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ALGEBRAIC INDEPENDENCE IN POSITIVE
CHARACTERISTIC — A p-ADIC CALCULUS

JOHANNES MITTMANN, NITIN SAXENA, AND PETER SCHEIBLECHNER

ABSTRACT. A set of multivariate polynomials, over a field of zero or large
characteristic, can be tested for algebraic independence by the well-known Ja-
cobian criterion. For fields of other characteristic p > 0, there is no analogous
characterization known. In this paper we give the first such criterion. Essen-
tially, it boils down to a non-degeneracy condition on a lift of the Jacobian
polynomial over (an unramified extension of) the ring of p-adic integers.

Our proof builds on the de Rham-Witt complex, which was invented by Il-
lusie (1979) for crystalline cohomology computations, and we deduce a natural
generalization of the Jacobian. This new avatar we call the Witt-Jacobian. In
essence, we show how to faithfully differentiate polynomials over F), (i.e. some-
how avoid 9z /0z = 0) and thus capture algebraic independence.

We apply the new criterion to put the problem of testing algebraic inde-
pendence in the complexity class Np#P (previously best was PSPACE). Also,
we give a modest application to the problem of identity testing in algebraic
complexity theory.

1. INTRODUCTION

Polynomials f = {f1,..., fm} C k[x1,...,x,] are called algebraically indepen-
dent over a field k, if there is no nonzero F € k[y1,...,ym] such that F(f) = 0.
Otherwise, they are algebraically dependent and F' is an annihilating polynomial.
Algebraic independence is a fundamental concept in commutative algebra. It is
to polynomial rings what linear independence is to vector spaces. Our paper is
motivated by the computational aspects of this concept.

A priori it is not clear whether, for given explicit polynomials, one can test
algebraic independence effectively. But this is possible — by Grobner bases, or, by
invoking Perron’s degree bound on the annihilating polynomial [Per27] and finding
a possible F'. Now, can this be done efficiently (i.e. in polynomial time)? It can be
seen that both the above algorithmic techniques take exponential time, though the
latter gives a PSPACE algorithm. Hence, a different approach is needed for a faster
algorithm, and here enters Jacobi [Jac41]. The Jacobian of the polynomials f is
the matrix Jz(f) := (0x, fi)mxn, where 0., f; = 0f;/0x; is the partial derivative
of f; with respect to x;. It is easy to see that for m > n the f are dependent, so
we always assume m < n. Now, the Jacobian criterion says: The matrix is of full
rank over the function field iff f are algebraically independent (assuming zero or
large characteristic, see [BMS11]). Since the rank of this matrix can be computed
by its randomized evaluations [Sch80, DGWO09], we immediately get a randomized
polynomial time algorithm. The only question left is — What about the ‘other’
prime characteristic fields? In those situations nothing like the Jacobian criterion
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was known. Here we propose the first such criterion that works for all prime
characteristic. In this sense we make partial progress on the algebraic independence
question for ‘small fields’” [DGW09], but we do not yet know how to check this
criterion in polynomial time. We do, however, improve the complexity of algebraic
independence testing from PSPACE to NP#F.

The m x m minors of the Jacobian we call Jacobian polynomials. So the cri-
terion can be rephrased: Omne of the Jacobian polynomials is nonzero iff f are
algebraically independent (assuming zero or large characteristic). We believe that
finding a Jacobian-type polynomial that captures algebraic independence in any
characteristic p > 0 is a natural question in algebra and geometry. Further-
more, Jacobian has recently found several applications in complexity theory —
circuit lower bound proofs [Kal85, ASSS12], pseudo-random objects construction
[DGW09, Dvi09], identity testing [BMS11, ASSS12], cryptography [DGRV11], pro-
gram invariants [L’'v84, Kay09], and control theory [For91, DF92]. Thus, a suitably
effective Jacobian-type criterion is desirable to make these applications work for
any field. The criterion presented here is not yet effective enough, nevertheless, it
is able to solve a modest case of identity testing that was left open in [BMS11].

In this paper, the new avatar of the Jacobian polynomial is called a Witt-
Jacobian. For polynomials f = {f1,..., fn} C Fplz1,...,2,] we simply lift the
coefficients of f to the p-adic integers Zp, to get the lifted polynomials f' -
Zp[xl, ..., &y]. Now, for ¢ > 1, the ¢{-th Witt-Jacobian polynomial is WJP, :=
(f1- -fn)p“l_l(xl -+ 2, - det T (f). Hence, the Witt-Jacobian is just a suitably
‘scaled-up’ version of the Jacobian polynomial over the integral domain Zp. E.g.,
ifn=1,f1 =¥, then WP, = (x’lj)p“l_l(xl) (patTh) = px’fz which is a nonzero
p-adic polynomial. Thus, Witt-Jacobian avoids mapping 2% to zero. However, the
flip side is that a lift of the polynomial f; = 0, say, fl = pa! gets mapped to
WIP, = (pa?)P" " ~1(zy) - (p2a™!) = p(p“l“):vlfz which is also a nonzero p-adic
polynomial. This shows that a Witt-Jacobian criterion cannot simply hinge on the
zeroness of WJP, but has to be much more subtle. Indeed, we show that the terms
in WJPy carry precise information about the algebraic independence of f. In par-
ticular, in the two examples above, our Witt-Jacobian criterion checks whether the
coefficient of the monomial xﬁ’e in WJP, is divisible by p® (which is true in the sec-
ond example, but not in the first for £ > 2). It is the magic of abstract differentials
that such a weird explicit property could be formulated at all, let alone proved.

1.1. Main results. We need some notation to properly state the results. Denote
729 by N. Let [n] := {1,...,n}, and the set of all r-subsets of [n] be denoted by
([Z]). IfI e ([’:]), the bold-notation a; will be a short-hand for a;, ¢ € I, and we
write a; for af;). Let k/F, be an algebraic field extension, and W (k) be the ring
of Witt vectors of k (W(k) is just a ‘nice’ extension of Z,). Define the F,-algebra
A := k[z,] and the p-adic-algebra B := W(k)[x,]. For a nonzero o € N denote
by vp(a) the maximal v € N with p|a;, i € [n]. Set v,(0) := 0.

[Degeneracy] We call f € B degenerate if the coefficient of * in f is divisible
by pU»(®+1 for all & € N*. For £ € N, f is called (£ + 1)-degenerate if the coefficient
of £ in f is divisible by p™»{ve(@).3+1 for all o € N”.

We could show for polynomials f, € A and their p-adic lifts g, € B, that
if f,. are algebraically dependent, then for any r variables x, I € ([7;]), the p-adic
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polynomial (Hjel z;) - det Tz, (g,.) is degenerate. This would have been a rather

elegant criterion, if the converse did not fail (see Theorem 36). Thus, we need to

look at a more complicated polynomial (and use the graded version of degeneracy).
[Witt-Jacobian polynomial] Let £ € N, g, € B, and I € ([:]). We call

E_
WIPe11(g,) = (91 9,)" ~ (Tjer ) - det T (g,) € B
the (¢ 4 1)-th Witt-Jacobian polynomial of g, w.r.t. I.

Theorem 1 (Witt-Jacobian criterion). Let f, € A be of degree at most 6 > 1, and
fix £ > |rlog,d]. Choose g, € B such that Vi € [r], fi = g; (mod pB).

Then, f, are algebraically independent over k if and only if there exists I € ([Z])
such that WIPg41.1(g,.) is not (¢ + 1)-degenerate.

If p > §", this theorem subsumes the Jacobian criterion (choose £ = 0). In
computational situations we are given f,. € A, say, explicitly. Of course, we can
efficiently lift them to g, € B. But WJPy41 1(g,) may have exponential sparsity
(number of nonzero monomials), even for £ = 1. This makes it difficult to test the
Witt-Jacobian polynomial efficiently for 2-degeneracy. While we improve the basic
upper bound of PSPACE for this problem, there is some evidence that the general
2-degeneracy problem is outside the polynomial hierarchy [Menl12] (Theorem 40).

Theorem 2 (Upper bound). Given arithmetic circuits C, computing in A, the
problem of testing algebraic independence of polynomials C, is in the class NP#F .

We are in a better shape when WJP,y1 1(g,) is relatively sparse, which happens,
for instance, when f, have ‘sub-logarithmic’ sparsity. This case can be applied
to the question of blackbox identity testing: We are given an arithmetic circuit
C € F,lxz,] via a blackbox, and we need to decide whether C' = 0. Blackbox
access means that we can only evaluate C' over field extensions of F,. Hence,
blackbox identity testing boils down to efficiently constructing a hitting-set H C FZ
such that any nonzero C (in our circuit family) has an @ € H with C(a) # 0.
Designing efficient hitting-sets is an outstanding open problem in complexity theory,
see [SS95, Sax09, SY10, ASSS12] and the references therein. We apply the Witt-
Jacobian criterion to the following case of identity testing.

Theorem 3 (Hitting-set). Let f,, € A be s-sparse polynomials of degree < 4§,
transcendence degree < r, and assume s,0,r > 1. Let C' € kly,,] such that the
degree of C(f,,) is bounded by d. We can construct a (hitting-)set H C FZ n

poly ((nd)", (57’5)T2S)—time such that: If C(f,,) # 0 then Ja € H, (C(f,,))(a) # 0.

An interesting parameter setting is » = O(1) and s = O(log d/r? log(drlogd)).
In other words, we have an efficient hitting-set, when f,, have constant transcen-
dence degree and sub-logarithmic sparsity. This is new, though, for zero and large
characteristic, a much better result is in [BMS11] (thanks to the classical Jacobian).

1.2. Our approach. Here we sketch the ideas for proving Theorem 1, without
going into the definitions and technicalities (those come later in plenty). The central
tool in the proof is the de Rham-Witt complex which was invented by Illusie, for
F,-ringed topoi, in the seminal work [III79]. While it is fundamental for several
cohomology theories for schemes in characteristic p > 0 (see the beautiful survey
[[1194]), we focus here on its algebraic strengths only. We will see that it is just
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the right machinery, though quite heavy, to churn a criterion. We lift a polynomial
f € A to amore ‘geometric’ ring W(A), via the Teichmdller lift [f]. This process is
the same functor that builds Zp from ), [Ser79]. The formalization of differentiation
in this ring is by the W(A)-module of Kdhler differentials Q\l,V(A) [Eis95]. Together
with its exterior powers it provides a fully-fledged linear algebra structure, the de
Rham complex QW( A) But this is all in zero characteristic and we have to do more
to correctly extract the properties of A — which has characteristic p.

The ring W(A) admits a natural filtration by ideals V¢ W(A) D p’ W(A), so we
have length-€ Witt vectors W(A) := W(A)/ V* W(A). This filtration is inherited by
Q'W(A), and a suitable quotient defines the de Rham- Witt complex Wy Q4 of W, (A)-
modules, and the de Rham-Witt pro-complex W, 2. This is still an abstractly
defined object, but it can be explicitly realized as a subspace of the algebra B’ :=
Uiso W(E)[xP '] (a perfection of B). Tllusie defined a subalgebra EY € B’ that is
‘almost’ isomorphic to W(A), and could then identify a differential graded algebra
E C Qp, such that a suitable quotient E, := E/Filé E realizes W, €.

To prove Theorem 1 we consider the Witt-Jacobian differential W, := d[f1] A
- ANd[fy] € W, By studying the behavior of W, Q" as we move from A to
an extension ring, we show that WJ, vanishes iff f, are algebraically dependent.
The concept of étale extension is really useful here [Mil80]. In our situation, it
corresponds to a separable field extension. We try to ‘force’ separability, and here
Perron-like Theorem 4 helps to bound ¢. Next, we realize WJ; as an element of
Ey. It is here where the Witt-Jacobian polynomials WIP, 1 appear and satisfy:
WJ, = 0 iff its explicit version is in Fil‘ E iff WJPy 1 is (-degenerate for all I.

The idea in Theorem 2 is that, by the Witt-Jacobian criterion, the given poly-
nomials are algebraically independent iff some WJP,; ; has some monomial
whose coefficient is not divisible by p™in{ve(@).£3+1 Ay NP machine can ‘guess’ T
and «, while computing the coeflicient is harder. We do the latter following an idea
of [KS11] by evaluating the exponentially large sum in an interpolation formula us-
ing a #P-oracle. In this part the isomorphism between W (F,:) and the handier
Galois ring Gr41, [Rag69, Wan03] allows to evaluate WJP 41 ;.

The main idea in Theorem 3 is that non-¢-degeneracy of WJP,  is preserved un-
der evaluation of the variables x[,)\;. This implies with [BMS11] that algebraically
independent f, can be made r-variate efficiently without affecting the zeroness of
C(f,)- The existence of the claimed hitting-sets follows easily from [Sch80].

1.3. Organization. In §2 we introduce all necessary preliminaries about algebraic
independence and transcendence degree (§2.1), derivations, differentials and the de
Rham complex (§2.2), separability (§2.3), the ring of Witt vectors (§2.4) and the
de Rham-Witt complex (§2.5 and §2.6). To warm up the concept of differentials
we discuss the classical Jacobian criterion in a ‘modern’ language in §3.

Our main results are contained in §4. In §4.1 we define the Witt-Jacobian dif-
ferential and prove the abstract Witt-Jacobian criterion, and in §4.2 we derive its
explicit version Theorem 1. In §5 and §6 we prove Theorems 2 resp. 3. To save space
we have skipped several worthy references and moved some proofs to Appendix A.

2. PRELIMINARIES

Unless stated otherwise, a ring in this paper is commutative with unity. For
integers r < n, we write [r,n] :={r,r+1,...,n}.
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2.1. Algebraic independence and transcendence degree. Let k be a field
and let A be a k-algebra. Elements a, € A are called algebraically independent
over k if F(a,) # 0 for all nonzero polynomials F' € kly,]. For a subset S C A,
the transcendence degree of S over k is defined as trdeg;(S) := sup{#T | T C
S finite and algebraically independent over k}. For an integral domain A we have
trdeg (A) = trdeg, (Q(A)), where Q(A) denotes the quotient field of A.

Now let k[x] = k[z,] be a polynomial ring over k. We have the following
effective criterion for testing algebraic independence, which is stronger than the
classical Perron’s bound [Per27]. We prove it in §A.2 using [Kem96, Corollary 1.8].

Theorem 4 (Degree bound). Let k be a field, f, € k[x] be algebraically indepen-
dent, and set 0; := deg(f;) for i € [n]. Then [k(zy,) : k(f,)] < 91 0n.

2.2. Differentials and the de Rham complex. Let R be a ring and let A be
an R-algebra. The module of Kdhler differentials of A over R, denoted by QA/R, is
the A-module generated by the set of symbols {da | a € A} subject to the relations

d(ra 4 sb) = rda + sdb (R-linearity), d(ab) =adb+ bda (Leibniz rule)

for all ;s € R and a,b € A. The map d: A — Q}ax/R defined by a +— da is an
R-derivation called the universal R-derivation of A.

Forr >0, let Q) 5 = N QII4/R be the r-th exterior power over A. The universal
derivation d: A = Q%/R — Q}ax/R extends to the exterior derivative d": Q;‘/R —
QZ;;}% by d"(aday A---ANda,) = daNday A--- Ada, for a,aq,...,a, € A. Tt satisfies
d"t! od” = 0 and hence defines a complex of R-modules

1 r
Dyt 0 A5 5 o, SOl -
called the de Rham complexr of A over R. This complex also has an R-algebra
structure with the exterior product. The Kéahler differentials satisfy the following
properties, which make it convenient to study algebra extensions.

Lemma 5 (Base change). Let R be a ring, let A and R’ be R-algebras. Then
A" := R'®@grA is an R'-algebra and, for allr > 0, there is an A’-module isomorphism
R’®RQ’:4/R — Qg given by r@(daiA- - Nday) — (F@1)d(1@a1)A- - -Ad(1®ay).

Lemma 6 (Localization). Let R be a ring, let A be an R-algebra and let B = S™*A
for some multiplicatively closed set S C A. Then there is a B-module isomorphism
B®AQZ&/R — Q%/R given by b® (day A---Nday) — bday A---Ada,. The universal
R-derivation d: B — QlB/R satisfies d(s™') = —s72ds for s € S.

For r = 1 these lemmas are proved in [Eis95] as Propositions 16.4 and 16.9,

respectively, and for r > 2 they follow from [Eis95, Proposition A2.2 b].
The Jacobian emerges quite naturally in this setting.

Definition 7. The Jacobian differential of a, € A is defined as J4 g(a,) =
dal/\---/\daTng/R.

Now consider the polynomial ring k[x]. Then Q,lc[ )/ 18 a free k[z]-module of
rank n with basis dz1,...,dx,. It follows that Q;[m]/k =0forr>n. Forr <n
and I ={j1 <---<j-} € ([:f]), we use the notation A, dw; :=dwj, A~ Adj,.
The k[a]-module Qf . is free of rank () with basis { ;e dz;| I € (")} The
derivation d: k[z] — Qp,  is given by f = 3700, (0x, f)da;.
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The Jacobian matriz of f, € klz] is Jo(f,,) = (O, fi)i; € k[x]™*". For
an index set I = {j; < -+ < jr} € ([:f]), we write 7 = (zj,,...,2;) and
Ta: (1) = (O, fi)ik € k[z]™*". A standard computation shows

dfi N Ndf, = Zldetjm,(fr) : /\jeldxjv

where the sum runs over all I € ([:]), which implies the following relationship
between the Jacobian differential and the rank of the Jacobian matrix.

Lemma 8. For f, € kx| we have Jyz)/k(f,) # 0 if and only if tkyz) T (f,) = r.

2.3. Separability. A univariate polynomial f € k[z] is called separable if it has no
multiple roots in k. If f is irreducible, then it is separable if and only if 9, f # 0,
which is always the case in characteristic zero. If char(k) = p > 0, then f is
separable if and only if f ¢ k[zP]. Now let L/k be a field extension. An algebraic
element a € L over k is called separable if its minimal polynomial in k[x] is separable.
The separable elements form a field k& C kep € L which is called the separable
closure of k in L. Now let L/k be an algebraic extension. Then [L : klsep := [ksep : K]
resp. (L : klinsep := [L : ksep) are called separable resp. inseparable degree of L/k. If
L = kgep, then L/k is called separable. The extension L/ke, is purely inseparable,
ie. a? € ksep for some e > 0, where p = char(k).

More generally, a finitely generated extension L/k is separable if it has a tran-
scendence basis B C L such that the finite extension L/k(B) is separable. In this
case, B is called a separating transcendence basis of L/k. If L/k is separable, then
every generating system of L over k contains a separating transcendence basis. If
k is perfect, then every finitely generated field extension of k is separable [Lan84,
§X.6).

Lemma 16.15 in [Eis95] implies that a separable field extension adds no new
linear relations in the differential module, and Proposition A2.2 b [loc.cit.] yields

Lemma 9 (Separable extension). Let L/k be a separable algebraic field extension
and let R be a subring of k. Then there is an L-vector space isomorphism L ®y,
QZ/R %QE/R given by b® (day A --- ANday) — bday A -+ Ada,.

2.4. The ring of Witt vectors. The Witt ring was defined in [Wit36]. For its
precise definition and basic properties we also refer to [Lan84, Ser79, Haz78].

Fix a prime p and a ring A. As a set, the ring W(A) of (p-typical) Witt vectors
of A (or Witt ring for short) is defined as AN. An element a € W(A) is written
(ag, a1, ...) and is called a Witt vector with coordinates a; € A. The ring structure
of W(A) is given by universal polynomials S;, P; € Z[xo, ..., 2, Yo, - - -, yi] such that

a+b = (So(ao,bo), S1(ao,a1,bo,b1),...), ab= (Po(ao,bo), Pr(ao,ai,bo,b1),...)
for all a,b € W(A). The first few terms are Sy = xo + yo, Po = Zo¥o,

S1=x1+y1 — f:_f pt (?)%yg_ia Py = a{y1 + x1y + pray:.
The additive and multiplicative identity elements of W(A) are (0,0,0,...) and
(1,0,0,...), respectively. The ring structure is uniquely determined by a universal
property, which we refrain from stating. If p is invertible in A, then W(A) is
isomorphic to AN with componentwise operations.

The projection W,(A) of W(A) to the first £ > 1 coordinates is a ring with the
same rules for addition and multiplication as for W(A), which is called the ring of
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Witt vectors of A of length £. We have W1 (A) = A. The ring epimorphisms
R: Wg+1(A) —)Wg(A), (ao,...,ag) — (ao,...,ag,l)

are called restriction and (W¢(A))e>1,R: Wep1(4A) — Wy(A)) is a projective
(inverse) system of rings with limit W(A). The additive group homomorphism

V: W(A)—)W(A), (ao,al,...)»—)(O,ao,al,...)

is called Verschiebung (shift). For ¢,r > 1, we have exact sequences

0= W(A) Y W(A) = Wi(4) =0, 0— W, (4) Y Wop(4) B W) = o.

The Verschiebung also induces additive maps V: Wy(A4) — Wyi1(A4).
The Teichmaller lift of a € A is defined as [a] := (a,0,0,...) € W(A). The
image of [a] in W,(A) is denoted by [a]<,. We have

[a] - w = (awo,apwl,...,apiwi,...)

for all w € W(A). In particular, the map A — W(A), a — [a] is multiplicative, i.e.,
[ab] = [a][b] for all a,b € A. Every a € W(A) can be written as a = > 5o V'[a;].

We are only interested in the case where A has characteristic p. The most basic
example is the prime field A = F,,, for which W(F,) is the ring Zp of p-adic integers.
More generally, the Witt ring W(IF,,+) of a finite field I+ is the ring of integers Zét)
in the unique unramified extension Qg) of Q, of degree t [Kob84].

Now let A be an Fj-algebra. Then the Frobenius endomorphism F: A — A,
a — a? induces a ring endomorphism

(1) F: W(A) = W(A), (ag,a1,...) — (ab,af,...).

We have VE =FV =pand aVb=V(Fa-b) for all a,b € W(A). The Frobenius
further induces endomorphisms on Wy(A4). An F,-algebra A is called perfect, if F
is an automorphism. In this case, the induced endomorphism F on W(A) is an
automorphism as well.

Let vp: Q — Z U {oo} denote the p-adic valuation of Q. For a nonzero ¢ € Q,
vp(q) is defined as the unique integer v € Z such that ¢ = p* ¢ for a,b € Z\ pZ. For
tuples a € Q%, s > 1, set vp() := minj<ij<s vp() € ZU {o0}.

Lemma 10 (Expanding Teichmiiller). Let A = Rla] = R[a,]| be an R-algebra,
where R is an Fp-algebra, and let f = Zle c;a® € A, where ¢; € R and o; € N",

2

Then, in Wyy1(A), we have the sum over ¢ € N* and (p;) =(7.):

10
i ¢ —vp (2 —vp (2 a1l Qg
(2) (1= p @ E) VO E @ (e g ) - ea] ).
fiI=pt
Proof. Note that the RHS w of (2) is a well-defined element of W(A), because

p e (p;) € N by Lemma 38, v,(i) < ¢ and p~"® .4 € N*. We have
[f1=>"0_,[c;a™] in W1 (A), so Lemma 37 implies

Fl[f] — [f]pe — (Ele[ciaai])p[ _ Z (P;) . [Claal]il - [Csaas]is in Wl+1(A)-
li|=p*

Since VF = FV = p, we see that this is equal to F‘w. The injectivity of F implies
[f] = w in Wpiq(A). O
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2.5. The de Rham-Witt complex. For this section we refer to [III79]. Let R
be a ring. Recall that a differential graded R-algebra (R-dga for short) is a graded
R-algebra M = @, ., M" together with an R-linear differential d: M" — M1
such that M is graded skew-commutative, i.e., ab = (—1)"*ba for a € M",b € M*
(in fact, we also assume that a® = 0 for a € M?" 1), and d satisfies: dod =0 and
the graded Leibniz rule d(ab) = b da + (—1)"a db for a € M", b € M. A Z-dga
is simply called dga. An important example is the R-dga Q' /R T ®r20 Qn /R
together with d := @, ., d".

Definition 11. Fix a prime p. A de Rham V-pro-complex (VDR for short) is a

projective system Mo = ((M¢)r>1,R: Myy1 — M) of dga’s together with additive

homomorphisms (V: My — M ,),>0,¢>1 such that RV = VR and we have

(a) MY is an F-algebra and M) = W,(M}) with the restriction and Verschiebung
maps of Witt rings R: My, | — M and V: M} — M}, ,,

(b) V(wdn) = (Vw)dVn for all w € My, n e M,

(¢) (Vw)dla] = V([a]P~ w)d V[a] for all a € M?,w € M.

[I179] constructs for any Fp-algebra A a functorial de Rham V-pro-complex
W, Q, with W, QY = W,(A), which is called the de Rham-Witt pro-complex of A.
We have a surjection QWz(A)/Wz(Fp) — W, (), which restricts to the identity on

W¢(A) and, for ¢ = 1, is an isomorphism le(A)/JFp = Q'A/]Fp 5 Wi Q.
Like the Ké&hler differentials, W, €24 satisfy properties that make it convenient
to study algebra extensions.

Lemma 12 (Base change [11179, Proposition 1.1.9.2]). Let k' /k be an extension of
perfect fields of characteristic p. Let A be a k-algebra and set A’ .= k' @y A. Then
there is a natural W(k')-module isomorphism W (k") @w, k) We 2y = W, Q% for
all /> 1 and r > 0.

Lemma 13 (Localization [II79, Proposition I.1.11]). Let A be an Fp-algebra and
let B = S~'A for some multiplicatively closed set S C A. Then there is a natural
W (B)-module isomorphism W(B) @w,ay WeQy = W, Q% for all £ > 1 and
r > 0.

Lemma 14 (Separable extension). Let L/K be a finite separable field extension of
characteristic p. Then there is a natural W¢(L)-module isomorphism W (L) ®@w, (k)
W Qe 2 W, Qf for all £>1 and r > 0.

Proof. Proposition 1.1.14 of [11179] states this for an étale morphism K — L, which
means flat and unramified. A vector space over a field is immediately flat, and a
finite separable field extension is unramified by definition (see e.g. [Mil80]). O

Remark 15. The proofs in [I1179] show that the isomorphisms of Lemmas 12 — 14
are in fact isomorphisms of VDR’s with appropriately defined VDR-structures.

According to [T1179, Théoreme 1.2.17], the morphism of projective systems of rings
RF =FR: W¢(A) - We_1(A) uniquely extends to a morphism of projective sys-
tems of graded algebras F: Wy — We_1 Q, such that F d[a]</41 = [a]ﬂ}ld[a]g
foralla € A, and FdV =d in Wy 9}4 for all / > 1. Define the canonical_ﬁltmtion
as Fil' W,, @ := ker (R™": W,,, Q4 — W, Q) for £,m > 0.

Now consider a function field L := k(x,,) over a perfect field k. The following
fact, proven in §A.2, is quite useful for our differential calculations.
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Lemma 16 (Frobenius kernel). We have ker (Wgﬂ- Qy L W, QE) C Fil* Wit QF .

2.6. The de Rham-Witt complex of a polynomial ring. Let k/F, be an
algebraic extension and consider the polynomial ring A := k[x] = k[x,]. In [T1179,
§1.2] there is an explicit description of We Q4 in the case k = F,. We generalize
this construction by invoking Lemma 12 (note that k is perfect).

Denote by K := Q(W(k)) the quotient field of the Witt ring, and consider the
rings B := W(k)[z] and C := 5, K[zP ']. For r > 0, we write Qf, := Q% wr)
and Q¢ = Qf, /K Since the universal derivation d: C' — Qf satisfies

d(:vfﬂ) :p_ix;)ﬂdxj/xj forall ¢>0, j€n],
every differential form w € Qf can be written uniquely as

(3) w= Zlcl'/\jeldlong’

where the sum is over all I € ([:f]), the ¢; € C are divisible by ([[;¢; z;)P " for
some s > 0, and dlogz; := dxz;/x;. The c¢; in (3) are called coordinates of w. A
form w is called integral if all its coordinates have coefficients in W (k). We define

E" :=E’ := {w € Q| both w and dw are integral}.

Then, E := @, ., E" is a differential graded subalgebra of Q¢ containing Qp.
Let F: C — C be the unique Qp-algebra automorphism extending the Frobenius

of W(k) defined by (1) and sending % " to zy " The map F extends to an
automorphism F: Qf, — Qf. of dga’s by acting on the coordinates of the differential
forms (keeping dlog z; fixed), and we define V: Qf, — Qf, by V := pF~!. We have
dF =pFdand Vd = pdV, in particular, E is closed under F and V.

We define a filtration E = Fil’E D Fil' E O - - - of differential graded ideals by

FilE" := VFE +dV'E™™ for ¢,r >0,
and hence obtain a projective system E, of dga’s
E.:=E/Fil‘E, R: E; — Ey.
Theorem 17 (Explicit forms). The system Eq is a VDR, isomorphic to We §24.

Proof. The case k = T, follows from [I1179, Théoreme 1.2.5]. Lemma 12 yields
Wey = We(k) @we,) We Qi‘p[m] as VDR’s. In particular, the Verschiebung
restricts to the Verschiebung of We(A4), so it coincides with the map V defined
above. (]

Lemma 18 ([IlI79, Corollaire 1.2.13]). Multiplication with p in E induces for all
>0 a well-defined injective map my,: Ep — E;11 with mp o R = p.

3. THE CLASSICAL JACOBIAN CRITERION

Consider a polynomial ring k[x] = k[x,]. In this section we characterize the ze-
roness of the Jacobian differential which, combined with Lemma 8, gives a criterion
on the Jacobian matrix. The proofs for this section can be found in §A.3.

Theorem 19 (Jacobian criterion — abstract). Let f, € k[x] be polynomials. As-
sume that k(x) is a separable extension of k(f,.). Then, f,. are algebraically inde-
pendent over k if and only if Jyz)/k(F,) # 0.
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As a consequence of Theorem 4, the separability hypothesis of Theorem 19 is
satisfied in sufficiently large characteristic.

Lemma 20. Let f,, € k[x] have transcendence degree r and mazimal degree §, and
assume char(k) = 0 or char(k) > d". Then the extension k(x)/k(f,,) is separable.

4. THE WITT-JACOBIAN CRITERION

This we prove in two steps. First, an abstract criterion (zeroness of a differential).
Second, an explicit criterion (degeneracy of a p-adic polynomial).

4.1. The Witt-Jacobian differential.

Definition 21. Let A be an F,-algebra, a, € A, and ¢ > 1. We call W, 4(a,) :=
dlai]<eN---Ad[ay]<e € W Q7 the (-th) Witt-Jacobian differential of a, in Wy Q.

Let k be an algebraic extension field of F, (thus, k C F,,).

Lemma 22. Let L/k be a finitely generated field extension and let £ > 1. Then
W, Q5 =0 if and only if r > trdeg, (L).

Proof. Let s := trdeg,(L). Since L is finitely generated over a perfect field, it has
a separating transcendence basis {a1,...,as} C L. This means that L is a finite
separable extension of K := k(as). Since A := k[a;] is isomorphic to a polynomial
ring over k, we have W, Q" = 0 iff » > s + 1 by §2.6. Lemmas 13 and 14 imply
W, Q) =0iff W, Q) =0iff W, Qf =0. O

Corollary 23. For an affine k-domain A and € > 1, W, Q" =0 iff r > trdeg, (A).
Proof. Apply Lemma 22 to the quotient field of A and use Lemma 13. O
Now let A := k[x] = k[x,] be a polynomial ring over k.

Lemma 24 (Zeroness). If f, € A are algebraically dependent, then WJg a(f,) =0
for all 0 > 1.

Proof. Assume that f,. are algebraically dependent and set R := k[f,]. Corol-
lary 23 implies W, Q% = 0, thus W, g(f,) = 0. The inclusion R C A induces a
homomorphism W, Qf — W, ", hence WJ, 4(f,) = 0. O

We extend the inseparable degree to finitely generated field extensions L/K
by [L : Klinsep := min{[L : K(B)insep | B C L is a transcendence basis of L/K}.
Note that [L : Klinsep is & power of char(K), and equals 1 iff L/K is separable.

Lemma 25 (Non-zeroness). If f,. € A are algebraically independent, then we have
WJga(f,) # 0 for all £ > log,[k(z) : k(f,)]insep-

Proof. 1t suffices to consider the case £ = e + 1, where e := log, [k(x) : k(f,)]insep-
By definition of e, there exist fi, ;1 ) € k(z) such that L := k(x) is algebraic over
K = k(f) = k(f,) with [L : Klinsep = p°. Let Ky be the separable closure of
K in L, thus L/Kep is purely inseparable. For ¢ € [0,n], define the fields K; :=
Keeplx1,...,x;], hence we have a tower K C Ky, = Ko C K1 C --- C K,, = L.
For i € [n], let ¢; > 0 be minimal such that xfel € K;_1 (e; exists, since K;/K; 1
is purely inseparable). Set ¢; := p®. By the multiplicativity of field extension
degrees, we have e = >_""_ e;.
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Since WJy a(x) # 0, we have p® - Wy a(x) = my, WJ; a(x) # 0 by Lemma 18.
Lemma 13 implies p© - W, () # 0. We conclude
(4) Wi (], . afr) = p - [za]m 70 e, W p(2) #0,
since [z1]0 71+ [2,]? 1 is a unit in W, (L).

Now assume for the sake of contradiction that WJ, (f) = 0. We want to
show inductively for j =0,...,n — 1 that the induced map W;: W, Q% — W, Qf
satisfies

\Ifj (d[.fctlh] VARERIAN d[Ig]] A d[a;jJrl] VARERIAN d[an]) =0 for all Aj41y.--,0n S Kj.
To prove this claim for j = 0, we first show that, for R := k[f], the induced map
v: W, QF — W, QF} is zero. By Lemma 10, every element @ € W, Q% is a Z-
linear combination of products of elements of the form V'[cf*] and d V[cf*] for
some i € [0,£ — 1], ¢ € k, and a € N*. Wlog., let @ = V®[co f*°] - d V" [c1 f*] A
- ANdAV™en f]. Let w € W, Q% be a lift of T for m sufficiently large (say
m = 2(). Using FdV = d and Fd[w] = [w]’~'d[w] for w € R, we deduce F*w =
g-deif*I N Ad[ep fO] for some g € W,,_¢(R). By the Leibniz rule, we
can simplify to Ffw = ¢ - d[fi] A --- A d[f,] for some ¢’ € W,,_((R). Since
W, (f) = 0 by assumption, we obtain F* ¥(w) = U(F‘w) € Fil' W,,,_, 7, hence
U(w) € Fil' W,,, Q7 by Lemma 16. This shows ¥(@) = 0, so ¥ is zero. Lemmas 13
and 14 imply that the map W is zero, proving the claim for j = 0.

Now let j > 1 and let @ = d[z{" | A--- Ad[z]] Ad[aja] A--- Adlan] € W, Qk,
with ajy1,...,a, € Kj. Since K; = K;_1[z;], we may assume by Lemma 10 that
w=da A AP TNV [ej a2l A AV ™ [ena§t] with i, ... i, €
[O,é— 1], Cjt+ly---,Cn € Kjfl, and Qjyl,y ..., 0p > 0. Let w e Wy, Q}l{] be a lift of
@ for m sufficiently large (say m = 2£). As above, we deduce F*w = g-d[z?'|A---A
dlz {1 A dejpra A - Adlena§] for some g € Wy, o(K;), and by the Leibniz
rule, we can write Ffw = ¢/ - d[z?'] A --- A d[a:gj] Adcjy1] A -+ Adley,] for some
g € Wp,_¢(Kj). Since x‘fl,...,:cj-j, Cj+1,---,cn € Kj_1, we obtain F* Uj(w) =
U, (Ffw) € Fil* W,,,_¢ Q% by induction, hence ¥;(w) € Fil* W,, Q% by Lemma 16.
This shows ¥;(w) = 0, finishing the proof of the claim.

For j =n—1 and a, = 2% € K,,_; the claim implies WJ, 1 (z{",...,22") =0
which is contradicting (4). Therefore, W, 1(f,,) # 0, hence WI, (f,) # 0.
Lemma 13 implies W 4(f,) # 0. O

Remark 26. Lemma 25 is tight in the case f; := xfei for i € [r].

Theorem 27 (Witt-Jacobian criterion — abstract). Let f, € A be of degree at most
6 > 1 and fir £ > [rlog,é]. Then, f, are algebraically independent over k if and

only if WIg a(f,) # 0.
Proof. Let f.11, C x be a transcendence basis of k(x)/k(f,). Then [k(z) :

E(f)insep < [k(2) : k(f,)]insep < [k(x) : k(f,,)] < 6" by Theorem 4. The assertion
follows from Lemmas 24 and 25. O

4.2. The Witt-Jacobian polynomial. We adopt the notations and assump-
tions of §2.6. In particular, k/F, is an algebraic extension, A = klx] = k[z,],
B = W(k)z], K = QW(k)), and C = |J,~, K[z" ']. Recall that E = Ey4 is a
subalgebra of Q2 containing (5, in particula_r, B C E°. Since k is perfect, we have
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W(k)/pW(k) =2 Wi(k) = k and hence B/pB = A. In the following, we will use
these identifications.

Lemma 28 (Realizing Teichmiller). Let f € A and let g € B such that f = g

(mod pB). Let £ >0 and let 7: Wei1(A) — E); = E°/Fil"" ' E° be the W(k)-

algebra isomorphism from Theorem 17. Then we have 7([f]<¢y1) = (F~ g)pe.

Proof. Write g = Y_7_, c;x®, where ¢; € W(k) and o; € N". By assumption, we

have [f] = >0, ¢;[£*] in W;(A). By Lemma 37, we obtain

¢ s o ¢ * L, 01 st :
=11 = (i ale])’ = Y (%) S]] in Wea(A).

|é[=p*

As in the proof of Lemma 10, this implies

[f] — Z p75+1)p(i) (If) . VE*'Up(i) F*'Up('i) (sz [wal]il . Cis [mas]is) in WlJrl(A).
|i|=p*

Since k is perfect, F is an automorphism of W(k), so this is well-defined. Denoting
m; = ¢z € B, and using 7V =V 1 and 7([z;]) = x;, we conclude

((f) = D p O ) VO R G mi )
|i|=p*
. . 4 e
= 3 )il = (T F )Y = (F )" in B
|i|=p*
Note that the intermediate expression F~* g € C need not be an element of E°. [

The algebra C is graded in a natural way by G := N[p~!]". The homogeneous
elements of C' of degree 8 € G are of the form cx” for some ¢ € K. This grading
extends to Q¢ by defining w € 2 to be homogeneous of degree 8 € G if its
coordinates in (3) are. We denote the homogeneous part of w of degree 8 by (w)g.

Lemma 29 (Explicit filtration [I1179, Proposition 1.2.12]). Let £ > 0 and let 8 €
G. Define v(€ + 1,5) := min{max{0,¢ + 1 + v,(8)},£ + 1} € [0,{ + 1]. Then
(FiI" ™ E)g = p 1)

The following lemma shows how degeneracy is naturally related to v. A proof is
given in §A 4.

Lemma 30. Let £ > 0 and let f € B C E°. Then f is ({ + 1)-degenerate if and
only if the coefficient of ° in F~¢ f is divisible by p* 1) for all B € G.

Lemma 31 (Zeroness vs. degeneracy). Let £ > 0, let g, € B C E® be polynomials,
and define w = d(F~* gl)plZ Ao Nd(FT* gr)plZ € E". Then w € Fil'""™ E" if and
only if WIP,41,1(g,.) is (£ + 1)-degenerate for all I € ([:]).

Proof. From the formula dF = pFd (1179, (1.2.2.1)] we infer
Fld(F~ g)? = FCdF~(g?) = p~tdg!" = g "dg
hence Fw = (g; - - -gr)pz_l dgr A -+~ ANdg,. A standard computation shows

dgi A\--- Ndgr = ZI (Hje[ xj) - det Tz, (9,) - /\jeldbg%’v
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where the sum runs over all I € ([’T’]). This yields the unique representation

w= ZIF’E WIP11.1(g,) - N\jer dlog ;.

By Lemma 29, we have Fil'™™ E" = @ o (FI E"); = @peap” ™ (E),,
and we conclude

weFIME" <= VB e G: (w)p € p" I P(ET),
= vpeG, ITe (") (F'WIPui1(g,)s €p’ P F ‘B
— VIe ([Z]): WIP.y1.1(g,) is (¢ 4 1)-degenerate,

where we used Lemma 30. O

Proof of Theorem 1. Using Lemmas 28 and 31, this follows from Theorem 27. [

5. INDEPENDENCE TESTING: PROVING THEOREM 2

In this section, let A = k[x] be a polynomial ring over an algebraic extension &
of F,,. For the computational problem of algebraic independence testing, we consider
k as part of the input, so we may assume that k = [Fp is a finite field. The algorithm
works with the truncated Witt ring Wy (F,¢) of a small extension F,:/k. For
computational purposes, we will use the fact that Wy, (IF,) is isomorphic to the
Galois ring Gyy1 ¢ of characteristic p*! and size p“*V? (see [Rag69, (3.5)]).

This ring can be realized as follows. There exists a monic polynomial h &
Z/(p"+1)[x] of degree t dividing 27" ! — 1 in Z/(p*™)[z], such that k := h (mod p)
is irreducible in F,[z], and £ := 2 + (h) is a primitive (p* — 1)-th root of unity in
Fplz]/(h). Then we may identify Goy1+ = Z/(p*™1)[z]/(h) and F: = F,[z]/(h),
and £ := z + (h) is a primitive (p' — 1)-th root of unity in Gyy1, (see the proof
of [Wan03, Theorem 14.8]). The ring Gyt+1, has a unique maximal ideal (p)
and Gei1,t/(p) = Fpe. Furthermore, Gy, is a free Z/(p*1)-module with ba-
sis 1,€,...,&71, so that any @ € Fye can be lifted coordinate-wise to a € Gy,
satisfying @ = a (mod p). To map elements of k to F: efficiently, we use [Len91].

For detailed proofs of the following two lemmas see §A.5.

Lemma 32 (Interpolation). Let f € Gyi14[2] be a polynomial of degree D < p* —1
and let £ € Gyy1¢ be a primitive (pt — 1)-th root of unity. Then

coeff(z4, f) = (p' —1)7 - :;7:_02 E34f(¢7)  for all d € [0, D].
This exponentially large sum can be evaluated using a #P-oracle [Val79].

Lemma 33 (#P-oracle). Given Gyi1+, a primitive (p* — 1)-th root of unity & €
Gri1t, an arithmetic circuit C' over Goyq ¢|z] of degree D < pt — 1 and d € [0, D).
The coeff(2%, C) can be computed in FP#F (with a single #P-oracle query).

Proof of Theorem 2. We set up some notation. Let s := size(C.) be the size of the
input circuits. Then § := 25" is an upper bound for their degrees. Set ¢ := [rlog, J]
and D := ré"' + 1. The constants of C, lie in k = Fpe, which is also given as
input. Let ¢t > 1 be a multiple of e satisfying p* — 1 > D™. Theorem 1 implies that
the following procedure decides the algebraic independence of C,..

(1) Using non-determinism, guess I € ([:f]) and o € [0,D — 1]™.
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(2) Determine Gyy14 and & as follows. Using non-determinism, guess a monic
degree-t polynomial h € Z/(p*™)[z]. Check that h divides 2#' ! —1, b := h
(mod p) is irreducible and ¢ := z + (h) has order p! — 1 (for the last test, also
guess a prime factorization of p* — 1), otherwise reject. Set & := z + (f).

(3) By lifting the constants of C, from k to Gyq1, compute circuits C' over
Gyoy1.¢[x] such that C; = C; (mod p). Furthermore, compute a circuit C for
WIP41,1(CL) over Gepq 4[]

(4) Compute the univariate circuit ¢’ := C(z,22,...,2P" ") over Go41,]7]. The
term ® is mapped to z%, where d := Y"1 | a; D1,

(5) Compute c := coeff(z4,C") € Gyy14. If ¢ is divisible by pmin{ve(@)f+1 " then
reject, otherwise accept.

In step (2), the irreducibility of h can be tested efficiently by checking whether

ged(h, 2P —x) =1 for i < |t/2] (see [Wan03, Theorem 10.1]). For the order test

verify E] # 1 for all maximal divisors j of p' — 1 (using its prime factorization).
The lifting in step (3) can be done as described in the beginning of the section.
To obtain C' in polynomial time, we use [BS83] and [Ber84] for computing partial
derivatives and the determinant, and repeated squaring for the high power.
We have deg(C) < r§(p* — 1) + 7+ (0 — 1) < ré™1 < D, so the Kronecker
substitution in step (4) preserves terms. Since deg,(C’) < D™ < p' — 1, step (5) is
in FP#F by Lemma 33. Altogether we get an NP#P-algorithm. 0

6. IDENTITY TESTING: PROVING THEOREM 3

The aim of this section is to construct an efficiently computable hitting-set for
poly-degree circuits involving input polynomials of constant transcendence degree
and small sparsity, which works in any characteristic. It will involve sparse PIT
techniques and our Witt-Jacobian criterion. We use some lemmas from §A.6.

As before, we consider a polynomial ring A = k[x] over an algebraic extension k
of F,. Furthermore, we set R := W(k) and B := R[x]|. For a prime ¢ and an
integer a we denote by |a], the unique integer 0 < b < ¢ such that a =b (mod ¢).
Finally, for a polynomial f we denote by sp(f) its sparsity.

Lemma 34 (Variable reduction). Let f, € A be polynomials of sparsity at most s >
1 and degree at most 6 > 1. Assume that f,., @[, 11, are algebraically independent.
Let D = 6™ + 1 and let S C k be of size |S| = n2(26rs)**[log, D]%D.

Then there exist ¢ € S and a prime 2 < g < n2(25rs)4r25f10g2 D]? such that
fi(xr, ), ..., fr(zr,c) € klx,] are algebraically independent over k, where ¢ =
(CLDDJq elPa CLD"’T’IJq) c knr.

Proof. Let g; € B be obtained from f; by lifting each coefficient, so that g; is
s-sparse and f; = g; (mod pB). Theorem 1 implies that with ¢ := |rlog,d] the
polynomial g := WJIP, 1 (g, T[r41,n)) € B is not (£ + 1)-degenerate. We have

2

g = (gl R A AR xn)P *1(:171 . In) . det k7z(gr7 m[r-‘rl,n])
e 2
= (‘T’I‘-'rl xn)p . (gl ...gT)p _1(x1 xr) .detjmr(gr),

since the Jacobian matrix Jz(g,, ®[41,,)) is block-triangular with the lower right
block being the (n — r) x (n — r) identity matrix. Define

g = (g1 9,)" a1 w,) - det Ty, (g,) € B.
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Then g = (yy1 -+~ xn)plg’, and ¢’ is not (£ + 1)-degenerate by Lemma 44. Further-
more, we have deg(g’) < ré(p* — 1) +7+7r(d — 1) <r§"*! < D and

s L.
sp(9’)§< -l

s—1
By Lemma 42, there exist ¢ € S and a prime ¢ < n2(26rs)%""*[log, D]? such that
h:=g¢'(z,, ) € Rlx,] is not (¢ + 1)-degenerate, where

c:= (CLDOJ‘?,CLD”‘?, ey CLD%PIJ‘?) e k",

) - 1) rls” < (s+ 5’”)” S(rs)" < (25T$)2T25.

and ¢’ € R"7" is the componentwise lift of ¢ to R. Since h = WJIP, 14 (91 (z,,c),
- gr(mr, ) and fi(z,, ) = gi(xr, ') (mod pB) for alli € [r], Theorem 1 implies
that fi(x,,¢), ..., fr(x,, c) are algebraically independent over k. O

For an index set [ = {iy < -+ <i,} € ([7;]) denote its complement by [n]\ I =
{ir41 < -+ <in}. Define the map m;: k™ — k™, (a1,...,an) = (Giy,...,a;,). We
now restate, in more detail, and prove Theorem 3.

Theorem 35 (Hitting-set). Let f,, € A be s-sparse, of degree at most §, having
transcendence degree at most r, and assume s,0,r > 1. Let C' € kly,,] such that

the degree of C(f,,) is bounded by d. Define the subset
H = {wj(b,cLDojq,cLDIJq, .. .,CLDPPIJ") | Ie ([Z]), be ST, ceSsy, qe [N]}

of k™, where S1,S2 C k are arbitrary subsets of size d+ 1 and n> (257‘8)9T2S respec-
tively, D := rd"* + 1, and N := n2(20rs)7™.
If C(f,,) # 0 then there exists a € H such that (C(f,,))(a) # 0. The set H

can be constructed in poly ((nd)", ((5rs)r25) -time.

Proof. We may assume that f, are algebraically independent over k There exists
I ={i1 < - < i} C [n] with complement [n]\ I = {i,41 < --- < i,} such
that f,, x,)\; are algebraically independent. By the definition of H, we may
assume that I = [r]. By Lemma 34, there exist ¢ € Sp and a prime ¢ € [N]
such that fi(x,,c),..., fr(z,, c) € k[x,] are algebraically independent, where ¢ =
(CLDOJQ,CLD”‘?, e cLDniT?lJQ) € k" ". It C(f,,) # 0, then Lemma 45 implies that
(C(fm)) (s, c) # 0. From Lemma 46 we obtain b € S such that (C(f,,))(b,c) #
0. Thus, a := (b,c) € H satisfies the first assertion. The last one is clear by
construction. ]

7. DISCUSSION

In this paper we generalized the Jacobian criterion for algebraic independence
to any characteristic. The new criterion raises several questions. The most impor-
tant one from the computational point of view: Can the degeneracy condition in
Theorem 1 be efficiently tested? The hardness result for the general degeneracy
problem shows that an affirmative answer to that question must exploit the special
structure of WJP. Anyhow, for constant or logarithmic p an efficient algorithm for
this problem is conceivable.

In §6, we used the explicit Witt-Jacobian criterion to construct faithful homomor-
phisms which are useful for testing polynomial identities. However, the complexity
of this method is exponential in the sparsity of the given polynomials. Can we
exploit the special form of the WJP to improve the complexity bound? Or, can
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we prove a criterion involving only the Jacobian polynomial (which in this case is
sparse)? (See an attempt in Theorem 36.)
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APPENDIX A. MISSING THEOREMS, LEMMAS AND PROOFS

In this appendix we present statements and proofs that did not fit in the main
part due to space constraints.

A.1. Degeneracy of the p-adic Jacobian.

Theorem 36 (Necessity). Let f, € A and g, € B such that Vi € [r], fi = ¢
(mod pB). If f, are algebraically dependent, then for any r variables xy, I €
([7;]), the p-adic polynomial Jo,(g,) := (Hjel z;) - det Tz, (g,.) is degenerate. The
converse does not hold.

Proof. Fix ¢ € N such that p’ is at least the degree of Jg,(g,). Consider the
differential form v := d V[fi]<gy1 A -+ Ad V[ frl<is1 € Woiq Q.

Assume that fi,..., f, are algebraically dependent and set R := k[f1,..., f+].
Corollary 23 implies W11 Qf = 0, thus v vanishes in Wy 0. The inclusion R C
A induces a homomorphism Wy Q% — Weiq Q7, hence v vanishes in Wy 7
itself.

As in the proof of Lemma 28, we first make V¢[f]<1 explicit. Let g € B
such that f = g (mod pB), and write g = Y ;_, ¢;&*, where ¢; € W(k) and
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a; € N for i € [s]. Note that F*(V[fl<er1) = p‘[fl<err. Also, for w =
VA eilz]) € Wopq(A) we have Fé(w) = pf 37| ¢;[x®]. Since by assump-
tion ([f] — X5, cila®]) € VW(A), we get p'([f] — 225, cila®]) € VI W(A).
This proves F*(V/[f]</1) = F*(w). The injectivity of F* implies V/[f]<¢y1 = w.
Finally, we can apply 7: Woi1(A) = EY,; to get: 7(V[fl<es1) = T(w) = V¥(g).

Thus, we have the explicit condition 7/ := 7(7) = dV*(g1) A --- AdV¥(g,) €
Fil’"' E". Now we continue to calculate ~" much like in Lemma 31. The formula
dF = pFd (see [1179, (1.2.2.1)]) implies d = FdpF~* = FdV, hence d = F* d V*.
We infer F* d(V'g;) = dg;, hence F*~' = dgy A --- A dg,. Furthermore,

dgr N -+ Ndgr = ZI (Hjel Ij) ~det T, (g,) - /\je]dlonga
where the sum runs over all I € ([Z]). This yields

v = Z[ Pt jﬂ”l (9,)- /\je] dlogx;,

and this representation is unique.
As in the proof of Lemma 31 we conclude

v €FlME" <= VBeG: (v)s € p”“THA(ET) 5
—= vgeG ITe("): (F " Js(g,)sep” P F B
— VIe ([Z]): Ju:(g,) is (£ 4 1)-degenerate,

where we used Lemma 30. Since our ¢ is large enough, this is finally equivalent to
the degeneracy of Jg, (g,). This finishes the proof of one direction.

The converse is false, because if we fix f := 2% and fo := 25, then J,, (¥, 25) =
p?zxb. This is clearly degenerate, but fi, fo are algebraically independent. O

A.2. Proofs for Section 2. For a polynomial f in some polynomial ring k[x,,]
and a vector w € N, the weighted-degree is defined as

max{z wie; | e € N, coeff(z®, f) # 0}.
i=1
For the following proof we need to define a map pi,, : k[x] — k[z] that extracts the
highest weighted-degree part. l.e. for f € k[x] of weighted-degree 0, p,(f) is the
sum of the weighted-degree-0 terms in f. E.g. /14(173)(2,@% + 3x2) = 3x. Note that

pw(f) = 0iff f=0.

Theorem 4 (restated). Let k be a field, f, € klx] be algebraically independent,
and set 6; = deg(f;) for i € [n]. Then [k(x,) : k(f,)] <01 0n.

Proof. Define for each i € [n] the homogenization g; := 2% - f;(x/2) € k[z,x] of f;
with respect to degree 0;.

Firstly, z,g, are algebraically independent over k. Otherwise, there is an ir-
reducible polynomial H € k[yy, ] such that H(z,g,) = 0. Evaluation at z = 1
yields H(1, f,,) = 0. The algebraic independence of f,, implies H(1,y,,) = 0, hence
(yo — D)|H (y(o,5,)) by the Gauss Lemma. This contradicts the irreducibility of H.

Thus, d' := [k(z,x,) : k(2,g,,)] is finite. We will now compare it with [k(x,,) :
k(f,,)] =: d. Denote the vector spaces k(z,x,) over k(z,g,) by V', and k(x,)
over k(f,) by V. Each of these vector spaces admits a finite basis consisting of
monomials in x,, only.
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Suppose S = {x*|« € I}, for some I C N is a basis of V'. Assume that
> half,) @ =0
acl

with some h,, € k[y,]. By homogenizing each term in this equation with respect to
the same sufficiently large degree, we obtain hy, € k[yy ;] such that

Z hl.(z,g,) x> =0.

acl
Since the x® are linearly independent over k(z,g,,), we conclude b/ (z,g,) = 0,
hence ho(f,) =0 for all a. Thus, d’ < d.
Suppose S = {x%*|a € I}, for I C N™ is a basis of V. If they are linearly
dependent in V', then there exist hq € k[yjg ,,j] such that

(5) > ha(z,9,) 2 =0

ael
is a nontrivial equation. Let 1 := (1,...,1) € N**1 w := (1,4,) and b :=
pw(ha) € kYo n)]- Applying p1 on (5) we get for some nonempty J C I a nontrivial
equation:

> i (2,9,) % =0.

acJ
Since hl (z,g,,) is homogeneous and nonzero, it cannot be divisible by (z—1). Thus,
R (1, f,) # 0 and we get a nontrivial equation in V:

Zh’:l(lvfn) -z =0.

acJ
This contradicts the choice of I. Hence, d < d'.
Finally, d = d’ and from [Kem96, Corollary 1.8] we know d’ < d1 - - - dy,. O

Now we use the notation of §2.4.

Lemma 37 (p-th powering). Let A be an Fy-algebra and let a,b € W(A) such that
a—beVW(A). Then a? — b € VIFYW(A) for all £ > 0.

Proof. We use induction on ¢, where the base case £ = 0 holds by assumption. Now
let £ > 1. By induction hypothesis, there is ¢ € V¥ W(A) such that a? =0 e
—1

Using VF = p and p~!(¥) € N for i € [p — 1], we conclude a?’ — b = (P +
o) =7 = £ P p (D) VE(PT P € VW (A). 0

Lemma 38 (Multinomials [Sin80, Theorem 32]). Let £,s > 1 and let o € N® such
that || = p*. Then p*="»(®) divides the multinomial coefficient (’j) =(, 7 as)'
Now we use the notation of §2.5 and consider a function field L := k(x,,) over a

perfect field k.

Lemma 16 (restated). We have ker (Wl+i Qf i) W, QTL) C Fil* Wp Q2.

Proof. Let w € Wy, Q5 with F'w = 0. Applying V': W, Q} — Wy, Q5 and
noting that V' F* = p’, we conclude that p‘w = 0. Proposition 1.3.4 of [I1179]
implies w € Fil® Wi Q. ]
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A.3. Proofs for Section 3.

Theorem 19 (restated). Let f, € k[z] be polynomials. Assume that k(z) is a
separable extension of k(f,). Then, f, are algebraically independent over k if and
only if Jxe)/x(fr) # 0.

Proof. Let f, be algebraically independent over k. Since k(x) is separable over
k(f,), we can extend our system to a separating transcendence basis f, of k(x)
over k. Since k[f,] is isomorphic to a polynomial ring, we have Jy¢ 1/1(f,) # 0.
Lemmas 6 and 9 imply Jy(z)/x(f,,) # 0, thus Jyz /. (f,.) # 0.

Now let f, be algebralcally dependent over k. The polynomials remain de-
pendent over the algebraic closure L := k, which is perfect. Hence, L(f,) is
separable over L, and [Eis95, Corollary 16.17 a] implies » > trdeg; (L(f,)) =
dimp g ) QlL(fT)/L. Thus dfy, ..., df, are linearly dependent, so JL(fT)/L(fT) =0,
implying Jz(¢,1/(f.) = 0 by Lemma 6. The inclusion L[f,] C L[x] induces
an L[f,]-module homomorphism 7, yr — ey, hence Iy () = 0.
Lemma 5 implies Jy(z)/x(F,) = 0. O

Remark 39. Note that without the separability hypothesis algebraic dependence of
the f,. still implies Jyz)/x(f,) = 0.
Lemma 20 (restated). Let f,, € k[x] have transcendence degree r and maxi-

mal degree §, and assume that char(k) = 0 or char(k) > ¢6". Then the extension
k(x)/k(f,,) is separable.

Proof. In the case char(k) = 0 there is nothing to prove, so let char(k) =p > 0".
After renaming polynomials and variables, we may assume that f,, @41, are
algebraically independent over k. We claim that @, , is a separating transcen-
dence basis of k(x)/k(f,,). A transcendence degree argument shows that they
form a transcendence basis. Hence it suffices to show that x; is separable over
K := k(f . ®r41,n) for all i € [r]. By Theorem 4, we have [k(z) : K] < [k(z) :
k(f, ®[r41,n))] < 6" < p. Therefore, the degree of the minimal polynomial of x;
over K is < p, thus z; is indeed separable for all i € [r]. O

A.4. Proofs for Section 4. We use the notation of §4.2.
Lemma 30 (restated). Let ¢ > 0 and let f € B C E. Then f is ((+1)-degenerate
if and only if the coefficient of ° in F~° f is divisible by p*“T1P) for all B € G.

Proof. The map F~* defines a bijection between the terms of f and the terms of
F~* f mapping cz® — ua? with u = F_é(c) and 8 = p~‘a. Since o € N, we have
vp(B) = vp(p~fa) = vy(a) — € > —¢, thus v(£ + 1,8) = min{l + v,(8),¢} +1 =
min{v,(c), £} + 1, which implies the claim. O
A.5. Proofs for Section 5. We use the notation of §5.

Lemma 32 (restated). Let f € Gyi1.[z] be a polynomial of degree D < p' — 1
and let £ € Gyy14 be a primitive (p' — 1)-th root of unity. Then

coeff (2%, f) = (p' — 1)~ - 37 _2§ Jdf (&) for all d € [0, D.

Proof. Set m := p' —1. Note that m is a unit in Gy41 ¢, because m ¢ (p). It suffices
to show that Z?Zol €794€10 = m - §y; for all d,i € [0,m — 1]. This is clear for d = i,
so let d # i. Then ZT;Ol g£Idgis = Z;”;OI ¢i=d) = 0, because £~ ¢ is an m-th
root of unity # 1. O
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Lemma 33 (restated). Given Gyy14, a primitive (p* — 1)-th root of unity & €
Gri1t, an arithmetic circuit C' over Goyq ¢|z] of degree D < pt — 1 and d € [0, D).
The coeff(2¢,C) can be computed in FP*Y (with a single #P-oracle query).

Proof. Set m = p' — 1. As in §5, we assume that Gyi1; = Z/(p"™1)[x]/(h),
where deg(h) = t, and £ = x + (h). By Lemma 32, we have to compute a sum
S = E?;Bl a; with a; € Gyy1,. Each summand a; can be computed in polynomial
time, because C' can be efficiently evaluated. Since the number of summands in S
is exponential, we need the help of a #P-oracle to compute it.

Each a; can be written as a; = Z;é ¢ ;€ with ¢; ; € Z/(p**1). Thus, we can
represent a; by a tuple ¢; € [0,p*! — 1]* of integers, and a representation of S
can be obtained by computing the componentwise integer sum s = Z?;Bl c;. Set
N :=m - p'*. Then s,c; € [0, N — 1]*, so we can encode the tuples s and ¢; into

single integers via the bijection
t:[0,N —1]" = [0,N* = 1], (ng,...,ni_1) — Z;;é njNJ.

This bijection and its inverse are efficiently computable. Moreover, ¢ is compatible
with the sum under consideration, i.e. «(s) = Z;i_ol t(¢;), thus we reduced our
problem to the summation of integers which are easy to compute.

To show that ¢(s) can be computed in #P, we have to design a non-deterministic
polynomial-time Turing machine that, given input as above, has exactly ¢(s) ac-
cepting computation paths. This can be done as follows. First we branch over all
integers ¢ € [0, m — 1]. In each branch ¢, we (deterministically) compute the integer
t(¢;) and branch again into exactly ¢(¢;) computation paths that all accept. This
implies that the machine has altogether ZZ’:Ol t(c;) = 1(8) accepting computation
paths. 0

We now state here the claims proved by Mengel [Menl12]. Define the problem
of £-Degen as: Given a univariate arithmetic circuit computing C'(z) € Qp[z], test
whether C(x) is ¢-degenerate. Note that for £ = 1 this is the same as the identity
test C(z) = 0 (mod p), which can be done in randomized polynomial time (or
ZPP). The situation drastically changes when ¢ > 1.

Theorem 40. [Menl2]| For ¢ > 1, ¢-Degen is C_P-hard under ZPP-reductions.

Proof sketch. Denote by ZMC the problem: Given m € N and a univariate arith-
metic circuit computing C(z) € Q[z], test whether coeff(x™,C(z)) = 0. By
[FMM12] ZMC is C_P-hard. The idea is to reduce ZMC to 2-Degen. Randomly
pick a sufficiently large prime p. Consider the circuit C’(x) := pa?~"-C(z). It can
be shown that C’(x) is 2-degenerate iff coeff (2™, C(z)) = 0. O

Corollary 41. [Menl2] Let £ > 1. If £-Degen is in PH then PH collapses.
Proof sketch. Classically, we have
PH C NP#P C NP“=F.
By the theorem it now follows that
PH C NPZPP77™™ ¢ NpNP©P

Thus, if /-Degen € ¥; then PH C ;5. O
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A.6. Proofs for Section 6. We use the notation of §6.

Lemma 42 (Using sparsity). Let £ > 0 and let g € B be an s-sparse polynomial of
degree less than D > 2 which is not (¢ + 1)-degenerate. Let S C R be a subset such
that |S \ pR| = (ns[logy D1)2D, and let r € [n].

Then there exist c € S and a prime q < (ns[logy D])? such that g(x,,c) € R[z,]
is not ({ + 1)-degenerate, where ¢ := (CLDDJQ,CLDIJQ, e cLD"fPlJQ) € R,

Proof. Write g = 50y gsx? with gg € R[@[41,]. Since g is not (¢ + 1)-
degenerate, there exists a € N” such that the coefficient ¢, € R of % in g is
not divisible by p™n{vr ()41 Write o = (o/,a”) € N" x N, Since ¢, is the
min{vp(a),E}Jrl.

. o
coefficient of T 1 )

Our aim is to find ¢ € R"~" such that g, (¢) is not divisible by p™{vr(@).3+1 gince
then it is neither by the possibly higher power pmi“{vp(o‘//)’f}“. In other words, if
we write g, = p¢g’, where ¢’ is not divisible by p, we have an instance of PIT over
the field R/pR = k.

We solve it using a Kronecker substitution, so consider the univariate polynomial
ni=gqg (tDO, D' ,tDniT*l) € R[t] in the new variable . Since deg g’ = deg gos <
degg < D, the substitution preserves terms, so h' ¢ pRJ[t]. Furthermore, b’ is s-
sparse and of degree < D™. For any ¢ € N, let h, be the polynomial obtained
from A’ by reducing every exponent modulo ¢. By [BHLV09, Lemma 13], there are
< nslog, D many primes ¢ such that h, € pR[t]. Since the interval [N?] contains
at least N primes for N > 2 (this follows e.g. from [RS62, Corollary 1]), there is a
prime ¢ < (ns[log, D])? with hy ¢ pR[t]. Since deg(h,) < ¢D < (ns[log, D])?D =
|S\ pR|, there exists ¢ € S with hy(c) ¢ pR. O

in g, this polynomial cannot be divisible by p

Lemma 43 (p-adic triangle is isosceles). Let a,8 € Q°. Then vy(a + 3) >
min{wv,(a),v,(8)}, with equality if vy(a) # vp(B).

Proof. Let i € [s] such that v,(a+ ) = vp(a; +5;). Then v,(a+ ) = vy(ci+B;)
min{vp (e, vp(Bi)} = min{vp (), vp(8)}-

Now assume v, () # v,(8), say vp(a) < vp(8). Let i € [s] such that v,(a) =
vp(a;). Then vy(a;) < vp(fF;), therefore we obtain vy(a + 8) < vp(ou + 5i) =
min{wv, (), vp(8i)} = vp(au) = vp(a) = min{v, (), v,(8)} < vp(a + 5). O

Lemma 44. Let { > 0, let ¢ € B and let « € N™ with vy(«) > L. Then g is
(£ + 1)-degenerate if and only if x - g is (¢ + 1)-degenerate.

Proof. Tt suffices to show that min{v,(8), ¢} = min{v,(a + ), ¢} for all § € N".
But the assumption implies that min{v,(8),¢} = min{v,(a),v,(8), ¢}, which is
< min{v,(a+ 3), £} by Lemma 43 with equality, if v, () # v, (8). If v, (o) = vp(5),
then min{v,(5), ¢} = min{v,(a), ¢} = £ > min{v,(a + §),{}. O

Y

Let f,, € A be polynomials and let ¢: k[xz] — k[x,] be a k-algebra homomor-
phism. We say that ¢ is faithful to f,, if trdeg,(f,,) = trdeg,(o(f,,))-

Lemma 45 (Faithful is useful [BMS11, Theorem 11]). Let p: A — k[z,] be a
k-algebra homomorphism and f,, € A. Then, ¢ is faithful to f,, iff ¢lxg, | s
imjective.

Lemma 46. [Sch80, Corollary 1] Let nonzero f € k[z,], and S C k with |S| >
deg f. Then there exists b € S™ such that f(b) # 0.
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