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Abstract

Kolaitis andKoppartyhave shown that for any first-orderformula with parity quantifiersover the
languageof graphsthereis a family of multi-variatepolynomialsof constant-degreethat agreewith
the formula on all but a

���������
	
-fraction of the graphswith � vertices. The proof yields a boundon

the degreeof the polynomialsthat is a tower of exponentialsof heightaslargeasthe nestingdepthof
parity quantifiersin theformula. We show that this tower-typedependenceon thedepthof theformula
is necessary. We build a family of formulasof depth � whoseapproximatingpolynomialsmusthave
degreeboundedfrom below by a tower of exponentialsof heightproportionalto � . Our proof hastwo
main parts. First, we adaptandextendknown resultsdescribingthe joint distribution of the parity of
the numberof copiesof small subgraphson a randomgraphto the settingof graphsof growing size.
Secondly, we analysea variantof Karp’s graphcanonicallabelling algorithmandexploit its massive
parallelismto geta formulaof low depththatdefinesanalmostcanonicalpre-orderon a randomgraph.

1 Intr oduction

Sincethe0-1 law for first-orderlogic wasestablished[5, 6], therehasbeenmuchinterestin exploring the
asymptoticpropertiesof definableclassesof graphs.Many extensionsof first-orderlogic have beenshown
to have a 0-1 law (seefor instance[9, 4]) and in many other cases,weaker forms of convergencehave
beenestablished(see[3]). A recent,remarkableresultin this vein is thatof Kolaitis andKopparty[8] who
studyFO[ ], theextensionof first-orderlogic with parity quantifiers. They show that for every constant
edge-probability� andfor every FO[ ] sentence� , therearetwo explicitly computablerationalnumbers��� , ��� suchthatfor ������������� , as� approachesinfinity, theprobabilitythattherandomgraph  "!$#%�'&(�%)*�,+
satisfies� approaches��- . In otherwords, � hasan asymptoticprobability ��� on the sequenceof graphs
of even cardinalityand � � on thoseof odd cardinality. What is most interestingaboutthis result is that
it bringsentirely new methodsto the analysisof the asymptoticbehaviour of logics on graphs,basedon
discreteanalysisandpolynomialsover finite fields. In particular, it tiesthis to thestudyof approximations
of circuitsby low-degreepolynomials,aswe explainnext.

The0-1 law for first-orderlogic, in its generalform is a quantifier-eliminationresult. It statesthat for
any first-orderformula � , thereis a quantifier-free formula . suchthat � is equivalent to . almostsurely
on graphsdrawn at randomfrom  "!/�0����1�#�+ . To be precise,� and . agreeon a fraction �"23#�46587 of the
graphson � vertices. We can say that any first-orderformula is well approximatedby a quantifier-free
formula. This is similar to the phenomenonof depth-reductionfor circuits which hasa long history in
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computationalcomplexity theory. For instance,Allender showed that AC9 -circuits have equivalentTC9 -
circuitsof depth : andquasi-polynomialsize[1]. Theresultof BeigelandTarui thatgeneralACC9 -circuits
have equivalentdepth-2circuits of quasi-polynomialsizewith a symmetricgateat the root [2] hasbeen
exploited to remarkableeffect recentlyin thework of Williams [12]. In thecontext of approximation,one
of thebestknown examplesis theRazborov-Smolensky approximationof AC9 [ ; ]-circuitsby multi-variate
polynomialsover < of polylogarithmicdegree[10, 11]. Thequalityof theapproximationis still amatterof
interestingstudy: themethodyieldsanapproximationthatagreeson a fraction =?>A@�BDCFEFG$HJI6KML of theinputs,
andthe questionwhetherthis canbe improved to somethingof type =N>O@ B6I6P while keepingthe degree
polylogarithmicis open.

Theresultby KolaitisandKoppartymentionedabove is provedby establishingadepth-reductionstate-
ment of a similar kind. They prove that every FO[; ] formula Q is well-approximatedby a formula of
a specialform (which we call the KK-normal form in the sequel)which is a Booleancombinationof
quantifier-free formulasandpolynomialsof constantdegreeover < . The polynomialshave asvariablesRTSVU

for every potentialedgeW%XZY*[�\ over thevertex-set W�=�Y�]�]�]�Y*^0\ . For example,thepolynomialthatgives
theparity of thenumberof triplesthatextendthevertex X to a triangleis

__a`b�c dd `b�cd `b _
RTSVU�RTUfegRTe�S ] (1)

At theheartof theconstructionis theanalysisof thebiasof certainlow degreepolynomialsof this typeon
uniformly randominputs. This understandingis thenusedto carryover a quantifier-eliminationargument
thateliminatesoneparity quantifieror onefirst-orderquantifierat a time. Relevant to our work is the fact
that, intriguingly, theeliminationof eachparity quantifierin this argumentincursanexponentialloss. The
final outcomeis that the degree h of the resultingpolynomialsis boundedfrom below by a function of
tower-typeon thenumberi of parity quantifiersthatwereeliminated,i.e.

hkj3@ <mlon n n (2)

wheretheheightof the tower is at least i . At first look, thesourceof this inefficiency in the proof looks
technicalandit might betemptingto think thatsomedifferentmethodcouldperhapsavoid it altogether.

In thispaperweprove thatthenon-elementarydependencestatedin equation(2) cannotbeavoided.To
be precise,we constructan explicit family of FO[; ] formulas Q6p of quantifierrank i andprove that they
cannotbe approximatedby KK-normal forms whosepolynomialshave degreeboundedby an elementary
functionof i . Specifically, weprove thefollowing:

Theorem 1. For every qsrut , there exists ^ 9 jvt such that for every ^wjx^ 9 , there exists a formula
Qzy/X{Y*[zY*|k} such that, for everyBooleancombinationof FO[ ; ]-polynomialsof degreeboundedby a tower
of exponentialsof heightat most i�~���y$=�} , where i is thedepthof Q , theformulas Q and � mustdisagreeon
a fraction =�>�q of all graphswith ^ vertices.

By anFO[; ]-polynomialwe meana formulathathasa direct translationasa bounded-degreepolyno-
mial over < : asequenceof parity quantifiersfollowedby a conjunctionof atomicfacts.

Theresultshouldbeput in contrastwith the t - = law for first-orderlogic mentionedabove. In thatcase
theapproximatingformula is quantifier-free, andit canbeseenthatquantifierfree-formulastranslateinto
polynomialsof degreeat mostpolynomialin thenumberof freevariablesof theformula.
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Proof outline and techniques Our proof relieson two technicalingredients.On onehandwe analyse
a canonicallabelling algorithmfor graphsgoing back to Karp [7]. We exploit its massive parallelismto
build anFO[� ]-formula ���/�{�*�z� of depth �N�$� ���g���0� thatworkson graphswith � vertices.The formula is
designedin sucha way that, on almostevery graph,it definesa linear pre-orderof width at mosttwo on
the setof verticesof the graph. The secondingredientis a refinedanalysisof oneof the key tools from
theKolaitis-Koppartypaper. Usingandextendingtheir techniquesfor estimatingthefrequenciesmod2 of
subgraphcopies,we show thatevery FO[� ]-polynomial �,�/�Z�*���*�k� of degree � ����� ����� ����� mustbeunable
to distinguishsometriple of distinctvertices�$�����
���
� from any of its permutations,with highprobability.

Fromthesetwo ingredients,thelower boundfollows by takingtheformula ���/�{�*�z�{�����/�z�*�k�$� On one
handthis formula distinguishesat leastonepermutationof the vertices �$�����
���
� from someotherbecause
by linearity of the pre-orderthe classesthey lie in mustbe comparable,but by the width-2 conditionon
the pre-ordernot all threeverticescansit in the sameclass. On the otherhandno formula of quantifier
rank � ����� ����� ����� is ableto distinguishany permutationof sometriple �$�����%���
� from theothers.Sincethe
quantifierrankof � is still �N�$� ��� � �0� , thetower-type lower boundfollows. We provide moredetailsin the
bodyof thepaper.

2 Preliminaries

We use   �D¡ to denotetheset ¢�£����������*�0¤ . We write ¥§¦©¨Oª¬« asconvenientnotationfor  ¥¯®¬¨°²±³« .
We identify thenodesof a completerootedbinarytreewith thebinarystringsthatstartwith thesymbol £ :
the root is £ , the left child of ´ is ´
µ andthe right child of ´ is ´
£ . The level-order of a completebinary
treeis £���£�µ���£�£���£�µ�µ���£�µ¶£���£�£�µ���£�£�£���£�µ¶µ�µ���£�µ�µ�£����V��� , i.e. orderedfirst by length,andwithin eachlength,in
lexicographicalorder. Notethat if thestringsareinterpretedasnumberswritten in binary, this is theusual
orderof thenaturalnumbers.For a naturalnumber�¸·O£ , we write ¹»º ¼²½��/�0� for its uniquebinaryencoding
with a leadingone.

Let ¾ and ¿ begraphs.A homomorphismfrom ¾ to ¿ is a mappingÀÂÁ{Ãk�$¾"��ÄÅÃÆ�$¿Ç� thatmaps
edgesto edges;i.e. suchthat if ¢%�Z�*��¤ÉÈ¬ÊN�$¾N� , then ¢�ÀË�/�Z�$��ÀË�/���$¤'ÈÌÊN�$¿Ç� . Let Í0�ËÎT�$¾N��¿'� denotethe
collectionof all homomorphismsfrom ¾ to ¿ .

The collectionof FO[� ]-formulasover the languageof graphsis the smallestclassof formulasthat
containstheatomicformulas ÊN�/ÏZ�*Ðz� andtheequalitiesÏA¦ÑÐ , andis closedundernegation,conjunction
anddisjunction,universalandexistentialquantification,andparity quantification;i.e. quantificationof the
form �ÒÏÓ���/ÏZ� . The meaningof �ÔÏ¸� is that thereis an odd numberof verticesÏ that satisfy ���/ÏZ� . For
a tuple Õ3¦Ö�$��×
������������Ø�� anda permutationÙ©È§Ú²Ø , we write Õ'ÛÔÙ for the tuple �$��Ü�Ý ×$Þ ������������Ü6Ý Ø Þ � . If
�,�/Ï × ���������*Ï�Ø�� is a formula with free variablesÏ × ���������*Ï�Ø , and Ð × �������V�*Ð¶Ø are variablesor constants,we
write �,�/Ð,×%�������V�*Ð¶Ø�� for the resultof replacingeachoccurrenceof Ï�ß by Ð¶ß . This appliesalso to the case
whereÐ,×%�������V�*Ð¶Ø is apermutationof ÏZ×%�������m�*ÏzØ .

An atomic type on the variablesÏà×
�������V�*Ï�Ø over the languageof graphsis a consistentcollectionof
atomicformulas ÊN�/Ï�ßá�*ÏzâV� or Ï�ßZ¦�Ïzâ andnegatedatomicformulas ãäÊ��/Ï�ß*�*Ï�â�� or Ïzß�å¦�Ïzâ that is maximal
with respectto set-inclusion.A positive atomictypeis thesubsetof positive atomicformulasof anatomic
type.

3 Fooling polynomialsof low degree

In thissectionweshow thateveryFO[� ]-formulaof acertaingeneralform correspondingto polynomialsof
low degreeis notableto distinguishsometriple from any of its permutations,with highprobability. Roughly

3



speaking,the proof strategy is asfollows. Fix sucha formula æ,ç/è{é*êDé�ë�ì . For every fixed í�é�î
é�ï�ðòñ óDô , letõ ç$í�é�î
é�ï
ì be the event that æ cannotdistinguishany two permutationsof í�é�î
é�ï . Ideally we would like to
show that the event

õ ç$í�é�î
é�ï
ì hasnon-negligible probability of happening,andthat if í�ö/é�î*ö÷é�ï*öøðwñ óDô is a
triple disjoint from í�é�î%é�ï , thenthe events

õ ç$í�é�î%é�ï
ì and
õ ç$í ö é�î ö é�ï ö ì arealmostindependent.If we were

ableto do this, the resultwould follow from anapplicationof Chebyshev’s inequality. Unfortunatelyit is
notquitetruethat

õ ç$í�é�î%é�ï
ì and
õ ç$í�ö÷é�î*ö8é�ï*ö÷ì arealmostindependentin general,sowe take adetour.

3.1 Formulas and polynomials

In this section,we definetheformulasto which our resultapplies.In short,they areBooleancombinations
of FO[ù ]-polynomials. An FO[ù ]-polynomialis a formula of FO[ù ] consistingof a sequenceof parity
quantifiersfollowedby a conjunctionof atomicformulas.Thus,in its generalform, anFO[ù ]-polynomial
æ with freevariablesúZû
é�ü�ü�ü�é*ú�ý is a formulaof theform

ùÒú�ý�þ û ÿ�ÿ�ÿ ùÒú � ������ ú �	�
 ú ���


� � û
� ç/ú ��� é*ú ��� ì é (3)

where � and � rangeover ����é�ü�ü�ü�é���� in the first conjunction,and � û é�ü�ü�ümé��  , � û é�ü�ü�ümé��  are indices in
����é�ü�ü�ü�é���� . Thenumber� of atomicfactsin theconjunctionis calledthedegreeof æ .

A conjunctionof atomicformulassuchastheonein the matrix of the formula (3) correspondsto the
graph � on �%ú û é�ü�ü�ümé*ú � � that hasan edgebetweenú � � and ú � � for each�(ð�����é�ü�ü�ümé �!� . Thus,the for-
mula expressestheparity of thenumberof extensionsof ú û é�ü�ü�ümé*úzý to a copy of � . We usethenotation
ù"�Çç/ú û é�ü�ü�ümé*úzý�ì to denotethis formula. Note that the degreeof ù#�'ç/ú û é�ü�ü�üVé*ú�ý�ì is thenumberof edges
of � .

Example: If � is a trianglecontainingvertex ú , then ù"�Çç/ú{ì is theformulathatexpressestheparity of the
numberof extensionsof ú to a triangle.Formally, ù"�Çç/ú{ì is theformula

ù%$Tù%&Oç/ú �
 $ � ú �
 & � $ �
 & � � ç/úZé�$�ì � � ç'$zé�&kì � � ç'&Æé*ú{ì$ì$ü
Notethatover undirectedgraphs,this formulais alwaysfalse.This is becausefor every trianglecontaining
ú , therearetwo assignmentsto thevariables$ and& whichwitness� . Thus,thetotalnumberof satisfying
assignmentsis twice the numberof trianglescontaining ú and is thereforealways even. In general,if
�Çç/ú û é�ü�ü�üVé*úzý�ì hasanevennumberof automorphismsthatfix ú û é�ü�ü�üVé*ú�ý , then ù"�Çç/ú û é�ü�ü�ümé*úzý�ì will always
befalse,while for graphswith anoddnumberof automorphismswegetnon-trivial formulas.

Thereis aprecisesensein whichFO[ù ]-polynomialscorrespondto polynomialsovertheBooleanedge-
variables(*),+ . For example,theformulafrom thepreviousexamplecorrespondsto thefamily of degree-3
polynomials

-/.10 243-657�8 9 .10 2439 57:89 57 -
(*),+;(*+/<=(*<>)Jü

asú rangesover ñ óDô .
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3.2 Independenceand plan of action

Themainobstacleto carryingout theargumentsketchedat thebeginningof thissectionis thatit is not true,
in general,that the events ?>@BADC E;C F;G and ?>@BAIHJC E�HJC F�HJG arealmostindependent,even if ADC EKC F;C AIHLC E�H'C F�H areall
different.Thereasonis that theformula ?>@'MNC�OPC QRG mayincludestatementsaboutthegraph S which do not
involve thefreevariables.Thesearetrueor falseindependentlyof thechoiceof ADC E;C F or AIH'C E�H�C F�H andthus
createcorrelationsbetween?T@BA!C E;C F;G and?>@BA H C E H C F H G .

It is illustrative to give anexamplehow thiscanhappen.

Example: Let ?>@'MUC�OVG betheformula that is theconjunctionof the following : (1) W"QYX#@'MNC Q:G (M hasodd
degree),(2) Z[W"Q\X#@'OVC Q:G (O hasevendegree);and(3) W"] for somefixednon-trivial rigid graph ] (M and
O do not appearfree in this). This is a Booleancombinationof FO[W ]-polynomialsof degreeboundedby
thenumberof edgesof ] .

Notethatif ?>@BADC E;G holdsthen?>@BE;C ADG mustfail. Therefore,theprobabilitythat ?T@BA!C E;G_^` ?T@BEKC ADG holdsis
approximatelyacb,de sinceeachof thethreeconditionin ?>@BADC EKG holdswith probabilityapproximatelydf almost
independently, andsimilarly for ?T@BEKC ADG . On theotherhand,theprobability thatboth ?T@BA!C E;G#^` ?>@BE;C ADG and
?>@BA H C E H Gg^` ?>@BE H C A H G hold simultaneouslyis approximatelyhibjdkBf . This is becausein eachof thefour cases
in which both hold, condition(3) eitherholdsfor both ADC E and AIH�C E�H or for neither(since M and O do not
appear).We areleft with five conditionsthathold with probabilityapproximatelydf almostindependently.
Sinceh#b dkBf is not l -closeto @Ba_b de G f , this shows that mg@BADC E;G and mY@BAIHJC E�H�G arenotalmostindependent.

The examplejust sketchedsuggeststhat we factor out the condition that doesnot dependon neither
M nor O from ?>@'MUC�OVG ` ?>@'OVC�MUG sincethis is thecausefor thestatisticaldependencebetweenmY@BA!C E;G and
mY@BAnH�C E�H'G . However, while suchanargumentcanbemadeto work in theexampleabove, it is difficult to see
how to factorsomethingoutwhen? mayinvolve disjunctions.

The key observation at this point is that the full typeof @'MUC�OVG in termsof its atomictype (the pattern
of connectionsandequalitiesamongM and O ) andthe truth valuesof its W"] ’s as ] rangesover all small
graphsthatcontainM and O asverticesis enoughto determinethetruth valueof ?>@'MUC�OVG . Thus,if we were
ableto find a full type implying ?T@'MUC�OVG that is symmetricin M and O , we would have reducedthecaseof
general?>@'MUC�OVG to thecaseof a ?T@'MUC�OVG thatconsistsof asingleterm.Theargumentthatweuseis abit more
delicatethanthis,but this is themainidea.

3.3 Normal forms

In this sectionwe introducesomedefinitionsanddiscusstwo differenttypesof normal formsfor Boolean
combinationsof FO[W ]-polynomials.

An o -labelledgraphis agraphwith someverticeslabelledby elementsof o in suchawaythat,for everyprq o thereis exactly onevertex labelled
p
, andthesetof labelledverticesinducesanindependentset.The

setof labelledverticesof an o -labelledgraph] is denotedby st@B]uG . Thevertex labelledby
pvq o is denoted

by w"@ p G . An o -labelledgraph ] is label-connectedif ]yxzs\@B]{G is connected.Let |N}�~�~��� bethesetof all
o -labelledlabel-connectedgraphswith at most� unlabelledvertices.Wesaythat ] dependson label

p%q o
if ]u@ p G is notanisolatednode.Wesaythat ] is label-dependentif it dependsonall its labels.Let |N}�~�~��/� ��
bethesubsetof all labelledgraphsin |N}�~�~��� thatarelabel-dependent.

A � -labelledgraphis a � ��� -labelledgraph.A ��� -labelledgraphis an o -labelledgraphfor someog��� ��� .
Let ] bea ��� -labelledgraphwith labelsog��� ��� . A homomorphismfrom ] to apair @BS"C/�VG , where S is a
graphand �u��@BA d C � � �nC A��!G is a tuplein � �� , is a homomorphism� q�� }���@B]�C S"G suchthat �%@B]u@ p GBG���AI�
for each

p�q o . A homomorphism� from ] to @BS"C/�VG is injective if for any distinct ADC E q �!� such
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that  �¡D¢ £K¤�¥¦¨§\©Bª{«
we have ¬ © ¡ « ¥ ¬ © £ « . Write ® ªu©B¯ ¢/° « for the parity of the numberof injective

homomorphismsfrom
ª

to
©B¯ ¢/° « . We usuallyomit

¯
andwrite ® ª{© ° « . When

ª
is a ± -labelledgraph

(i.e. ² �³ ±�´ ), thenotationfor this in [8] is ³ ª ´¶µ ©B¯ ¢/° « .
A KK-normal form of degree · with free-variableşº¹;¢ » » »,¢�¸T¼ is a Booleancombinationof theatomic

typeson the variableş ¹ ¢ » » »I¢�¸T¼ andformulas ® ª{© ¸ ¹ ¢ » » »n¢�¸P¼ « ’s as
ª

rangesover the ± -labelledlabel-
connectedgraphswith labelledverticeşN¹;¢ » » »n¢�¸P¼ andat most ·r½ ¼ µ non-labeledvertices. A regular
normalformof degree · with free-variableşN¹;¢ » » »,¢�¸P¼ is aBooleancombinationof theatomictypeson the
variableşN¹;¢ » » »,¢�¸P¼ andthe ® ª{© ¸N¹;¢ » » »,¢�¸P¼ « ’s as

ª
rangesover the ¾¿± -labelledlabel-connected,label-

dependentgraphswith labelledverticeswithin ¸º¹4¢ » » »I¢�¸T¼ andat most ·º½ ¼µ non-labelledvertices.

Example: Let À © ¸N¢�Á « betheformula

®"Â ©BÃ#© ¸N¢ Â «B«ÅÄÇÆ ®#Â ©BÃg© ÁP¢ Â «B« ¢
sayingthat ¸ hasodddegreeand Á haseven degree. This is a regular normalform. On theotherhand,it
is not a KK-normal form becausetheformula ®"Â ©BÃg© ¸U¢ Â «B« cannotbeput in theform ® ªu© ¸N¢�Á « for any È -
labelledgraph

ª
. However, aswewill see,it is nothardto transformÀ © ¸U¢�Á « into anequivalentKK-normal

form.

Example: Let É © ¸U¢�Á « betheformula

© ¸¿¥ Á Ä�Ãg© ¸U¢�Á «=Ä�Æ ® ª ¹ © ¸U¢�Á «=Ä ® ª µ © ¸U¢�Á «B«ÅÊÇ© ¸Ë¥ Á Ä�ÆzÃg© ¸U¢�Á «=Ä ® ª ¹ © ¸N¢�Á «=ÄÌÆ ® ª µ © ¸U¢�Á «B« ¢
where

ª ¹ is the È -labelledlabel-connectedgraphthathasthreeverticeş , Á , and Â andasingleedgebetween
¸ and Â , and

ª µ is the È -labelledlabel-connectedgraphthathasthreeverticeş , Á , and Â andasingleedge
betweenÁ and Â . This is a KK-normal form. On theotherhand,it is nota regularnormalform because

ª ¹
and

ª µ arenot label-dependent.However, aswe will see,it is not hardto transformÀ © ¸U¢�Á « into a regular
normalform.

Thetwo examplesabove areactuallylogically equivalentandit is ageneralfactthatBooleancombina-
tionsof FO[® ]-polynomials,KK-normal forms,andregularnormalformsof thesamedegreehave thesame
expressive power.

Lemma 1. Let ±�ÍyÎ and ·ÏÍ ¼µ be integers and let À © ¸N¹;¢ » » »I¢�¸T¼ « bea formulaof ÐÅÑ ³ ®%´ that implies
¸TÒ	¥ ¸PÓ whenÔ"¥ÖÕ . Thefollowing areequivalent:

1. À is equivalentto a Booleancombinationof FO[ ® ]-polynomialsof degreeat most · ,
2. À is equivalentto a KK-normalformof degreeat most · ,
3. À is equivalentto a regular normalform of degreeat most · .

Proof sketch. We only give a proof of (2) × (3) asthis is the only part of the above equivalencethat we
requirein the sequel. We needto show how to transforma formula ® ª

where
ª

is a ± -labelledlabel-
connectedgraph

ª
with atmost · non-labelledverticesinto anequivalentBooleancombinationof formulas

of the form ®"Ø where Ø is a ¾Ù± -labelledlabel-connected,label-dependentgraphwith at most · non-
labelledvertices.Thetransformationis donein two steps.In thefirst stepwereducethenumberof isolated
labelledverticesin

ª
or thenumberof non-labelledverticesof

ª
at theexpenseof usingpossiblylabel-

disconnectedgraphs.In thesecondstepwegetrid of thelabel-disconnected graphs.Indeedthesecondstep
is asin theproof of Lemma5.6in [8] soweneedonly take careof thefirst step.
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If Ú is alreadylabel-dependent,thereis nothingto do. OtherwiseassumeÛPÜ is a labelledvertex that
is isolatedin Ú . Then,for every graph Ý andfor every ÞDßKà á á áIà ÞIÜ�âäãDå all different, æ"ÚuçBÞ�ßKà á á ánà Þ�Ü!è is
equivalentto:

éRênëRì�í'î=ïñðóò
ô éRõ�ö:÷ çBÞ�ß;à á á á,à Þ�Ü!èÅø�æ"Ú é!õ�ö:÷ çBÞ�ß;à á á á,à ÞIÜDè=ù¿æ#Ú{ú ö:÷ çBÞ�ß;à á á ánà Þ�Ü ú ß è û\üVý�þ�à

where:

ÿ ô é!õ�ö:÷ is thepositive atomictypeof � over
� çBÚuè����KÛTÜ�� in Ú ,

ÿ Ú éRõ�ö:÷
is the � -labelledgraphthat resultsfrom deletingall edgesfrom � to a labelledvertex and

identifying � andÛTÜ in Ú ,
ÿ Ú ú ö ÷ is the 	
� -labelledgraphthatresultsfrom deletingÛTÜ in Ú .

To seewhy thisgives æ"Ú{çBÞ ß à á á ánà ÞIÜDè notethatthefirst sumincludesall homomorphismsfrom Ú thatmap
Û�� to Þ� for �óâ�� �� andareinjective everywhereexceptat ���Nà�ÛTÜ�� thatarebothmappedto Þ�Ü , andthe last
term includesall injective homomorphismsfrom Ú ú ö ÷ thatmap Û�� to Þ� for �#â�� ������� . Thereforeeach
injective homomorphismfrom Ú ú ö:÷ thatmapsÛ�� to Þ� for �"â�� ������� andusesup ÞIÜ is countedexactly
twice andcancels.

3.4 Distrib ution of fr equencyvectors

Thefrequency vectorof degree� in agraphÝ is the ����à���� -vectorindexedby thesetof all connectedgraphs
with at most � verticeswherethecomponentÚ is æ"Ú{çBÝ"è , i.e. theparity of thenumberof occurrencesof
Ú in Ý . Kolaitis andKoppartygive ananalysisof thedistribution of frequency vectorsin a randomgraph
Ý ��Ý"ç"! à���#�þ�è , for constant� . Ouraim in thepresentsectionis to extendthisanalysisto degreesthatgrow
with ! andto 	$� -labelledgraphs.

Let %Nü�&'&)( * Ü bethesetof all 	$� -labelledlabel-connectedgraphswith atmost� unlabelledvertices.Let

%Nü�&'&,+.- (* Ü bethesubsetof %ºü�&'& ( * Ü containingall graphsthatarelabel-dependent.Let Ý bea graph,let / be

a tuple in ã Üå , andlet �102� be an integer. Let 354.687 +.- (* Ü - å ç9/Vè be the ����à���� -vector indexed by the elements

%Nü�&'& +.- (* Ü thathasæ"Ú{ç9/Vè asits componentindexedby Ú . Next weextendthedefinitionof feasiblefrequency
vectorsfrom the KK-article to the settingof 	 � -labelledgraphs. In defining :;:<4.687 + ç ô à�	 �cà=� è we will
restrictourattentionto atomictypesô thatforceall � variablesdistinct.Thissimplifiesmatterssignificantly
andis enoughfor our purposes.If ô is an atomic type on ÛNß;à á á á,à�ÛPÜ that forces Û��?>@ Û�A for �B>@DC , let
:;:<4.687 + ç ô à�	
�cà=� è denotethesetof all feasiblefrequencyvectors. Explicitly, theseareall the ����à���� -vectors
indexed by %Nü�&'& +.- (* Ü whosecomponentE belongsto F�G'H�çIE"èNø #�þ . Here F�G'H�çIE"è denotesthenumberof
automorphismsof E thatfix thelabels.Let :;:<4J687 +K ç ô à�	L�cà=� è denotethesetof MuâN:;:<4J687 + ç ô à�	O�cà=� è such
that M�PRQ ïTSnò @ ! û\üPýÇþ .

The next lemmadescribesthe distribution of 3U4J687 +.- (* Ü - å ç9/Vè in a randomgraph. This is analogousto
Theorem2.4in [8] extendedto growing degreesup to V ü�WXV ü�WYV ü�WZ! , andextendedfrom � -labelledgraphsto
	$� -labelledgraphs.

Lemma 2. For every �[0\� there exists !^]_0\� such that for every !�0D!^] , every atomic type ô on �
variablesthat forcesall of themdistinct,every `�	aV ü�WbV ü�WbV ü�Wc! , andevery � -tuple / of distinctelementsin
� !d� , thedistribution of 354.687 +.- e* Ü - å ç9/Vè as Ý @ Ý"ç"! à���#�þgf ô ç9/VèBè is þ ú�h ÷ ïUKikjTlImkjTlImnKDò -closein statisticaldistance
fromtheuniformdistribution over :o:�4.687 +K ç ô à�	$�cà�`;è .
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Before we go on with the proof, it is worth pointing out the differencesbetweenthe statementof
Lemma2 and the statementof Theorem6.12 in the KK-article. Our statementhereextendsit in two
directions,andbothdirectionsintroducedcorrespondingpointsof tensionin thestatement.

The first differenceconcernsthe extensiongoing from boundeddegreein the KK-article to growing
degreeup to p q�rXp q�rXp q�rts here. This increasedthe boundon the statisticaldistancefrom uwv�x,y�zU{n| in the
KK-article to u v�x,y�zU{}8~T�I�k~T�I��{n| here. For the purposesof this paper, this differenceis minor. This part of
theproof consistsin adaptingtheonein theKK-article to thesettingof growing degrees.This is achieved
by makingthe � ’s explicit in thecomputationof certainGowers’ uniformity norms. It is conceivablethat
a morecarefulanalysiscouldpushtheupperboundon therequireddegreeup to ���I� p q�rcs�� at thecostof
increasingthestatisticaldistancesomemore.

Theseconddifferenceconcernstheextensionfrom � -labelledgraphsin theKK-article to ��� -labelled
graphshere.This introducedtheadditionalrestrictionof label-dependency (the � in �U�.�8� �.� � ). Thisrestriction
is not minor sincethe resultwould not be true without it. Luckily, though,Lemma1 tells us thatwe can
assumelabel-dependency without lossof generality. In this casediscovering the right assumptionwasan
essentialstepin theproof. Oncetheconceptis up, theproof is againfollowing theoriginal one. Onefinal
differenceis thatwe restrictthestatementto thecasewheretheatomictype � forcesall variablesdistinct.
This is thecaseweneedanyway andsimplifiesmattersa lot.

Proof sketch of Lemma2. The issueof handling ��� -labelledgraphsinsteadof � -labelledgraphsis not
problematicuntil werealizethatthesetsof copiesof � and ��� in �I� {)�.� � neednotbedisjointevenif � and
� � arenon-isomorphic(i.e.: Proposition8.1(2)from theKK-article fails in thecaseof �$� -labelledgraphs).
This happens,for example,if � and � � are ��� -labelledlabel-connectedgraphsthat are identicalexcept
that ��� hasonemoreisolatedlabelledvertex than � . On theotherhand,if � and ��� arenon-isomorphic
anddependon all its labels,thenit canbeseenthat thesetsof copiesaredisjoint. This is enoughto carry
over theargumentin theKK-article.

In order to allow a growing � , it suffices to prove the following lemmathat makes the � explicit in
Lemma4.7 from [8]:

Lemma 3. Let ��� ��? ¢¡�£¥¤ � ¤�¦ begivenby �§�9¨©�¥ªD� £¥¤ �.«Y¬¯®n°.±  . Let ² be theuniformdistribution on
�� . Then ³´³ �©³´³Tµ ¬ � ¶¸· ¤�£ � where �t¹ ¤�£ ��º�»,� £ uwv �½¼ v � �½¾d¿ � .

Weprovide theproof in theappendix.With thisboundin hand,thesatisticaldistancebecomes� ¤�£ �J�ÁÀ
whereÂ1ªaÃ��"stÄ��Å� and Æ�ªa���I� � � . Pluggingin, thedistanceendsup boundedby

��ºk» £ u vnÇtzUÈÊÉJ| x,z5{Ë}IÈÌ| �
which is uwv�x,zU{}8~T�I��~T�I�n{�| for �Íªap q�rbp q�rbp q�rcs .

3.5 The argument itself

Finally we reachedthepoint wherewe canexecutetheplan sketchedat thebeginnngof Section3. Fix a
positive integer � (for theapplicationin Section5 it sufficesto take �Îª Ï ) andlet Ð§�"Ñ ¿ ��Ò�Ò�ÒË� Ñ�Ó�� bearegular
normalform of degree ����p q�rYp q�rXp q�rts . For every � ª �IÔ ¿ ��Ò�Ò�Ò½� ÔÓk�cÕ×Ö sdØ

Ó , definethefollowing indicator
randomvariables:

Ù � � ���´ª Ö�Ð§� � �RÚÛ Ð�� �ÎÜ;Ý � for someÝ Õ_Þ)Ó�Ø �ß � � ���´ª Ö�Ð§� � � Û Ð�� �ÎÜ;Ý � for every Ý ÕàÞ'Ó�Ø Ò
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Obviously, áãâ9ädågæèç�éëê�â9ädå , and ê�â9ädå is the indicator randomvariablefor the event that ì doesnot
distinguishany two permutedversionsof ä . Our goal is to show that ê�â9ädå holds for some ä with high
probabilityandfor this wewill follow theplansketchedin section3.2.

Write ì§â9í;å asaDNF on the(Boolean)variables
îkï â9í;åIð�ñ�ñ�ñ½ð î½ò â9í;åIð�ó¥ô ï â9í;åIð�ñ�ñ�ñËð�ó¥ô¥õ�â9í;å ,

whereîkï ð�ñ�ñ�ñ½ð î½ò aretheatomictypeson ö ï ð�ñ�ñ�ñ÷ð=ö�ø , and ô ï ð�ñ�ñ�ñ½ð�ô¥õ arethe ù�ú -labelledlabel-connected,
label-dependentgraphswith labelledverticeswithin ö ï ð�ñ�ñ�ñ½ð=ö�ø and û non-labelledvertices.Let usassume
that ô ï ð�ñ�ñ�ñ½ð�ôýü arethe onesfor which the numberof automorphismsthat fix its labelledverticesis odd,
andthat ô üÅþ ï ð�ñ�ñ�ñ½ð�ô¥õ arethe rest. Also assumethat ô ï ð�ñ�ñ�ñ÷ð�ô¥ÿ arethegraphsfrom amongô ï ð�ñ�ñ�ñ÷ð�ô ü
thatdo not have any labelat all, and ô¥ÿ þ ï ð�ñ�ñ�ñËð�ô ü arethe rest. Sinceexactly oneatomictypemusthold
andeachó¥ô��½â9ädå is falsefor �������
	àç�ð�ñ�ñ�ñ÷ð��� , wemayassumethateachtermin theDNF formulahasthe
form î�� â9í;å�� ����� ó¥ô � � ������� ó¥ô � � ����� ó¥ô � â9í;å�� ������� ó¥ô � â9í;å.ñ (4)

for some����� �! , somepartition â#" ð$"&% å of � '( , andsomepartition â#)8ð$)�%9å of � �# +*,� '( .
Next notethat for every -.�./'ø , thesequenceof Booleanvariablesîkï â9í102-tåIð�ñ�ñ�ñ½ð î½ò â9í304-tå is equiv-

alent to a permutationof the sequenceof Booleanvariablesîkï â9í;åIð�ñ�ñ�ñ½ð î½ò â9í;å . Similarly, the sequence
of Booleanvariables ó¥ô¥ÿ þ ï â9í.05-tåIð�ñ�ñ�ñ½ð�ó¥ô ü â9í�05-tå is equivalent to a permutationof the sequence
ó¥ô¥ÿ þ ï â9í;åIð�ñ�ñ�ñËð�ó¥ô¥üËâ9í;å . Thereforeì§â9í;å and ì�â9í607-tå arefunctionsof the sameBooleanvariablesand
we canwrite ì�â9í809-tå alsoasaDNF formulawith termsof thetype(4).

Fromnow on,for every ";:<� '( , let = � betheterm

=>�@?´æ ����� óýô��4� ������� óýô��÷ð

where " % æA� '( B*C" . Recall that ô ï ð�ñ�ñ�ñËð�ô¥ÿ areall label-freeandtherefore=>� doesnot dependon í .
Similarly, for every )5:<� �D +*,� '( , let / � â9í;å betheterm

/E��â9í;å4?´æ ����� ó¥ô��÷â9í;åB� ����� � ó¥ô5�÷â9í;å.ð

where) % æaâ�� �D F*�� '( åG*�) . For every ";:<� '( , let ì(��â9í;å denotethedisjunctionof thetermsin ì�â9í;å thatare
consistentwith =>� . Thereforeì§â9í;å is equivalentto thedisjunction ��HJI ÿ$K ìL��â9í;å .

Let MB��â9í;å bethe“all-positive-term”definedasfollows:

MB��â9í;å4?´æONdâ9í;åB�P=>���P/ I ü KRQ I ÿ$K â9í;åIð
where N is theatomictypethatforcesö �TSæ[ö � for � SæU� , andall possibleedgesamongdifferent ö � ð=ö � . We
show thatfor every ä8�.� VJ ø , theevent M
��â9ä^å©æaç implies ì§â9ädåXW ì�â9ä�09-tå for every -Y�6/'ø .
Lemma 4. MB��â9ädåtù ê�â9ädå .
Proof. Fix a permutation-Z�[/'ø . First note that the choiceof N guaranteesthat Ndâ9ädå is equivalent to
Ndâ9ä\0+-tå . Also, thesequenceó¥ô¥ÿ þ ï â9ä\0+-tåIð�ñ�ñ�ñËð�óýô ü â9ä\0+-tå is equivalentto apermutationof thesequence
ó¥ô¥ÿ þ ï â9ä^åIð�ñ�ñ�ñ½ð�ó¥ô ü â9ädå , andall appearpositively in M�ø8â9ä^å . It follows from theseterm MB��â9ädå appearsin
bothDNFsfor ì§â9ädå and ì§â9ä]02-tå , or in neither. If it appearsin both,thenclearly MB��â9ädå�æ ç impliesboth
ì§â9ädå and ì§â9ä^0X-tå . If it doesnot appearin either, then MB��â9ädå�æ ç implies ì§â9ädå and ì§â9ä�0_-tå since MB��â9ädå
is incompatiblewith any other term of the DNFs for ì�â9ädå and ì§â9ä`0T-tå . In eithercase, M � â9ädå implies
ì§â9ädå2W ì§â9ä�09-tå .
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At thispoint it will sufficeto show thatfor every a;b<c d(e , theevent fBgihkjJl4mOn holdsfor somej8o�c pJeRq
with high probabilityin theprobabilityspaceconditionedon r>g . Fromnow on,for every event s , write

g ctsueBvwm ctsOx�r g ezy
Let usstartby computingtheprobabilityof f g hkj�l for j{o�c pJe q with |t}�~mO|�� for ��~m�� in thisprobability

space.Let � be the maximum,over all atomictypes �Bhk�_l that force � } ~m�� � for �1~m�� , of the statistical
distancebetweenthedistribution ���D�����D� �� q � � hkjJl as ��m���h�p2�$n����ux��BhkjJl#l andtheuniform distribution over�_� �D��� � h����$�O�F�$ �l . Notethat,by symmetry, � doesnotdependon j provided | } ~mO| � for �\~mU� .
Lemma 5.

g ctf g hkjJlGeBm �P¡�¢
� ¡�£

¤ �>¥ n
� ¡�£ ¤ �§¦ �>¥

�P¡�¢
� ¡�£ ¥�h#� ¡�£ ¤ �tl ¥P� ¡ hD¨ ©kl y

Proof. Wehave

gªc�fBgihkjJlGeBm ctf
g§hkjJl�¥�r>g�e
ctr>g�e m ct«B¬ ¢®R¯ ¬ £$ hkjJlJ¥Pr>g@xX¥ c!°JhkjJlGe

ctr>g±e
Thedenominatoris � ¡�£ ¤ � by choiceof � . Thenumeratoris h#� ¡�¢ ¤ ��l_¥�� ¡ h ¨ ©zl alsoby choiceof � . The

trailing � ¡ h ¨ ©kl factoris ct°JhkjJlGe . Now:

�P¡�¢ ¤ �
� ¡�£ ¤ �§²

�P¡�¢
� ¡�£ m

�P¡�¢2¥P�P¡�£ ¤ ��¥��P¡�£ ² �P¡�¢³¥��P¡�£ ¦ �P¡�¢2¥P�� ¡�£ ¥�h#� ¡�£ ¤ �tl
whichsimplifiesto

¤ �>¥ n
� ¡�£ ¤ � ¦ �>¥

�P¡�¢
� ¡�£ ¥�h#� ¡�£ ¤ �tl y

Next we compute,for every jJ�DjF´,oµc pJeRq with all |�¶·�$y$y$y��$| q �$|�´ ¶ �$y$y$y��$|�´q different, the probability of
fBgihkjJl
¥PfBg§hkj ´ l in theprobabilityspaceconditionedon r>g . Let ¸ bethemaximum,over all atomictypes
�Bhk�_�D� ´ l that force all � ¶ �$y$y$y���� q ��� ´ ¶ �$y$y$y���� ´q different, of the statisticaldistancebetweenthe distribution
���D��� �D� ��(¹ q � � hkjJ�Dj�´ºl as ��m<��h�p2�$n����ux!�BhkjJ�Dj�´ºl#l andtheuniform distribution over

�_� ����� � h����$�����F�$ �l . Note
that,by symmetry, ¸ doesnotdependon jJ�Dj ´ providedthey areall different.

Lemma 6.

g ctf g hkjJlB¥Pf g hkj ´ l»e
m �P¡ ¹ ¢
� ¡ ¹ £

¤ ¸&¥ n
� ¡�£ ¤ ¸Y¦ ¸8¥

�P¡ ¹ ¢�¼�£
� ¡�£ ¥�h#� ¡�£ ¤ ¸9l ¥P� ¡ ¹ h ¨ © l y

Proof. Let s denotetheeventthat °JhkjJl and °Jhkj ´ l bothhold. Wehave

g c!f g hkj�l�¥�f g hkj ´ lGeBm ctf
g§hkjJl�¥�fBgihkj�´ºlJ¥Pr>g�e
ctr>g±e

m ct« ¬ ¢zR¯ ¬ £$ hkjJl�¥�« ¬ ¢zR¯ ¬ £$ hkj�´½l�¥�r>g�x�sue�¥ cts�e
ctr>g�e y
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Thedenominatoris ¾P¿�À,ÁuÂ by choiceof Â . Thenumeratoris Ã#¾P¿(ÄDÅ�Æ�À§ÁuÂ9Ç9ÈL¾ ¿(Ä Ã·ÉÊkÇ alsoby choiceof Â .

Thetrailing ¾ ¿(Ä Ã É ÊzÇ factoris ËtÌuÍ . Now:

¾P¿(ÄDÅ�Æ�À�ÁÎÂ
¾ ¿�À ÁÎÂ Ï

¾P¿(ÄDÅ�Æ�À
¾ ¿�À Ð

¾P¿(ÄDÅ�Æ�À�È�¾P¿�À�ÁÎÂªÈP¾P¿�À Ï ¾P¿(ÄDÅ�Æ�À�ÈP¾P¿�À�ÑÒ¾P¿(ÄDÅ�Æ�ÀCÈ�Â¾ ¿�À È�Ã#¾ ¿�À ÁÎÂ9Ç
whichsimplifiesto

Á>Â&È
Ó

¾ ¿�À ÁÎÂ ÑÎÂ8È
¾ ¿(ÄDÅ�Æ�À

¾ ¿�À È�Ã#¾ ¿�À ÁÎÂ9Ç�Ô

Let usnoteat this point that thenumberof ÕuÖ -labelledgraphswith at most × non-labelledverticesis
boundedby ¾PØ�Ù�Æ�Ú�Û Ê . Therefore,if Ü is the numberof Õ.Ö -labelledlabel-connectedgraphswith at most ×
non-labelledvertices,thenÜ\ÕZÝÄ

Þ ß�à2á
for sufficiently large

á
, andin particular

¾$â>ÕOã á Ô (5)

Weusethis to prove themainconsequenceof thisanalysisup to now:

Lemma 7. Let äJåDä�æJç�Ë á ÍRÚ besuch that è Ý å Ô$Ô$Ô å$è Ú å$è�æ Ý å Ô$Ô$Ô å$è�æÚ are all different.Thefollowinghold:

1. éªË!ê
é,Ãkä�ÇGÍBë á ¿ Ý½ì Ä�È�¾ ¿ Ã É ÊkÇ Ï ¾P¿(í É Øïî ìPðòñ#ó(ðòñ#ó î(Û .
2. ô é Ë!ê é Ãkä�Ç�ÈPê é Ãkä�æ½ÇGÍ Ï é Ë!ê é ÃkäJÇJÍ�È é Ëtê é Ãkä�æ½ÇGÍ�ô!ÕO¾P¿(í É Øïî ìPðòñ#ó(ðòñ#ó î(Û .

Proof. By Lemma2, both õ andÂ are ¾ ¿(í
Øïî ì�ðòñ#ó(ðòñ#ó î�Û . On theotherhandwe have ¾ Å�¿�À Õö¾ Å Õö¾ â Õ á Ý½ì Ä
by (5) andalso ¾$À3Õ�¾ â Õ á Ý½ì Ä by (5). Therefore¾$ÀL¿�Å,ë<¾P¿�Å,ë�¾P¿ â ë á ¿ Ý½ì Ä and ¾P¿�À{ë�¾P¿ â ë á ¿ Ý½ì Ä .
Now 1 follows from pluggingtheseboundsin Lemma5 and2 follows from pluggingtheseboundsin both
Lemma5 andLemma6 andrecallingthat Ö is a constant.

Now we concludeby proving themainresultof this section:

Lemma 8. For every Ö]÷Oø and ù³÷Oø , thereexists
á�ú ëûø such that for every

á ë á�ú andeveryKK-normal
form ü+Ã�ý Ý å Ô$Ô$Ô å�ý Ú Ç of degreeboundedby

Þ ß�à\Þ ß�à\Þ ß�à�á
, for þöÿûþ�Ã á å Ó�� ¾�Ç , theprobability that there exists

ä8ç�Ë á Í Ú with è����Ð è�� for �	�Ð



such that ü+ÃkäJÇ��;ü+Ãkä���2Ç for every �uç�� Ú is at least
Ó
Ï ù .

Proof. Fix Ö and ù andchoose
á�ú

large.Let � Ð
� á � Ö�� . Divide Ë á Í into � disjoint Ö -tuplesÃkä Ý å Ô$Ô$Ô åDä��,Ç ar-

bitrarily but in suchawaythat è â�� � �Ð è â�� � for ���Ð


. Define: � Ð â���� �� �iÃkä â Ç and ê é Ð â���� �� ê é Ãkä â Ç ,the secondfor every ! " Ë #(Í . Note that by Lemma 4 we have ê é Õ � . We want to show that

é Ëtê é Ð ø>ÍBÕûù . Thiswill beenoughsincethen

Ë�� Ð ø>Í Ð é�$ � Å  
Ë�� Ð ø,ô&% é Í+È Ë�% é ÍBÕ

é�$ � Å  
é Ë!ê é Ð ø>Í+È Ë�% é ÍBÕOù Ô

To show that é ËEê é Ð øCÍ�Õ�ù we proceedby thesecondmomentmethod.To simplify notation,let
us fix !'" Ë #(Í andabbreviate ê é by ê , and ê é Ãkä â Ç by ê â . Similarly, all expectations , variances ,
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andprobabilities appearingbelow referto theprobabilityspace ( . In computingthevariance )�*,+�-)�*/./+10 )�*2+3. we have

)�* . +40 )�*�+ . -
5
687:9

5
;<7:9 )�* 6>= * ; +40

5
687:9

5
;<7:9 )�* 6 + = )�* ; +

? 5
687:9 )�* .6 +4@BA = 68C7D;

E )�* 6>= * ; +40 )�* 6 + = )�* ; +GF
? 5
687:9 )�* 6 +1@HA = 68C7D;

E )�* 6I= * ; +10 )�* 6 + = )�* ; +GF
- )�*2+1JKA = L A = ANMPORQTS�U�VXW�YZVXW�YDSP[
- )�*2+1JKA MPOR\]Q^S�UNVXW�YPVXW�YPSD[8_

wherethe first inequalityfollows from consideringthe casèa-cb in the first doublesumandignoring it
in thesecond,thenext inequalityfollows from the fact that * 6 is a 0-1-randomvariable,theequalityafter
it follows from Lemma7.2 (recall that really standsfor ( here),and the last equality follows from

L -edgf�h�ikj andthefactthat i is aconstant.
Now by Lemma7.1wehave

)�*2+ml L = E f M 9 U . = A M E \ n F 0HA MPO \ QTS�U�VXW�YZVXW�YDSD[ Fo-qpsr E f 9 U . F�t
Applying it to Chebyshev’s inequalitywe obtain

)�*u-qvw+ ? )�*2+
)�*�+ .

? )�*2+4JBA MPOR\<Q^S�U�VXW�YPVXW�YPSD[
)�*�+ .

? x)�*�+ @ x)�*2+ .
?qy

for sufficiently large f .

4 Defining a linear pre-order of width two

In this sectionwe constructthe formula of very low depththat definesa linear pre-orderof width 2 with
high probability. The proof strategy is to analysea variantof an algorithmfor graphcanonizationdueto
Karp [7], andto exploit its massive implicit parallelismto getformulasof very low depth.

4.1 Plan of action

Informally, thegraphcanonizationalgorithmworksasfollows. For a givengraph z , split theverticesinto
two classes:thoseof even degreeand thoseof odd degree. Inductively, we split the classesfurther by
dividing theverticesaccordingto theparity of thenumbersof neighboursthey have in eachof theexisting
classes.Wecontinuethisprocessuntil nomoreclassesaresplit.

We will needthreefactsaboutthis process:(1) that for z|{}z E f _ x h�A�F theprocesswill reacha state
whereeachclasshasat mosttwo verticeswith high probability, (2) that this will happenin fewer than f
“generations”of the splitting processwith high probability, and(3) that the processis massively parallel:
all theclassescreatedbetweenthe ~kh�A -th generationandthe ~ -th generationaredefinablein termsof the
classescreatedin the

E�� ���
. ~�F -th generation.
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4.2 Splitting procedure

Let �e�����R�&��� beanundirectedgraph.For a vertex � anda set � , we write �1���������&�a� for theparity of
thenumberof neighboursthat � hasin � . Weextendthis to sets:

�I�����&���&�a�s� �N�����1���������&�a� ���>�����
A splitting tree for � is a rootedbinary tree � with eachnode � carryinga label  R¡£¢¤� anda sign¥ ¡o¦¨§�©��&ª�« denotingwhether� is markedor unmarked, andsatisfyingthefollowing properties:

1. thelabelof theroot is � ,

2. no two siblingsaremarked,

3. if � is aninternalnode,then1  m¡¬¯®� m¡±°w�q R¡ and  m¡¬¯²³ R¡±°w�q´ ,
4. if µ is a leaf, ����¶³¦· m¸ and� is marked,then�1���£�����& m¡¹�s�º�1������¶:�& m¡�� .

Givena splitting tree � for � , let »	�¼��� denotethesetof unmarked nodesthatareeitherthe root or area
left child. Let »w½¾�¼��� bethesubsetof nodesin »	�¼��� thatareeithertheroot or suchthat their labelandthe
labelof their sibling arebothnon-empty2. Onestepof thesplitting procedureworksasfollows:

1. let � betheleastnodein »	�¼��� in level-order3 andmarkit,

2. for every leaf µ , let  m¸�¿�ÀÁ�q§<�·¦¨ m¸�À��1���������& R¡��s�qÂP« for both ÂÃ�qÄ and Âa�qÅ ,
3. make 4 µ�Ä and µ�Å theleft andright childrenof µ andleave themunmarked.

Let ÆÇ�¼�Ã� betheresultof applyingonestepof thesplittingprocedureto � . If thenode� thatis chosenin the
first stepalsobelongsto »w½¾�¼��� we saythat thestepis proper, otherwiseimproper. When »w½¾�¼��� is empty
we saythat theprocedurestallsat � . Note thatwhenit stallsit will never make a properstepagain. The
procedurestartsat thesplitting tree� ¬ thathasonly anunmarkedroot labelledby � .

4.3 Analysis of the splitting procedure

Let �I¬ be the treethathasonly anunmarked root labelledby � . For ÈÊÉ}Å , let �>ËÌÀÁ�ÍÆÇ�¼�:ËkÎ ° � . Ideally
we would like to show that after a modestnumberof steps,all leavesof the splitting treearelabelledby
singletonsor emptysets.Unfortunatelythesplittingprocedureis notableto produceatreewith thisproperty
in general,notevenwith high probabilityon a randomgraph.Thebestwe will beableto show is thatfor a
randomlygeneratedgraph,with highprobabilityall leaveswill have atmosttwo vertices.

Let ussingleout threekey desirablepropertiesof �>Ë , wherethethird is ourgoal:

( �/Ë ): �:Ë has  m¡¯Ï�q´ for every node� ,
( �wË ): �>Ë hasbeengeneratedthroughproperstepsonly,

1Karp requiredalsoÐmÑÒwÓÔ�Õ andÐmÑ×ÖsÓÔ�Õ . For usit will beconvenientto not requireit andKarp’s analysiswill still go through
with minormodificationsthatwe will pointout.

2Karp definedØwÙÚÜÛ asthesetof unmarked nodesÝ thatareeithertheroot or thathave a sibling Ý¾Þ suchthat ß Ð Ñáà ßZâ,ß Ð Ñ ß , orß Ð ÑTà ß Ô ß ÐmÑ8ß andarea left child. Thisdifferenceis inessentialto theanalysis.Theonly importantpoint is to unambiguouslychoose
oneof thetwo childrenwhenbothareunmarkedandnon-empty.

3Karp usedsymmetricorder. Thisdifferenceis not essentialfor Karp’s analysisbut is importantfor us.
4Karp’s versionmakesthissteponly if Ð�ã¾ä�ÓÔ�Õ for both å Ôaæ and å Ô³ç ; this noteis relatedto footnote1.
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( èoé ): ê>é has ë ìRíîëkïqð for every leaf ñ .
In thefollowing we will show:

1. property( òÜé ) holdswith high probabilityfor modestvaluesof ó ,
2. property( òÜé ) implies( ôÜõîö ) for every graphandevery ó�÷ùø ,
3. conditionedon ( ôÜõîö ), property( è�õîö ) holdswith highprobabilityfor modestvaluesof ó .

Beforeweanalysetheprobabilityof ( ò/é ) weneedto introducesometerminologyandalemmafrom [7].
Let ê be a splitting treefor somegraph ú on thevertices û . A nodeñ of ê is calledproperly marked if
it is marked andit is either the root or a left child suchthat its label andthe label of its sibling areboth
non-empty. 5 To every properlymarked nodeñ we associatea set ü í	ý û : the setof all þ for which ì í
is theuniqueminimal (with respectto setinclusion)properlymarkednodecontainingþ . Let ÿ��¼ê�� bethe
collectionof all suchsets.For every properlymarked nodeñ , let �1í be ñ togetherwith thesetof properly
marked nodes���� ñ suchthat ì
	 is a maximalsubsetof ìmí . Note that ü í ��� 	����� ì�	 , where � denotes
symmetricdifference.Define���¼þ��&ü í���� � 	������� ��ú���þ��&ì�	�� ��!#" ð . Wewill saythatanothergraph $ on
theverticesû is consistentwith ê if � ��$%��þ��&ì í � � � ��ú&��þ��&ì í � holdsfor every þ('Hû andevery properly
markednodeñ .

Westateaconsequenceof Lemmas4 and5 in [7] 6:

Lemma 9. Let ê be the splitting treeof somegraph on thevertices û and let ú be chosenuniformly at
randomamongthe graphson the vertices û that are consistentwith ê . If ñ is a nodein )+*,�¼ê�� , thenthe
distribution of - � ��ú&��þ��&ìmí���.0/132 is uniformover theassignmentsthat satisfytheconstraints

� ��ú&�&ü4�&ìmí�� � ����ìRí��&ü5� for every ü6' ÿ��¼ê>é7�489-�:;.��
where : is theuniquesetin ÿ��¼ê�� of which ìmí is a propersubset.

In order to be able to make useof this lemmait is importantto notice that if $ denotesa random
graphdrawn from $<�>=?�0@�A�ð�� andêCB1��ê5D��0E0E0E denotestherandomsequenceof splittingtreesproducedby this
randomgraph,thenthedistribution of ê>é�F D conditionedon êGB1�0E0E0E3��ê>é is equallyproducedasfollows: first
chooseagraphú uniformly atrandomamongthoseconsistentwith ê:é , andthenrunonestepof thesplitting
procedureon ê>é with respectto ú . This follows from the fact that themarginal of a uniform distribution
with respectto asubsetof its supportis uniformly distributedon thatsubset.

Now we cananalysetheprobabilityof ( ò/é ):
Lemma 10. Let =q÷�@ and ó ÷�@ be integers such that H4ó·ïJI !�K õ = , and let $ML�$%�>=?�0@�A�ð�� . Then,the
probability that ��ò/é7� fails is ð é�F D
N0O0PRQ ��S9=?A�ð�T é � .
Proof. In orderto simplify notation,in this proof we let =mí+� � ë ìmíîë . For a nodeñ at depth��ï ó in ê:é , we
saythat ñ is unbiasedif ë =míCS�= N ð1UWVNë�ïX= N ð1U#Y õ é UWV F D�Z holds,andbiasedotherwise.Notefor laterusethat
we allow theerror-term = N ð U#Y õ é UWV F D�Z to grow with � , but thatit alwaysstaysbelow = N ð UWV because��ïqó .
Let usconsidertheeventdefinedasfollows:

( ò�* é ): ê:é hasevery nodeunbiased.

5Our properlymarkednodescorrespondto themarkednodesin Karp’s analysis.
6It wouldseemfrom Lemma4 in [7] thatwealsoneedtheconstraint[�\^]`_ba � _ba �,ced;f . However, in ournotationthisconstraint

is implicit since[�\^]`_ba � _ba �,c countseachedgewithin a � exactly twice.
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Notethatsincetheerror-termfor gih j is smallerthankml0n1oWp , property( q?rp ) implies( q p ). Thus,it suffices
to boundtheprobabilitythat( q r p ) fails.

Since( q?rs ) holds,if ( q�rp ) fails thenthereis a largestg�tvu�w�x0y0y0y3x0j+z�{�| suchthat( q�r} ) is trueand( q?r}�~#� )
is false.Fix g;t�u�w�x0y0y0y�x0j%z�{�| , a leaf � of � } , and �mtXu�w�x0{�| , andwe boundtheprobabilitythat thechild�e� of � becomesbiasedin � }�~#� conditionedon � } satisfying( q r } ). Let � bethenodewith respectto which
thesplitting stepg���{ is made.Sincewe areassumingthat � } satisfies( q�r} ), eachlabel is non-emptyand
therefore� belongsto � r>� � }�� . Let � be the uniqueset in � � � }�� of which �
� is a propersubset.By the
discussionafterLemma9, thetree � }�~#� canbeseenasproducedby first choosing� uniformly at random
amongthegraphsthatareconsistentwith � } , andthenapplyingthesplitting procedureon � } with respect
to � and � . By Lemma9, thedistribution of u�� � ��x���x0� � � |0�1�3� is uniform over theassignmentsthatsatisfy
theconstraints � � ��x0�4x0� � � hXg � � � x0� � (6)

for every � in � � � }���� u��;| . In particular, sinceall setsin � � � }�� arepairwisedisjoint, if � is theuniquemini-
malsetin � � � }�� thatcontains�
� , thenthedistribution of u�� � �&x���x0�
� � | �1��� is uniformover theassignments
thatsatisfytheconstraint(6) for this � only, or no constraintatall if �vh � .

Since � is unbiased,the set ��� is non-empty. Fix � s t��
����� . A different way of generating
the distribution u�� � ��x���x0��� � | �1��� without sampling � is by first choosingvaluesfor � � z<x���x0��� � for � t� � u�� s | uniformly andindependentlyat random,andthensettingthevaluefor � � z%x�� s x0��� � to theunique
valuethatsatisfiestheconstraint� � z%x0�4x0��� � h¡g � �
��x0� � , or settingit uniformlyandindependentlyatrandom
if �Xh¢� . In eithercase,thenumber£ of elements� in � � � u�� s | for which � � z<x���x0� � � h¤� is a random
variabledistributedaccordingto thebinomialdistribution ¥ �>¦ x �§e� with ¦ hXk���z6{ . Notefor laterusethat¨ k��ª©�zv£ ¨e« { becauseonly � s couldbemissedin thecount. By Hoeffding’s inequalityfor thebinomial
distribution, theprobabilitythat £¬z �§ l ¦  � is boundedby n�®�o § �^¯±°�² , which is boundedby

n�® o § �^¯±°�³ §µ´7¶ §�·�¸�¹ (7)

because� is unbiasedandhence¦ hXk��`zv{%ºXk&l»n1o } �¼k�l»n1o ³ § p�o }�~#� ¹ « n�k½l»n1o } becausegiº j . Now, if�e� werebiasedwewouldhave

k��ª©¾z�k¿l�n o ³ }�~#� ¹ À k¿l�n o ³ § p�o ³ }�~#� ¹ ~#� ¹ y
Since

¨ k��ª©¾z�£ ¨#« { andsince
�§ l�k��Áz�k¿l�n o ³ }ª~#� ¹ « �§ l�k6lÂn o ³ § p�o }�~#� ¹ because� is unbiased,by the

triangleinequalitythiswouldmeanthat

£Ãz �§ l�k�� À k¿l1n o ³ § p�o ³ }�~#� ¹ ~#� ¹ z �§ l�k¼l1n1o ³ § p�o }�~#� ¹ z�{
andin particular, using w « g « j<z¡{ andÄÅj «ÇÆ È�É § k , that

£Êz �§ l � k��ÁzË{ �  k¿l�n o7Ìµp y
Theprobabilityof thishappeningis boundedby (7) with �9hXk+lÍn o7Ìµp , whichis atmost Î�ÏÐh nGÑ0ÒRÓ � z+kÁlbn o7Ôµp � .

Theargumentis now finishedby two unionbounds.By theunionboundover the n } leavesof � } , the
probability that someleaf of � } generatesa biasedchild is at most n } lÂÎ . By theunionboundover g , the
probabilitythatthereexistsan git6u�w�x0y0y0y»x0j#zÕ{�| for which( q�r} ) holdsbut ( q?r}�~#� ) fails is atmost p�o �}�Ö s n } l±Î .
Thus,theprobabilitythat( q r p ) fails is boundedn p ~#� l0Ñ0ÒRÓ � z+k¿l×n o7Ôµp � .

Next we observe that � q p � implies ��Ø §3Ù � .
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Lemma 11. For anygraph Ú and ÛÕÜÇÝ , if Þ�ßÁà7á holds,then Þ�â�ã3ä»á holds.

Proof. In a completebinarytreeof depth Û , thenumberof left childrenat depthat most Û is
àå,æ#çCè å±é#ç�êè à+ë6ì . Now, if í#à satisfies( ß�à ), thentherootandevery left child atdepthatmost Û hasgeneratedaproper

stepin theprocessof producingí ã ä ; theseare
è à properstepsasclaimed.

Finally wenotethat3-elementsetssplit with highprobabilityif enoughstepsareproper. This is similar
to Lemma7 in [7].

Lemma 12. Let ÚïîïÚ<Þ>ð?ñ ì�ò è á andlet Û¿ÜóÝ . Then,theprobability that Þ�â+à7á holdsand Þ�ô`à7á fails is at
most õ ö ÷ è é ã à .
Proof. Fix a ø -elementset ß ùÇú andfix û<ü¢Û . Let ýeþ denotetheeventthattheset ß is not split at stepû
and ÿGþ denotetheevent thatstepû is proper. We aim to show that � àþ æ#ç ýeþ�� àþ æ#ç ÿ þ���ü è

é ã à andthe
resultthenfollows by aunionboundoverall threeelementsubsets.

Now, � àþ æ#ç ýeþ�� àþ æ#ç ÿ þ��
ê à é#çþ æ�� ��ýeþ
	 ç �¼ÿGþ
	 ç�� þå±æ#ç Þ�ý å �¿ÿ å á�

which is boundedby à é#çþ æ�� ��ýeþ
	 ç�� ÿGþ�	 ç � þå±æ#ç Þ�ý å �¼ÿ å á��� (8)

So,it sufficesto show thateachtermin (8) is boundedby
ç� .

Fix û�����Ý�ñ������3ñ0Û ë¡ì�� andlet � denotethesequenceof splitting treesí � ñ�������ñ�íCþ . Let � denotetheset
of all sequencesof splittingtreesof lengthû�� ì and��� denotethesubsetof � consistingof thosesequences ê"! � ñ�������ñ ! þ in which all stepsareproperand ß doesnot split at any stageand

! þ splitsproperly, i.e.
with respectto a nodein #%$,Þ ! þ�á . In otherwords,thesequence

 
satisfiesÿGþ�	 ç � þå±æ#ç Þ�ý å �¿ÿ å á . We now

arguethat,for any given
 �&� , we have ��ýeþ
	 ç'� � ê  ��ü ç� .

Let ( bea leaf of í#þ suchthat ßÇù*),+ . Let - bethenodeof í#þ with respectto which thesplitting stepû.� ì is made.We arguethat,conditionedon theevent thatthis stepis proper, i.e. - belongsto # $ Þ>í#þ�á , the
probabilitythattheelementsof ß arenotsplit apartin í#þ
	 ç is atmost ì�ò0/ . Let 1 betheuniquesetin 2�Þ>íCþ�á
of which )�3 is a propersubset.By the discussionafter Lemma9, the tree í#þ�	 ç canbe seenasproduced
by first choosing4 uniformly at randomamongthegraphsthatareconsistentwith íCþ , andthenapplying
thesplitting procedureon í#þ with respectto - and 4 . By Lemma9, thedistribution of �05 Þ
4&ñ76�ñ�) 3 á ��8:9<; is
uniform over theassignmentsthatsatisfytheconstraints

5 Þ�Ú<ñ0ý4ñ�) 3 á ê û�Þ
) 3 ñ0ý5á
� (9)

for every ý=�>2 Þ>í#þ�á@?���1 � . In particular, sinceall setsin 2�Þ>íCþ�á arepairwisedisjoint, if ý is the unique
minimalsetin 2�Þ>íCþ�á thatcontains) + , thenthedistribution of �05 Þ
4&ñ76�ñ�)�3µá � 8:9<A is uniformover theassign-
mentsthatsatisfytheconstraint(9) for this ý only, or no constraintat all if ý ê 1 . Thus,in caseýCB

ê
1

thereare
è:D AFEHG�I D é#ç

choicesfor �05GÞ
4�ñ76�ñ�) 3 á ��8:9HA and
è:D AE<GFI D é ö

suchchoicesthatareconstantover ß , and
in caseý ê 1 thereare

è D AFE<G I D
choicesfor �05 Þ
4�ñ76�ñ�) 3 á ��8:9HA and

è D AFEHG I D é ã
suchchoicesthatareconstant

over ß . In bothcasesthisgivesprobability ì�ò0/ asclaimed.
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To completetheargument,let JLK denotetheevent MK
NPO�Q KRTS OVU
W R QXM R7Y . Wehave:

Z W K
NPO�[\JLK,]�^ Z W K�NPO�Q_J`Ka]b Z JLK�]dc O
^ e%f�g Z W K
NPO�QXJLK�[ih*^kjl]�b Z h"^mj"]Fb Z J`K�] c O
^ e%f�g�n Z W K
NPO�[ih"^mjl]�b Z h"^mjl]b Z JLK,]dc Oo Op b eqf�g�n Z h"^mj"]Fb Z JLK�]dc O
^ Op b Z JLK,]Fb Z JLK,]dc O
^ Opsr

Thiscompletestheproofof thelemma.

Wearereadyto synthesizewhatwelearnedin asinglelemma.In its statement,thechoiceof parameters
is madeto minimizetheprobabilityof failure.Otherchoiceswith othergoalswouldwork aswell.

Lemma 13. Let tvuwt UyxLz�{�|�} Y . Then,the probability that ~�� �s�����y� doesnot satisfy U
� � �s�����y� Y is at most

} c���� � ������� .
Proof. Choose ��^ � O��� ����� x�� in Lemma 10 and ��^ � x O��

�
� in Lemma 12 and link them through

Lemma11.

4.4 Defining the splitting steps

In this sectionwe show that sets ��� of the splitting trees~P� aredefinableby formulas��� Uy� Y of very low
quantifierrank. First let usrecall that if thesplitting stepis madewith respectto node� , thenevery leaf  
splitsinto thesets

��¡�¢�^�£ �¥¤ �,¡§¦©¨ U t z7��z �,� Y ^«ª�¬
� ¡ O ^�£ �¥¤ � ¡ ¦©¨ U t z7��z � � Y ^ { ¬ r

Notethatthenodesatdepth aregeneratedby the  -th splittingstep.For everynon-rootnode� in asplitting
tree~ , let ®:¯ U � Y bethenodeof ~ thatgenerated� . In thefollowing let ° U
{ Y ¦±^ { and° U  Y ¦±^>²�³ ´ � U
}�U �µ { Y
Y
for every �¶ } .
Lemma 14. Let t be a graph and let �«¶·>¶ { . Then, for every node � at depth  in ~�� , we have®:¯¹¸ U � Y ^º° U  Y .
Proof. Let uswrite ~=^>~�� . If � is oneof thetwo nodesatdepth{ , then®:¯ U � Y is theroot,whichagreeswith° U
{ Y . Assumenow that � is a nodeat depth»¶ } . Let ´�¼�½ � besuchthat ´�¼�½ � U ²�³ ´ � U
{0� Y
Y ^ {0� for every
binarystring � . We show that ´�¼�½ � U ®:¯ U � Y
Y ^ }�U iµ { Y . Weproceedby inductionon  . For »^ } we have
it sincethen®:¯ U � Y is theleft child of theroot { ª , and́�¼�½ � U
{ ª Y ^ } . Now, if � is anodeatdepth�¶ } and
we assumethat ´�¼�½ � U ® ¯ U � Y
Y ^ }�U .µ { Y , thenfor every ¾ ¤ £�ª z�{ ¬ wehave

´�¼�½ � U ®:¯ U �V¾ Y
Y ^>´�¼�½ � U ®:¯ U � Y
Ya¿ } ^ }�U .µ { Y,¿ } ^ }�U
U  ¿ { Y µ { Y
wherethefirst followsfrom thefactthatthenodesatlevel  ¿ { aregeneratedby thenext left-child following®:¯ U � Y in thelevel-order, andthatthelevel-orderonnodesagreeswith theorderof thenaturalnumberswhen
they arereadin binary.
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Now, for À�Á0Â�Ã�Ã�ÃÄÂ�ÀÄÅ%Æ�Ç�È�Â�É�Ê , define

Ë Á�Ì�Í7ÎÏÎÏÎ Ì<ÐÒÑyÓ�Ô�Õ±Ö
Å
×ÙØ ÍÚ × Ø Í

ÛÝÜ Ñ Ë�Þ¹ßáàTâ Ñ Ü Ôaã_äåÑyÓ�Â Ü Ô
Ô�ã
Å
×æØ ÍÚ × Ø�ç

è ÛÝÜ Ñ Ë�Þ¹ßáàTâ Ñ Ü Ôaã_äåÑyÓ�Â Ü Ô
Ô
Ã

Notethat
Ë Á ÑyÓ�Ô is truesincethentheconjunctionsareempty. We show that the

Ë�é ÑyÓ�Ô aretheformulaswe
areafter.

Lemma 15. Let ê be a graph and let ëºìlíîì·È . Then,for every node ï at depthat most í in ð�ñ , the
formula

Ë é ÑyÓ�Ô definestheset ò é in ê .

Proof. For every non-leafnode ï at depth íÝó=É we have ô:õ@Ñyï�À�ÔöÖø÷�Ñyí�Ô for both ÀºÖùÈ and ÀºÖúÉ by
Lemma14. Therefore

ò éÙû Ö�Ç0ÓüÆ�ò é Õ�ýFÑ
êÝÂ7Ó�Â�ò Þ¹ß Å â Ô�Ö�È�Ê
ò é Á Ö�Ç0ÓüÆ�ò é Õ�ýFÑ
êÝÂ7Ó�Â�ò Þ¹ß Å â Ô�Ö�É�Ê�Â

Now, if ïiÖ�É�À�ÁVÀÄþ@ÿ�ÿ�ÿ<À©Å , thenunfoldingtherecursionwehave that ò é is thesetof verticesÓîÆ�� for whichýFÑ
êÝÂ7Ó�Â�ò Þ¹ß àTâ Ô�Ö«À à holdsfor every �%Æ�Ç�É�Â�Ã�Ã�ÃHÂ7í�Ê . This is preciselywhat
Ë é ÑyÓ�Ô says.

Notethatthequantifierrankof
Ë é ÑyÓ�Ô dependsonly onthedepthof ï . Therefore,let � Ñyí Ô bethequantifier

rankof
Ë é ÑyÓ�Ô for someandhenceevery ï of depthí . Notethat � Ñyí�Ô is monotonenon-decreasing.

Lemma 16. � Ñyí�Ô@Ö��»Ñ�� �
	���í Ô .
Proof. If ï is a nodeis at depthí , the largest÷�Ñ�0Ô in thedefinitionof

Ë é
is ��Ñyí\ó É�Ô . Since � is monotone

non-decreasingwe have � Ñyí�Ô�Ö�É���� Ñ�� ��� ��þ:Ñ���Ñyí.ó É�Ô
Ô�� Ô
Ã
Sincethelengthof ��� �sþ:Ñ���Ñyí,ó É�Ô
Ô is � �
	 þ Ñyí�Ô����»Ñ
É�Ô , thisrecurrencegives � Ñyí ÔLÖ��»Ñ�� �
	 � í Ô asclaimed.

4.5 Defining the linear pre-order

Finally we arereadyto prove themainlemmaof thissection.

Lemma 17. For every ����È , there exists � û ì È such that for all �=ì�� û there is a formula
Ë ÑyÓ�Â �PÔ of

quantifierrank �»Ñ�� �
	��!�LÔ such that, for ê�"=êÝÑ�LÂ�É
#
��Ô , theprobability that $ definesa linear pre-order of
width at most � is at least É�ó%� .
Proof. Fix �&��È andlet � û belargeenoughsothatfor every � ì'� û theprobabilityin Lemma13is atmost� . For fixed ��ì'� û , let ëöÖ)(*� Á,+.-0/ , andlet

Ë ÑyÓ�Â �PÔ betheformula:

132 4135
4
Ë76 ÑyÓ�Ôaã Ë�é Ñ�PÔ
Â

where 8 and ï rangeover the leaves of ð�ñ in the disjunction. If ðPñ hasall its leaves labelledby setsof
sizeat most two this definesa linear pre-orderof width at mosttwo. By choiceof � û this happenswith
probabilityat least É§ó9� . Finally, by Lemma16, thequantifierrankof

Ë
is �»Ñ�� �
	���ë Ô which is �åÑ�� �
	:�!�LÔ

since ë<;'� .
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5 Establishing the lower bound

Herewe put it all togetherto prove Theorem1.

Theorem 2 (Theorem1 re-stated). For every =<>@? , there exists A�BDC@? such that for every AEC�A�B there
existsa formula F:GHJI KLINMPO such that, for every Booleancombinationof FO[ Q ]-polynomials RSGHTI K:INMPO of
degreeboundedbya towerof exponentialsof heightat mostUWV
X�G�Y
O , where U is thedepthof F , theformulasF and R mustdisagreeon a fraction Y[Z\= of all graphswith A vertices.

Proof. Fix =]>^? andchooseA�B largeenoughandA'C%A�B . Let _`GHTI K:O betheformulafrom Lemma17 foracb =dV
e . Let F:GHTI K:INMPOcf b _gGHJI KLOihj_gGK:INM�O�k Let U bethequantifierrankof F , which is thesameas_ . We
have Ugl�m:n o
p�q!A for someconstantm[>�? . Weclaim thatthis F:GHJI KLINMPO witnessesthetheorem.

SupposeRSGHJI KLINMPO is a Booleancombinationof FO[Q ]-polynomialsof degreeboundedby a tower of
exponentialsof height UWV
mPZDr thatagreeswith F:GHJI KLINMPO onmorethana = -fractionof graphswith A vertices.
By Lemma1 we mayassumethat RSGHTI K:INMPO is a regularnormalform of thesamedegree.By the Z]r in the
choiceof theheight UWV
m�Zsr of thetowerof exponentials,thedegreeof RSGHTI K:INMPO is boundedby n o
ptn o
p`n o
pcA .
If A�B is largeenough,with probabilityat leastY:Zu=dV
e thereexistsatriple vwINx0INm of distinctverticesfor whichy G�v!INx0INm0O holds.Also if A�B is largeenough,with probabilityat least YzZE={V
e theformula _`GHTI K:O definesa
linearpre-orderof width at most e . By theunionbound,with positive probabilityall threehold. Let | be
suchthat:

1. F:GHTI K:INMPO andRSGHTI K:INM�O agreeon | ,

2. _gGHJI KLO definesa linearpre-order} of width atmost e in | ,

3. thereexistsa triple of distinctverticesvwINx0INm of | for which
y G�vwINx~INm0O holds.

Now, assumewithout lossof generalitythat v<}^x�}�m : otherwisepermutethemaccordingly. Notethatwe
cannothave mj}�v asotherwiseall three vwINx0INm would belongto thesameclassof the pre-order, which is
not possiblebecauseits width is e and vwINx0INm aredistinct. But then F:G�vwINx~INm0O holdsand F:G�m0INvwINx~O doesnot
hold, which meansthat F distinguishesonepermutationof G�vwINx0INm0O from another. But then R alsodoes;a
contradictionto

y G�v!INx0INm0O .
Acknowledgment We aregratefulto SwastikKoppartyfor discussionsandcommentson a previousver-
sionof thispaper.
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A Making � explicit

Firstweshow if � is theuniformdistributionover �� thenthedistribution �&����� with whichthenorm ��� �T�����:�0� �
is definedis theuniform distribution over � ���� ���L� .
Lemma 18. Let � betheuniformdistribution on �� . Then�&����� is theuniformdistribution on � �� � ���L� for
every �c� .

Proof. By inductionon � we show that � ����� �3�T��� � �N�N�N����� � �z� �P¡ ���¢�,�L��� for every �3�T��� � �N�N�N����� � � �E� ���� ���L� .
Since�&��£�� � � , theclaim is clearfor � �¥¤ . For �c¦ ¤ we have

� �¢�,� �3�T��� � �N�N�N����� � �§� �&�¢� ¡ ���3�3�T��� � �N�N�N�{��� � ¡ � �i¨ �&��� ¡ ���3�3�u©ª� � ��� � �N�N�N�{��� � ¡ � �« � ��� ¡ ��� �3¬��� � �N�N�N����� � ¡ � � �
Applying theinductionhypothesisthis is

�P¡ ��� ¨P�P¡ ���� � ¨
� ¡ ��� ��� ¡ ���¢���L��� �

Lemma 19. Let �¯® ��±°³²
´¶µ � µ
· begivenby �S�3¸ �z� � ´]µ ��¹ �º¼»¾½�¿ º
. Let � betheuniformdistribution on

�� . Then ��� �§����� � � �ÁÀ¥Â ¡ �dÃ �ÅÄ Ã Ä �3Æ ½ .
Proof. Let Ç £ � �&�¢���3�3Èi��� £ � where� £ � �3Èi�N�N�N����È � andlet Ç � � �&�����Å�3È���� � � where� � � �3É � �N�N�N�{��É � � andÉ!Ê is the Ë -th standardunit vectorin �� . Wehave

��ÌÎÍ~Ï � � �3È �Î� ÐÒÑLÓ
��Ô
� ´]µ � ¹ �ºÕ»w½ ��Ö º �L×]ØÚÙ�Û:Ö º � � ÐSÑLÓ

��Ô
� ´¶µ � £ � µ �

Also

��Ì Í ½ � � �3È �Î� ÐÒÑLÓ
��Ô
� ´]µ � ¹ �ºÕ»w½ ��Ö º �L× ØÚÙ�Û:Ü Ø�Ý º � �

Û{Þß ��àÛ{á» ß ��à
� ´]µ � ¹ �º¼»¾½ �âÖ º �L× Ø ÙNÛ:Ü Ø�Ý º � ¨ � ´¶µ � ¹ �ºÕ»w½ ��Ö º �L×]ØÚÙWß ��à Ü Ø�Ý º � �

When ã is apropersubsetof ä å�æ , thefactor È � © Ê0ç Ð É!Ê � � in theexponentvanishesateach�&�Eä å�æéècã . On
theotherhand,for ã � ä å�æ , thefactor È � © Ê0ç Ð É!Ê � � is µ ateach�ê�Eä åNæ . Therefore

��Ì Í ½ � � �3È �&�
Û{Þ¾ß �,àÛ{á» ß �,à

� ´]µ � £ ¨ � ´]µ � � � ´¶µ �

Thus

��� �T��� � �� � � � � ��ë � Í ��ì �í �Åî ä ��Ì Í � � �ï � æ �
�¢ë � Í �

� �¢��� �ïT��� � ��Ì Í � � �ï �
ð � Ç £ ¨ ��Ì Í0Ï � � �3È � ©¯Ç � ¨ ��Ì Í ½ � � �3È � �N© í�ñ Ý ò îí�ñ Ý ò î á» í�ó Ý ò Ï îí�ñ Ý ò î á» í�ó Ý ò ½ î

� ����� �ïJ��� �L¨ � ��Ì Í � � �ï � �
ð � Ç £ ´ Ç � �0© µ�´ Ç £ ´ Ç �� µ�´ � ¡ �������L���ô�L� �
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where the first inequality follows from the triangle inequality, the secondinequality follows from the
computationsabove andthe fact that each õ�ö7÷ùøSú�õûJú hasmagnitudeü , andthe last equality follows fromý�þtÿ'ý��êÿ������	�
�	� �� by thepreviouslemma.Weconcludethat

��� ø ��������� ��� õ�ü�� � ���	���	� �� � � ú �����
� �! � �#" ��$��&%�')(*%�',+ �#" � ÿ  � �#" �&- " - �.%/' 0
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