, Fy)-tester with minimal
size v = vp,(d,Fyt). Then it is a tester for M. Let a be a primitive root in F: and consider the assign-
ments z; = (o, at,...,a'71,0,...,0) € ng foralli=1,2,...,d—1and zg = (0,a% a!,...,a?"2) ]FZZ
and z = (z1,...,2q). Let ¢ = ¢;(2) € (th)d fori=1,...,vand C = {c¥ | i=1,2,...,v}. Since
f(z) #0 for all f € M and L is a tester for M, for every f € M there is ¢ € C such that f(c) # 0.
That is, C' is a hitting set for M.

Notice that if for some ¢ € C' we have (¢;1,¢i2,...,¢¢) = 0 for some i = 1,2,...,d — 1 then f(c) =
0 for all f € M and then C\{c} is a hitting set for M. Therefore we may assume w.l.o.g that
(cinci2,...,cip) #0forallee Candi=1,2,...,d—1.

Now for every A € P!(F,)9"! consider the set Cy = {c € C | fa(c) # 0}. It is easy to see that Cy is
a tester for M’. Then for every 1 < ki < ko < ¢' there is ¢ € Cy such that Cdk, 7 Cdky- Therefore
|Cx| > logq'/logq = t. Now it is easy to see that since (¢;1,¢i2,...,¢it) # 0 for all ¢ € C and
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i=1,2,...,d—1, every c € C appears in exactly
_ d-1 _1N d—1
qt*]__qt 171 _ qtfqtl
q—1 q—1 q—1

YA lCA|
<qt;_qt171 ) d—1
a1
pEyy e ()

qt_qtfl d_l qt_qtfl d_l
q—1 q—1

of the Cys. Therefore

vr,(d,Fg) = v =|C]

v

v

O]

For v7 and v™P, we first prove that there is no tester for P(F4,n,d) when ¢ < d and no tester for
HP(Fq,n,d) when ¢ < d— 1.

Lemma 28. For q < d we have Vﬁ(d, Fyt) = 0o and for ¢ < d —1 we have Vﬁp(d, Fgt) = oo.

Proof. Let F; = {a1,..., a4} and consider the polynomial f(z) = (x — aq)(x — ag) -+ (x — agy). Let
B € Fye such that f(3) # 0. Since f(€(3)) = 0 for all £: F — [, the first result follows.

For the second result we take f(z1,22) = z2(z1 — a122)(x1 — a2) - - - (1 — aqx2). O

In Corollary (17| we have shown that for ¢ > d + 1 we have yﬁ (d,Fge) = O(d(90¢) where for any

constant ¢ >
if ¢ perfect square ,q > c(d+1)2, LS. ¢

if ¢ perfect square ,q > c(d + 1)?
if ¢>c(d+1), LS. ¢t

if ¢>c(d+1)

if ¢g>d+1, LS. ¢t

4 if g>d+1

7(d,q,t) =

W W N N =

where L.S. stands for “infinite sequence of”. In the following Theorem we give the lower bound 7(d, q,t) >
1, which is tight for perfect square ¢, ¢ > c¢(d + 1)? and infinite sequence of .

Theorem 29. For any q > d+ 1 and t we have
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v (d, Foe) > P (d,Foe) > dt —d + 1.
In particular, 7(d,q,t) > 1.

Proof. Consider the set

d
M= {H(JU] _xik)

k=1

1§21<22<<Zd§qt7]-§j§qt7]¢{q’lvl27azd}}

Obviously, M C HP(Fy,n,d). Let L = {€1,...,£,} be a (HP(Fy,n,d),Fp,Fy)-tester with minimal
size v = yﬁp(d, F,). By Lemma |3 L is a (M,Fg,F,)-tester. Let a be a primitive root in Fg

and consider the assignment z = (O,ao,al,...,aqtd) € FZZ. Let ¢; = £;(z) for i = 1,...,v and
C={ci|i=1,2,...,v}. Since f(z) #0 for all f € M and L is a tester for M, for every f € M there
is ¢ € C such that f(c) # 0. That is, for every 1 < j < ¢’ and every 1 < iy < ip < -+ < ig < ¢' such
that j & {i1,i2,...,iq} there is ¢ € C such that ¢; & {c;,,...,ci,}. Such set is called (v;q', ¢, {1,d})-
separating hash family [75, [76]. See Subsection in this paper. In [22], Bazrafshan and van Trang
proved that

¢' < dglil.
See also [17]. Therefore
V“ logd
>t .
d log ¢
If g>d+1then [v/d| >tand v > dt —d+ 1. O

Our last result in this subsection gives a lower bound for the size of symmetric tester. We note that this
result is subsumed by Theorem [29| but uses different algebraic technique that is used in [16]. We prove

Theorem 30. If L = {{1,...,4,} is a symmetric (P(Fq,n,d),Fy,Fq)-tester for all n then
v>dt—d+ 1.

In particular, 7*(d,q,t) > 1.

Proof. We prove the result by induction on d. The case d = 1 is trivial. Suppose the lower bound

is true for d — 1. By Lemma 24| and Lemma [26] there is a symmetric (P(Fy, n,d),F,, Fy)-tester L=
{l1,....0,} C F'. and B; € Fye, i =1,...,v such that for every a1, as,...,aq € Fy,

ajag - - agd = Z ﬂlgl(al)gl(ag) . lz(ad)
=1
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Define the linear function L : Fye — F.~! where L(a) = (41(a),...,01(a)). Since by the rank-nullity

theorem dimker L > 1, there is a non-zero element b € F¢\{0} such that L(b) = 0. Thus i(b) = 0 for
i=1,...,t = 1. Now for all a,...,aq—1 € Fy,

aiag - --ag—1 — (a1a2 s ad_lb)b_l
= (Z Bili(ar)li(az) -- -t@(ad_l)t@(b)> b~
i=1

= Z%&(al)&(ag) . 'fi(ad—l)

where v; = Bil;(b)b! for i = t,t + 1,...,v. Therefore L = {{;,...,0,} is a symmetric (P(Fg,n,d —
1),F,t, Fy)-tester. By the induction hypothesis we have v — (t —1) > (d — 1)t — (d — 1) + 1 and therefore
v>dt—d+ 1. O

We end this subsection with some open problems

Open Problems 4.

1
1. Forq < d+1, close the gap between the lower bound QQ(q)d-t mn Theorem and the upper bound
logq
20( a )d -t in Theorem .

2. For ¢ > d+ 1 the lower bounds in Theorem and Theorem matches the upper bounds in
C’omllary within at most a factor of O(1) to O(d®). It is interesting to close those gaps.

3 Constructing Testers in Polynomial Time

In this subsection we show that testers of almost optimal size can be constructed in polynomial time.

3.1 Time Complexity of Constructing Irreducible Polynomials and F

In some applications the construction of irreducible polynomials of degree n over F, and the construction

of the field Fy: is also needed and their complexity must be included in the overall time complexity of
the problem.

To construct the field F: one should construct an irreducible polynomial f(z) of degree t in Fy[z] and
then use the representation Fy = Fy[z]/(f(x)). For a comprehensive survey on this problem see [64]
Chapter 3. See also [4, 29] 6I]. We give here the results that will be used in this paper.
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Lemma 31. Let Fy be a field of characteristic p. There is an algorithm that constructs an irreducible
polynomial of degree t with T" arithmetic operations in the field Fq where T' is as described in the following
table.

’ Type ‘ Field ‘ Assumption ‘ Time =T ‘ Poly ‘
Probabilistic | Any — 0] (t2 logZ™ €t + tlog qlog'™* t) = poly(t,logq)
Deterministic | Any — O (p'/2+et3%¢ + (log ¢)*T¢*T) | = poly(p, t,log q)
Deterministic | Any ERH O(log? g + t**€log q) = poly(t,log q)
Deterministic | Fo — O(t3+e) = poly(t)

Here ERH stands for the Extended Riemann Hypothesis and € is any small constant.

In some of the applications it is enough to construct an extension field of dimension close to t. The
following lemma is proved in [58]

Lemma 32. There is a deterministic algorithm that constructs an irreducible polynomial of degree d
where t < d < tlogq with poly(t,logq) arithmetic operations in the field Fy.

One constraint that follows from using finite fields as an alphabet is that the size of the alphabet must
be a power of prime. Shparlinski showed in [63] that

Lemma 33. for any q large enough one can construct a finite field Fg with QQ = g+ o(q) elements in
deterministic time poly(logq).

In Lemma |8 one should construct many irreducible polynomials of certain degree. We now prove

Lemma 34. There is a deterministic algorithm that runs in time m-poly(t, p,log q) (and m-poly(t,log q)
assuming ERH) and construct m distinct irreducible polynomials of degree t in Fy[z].

Proof. By Lemma F,+ can be constructed in polynomial time. It is known that a normal basis
{o, 09,07 ..., a4 }in F,+ can be constructed in poly(t,log q) time [54]. For any XA = (A1, A2,..., \¢) €
Ft

q7

1

Bx = Ao+ Aoad + Aza + -+ A_qad

2 —1
is a root of an irreducible polynomial of degree ¢ if and only if Bx, 8%, 85 .. .. ,ﬁg\t are distinct. It is
easy to see that this is true if and only if the vectors

SUEE WD LECN 0 VIS VNN VIS D CEEN O VIRTD VD VINUNND VIS IRPRIND Lat = 0 D PRSI VD ¥

are distinct. Such A is called a vector of period t.

If we have a vector A of period t then Sy is a root of irreducible polynomial fg, (z) of degree ¢t and

t—1
foy(x) = (x — Ba)(@ — BY) -+ (x — B ). Notice that fz,(x) can be computed in polynomials time

41



poly(log q,t). Therefore, it remains to construct m vectors of period ¢ that generates m distinct irre-
ducible polynomial.

Now choose any total order < on I, and consider the lexicographic order in Ffl with respect to <
and consider the sequence of all the elements of IE“Z with this order. It is easy to see that for any
two consecutive elements Ai, Ay € IFZ in this sequence there is at least one A;, i € {1,2} of period
t. Also, each irreducible polynomial fz, of degree ¢t can be constructed by exactly t elements (i.e.,
AL A1) in the sequence. This implies that the first 2tm elements in this sequence generate at
least m distinct irreducible polynomials. O

Throughout this paper, when we say polynomial time or write poly(t, p,log q) we mean poly(t, p,logq)
without any assumption and poly(t,log ¢) assuming ERH.

3.2 Preliminary Results

In this subsection we give some preliminary results

For ¢ > d+1 we define 7y, (d, ¢, t) the constant for which a (P(Fq, n, d), F g, Fy)-tester of size O(drory(d:a:t).
t) can be constructed in deterministic polynomial time. Since some of the applications in this pa-
per require testers for fields of logarithmic dimension we also define 7y, (d,q,t,7) the constant for
which a (P(Fy,n,d), Fyr,F,)-tester of size O(d7ev(4%47) . 1) can be constructed in deterministic time

poly(t,p,logq).

In Lemma (7| we have shown that when ¢ > d(t — 1) + 1, then a (P(Fg,n,d),Fy,[Fy)-tester can be
constructed in time complexity that is equal to the time complexity of constructing the field Fg.
Therefore, such tester can be constructed in polynomial time poly(t, p,logq). Hence, we may assume
that

d+1<qg<d(t-1).

Notice that in this case, poly(t, p,log q) = poly(d, q,t) = poly(t).

The results in the following lemma follow immediately from Lemma [7, Corollary [f] and the proof of

Corollary
Lemma 35. We have
1. For g > d(t—1)+ 1 we have Tpoy(d, q,t) = 1.
2. For ¢ > d+ 1 we have Tpoy(d, q,t) < Tpoiy(d, ¢, t) + 1.

8. For any ¢ > 1, ¢ > ¢(d + 1)?, q perfect square, any integer r and t = |(v/e — 1)qU2/2/\/ed| we
have 7*(d, q,t) = 1.
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We now prove the following lemma. The construction in this lemma is computationally expensive in its
own right, but with the parameters we will be using it, it will take time polynomial in the parameters
of the main problem.

Lemma 36. A (P(Fy,n,d),Fp,F,)-tester of size O(d™t) can be constructed in poly(q*) time where
T=1"d,q,t).

Proof. By Corollary [23| there is a symmetric and reducible (P(Fg,n,d),Fq,Fy)-tester of size O(d™t).
By Lemma 25| we have L = {/y,...,¢,} is a symmetric and reducible (P(Fy,n,d),F,F,)-tester if and
only if /;(1) = 1 for all i and there are 3; € F;+ such that for every a € th we have

ajaz---aq = Z Bili(a1)li(az) - - {i(aq). (21)
i—1

Then by Lemma we may assume without loss of generality that ¢; € th and /;(1) = 1 for all
1=1,2,...,v.

Now to construct a symmetric and reducible tester we can exhaustively search for one. That is, we can
try all possible 8; € Fy: and ¢; € F;t where ¢;(1) = 1,4 = 1,2,...,v and check if || is true for all

ac< th. The number of all possible testers of size v is at most

* 2
<’th‘> . <’th|> — <qt> § q2yt‘
14 1% 1%

Checking each tester takes |th| = ¢% substitutions in . Therefore, for 7 = 7*(d, q,t), with at most

GO ) gdt — 4OW™) arithmetic operations in the field F,: one can find a symmetric and reducible
(P(Fg,n,d),Fp,Fy)-tester. This implies the result. O

In particular we have

Lemma 37. For every q>d+1 and 7 = 7*(d, q,r) if

logt
r<
— \ d"logq

then Tpory (d, q,t,r) < 7*(d, q,7).

3.3 Reductions of the Problem
In this subsection we show that a (P(Fy, n, d),F,:,F,)-tester can be reduced in deterministic polynomial

time to a (P(Fq,n,d),F v, Fq)-tester where ¢’ is logarithmic in ¢. This reduction blows up the size of
the tester by at most a factor of d.
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Our main technique for constructing testers in polynomial time is to reduce the dimension t of the field
in the tester to a small dimension r = o(t) (Lemma |8) and then construct the tester for dimension r in
time polynomial in ¢. Formally,

Lemma 38. For any t <t and any r = O(log, t')
1
- o)
logq

(or ¢"~1 > dt —d+ 1) we have
Tpoly (da q, t/7 t) < Tpoly (da q, tla 7’) + 1.

Proof. We use Lemma Since r > [log(dt)/logq] + 1 we have ¢"~! > dt —d + 1. To use the
construction in Lemma |8 we need to find O(dt/r) polynomials of degree r. Since r = O(log, t') we have
|Fqr| = poly(t’). Therefore the field Fyr can be constructed in poly(t’) time and a primitive root of the
field and therefore O(dt/r) irreducible polynomials of degree r over F, can be constructed in poly(t’)
time.

If there is a deterministic poly(t', p,log ¢) time construction algorithm for a (P(Fq,n,d),Fqr,F,)-tester
of size O(d°r) then the construction in Lemma 8| is deterministic poly(t’, p,log ¢) time construction for
(P(Fg,n,d),Fu,Fy)-tester of size

- 1
<dt?fl+ + 1> LO(d°r) < O(d*+11).

This implies the result. ]

3.4 Testers for ¢ > d+ 1 in Polynomial Time

In this subsection we prove that for every t,d and ¢ > d+1 a (P(Fg, n,d),Fy, Fy)-tester of size O(d® - t)
can be constructed in deterministic polynomial time.

We first prove

Lemma 39. For every t, constant ¢ > 1, perfect square ¢ > c¢(d+1)? and d > 3 a (P(Fy,n,d), Fe,Fq)-
tester of size O(d3t) can be constructed in deterministic polynomial time.

Proof. By [1]in Lemma for t < d+ 2 we have ¢ > d(t — 1) + 1 and therefore 70,(d, q,t) = 1. By
Lemma [38] for d + 3 <t < ¢4+ /d we have

Tpoly(da q, t) < Tpoly(dv q,t,d+ 2) +1<2.
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Then again by Lemma [38] for ¢?™1/d < t < %" and ro = [¢*™/d| — 1 we have
Tpoly(da q, t) < Tpoly(da q,t, TO) +1<3.

Therefore, we may assume that

t>tg = g,
Let
log dt
= 1. 22
" [ log g W i 22)
By Lemma we have
Tpoly (da q, t) < Tpoly(da q,t, Tl) + L (23)
Let r be an integer such that
— 1)g(r+2)/2 — 1)g(r+3)/2
Ved dlog q Ved
and
1 (r+2)/2
Ved
By [3 in Lemma [35]
7*(d, q,12) = 1. (26)

In Claim [1| below we prove that ¢"2~* > dr; —d + 1. By Lemma since ¢">~1 > dry — d 4+ 1 we have
Tpoly (da q, t, Tl) < Tpoly (da q, t, T2) + 1. (27)
Finally, by Lemma , and we have

TPOly(dv q,t,rg) < T*(d7Q7r2) =1

This with and gives the result. O

It remains to prove

Claim 1. We have ¢">~' > dri —d + 1.
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Proof. Since t > to > qdq we have r1 > log,t > dq¢?. By (22) we have r; < log,t + 3 and therefore
t > ¢ 3. By (24) and . we have

(C _ 1)q(r+2)/2 1 (c _ 1)q(r+3)/2
rp > —F—-12> 172 od -1
logt ry — 3
qdlogq
Therefore
r1—3
¢l >V

and it is enough to prove that for r > dg¢?,

r1—3

aa > > dry.

This is true since d > 3 and ¢ > (d + 1)2.

We now prove
Theorem 40. For every n,t,d and ¢ > d+ 1, a (P(Fq,n,d),Fy,F,)-tester of size O(d®t) can be

constructed in polynomial time.

Proof. If ¢ > d + 1 then ¢* > 2(d + 1)2. Therefore by Lemma Tpoly (d, q*,t) < 3. Now by @ in
Lemma [35] we have
Tpoly(da q, t) < Tpoly(da q27 t) +1< 7—poly(da q47 t) +2<5.

By Corollary [23] and the proof of Theorem 0| we also get

Corollary 41. Let ¢ > 1 be a constant and r = poly(d,logt). We have the following upper bounds fmﬂ
Tpoly(dv q,t, T) and Tpoly(d7 q, t)

3Here and elsewhere we will add to the table other columns so that the reader can compare the result with the upper
and lower bounds.

46



Upper B. Upper B. Upper B. | Lower B.
q t 7(d, q,t) | Tpoty(d,q,t,7) | Tpory(d,q,t) | 7(d,q,t)
q>c(d+1)?, qP.S. | LS. 1 2 3 1
q>c(d+1)? qP.S. | all 2 2 3 1
qg>c(d+1) LS. 2 3 4 1
qg>c(d+1) all 3 3 4 1
g>d+1 LS. 3 4 5 1
qg>d+1 all 4 4 5 1

where 1.S. stands for “for infinite sequence of integers t” and P.S. for “perfect square”.

3.5 Testers for Subspaces of Fields in Polynomial Time

In this subsection we discuss the explicit construction in Subsection of testers for subspaces of fields
and what is needed in order to get a polynomial time construction. We then show that testers for
subspaces of extension fields of logarithmic dimension can be constructed in polynomial time. Those
testers will have better size than the testers in the previous subsection and will close the gaps in the
table in Corollary 41| for 7,0 (d, ¢, t,7) when r = O(logt/logq).

Our goal is to construct the tester in Corollary [20[and Lemma [19|in polynomial time. For the construc-
tion in Corollary [20] and Lemma we need to construct the (P(Fq,n,d), Z(G),F,)-tester defined in
Lemma |12 and the (Fy[x], S, Z(G))-tester defined in Lemma To construct those testers we need

1. To find all the places of degree 1 in FU'+1/F, for the tower W, defined in Lemma 136l 1371,
where ¢"t! < (c¢/(c — 1))dt < ¢"*2. By Lemma the number of such places is less than

¢t = O(dgt) = poly(t).
2. To find a prime divisor Q of F(T+1)/Fq of degree t + g. By Lemma g < ¢t =0(dt).

3. To find a basis for Z((t + g — 1) Py,) for some devisor Py, of degree 1.

1
r=0 ( ogt) .
log q
For [l|and [3] it is known from [65] and [69] that all the places of degree 1, a place P, and the basis for
Z((t + g —1)Py) can be found in time poly(t + g) = poly(t).

Notice that

For |2, we need to construct a prime divisor of degree ¢ + g. If @) is a prime divisor of degree s over Fy,
then there exist conjugate prime divisors Q1, Q2, ..., Qs of degree 1 over Fys such that Q@ = >"7 ;| Q;.
Therefore we need to find a divisor ); of degree one in F(”")]Fqs with s different conjugates. We do not
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know whether this can be done in deterministic polynomial time when s = t+ g and r = O(logt/logq).
We will call this problem PRIME(s, ).

We now prove

Lemma 42. The problem PRIME(s,r) can be solved in time poly(q**").
In particular, PRIME(O(logt/log q), O(logt/logq)) can be solved in polynomial time

Proof. To solve PRIME(s,r) we can compute all the prime divisors of degree 1 in F(T)Fqs and its
orbits under the Frobenius automorphism of Fys/F,. Each orbit of length s corresponds to a prime
divisor of degree s. To find a prime divisor of degree 1 in F(’")qus we solve the system of equation
ol 4 = xz_l/(xz:i +1) for k=1,2,...,r and all zg € Fys. For a fixed x;_; the system z} + z), =
mz_l / (J:Z:ll + 1) has at most ¢ solutions for xx. To find the solutions we exhaustively search for them.
This takes |Fs| = ¢° substitutions. Therefore, to find all solutions we need at most ¢?*™" substitutions
and therefore time poly(g**"). O

Obviously, when s+ = w(logt/log q), the above is not polynomial time construction. Therefore, as we
did in the last subsection we need to reduce the dimension of the problem to logt/log g and then use
Lemma[d2] Unfortunately, it is not clear here how to reduce the dimension. Our reduction in Lemma [§]
does not seems to be working in this case.

If the dimension of the extension field is r = O(logt/logq) then we need to solve PRIME(s,r) for
s = O(log(logt/logq)/logq) and r = O(logt/log q) + g where g is as in the proof of Corollary Ifg=
O(logt/logq) then by Lemma {42 PRIME(s,r) (and therefore item [2|) can be solved in deterministic
polynomial time. For the cases in Corollary r+g = O(logt/logq). See the proof of Corollary
This implies

Corollary 43. Let ¢ > 1 be a constant and v = O(logt/logq). There is a polynomial time algorithm
that constructs a subspace S C F r of size |S| = q" where R < O(r) and a (P(Fy,n,d), S, Fy)-tester of
size O(d™r) where T is as indicated in the following table (the forth column in the table)

Upper B. | Upper B. | Lower B.
q t 7*(d, q,t) T 7(d, q,1)
g>c(d+1)2, q P.S. | LS. 1 1 1
qg>c(d+1) LS. 2 2 1
q>d+1 LS. 3 3 1

where 1.S. stands for “for infinite sequence of integers t” and P.S. for “perfect square”.

Notice that 7y, (d, q,t,7) in Corollary 41| with 7 in Corollary 43| give bounds that meet the bounds for

7*(d, ¢, t) when the dimension is O(logt/logq).
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3.6 Testers for ¢ < d+ 1 in Polynomial Time

In this subsection we study (DML(Fy,n,d),Fg,F,)-testers when ¢ < d + 1. The following result
follows immediately from Lemma [3I] and the testers constructed in Lemmas [6] [7l Theorem [21] and
Theorem

Theorem 44. For any ¢ < d+1 and t a (DML(Fy,n,d),F,,Fy)-tester of size O(d" - 2%% - t) can be
constructed in time 2¢% - poly(t) where

o0 7
log(q® + 1) log q
Cq = E T = O p .
i=0

We denote by o(q) (respectively, opoy(q)) the constant for which a (DML(Fq,n,d),Fe, Fy)-tester L of
size 20(9)d+o(d) . ¢ exists (respectively, and can be constructed in 2794 . poly(t) time). By Theorem
and Theorem 27 we have

O<kgq>:=§§h¥mf;+l):cqzam@@)chwzzbg<1+>1>==Q<1>-

q par qg—1 q

In particular we have following bounds for oy, (q)

|

\ cq Upper B. ‘ Lower B.

q

2 | 1.659945821 1

3| 1.116191294 | 0.584962501
41 0.867464571 | 0.415037499
5
7

0.719921672 | 0.321928095
0.548433289 | 0.222392421

We now give some open problems

Open Problems 5.

1. We have shown that a (P(Fq,n,d),F ., Fy)-tester of size O(d’t) can be constructed in polynomial
time. It is easy to see that a tester of size O(d*t) can be constructed in quasi-polynomial time.
Find a better construction.

2. See Appendiz B. Prove Conjecture [}

3. Is BASIS(s,r) solvable in deterministic polynomial time?
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3.7 Tester from any Field to any Field

In this subsection we study (P(Fy,n,d), Fg,F qt/)—testers when ¢'" > d+ 1. Those testers will be used to
reduce the dimension of the extension field used in the black box interpolation and identity testing to
a smaller dimension. Such tester can be constructed using the fact that F,: can be embedded into the
field F(qt/)t o~ F(qt)t/ and then the (P(Fy,n,d), F(qt/)t, th/)—tester constructed in the previous subsections
is also a (P(Fg,n, d),Ith,Ith/)—tester. This tester is optimal within a factor of #. Our goal in this
subsection is to find such tester that is optimal within a factor of poly(d).

One approach is to first construct a (P(Fy,n,d), g, F r)-tester such that 7" > dt and ¢'|T. Then
construct a (P(Fq,n,d),FqT,th/)—tes‘cer and combine both testers. Another approach, that is used
here, is to first construct a (P(Fy,n,d),Fg,F r)-tester where ¢'|T and T = O(log(dt)/logq). Then
construct a (P(Fg,n,d),Fyr,F )-tester and combine both testers.

We prove
Lemma 45. Let t' > 1 be an integer such that qt/ >d+1. We have
1. If t' > [log(dt)/logq] + 1 then l/]f:t/ ((d,Fq),Fp) < (d+ 1)t/t' and a tester with such size can be
constructed in polynomial time. !

2. Ift' > [log(dlog(dt)/logq)/logq] > 2 then v  ((d,Fq),F,) < d(d+1)t/t' and a tester with such
qt

size can be constructed in polynomial time.
3. For any t' we have V%Dt, ((d,Fq),Fpt) < O(d’t/t') and a tester with such size can be constructed in
q

polynomial time.

Proof. We first prove [1} As in the proof of Lemma [7] we have

Vﬂzt/ ((da Fq)v th) < V]g?qt/ ((d7 Fl])v FQ[X]t—1>

and by Lemma |§| since ¢t ! > dt — d + 1, we have

dt—d+1

V]Et/((dvmq%Fq[X]tfl) < +

t
+1<(d+1) 5

This proves

We now prove[d Let T = [log(dt)/log q] + ¢ where ¢ > 1 is an integer such that ¢'|T. Obviously ¢ < ¢,
By we have

Vﬁt, ((d,Fg), Fye) < vt ((d,Fg), F[XTe-1) - Vﬁt, ((d, Fq), Fyr). (28)
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By we have v ((d.Fy), Fyl X)i—1) < (d+ 1)t/T and since ¢' > d(T/t' — 1), by Lemma
Vﬂz‘)qt/ ((d,Fq),Fyr) = VI@, ((d, IFq)a]F(qt’)T/t’) < Vg;qﬁ (d, IE‘(qt’)T/t’) < d(T/t).

This with implies @r
To prove [4, we use and Corollary Since T' < poly(d,logt), we get
B (GF)F) S o (4 F) FofX)i1) o, (4. Fy), Fyr)
S VIE,PLIT ((d’ FQ)v ]Fq [X]t_l) ' VIE”it’ (d’ F(qt/)T/t/)

(d+ 1)% -0 <d4§> =0 (df’;) :

IN

4 Applications of Tester for d-Restriction Problems

In this section we give some applications of testers for d-restriction problems. A d-restriction problem
[53, [5] is a problem of the following form:

Given an alphabet ¥ of size || = ¢, an integer n and a class M of nonzero functions f; : ¥4 — {0, 1},
i=1,2,... .t

Find a small set A C ¥™ such that: For every 1 < i1 <io < ---<ig<mnand f € M thereisa € A
such that f(a;,,...,a;,) # 0.

We give applications of testers for the following four d-restriction problems: Perfect hash, universal set,
cover-free family and separating hash family.

Note. For all the applications in this paper we will give deterministic polynomial time constructions,
but in some cases some explicit constructions are also given. We remind the reader that when say an
“explicit construction” we mean a construction using elementary algebra and algebraic function fields
in which each step of the construction is indicated. But it is not clear whether the construction is
polynomial time construction. For a construction that has exponential size, when we say that such
construction can be constructed in “polynomial time” we mean in time s - poly(n) where s is the size of
the construction.

4.1 Perfect Hash

In this subsection we show that testers can be used for constructing almost optimal perfect hashing in
polynomial time.
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Let H be a family of functions h : [n] — [¢]. We say that H is an (n, q)-family of perfect hash functions
if for all subset S C [n] of size |S| = ¢ there is an h € H such that the restriction of h to S, h|g, is onto,
ie., h|g(S) = [g]. In [53] Naor et. al. gave a deterministic construction of an (n, ¢)-family of perfect
hash functions of size s = e9¢®(1°89 log n that can be constructed in time s - poly(n).

For d < ¢q we say that H is an (n,q,d)-perfect hashing [5] (or (n,d,q)-splitter [53]) if for all subsets
S C [n] of size |S| = d there is a hash function h € H such that h|g is injective (one-to-one) on S, i.e.,
|h|s(S)| = d. Thus (n,q)-family of perfect hash functions is (n, ¢, ¢)-perfect hashing.

In [53, 5] it was shown that there are (n,d?,d)-perfect hashing of size O(d*logdlogn) that can be
constructed in poly(n,d) time. Wang and Xing [81] used algebraic function fields and gave an explicit
(n,d*, d)-perfect hashing of size O((d?/ log d) log n) for infinite sequence of integers n. Their construction
is similar to the construction of (P(Fq, n,d), Z(G),F,)-tester. For any ¢ the only known polynomial
time construction is of size O(d?logdlogn), [53, [5]. Blackburn and Wild [23] gave an explicit optimal
construction when ¢ is very large compared to d and log n.

Let N(n,d,q) be the size of the smallest (n,q, d)-perfect hashing. Obviously, the problem of finding
a small (n,q,d)-perfect hashing is a d-restriction problem where M = {f}, f : ¥ — {0,1} and
f(z1,29,...,24) = 1if and only if |[{z1,...,24}| = d. We will be interested in the case where d = o(n).
We now use union bound to give a nonconstructive upper bound

Lemma 46. Let g > d(d —1)/2+ 1. Then

log (1) _ _dlogn
= 2
log (l—gl(q,d)> log d(TEl)

where g(q,d) = (q—1)(q—2)--- (¢ —d +1)/¢".

In particular, when q¢ = ©(d?) then N(n,q,d) = O(dlogn) and when q > d**¢ for some constant € > 0
then

N(n,q,d) < (29)

dlogn
logq -

N(n,q,d) <

Proof. The bound follows from union bound and the fact that

o= () (- (52

When ¢ > d?¢ for some constant € we have N(n,q,d) = O(dlogn/logq) and when ¢ = O(d) and
q > 2d then N(n,q,d) = O(dlogn). When d(d —1)/2+ 1 < q < 2d we have

d—1 . d—1 oo .;
i i’ d(d—1) 1
_lng(Q7d):_ E In <1_q> = E EZT-FO(CP/QZ)ZZ,
i—1 i=1 j=1



and therefore g(q,d) < 0.78 and N(n,q,d) = O(dlogn). O

By [50] (see also [32), 41), 42]) we have the following lower bound
Lemma 47. Let ¢ > d(d —1)/2+ 1. Then

g(n,d —1)log(n —d + 2) logn
O eI ==l ) .

- log ¢
We now prove

Lemma 48. Let ¢ > d(d—1)/2 be a power of prime. Let t be an integer such that ¢¢ > n. Let S C F,r
be a sublinear space for some T >t where |S| = ¢'. There is an explicit (n, q, d)-perfect hashing of size

d(d—1)

HP

g (1020 )

In particular, There is an explicit (n,q, d)-perfect hashing of size

d(d—1
Vﬂp <( 9 ),th) .

In particular, for a constant ¢ > 1, the following (n, q, d)-perfect hashing can be constructed in polynomial
time

poly time Union Lower

n 149 Size = Bound Bound
A ST i T
all | > 5d* dﬂ';% d% 112%
L5 | 4> 50" Pei | gmyate | oea
all | q> 5d° ini | Vgmtatay | Toxg
18| q>1H 1| aopen dlogn logn
all |q>"G 41| abpEn dlogn logm

Proof. Consider the set of functions
F = {A{il,...,id}(wh R ,.’L’n) | 1< <<y < TL}

in Fylz1, 2, ..., xy,] where

A{il,...,id}(xlv s 73771) = H (I"Lk - xlj)

1<k<j<d
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Consider n distinct elements ay, ag,...,a, € S and let o = (a1, a9, ..., ). Since g(a) # 0 for every
g € F, and since F C HP(Fy,n,d(d—1)/2), using testers, there is a set B C Fy of size yﬁp(d(d—l)/Q, S)
such that for every g € F there is b € B where g(b) # 0. This gives an (n, ¢, d)-perfect hashing.

Now, the results in the table follows from Corollaries [41] and O

When ¢ > d(d + 1)/2 is not a power of prime number then we can take the nearest prime ¢’ < ¢ and
construct an (n, ¢, d)-perfect hashing that is also (n, ¢, d)-perfect hashing. It is known that the nearest
prime ¢’ > ¢ — ©(¢°?°), [19], and therefore the result in the above table is also true for any integer
q>d(d+1)/2+ O(d+).

4.2 (n,d)-Universal Set
An (n, d)-universal set over an alphabet ¥ is a set F C X" such that for every 1 <iy <is <-+- <ig<n
and every (01,...,04) € ¥4 there is a € F such that a;; =ojforall j=1,...,d.

Let |X| = ¢q. Let U(n,d, q) be the size of the smallest (n, d)-universal set over the alphabet . Obviously,
finding a small (n, d)-universal set is a d-restriction problem.

The union bound shows that there is an (n, d)-universal set over an alphabet 3 of size
U(n,d,q) < dg? (ln% + lnq> =0 (dqd logn> .

We first give a better bound when ¢ is a power of prime

Lemma 49. Let ¢ > 2 be a power of prime. We have

d
U(n,d,q) = O <d 4 logn) .
log q

Proof. Randomly uniformly choose dr vectors ygj ), . ,yglj ) ¢ Fg, 7 =1,...,7 and take

j=1

where Span is the linear span over F,. The set F is (n, d)-universal set over an alphabet F, if for every

1<y <ig <---<ig<nthereis j <r such that the matrix Y, = [yéj-)k]g,k is singular. The probability

(2
that Y, is singular is

d
1 1 1 1 1
(D)) Dyl L
qn qn q i:lql q—].

Now we use union bound to get the result. O
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For ¢ = 2, a lower bound of Q(2%logn) was proved in [44]. For completeness we prove the following
lower bound using the techniques used in [44] and [66]

Lemma 50. We have

e
U(n,d,q):Q< 10gn>.
log q

Proof. We first show that t := U(n,2,q) = Q(qlogn/logq). Let R = {rM ... .+r®} be an (n,2)-
universal set over Z,. It is easy to see that for any vector v € Zy the set R + v is (n, 2)-universal set.
For each entry 1 < ¢ < n we choose v; such that

Rl t
rcR|r+v,=0}<—=-.
I | H="r =3

Consider S = R+ v = {s),... 5"} where s) = () 4 v. Then the set W = {(sg-l), . ,sg.t)) | j =
1,...,n} contains vectors in ZZ where each vector in W contains at most ¢/q entries that are zero. For

s € W let Z(s) be the set of indices of the entries that are zero in s. There are no s(!), s(2) € § that
satisfy Z(s(1)) ¢ Z(s(?)) because otherwise the set S is not (n, 2)-universal set. Therefore,

n=iwi< () ) < (e,
Therefore, U(n,2,q) =t = Q(qlogn/logq).
Now let S be an (n, d)-universal set over Z,. Consider
Serconcas = 1(Vd=1,0d,...,vn) |V € S,v;=¢; forall i =1,2,...,d—2}.

Obviously, each S., ¢ € Zg—z is (n — d + 2, 2)-universal set over Z,. Therefore

d—1
U(n,d,q)zqd2U(n—d+2,2,q):Q<q logn>.
log ¢

O
The best known polynomial time (i.e., poly(q?,n)) construction for this problem gives a universal set

of size dPUogd/1084) ¢d 1o for ¢ < d and O(d®(logd)?q%logn), for ¢ > d [53, [2]. Here we will show the
following

Lemma 51. For any q, d and an integer r such that ¢" > n > q"~! there is an explicit (n,d)-universal
set over ¥ =T, of size

qd ) V]Fq(dv qu)'

In particular, for any constant ¢ > 1, the following (n, d)-universal sets over ¥ = F, can be constructed
in polynomial time (third column) and explicitly (forth column).
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Poly Time Ezxplicite
n |q Size= Size=
LS. | ¢ > c(d+ 1)2, q P.S. qud% dqdllgiz
all | ¢>c(d+1)%, q P.S. 2B gD
L5 [z cd+]) iy i
all | ¢=>c(d+1) gL gL
LS | g>d+1 d4qdi‘;§z’ d3qdllggz
all | g>d+1 d4qd% d4qd%
all | ¢g<d+1 d7qFea s ) o6 | @Pq(Fea/ s a)d og 1y
all | q=2 d722:66d 1og 4225 |og 1y

Proof. Consider the Reed Solomon [¢",¢" — d,d + 1] code C over F,» where ¢" > n > ¢"~1. Consider
the d x n matrix He that is the first n columns of the parity check matrix of C. Consider the set of
(n, d)-multilinear polynomials Dr(y) = det([y;.];k) where j,k =1,...,d, I = {i1,...,iq}, 1 < i1 <
i < <ig<n,y=(Yy,...,yy)’ and y; = (¥i1,...,yin). Here for notational convenience we regard

y as a d X n matrix of indeterminates. Since every d columns of H¢ are linearly independent we have
Di(He) # 0 for all 1.

Let L = {£1,...,8,}, &; : IF'ZTX" — IFZX”, be a (DML(F,n,d),Fs,Fy)-tester where v = vg, (d,Fyr).
Consider G; = £;(H¢) € Fgm, i=1,2,...,v. By the definition of tester, since for all I, D;(H¢) # 0 we
have: for every I there is j such that D;(G;) # 0. That is, for every d distinct indices I = {i1,...,iq}
there is a matrix G; such that the columns i1,...,iq in G are linearly independent.

Now consider the set F = UiSpanFq G; where Span]Fq G; is the linear space spanned by the rows of Gj.
It is obvious that F is (n, d)-universal set over F, of size ¢% - vg, (d, Fyr).

The results in the first 6 rows of the table follow from the fact that v, (d, Fgr) < l/ﬁ (d,Fgr), Corollary
and Corollary The results in the last two rows of the table follows from Theorem [21]and Theorem [44]
O

For ¢ > c(d +1)2, perfect square ¢ and infinite sequence of integers n we get an explicit construction of
size O(dq%logn/log q), and for all n, a polynomial time construction of size O(d?q?logn/logq). Notice
that the bound in the explicit construction exceeds the union bound and meets the upper bound in
Lemma[49 For constant d all the above bounds meet the bounds in Lemma[49 For ¢ = 2 (and small ¢)
the bound 27+0(log”d) logn in [53] exceeds our bound d°2%%%¢logn. The advantage of our construction
is in that each bit in the construction can be constructed in poly(d,logn) time where the construction
in [53] needs w(poly(d)) - poly(logn) time. This is studied in more details in [12].
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4.3 Cover-Free Families

Let X be a set with N elements and let B be a set of subsets (blocks) of X. We say that (X, B) is
(w, 1)-cover-free family ((w,r)-CFF), [43], if for any w blocks Bi,..., B, € B and any other r blocks

Aq,..., A, € B, we have
Bz 4
i=1 j=1

Let N((w,r),n) denotes the minimum number of points in any (w,r)-CFF having n blocks. When
w = 1, the problem is called group testing. The problem of group testing which was first presented
during World War II was presented as follows [26, 51]: Among n soldiers, at most r carry a fatal virus.
We would like to blood test the soldiers to detect the infected ones. Testing each one separately will
give n tests. To minimize the number of tests we can mix the blood of several soldiers and test the
mixture. If the test comes negative then none of the tested soldiers are infected. If the test comes out
positive, we know that at least one of them is infected. The problem is to come up with a small number
of group test.

This problem is equivalent to (1,7)-CFF and is equivalent to finding a small set 7 C {0,1}" such that
for every 1 <i4; <19 <--- <ig <n and every 1 <j <d there is a € F such that a;, =0 for all & # j
and a;; = 1.

Group testing has the following lower bound [27] 28], 31]

<N«Lr%n)252<ggrbgn>. (31)

It is known that a group testing of size O(r?logn) can be constructed in polynomial time [26] 55, [40].

The problem (w, r)-cover-free family is equivalent to the following problem: An (w,r)-cover-free family
is a set F C {0,1}" such that for every 1 <i; <ig < -+ < ig <n where d = w+r and every J C [d] of
size |J| = w there is a € F such that a;, =0 for all k ¢ J and a;; = 1 for all j € J. Then N((w,7),n)
is the minimum size of such F.

There are several lower bounds for N((w,r),n). We give the one in [7§]

log n) .

d(y)
N((w,r),n) >0 <log (g)

We first use union bound to show the following

Lemma 52. For d =w +r = o(n) we have

AH@mr%n)S(?(V@Wd'<i>k@n).
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Proof. We choose a random vector a € {0,1}" where Pr[a; = 1] = w/d for all i = 1,...,n. For distinct
i1,...,9q € [n], let Aj; i, be the event that (a;,ai,, - ,a;,) is of weight w. Then, by Stirling’s

formula, we have
PrA;,,.i,] = (Z) (3) (- %)H -9 ( “i“) |

Now using union bound the result follows. O

It follows from [79], that for infinite sequence of integers n, a (w,r)-cover free family of size
M=0 <(w7°)1°g* "log n)

can be constructed in polynomial time. For constant d, the (n,d)-universal set over ¥ = {0,1} con-
structed in [52] of size M = O(23¢logn) (and in [53] of size M = 2d+0(log> d) 150 n) is (w,r)-cover free
family for any w and r of size O(logn). See also [48].

We now prove

Lemma 53. Let t be such that ¢ > n and ¢ > wr+1. Let S C FqT be a sublinear space for some T >t
where |S| = q. Then

N((w,r),n) < N((w,r),q) - uﬁp(wr, S).

In particular, there is an explicit (w,r)-CFF of size
q
(w) : uﬁp(wr, S).

In particular, for any constant ¢ > 1, the following (w,r)-CFF can be constructed in polynomial time
in their sizes

Poly time Union Lower
n w Size= Bound Bound
w2 ,,,w+1
LS | O(1) quQ logn r*Hlogn Tog - logn
all | O(1) q:ngr logn r+llogn qz;r logn
2 wTw+2 w41 w1
LS. | o(r) | © (Cfo)gr logn (w”e)ﬁlogn mlogn
3 W W3 w1 w1
all | o(r) | © (Cfo)g: logn (w”e)ﬁ logn m logn

Proof. Consider the set of non-zero functions

M={A;|i€[n]? i, ig,...,iq are distinct}
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where

Aj(x1,...,xp) = H (w4, — ;).

1<k<w and w<j<d

Consider n distinct elements aq, ag,...,a, € S and let @ = (a1, a9, ..., a,). Since g(a) # 0 for every
g € M, and since M C HP(Fy,n,wr), using testers, there is a set B C Fy of size Vﬁp(wr, S) such that
for every g € M there is b € B where g(b) # 0.

Let F C {0,1}? be a (w,r)-CFF with | X| = ¢ elements of size N((w,r),q). Regard each f € F as a
function f :F, — {0,1}. It is easy to see that

{(f(b1)7f(b2)77f(bn)) | be B7f€"r} c {071}n
is (w,r)-CFF of size |F|-|B| = N((w,),q) - Vﬁp(wr, S).

Now for every subset R C F, define the function xr : F; — {0, 1} where for 5 € F, we have xr(8) = 1 if
B € R and xg(B) = 0 otherwise. Then {xg | R C F,, |R| =w} C {0,1} is a (w,r)-CFF with |F,| = ¢
elements of size (¢). Therefore

C ={(xr(b1),xr(b2),- -, XRr(bn)) | b€ B, R C Fy,|R| = w}

is (w,r)-CFF of size
|IC| < (i)yﬁp(wr, S).

Now for the results in the table consider a constant ¢ > 1 and let ¢ be a power of prime such that
q = cwr + o(wr). This is possible by [19]. Let t = [logn/logq]| and let S C F r where T' = O(t) be the
linear space defined in Corollary By Corollaries and the above result, for infinite sequence
of integers n, there is a (w, r)-CFF of size

w w42

<Z) ) P (wr,8) < (L) (wt =0 ((cer)w(wr)Qllcc))i f) =0 (wz(clz)g:log n>

that can be constructed in polynomial time. By Corollary [41| there is a (w, r)-CFF of size

3 w,w+3
q 2P ge\w 3, w®(ce)’r
<w> . VIFq (’LUT, th) S (;) (’I,UT) t=0 <10g7"10g TL)

that can be constructed in polynomial time. O

In Corollary (17| we have showed that for any constant ¢ > 1 and ¢ > ¢(d + 1), for infinite sequence of
integers ¢ we have VIEPq (d,Fgt) = O(d*t). One of the open problems in this paper is whether this bound
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can be improved to O(dt). By the proof of Lemma [53] if for some constant ¢ > 1 and any ¢ = ¢(d + 1)
we have l/ﬁ (d,F ) = O(dt) then for w = O(1)

N((w,r),n) = O GwH logn> .

ogr

This bound matches the lower bound and therefore closes the gap between the union bound and the
lower bound.

In particular, we will have

N((1,r),n) =© (17“2 logn)

ogr

for the group testing problem. We state this in the following
Lemma 54. If for some constant ¢ > 1 and ¢ = c(d + 1) we have I/HZ-Jq (d,Fp) = O(dt) then

N((1,7),n) = © (17"2 logn> .

ogr

4.4 Separating Hash Family

Let X and X be sets of cardinalities n and ¢, respectively. We call a set F of functions f : X — ¥ an
(M;n,q,{d1,da,...,d.}) separating hash family (SHF), [75, [76], if | F| = M and for all pairwise disjoint
subsets C1,Co,...,C, C X with |C;| = d; for i = 1,2,...,r, there is at least one function f € F such
that f(Cy), f(Ca),..., f(C;) are pairwise disjoint subsets. The goal is to find (M;n,q,{di,ds,...,d,})
SHF with small M. The minimal M is denoted by M (n,q,{d1,ds,...,d}).

In [22], Bazrafshan and Trund proved that for

r
Dl = Zdla
=1

1 —log(D; —1) —1 1
M(n,g, {d1,da, . d,}) > (Dy — 1) 87— 1oslDL = 1) qu:ﬂ@ Og"). (32)

log q ! log q
In [79], Stinson et. al. proved that an (M;n,q,{d:1,d2}) separating hash families of size
M = O((d1d2)"°8 " log n)

can be constructed in polynomial time for infinite sequence of integers n and q > dids. The same proof
gives a polynomial time construction for any separating hash family of size

M = O(DY® "logn)
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where
Dy= Y did,

1<i1 <ig<r
when ¢ > Ds.

In [48], Liu and Shen provide an explicit constructions of (M;n,q, {d1,ds}) separating hash families
using algebraic curves over finite fields. They show that for infinite sequence of integers n there is an
explicit (M;n,q,{di,ds}) separating hash families of size O(logn) for fixed d; and da. This also follows
from [52], an (n,d; + da)-universal set over two symbols alphabet is a separating hash families of size
O(logn) for fixed d; and da. Their construction is similar to the construction of the tester defined
in Lemma The following lemma gives a polynomial time construction of an (M;n,q,{di,ds})
separating hash families of size M = ((d1d2)*logn/logq) for any q > dida(1 + o(1)) and any n.

Lemma 55. Let ¢ > Dy. Let t be an integer such that ¢¢ > n. Let S C F,r be a sublinear space for
some T >t where |S| = ¢'. There is an explicit (M;n,q,{d1,ds,...,d,}) separating hash family of size

M =P (D, S).
For ¢ < Dy we have

M(na q/7 {d17d27 o 7d7‘}) S M(qa q/7 {dhd?v R

yd}) - g7 (Do, S) .

In particular, for any constant ¢ > 1 and q > Das, the following (M;n,q,{d,ds, ..
hash family can be constructed in polynomsial time

.,dy}) separating

poly time Union Lower
n olq Size = Bound Bound [17]

L5 (4> D1 P | DiEe | D | D

il [g= oDy 17,0 PS | DR | DL | byt
I T I

L5 | q2c(D2+1) D3 1323 Dl% Dy 1(;?;
It 1 T

all | g2 c(D2+1) 22)’1323 Dl% 1 12?2

EATEI RS For | D,logn | D/

and an (M;n,r,{dy,ds,...

,dy}) separating hash family of size

D 3
log D2 ’

can be constructed in polynomial time.
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Proof. Consider the set of functions

F={Ac,,..c(@1,...,2n) | C1,...,Cq are pairwise disjoint, |C;| = d;}

in Fy[zq,x9,. .., 2,] where
Acyon= ] T @i =)
1<k<j<r i1€C,i2€Cj
The proof then proceeds as the proof of Lemma O

Open Problems 6.

1. Can one somehow combines the constructions we have here with the techniques used in [53] to get
polynomial time constructions for small size alphabet? If we allow quasi-polynomial time for the
constructions then we can use Theorem 1 in [53] to get almost optimal size constructions.

2. Find polynomial time constructions of almost optimal size for (w,r)-CFF with alphabet of size
less than wr and for (M;n,q,{d1,ds,...,d.}) SHF with ¢ < Ds.

5 Application of Tester for Black Box PIT Sets over Small Field

In this section we show how to reduce a black box PIT set over large field to a black box PIT set over
small field. We then apply this to different subsets of multivariate polynomials.

The black box Polynomial Identity Testing (PIT) problem is the following: Given an arithmetic circuit
C that either identical to the zero function or from a class of circuits C over a field F, with input variables
Z1,%2,...,%, and given a substitution oracle that for an input @ € F” returns f(a). Determine whether
C computes the identically zero polynomial. We say that S C F" is a black box PIT set or a hitting set
for C if for every f € C there is @ € S such that f(a) # 0.

When the field is finite I, many simple classes of circuits, such as circuits that computes monomials,
requires black box PIT sets of exponential size. Therefore, many papers in the literature allow the
substitution oracle to receive assignment a from some extension field F,: of F;. One problem with that
approach is that some functions, such as z{ — z1, are identically zero over F, but not over any extension
field Fy: of Fy. Therefore, when using an extension field, they assume that each output node in the
circuit computes a function of variable degree less than ¢. That is, the degree of each variable in the
function is less than ¢. In that case, C is identically zero over [, if and only if it is identically zero over
Fg for any t. We say that S C IFZt is a black box PIT set over F,: or a hitting set over Fy: for C if for
every f € C there is @ € S such that f(a) # 0. Our goal will be to minimize the size of the black box
PIT set and the dimension of the extension field.

We first start with some definitions
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5.1 Sets of Multivariate Polynomials

For a multivariate polynomial f the total degree (or just degree) of f is the maximum over the sums of
the exponents of each multivariate monomial in f and the variable degree of f is the maximum over the
degree of each variable in f.

In this section we will study the following classes of multivariate polynomials

1. P(Fy4,n) is the class of all multivariate polynomials in Fg[z1,...,z,] of variable degree at most
q— 1.

2. P(Fq,n,(d,r)) is the class of all multivariate polynomials in P(F,,n) of degree at most d and
variable degree at most 7.

3. P(Fg,n,d) = P(Fq,n,(d,q — 1)) is the class of all multivariate polynomials in P(Fy,n) of degree
at most d.

4. P(Fg4,n,s) is the class of all multivariate polynomials in P(F,, n) with at most s monomials. This
class is called in the literature “sparse multivariate polynomials”.

5. P(Fq,n,(d,r),s) is the class of all multivariate polynomials in P(F,, n) of degree at most d and
variable degree at most r with at most s monomials.

In the same way we define the classes P(Fy, n,r), P(Fq,n,d,s) and P(Fq,n,r,s). Notice that when we
write P(Fq,n, 1) it is not clear whether r =1, d = 1 or s = 1. To avoid confusion we will use “=" in the
definition of the class to indicate which parameter is meant. For example, P(F,,n,r = 1) is the class of
multilinear polynomials where P(F,, n,s = 1) is the class of monomials and P(Fy,n,d = 1) is the class
of linear functions.

5.2 Main Results

We will study black box PIT sets for the above classes over Fy:. To the best of our knowledge all
the algorithms in the literature that construct black box PIT sets for the above classes are either
randomized, deterministic for some fixed extension field IF» or obtains non-optimal results in both the
extension field dimension and the size of the black box PIT set [34], 24 [80], [39] 45, [0]. See more details
in the next subsections. In this paper all the results we obtain are within poly(n) of the optimal black
box PIT set size and the dimension of the extension field is optimal.

The following table summarizes some of our main results.
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Class Extension Lower Upper Explicit Poly Time
Field F Bound Bound Construction | Construction
P(Fy,n) t >log,n+2 % (10g(qtn))~q” # #
PE.r) T - g - G0 G 2 G
P(Fq,n,(d,r)) t >log,(d+ 1) L"t’d’r) 7(1%‘1)'?(”’0”) d”:“ d”dH
P(Fq,n,s) t >log,n+2 L2 (log nn:s &Lf‘q 77 *(log” q) s
P(Fy,n,r,s) t > log,n + 2 "lolig;l) .8 n(logri))éoqg(r—irl) s n67’51fgg((17’+1) .3 n'r q24§10g r)-s
P(Eyn. (dr).s) [ t>log (d+1) | Geer.s | degoen s | desn.s | G

Notice that our polynomial time constructions (column 6 in the above table) are optimal in the largest
parameters (¢", (r+1)", n? and s in the last three rows of the table). For sparse polynomials P(F,,n, s),
P(Fy,n,r,s) and P(Fy,n,(d,r),s), all the results in the literature give black box PIT sets of size that
are at least quadratic in the size s. Also, the tight tradeoff with the field dimension (-/t) in each row of
the table was not known before. The bound on the dimension of the field extension in the second column
is log,(degree) + 1 and is known to be the best possible dimension (even for randomized algorithms)
if one uses Schwartz-Zippel Lemma. Therefore, our constructions are tight in the dimension of the
field extension. For the class P(Fy,n, (d,7),s) (the last row of the table), the best known result in the
literature [45, 0] used field extension of dimension that depends on the number of the variables n. Our
result uses field extension of dimension log,(d + 1) that is independent of the number of variables. Also
notice, that when ¢ > d+ 1 no extension field is needed. This will be further studied in [I2] to give new
Pseudorandom generators over small fields.

See other results in the following subsections.

5.3 Preliminary Results

Before we move to the constructions we give some preliminary results that will be needed in this section

5.3.1 A Primitive Root in the Field

In this subsection we give some results from the literature about deterministic algorithms for finding a
primitive root (called also primitive element) and an element of large multiplicative order in the field.
See more results in [64].

In [62] it is shown that

Lemma 56. In any field F, a primitive root can be found in deterministic time O(q1/4+5) for any
constant € > 0.
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In some applications one can also use an element of large order in finite field instead of a primitive root.
Von zur Gathen and Shparlinski in [35] showed

Lemma 57. There is a deterministic algorithm that for every integer n, gives N = n + o(n) and finds
an element in F n of multiplicative order

2(10n1/2/q12)725
in time poly(n).

In [68], Shoup proved (see also [64], Theorem 2.6)

Lemma 58. There is a deterministic algorithm that for every integer n, gives N = n + o(n) and finds
a primaitive root in FPN m time
pO(n/ log logn) )

5.3.2 Sidon Sequences

In this subsection we define the Sidon Sequence and prove some results that will be used in the sequel

A sequence of non-negative integers a1, az, - - , ay, is called Sidon By sequence if the sums a;, +---+a;,
for all 4 € [n]? are distinct up to rearrangements of the summands. The sequence is called Sidon B<g

sequence if the sums a;, +--- + q;, for all 2 € [n]d and r < d are distinct up to rearrangements of the
summands. We will study Sidom B<, sequences when d = o(n). It is easy to see that max; a; > nd—o(d),
See more results in [I1] and references within.

Several explicit constructions of Sidon B, sequences were given in the literature [11]. Bose [10] con-
structed Bo Sidon sequences by using finite affine geometry. His construction was extended in [I5] to
the following Sidon By sequences. Let ¢ be a prime power and 6 a primitive root of Fya. Define

Bu(a.0) = {a € [¢"— 1] | 6" — 0 € F,}.

Then By(g,0) is a Sidon B, sequence. The construction of this sequence requires discrete log and
therefore it is not clear whether it can be done in polynomial time.

We prove

Lemma 59. A Sidon B<g sequence ay,as,- - ,ap with

max a; < (n + O(n0.525))d+1
J

can be constructed in deterministic O(n®?+19) time.
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Proof. Consider the smallest prime number p that is greater than n. By [19], p < n+0O(n°525). Consider

B" = Bgy1(p,0) for some primitive root 6 € Fjar1. By Lemma a primitive root for F a1 can be
found in deterministic O(p(?+1/4+€) = O(n(¢+1/4+€) time for any e. To find all a € [p¢*! — 1] such
that 6 — 6 € F, we can use Daniel Shanks baby-step giant-step algorithm for discrete log that runs in
time pldt1/2+1 = O(n4/2+15) " Therefore, the complexity of constructing the Sidon Bgy; sequence is
O(nd/2+1:5),

Since |B’'| = p > n we can choose B = {ai,as,...,a,} C B’ that contains n elements. Since a; €
[pd+1 — 1] we have a; < pd—i-l <(n+ O(n0'525))d+1.

We now show that this sequence is Sidon B<4 sequence. One way to show this is to show that given a
where a = a;, + - -+ + a;,, for some d’ < d, one can uniquely determines d’ and a;,,--- ,a;,.

Given a = a;, +---+a;,. Let a; = 0% —0 € F for i = 1,2,...,d" < d. Consider
0% = 0T Y = (0t ay) (04 u,) =07 + Ag 10T+ A
for A; € Fp, i =0,1,...,d — 1. This uniquely determines d’" and A; for i =0,1,...,d — 1. Since
e’ 4 Ag_ 2zt A= () (@ + Qi)

by factoring ¥ 4+ Ay_12¥ "1+ .. 4+ Ag over Fq we get oy, 7 =1,... ,d" which uniquely determine ai;,

j=1,...,d. O
For B<,4 Sidon sequence that can be constructed in polynomial time we prove
Lemma 60. A Sidon B<g sequence ai,az,- -+ ,a, with

maxa; < (2dn)*?
J
can be constructed in time poly(n).

Proof. Consider the smallest prime number p that is greater than n. By [19], p < n + O(n%2%) < 2n.

Consider the Reed-Solomon code [n,n —2d, 2d+ 1] over K = F,, with the code locators aal, . . am

for some primitive root a € IF,,. Let

1 1 1
aO al a -1
H=| @72  (a!)? (™ h)?
i (QO).Qd—l (al):Qd—l (an—l)Qd—l |
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Define a function p : F, — Z as follows. For B e F, we have p(B) = B € Z where 3 = 8 mod p and
0 < B < p—1. Consider the (2d) x n matrix p(H) = [p(H; ;)]s ;. Since every 2d columns in H are
linearly independent over IF,,, every 2d columns in p(H) are linearly independent over R.

Let
(a1, ,an) = (1, (p = Dd+1,((p— Dd+1)%, -, ((p— Dd + 1)*"1) - p(H).

Now, our claim is that the sequence a1, a2, - ,ay is Sidon B<g sequence with max; a; < (2dn)2d.
First, since the entries of p(H) are in {0,1,...,p — 1} C Z, we have
a; <(p=1)+((p-1Dd+1)(p—1)+--+ ((p = )d+1)*(p = 1) < (2dn)*",

Now given an integer m that is equal to a sum of d’ < d elements a;, +---+a;,. Let {e1,...,e,} CZ"
be the standard basis and define b=¢;, +---+¢; o+ Then

m=(ar,...,ap)b" = (L (p = Dd+1,((p = 1)d+1)% - ((p— Dd+1)*"1) - (o(H)b").
Since the entries of p(H )bT are non-negative and less than or equal to (p — 1)d writing
m =mo+mi((p—1)d+1)+ - +mag1((p— 1)d+1)*""

in base (p —1)d + 1 gives
(mo, - .., Mmadg—1) = P(H)bT-

Since every 2d columns in p(H) are linearly independent over R and b contains at most d nonzero entries
p(H )bT uniquely determines b . This uniquely determines d’ and a;,, ..., q; oy O

5.3.3 The Operator ¢4

In this subsection we introduce a new notion that will be used in the sequel.

Let F be any field. Consider a multivariate polynomial f € F[zq,...,x,] of degree d. Let y =
(Y1,.--,Y4) where y; = (Yi1,...,¥in) are new indeterminates for i = 1,...,d. Define the operator

¢a : Flz] — Fly]

¢af = Y (1) Vg (Z y) : (33)

JCld] icJ
where ) ;4 y; = 0. We now show
Lemma 61. We have

1. For a monomial M of degree less than d we have ¢gM =0
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2. For a monomial M; = x;, - - - x;, of degree d we have pgM; = PermY);, where Perm is the perma-
nent of matrices and

Yiir Yiie -0 Ylig

Y21 Y2, 0 Y2,y
Y, (y) = ) ) ) )

Ydir Ydie ~° Ydig

3. For any monomial M of degree at most d we have ¢pgM = 0 if and only if M is of degree less than
d or one of the variables in M has degree that is greater than or equal to the characteristic of the

field p.

Proof. Let M = x;,x;, - - - x;,. If r < d then

¢aM = > (=)D D wian = D Nivnin = Yo
JC[d]

k=1jeJ jeld)r

for some A\; € F. For every j € [d]" the coefficient \; of y;, i, -+ yj.4, in ¢gM is a multiple of (when
i1,...,1} are distinct then it is exactly)

d

> o=t (1)) - -1yt (‘7 =a-nt-o

{j1,425-3r }CICId)] i=t

U

s
Il
o

where t = |{j1, j2,...,jr}| < r. This implies ]
For r = d, by Ryser’s formula [57], result [4 follows.

We now prove @ IftM= x(lii e azft where dy + - - - + dy = d then, by @ each monomial in ¢4M appears
(and therefore its coefficient is equal to) dildy!- - - d;! times. Therefore ¢gM is zero if and only if there

is ¢ such that d; > p. Combining this with || the result follows. O
Suppose
f(x) = ZM% cziy + g(x)
el
where ¢ = (x1,...,2,), g(x) is a multivariate polynomial of degree less than d, ¢ = (i1, i9,...,1q),

1<i1<ig<---<ig<m, \;#0and I C [n]d Since ¢y is linear we have

(¢df)(ylv s 7yd) = Z )‘iPerm (YMz (ylv s 7yd)) . (34)
el
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5.4 The Reduction from Large Field to Small Field

In this subsection we show how to reduce a black box PIT set over an extension field Fy: to a black box
PIT set over th/ where t/ < t.

We prove

Lemma 62. If M C Flxy,...,z,] and there is a black box PIT set T C S™ for M over a subspace
S C A for an F-algebra A then there is a black box PIT set R C F" for M of size |R| = |T| - vg(M, S).

In particular,

1. If M C DML(Fy,n,d) and there is a black box PIT set over an extension field Fy for M of size
w then there is a black box PIT set for M over F, of size w - vr, (d,Fyt).

2. If M C P(Fy,n,d), ¢ > d+ 1 and there is a black box PIT set for M over an extended field I
of size w then there is a black box PIT set for M over Fy of size w - Vﬁ(d,th).

3. If M CP(Fy,n,d), qt/ > d+1 and there is a black box PIT set for M over an extended field F
of size w then there is a black box PIT set for M over F v of size w - V%?t/ ((d,Fq),Fyt).
q

Proof. The results follow immediately from the definition of testers. O

By Corollary Theorem [44) and Lemma [45] we have
Lemma 63. We have

1. Let M C DML(Fy,n,d). Let S be a black box PIT set for M over an extended field Fy of size w.
There is an algorithm that runs in time w - 2% - poly(t) and constructs a black box PIT set for
M over B, of size O(d" - 2% - tw).

2. Let M C P(Fy,n,d) and ¢ > d+1. Let S be a black box PIT set for M over an extended field I
of size w. There is an algorithm that runs in time w - poly(d,t) and constructs a black box PIT
set for M over B, of size O(d™ow(@9) . tw) = O(d® - tw).

3. Let M C P(Fy,n,d) and ¢ >d+1. Let S be a black box PIT set for M over an extended field
Fy of size w. There is an algorithm that runs in time w - poly(d,t) and constructs a black box
PIT set for M over F v of size O(d® - wt/t").

We now prove

Lemma 64. If M C P(Fy,n,d,r =p—1)\P(Fq,n,d— 1,7 = p—1) where p is the characteristic of the
field, ¢ < d and there is a black box PIT set for ogM = {¢af | f € M} over an extension field Fy of
size w then there is a black box PIT set for M over F, of size 2%w - vp, (d,Fgt).
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In particular, let S be a black box PIT set for ¢gM over an extended field Fy: of size w. There is an

algorithm that runs in time w - 2(+¢a)d -poly(t) and constructs a black box PIT set for M over Fy of
size O(d720+¢a)d . ).

Proof. Let S C (th)d be a black box PIT set for ¢4qM of size w. Let f € P(Fy,n,d,r =p —1) be of
degree d and f # 0. By Lemma ¢af # 0. Since pgM C DML(F,,n,d) and S is a black box PIT
set for ¢4 M over Fy i, by Lemma there is a black box PIT set R C (Fg)d for ¢pgM over IF, of size
|S|-vr,(d,Fg). Therefore, for every f € M thereis a = (ay,...,aq) € R such that (¢4f)(a) # 0. Now,
by , there is J C [d] such that f(}_;c;a;) # 0. Therefore

> a

JjeJ

JCld,a€Ry,

is a black box PIT set for M over Fy of size 29w - vp, (d, F ).
The other result follows from Theorem (44 O

5.5 Lower and Upper Bounds

In this subsection we give lower and upper bounds for the size of black box PIT sets for classes of
polynomials. We first give folklore results that are used in many papers. The folklore lower bound is
information theoretic and the upper bound uses Schwartz-Zipple Lemma with the union bound. Then
we give a new bound that improves Schwartz-Zipple Lemma and use it with the union bound to get
better upper bounds.

5.5.1 Folklore Lower and Upper Bounds

In this subsection we give some folklore lower and upper bounds for the size of a black box PIT set.
The following is a folklore result. We prove it for completeness.

Lemma 65. Let M C Fy[z1,x2,...,2,] be a class of multivariate polynomials over Fy. Let M' C M
such that M' = M' ={g—g' | g# ¢ and g,g € M’} C M. Then any black box PIT S C Fy, for M
1s of size
log | M|

tlogq

S| >

Proof. Let S ={a,...,ay} be ablack box PIT set for M, and therefore for M’. Let M' = {g1,..., 9.}
Consider the elements g = (g;(a1),...,gi(ay)) € Foi for i =1,...,v. If [Fji| < v, then there is i # j

such that g9 = g). Then 0 # f = ¢; — gj € M satisfies f(a;) =0 foralli=1,2,...,w and we get a
contradiction. Therefore, we must have |F |1l = [Fi| > v = [M'|. This implies the result. O
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Another folklore result follows from Schwartz-Zippel Lemma, [60} 82, [49], and the union bound

Lemma 66. Let M C F[z1,22,...,2y,] be any class of multivariate polynomials over Fy of degree d.
For t such that ¢¢ > d + 1 and any constant ¢ > 0 there exists a black box PIT set S C th for M of
size

log M| if qt > dite

log |IM tlogq
s ML _ 00 g g (1o

~ tlogq —logd
081108 dlog|M| if ¢t >d+1

Proof. By Schwartz-Zippel Lemma, for any ¢! > d + 1 and f € M

d
Pran(]FZt)[f(a) #0]>1-— 7

where U (th) is the uniform distribution over F,. Now the result follows from union bound. O]

In particular, we have the following upper and lower boundsﬂ

Lemma 67. For any positive constant c the following are bounds for the size of black box PIT set for
M over F

“Here we assume that s = o(maximal possible size in the class). For example for P(Fg, n,s), s = o(q™).
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Lower Upper
M |Fge| > Bound = Q( ) Bound = O( )
P(Fg, n) ((g —Dn)'*e q"/t q"/t
P(Fg, n) (I+c)(g—Dn q"/t log(qn) - ¢"/t
P(Fg, n) (g—1)n+1 q"/t (gnlog(qn)) - ¢"/t
P(Eyn,7) | G+ D)t
P(Fyn,7) (tam | G+t | Qogrn) G+ 70
P(Eyn,v) S 7/t | Gnlogrm) - (r+ 1)
P(Fy,n,(d,r)) dite R(n,d,r)/t R(n,d,r)/t
P(Fy,n,(d,T)) (1+c¢)d R(n,d,r)/t logd- R(n,d,r)/t
P(Fy,n,(d,T)) d+1 R(n,d,r)/t (dlogd) - R(n,d,r)/t
P(Fq>na S) ((q_ 1)”)1+C n- % n- %
P(Fq,n,s) (14+¢)(g—1n n-3 (logn)n - ¢
P(Fq,n,s) (g—n+1 n- 3 (logn)gqn? - &
P(Fq,n,r,s) (rn)tte 7"105;;1) -8 Llﬁigl) .2
P(E,m,1s) (+epn | M.y | lelnelen
nlog(r+1 s n2r(log(rn)) log (r+1 s
P<FQ7na T, S) T’n1+ 1 dl?)éq ) 3 ( g(dli)é)q ! ) ‘T
c ogn s ogn s
P(qu n, (d7 T)) S) d * dl{)ggq T a IOC%?% 't
P(Flb n, (dv T)? S) (1 + C)d dlf(?ggqn ! % W ’ %
P(]FQ7 n; (d7 r)) S) d + 1 100ggqn * % 7( Olgog)q ogn * %
where R(n,d,r) is the number of monomials in Fy[z1,...,zy,] of degree at most d and variable degree

at most r.

Proof. We first use Lemma [65| to prove the lower bounds. For M = P(F,,n) or M = P(Fy,n,r) we
take M’ = M. For M = P(F,,n,s) we take M’ = P(F,,n,|s/2]) and for M = P(Fy,n,r,s) we take
MI = P<FQ7na Ty LS/QJ)

Consider the class M = P(Fy,n, (d,r), s). Let M’ be the class of multilinear polynomials in P(F,, n, (d, 1),
|s/2]) that contain no monomials of degree less than d. Then M’ — M’ C M. Therefore any black box
set for M must be of size at least

!/
log [M'| ~ <dslogn> ' (35)

log |IF g | N tloggq

For M = P(F4,n,(d,r)) we take the class of polynomials M’ C P(Fy,n, (d,r)) that contain no mono-
mials of degree less than d. We have M’ — M’ C M and therefore any black box PIT set for M is of
size

log | M| S R(n,d,r)

log [Fg:| — t '
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For the upper bounds we use Lemma O

Notice that to use Schwartz-Zippel Lemma the size of the field |[F:| = ¢" must be at least d 4+ 1 where
d is an upper bound on the degree of the polynomials in the class M. In the next subsection we give
a new result that improves Schwartz-Zippel Lemma. This result will first, improve the above upper
bound when ¢* > d + 1, and second, improve the minimum size of the field to the variable degree r
(rather than the total degree d + 1).

5.5.2 New Non-Constructive Upper Bounds

In this subsection we first give a new non-constructive upper bound for the size of a black box PIT set
for P(Fq,n,r,s) over Fy. Although our analysis also gives new randomized algorithms for black box
PIT even over F2, we will defer those results to our future works [12} 13, 14]. We then give a new
non-constructive upper bound for the size of a black box PIT set for P(Fy,n, (d,)).

For f € P(Fy,n,r,s), by Schwartz-Zippel Lemma, [60, 82, 49],

™m

Prycysmlf(z) #0] > 1 - 5]

where S C F,: and U(S™) is the uniform distribution over S™.

The following Lemma improves this bound

Lemma 68. Let f € P(Fy,n,r,s) be any non-zero polynomial. Then

rmin(n, log s)

r ) min(n,|logs|)
>
5]

Procusnlfla) 0> (1-
where S C F\{0} and U(S™) is the uniform distribution over S™.

In particular, for any non-zero polynomial f € P(Fq,n,s) we have

1 > min(n,|logs|)

Procy(sm[f(a) 0] > (1 -1

Proof. We prove the result for any f € P(Fy,n,r,s). The proof will be by induction on n. For n = 0,
f is a non-zero constant polynomial and s = 1 and the above probability is 1. For n =1, if s = 1 then

f(z1) = Maf for some A # 0 and r > d > 0 and therefore Procys)lf(a) # 0] = 1. If s > 1 then since
f(x1) is of degree at most r, it has at most r roots in F .\ {0} and

Procy(s)lf(a) # 0] > <1 - ‘TS’) .
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Suppose the lemma is true for n — 1 and consider f € P(F,,n,r,s). We write f in the form f =
p1(xp) My + - - + py(x,) My where p1,...,py € Fpelxy,] and My, ..., My € Fp[zy,...,xy_1] are s’ < s
distinct monomials. Now we have two cases: If for some i < §', p;(z,,) contains one monomial then for
any a, € Fe\{0}, f':= f(z1,...,2p—1,a,) # 0. This is because p;(a,) # 0 and then f’ must contain
the monomial M;. In this case, by the induction hypothesis,

Procysmlf(a) #0] = Z|;|Pra/eU<sn-l>[f<a’,an>7&01

an€S

- <1 r )min(n—l,Uog s')
- 5]

min(n,|logs])
r
> 1-—— .
> (1)

The other case is when every polynomial p;(x,) contains at least two monomials. In that case s’ < |s/2]
and for any a,, € Fy the polynomial f(z1,...,2,-1,a,) is of size at most |s/2]. Since deg(p1) < r, for
T = {p € S|p1(8) = 0} we have |T| < r and by the induction hypothesis

Procysnlf(@) 0] = 3 = Procpsenlf(@an) #0)

an€S\T ‘S’

l’l’lln(’n,*l7 l()g Sl )

_ <1 - T>min(n7l_10gsj) .
5|

For f € P(Fy,n,(d,r)), Schwartz-Zippel Lemma gives

d

Procys)lf(x) #0] 21— 5k

Now we prove the following better bound

Lemma 69. Let f € P(Fq,n,(d,r)), > 1 be any non-zero polynomial. Then

d/r
Procy(smlf(@) # 0] 2 <1 - ’745!)

where S C Fye and U(S™) is the uniform distribution over S™.
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Proof. We prove the lemma for f € P(Fy,n,(d,r)), > 1 by induction on n. For n = 0 the polynomial f
is nonzero constant and Pr[f # 0] = 1. If n = 1 then the polynomial f is in one variable z1. Then it has
at most r roots, d = r and the probability that f(x) # 0 for x € U(S) is at least (|S|—7r)/|S| = 1—7r/|S].

Suppose the result is true for all integers less than or equal to n — 1. We now prove it for n. Let A be

the set of all the elements « in S such that f|;, -, is identically zero. Since f € Fyt[z1,72,. .., 2y 1][2n]
is of degree r in x,, we have t := |A| < r. Also
f(z) = (H (zn — 04)) 9(z)
aEA

where g(x) € Fyt[r1,22,...,2,] is of degree d —t. For 8 & A let 73 and dg < d —t be the variable

degree and total degree of g|,, —g, respectively. Since ¢(z) = (1 —z)'/®

function in [0,1], 0 <rg <r <g—1landt <r <g—1 we have

1/rg 1/r t/r
T3 r t < r )
- >(1—-— and 1l —— > (1——
( !S!> ( \5\> 5] |5
and therefore by the induction hypothesis we have

Procy(smlf(®) #0] = Prlz, & A]- Procy(sn [f (@) #0 | 2, & A]

- |ts‘> Z ’S|1_tPI‘a:EU(Sn)[f’xn:ﬁ<aZ) # 0]

is a monotonically decreasing

1
Z wi_tprweU(Sn)[mmn:B(“:) # 0]

dg/rs

)
) )
- 57) 2 =i () o
) )
)

AV

v

v

This completes the proof. O

Now by Lemma Lemma 69| and since d/r < n we have
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Lemma 70. Let f € P(Fq,n,(d,r),s) be any non-zero polynomial. Then

r min(d/r,|logs])
Prycy(smlf(z) # 0] > <1 - |S\>

where S C F\{0} and U(S™) is the uniform distribution over S™.

Using the union bound with Lemma [70] we get
Lemma 71. For M C P(Fy,n,(d,r),s), if

r min(d/r,|logs])\ ™
mi(1- (1= ) <1

then there is a black box PIT set for M over Fy: of size m.

In particular, m = O(M) where

. min(d/r,log s) ) t_
(7%) log|M| if = =0(1),¢=w1)
log | M| if £ =0(1),4=0()
_ min(d,rlog s) . t_q -1

M=1 ¢ a1 log|M| if qtr = w(1), min(qci,rlogs) = o(1)

log | M| if 4 r_l =w(1), min(qd;ilogs) =0(1)
log |[M]| ; -1 -1 =

tlog g—log min(d,r log s) Zf ! T w(l)’ min(qd,rlog s) w(l)

where the O, 0 and w are with respect to the parameters s and d.

The above bound improves the upper bounds in Lemma when ¢' is close to the degree of f. In
particular we have

Lemma 72. For any positive constant c there is a black box PIT set for M over F: of size O(m) where
m is as given in the following table

Lower Upper Bound New Upper

M |Fge| > Bound Lemma@ Bound m
P(Fq,n) cqn q"/t (gnlog(qn)) - ¢"/t (log(gn)) - ¢"/t
P(Fy,n,7r) crn (r+1)"/t | (rnlog(rn)) - (r+1)"/t | (log(rn)) - (r+ 1)"/t
P(F(b n, (d7 7’)) cd R(na d, T)/t (d log d) ’ R(TL, d, T)/t (lOg d) ) R(na d, T)/t
Plpres | B it

n log(r+ s n“r(logn) log (r+ s n(logn) log (r+ s
P(an n, (d7 T)7 8) Cd looggqn ’ % % ) % % . %
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In the next Lemma we show that using our new bounds one can also get an efficient black box PIT set
size even if the field extension is 2. This also gives new randomized algorithms over small extension
fields that will be discussed in future works [12, [13] [14].

Lemma 73. There is a black box PIT set for M over Fp of size O(m) where m is as given in the
following table

’ M ‘ m ‘ Lower Bound ‘
PEL) S
P(Fq,n,7) (log q) (r +1+5 40 (q%)) (r+1)n
P(qunar = 1) (logq) <2+ q2%2> on
P(Fa,n,s) N . 51555 p
1
P(Fm n, 3) mn- 81+10g<%> n-s
n - sitlog((¢*~1)/(¢*~2))
P(Fm n,r= 17 3) =n-: 81+O(1/q2) lgésq
n - 81+10g((q271)/(q2717r))
P(qu n,T, S) =n- 31+O(T/q2) %g—;l).s
d(log n)51+10g((q2—1)/(q2—1—r))
P(Fg,n,(d,r),s) = d(logn) - s+O0/4) dllogn)-s

5.6 Constructive Upper Bound for P(F,,n) and P(F,, n,r)

In this subsection we give polynomial time constructions of a black box PIT sets for P(F,,n) and
P(Fg4,n,r) of size that asymptotically match the lower bounds in Lemma We give two constructions.
The first is a very simple construction that uses combinatorial Nullstellensatz [I] and is asymptotically
tight for small fields and the other one uses testers and is asymptotically tight for large fields. Notice
that since P(Fy,n) = P(Fy,n,m = ¢ — 1), it is enough to study the class P(F,,n,r).

The first construction uses the following combinatorial Nullstellensatz

Lemma 74. ([1]) Let F be a field and f be a multivariate polynomial in Flz1, ..., x,] of total degree d.
Let 7' x3? - - -z be a monomial in f of degree d. If Si,--- , Sy are subsets of F with |S;| = r;+1, there
is s1 € S1,82 € Sa,...,8, € Sy so that f(s1,...,8,) #0.

This immediately gives the following construction

Lemma 75. Let Fy be any field. Let S C Fy: be a set of size r +1. Then S™ is a black box PIT set for
P(Fqy,n,r) of size (r+1)".
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We now use testers to prove the following

Lemma 76. For any q there is a black box PIT set for P(Fy,n,r) over Fy of size at most

(r4+1)"
t

2n

that can be constructed in (r + 1)"poly(t,n) time.

In particular, there is a black box PIT set for P(Fy,n) over Fy of size at most
n

2nq—

t

that can be constructed in q"poly(t,n) time.

Proof. If t < 2n then the black box PIT set in Lemma [75]is of size (r +1)" < 2n- (r + 1)"/t. Therefore
we may assume that ¢t > 2n.

Consider the linear space Fy[z]7—1 where T = (r +1)"~! + 1. Since for two distinct monomials M; and
My with variable degree r we have

M,y (!, 2D gD ,x(Hl)n_l) £ My(z", 2D gD ,:c(”l)n_l)

for f € P(Fq,n,r) we have f # 0 if and only if h(z) := flat, 2D gr+D? o+ D"y £ 0. This
gives a black box PIT set for P(FFy, n,r) over Fy[z]r_q of size 1.
By Lemma since f € P(Fg,n,d = rn) and ¢ > ¢! > rn + 1 there is a black box PIT set for
P(Fy,n,r) over Fye of size

Vﬂzt ((rn, Fy), Folz]r-1) .

By Lemma [9] since
P> > T —rm+1

we have
P T—-1 m+1(r+1)" (r+1)"
VF ¢ ((rn, Fy), Fgla]r) < (rn+1) T 1 < 2n T

5.7 Constructive Upper Bound for P(F,, n,d) and P(F,,n,(d,r))

In this subsection we give a black box PIT set for the class P(Fy,n, (d,r)) for every d,r and q. We
give two constructions. The first is a very simple construction that uses combinatorial Nullstellensatz
lemma and the second one uses testers. For small d, the size of the black box PIT set asymptotically
matches the lower bound in Lemma 65
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By Lemma [67] and [72| we have that for ¢ > d + 1, a minimum size black box PIT set S over g for
P(Fy,n,(d,r)) satisties
R(n,d,r) R(n,d,r)
t t
where R(n,d,r) is the number of monomials in Fg[z1,...,2,] of degree at most d and variable degree
at most 7. The function R(n,d,r) satisfies the following bounds

< [5] < (logd)

d

3 (’Z) — R(n,d,1) < R(n,d,) < R(n,d, d) = <” ;r d).
=0
The combinatorial Nullstellensatz lemma gives the following construction
Lemma 77. Let S = {09,01,...,0,} CF where |S| =r+ 1. The set
S={(0i,...,0i,) | 0<ig <d, ij<r forj=1,...,n, and ig+iy +iz+ -+ i, =d}
is a black box PIT set for P(F,n,(d,r)) of size

|S| = R(n,d,r).

Proof. Let f € P(F,n,(d,r)) and let z}'z5? - - - 27" be a monomial in f of degree d’ = deg(f). Consider
S ={00,...,00,} C S for j=1,...,n By Lemmathere is 04, € S1,04, € Sa,...,04, € Sy, so that
f(oiy,...,04,) # 0. Since o;; € Sj we have i <r; <r. Also iy +---+i, <71+ -+ 7, =d and for
io =d— (iy + -+ + i,) we have ig + i1 + - - - + i, = d and therefore (oy,,...,0;,) € S. O

Our second construction uses testers. We prove
Lemma 78. For any ¢' > d+ 1 there is a black box PIT set for P(Fy,n,d) over Fqe of size

d((1 + o(1))n)d+t
t

that can be constructed in time n®*2 . poly(t,d).

Proof. 1If t < dn then by Lemma (78 we get the result. Therefore, we may assume that ¢t > dn. Let
f € P(Fy,n,d) where ¢' > d+ 1. Then

Fl@) = Xi-wiy oy

i€l

where x = (xo,ml,...,$n), zo=1,1C {(il,ig,...,id) ’ 0<i << - <y < n} and \; € Fq. Note
here that we are using x( to create monomials of degree less than d.
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Consider the Sidon B<4 sequence ai,az,--- ,a, in Lemma where max; a; < N — 1 = (n + o(n))?+.
In Lemma we have shown that this sequence can be constructed in time n%2*1%  Consider the

assignment &’ = (x%, 2%, 2%, ..., x%) where ag = 0 and x is a new indeterminate. Then
o) = S ng ot
el

Notice that n; := a;; + aj, + -+ + a;,, ¢ € I are distinct. Therefore, f(x') # 0. That is, S = {a'} is a
black box PIT set over F,[z]n_; of size 1. By Lemma [63| and |§| there is a black box PIT set over F . of
size

< dN —d+1

vie ((d,Fg), Folaly-1) < L < o))+t

t - t

5.8 Constructive Upper Bounds for P(F,,n,s) and P(F,, n,r,s)

In this subsection we construct black box PIT sets for P(Fy,n,s) and P(Fy,n,r,s).

In [24], Clausen et. al. showed that any black box PIT set for P(F,,n,s) over F, has size at least
Q((n/log s)'°e%). Then they gave a black box PIT set of size s©(1°8189) (5 /1og 5)'°8% [80]. They also
show that there is a black box PIT set for P(F,,n,s) over F,: where t > n of size s 4+ 1. Constructing
the latter set requires constructing an element of the field with multiplicative order at least ¢". In [34],
Grigoriev gave a black box PIT set for P(Fy,n,s) over Fy:, where t > 2log,(ns) + 4, of size O(qn?s®).
It follows from [45] that there is a black box PIT set for P(Fy, n,s) over Fy: where t > 12log, n + O(1)
of size (gns)¢ for some constant ¢ > 2. All the above results give black box PIT sets for P(Fy,n,s) of
size that are at least quadratic in s. In this subsection we give a black box PIT set for this class over
Fgt, where ¢ > [log, n] + 2, of size that is linear in s/t in deterministic time poly(n) - s.

We prove the following.

Lemma 79. We have
1. There is an explicit black box PIT set for P(Fq,n,r,s) over Fy of size

O %.é) if t>2log,n+2

logq ¢
0 %gg((;m.g if t>log,n+ O(log, log, n)
O (T g 3) o 2 logyn+2

In particular, of size poly(n) - s/t for t > log,n + 2.
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2. There is a black box PIT set for P(Fy,n,r,s) over Fy of size

O (¢*rnlog?r-3) if t> 2log,n + 2
O (¢*!r*n'log?r-3) if t>log,n+O(log,log,n)
O (¢**r°n"log?r - 2) if > log, n + 2

that can be constructed in deterministic time s - poly(n). In particular, of size poly(n) - s/t, for
t > log,n + 2, that can be constructed in deterministic time s - poly(n).

Proof. Let f € P(Fy,n,r,s). As in the proof of Lemma since the variable degree of f is at most 7,
f is not equivalent to 0 if and only if

gla) i= £ (ah,alrH, o2, 1)

is not equivalent to 0. Also, g(z) is of degree at most (r 4+ 1)" — 1 and contains at most s monomials.

Let
T — ["log(“rl)-‘ '
log q
Let a be an element of multiplicative order at least (r+1)" in F,r. Then one of the values g(a®), g(a?), ...,
g(a®1) is not zero. Therefore there exists an explicit black box PIT set for P(Fq,n,r,s) over F r of
size s. By Lemma and Lemma if ¢¢ > rn + 1, then there is an explicit black box PIT set for
P(Fgq,n,r,5) over Fe of size

2slog(r+1 .
0] %) if t>2log,n+2
r2n3s1 +1 .
- Vlﬁt ((rn,Fy),Fyr) =4 O %&) if ¢>log,n+ O(log,log,n)
0] %gggﬂrl) if ¢t> logq n + 2.

We now prove [4 By Lemma [57] for
1
M = ﬁqﬂ(n log(r + 1) + 25)? = O(¢**(log r)*n?)
an element o in F v for some M < N < M + o(M) of multiplicative order (r +1)" can be constructed
in time poly(n). If f(z) is not identically zero then g is not identically zero and then one of the values
g9(a%),g(a’),...,g(a*1) is not zero. Therefore there is a black box PIT set for P(Fy, n,s) over F v of
size s that can be constructed in time s - poly(n).

By Lemma and Lemma 45| if ¢' > rn+1, then there is an explicit black box PIT set for P(F, n,r, s)

over Ith of size

(0] M) if ¢>2log,n+ 2
P F).TF _ 0 ¢**r2ntslog?r i o> 1 O(log 1
S V]th((rn7 q)7 qM) - -t 1 [ qun (qu qu n)
@) M if ¢>log,n+2
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that can be constructed in time s - poly(n). O

Using testers with the result in [34], one can get a black box PIT set over F;: where ¢t > [log, n| + 2 of
size O(QTLQSB), which is better than the above size for small s. Since, in this paper, we are seeking black
box PIT sets of size that is linear in s (see the note in Section |§[) we will not state this result here. For
small s, better black box PIT set size and smaller field extension are achieved in [12].

5.9 Constructive Upper Bound for P(F,, n,d,s) and P(F,,n,(d,r),s)

In this subsection we construct black box PIT sets for P(Fy,n,d, s) for every ¢,s and d.

Klivans and Spielman, [45], gave a black box PIT set for P(Fy, n,d, s) over F:, where t > 6logn+61logd,
of size (ns)¢ for some constant ¢ > 2 that can be constructed in polynomial time poly(n,s). Then
Bogdanov [J] gave a black box PIT set for P(Fy,n,d,s) over Fy, where ¢t > 18logd + 18loglogn, of
size (slogn)¢ for some constant ¢ > 2 that can be constructed in polynomial time poly(n,s). In this
subsection we give a black box PIT set for P(Fy,n,d,s) over Fy, where t > [log(d + 1)/log q], of size
poly(d,logn)-s/t in time s-poly(n). In particular, when ¢ > d+1 then ¢t = 1 and therefore no extension
of the field is needed.

We prove

Lemma 80. We have

1. There is an explicit black box PIT set for P(Fq,n,d,s) over F

qt» where t > [log,(d +1)], of size

O (Gean . &) if t>2log,d+log, log,n +2
O (fEn. =) if t>log,d+log, log,log,n + 2
O %% ’Lf t > (1qu(d+]‘)—|

2. There is a black box PIT set for P(Fy,n,d,s) over I,

qt» where t > [log,(d +1)], of size

O (q24d3 log?n -
O (q24d4 log?n -
(@) (q24d7 log?n -

) if t>2log,d+log,log,n + 2
) if t>log,d+log,log,log,n + 2
) if t>[log,(d+1)]

o ok |0 o0

that can be constructed in deterministic time s - poly(n).

3. In particular, when ¢ > d + 1 then there is a black box PIT set for P(Fy,n,d,s) over Fy of size
poly(q,logn) - s that can be constructed in deterministic time s - poly(n).
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Proof. Let f € P(Fy,n,d,s) and ¢ be integer such that ¢* > d + 1. Then

el
where = (xg,x1,...,2n), zo = 1, I C {(i1,12,...,3q) | 0 < i3 < iy < -+ <ig < n}, |I| < s and
Ai € Fy. Note here that we are using xo to create monomials of degree less than d.

Consider the Sidon B<g4 sequence aj,az, - - - ,ay in Lemmawhere max;ja; < N—1= ((1+0(1))n)?+.
Consider the field F r where g’ > dN and let a be a primitive root of this field. Consider the assignment

' = (x%, 2" z% ... x%) where ag = 0 and x is a new indeterminate. Then
h(z) := f(a') = g A; - gt Tt
el

Notice that n; := a;; +ai, +---+a;,, ¢ € I are distinct and n; < dN and therefore if f is not identically

zero then h(z) is a nonzero polynomial of degree at most dN — 1 with at most s monomials. Therefore,

one of h(a®),h(al),...,h(a®1) is not zero. That is, S = {x'(a’),x'(al),...,x'(a*"1)} is a black

box PIT set for P(Fq,n,d,s) over F,r of size s. By @ in Lemma |62 there is a black box PIT set for
: P

P(Fg,n,d,s) over Fe of size s - Vr., (d,F,r) and by Lemma result |1| follows.

To prove @ we consider the Sidon B<g sequence ai,as2,--- ,a, in Lemma where max;ja; < N =
(2dn)?? that can be constructed in poly(n) time. By Lemma |57} for

1
M = ﬁq24(3d log(dn) + 25)% = O(¢**d?*(logn)?)

an element S in ]FqK for some M < K < M+o(M) of multiplicative order at least dN can be constructed
in time poly(n). As above S = {z/(8%),2'(8),...,2'(8°~1)} is a black box PIT set for P(F,,n,d,s)
over F x of size s. Now the result follows from @ in Lemma [62] and Lemma O

5.10 Field Reduction of Other Circuit Classes

In this subsection we apply the reduction in Lemma [62| for the black box PIT sets in [70} [73] [74, [6] and
get a black box PIT sets over smaller fields. The results are indicated in the following table

Circuit Field Size of New Field New Size Ref.
Class size > PIT set size > of PIT set
SIIX(k,d,n) | dnk® poly(n) - d d+1 poly(n) - d*+° | [70]
>, P,ROF kn® | (kn)OU+ogn) kn + 1 (kn)Olr+logn) [ 73]
ML SIS (k) | n? nOG?) n+1 nOG?) [74]
R, ML n? k™ +0(klog n) n+1 k™ +0(klogn) [6]
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The classes in the table are: XIIX(k,d,n) is the class of depth-3 circuits with n variables, degree d
and top fanin k. PrROF is the class of read once formulas (ROF, each variable appears at most once
in the formula) with n variables in which we are allowed to replace each variable z; with a univariate
polynomial T;(z;) of degree at most k. X,PLROF is the sum of r PyROF formulas. Multilinear (ML)
YIIXII(k) is the class of depth 4 circuits with n variables in which the fan-in of the top ¥ gate is a
constant k£ and each multiplication gate computes a multilinear polynomial. Ry ML is the class of
multilinear formulas with n variables where each variable appears at most & times in the formula.

The table shows the reduction to a smaller field. For example, in the first row in the table, in [70],
Saxena and Seshadhri gave a black box PIT set for YIIX(k,d,n) over fields of size at least dnk?. We
apply our reduction to give a black box PIT set for XIIX(k, d, n) over fields of size at least d+ 1. Notice
that our field size is independent of n and when the field F, satisfies ¢ > d + 1, no extension field is
needed.

6 Application of Tester for Polynomial Restriction Problems

A restriction problem is a problem of the following form:

Given an alphabet X of size |X| = ¢, an integer n and a class M of nonzero functions f : ¥ — {0, 1}.
Find a small set S C X" such that: For any f € M there is a € S such that f(a) # 0.

We will study restriction problems when M is a class of multivariate polynomials over [Fy.

We remind the reader that the total degree (or just degree) of a multivariate polynomial is the maximum
over the sums of the exponents of each multivariate monomial and the variable degree is the maximum
over the degree of each variable. We denote by P(F,,n, ((d, ), s)) the class of all multivariate polynomial
over [, of degree exactly d and variable degree at most » < ¢ — 1 that contains at most s monomials
of degree d and any number of monomials of degree less than d. We denote P(Fy,n,((d,q —1),s)) by
P(Fq4,n,(d,s)). Obviously, P(Fq,n,d,s) C P(Fq,n,(d,s)) and P(Fq,n,(d,r),s) C PFq,n,((d,1),s)).
Notice that, for example, f = (z1+1)(x2+1) -+ (zg+1) is in P(Fy, n, (d,1),29) and P(Fy,n, ((d,1),1))
but not in P(Fy,n, (d,1),s) for any s < 24.

In this section we consider the following s-sparse (d, r)-degree polynomial problem over F,: Given
the class P(Fy,n, ((d,7),s)). Find a small set S C Iy such that for every f € P(Fy,n,((d,r),s)) there
is @ € S such that f(a) # 0.

This problem can be regarded as black box PIT set over I, problem, hitting set problem or polynomial
restriction problem. We will call S a hitting set for P(Fy,n, ((d,r),s)).

Note: Throughout this section we will assume
d,r,q = o(n). (36)

Our technique can also handle other cases that will also be considered here. Although our results are

84



true for any s, we will assume that s > n and therefore we will concentrate on constructions that gives
hitting sets of size that is linear in s. In [12] other constructions of hitting sets that have size quadratic
in s are also studied.

6.1 Lower Bound for P(F,, n,((d,r),s))

In this subsection we give a lower bound for the size of any hitting set for P(Fy,n, ((d,r), s)).

We prove

Lemma 81. For any n,d,r,s and £, where £ < n and s < n2(=<D for some constants c1,co < 1,
any hitting set S for P(Fq,n,((d,r),s)) is of size

S|= 0 q Ld=O)/r] yq log n
a qg—r logg |~

In particular, for s = poly(n) there is infinite sequence of integers d such that

logn
—qf.? .3
1= (- S (37)

o q 1/r
q?r q_r

S| = Q(2¢ - slogn).

where

and for s = poly(n) and q = 2

Proof. Let S = {a1,...,a;} C Fy be a hitting set for P(Fy,n, ((d,7),s)). Let w = |(d —¥¢)/r]. Pick
random uniform sets Ay, As, ..., A, C [y each of size r. For a fixed b € S we have

w
—r
Priby & Ar,... by & Au] = <q ; )
Therefore there exist w sets Ay, ..., A, € Fy each of size r such that at most ¢((¢g—r)/q)" elements b € S
satisfy b; ¢ A; for all i = 1,...,w. Let B’ C S be those elements and B = {(by+1,...,bn) | b € B'}.
Then

Bl <|B| < (q”) ' (38)
q

Note that the polynomial



is zero on all the elements of S\B'.

Let M" C P(Fg,n—w —1,((¢,7),[s/2])) be a set of all polynomials over I, of degree ¢ and variable
degree at most r over the n — w — 1 variables (xy4o,...,2,) of size at most |s/2| that contain no
monomials of degree less than ¢. By the proof of Lemma if |F,|lBl < | M’| then there are two distinct
functions f,g € M’ such that f — g is equal to zero on all the elements in B. Then, the multivariate
polynomial

p(.’l?) : xZ;fl—W : (f(xw-‘r?a s 7xn) - g($w+27 s 7‘7:7’&)) € P(]Fq7 n, ((dv r)? S))

is non-zero polynomial of degree d and variable degree r and has at most s monomials of degree d and
is equal to 0 on all the elements of S. Therefore we must have |F,|/Bl > |AM|.

Now, by , we get
w w / L(d—f)/’V’J
t2<q> |B|Z< q ) log’M’:Q <q> lslogn .
q—r q—r log q q—r log q

We note here that a better bound can be obtained in if we choose ¢ = r/log(q/(q¢ — r)) and
d mod r = £. We avoid this since it will give a cumbersome analysis.

We note here that in (37)) the constant 7, , satisfies

1 g \'" 1/(g—1) Ing log” ¢
1+71§7Tw: <q’\? =1+ 1+O 5 < 2.

O]

q— q—T B q— q n
6.2 Nonconstructive Upper Bound for P(F,, n, (d,s))

In this subsection we give a non-constructive upper bound for the size of hitting sets for P(Fy, n, ((d, ), s)).

We first prove the following

Lemma 82. For any non-zero function f € P(Fq,n,(d,r)), r > 1 we have

PrsceU(IFg)[f(w) # 0] > W;g

_ q 1/r
q7/r. q_r

and U(Fy) is the uniform distribution over Iy .

where
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Proof. The result follows from Lemma

The union bound with Lemma [82] gives
Lemma 83. We have
1. There is a hitting set for P(Fq,n,(d,r),s) of size
IOg |P(FCI7 n, (dv 1“), 5)|

log<17igf>

log |P(Fq’ n, (da T)v S)|
log(q/d)

for q < d and of size

forq>d+1.

2. In particular, for any d < n and s < p—cead for some constant c1,co < 1, there is a hitting
set for P(Fy,n,(d,r),s) of size

(0] (dﬂgms log n)

for ¢ < d and of size

O(d?slogn) g=d+c
dslogn\ O(ds lc;g n) g=c(d+1)
log(q/d) ) ~ 0 7log(q/d)slog n) q = w(d)

@) lo‘éqslog n) q>dte

for q > d+ 1 and any constant ¢ > 0.
3. In particular, there is a hitting set for P(Fo,n,d, s) of size O(d2%slogn).
Since f € P(Fg,n,((d,r),s)) can contain any number of monomials of degree less than d, the size of the

class P(Fy,n, ((d,7),s)) is at least ¢/ 4" and therefore the union bound will not give a good bound.
In what follows we use a new technique that gives better bounds

Lemma 84. We have

1. Let d < n® and s < n(=eV2d for some constants ci,co < 1. If r < p — 1, where p is the
characteristic of the field, and q < d then there is a hitting set for P(Fq,n,((d,r),s)) of size

d
O (d(2.7rq71)dslogn> =0 (d (2—1—(]31) slogn) .
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2. In particular, there is a hitting set for P(Fa,n,(d, s)) of size O(d2?¢slogn).

3. If ¢ > d+ 1 then for any constant ¢ > 0, there is a hitting set for P(Fq,n,((d,r),s)) of size

O(d3slogn) g=d+c
Pslogn O(dQSigg n) q=c(d+1)
log(g/d) = O Fg(q/d)slog n) q=w(d)

2
O 1(;igqslog n> q > dte.

Proof. We first prove [ and [4 Consider oM = {paf | f € P(Fq,n,(d,s))} C P(Fq,dn,(d,r = 1)).
First of all, by Lemma [61} for every f € P(Fq,n,((d,r),s)), r < p—1, f # 0if and only if ¢qf # 0.
Second of all, ¢4f depends only on the monomials of degree d in f and therefore

(nerfl)
|[¢aM| < qs< ¢ )
Now by Lemma (82| and the union bound there is a hitting set ¥ C (Fg)d for ¢pgM of size

log [paM|

log (1—71r—f>
a,

Now if for some y = (Y;,Ys,...,yy) € Y and f € P(Fq,n,(d,s)) we have (¢4f)(y) # 0 then by
f(EjeJ y;) # 0 for some J C [d]. Therefore,

=0 (dﬂilslog n) .

Y'=329

Jj€J

JCd,yeY

is a hitting set for P(Fq,n, ((d,r),s)) of size
(0] (deW;{lslog n) .

Now we prove@ By Lemmathere is a hitting set X C Fy for P(Fy, n, d, s) of size O((dslogn)/log(q/d)).
Now choose d+1 distinct elements B = {f1, ..., B4+1} € Fy. This is possible since ¢ > d+1. Then define
theset S={8;a' | j=1,...,d+ 1,2 € X}. We now show that S is a hitting set for P(Fg, n, (d, s)).

Let f(x) € P(Fy,n,(d,s)) and define g(x,y) = f(yz1,yx2,...,yr,) where y is a new indeterminate.
Then g(z,y) = ga(z)y? + ga_1(x)y? ™t + - - - + go(x) and g4(x) € P(Fy, n,d,s). Therefore, g(x',y) # 0
for some @’ € X. Since g(«',y) is a polynomial of degree at most d in y we have g(z’, 3;) # 0 for some
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j=1,...,d+ 1. Therefore f(B;x') = g(«', 5;) # 0 for some ' € X and ; € B. Thus, S is a hitting
set for P(Fy,n, (d,s)). Now
d’slogn

1= X131 = 0 (525,

6.3 Constructive Upper Bound for P(F,, n, (d,s))

In this subsection we give explicit and polynomial time constructions of hitting sets for P(Fy, n, ((d,r), s)).

Our first result is for ¢ > d + 1. We prove

Lemma 85. Let ¢ > d+1 and M =P(Fy,n,(d,s)).

1. There is an explicit hitting set for M of size

4

O d2311‘;§2 if q perfect square ,q > c(d+1)%, I.S. n
0] d%igig if q perfect square ,q > c(d + 1)?
o (dT*‘lsbgTL) _ @) d%ﬁ% if ¢q>c(d+1), LS n
log g 0 d45112§2 if q>c(d+1)
O (d*s3B%) if ¢>d+1, LS. n
0 d%ﬁ'g if ¢>d+1

where ¢ > 1 is any constant.

2. For a constant d there is a hitting set for M of size

I
0 <s ogn>
log q

that can be constructed in polynomial time poly(n).

3. For d = O(logloglogn) and a prime q there is a hitting set for M of size

o (i)
log q

that can be constructed in time s - poly(n).
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4. For any d there is a hitting set for M of size
O (q24d7s -log? n)
that can be constructed in time s - poly(n).

Proof. Let f € P(Fq,n,(d,s)). Consider the Sidon B>, sequence in Lemma ai,as, - ,a, where
maxa; < N := (2dn)?¢ that can be constructed in polynomial time. Consider the assignment x’ =
(x%y,...,z%y) where z and y are new indeterminates. Then g(z,y) := f(a') € Fylz,y] can be
represented as g(z,y) = ga(®)y? + ga_1(x)y* L + -+ + go(x). Since f € P(Fy,n,(d,s)), ga(x) is a
nonzero polynomial of degree at most dN with at most s monomials. Consider the field F, such that
¢! < dN < ¢ and a a primitive root of [Fg:. Since g4 contains at most s monomials of degree less
than dN, one of the values g4(a),...,gq(a*1) is not equal to 0. Since g(x,y) is of degree d in y, we
have g(a?,a?) # 0 for some i = 0,...,5— 1 and j = 0,...,d. This gives a hitting set for P(F,n, (d, s))
over Fy: of size (d +1)s. Now using a (P(Fg,n,d),Fy,Fy)-tester and by Corollary [17| we get a hitting
set for P(Fy,n, (d, s)) of size

logn

P _ 7(d,q,t)+1

(d—|— 1)8 . VFq(d,]th) = O <d ( qt)+ Slogq> .
This proves

The bottleneck in the above algorithm is finding a primitive root in Fy+ where ¢t > dN. By Lemma
this can be done in polynomial time when d is constant. This implies [3

For d = O(logloglogn) we use Lemma If g is prime then by Lemma |58 a primitive root in F,r
where T' =t + o(t) can be found in time

O(t/loglogt) _ qO(dlogn/(logqlogloglogn)) _ poly(n).

q
This with Corollaries 1] and [43] implies [3

One can also use, instead of a primitive root, an element in Fy: of multiplicative order at least dN. By
Lemma [57| for m = O(¢**d? log? n) there is a polynomial time algorithm that constructs an element in
F,u of order at least dN where M < m + o(m). This, with Corollary gives a hitting set of size

(d+1)s- Vﬁ (d,Fgm) = O (¢**d"s - log®n) .
This implies [/ O

Notice that, for any constant ¢ > 1 and perfect square ¢ > ¢(d + 1)2, our explicit construction meets
the non-constructive bound in Lemma [R4l

We now study the problem for ¢ < d. We will first study the case where ¢ = 2 and then consider other
fields. We prove
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Lemma 86. Let M = P(Fa,n,(d,s)). Then

1. There is an explicit hitting set for M of size O(22%%slogn).

2. For a constant d there is a hitting set for M of size O(slogn) that can be constructed in polynomial
time poly(n).

3. Ford = O(logloglogn), there is a hitting set for M of size O(2%%slogn) that can be constructed
in time s - poly(n).

e 22.66d

4. There is a hitting set for M of size O(2%5%s1og® n) that can be constructed in tim s-poly(n).

Proof. The idea of the proof is the following: First we change the multivariate polynomials in M to
(n, d)-multilinear polynomials in ¢4M. Then we use Sidon sequence to find a hitting set for ¢4 M over
For where r = O(dlogn). Then we use a tester to change the hitting set over Fyr to a hitting set
over Fo. Then we use the hitting set for ¢4 M to get a hitting set for M.

Let M = P(Fq,n,(d,s)). Consider f € M and suppose

f(.’l?) = Z)\":xil T Ty +g<w)

el
where x = (x1,...,2,), g(x) is a multivariate polynomial of degree less than d, ¢ = (i1,i2,...,1q),
1<ip<ig<--<ig<n, \=11TcC[n?and |I| <s. Let M; = x;, ---x;,. Let y = (yy,---,Yq)
where y; = (¥i1, ..., Yin) are new indeterminates for i = 1,...,d. Recall the operator ¢4 : Folz] — Fa[y]

in . Since the field is of characteristic 2 and since ¢4 is linear we have

(Gaf) (Y1, ya) = > APerm (Yag, (yy, .., ya)) = > Asdet (Yar, (g1, ---,ya)) - (39)
iel iel
Notice that ¢4f is (n,d)-multilinear polynomial. Let z = (z1,...,2,) be new indeterminates. Then

(¢df)(z*y1a cee az*yd) = Z)‘izil T Rig det(YMi(yla cee ayd))a
el

where z xy; = (21¥i1,- - -, Zn¥in)-

Let K = Far where 7 = [4dlog(2dn)] and let a be a primitive root in K. We substitute y' = (y},...,yy)
in y where y; ; = o'/ and get

(baf)(zxY),...,zxyy) = Z)\izil -z, det ([ai’“j]k,j) = ZA’izil S Zig,

il el
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where, by Vandermonde, A; = \;det([a’]; ;) # 0 for all ¢ € I. Let a1,as,...,a, be the Sidon
B<g sequence that is defined in Lemma [60| where max;a; < (2dn)?!. We now substitute z = 2’ :=

(w, ..., w%) for a new indeterminate w and get

t(w) == (paf)(2' * Y}, ..., 2" xy) = Z Agw®in Tt
el

Since t(w) is a polynomial in one variable w of size at most s and degree at most d(2dn)?¢ < |K|, one
of the values t(1),t(c), ..., t(a*"!) is not zero.

This gives a hitting set for ¢p4M over K of size s. By the definition of testers there is a hitting set for
paM over Fy of size s - vp,(d,Far). Since each substitution in ¢4f can be simulated by 24 substitutions
in f and by Theorem [21], there is a hitting set for M over Fy of size

2%s - v, (d, For) = 24724 P s < 40297245 10g n = O(2%5%510g n).

This proves

In Lemma [59| we show that a Sidon B<, sequence aj,az, - ,aq with N := max;a; < (1 + o(1))%n?
can be constructed in deterministic O(n%?*1) time. We can use this in the above proof. Then we can
choose K = Fyr where 2" > dN > 2"~! and, by Lemma a primitive root in K can be found in time
(dN)* = O(n¥/?*1). This gives a construction of size O(22%4slogn) that can be constructed in time
nd/2+1, For constant d, we get [4

By Lemma for some constant ¢, there is M = 2dlog(2dn) + o(2dlog(2dn)) such that a primitive

root in Fyn can be found in time
2d log(2dn)
T — QClog log(2d log(2dn)) |

When d = O(logloglogn) we have T = poly(n). This implies [3

For the above construction one can also use an element of large multiplicative order in finite field instead
of a primitive root. By Lemma for m = O(d?log?(dn))) one can find an element in Fyur for some
m < M < m+o(m) of multiplicative order at least (2dn)? in polynomial time. This gives a polynomial
time construction of a hitting set of size O(22%4slog? n). O

When applying the above to any other field we encounter two bottlenecks. The first is that in ,
Perm (Y, (yq,-..,¥yq)) = det (Yas, (yq,...,y4)) is true only for multilinear polynomials over fields of
characteristic 2. Using permanent instead of determinant for fields of characteristic not equal to 2 will
add a factor of d! to the size of the construction. The second bottleneck is that the operator in
gives a factor of 2¢ to the size of the construction and this, for large field [Fy, gives a large gap from the
lower bound (q/(q — 1))%slogn = 2%(4/9slogn. We therefore get

Lemma 87. Let ¢ <d,r <p—1 and M =P(Fy,n,((d,r),s)). Then
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1. There is an explicit hitting set for M of size 0(2(1+Cq)dd!slog n).

2. If g = 2¢ then there is an explicit hitting set for M of size 0(2(1+C‘1)d5 logn).

3. If d is constant then there is a hitting set for M of size O(slogn) that can be constructed in
polynomial time poly(n).

4. There is a hitting set for M of size O(2<1+Cq)dsd! log? n) that can be constructed in time 2(1+eq)d gl g.
poly(n).

5. If ¢ = 2° then there is a hitting set for M of size 0(2(1+Cq)dslog2 n) that can be constructed in
time 2(1¢a)ds . poly(n).

The table in Figure [I| summarizes the results for M = P(F,,n, ((d,r),s)) where r < p — 1. See also
Open Problems [7]2| and

’ q,d H Lower \ Upper Explicit ‘ Poly Time
q=2 29s51logn 2245logn 22:66d510g 22:66d510g% n
g=2¢<d 3,r$112§Z d2d7rg715 logn | 20+c)dglogn | 20+cdg]og?n
g<d 7r37rsll?)§7; d2d7rgjls logn | 20+¢c)dgislogn | 20+caddlslog? n
qg<d=0() slogn slogn slogn slogn
I 7.1 ! 24 77 2
g>d+1 dllziz d Sllog?(gqnd) dr 151222 ¢*4d ,f-log n
¢2d+1=0(@1) || sigq S Toglg/d) STogq STogq

1+

Figure 1: Bounds for the size of black box PIT set for P(F,,n, ((d,r),s)).

1
q—1

=Tg1 < Tgr i= <

q
q—r

1/r
> < Tgg1 =70 =14

Ing
q—1

Open Problems 7.

1. Find a polynomial time algorithm that for every integer n, constructs a B<q Sidon sequence

ai,az, - ,an with max;a; < n®.

2. Close the gaps between the lower bounds and upper bounds in the table in Figure [1, Recently,
we have developed in [13] a new technique that uses what we will call “general permanent” and

“semi-symmetric testers” that narrow those gaps.

3. In Lemma for large q, one can use BlaSer et. al. technique, [18], to get a hitting set of size
poly(s,d,logn) in time poly(s,d,n). The size in those constructions are not linear in the size s.

This will be studied in [12].
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7 Conclusion and Future Work

In this paper we have developed a new notion called tester and new techniques for using it for different
applications. It is a useful technique because it gave many almost optimal constructions that could
not be achieved using the previously known techniques. We believe that testers will further help in
derandomizing many algorithms especially those that uses algebraic approach. Recently, this research
has evolved in different directions. We will discuss some of them that will be studied in more details
in [12, [13], [14].

Pseudorandom Generator. In this paper we studied testers that reduce hitting sets over an F-algebra
A to hitting sets over F. In [12] we define (1—e)-tester where f(a) # 0 implies Precr[f(€(a)) # 0] > 1—e.
Then the size of the minimal (1 — ¢)-tester vg (M,Fg,1 — ¢) is studied. Using (1 — ¢)-testers we give
new high density hitting sets and Pseudorandom Generators [9] over small fields.

Randomized Algorithms with Small Number of Random Bits. Hitting sets of high density can
reduce the number of random bits in randomized algorithms. We give one example.

To minimize the number of random bits in the randomized black box PIT algorithms for M, one can
consider an extension field K D F such that Prycgn[f(x) # 0] > 1 — € for all f € M and then use
(M, K, F)-tester L to change the point « to a set of points Sy = {¢(x) | £ € L} in F". Then for a
random uniform x € K" the set Sy C F" is a hitting set for f with probability at least 1 — €. If each
element in K can be represented with k£ bits then this algorithm uses kn random bits and gives a hitting
set with probability at least 1 — .

An interesting example is the following: Let M = P(F2,n,d = clogn) for constant c. Any deterministic
black box PIT set for M is of size at least n*(1°6™). The (folklore) randomize black box PIT algorithm for
M uses nt1log(1/€) random bits, runs in time n°**log(1/¢) and with probability at least 1 — e gives a
hitting point. Using a (M, Fqr, Fa)-tester where k = log(c(logn)/¢), we get a randomized black box PIT
algorithm for M that uses O(n(logn)log((logn)/¢)) random bits, runs in time n*%*t1log((logn)/e)
and with probability at least 1 — € gives a hitting point. In [I2] we show how to use dense hitting sets
in order to reduce the number of random bits to poly(logn).

Non-Adaptive Learning and Interpolation of Multivariate Polynomial: Testers also give the
first adaptive deterministic algorithm for learning the class C' = P(Fg, n,d, s) in time poly (2%, n, s) from
membership queries (returns the value of the function in an assignment a). In particular the algorithm
runs in time poly(n, s) for d = O(logn). Previous algorithms for this class was either randomized [20] or
uses equivalence queries [71] (returns a counterexample to any hypothesis h suggested by the learner).
To the best of our knowledge this is the first deterministic polynomial time learning algorithm for this
class.

Notice that, by in Lemma there is a hitting set S for P(Fq,n,d, s) of size 2266%51og? n that can be
constructed in time poly(2¢9, s). Now using the polynomial time algorithms in [20, [71] the result follows.
In what follows we describe a simple learning algorithm.
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The algorithm goes like this. By the definition of hitting set we have f = 0 if and only if f(a) = 0 for all
a € S. Therefore a hitting set is also a test set that tests if the function f € C is identically zero. We set
variables in f to zero as long as the function is not identically zero. When no more variables can be set
to zero then the product of those variables not set to zero is a monomial M in f. If all variables are set to
zero then the monomial is 1. Assuming, at iteration ¢, we have found the monomials My, M, ..., M;_4
in f. To find a new monomial we recursively run the above on f + M; + My + --- + M;_1. This gives
an adaptive deterministic polynomial time algorithm for P(FF3,n,d, s).

We can extend the above learning algorithm to an algorithm that learns the monomials of degree d
in M = P(Fa,n,(d,s)) in time poly(2%,n,s). The algorithm goes like this. We simulate membership
queries to ¢4f using membership queries to f using . Each membership query to ¢g4f can be
simulated using 2¢ membership queries to f. By the proof of Lemma there is a hitting set for ¢4 M
of size 22%slog?n that can be constructed in time s - poly(n,2?). We use this hitting set to test if
oqaf = 0. Notice that ¢qf = 0 if and only if f is of degree less than d. We now run the above algorithm
(for the class P(IFa,n,d, s)) with this test. It is easy to see that at each iteration a monomial of degree
d is found.

The above algorithms can also be extended to any field with the complexities described in Table

This solves the open problem of deterministic adaptive learning boolean O(logn)-multivariate polyno-
mial (i.e., C = P(Fa,n,0(logn),s)) from membership queries in polynomial time. This result was only
true for decision trees of depth O(logn) [20]. An interesting open problem is to find a deterministic
polynomial time non-adaptive algorithm for this problem and other interpolation problems. In [14] we
define “Builder” which builds f(a) from f(£(a)), £ € L. We also study the connection of builders to
the tensor rank of multidimensional matrices and give a non-adaptive learning algorithm for the above
problem.

Hitting Set of Small degree Polynomial over any Field: In Lemma we encountered two
bottlenecks. The first is that in ([B9), Perm (Yar,(y1,...,yq)) = det (Yar;(y1,....yq)) is true only
for multilinear polynomials over fields of characteristic 2. This adds a factor of d! to the size of the
construction. The second bottleneck is that the operator in gives a factor of 2¢ to the size of the
construction and this, for large field Fy, gives a large gap from the lower bound (¢/(q — 1))%slogn =
28:d/4) 5 1og .

In [I3] we develop a generalization of Ryser’s formula and define a new notion called “general permanent”
and use what we will call “semi-symmetric testers” to get tighter bounds.

Locally Explicit and Randomly Uniformly Explicit: All the constructions we have in this paper
are deterministic polynomial time constructions. It can also be shown that all the constructions in this
paper are polynomial time locally explicit, (i.e., every bit in the construction can be obtained in poly-
logarithmic time in its size) and polynomial time randomly uniformly explicit (i.e., a random uniform
row in the construction can be constructed in polynomial time in the size of the row with [log 7'] random
bits where T is the size of the construction). This is studied in more details in [12].
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8 Appendices

8.1 Appendix A. Algebraic Function Fields

In this appendix we give some notations and basic results from the theory of algebraic function fields
in order to be able to follow the proofs in the paper.

An algebraic function field F'/F, of one variable is an extension field F' D [, such that F' is a finite
algebraic extension of Fy(x) for some element € F' which is transcendental over IF,.

A wvaluation ring O is a ring Fy, C O C F that is not F, and not F' such that for every z € F' we have
that z € O or 271 € O. The ring O is a local ring (see [67], Proposition 1.1.5). Let O* be the group
of units of O@. Then Pp = O\OX, the set of non-units in O, is a unique maximal ideal of O and is a
principle ideal, that is, Pp = tO for some t € Py (see [67], Proposition 1.1.5 and Theorem 1.1.6). Also,
the element ¢ is unique up to unit element multiplication, that is, if Po = 'O then t = t'u for some
u € O (follows from Theorem 1.1.13 in [67]). Such ¢t is called prime element of P.

A place P of a function field is the maximal ideal of some valuation ring O. Given a place P. We have
F\O=P'={at|aeP}and O = F\P~! ([67], page 4). Therefore a place P uniquely determines
the valuation ring ©. We denote by Op the valuation ring corresponds to the place P. We denote by
Pr the set of all places of F/F,.

Since P is a maximal ideal of Op, the residue class ring Fp = Op/P is a field. For z € Op we define
xz(P) € Op/P to be the residue class of z modulo P. For z € F\Op we define z(P) = co. The map
x — x(P) is called the residue class map. It is easy to verify that this map satisfies the following.

Proposition 88. We have
1. If a(P) + b(P) is defined then (a + b)(P) = a(P) + b(P).
2. If a(P)b(P) is defined then (ab)(P) = a(P)b(P).

3. 0(P)=0 and 1(P) = 1.

Here v + 00 = 00 + @ = oo for every a € Fp and oo + oo is not defined. Also for a € Fp\{0},
a-00 =00 - =00-00 =00 and oo - 0 is not defined. It follows from the above definition that for
a # 0,00 we have a/oo = 0 and /0 = oo. Notice also that

P={ze€F|z2P)=0} and Op ={z | 2(P) € F}.
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The degree of a place P is deg P = [Fp : F)] and is always finite (see [67], Proposition 1.1.15).

To a place P € Pp we associate a function vp : F' — Z U {oo} (or ordp) as follows: Choose a prime
element ¢t of P. Then every 0 # z € F has a unique representation z = ¢"u with some u € Op and
n € Z (see [67], Theorem 1.1.6). Then define vp(z) = n. Also define vp(0) = co. It can be shown
that vp(z) depends only on P, not on the choice of ¢ (see [67], Theorem 1.1.6). The value vp(z) (or
ordp(z)) is called the wvaluation (or the order) of z.

The place P is called a zero of z if vp(x) > 0 and a pole of z if vp(z) < 0.

The following are some properties of valuation (see [67], pages 4-6)

Proposition 89. For a,b € F we have

1. vp(a) = oo if and only if a = 0.
vp(ab) = vp(a) + vp(b)
vp(a+b) = min(vp(a), vp(b))
vp(a) =0 for alla € Fy.
vp(x) <0 if and only if v € F\Rp if and only if x(P) = oo.
vp(x) =0 if and only if x € Ry if and only if x(P) & {0, 00}
vp(x)

x) > 0 if and only if x € P if and only if (P) = 0.

90.\2.%9“4:\9@@

The prime elements are t € R such that vp(t) = 1.

The additive free abelian group which generated by Pr is denoted by Div(F') and is called the divisor
group of F'/F,. Each divisor is a formal sum

D= Z npP

PePp

where np € Z and all except a finite number of which are not zero. A divisor D = P with P € Pp is
called a prime divisor. The support of D is

supp D = {P € P | np # 0}.

The principle divisor () (or div(z)) of x € F' is



We will also use vp for divisors and denote vp(D) = np. A divisor D is called integral divisor or positive
if for every place P € Pp we have vp(D) > 0. Every divisor D can be written as D = D, — D_ where
D, and D_ are positive divisors and

Dy= > wp@P, D= > (-vp(x))P.

’Up(D)>0 ’UP(D)<0
For the principle divisor (z) we define: (z)o = (z)+ and call it the zero divisor of x, and (x)s = (x)—
and call it the pole divisor of x. Then (z) = ()¢ — (%) co-
The degree of the divisor D is defined as

degD = Z vp(D) - deg P.
PePr

All principle divisors have degree 0 (see [67], Theorem 1.4.11).

The set of principle divisors Princ(F) = {(z) | 0 # = € F} is called the group of principle divisors
of F/F,. The factor group CI(F) = Div(F)/Princ(F) is called the divisor class group of F/F,. For a
divisor D € Div(F') we denote by [D] the divisor class of D in CI(F'). For two divisors D and Da we
write D1 ~ D2 if [Dl] = [DQ]

For two divisors Dy and Dg we write D1 < Dy if vp(D1) < vp(D3) for every P € Pp.
For a divisor D € Div(F') define the Riemann-Roch space associated to D by

ZL(D)={xe€F|(x)>-D}uU{0}. (40)
Here are some properties (see [67], Lemmas 1.4.6 and 1.4.7)

Proposition 90. Let D, Dy, Dy € Div(F) and P € Pp. We have

1. z € Z(D) if and only if for every place P we have vp(z) > —vp(D).
2. Z(D) is a linear space over Fy.

3. Ifdeg D < 0 then (D) = {0} and (D) =0

4. If D1 < Dy then £ (D1) C Z(D>).

5. If P¢supp D, z € L (D) and vp(z) > 0 then z € L (D — P).

We define the dimension of the divisor D as [(D) = dim £ (D).

We now prove
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Proposition 91. Let D € Div(F). For f € P(Fg,n,d) and z = (z1,...,2,) € ZL(D)" we have
f(z) € Z(dD).

Proof. Let M = x;, ---x;, be a monomial in f where d’ < d. Since by Proposition for every place
P we have

d d
vp(ziy -+ 2iy) = Y _vp(zi;) = = _wp(D) = —vp(d' D) > —vp(dD),
j=1 j=1

M(z) € £(dD). Since this is true for every monomial M in f and since .Z(dD) is a linear space we
have f(z) € Z(dD). O

The genus g or g(F') of F/F, is defined by
g(F) =max{deg D —I(D)+ 1| D € Div(F)}.

Therefore for every divisor D we have (D) > deg D + 1 — g. A divisor D is called non-special if
(D) =deg D+ 1—g. A divisor W is called canonical if degW = 2g — 2 and (W) > g. One of the
most important theorem in the theory algebraic function field is the following (see [67], Theorem 1.5.15
and Theorem 1.5.17)

Proposition 92. (Riemann-Roch Theorem) Let W be a canonical divisor and A be any divisor.
Then

1. [(A) =degA+1—g+1(W —A).
2. Ifdeg A > 2g — 1 then A is non-special and [(A) = deg A+ 1—g.

8.2 Appendix B. Toward Testers for ¢ > d + 1 with Better Size

In this appendix we show that if there is a polynomial time algorithm that finds for a given divisor U a
basis for .Z(U) then a tester with a better size than in Corollary |41| can be constructed in polynomial
time.

To find a basis for .Z(U) one can use the Brill-Noether Theorem [2I] or Hess algorithm [38]. We were
unable to find the time complexity of those algorithms. Laursen in [46] shows that the Brill-Noether
algorithm runs in polynomial number of “steps” but it is not clear that each step can be performed in
polynomial time.

Before we give the main result, we recall the definition of the Wi tower. Let x1 be indeterminate over
F,2 and F) = Fp2(r1). For k> 1 let F®#) = FGE=D(z,) where

q
X
k—1
x_,+1
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We will denote by BASIS(s, r) the problem of finding a basis of .Z(U) for a divisors U where deg(U_)+
deg(Uy) < sin F ("), We don’t know whether this problem can be solved in polynomial time even when
s =0(logt/logq). So here we can only state the following claim as a conjecture

Conjecture 1. The BASIS(O(dlogt/logq),O(log(logt/logq)/logq)) problem can be solved in poly-
nomial time.

In this appendix we prove the following

Corollary 93. Let ¢ > 2 be constant and v = O(logt/logq). If Conjecture |1| is true then we get the
following upper bounds for Ty, (d, q,t) and Tpo(d, q,t,7) (columns 4 and 5 in the table)

Upper B. Upper B. Upper B. | Lower B.
q t 7(d, ¢, t) | Tpory(d, q,t,7) | Tpory(d,q,t) | 7(d,q,t)
q>c*(d+1)%, qP.S. | LS. 1 1 2 1
q>c*(d+1)?%, q P.S. | all 2 2 3 1
qg>c(d+1) LS. 2 2 3 1
qg>c(d+1) all 3 3 4 1
qg>d+1 LS. 3 3 4 1
g>d+1 all 4 4 5 1

where 1.S. stands for “for infinite sequence of integers t” and P.S. for “perfect square”.

Note. In some cases we can replace BASIS(O(dlogt/log q), O(log(logt/logq)/logq)) in Conjecture
to BASIS(O(logt/logq),O(log(logt/logq)/logq)), but we will not discuss this here.

We now give a detailed sketch of the proof. First, as in the proof of Lemma we may assume that
t > q%

The idea of the proof is to first use Lemma to reduce the dimension ¢ of the problem to t =
O(logt/logq) and then use a construction similar to the construction in Theorem [11] for dimension ¢'.

By Lemma [38] we have

Tpoly(dv q, t) = Tpoly(d7 q,t, t)

log(dt
< Tholy (d’q’t’miw +1>+1

Our goal now will be to give a construction similar to the construction in Theorem [11] for

o Fog(dt)w .

log ¢
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Notice that for the construction in Theorem (11} we need to construct the (P(Fq,n,d), Z(G),F,)-tester
deﬁneddin Lemma|12/and the (Fo[z],F v, £ (G))-tester defined in Lemma To construct those testers
we nee

1. To find all the places of degree 1 in F(T)/Jqu for the tower Wy, [36], [37], where r = O(logt'/log q).
2. Find a prime divisor Q of F(")/ F,2 of degree t'.
3. Find a divisor G of degree t' + g — 1 = O(dt’) that satisfies the conditions in Lemma

4. Find a basis for .Z(G).

For 1, it is known from [65] and [69] that all the places of degree 1 in this function field can be found
in time poly(d,t). For 2, by Lemma a prime divisor of degree t' can be constructed in polynomial
time. Item 4 follows from Conjecture [1l For 3, it is not clear whether this can be done in polynomial
time. Instead, we use a different result that gives a slightly weaker tester.

We first prove

Lemma 94. Let F'/F, be algebraic function field of genus g that contains at least 2g places Py, Ps, . .., Py
of degree 1. Lett > g be an integer. Let Q) and R be a prime divisors of degree t and t — 1, respectively.
There are 1 < i1 <119 < --- < iy < 2g such that

G=R+P,+- +P,

g

satisfies

~

vo(G) =0

2. vp(G) = 0 for any prime divisor P & {Py,, ..., P,,} of degree 1.
3. 1(G) =degQ =t.

4. deg(G)=t+g—1.

5. 1(G— Q) =0.

Proof. 1. 2. and 4. are obvious for any 1 <i; <ip < --- < iy < 2g. AlsosincedegG =t—1+4g > 2g—1
by Proposition [(G) =deg G+ 1— g =t. This implies 3. It remains to prove 5.

The proof is by induction. Since deg(R — @) = —1, by @ in Proposition we have [(R — Q) = 0.
Suppose for some k£ < g there are 0 < 7y < iy < i3 < --- < i < 29 where Ry, = R+ F;, +---+ P,
satisfies (R — @) = 0. Suppose without loss of generality iy = 2g,i2 = 29 — 1,...,ix = 29 — k + 1.
Since 29 —k+ 1> g+ 2 we have i1,...,it € {g+2,9+3,...,29}.
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Consider the divisors Ry+P1—Q, ..., R+ Pyr1—Q. Suppose [(Ry+P;—Q) # Oforalli =1,2,...,g+1.
Then there is z; € Z(Rr + P, — Q)\Z (R — Q) for all : = 1,2,..., g+ 1. Therefore, by the definition
of the Riemann-Roch space ([40), it follows that vp,(z;) = —1 and for all j € [g + 1], j # i we have
vp;(zi) > 0.

We now show that zi,...,2441 are linearly independent over F,. Suppose there are \; € Fy, ¢ =
1,...,9+ 1 such that \z; + -+ + Ag412941 = 0. Let t; € F be such that vp,(t;) = 1. The existence
of such element follows from the strong approximation theorem, Theorem 1.6.5 in [67]. Then by
in Proposition vp,(tizi) = 0 and wvp,(tiz;) > 1 for all j # i. Then by [7 in Proposition [89] and
Proposition 0 = (Mtiz1 + -+ + Agp1tizg+1)(Fs) = Ni - (tizi)(P;). Since by @ in Proposition
(tizi)(P;) # 0 we get A; = 0.

Now let D = R, —Q+ (9 — k)P + P+ P3+---+ Py + P;1. Then degD = 29 — 1. Since D >
R+ P —Q,i=1,...,9+1 we have Z(R, + P, — Q) € Z(D). Therefore z1,...,2411 € Z(D).
Since z1,..., 2441 are linearly independent over F, we have I(D) > g + 1. On the other hand since
deg D = 2g — 1 by |4 in Proposition we have [(D) = g. This gives a contradiction. Therefore there
exists P, , € {P1, P, ..., Py41} such that for Ry = Ry + P, , we have [(Ry11 — Q) = 0. d

k41 k+1

Notice now that to construct G we need to compute .Z(Ry+ P; — Q) where deg(Ry)+deg(FP;)+deg(Q) =
O(dt') and find a prime divisor of degree ¢’ — 1. By Conjecture [1] and Lemma [42| such divisor can be
constructed in polynomial time.

The problem with the divisor G in Lemma is that it uses (and therefore it burns) g places of degree 1
that cannot be used in the tester. See Lemma [12

Now the proof proceed exactly the same as the proof of Corollary [I7 where the only change is that only
N — g > ¢"t2 —2¢"! places can be used instead of N > ¢"+2 — ¢"t1.
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