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Abstract

Probabilistically-Checkable Proofs (PCPs) form the algorithmic core that enables fast
verification of long computations in many cryptographic constructions. Yet, despite the
wonderful asymptotic savings they bring, PCPs are also the infamous computational bottle-
neck preventing these powerful cryptographic constructions from being used in practice. To
address this problem, we present several results about the computational efficiency of PCPs.

We construct the first PCP where the prover and verifier time complexities are quasi-
optimal (i.e., optimal up to polylogarithmic factors). The prover and verifier are also higly-
parallelizable, and these computational guarantees hold even when proving and verifying the
correctness of random-access machine computations. Our construction is explicit and has
the requisite properties for being used in the cryptographic applications mentioned above.

Next, to better understand the efficiency of our PCP, we propose a new efficiency measure
for PCPs (and their major components, locally-testable codes and PCPs of proximity). We
define a concrete-efficiency threshold that indicates the smallest problem size beyond which
the PCP becomes “useful”, in the sense that using it is cheaper than performing naive
verification (i.e., rerunning the computation); our definition accounts for both the prover and
verifier complexity.

We then show that our PCP has a finite concrete-efficiency threshold. That such a PCP
exists does not follow from existing works on PCPs with polylogarithmic-time verifiers.

As in [Ben-Sasson and Sudan, STOC ’05], PCPs of proximity for Reed—Solomon (RS) codes
are the main component of our PCP. We construct a PCP of proximity that reduces the
concrete-efficiency threshold for testing proximity to RS codes from 293 in their work to 243,
which is tantalizingly close to practicality.
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1 Introduction

The study of probabilistically-checkable proofs (PCPs) [AS98, ALM™98| was initiated by Babai
et al. [BFLS91] and Feige et al. [FGL196] with two very different motivations. Babai et al.
focused on “positive” applications of PCPs: enabling fast verification of long computations.
Instead, Feige et al. focused on “negative” applications of PCPs: proving inapproximability
results. In this paper, we study properties of PCPs that are relevant to positive applications.

1.1 Motivation

Given a program PP (say, written in C++ or some other random-access memory model), input x,
and time bound 7', a verifier wishes to check whether a witness w makes P(x,w) accept within
T time steps. Without the help of a prover and only having access to w, the verifier can only
perform the naive verification procedure: run P(x,w) for at most T steps and see if it halts and
accepts.

As [BFLS91] showed, a PCP saves the verifier the cost of performing this naive verification
procedure, and enables instead a faster probabilistic verification procedure: a PCP verifier can
run in only poly(|P| + |x| + logT") time when having oracle access to a PCP proof string 7 of
length poly(|P| + |x| + T') generated by a PCP prover (who is given w as auxiliary input). More
recent works [BSS08, BSGH ™05, Mie09] achieved proof length T - poly(|P| + |x| + logT). As T
grows larger (and viewing |P| and |x| as relatively small) the saving in running time becomes
more dramatic, and at some point running the PCP verifier is much cheaper than performing
naive verification.

Due to these properties, PCPs have been used as the “verification engine” in many crypto-
graphic protocols that enable various flavors of fast verification of long computations, includ-
ing succinct interactive arguments [Kil92, Mic00, BGO0S]|, succinct non-interactive arguments
(SNARGSs) [DCL08, BCCT12a, DFH12, GLR11], and proof-carrying data [CT10, CT12].

Unfortunately, PCPs are also the notorious computational bottleneck of all these crypto-
graphic protocols: despite the great practical potential of fast verification of long computa-
tions, any construction relying on PCPs is dismissed as impractical.! Indeed, known PCP
constructions with poly(|P|+ |x| +log T')-time verifiers have huge overheads, indicating that real
savings are made only for prohibitively large T. Moreover, the PCP prover must convert the
computation-transcript (which is of length T') into a PCP proof for the PCP verifier. This cost
is at least as large as the length of a PCP proof but — if not generated via efficient algorithms
— can be much larger, so much so as to kill any prospect of using a PCP system in practice.

Therefore, two crucial parameters of interest from the point of view of using PCPs for fast
verification of long computations are the prover running time and the verifier running time.?
While these times can be traded off against each other (e.g., increasing proof length, and thus
prover running time, enables the design of more “robust” tests with faster verifiers), we want
them instead to simultaneously be as short as possible.

This sets the ground for the basic (informal) question that motivates our work. A galac-
tic algorithm is an algorithm with great asymptotics that, however, is never used to actually

1See Appendix A for a summary of flavors of solutions to the problem of fast verification of long computations.

2The running time of the verifier depends on the target soundness. Our convention is to consider a target
soundness of 1/2. Then, k-fold sequential repetition results in soundness 2% and a multiplicative blowup in
running time of k. (We are not interested in randomness-efficient repetition, such as that of [BSS08, Proposition
2.9].)



compute anything in practice [Lip10]. Are all PCPs galactic algorithms or are there PCPs with
“terrestrial” efficiency?

In this paper we present several promising results on the computational efficiency of PCPs,
both in the asymptotic and concrete senses. We discuss these next.

1.2 Asymptotic Time Efficiency

Previous PCP constructions with polylogarithmic-time verifiers [BFLS91, BSGH"05, Mie09,
Mei09] did not obtain quasilinear-time provers.

Our first main theorem is obtaining the first PCP system where the time complexity of both
the prover and verifier is quasi-optimal (i.e., optimal up to polylogarithmic factors).

This PCP system has two additional desirable features. First, both the prover and verifier are
highly parallelizable; especially in the prover, low parallel complexity is very desirable, because
it corresponds to the “lag time” for generating the PCP proof, relative to the completion time
of the original computation. Second, these computational guarantees hold even when proving
and verifying the correctness of programs (more precisely, random-access machines).

Overall, our result thus establishes that, from an asymptotic viewpoint, the time complexity
of PCPs is essentially as good as one might hope for.

Theorem 1 (informal). There is a PCP system where, to prove and verify that a program P
accepts the input (x,w) within T steps for some witness w (with |x|, |w| < T),

SEQUENTIAL TIME:

— gwen (P,x,T,w), the prover runs in time (|P| +T') - polylog(T);
— gwen (P,x,T), the verifier runs in time (|P| + |x|) - polylog(T).

PARALLEL TIME:

— the prover runs in parallel time O((log T)?), when also given as input the transcript of com-
putation of P on (x,w);
— the verifier runs in parallel time O((log T)?).

The construction of our PCP system relies and builds on the quasilinear-size Reed—Solomon
proximity proofs of [BSS08]. As discussed, our contribution lies in obtaining the aforementioned
efficiency properties in the prover and verifier algorithms. In order to obtain them, we show
how to suitably leverage computational properties of linearized polynomials [LN97, Section 2.5]
in finite field extensions of Fy [BSGH'05] and additive-FFT methods [Mat08].

The high-level proof strategy for the theorem is as follows. First, following and generalizing
[BSGH™05], we introduce a family of NEXP-complete succinct algebraic constraint satisfaction
problems (SACSPs); our definition of an SACSP attempts to simultaneously capture essential
ingredients that make the problem amenable to probabilistic checking as well as general enough
to allow for efficient reductions from less “structured” problems. In order to (efficiently) reduce
correctness of program computations to satisfiability of SACSPs, we rely on the reductions of
Ben-Sasson et al. [BSCGT13]. Second, we construct a PCP system, with the required efficiency,
to probabilistically check satisfiability of SACSP problems.

1.3 Defining Concrete Efficiency

An asymptotic understanding of PCPs, however, is insufficient for investigating the practical
feasibility of PCPs. For comparison, in coding theory, extensive research effort has been invested



in optimizing codes for a given block length, rate, decoding radius, and so on [Ber68, HB9S|.
Similar questions arise for PCPs. We thus initiate the study of the concrete (as opposed
to asymptotic) efficiency of PCP constructions, from a perspective that is informed by the
efficiency concerns arising in positive applications of PCPs. In this direction, we present three
contributions: the first is a definitional one, the remaining two are of a mathematical nature.

We begin by defining the concrete-efficiency threshold B of a given PCP system. It is the
answer to the following natural question.

Question: What is the smallest T" for which using the PCP system to verify com-
putations of length at least T is cheaper than naive verification?

To concretize our question, we need to agree on (i) the cost of using a PCP system and (ii) the
cost of naive verification.

(i) Cost of using a PCP system. A PCP system consists of two algorithms: a PCP
prover P and a PCP verifier V. As discussed, two important quantities are the prover running
time tp and the verifier running time ty. Because it is often possible to reduce one at the expense
of the other, a useful cost measure should simultaneously take into account both running times.
We therefore seek a bivariate cost function C capturing the combined cost.®> However, tp and
ty are not “on the same scale”: we expect tp to be always much larger than tyy. To place
them on the same scale so that they can be combined “fairly”, we normalize them into unitless
multiplicative overhead numbers, and give these as input to the cost function C.

Specifically, in an ideal world where the verifier trusts the prover, the prover runs the
computation to deduce what is the answer bit (i.e., accept or not), and then communicates this
bit to the verifier; let ip and iy denote the running times of the prover and verifier in this ideal
world. Then ip and iy are the “natural units” of the prover and verifier respectively. We thus
give as input to C the two (unitless) ratios tp/ip and ty /iy .

(ii) Cost of naive verification. We reason similarly on how to compute the cost of naive
verification, i.e., the cost of verification without the use of PCPs. In the ideal world, the verifier
runs in time iy as before. In contrast, in a real world where the PCP system is not used (and
the verifier does not trust anyone but himself), the verifier is forced to conduct the computation
himself to figure out the answer bit; this takes time ip (i.e., the same time as that needed by
the prover in the ideal world). Thus, the natural unit of naive verification is iy, and its unitless
cost is thus ip/iy.

Concrete-efficiency threshold. Given (i) and (ii) above, we define the concrete-efficiency
threshold of a PCP system as the smallest problem size beyond which the (combined) cost
C(tp/ip,ty/iy) is always smaller than the cost ip/iyy. We summarize this via the following
informal definition:

Definition 1 (informal). A PCP system is B-efficient with respect to cost function C if B is
the smallest integer for which, for every true statement y of size at least B,

PCP proving PCP verification naive verification
overhead for y ’ overhead for y overhead for y

If no such integer exists, B := oo.

30f course, prover and verifier running time are not the only important quantities. For instance, the parallel
complexity of the prover is also important, because it corresponds to the “lag time” of producing a PCP proof;
hence, it is also meaningful to let C take this quantity as a third input. Similarly other quantities of potential
interest, such as the space complexity of the prover. For simplicity, we study the most basic case where C takes
prover and verifier running time.



Depending on the application, different choices of cost function C may be meaningful.* In
this paper, we focus on polynomial cost functions, i.e., C(a,b) is a bivariate polynomial over the
reals (that is at least linear in both variables). We believe that polynomial cost functions are
rich enough to model many scenarios.

A model for concrete efficiency. In order formalize Definition 1, we still need to choose
(a) a computational model (through which PCP provers and verifiers are represented) as well
as (b) a “reference” complete problem relative to which a given PCP is constructed. However,
having moved from an asymptotic study of efficiency to a concrete one, we must be careful
about how we make these choices.

The issue of picking the “right” computational model does not arise in typical algorithmic
analysis because many algorithms are naturally associated with certain complexity measures
that are meaningful in both the asymptotic and concrete settings. E.g., matrix-multiplication
algorithms are naturally studied via the number of arithmetic operations they require, graph
algorithms are studied via number of vertex/edge queries, etc., and these complexity measures
are quite meaningful in concrete settings, for example, to answer questions analogous to ours:
“What is the smallest matrix size for which Strassen’s algorithm costs less than naive cubic-time
algorithm?”.

Returning to a PCP system, the natural objects on which it operates are programs (cf.
Theorem 1) specified to run on some machine. In the asymptotic setting it does not matter
which machine is used to execute them, provided it is universal. But moving to the concrete
world, fixing an arbitrary universal machine as a model computation would make the definition
of B meaningless. Indeed, if a PCP system has B < oo when computing on a universal machine
U, then there is also a universal machine U’ that has all problems of size less than B precomputed
(and for larger sizes U’ simulates U), and thus the same PCP system has B’ = 0 when choosing
U’ as a computational model. This can be avoided by specifying a “natural” universal machine
explicitly; however, this would result in a cumbersome and somewhat arbitrary definition.

We therefore suggest to study the concrete efficiency of PCP systems by using circuits. In
particular, in our Definition 1, we assume that (a) provers and verifiers are specified as Boolean
circuits, and (b) the PCP system is constructed for a NEXP-complete language, SuccincT CIR-
cuUIT SAT (or SCSAT for short), which is the language of satisfiable circuits that are succinctly
represented.® Indeed, circuits appear to be a natural and meaningful computational model for
studying concrete efficiency, especially because we can be explicit about the exact model of
computation without much work (e.g., by specifying a natural Boolean basis and settings for
fan-in and fan-out). See Section 2.2 for details.

Henceforth, our goal is to construct B-efficient PCP systems for SCSAT, with as small a B
as possible, for various polynomial cost functions C.

1.4 A PCP System with B < oo for Every Polynomial Cost Function

Our first result about the concrete efficiency of PCPs is constructing a PCP system for SCSAT
that has finite concrete-efficiency threshold for every polynomial cost function C. Indeed,
Theorem 1 implies a PCP system for SCSAT with analogous quasi-optimal asymptotic efficiency

4E.g., if one is interested in studying the threshold corresponding to when the combined cost becomes less than
half (rather than merely less than) the cost of naive verification, one can use the cost function C’(a, b) := 2-C(a, b).

®Note that it is indeed essential to choose a language that gives the freedom to specify large constraint
satisfaction problems succinctly: the verifier should not be forced to read a given constraint satisfaction problem
in explicit form because then it would not have a chance to make any savings in running time!



(where running time is replaced by circuit size and parallel time by circuit depth), from which
we can deduce:

Theorem 2 (informal). There ezists a PCP system for SCSAT with concrete-efficiency thresh-
old B(C) < oo for every polynomial cost function C.

Note that it is not a-priori clear that PCP systems with a finite efficiency threshold (even for
one polynomial cost function) exist. Indeed, PCP constructions designed for inapproximability
results (and most constructions fall under this category) have both prover and verifier running
in time that is at least T, and therefore have an infinite efficiency threshold (i.e., none exists)
[FGL196, AS98, ALM198, PS94, RS97, HS00, BSSVWO03, BSGH'04, GS06, Din07, BSS08,
MRO8, Meil2]. Turning to PCP constructions with polylogarithmic-time verifiers [BFLS91,
BSGH™05, Mie09, Mei09], these focus on minimizing the verifier’s running time, and only show
that the prover’s running time is bounded by a polynomial in 7', which, once again, is not enough
to obtain a finite concrete-efficiency threshold. Another important issue is the dependence of
the running time of the prover or verifier on the statement size: if it is too large of a polynomial,
then again the concrete-efficiency threshold is oo.

Having established via our Theorem 2 that it is indeed possible to obtain a finite concrete-
efficiency threshold, we wish to carefully optimize our PCP construction from the proof of
Theorem 2 with the goal of deriving as tight an analysis as possible to show a small value of
B. Deriving an upper bound on B, however, entails deriving concrete upper bounds on the
size of fairly-complicated circuits implementing the prover and verifier. Such a computation
seems infeasible without the aid of a full, working implementation. We propose instead a more
tractable, yet still meaningful, approach to study B, which we describe next.

1.5 Concrete Efficiency of PCPs of Proximity for Reed—Solomon Codes

Our PCP construction from the proof of Theorem 1 is an algebraic PCP whose technical heart
and “heaviest” component, like other algebraic PCPs, is a low-degree test: a verifier V is given
oracle access to a function f, and possibly also an auxiliary “proximity proof” =, and must test
proximity of f to some code of low-degree polynomials by querying (f,7) at a few places. A
low-degree test is a special case of a PCP of Prozimity (PCPP) for a code ensemble.

As an intermediate step to computing the concrete-efficiency threshold of our PCP system
(which, as discussed, is quite challenging), we study the concrete-efficiency threshold of PCPPs
for Reed—Solomon codes over fields of characteristic 2; these, as in [BSS08, BSGH105], lie at
the core of our PCP system. We thus propose a definition (analogous to Definition 1) for
the concrete efficiency of PCPP systems for code ensembles. In this new definition, instead of
computing a combined cost based on the proving and the verification overheads, we compute
a combined cost based on the rate of the codeword and its PCPP proof, and the number of
queries of the verifier.

Definition 2 (informal). A PCPP system for a given code ensemble £ is B-efficient with
respect to cost function C if B is the smallest integer such that for all k > B,

. (n(k) + L(k)

. ,Q(k:)) <k

where n(k) denotes the block-length, L(k) the length of the PCPP proof generated by the prover,
and Q(k) the query complexity of the verifier for codes in € of dimension k.



Definition 2 is an “information-theoretic” version of Definition 1 as it disregards the compu-
tational cost of the PCPP prover for producing the proximity proof and of the PCPP verifier for
generating queries and examining answers, and focuses instead on information-theoretic mea-
sures (see Remark 2.8). In our PCPP construction (and, ultimately, also in our PCP construc-
tion), through the use of additive-FFT techniques, we ensure that the computational costs only
account for small additional logarithmic factors relative to the PCPP proof length and query
complexity; we thus believe that in our case it is meaningful to study the (cleaner) information-
theoretic efficiency measure of Definition 2, as a proxy for its computational equivalent, for the
PCPPs we construct.

As in [BSS08, BSGH™05], the relevant code ensemble for our PCP construction from the
proof of Theorem 2 is the ensemble Erg of Reed-Solomon (RS) codes evaluated over linear
subspaces of fields of characteristic 2.° Let us denote BRS(C) the concrete-efficiency threshold
of a given PCPP system for Erg (relative to cost function C).

Our third main result is a PCPP system for £gg with an analysis that yields much smaller
BRS(C) than values implied by previous work; in fact, we can explicitly derive an upper bound
for the BRS(C) of our PCPP construction, for any (efficiently-computable) cost function C.” Of
course, the value of BRS(C) changes from cost function to cost function. Thus, for concreteness,
we choose to state our theorem relative to the natural polynomial cost function Cy (a,b) := a-b.®
In this case, the analysis of the PCPP system for Reed—Solomon in [BSS08] only shows an
efficiency threshold of BRS(CX) < 2983 which is an astronomical upper bound.” Our third
main theorem significantly improves on it and obtains a PCPP system with small(er) Brs(Cx):

Theorem 3 (informal). There exists a PCPP system Ers with Brs(Cy) < 2%3.

Problem sizes on the order of 243 are tantalizingly close to practicality! We are thus very

optimistic about the prospect of improving further the concrete-efficiency thresholds of PCPP
systems for Reed—Solomon codes and, thus ultimately, of algebraic PCPs.

We emphasize that Theorem 3 does not follow from “experiments” or from exploiting “loop-
holes” of the new definition we have introduced. Instead, it originates from a much more refined
understanding of the soundness of testing proximity to RS codes; the soundness analysis is the
main technical challenge in this setting, and is a theoretical question that requires appropriate
proofs to address. Specifically, our proof strategy for proving Theorem 3 is in two steps: (a)
improve the Polishchuk—Spielman Bivariate Testing Theorem [PS94]; and (b) develop a class of
constructions that generalize the RS proximity testers of [BSS08] and provide for this class a
much tighter and explicit soundness analysis that allows us to numerically evaluate the sound-
ness of the verifier for any problem size and construction from the class. Armed with this
understanding, we can use Definition 2 to concisely express our improvement over the status
quo.

SMore precisely, for computational reasons, we shall work in the slightly more general setting of affine sub-
spaces.

"See http://people.csail.mit.edu/alexch/research/tppcp/ for a Mathematica notebook that, given any
(efficiently-computable) cost function C, computes Brs(C) for our construction and (as a comparison) for the
construction in [BSS08].

8The other natural polynomial cost function is Cy(a,b) := a + b. Since C4(a,b) < Cx(a,b), we choose Cx
because it is a tougher requirement to meet.

9In a preprint version of this paper, we claimed threshold computations that were smaller for both [BSS08] and
our construction, since we computed the threshold by dividing by the block length n(k) instead of the dimension
k. This has been corrected.
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1.6 Properties for Cryptographic Constructions

We further show that our PCP construction from the proof of Theorem 1 has the requisite
properties for use in cryptographic constructions. Indeed, a PCP system itself is not used
“as is” in positive applications, because one needs to somehow ensure that the verifier has
oracle access to a fized PCP string. Instead, the PCP system is plugged into cryptographic
constructions that leverage the PCP soundness guarantees — but these constructions often
require the PCP system itself to satisfy additional properties.

Perhaps the most important positive application of PCPs is the construction of succinct
arguments [Kil92, Mic00, BGO08]. In a succinct argument, a verifier again wishes to check
whether a witness w causes P(x,w) to accept within 7" time steps, for a given program P, input
x, and time bound 7T'. By interacting with a computationally-bounded prover running in time
poly(k + |P| + |x| + T'), where x denotes the security parameter, the verifier can check such a
statement by running in time merely poly(k + |P| 4 |x| + log T').

One additional property that is often essential in constructions of succinct arguments is proof
of knowledge, which makes it possible to delegate “cryptographic computations” [BCCT12a] and
to recursively compose non-interactive proofs [Val08, CT10, BSW12, BCCT12b, CT12]. It is
used in constructions of computationally-sound proofs of knowledge in the random-oracle model
[Mic00, Val08], SNARKs [BCCT12a], and proof-carrying data [CT10, CT12].

Some applications require even more properties. For example, the construction of universal
arguments by Barak and Goldreich [BGO8] requires, beyond proof of knowledge, also a non-
adaptive verifier and the existence of an efficient reverse sampler for the PCP queries.

Focusing on such positive applications of PCPs, our third theorem states that our PCPs
indeed have the requisite additional properties.

Theorem 4 (informal). The PCPs from Theorem 1 satisfy the requisite properties for the con-
struction of a weaker (yet still useful) variant of universal arguments [BG0O8]. In particular, our
PCPs also satisfy the requisite properties for the construction of computationally-sound proofs
of knowledge [Mic00, Val08], SNARKs [BCCT12a], and proof-carrying data [CT10, CT12].

Furthermore, due to the quasi-optimal running times of the PCP prover and verifier from
Theorem 1, we obtain the first constructions of the aforementioned cryptographic primitives in
which the prover and verifier have quasi-optimal time complexity.

1.7 Algorithmic Specifications

Beyond the mathematical results, we offer an additional technical contribution: we include a
complete and detailed algorithmic specification of every non-elementary algorithm used by the
verifier and the prover in our PCP construction. This provides a reference for others wishing
to study the practical efficiency of PCPs.

The specification makes it clear how the various components of our construction come to-
gether, and how we leverage the computational properties of linearized polynomials [LN97,
Section 2.5] in finite field extensions of Fy and additive-FFT methods [Mat08] for ensuring
the efficiency properties of our construction. We also provide a detailed complexity analysis
of the proof length, randomness, and query complexity. For more details see Appendix B and
Appendix C.
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1.8 The Road Onwards

The ultimate goal of our work is to make the vision of Babai et al. a reality via practical PCP
implementations. The quest for practical PCPs reveals a mostly-uncharted landscape, whose
exploration is an intriguing research direction that we believe will lead to interesting insights
and techniques, with the potential of great impact in light of the many useful cryptographic
constructions that crucially rely on PCPs. For instance, we believe that the notion of a concrete-
efficiency threshold could provide a new efficiency measure for the study of PCPs, one that is
different than other traditional efficiency measures (such as query and randomness complexity)
and better captures what we look for in a PCP that is to be used in positive applications.

2 Main Results

In the previous section we discussed our main results at high level. We now formally state these;
along the way, we shall give pointers to the relevant technical sections, which contain their
proofs. We begin by stating our first main result about a PCP system for RAM computations
(Section 2.1); we then give the definition of the concrete-efficiency threshold of a PCP system
(Section 2.2); we then state our second main result about the existence of a PCP system with
finite concrete-efficiency threshold (Section 2.3); we then define the concrete-efficiency threshold
for PCPPs and state our third main result about PCPPs for Reed—Solomon codes (Section 2.4);
finally, we discuss cryptographic properties of the PCPs we construct (Section 2.5).

2.1 Theorem 1: Quasi-Optimal PCPs For RAMs

In Section 1.2 we informally stated our first main result. We now give a formal statement of
the theorem; its proof is in Section 5.

Define BHram to be the language consisting of all triples (M, x,T'), where M is a random-
access machine [CR72, AV77], x is an input, and T is a time bound (with |x| < T'), for which
there exists a witness w (with |w| < T') such that M accepts (x,w) after at most T time steps.!°

Theorem 1 (restated). There exists a PCP system (Pyan, Vaan) for BHram where: for every
(M,x,T) € BHram with a witness w,

o Pu(M,x,T,w) runs in sequential time (|M|+T)-polylog(T) and parallel time O((log T)?)
when given the transcript of computation of M on (x,w).

o Vian(M,x,T) runs in sequential time (|M|+|x|)-polylog(T) and parallel time O((log T)?).

2.2 Defining the Concrete-Efficiency Threshold of a PCP System

In Section 1.3 we informally introduced the concrete-efficiency threshold of a PCP system (see
Definition 1). We now give a formal definition for it.

As discussed, we use Boolean circuits with only NAND gates as our model of computation.
A (Boolean) circuit C' is a directed acyclic graph with fan-in and fan-out equal to 2; its size is

10While the witness w for an instance y = (M, x,t) has size at most ¢, there is no a-priori polynomial bounding
t in terms of |x|. Also, the restriction that |y, |w| < ¢ simplifies notation but comes with essentially no loss of
generality: see [BSCGT13] for a discussion of how to deal with “large inputs” (i.e., x or w much larger than ¢, in
the model where M has random access to them).
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the number of vertices in this graph. If the graph has n sources and m sinks, then we say that
the circuit has n inputs and m outputs. The circuit C' then computes a corresponding Boolean
function fc from {0,1}" to {0,1}™ in the natural way: the evaluation of an input = € {0, 1}"
is performed by placing each bit of = at the corresponding source of the graph (when taking
sources, say, in lexicographic order) and then, by considering every non-source non-sink vertex
as a NAND gate, a bit for each sink is computed by evaluating the circuit in some topological
order; the output y € {0,1}"™ is the string of bits at the sinks (when taken, say, in lexicographic
order). The circuit C' is satisfiable if there is some input x that makes the first bit of the output
of fo(z) equal to 1. We assume a canonical representation of circuits as strings.

We now need to specify a “reference” complete language relative to which to construct PCPs.
As discussed, we choose the language SuccINCT CIRCUIT SAT (SCSAT for short); informally,
SCSAT is the language of all satisfiable Boolean circuits C' over 2™ gates that are succinctly
represented via a descriptor circuit F' having (roughly) n inputs and n outputs. Formally:

Definition 2.1. Let n € N, f: {0,1}"*2 — {0,1}". The circuit corresponding to f, denoted
Cy, is the circuit with 2" gates, each labeled with an n-bit string, such that: for each gate
s € {0,1}™, letting soo = f(s00), so1 = f(s01), s10 = f(s10), and s11 = f(sll), gates soo and
so1 have wires going into s, and gate s has wires going into sig and s11; if s = Soo = So1 then
s is an input gate; if s = s10 = s11 then s is an output gate. (And if f Cy is not “valid”, i.e. a
gate receives more than two wires, then Cy is the circuit with no wires.)

The language SUCCINCT CIRCUIT SAT, or SCSAT for short, is the language of all circuit
descriptors F such that the Boolean function f computed by F is of the form f: {0,1}"+2 —
{0,1}™ and Cjy is satisfiable. (Note that we can assume without loss of generality that |F| < 2™.)

Informally, a PCP system for SCSAT is a pair consisting of a prover P and a verifier V that
works as follows. The prover receives as input a circuit descriptor F' describing a circuit C' and
an assignment w for C', and outputs a PCP proof 7 for the claim “w is a satisfying assignment
of C”. The verifier receives as input the circuit descriptor F' and a string of random bits, and
has two outputs: a set of indices (indicating the bits of the proof that are to be read) and a
predicate (which decides whether the answers to the queries are satisfactory); we assume that
the verifier is non-adaptive, i.e., all queries depend only on the input of the verifier and not on
the answers provided by the prover. Because our computational model is that of circuits, P and
V' are represented as circuit families, each indexed by two integers n and k where, e.g., P, is
the circuit that is “specialized” for descriptor circuits F' of size k describing circuits of size 2™.

Thus, analogously to previous definitions of PCP systems (with polylogarithmic-time veri-
fiers) [BFLS91, BSGH'05, Mie09], we have the following definition:

Definition 2.2. Let P = {P, j}nken and V = {(Qn i, Dn k) }nken be circuit families. We call
(P,V) a PCP system for sCSAT if the following conditions hold:
e Completeness. For every (F,w) with F: {0,1}"72 — {0,1}" and w is witness to F € SCSAT,

W(—PRJF‘(F,U)) :| -1
q < Qn,\F\(raF) ’

where ¢ is interpreted as a vector of indices and w|g is the substring of m induced by g.
e Soundness. For every F: {0,1}"72 — {0,1}" such that F ¢ SCSAT and every 7,

P;I' |:Dn,|F|(T7 F,W‘q‘) =1

- . 1
Pr {Dnm(h F,7lg) =1 ’ 7+ Qnp|(, F)} <35 -
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The following definition is the main notion guiding our study of concrete efficiency. Infor-
mally, given a PCP system (P, V') for SCSAT, its concrete-efficiency threshold B (relative to a
cost function C) is the smallest n such that, for every circuit F' describing a circuit C' of size
at least 2", the (combined) cost of using the PCP system (P, V') on input F' is less than the
naive verification overhead of C', when the combined cost is computed with C taking as input
the PCP proving overhead and PCP verification overhead.

Definition 2.3. Let (P,V) be a PCP system for SCSAT (see Definition 2.2). The concrete-
efficiency threshold of (P, V) for a cost function C is the smallest integer B(C) such that
for every circuit F' computing a Boolean function of the form f: {0,1}"*2 — {0,1}" with
n > B(C),

|Pojrl 1Qu,e|| + | Dnyjry |F|- 2"
C : : : < : !
(Fr o 7 7 @)

If no such integer exists, the concrete-efficiency threshold of (P, V') is infinite (i.e., B(C) := 00).

In the formal definition above we have instantiated the intuitive quantities that appearing
in the informal Definition 1 and the discussion preceding it: given a circuit descriptor F' of size
k describing a circuit C of size 2™ (which takes the role of the statement y),

e the proving time, tp, is given by | P, |, which is the size of the relevant prover circuit; while
the verification time, ty, is given by |Qp k| + | Dy k|, because |Qy x| and |D,, x| are the sizes of
the relevant query and decision circuits;

e the ideal proving time, ip, is given by k - 2", because C has 2" gates and computing the
input /output wires of each gate of C' requires evaluating F', of size k, on appropriate inputs;
while the ideal verification time, iy, is given by k, because the statement at hand is F' and it
has size k.

Remark 2.4. The use of two parameters n and k in Definition 2.3 is necessary: omitting one
of them would make Definition 2.3 satisfiable only with B(C) = oo, when C is a polynomial
cost function. This is because a circuit of size 2" can have a descriptor circuit that can itself
be as large as 2". Similarly, a descriptor circuit of size k£ can describe a circuit of size between
k and 2*. If only one parameter is used, say k, we would need the verifier to be of size 2* even
though in some cases a circuit described by k bits has size poly(k). This would imply that no
finite concrete-efficiency threshold exists.

2.3 Theorem 2: A B-efficient PCP for sCSAT with B < oo

In Section 1.4 we informally stated our second main theorem. We now give a formal statement
of the theorem; its proof is in Section 6.

Theorem 2 (restated). There exists a PCP system for SCSAT (see Definition 2.2) with finite
concrete-efficiency threshold (see Definition 2.3) for every polynomial cost function.

In light of Definition 2.3, it is indeed not clear that such a PCP system exists. For example,

if lﬁ?f.’;ﬂl = (2"), then the cost is 2(2"), and thus B(C) = oo for any polynomial cost function

C. Similarly if [H! = Q(|F]) or @ririm el — o)),
Thus the efficiency requirements imposed on a PCP system so to fulfill Definition 2.3 with
any finite concrete-efficiency threshold B(C) (not to mention a small B(C)) are already quite

stringent.
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2.4 Theorem 3: Concrete Efficiency of Proximity Testing to Reed—Solomon

In Section 1.5 we informally discussed the concrete-efficiency threshold of a PCPP system for a
code ensemble (see Definition 2) and then informally stated our third main theorem. We now
give a formal definition and a formal statement of the theorem.

Recall that an [n,k,d]s-linear error correcting code (or, simply, [n,k,d]s-code) is a k-
dimensional subspace C' of Fy, where F, denotes the finite field with ¢ elements and ¢ is a
prime power, such that every pair w # w’ of members of C' differ on at least d positions. (Later
on we shall focus on a special ensemble of codes, namely, Reed—Solomon codes over fields of
characteristic 2.) In what follows, let (F Q)SQ denote the set of vectors in Fy with at most @
nonzero entries.

Definition 2.5. Given L,Q € N, an (L, Q)-PCPP system for an [n, k, d],~code C is a pair
(P, V) where P is a linear mapping from IF]; to Fé and V' is a distribution supported on (F:})SQ
satisfying the following conditions:

e Completeness. For every codewordw € C and w := P(w) (its associated “proof of proximity”),

Pr

vV

n+L
Zvi~(wo7r)i:O] =1,

i=1

where w o 7 is the concatenation of w and 7 and arithmetic operations are carried in IFy.
e Soundness. For every non-codeword w that is d/3-far from C and every w € IFqL,

Pr

vV

n+L 1
Zvi~(wo7r)i:O] < -
, 2
=1
If C has a (0,Q)-PCPP we say C is a Q-query LTC.

Furthermore, for functions L and Q, an (L,Q)-PCPP system for a (linear) code en-
semble & is a pair (P, V') where, for each C € €, (Pc, Vi) is a (L(C), Q(C))-PCPP system for
C. If L(C) =0 for all C € &, then & is called an ensemble of LTCs and V is a tester for .

Remark 2.6. The definition above includes a number of simplifying assumptions and arbitrarily
fixed constants. We fix the soundness to be 1/2 for a proximity parameter that is one-third of
the minimal distance of the code. The definition is stated only for linear codes. The mapping
sending a message to the PCPP for its codeword is assumed to be linear. The verifier is defined
to be non-adaptive, its decision predicate is linear, and it has perfect completeness. Although
the latter set of assumptions holds without loss of generality for linear LTCs (see [BSHRO5,
Theorem 3.3]), this is not known to hold for general PCPPs, even assuming the code is linear.
Since all these assumptions apply to the codes that we study, we prefer a concrete and simple
definition to one that holds in greatest generality (which can anyways be easily deduced from
Definition 2.5).

We now provide a definition for a concrete-efficiency threshold for PCPPs for linear code
ensembles; this definition is “information-theoretic”, i.e., it does not impose constraints on
the computational resources required by the prover and verifier. This is in stark contrast to
Definition 2.3 and we discuss the rationale behind this difference below.

Definition 2.7. Let £ be a linear-code ensemble and (P,V) a PCPP system for £ (see Defi-
nition 2.5). The concrete-efficiency threshold of (P, V) relative to cost function C is the
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smallest integer B(C) such that for every linear code C € € that is an [n,k,d],-code with

k> B(C) it holds that
C (HkL(C) Q(C)) <k . 2)

If no such integer exists, the concrete-efficiency threshold of (P, V) is infinite (i.e., B(C) := 00).

Remark 2.8. The cost in Definition 2.3 takes into consideration the computational complexity
of the prover and verifier, whereas the cost in Definition 2.7 above only takes into account proof
length and query complexity (disregarding the computational complexity required to produce
the proof, to sample a query tuple, and then to verify the query answers). We believe that
transitioning to this cleaner information-theoretic definition is justified in our case because,
through a suitable use of additive-FFT techniques, we can ensure that the computational costs
only account for small additional logarithmic factors.

Case of interest: additive Reed—Solomon. The quasilinear-size PCPs of [BSS08] are based
on PCPPs for the ensemble of Reed—Solomon codes over additive subgroups of finite fields of
characteristic 2. We define these codes next, for the more convenient case of domains that are
shifts of such additive subgroups. Recall that a degree-¢ extension of the two-element field Fy
is also an ¢-dimensional linear space over Fs.

Definition 2.9. Given a finite field I, subset S of F,, and degree bound d, the Reed—Solomon
code RS(Fy, S,d) is the [|S|,d+1,|S|— (d+1)]4-code whose codewords are functions f: S — T,
computed by degree-d polynomials.

The ensemble of Reed—Solomon codes over additive subgroups of fields of char-
acteristic 2, denoted Egrs, is defined to be the ensemble of RS-codes RS(Fy, S, d) where q is a
power of 2 (i.e., char(Fy) = 2), S is an Fa-affine-subspace, and d = |S|/8 — 1.

We can now formally restate our third main theorem:

Theorem 3 (restated). There exists a PCPP system (see Definition 2.5) for the code ensemble
Ers (see Definition 2.9) having a concrete-efficiency threshold Brs(Cx) < 2%3 (see Defini-
tion 2.7).

The proof of Theorem 3, along with a longer discussion of the proof strategy, is given in
Section 9.

2.5 Theorem 4: Properties for Cryptographic Constructions

In Section 1.6 we informally stated our fourth main theorem. We now further discuss it. Our
Theorem 4 states that the PCPs we construct in the proof of Theorem 1 satisfy properties that
are needed in several cryptographic constructions. Specifically, we prove that the PCPs we
construct satisfy the following three properties:

(A) “Explicit” PCP proof of knowledge. We show that whenever the PCP verifier is
convinced with sufficiently large probability, the PCP proof can be decoded to a valid witness
by running a knowledge extractor that runs in time proportional to the size of the witness.
Note that we cannot expect the existence of a knowledge extractor that is able to locally
decode bits of the witness by having oracle access to a PCP proof. The lack of local decoding here
is inherent because our PCPs, as those of [BSS08, BSGH'05], rely on “univariate techniques”
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(see Remark 12.39). Thus, because we do not achieve a knowledge extractor that is an implicit
representation of the valid witness, we call the knowledge property we achieve explicit PCP
proof of knowledge.

(B) Non-adaptivity of the PCP verifier. We show that the PCP verifier can be split into
a query algorithm and a decision algorithm. It is rather obvious from our PCP construction
that this is the case, but working out these algorithms for the more complex components of
the construction is quite non-trivial. We explicitly carry out this separation and provide an
algorithmic specification for the query and decision algorithms of our PCP verifier (in addi-
tion to the algorithmic specification of the “non-split” verifier already contained Appendix B).
This provides a reference for others wishing to study the concrete efficiency of cryptographic
constructions where the query and decision algorithms are invoked.

(C) Efficient reverse-samplability of the PCP verifier. We show that there is an efficient
algorithm that, given a query number and an index into the PCP oracle, is able to output a
string that is uniformly distributed among those that could indeed have produced the index
when given as input the query number — this algorithm is thus an efficient reverse sampler.
That our PCP construction is reverse samplable is not obvious; we show that it is by constructing
an efficient reverse sampler for it.!!

Using our PCPs in cryptographic constructions. The explicit PCP proof of knowledge
mentioned above falls short of the one needed in the construction of universal arguments [BGO0§],
where a knowledge extractor that is able to perform local decoding of the witness is needed.
Nonetheless, we show that the same construction as [BG08, Construction 3.4] still gives us
succinct interactive arguments of knowledge for NP.

More precisely, our result is stronger than just stated: we obtain universal arguments where
the knowledge extractor may run in time that is polynomial (rather than polylogarithmic as in
[BGO8]) in the witness length — we call these almost universal arguments. (In particular, for
example, with a mild superpolynomial-hardness assumption, we can obtain universal arguments
for NP.) Once again, this limitation is only natural in light of the fact that our PCPs can only
satisfy an “explicit” proof-of-knowledge property, with no local decoding of the witness.

Nonetheless, the aforementioned limitation is actually not a problem because succinct argu-
ments of knowledge for NP suffice for most “positive” applications of PCPs, where the relevant
computations to be verified anyways “lie in NP” (see Remark 12.2).

The properties that we use in the construction of almost universal arguments, following
[BGO8, Construction 3.4], are a superset of the properties required of PCPs in other crypto-
graphic applications such as [Mic00, Val08, CT10, BCCT12a, CT12]. Thus, in the proof, it will
suffice to focus on the construction of almost universal arguments.

The proof of Theorem 4 is given in Section 12.

3 Open Questions

We briefly discuss intriguing questions about the computational efficiency of PCPs that our
work leaves unanswered.

Complexity-preserving PCPs. Our Theorem 1 guarantees the existence of a PCP system
in which the prover and verifier respectively run in time (|P| + 7T') - polylog(7') and (|P| + |x]) -

' This fact was already by Mie [Mie09] for a special case of the proximity testers underlying our PCPs; he used
their efficient reverse samplability for showing a verifier-efficient construction of gap amplification [Din07].
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polylog(T), when proving and verifying that a program P accepts (x,w) for some w. These
running times are quasi-optimal. However, the running time of the prover is achieved via the
use of FFT-like methods, which means that its space complexity is Q(7T') regardless of the
space complexity of P. Let us define a PCP system to be complexity preserving if it has the
aforementioned running times and, in addition, the prover runs in space (| M |+|x|+S)-polylog(T’)
when P uses at most space S. Do complexity-preserving PCPs exist? Bitansky and Chiesa
[BC12] have constructed a complexity-preserving multi-prover interactive proof, but it is unclear
whether complexity-preserving PCPs can be constructed or not.

Limits of concrete efficiency. We have introduced new efficiency measures for PCPs that
attempt to capture how “soon” a PCP becomes useful, and have shown progress relative to
these complexity measures. How far can the concrete efficiency of PCPs be pushed?

A natural starting point would be to develop an even more precise understanding of the
Bivariate Testing Theorem of Polishchuk and Spielman [PS94], e.g., by understanding what is
the optimal value of the universal constant of bivariate testing. Concretely, we believe that
Proposition 9.2 can be further improved and it is an important open problem to do so: even
small improvements (e.g., relaxing the requirement in the statement from 1 > % + =+ 20 to
2> % + £ +20) eventually translate into tremendous improvements to the concrete-efficiency
thresholds of PCPP systems for Reed—Solomon codes.

We are optimistic that additional work in this direction will discover surprisingly efficient
PCP constructions.

Local decoding of PCPs. Our Theorem 4 states that the PCPs from our Theorem 1 can
be used to construct a weaker variant of universal arguments [BGO08]. As discussed, the single
reason why we do not obtain (full) universal arguments is that our PCPs, being based on tech-
niques that use univariate polynomials, do not enjoy good local decoding properties. Are there
universal arguments where the prover and verifier running times are quasi-optimal? Bitansky
and Chiesa [BC12] use their complexity-preserving MIP construction to obtain complexity-
preserving universal arguments with private coins, but the public-coin case (often crucial in
applications [Bar01, PR05]) remains open (even without posing requirements on the space com-
plexity of the prover).
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4 Definitions

We present formal definitions for the basic notions that we use throughout this paper.

4.1 Reed—Solomon and Reed—Muller Codes

Definition 4.1. Let F be a field and S a subset of F. The evaluation of a polynomial P(x) =
Zgzo a;x’ over S is the function p: S — F defined by p(s) = P(s) for all s € S. The formal
sum P(x) is called the polynomial corresponding to (the function) p. Similar definitions hold
for multivariate polynomials.

Definition 4.2. Let F be a field and d > 0. A polynomial P(z) over F has degree d if the
degree of P in x is at most d.

Definition 4.3. Let F be a field, S a subset of F, and d > 0. The Reed—Solomon code of
degree d over F evaluated at S is the set of functions

RS(F, S,d) := {p: S — F s.t. p is an evaluation of a polynomial of degree at most d over S} .

Definition 4.4. Let F be a field, S and H subsets of F, and d > 0. The H-vanishing Reed—
Solomon code of degree d over F evaluated at S is the set of functions

VRS(F, S, H,d) := {p € RS(F, S,d) s.t. the polynomial corresponding to p vanishes on H} .

Definition 4.5. Let F be a field and d,e > 0. A polynomial P(x,y) over F has degree (d,e)
if the degree of P in x is at most d and the degree of P in y is at most e.

Definition 4.6. Let F be a field, W a subset of F x F, and d,e > 0. The bivariate Reed—
Muller code of degree (d,e) over F evaluated at W is the set of functions

RM(F W (d e)) . {p‘ W T st P is an evaluation of a bivariate polynomial }

of degree at most (d,e) over W

4.2 Notions of Distance

Next, we recall the notions of fractional (or relative) distance between strings and to low-degree
polynomials. (In general, when we say “close” we shall mean “<” and when we say “far” we
shall mean “>7.)

The fractional (or relative) Hamming distance between two strings is the ratio between the
number of positions where the two strings differ divided by their length:

Definition 4.7. Let ¥ be a finite alphabet and N a positive integer. For any two X-strings
a and b in XV, the fractional (Hamming) distance over the alphabet ¥ between a and b,
denoted An(a,b), is equal to the number of positions where a and b differ divided by N,

_‘{iEN:az‘%biH
= N .

AN(CL, b) :

The definition easily extends to functions from N to X, as it is possible to think of the X-strings
a and b as functions a,b: N — X where a(i) = a; and b =b; for each i € N.
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The fractional Hamming distance between two functions allows to define the fractional
Hamming distance of a function to low-degree polynomials:

Definition 4.8. Let F be a field, V a subset of F, f: V — F a univariate function, and d > 0.
We denote by (5@(]‘") the fractional Hamming distance of f to RS(F,V,d), i.e.,

S =t Av(fP)
deg, (P)<d

Definition 4.9. Let F be a field, W a subset of F x F, f: W — F a bivariate function, and
d,e > 0. We denote by 5‘%’6)(]‘) the fractional Hamming distance of f to RM(F, W, (d,e)), i.e.,

Sy =  inf A .
w (f) oot w(f,Q)
deg, (Q)<d
deg, (Q)<e

Furthermore, we denote by 51(,3’*)(]“) the fractional distance when the degree in y is unrestricted,

(x.)

and by oy, (f) the fractional distance when the degree in x is unrestricted.

Univariate low-degree polynomials form a code with a certain distance:

Lemma 4.10. Fiz a field F, a subset S C F, and an integer d € N. For any two distinct
polynomials P, P': F — T of degree at most d, it holds that Ag(P,P’) > 1 — %'.

In particular, we can deduce the “unique decoding radius” for univariate low-degree poly-
nomials:

Lemma 4.11. Fiz a field F, a subset S C F, an integer d € N, and § € [0,1]. If a function
p: S — F is §-close to RS(F, S,d) and 1 — %‘ > 20 then there is a unique polynomial P of
degree at most d whose evaluation over S is d-close to p.

Recall that Reed—Solomon codes have an efficient decoding procedure (e.g., via the Welch—
Berlekamp algorithm [WB86, GS92]):

Claim 4.12 (Decoding Reed—Solomon Codes). There exists a polynomial-time algorithm DECODERS
that, on input (the representation of) a finite field F, a subset S of F, a degree d (presented in
unary), and a function p: S — F, outputs a polynomial P: F — F of degree at most d whose
evaluation over S is closest to p, provided that p lies in the unique decoding radius.

4.3 PCPs and PCPPs

We formally introduce probabilistically-checkable proofs and probabilistically-checkable proofs of
prozimity, as well as the functions that will help us keep track of their various complexity
parameters.

PCPs. We first recall the standard definition of a probabilistically-checkable proof (PCP). For
functions r,q: N — N we say that a probabilistic oracle machine V' is a (r, q)-PCP verifier if,
on input a binary string = of length n and given oracle access to a binary string m, V' runs in
time 2007(") | tosses 7(n) coins, makes g(n) queries to 7, and outputs either 1 (“accept”) or 0
(“reject”).
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Definition 4.13. Lets € [0,1] andr,q: N — N. A language L belongs in the class PCP4[r(n), q(n)]
if there exists a (r,q)-PCP verifier Vi, such that the following holds:

1. (Perfect) Completeness: If x € L then there exists m such that Prr[V] (z; R) = 1] = 1.

2. Soundness: If x ¢ L then for every m it holds that Prr[V] (x; R) = 1] < s.

PCPs of Proximity. A PCP of Proximity (PCPP) [BSGH06] (also known as an assignment
tester [DRO4]) is a strengthening of a PCP where the input comes in two parts (z,y), where z,
the explicit input, is given explicitly to the verifier and y, the implicit input, is only given as an
oracle to the verifier (and queries to it are counted as part of the query complexity); the explicit
input is of the form x = (2/, N) and N is the length of y. Because now the verifier may not
see the input in its entirety, it only make sense to require verifiers to test theorems for being
“close” to true theorems.

More precisely, one considers pair languages (which are simply binary relations). For a pair
language L and a binary string x, we define L, to be all the N-bit strings y such that (z,y) € L.
Then, for an arbitrary y, we define A(y, L) to be 1 if L, = ) else to be the smallest fractional
Hamming distance of y to any element in L.

For functions r,q: N — N we say that a probabilistic oracle machine V is a (r,q)-PCPP
verifier if, given an explicit input x = (2/, N') with |2/| = n and oracle access to an N-bit
implicit input y and proof 7, V runs in time 2°00() tosses r(n) coins, makes ¢(n) queries to
(y,m), and outputs either 1 (“accept”) or 0 (“reject”).

Definition 4.14. Let 5,0 € [0,1] and r,q: N — N. A pair language L belongs to the class
PCP; s[r(n), q(n)] if there exists a (r,q)-PCPP verifier Vi, such that the following holds:

1. (Perfect) Completeness: If (x,y) € L then there exists m such that PrR[VL(y’W) (z;R) =
1] =1.

2. Soundness: If A(y,L;) > § then for every m it holds that PrR[VL(y’W) (r;R)=1] <1-—s.
We call 6 the proximity parameter.

We also consider a stronger notion of PCPPs, where the probability of rejection is propor-
tional to the distance of y from L,.

Definition 4.15. Let s € (0,1] x N — (0,1] and r,q: N — N. A pair language L belongs to the
class Strong-PCP (5 ,y[r(n), q(n)] if there exists a (r, q)-PCPP verifier Vi, such that the following
holds:

1. (Perfect) Completeness: If (x,y) € L then there exists m such that PrR[VL(y77r) (x;R) =
1]=1.

2. Soundness: For every m it holds that PrR[Véy’ﬂ) (x;R) =1] <1—s(A(y, Lg),n).

Complexity parameters Throughout we will denote by rand(-) the randomness complexity,
by query(-) the query complexity, and by length(-) the proof length of the various PCPs and
PCPPs that we will consider.'? (The arguments to these functions will change from verifier to
verifier, but will be given explicitly each time, and will be clear what they are.)

12More precisely, for PCPs of Proximity, the length will not account for the length of the object being tested.
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5 Proof of Theorem 1

In this section we prove Theorem 1, discussed in Section 1.2 and formally stated in Section 2.1.

High-level strategy. It is useful to break the problem of constructing PCPs for BHram
with stringent efficiency requirements into two different subproblems: (a) constructing a very
efficient PCP system for some “PCP-friendly” NEXP-complete problem P, and (b) constructing
tight reductions from BHgam to P. Indeed, PCPs are only known to exist for certain prob-
lems having strong algebraic or combinatorial structure. Typically, one also defines a flexible
interface between the two aforementioned subproblems (a) and (b), in order to create some
“modularity”. Following and generalizing [BSGH'05], we thus introduce a family of succinct
algebraic constraint satisfaction problems (SACSP) attempting to simultaneously capture the
essential ingredients that make a problem amenable to (“direct”) probabilistic checking as well
as be general enough to make it easy to reduce from less structured (natural) problems (such
as BHram).'® In other words, we choose P := SACSP. This choice “decouples” (a) and (b),
and progress can be made independently on each subproblem.!* In light of the aforementioned
decoupling, our proof of Theorem 1 relies on two ingredients: (a) an algebraic PCP construc-
tion for SACSP, and (b) the use of reductions of Ben-Sasson et al. [BSCGT13] from BHgram
to SACSP.

The family of succinct algebraic constraint satisfaction problems SACSP is introduced and
defined in Section 7. Following is the proof of Theorem 1.

Proof of Theorem 1. For a random-access machine M, let | M| denote the size of the transition
function of M when viewed as a Boolean circuit and deg(M) the total degree of this circuit
when viewed as a polynomial. We begin by establishing the following claim:

Claim 5.1. There is a PCP system (P}, Vi) Where, in order to verify that a random-access

machine M accepts (x,w), for some w, within T steps (with |x|, |w| <T),

e the prover runs in sequential time |M|-T - polylog(T') - deg(M) and parallel time O((logT +
log deg(M))?) when given a transcript of computation of M on (x,w), and

o the verifier in sequential time (|M|+ |x|) - polylog(T" + deg(M)) and parallel time O((logT +
log deg(M))?).

Proof. Ben-Sasson et al. [BSCGT13] study reductions from bounded-halting problems on random-
access machines, denoted BHram, to SACSP. Specifically, for a given random-access machine
M, BHgram(M) is the language of pairs (x,7') such that the random-access machine M non-
deterministically accepts x within T steps (with |x| < T'). It is convenient to assume without
loss of generality that all instances (x,7") have T that is a positive power of 2, so that we can
represent an instance (x,2') via the string (x, 1%).

A reduction from BHgram to SACSP is a pair (@, ¥) of efficient transformations such that:

13We shall thus focus on algebraic PCPs. The reason is that present PCP technology suggests greater flexibility
and understanding of computational aspects of such PCPs; e.g., we know of quasilinear-size PCPs only via
algebraic techniques [BSS08], and have a good picture of computational aspects of algebra [vzGGO03]. (Also see
Remark 8.10.)

1YWe think that such a decoupling is a significant simplification of the problem of constructing practical PCPs
in general, given the amount of work that goes towards satisfying solutions of either subproblem and given that
the two subproblems are different in flavor and thus demand for quite different sets of techniques.
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e For every random-access machine M,
parM = ¢(M) = (fv (mH7 tH) H)7 (CN7 tNa SN) N)a (tPa sPa P)) (tI) I))

is a choice of parameters for SACSP; in other words, par™ specifies, for each positive
integer ¢, what algebraic constraints are to be used to verify membership of instances of
the form (x,1%). (See Definition 7.1 in Section 7 for the formal definition of SACSP.)

e For every random-access machine M and instance (x, 1Y), it holds that (x, 1*) € BHram(M)
if and only if (x,1%) € SACSP(par™).

e For every random-access machine M and instance (x,1%), if w is a witness to the fact
that (x,1') € BHgram(M), then A := ¥(M,w) is a witness to the fact that (x,1%) €
SACSP (par™).

At high level, the construction of the PCP system (P}, Vi) consists of first invoking
the reductions of Ben-Sasson et al. [BSCGT13] from BHgam to SACSP and then invoking the
PCP system (Piacsp, Viacsp) for SACSP guaranteed by our Theorem 8.1 from Section 8.15 More
precisely, the PCP prover P},,, and the PCP verifier V},,, work as follows.

e P, on input a random-access machine M, instance (x,1'), and witness w such that
M (x,w) accepts within 2¢, performs the following steps:

1. compute par := ®&(M);

2. compute A := V(M w);

3. compute 7 := .PSACSP((X, 1), A), with choice of parameters par;
4. output 7.

e V!, on input a random-access machine M and instance (x,1'), and with oracle access
to a PCP oracle 7, performs the following steps:
1. compute par := &(M);
2. compute b := V7 ((x,1")), with choice of parameters par
3. output b.

M.
)

Due to the soundness guarantees of the reduction ®, (P}, Vii,y) is a PCP system for bounded-
halting problems on random-access machines. We are thus only left to argue its efficiency.
The reductions of Ben-Sasson et al. [BSCGT13] generate choices of parameters par™ that
are “natural”, so that Theorem 8.1 ensures that P,ycsp runs in time sp (1) - 27®) . poly(f(t)) and
Viscse Tuns in time (|x| + sp(1%)) - poly(f(¢)). (See Remark 8.2.) Furthermore, in Ben-Sasson
et al. [BSCGT13], it holds that sp(1*) = |M| - poly(f(t)) and 2/®) = 2! . polylog(2!) - deg(M).
Putting these two facts together yields the desired sequential efficiency for (P}, Viay)- The
parallel efficiency can be similarly argued. O

We now return to the proof of Theorem 1. We can fix a universal random-access machine U
where both |U| and deg(U) are on the order of polylog(7"), and then simulate a given random-
access machine M (computing on a given (x,w)) on U step by step. The overhead at each step

15Ultimately, when proving Theorem 4, we will in fact need Levin reductions, where we are additionally
guaranteed the existence of an “inverse” to the witness reduction ¥, so to ensure that the knowledge property of
our PCP system (Piacsp, Veacse) is preserved by the reductions. The reductions of Ben-Sasson et al. [BSCGT13]
are Levin reductions, so this is not a problem; see the proof of Theorem 4 and Remark 12.1 in Section 12.
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is polynomial in the register sizes, which is only O(logT). Thus, overall, simulating M on U is
only polylog(T') slower than running M directly. Combining this with Claim 5.1 yields a PCP
system (Pray, Viau) satisfying the properties claimed in the theorem statement. O
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6 Proof of Theorem 2

In this section we prove Theorem 2, discussed in Section 1.4 and formally stated in Section 2.3.

Proof sketch of Theorem 2. To construct a PCP system for SCSAT with B(C) < oo for any
polynomial cost function C, it suffices to construct a PCP system for SCSAT where the prover
runs in time |F| - 2" - poly(n) and the verifier runs in time |F| - poly(n). So let M* be the
random-access machine that, on input a circuit descriptor F', will non-deterministically verify
that F' € SCSAT; note that this can be done in time T := O(|F|-2") when F' describes a circuit
of size 2. We can now use the PCP system from Theorem 1 on the random-access machine
M*. Doing so yields a PCP system for SCSAT where the prover runs in time |F| - 2" - poly(n)
and the verifier runs in time |F| - poly(n), as desired. O

Remark 6.1 (are RAMs necessary?). In the proof of Theorem 2 we relied on Theorem 1,
whose proof, among other things, relies on fast reductions from random-access machines. We
note that attempting to prove Theorem 2 via a “direct” reduction from sSCSAT to sACSP
through a naive use of the techniques contained in [BSCGT13] will not work. Indeed, if we were
to simply route the circuit represented by F' using De Bruijn graphs (in a similar manner as in
[PS94], by also paying attention to the succinctness of the reduction) and then arithmetize the
resulting coloring problem, it will not work; the reason is that the degree of F' when viewed as a
polynomial may be too high and cause the reduction to be too expensive (e.g., quadratic). The
“right” way to do this without relying on random-access machines would be to route a universal
circuit that performs a computation similar to the random-access machine M* that we chose;
by ensuring that the universal circuit has a highly-structured topology, the description of the
universal circuit would be shallow, and thus this description, when viewed as a polynomial,
would have low enough degree for the reduction to work out. But this direct reduction path
is unnecessarily complicated, and taking a path, as we do, through random-access machines is
more natural and cleaner.
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7 A Succinct Algebraic Constraint Satisfaction Problem

SACSP is a class of succinct algebraic constraint satisfaction problems, each specified by a
list of parameters, for univariate polynomials over finite field extensions of GF(2). Roughly,
SACSP is simply a class of succinct graph-coloring problems that must respect certain algebraic
constraints.

Each particular SACSP problem simultaneously allows for the construction of PCPs with
quasilinear-time prover and polylogarithmic-time verifier (as we will show in Section 8) and is
flexible enough to support (several) fast reductions from high-level languages such as computa-
tions on random-access machines, as shown by Ben-Sasson et al. [BSCGT13].

Informally, a choice par of parameters of SACSP consists of the following:

e A field size function f: N — N, inducing a finite field family {Fz}rey := {GF(27™))}ren.
e A family {Hp}ren, where each Hyp is an affine subspace of Frp.

e A family {NT}TGN, where each Ny is a vector of neighbor polynomials.

e A family {Pr}ren, where each Pr is a constraint polynomial.

e A family {fT}TeN, where each fT is a vector of affine subspaces each contained in Hrp.

A certain algebraic relation constrains which parameters are possible. A reduction to SACSP
will concretely instantiate a choice of the above parameters.

A pair (x,T) is a member of the language SACSP (par) if it fulfills the following: there exists
a low-degree assignment polynomial A: Fr — Fp that “colors” elements of the field Fr such
that (1) for every element « of the subspace Hrp, the constraint polynomial Ppr, when given
as input the colors in the “Np-induced neighborhood” of «, is satisfied; and (2) the colors of
clements in the (log |x|)-th affine subspace in I are consistent with x.

Crucially, for each of the families in par, the T-th object must be able to be “understood”
in time polylog(T") (e.g., generating an element in Hp, generating an arithmetic circuit for
each polynomial in NT, etc.); this is the requirement of succinctness of the problem. Addi-
tional properties that are essential for us to construct PCPs with a quasilinear-time prover and
polylogarithmic-time verifier include, for example, the fact that Hp is an affine subspace (so
that one may leverage the computational properties of linearized polynomials [LN97, Section
2.5)).

In the formal discussions, it will in fact be more convenient to index the above families by
t, where the t-th elements will correspond to problems of size T' ~ 2¢.

Formally:

Definition 7.1 (Succinct Algebraic Constraint Satisfaction). Consider the following parame-
ters:

1. a field size function f: N — N, inducing a family of finite fields {Ft} ren Where Fy =Ty (x)
and x is the root of Iy, which is the irreducible polynomial of degree f(t) over Fy output
by FINDIRRPoOLY(1/():

2. two proper functions associated with the family H in Parameter 3:

(a) a dimension function mg: N — N, and
(b) a time function ty: N — N.
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3. a family H = {H; };en such that:

(a) H; is an my(t)-dimensional affine subspace of F, specified by a basis By, and an
offset Oy, for all t € N, and
(b) there exists a ty-time algorithm FINDH such that (Bg,,Opn,) = FINDH(1!) for all
teN;
4. three proper functions associated with the family N in Parameter 5:

(a) a neighborhood size function cx: N — N,
(b) a time function ty: N — N, and
(c) a size function sy: N — N;

5. a family N = {Z\_ft}teN such that:

(a) Ny = (Nyi: Fy — Ft)gl(t) is a vector of cy(t) neighbor polynomials over F;, and
(b) there exists a tx-time algorithm FINDN such that [N;;]* = FINDN(1%,4) is an sy-size
Fi-arithmetic circuit computing N;; for all t € Nand i € {1,...,cn(t)};
6. two proper functions associated with the family P in Parameter 7:

(a) a time function tp: N — N, and
(b) a size function sp: N — N;

7. a family P = {P,};cn such that:

(a) P F, ten() B, is a constraint polynomial, and
(b) there exists a tp-time algorithm FINDP such that [P]* = FINDP(1') is a sp-size
Fi-arithmetic circuit computing P; for all ¢t € N;

8. a proper function associated with the family I in Parameter 9:

(a) a time function t;: N — N.

9. a family I = {E}teN such that:

(a) It = (Iym)!,—, is a vector of affine subspaces each contained in Hj specified by a
basis By, ,, of m elements and an offset Oy, , for all ¢ € N, and

(b) there exists a t;-time algorithm FINDI such that (By,,,, Oy, ,.) = FINDI(1*,1™) for
all t e Nand m € {1,...,t}.

The following algebraic constraint must hold:
VteN, deg ( P, (x,x<2mH<f>71>-deg<Nt,1>7m7x<2mH<f>71>-deg(Nt,cN<t>>>) < of)-2 (3)
The language SACSP, with respect to a choice par,,qp
par oo = (f, (Me, ta, H), (cn, tx, Sn, N, (te, sp, P), (tI,I))
of the above parameters, consists of instances (x, 1*), where x is a binary input string and ¢t € N

with |x| € {2,...,2!}, such that there exists an assignment polynomial A: F; — F; of degree
less than 2M™H5®) for which the following two conditions hold:
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(i) Satisfiability of constraints. For every element o € Hy,

Py (a, (A e Nt,l)(a)’ R (A o Nt,cN(t))(a)) = OFt :
If so, we say that the assignment polynomial A satisfies the constraint polynomial P;.

(ii) Consistency with the input. Letting c; be the i-th element in I 1og x| for every index

ie{l,..., x|},
x = bit(A(n)) -+ bit (A(a)) |

where bit: F; — {0,1, L} maps Op, to 0, 1p, to 1, and anything else to L. If so, we say
that the assignment polynomial A is consistent with the input x.

Remark 7.2. Definition 7.1 follows related definitions that have appeared in [BSS08] and
[BSGH105]. We briefly discuss here how our definition compares to the previous ones.

The definition of Ben-Sasson and Sudan [BSS08, Definition 3.6] considers low-degree poly-
nomials vanishing at every affine neighborhood of a certain subset of a finite field; however,
their definition (as is clear from its compactness!) does not require succinctness (for example,
the subset H need not be an affine subspace) because their paper does not attempt to con-
struct PCP verifiers that are succinct in time. (Also note that, in the non-succinct case, the
“consistency with the instance” requirement disappears.)

The later paper of Ben-Sasson et al. [BSGHT05], which constructs efficient PCP verifiers,
does indeed give a definition [BSGH'05, Definition 6.1] for a succinct problem about polyno-
mials (similar to the previous one of Ben-Sasson and Sudan [BSS08, Definition 3.6]), but is
specific for the parameters obtained when reducing from bounded halting problems on Turing
machines.

Definition 7.1 is thus a generalization of [BSGHT05, Definition 6.1] that leaves unspecified
degrees of freedom that we believe important for “supporting” a variety of reductions from other
models of computation.'6

Remark 7.3. Ben-Sasson et al. [BSGH105] also consider a family of problems about multivari-
ate polynomials [BSGH™ 05, Definition 6.3]. We could have also considered a generalization to
their definition, analogous to our Definition 7.1 that generalizes the univariate case [BSGH™ 05,
Definition 6.1].

We choose to leave the investigation of such a definition (along with the possibility of finding
even better reductions from natural problems “above” it, and better PCPs “below” it) for future
work.

6 A technical difference of our Definition 7.1 compared to [BSGH™ 05, Definition 6.1] that is not a generalization
is the form of the instance consistency check: in Definition 7.1, the instance consistency check is taken to be of
a very specific form, namely, equality. This restriction simplifies our PCP construction for SACSP (discussed in
Section 8). While we could construct (somewhat more complex) PCPs to account for an instance consistency
check of a more general form (see Remark 8.7), we do not believe that such a gain in generality is justified,
because this degree of freedom is not exploited in the reductions of Ben-Sasson et al. [BSCGT13].
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8 A PCP for sACSP

We denote by Vis and Vigrg two PCPP verifiers that respectively test proximity to RS and
VRS over affine subspaces of finite field extensions of Fs; we denote by Prs and Pygrs their
corresponding PCPP provers.

In this section we show how to use these four algorithms to construct a PCP system
(Piacses Viacsp) for the language SACSP (par), for a given choice par of parameters.

When this construction is instantiated with our constructions of Vig and Vigs (see Algo-
rithm 13 and Algorithm 12 and their soundness analysis in Section 11) and Pgg and Pygs (see
Algorithm 4 and Algorithm 3), we obtain a PCP system with quasilinear-time prover and suc-
cinct verifier (that only depends quasilinearly on the input instance). This PCP system is used
in the proof of Theorem 1 in Section 5.

8.1 The Construction At High Level

Our construction follows and extends the one of Ben-Sasson and Sudan [BSS08]. Concretely,
Ben-Sasson and Sudan showed how to test proximity to the Reed—Solomon code over additive
subgroups of extension fields of Fo with quasilinear-size proximity proofs; using these, they then
showed how to construct PCPs of quasilinear size for an algebraic constraint satisfaction problem
that is a special case of SACSP, for the case where the verifier does not have to be succinct
in time and without studying the prover complexity. Later, Ben-Sasson et al. [BSGH'05]
developed techniques that allow the verifier in [BSS08] to run succinctly. (See Remark 8.9 for
more details.)

As in [BSGHT05], we also need to ensure the succinctness of the verifier even if we ask the
verifier to probabilistically check membership in SACSP(par), which involves probabilistically-
checking properties of univariate polynomials with huge degrees.!'” Moreover, we also need to
ensure that the verifier does not perform expensive computations on F, the “explicit” input
(circuit descriptor) at hand. Furthermore, in our case we also need to ensure that the prover
also runs very fast.

We extend and improve [BSS08, BSGHT05] as follows:

e We use additive FFT techniques [Mat08] and computational properties of linearized poly-
nomials to construct a generalization of the PCPP verifiers for Reed—Solomon codes of
[BSS08] (together with a tighter soundness analysis that will allow us to show much better
concrete efficiency, as was discussed in Section 2.4) where the prover runs in quasilinear
time and the verifier runs succinctly.

e Given a Reed—Solomon proximity testing system such as the one discussed in the previ-
ous bullet, we show how to construct a PCP system for SACSP(par) where, roughly, the
prover runs in 7' - poly(7) time and the verifier runs in |x| - polylog(7’) time. The definition
of SACSP will ensure that the verifier is able to succinctly generate appropriate repre-
sentations for all the relevant objects (such as a small arithmetic circuit computing the
constraint polynomial Pr) as well as providing the appropriate additive subgroup struc-
ture necessary to leverage the proximity testing machinery for Reed—Solomon over sets
with such a structure.

" This, for example, is a difficulty that usually does not arise within algebraic PCPs using multivariate tech-
niques; however such techniques are not known to yield quasilinear-size proofs (but only almost-linear [MRO8]).
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The construction is roughly as follows.

First recall from Section 7 that in order to verify whether a given instance (x,7’) is a member
in SACSP(par), for a given choice of parameters par, one needs to establish whether there is a
low-degree assignment polynomial A that satisfies two conditions: (i) when “composed” with the
constraint polynomial Pp, A vanishes everywhere on Hp; and, moreover, (ii) A is “consistent”
with x.

To check the first condition, the PCP verifier V,,osp works as follows. The verifier Vcgp
asks the prover to provide an evaluation pg of A along with a proximity proof mp, in order to
test proximity of pg to the appropriate Reed—Solomon code by invoking Vig. The verifier V,,cqp
also asks the prover to provide an evaluation p; of B, the polynomial that one obtains when
composing A with Pr, along with a proximity proof p1, in order to test proximity of p; to the
appropriate Vanishing Reed—Solomon code on the affine subspace Hr by invoking Vygrs. After
this, the verifier V,,cqp performs a consistency check between pg and p; by verifying that the
correct relation (i.e., as dictated by Pr) holds between py and p;.

To check the second condition, the verifier V,,csp works as follows. The verifier V,,csp asks
the prover to further provide a proximity proof m. for the proximity of py — px to an appropriate
Vanishing Reed—Solomon code on the (log |x|)-th affine subspace in I, where py is a function
depending on x that can be easily evaluated by the verifier. Intuitively, this will ensure that pg
takes on the bits of x, as required, on the (log |x|)-th affine subspace in Ir. (In our case, x will
be the circuit description F' which is given as input to the random-access machine.) The fact
that consistency with the instance is done on an affine subspace is important to ensure that the
prover and verifier can run in time quasilinear in the instance size.

Thus, the PCP prover P, cgp, on input the witness polynomial A, will produce a PCP oracle
7 consisting of two pairs of strings (po,mp) and (p1,71) and a third string 7. such that:

e (po,mp) is a pair consisting of an implicit input and a proximity proof attesting to the
fact that A is of low-enough degree; concretely, py is the evaluation table of A and mg is
a proximity proof of pg to a Reed—Solomon code with appropriate parameters;

e (p1,71) is a pair consisting of an implicit input and a proximity proof attesting to the fact
that the polynomial B computed from A and Pr is of low-enough degree and vanishes
on Hr; concretely, p; is the evaluation table of B and 7 is a proximity proof of p; to a
Vanishing Reed—Solomon code with appropriate parameters;

e T is a proximity proof attesting to the fact that pg — px, where p, is a function depending
on the input x, is of low-enough degree and vanishes on the (log|x|)-th affine subspace in
Ir.
8.2 The Construction In Detail

Formally, we prove the following theorem:

Theorem 8.1 (PCPs for SACSP). Fiz the language SACSP with a choice of parameters given
by
par = <f7 (mHy tH7 H)7 (CN7tN7 SN7 N)7 (tPa SP7 P)7 (tD I)) .

There exists a PCP system (Piacsp, Viacse) for SACSP (par) with perfect completeness and sound-
ness /2. Moreover:
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e P, csp TunS in sequential time

en(t)
setup, (1) + | [x[ + | se(1) + Y sn(1%,3) | -2/ | - poly(f(t))
i=1
and parallel time setup,(1') + O(f(t)?).
o Vicsp Tuns in sequential time
e (t) e (t)
setup, (1) + { x| - [ D deg(Nea) | + | se(1) + D sn(1%0) | | - poly(£(2))
i=1 i=1

and parallel time setup,(1*) + O(f(t)?).

Above, setup, (1Y) is the setup sequential time to instantiate the parameters with index t and equals

en(t)
timepnpirepory (f() + ta(1) + [ D ta(174) | +to(17) + (17, 108 |
=1

where timeppirrpory (f(t)) is the time for generating an irreducible polynomial of degree f(t)
(see Algorithm 17); setupp(lt) 18 the corresponding setup parallel time.

Remark 8.2. For “natural” choices of parameters par (e.g., those generated by the reductions
of Ben-Sasson et al. [BSCGT13| from random-access machines),

setup, (1) = sp(1%) - poly(f(t))
setup, (1Y) = O(f(t)?) ,
en(t)
3 deg(Nes) = poly( (1) .
i=1
en(t)
> sn(1hd) = poly(f(1))
=1

In such a case, recalling that |x| < 2¢ < 2/
e P, csp runs in sequential time sp (1) - 2/®) . poly(f(t)) and parallel time O(f(t)?),
e Viicsp Tuns in sequential time (|x| + sp(1%)) - poly(f(t)) and parallel time O(f(t)?).

Moreover, the degree of the field extension f(t) (which induces the corresponding field size 2/(®)
is the main measure of complexity, since usually sp(1%) = poly(f(t)).

We recall that in Appendix B we give a complete and detailed algorithmic specification for
(Piacsp, Vaacsp). To the best of our knowledge, this is the first explicit construction of a PCP
system with short proofs (and, in our case, fast provers) and polylogarithmic-time verifiers,
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and provides a valuable starting point for studying the efficiency of PCPs from a practical
perspective.'®

In this section, we give the construction of (Picgp, Viacsp), in terms of Vi and Vigg and their
corresponding provers Prg and Pygg, and then prove its completeness and soundness properties.
(More precisely, we shall use the “amplified versions” V,rs and V,ygrs of Vis and Vigg that allow
us to control the proximity and soundness parameters; see Remark 11.2, and Algorithm 11 and
Algorithm 10 for more details.)

Details for PCP system construction. We now give the details for the construction of the
PCP system:

e in Construction 8.3 we describe the PCP prover Pixcsp,
e in Definition 8.4 we define the “format” of the PCP oracle, and
e in Construction 8.5 we describe the PCP verifier V,,csp.

Concise pseudo-code listings for the PCP prover P, cqp and PCP verifier Vi, cgp can also be found
in Algorithm 2 and Algorithm 9 respectively.
The PCP prover P, csp for SACSP is as follows:

Construction 8.3 (PCP Prover for SACSP). The PCP prover for SACSP, with respect to a
choice

par = (fa (mHatH7 H)7 (CNatN7SN7 N)7 (tPa sPa P)7 (tI7I))

of parameters, is denoted P,,csp and has hard-coded in it this choice of parameters. On input an
instance (x,1%) and an assignment polynomial A: F; — F; that is a witness to the membership
of (x,1%) in SACSP (see Definition 7.1), the PCP prover P,,csp performs the following steps:

1. Parameter instantiation:

(a) Generate the field extension Fy of Fo: compute the degree f(t), then compute the irre-
ducible polynomial I; := FINDIRRPOLY (1)) with a root x, and let Fy := Fa(x). (See
Parameter 1 in Definition 7.1.) A basis for Iy is given by By, := (1, Xyone ,xf(t)’l).

(b) Find the basis and offset for the affine subspace H; of F; by computing (Bg,, Og,) :=
FINDH(1%). (See Parameter 3 in Definition 7.1.)

(c¢) Find the polynomials (N“(x))f:l(t) that induce the “neighborhood” of each element
in Fi: for i = 1,...,cn(t), compute [Ng;]* := FINDN(1%,4). (See Parameter 5 in

Definition 7.1.)

(d) Find the constraint polynomial by computing [P]* := FINDP(1?). (See Parameter 7
in Definition 7.1.)

(e) Find the basis and offset for the (log |x[)-th affine subspace I} joq |4 in I, by computing

(BI, 108 11 Ot sog 1) := FINDI(1Y, 1o %) (See Parameter 9 in Definition 7.1.)

2. Generate a proof that A has low degree:

18 We shall not conduct in this paper a detailed analysis of the prover time and space complexities and the
verifier time and space complexities. While the algorithms that we present in Appendix B will fulfill the promise of
a quasilinear-time prover and polylogarithmic-time verifier (with small exponents “in the polylog” and quasilinear
running time in the input instance), we believe that a detailed analysis of these performance measures is best
studied when accompanied with a code implementation. Instead, in this paper, we shall concentrate on giving a
detailed analysis of the query complexity, randomness complexity, and proof length; we do so in Appendix C.
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(a) Let pg be the evaluation table of A on Fy:

po = {(a,A(a)) o€ Ft} .
(b) Compute a proof of proximity 7y for pg to RS(Fy, Fy, 2ma{) —1):
T = PRS(It, BFt,OFt, QmH(t) — 1, A) .

3. Generate a proof that A satisfies the constraint polynomial:

(a) Define the polynomial B(z) := Py(z, A(Ny1(x)), ..., A(Npcnt)(2)))-
(b) Let p; be the evaluation table of B on Fy:

p1 = {(a,B(a)) o€ Ft} :

(c) Define d := deg(P;(x, x(zmH(t)_l).deg(Nm)’ o ’x(zmH(t)—1)-deg(Nt’cN(t>)))'
(d) Compute a proof of proximity m; for p; to VRS(Fy, Fy, Hy, d):

™ = PVRS (It7 BIFmOFw BHw OHtu d7 B) .
4. Generate a proof that A is consistent with (x,1%):

(a) Define Ay to be the low-degree extension of the function fy: I jog | — {0, 1} defined
by fx(ai) := x; where q; is the i-th element in I jog |-
(b) Define A" := A — A,.
(c) Compute a proof of proximity m¢ for the evaluation of A’ to VRS(IF;, Fy, I 106 ||, omu(t) _
1):
Tic i= PVRS (It7 BFtv OIF” Blt,log x| ? Oftylog x| 7 2mH(t) - 17 Al) .

5. Set 7 := (po, 70, p1, 71, Tc) and output 7.

The PCP prover P,,csp from Construction 8.3 allows us to define the format of a PCP proof
for membership into the language SACSP:

Definition 8.4 (PCP Proof for SACSP). A PCP proof of membership into SACSP, with
respect to a choice

par = <f7 (mHatHa H)7 (CNatN7SN7 N)7 (tPu SP7 P)7 (t171)>

of parameters, for an instance (x,1') is a string ™ = (po, 70, P1, 71, ), where:

1. po: Fy — Fy is a function,

2. 7o is a proof of proximity for py to RS(F, Fy, omu(t) _ 1),

3. p1: Fy — Fy is a function,

4. w1 is a proof of proximity for py to VRS(F,Fy, Hy,d) where the degree bound d is defined
by d := deg(P,(x, x(QmH(tpl).deg(Nt,l)’ . ’x(QmH(t)—1)~d€g(Nt,cN(t))))7 and

5. me 1s a proof of proximity for pg — px to VRS(Ft,Ft,ItJOg|X|, omu(t) _ 1), where py is the
low-degree extension of x over Iy g x| and Iyjoq 5| s the (log|x|)-th affine subspace in I.

The PCP verifier V,,oqp for SACSP is as follows:
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Construction 8.5 (PCP Verifier for SACSP). The PCP verifier for SACSP, with respect to
a choice

par = (£, (mus,tu, H), (et 5n N, (2,50, P), (11, T)

of parameters, is denoted Vi cep and has hard-coded in it this choice of parameters. On input
an instance (x,1%) and with oracle access to a proof 7 following the format of Definition 8.4,
the verifier V,,cqp does the following:

1. Parameter instantiation:

(a) Generate the field extension F; of Fo: compute the degree f(¢), then compute the irre-
ducible polynomial I; := FINDIRRPOLY(lf(t)) with a root x, and let Fy := Fa(x). (See
Parameter 1 in Definition 7.1.) A basis for [, is given by Bp, := (1, Xyoue ,xf(t)_l).

(b) Find the basis and offset for the affine subspace H; of F; by computing (Bp,, O, ) :=
FINDH(1%). (See Parameter 3 in Definition 7.1.)

(c¢) Find the polynomials (Nm(x))fgl(t) that induce the “neighborhood” of each element
in Fy: for i = 1,...,cn(t), compute [Ng;]* := FINDN(1%,7). (See Parameter 5 in
Definition 7.1.)

(d) Find the constraint polynomial by computing [P]* := FINDP(1?). (See Parameter 7
in Definition 7.1.)

(e) Find the basis and offset for the (log [x|)-th affine subspace I} 1,4 || in I, by computing

(Bl sog 151> Ol sog 1) = FINDI(1¢,1%°81%]). (See Parameter 9 in Definition 7.1.)

2. Proximity of po to RS:

Invoke the (already “amplified”) PCPP-verifier V,zs for the Reed—Solomon code, with
proximity parameter dgs := (8 Zf:l(t) deg(N¢;))~! and soundness sjg := 1/2, on explicit
input (Fy, Fy, 25 — 1), implicit input pg, and proof of proximity 7o; that is, verify that

V;(IZ{)QJO) (BFt ’ B]Ftv O]Ft? 2mH(t) - 17 6RS> 3;{5)

accepts.

3. Proximity of p1 to VRS:

Invoke the (already “amplified”) PCPP-verifier V,ygs for the Vanishing Reed—Solomon
code, with proximity parameter dyrs := 1/8 and soundness s} s := 1/2, on explicit input
(Fy,Fy, Hy, d), implicit input pq, and proof of proximity 71; that is, verify that

Vva(\gfl{grl) (BIFta BFw OFt ) BHt7 OHt ) da 5VRS: SIVRS)

2me (1) —1)-deg(N¢,1)

accepts. Here d := deg(P;(z, z Yo ,x(2mH<t)*1)'deg(Nt,cN(t>))).

4. Consistency between pg and p1:

(a) Draw a random « € Fy.

(b) Fori=1,...,cn(t), compute o := [Ng;]* ().
(c) Query po at the following points: a, ..., ey ()
(d) Query p; at the point .

(e) Compute [P]* := FINDP(1%).

(f) Compute w := [P]*(cx, po(an), ..., po(acy())-
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(g) Verify that pi (o) = w.

5. Consistency of po with the instance (x,1%):

Define Ay to be the low-degree extension of the function fy: I} 1545 — {0,1} defined by
fx(ai) == x; where q; is the i-th element in I} x| and Iy 1og |4 is the (log|x[)-th affine
subspace in 1:1;,; let px be the evaluation of Ay on Fy.

Invoke the (already “amplified”) PCPP-verifier V,ygs for the vanishing Reed—Solomon
code, with proximity parameter d. := (8 ngl(t) deg(Ny;))~! and soundness s. := 1/2, on
explicit input (Fg, Ft, Iy 1o || 2mu(t) — 1) implicit input pg — px, and proof of proximity mc;
that is, verify that

‘/;(\Izjg,s_pX77rC)(B]Ft7BFt7 OF s B, 1og 127 Ol 1o | omu®) _ 1.4, s¢)

x|?
accepts.
Now we prove the correctness of the above constructions:

Proof of Theorem 8.1. We prove that the PCP verifier V,,csp from Construction 8.5 has perfect
completeness and soundness 1/2, and, moreover, that the PCP prover P, cgp from Construc-
tion 8.3, when provided with a valid witness, fulfills the perfect completeness of V  cqp. The
analysis of the query complexity, randomness complexity, and proof length complexity of the
PCP system (Piycsp, Viacse) 18 given in Appendix C (see Lemma C.8).

Completeness. We begin by proving that V,,csp has perfect completeness. So suppose that
(x,1%) € SACSP, and let A: F; — F; be an assignment polynomial that witnesses this.

Let po: Fy — F; be the evaluation on F, of the assignment polynomial A. Recall that, by
Definition 7.1, the degree of A is must be less than 2™H(®); hence, py € RS(Fy, Fy, omu(t) _ 1).
Invoking the completeness property of the PCPP verifier V,zs, we deduce that there exists a
string mo that makes K%”Q’”O)(BF“BFt,OFt,2mH(t) — 1, 6gs, Shg) accept with probability 1. We
conclude that the same string my makes the first subtest of Vi csp accept with probability 1,
because the first subtest of Vi csp is the test a%g”TO)(BF“BFt,OFt, omu(t) _ ]-;61‘{878;33)- (See
Step 2 of Viscsp-)

Let p1: Fy — Fy be the evaluation on F; of the polynomial B: F; — F; defined as follows:

B(2) i= P2, A(Nia(@)), ., ANy ey () ) -

Notice that the degree of B can be upper bounded as follows:
deg(B) <d:= deg(Pt(a;, x(QmH(t)—l)-deg(NtJ)’ o x(ZmH(t)71)-deg(Nt,cN(t)))) :

furthermore, because A is a witness for (x,1%) € SACSP, due to Item (i) in Definition 7.1, we
know that B vanishes on the affine subspace Hy; hence, p1 € VRS(F, Fy, Hy, d). Invoking the
completeness property of the PCPP verifier V,yrs, we deduce that there exists a string m; that
malkes XQ(\’,%’SM) (Br,, Br,, 0r,, Ba,, On,, d, Sygs, Syrs) accept with probability 1. We conclude that
the same string m; makes the second subtest of V,,cqp accept with probability 1, because the
second subtest of V,cqp is the test Va(\%’sm) (BF“ Bg,,0r,, Bx,, O, , d, dyzs, s(,Rs). (See Step 3 of

‘/;ACSP')
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Moreover, by construction of py and pi, for every o € F,
pi(a) = B(a)

= P, AN (@), - ANy ()

= P, p0 (Nea (@), 50 (Ny e ()

so that the third subtest of Vi csp succeeds with probability 1. (See Step 4 of Viacsp.)

Finally, because A is a witness for (x,1!) € sSACSP, due to Item (ii) in Definition 7.1,
we know that A is consistent with the instance (x,1!), i.e., we know that A(a;) = x; for
i =1,..., x|, where a; is the i-th element of I; o5 and I;jog ¢ is the (log |x[)-th affine sub-
space in I,. Hence, letting Ay be the low-degree extension of the function fx: Iy g x| — {0,1}
defined by fx(a;) := x; where «; is the i-th element in Ii1og|x/» and px the evaluation of
Ay on Fy, we know that pg — px is in VRS(Ft,Ft,It710g|x‘,2mﬂ(t) —1). Once again invok-
ing the completeness property of the PCPP verifier V,yrs, we deduce that there exists a
string m. that makes K@ﬂ;px’m) (BFtvBlFt7OFt7BIt,1og|xwOft,1og|x|a2mH(t) — 1,6C,3’C) accept with
probability 1. We conclude that the same string w. makes the fourth subtest of V,cqp ac-
cept with probability 1, because the fourth (and last) subtest of Vi csp is simply the test
VRSP (Bs,, Br,, 08, Br, o s Ol g s 270 — 1,0c,5L). (See Step 5 of Viesr.)

Thus, we have established that V;ACSP has perfect completeness.

Finally, note that the PCP prover Picsp, on input (x,1%) and A, does indeed construct a

proof m = (po, 71, p1, 71, Tc) that makes Vi csp accept with probability 1 — by providing the
correct evaluation tables pg and p; and running the PCPP provers for RS and VRS with the
appropriate inputs.
Soundness. Next, we prove that Viycgp has soundness 1/2. As before, let I 1o, |4 be the (log |x])-
th affine subspace in I, Ay be the low-degree extension of the function fx: Iyio1x — {0,1}
defined by fy(«;) := x; where q; is the i-th element in It710g‘x|, and py the evaluation of A, on
Fy. Also let d := deg(Py(z, 2@ ™D deg(Nen) | (2" HO—1)dea(Neegn))

Suppose that (x,1?) ¢ SACSP. We distinguish between four cases:

e Case 1: the function pg is (8 Zgl(t) deg(Ny;;))~'-far from RS(Fy, Fy, 2mu®) — 1),
Recall that the first subtest of Viyosp (Step 2) tests proximity of py to RS(Fy, Fy, 2ma(®) —1)
using the (amplified) RS verifier V,zs with proximity parameter drs = (8 Zf:l(t) deg(Ng;))~t

and soundness si; = 1/2; thus, in this case the first subtest of Vi,csp rejects with probability
at least 1/a.

e Case 2: the function p; is 1/8-far from VRS(F, Fy, Hy, d).

Recall that the second subtest of Viycsp (Step 3) tests proximity of p; to VRS(Fy,Fy,
H,,d) using the (amplified) VRS verifier V,ygs with proximity parameter dygs = 1/8 and
soundness s, = 1/2; thus, in this case the second subtest of V,,csp rejects with probability
at least 1/a.

e Case 3: the function py—py is (8 Zf:l(t) deg(Ny;))~-far from VRS(Fy, Fy, 1 1og Ix[> omu(t) _
1).
Recall that the fourth subtest of Viycsp (Step 5) tests proximity of pg — px to VRS(Fy, Fy,
It,log‘x|,2mﬂ(t) — 1) using the (amplified) VRS verifier V,ygs with proximity parameter
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de = (8 Zf:l(t) deg(N;;))~! and soundness s. = 1/2; thus, in this case the second subtest
of Viacsp rejects with probability at least 1/2.

Case 4: neither of the above three cases hold.

Let A: F;, — F, be a polynomial of degree less than 2™H() whose evaluation table
over [y is closest to pg, and let B: Fy — F, be the polynomial defined as B(z) :=
Py(x, A(Nya(z)), ..., A(Nycnt)())). Note that A is unique, because 1 — (2mu(®) 1) /|F,|

is larger than 20gs = (4 Zf:l(t) deg(N¢;)) . (See Lemma 4.11.)

Observe that pg — py is (8 Ef:l(t) deg(N:,;))-close to the evaluation table of A — Ay over
F;. Let A': F; — F; be a polynomial of degree less than 2™#(®) vanishing on I 1og |x| Whose
evaluation table over F; is closest to pg — px. Note that A’ = A — A, because both A" and
A — Ay are polynomials of degree less than 2™1(®) that are (8 Zlc:l(t) deg(Ny ;) -close to
po — px and 1 — (2MH®) — 1) /|| is larger than (4 Zf:l(t) deg(N:;))~t. (See Lemma 4.11.)
Thus we deduce that A is consistent with the instance (x,1'), i.e., satisfies Item (ii) in
Definition 7.1.

Because py is (8 Zf:l(t) deg(Ny;))-close to the evaluation table of A over Fy, we deduce

that, for i = 1,...,cn(t), pooNe; is deg(Nt,i)

—x( ——-close to the evaluation table of Ao Ny ;.
8 Zzgl deg(Nm)

Define the function py: F; — F; by

pa(z) =P, (x,po(Nt,l(x)), e 7p0(Nt,cN(t)($))) :

We deduce then, via a union bound, that ps must be 1/8-close to the evaluation table of
B(x) over F;.

Now let B’: F; — [F; be a polynomial of degree at most d vanishing on H; whose evaluation
table over Ty is closest to p1. Again note that B’ is unique, because 1—d/|Fy| is larger than
20yrs = 1/4. (See Lemma 4.11.) Now, B and B’ must be distinct for, otherwise, B would
vanish on Hy, implying that A would satisfy the constraint polynomial P;, which would
in turn imply (together with the fact that A is consistent with the instance (x,1%)) that
(x,1") € SACSP — a contradiction. Thus, since both B and B’ are (distinct) polynomials
of degree at most d < |F;|/4, their evaluation tables over F, may agree on at most a 1/4
fraction of their entries. Thus, by a union bound, the third subtest of Viycsp (Step 4)
accepts with probability at most 1/8 +1/8 +1/4 = 1/a.

This completes the proof of the soundness property. O

Remark 8.6. More generally, the soundness analysis would have also worked for any proximity
parameter drg for V,grs and proximity parameters dyrs and dc for V,ygrs as long as the following

conditions hold: letting d := deg(P;(x, g (@M —1)-deg(Nea) ac(2mH<t)_1)“1‘3g(]\’t,c1\1(t>)))7
omu(t) _
- T > 20gs (to ensure uniqueness of A)
t
omu(t) _ 1
- T > 0rs +0c , (to ensure uniqueness of A’ and A’ = A — A,)
t
1-— W > 20vrs (to ensure uniqueness of B')
¢
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N0 d 1
Z deg(Nt,i) Ors +0vrs + = < = .
i=1 [Fe — 2
For example, for the specific choices of

1 1
P (t) and 6VRS - g
8> .5 deg(Nes)

6RS = 5c =

that we used in the proof of Theorem 8.1, all of the above constraints are implied by the SACSP
algebraic constraint from Equation 3 of Definition 7.1.

Remark 8.7. The consistency with the instance requirement in the definition of SACSP (i.e.,
Item (ii) of Definition 7.1) is quite “special”: it specifically requires that the concatenation of
the vector of field elements (A(a1),..., A(ay)) is, when properly converted to bits, equal to
x. This specific form of instance consistency enables us to use a simple test for verifying this
requirement: namely, we can use a test of proximity to the appropriate Vanishing Reed—Solomon
code. (See Step 5 of Vixcgp-)

It is possible to extend our construction to support more general forms of instance con-
sistency where, for example, we are given some predicate that takes as input both x and
(A(a1), ..., A(ap)) and decides whether the two are “consistent” or not (via a criterion that
is perhaps different than mere equality between the two). To support any such a predicate, we
would need to (1) account for the complexity of the predicate when viewed as a polynomial
when specifying constraints on the field size, and (2) perform tests that are more complicated
than simply testing proximity to an appropriate Vanishing Reed—Solomon code and are instead
similar to how we verify that the constraint polynomial P; is satisfied. (However, such an
extension would complicate the PCP construction without much justification; see Footnote 16.)

Remark 8.8. While the techniques used to construct the PCP for SACSP can be used to also
construct a PCP of Proximity [DR04, BSGH'06] for SACSP, we do not work out the details.

For suppose that the instance (x,1%) is such that x is long, and one wishes to separate an
offline and online phases of a verifier, where during the offline phase the verifier may run in
time proportional to |x|, but not during the online phase. In such a case PCPPs could help.
However, we believe that there is a solution that (only comes at the expense of assuming the
existence of one-way functions and) is more convenient in many settings: one can invoke the
Untrusted Input Lemma of Ben-Sasson et al. [BSCGT13].1?

Indeed, PCPs of Proximity have the disadvantage that one must have oracle access to the
long input x. Depending on the application, this may be quite inconvenient (especially if one
wishes to conduct several computations on x). On the other hand, the reduction in [BSCGT13]
allows one to “move the input x to the witness” and replace x with a much shorter digest of it
(which can be reused across multiple computations). Moreover, from an efficiency standpoint,
enhancing our construction to a PCP of Proximity would make it somewhat less efficient,
whereas the reduction in [BSCGT13] is much lighter.

So from both a convenience and efficiency perspective, a reduction like that in [BSCGT13]
seems to be preferable for the purposes of handling long inputs.

19Such an invocation requires the PCP to satisfy a knowledge property; we prove that this is the case for our
PCPs in the proof of our Theorem 4.
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Remark 8.9. Ben-Sasson and Sudan constructed PCPs for an algebraic constraint satisfaction
problem [BSS08, Section 3.3.1], which they call ALGEBRAIC-CSPy, 4, as part of the proof of
their main theorem [BSS08, Theorem 2.2|, which gives PCPs for NTIME(¢) languages with
quasilinear proof-length complexity and polylogarithmic randomness and query complexity.
Our construction roughly follows their approach, but necessitates additional work for the PCP
system to handle the more general language SACSP, to ensure that the verifier is succinct, and
to ensure that the prover runs in quasilinear-time (and, moreover, that both verifier and prover
run quasilinearly relative to the instance size).

The construction of this section implies as a special case a proof of a theorem left implicit
in [BSGH™05], where a special case of the language SACSP was considered for the purpose of
constructing polylogarithmic-time verifiers for the PCPs of Ben-Sasson and Sudan. As discussed
before, in our case, we also need to concentrate on the construction of the prover (to ensure
that it runs in quasilinear time) and the complexity of the prover and verifier in terms of the
input instance (which we will also ensure is quasilinear). These concerns were not addressed
before, and are ultimately crucial to prove our Theorem 1.

Remark 8.10 (combinatorial techniques). While the early results on PCPs exploited predom-
inantly algebraic techniques [BFLS91, AS98, ALM™'98], by now also a combinatorial proof is
known [Din07]. However, despite the recent improvements in the understanding of verifier-
efficient PCPs [Mei09], combinatorial techniques seem to still lag behind algebraic techniques in
potential for practical PCPs. For example, it is still not known how to generate quasilinear-size
PCP proofs using combinatorial techniques (though recent progress was shown by [Meil2]).
Moreover, the current understanding of practical implementations of expander constructions
and algorithmic implementations of graph operations does not seem stand up to the current
understanding of efficient algebraic computation. Indeed, when it comes to polynomial arith-
metic, we already possess a quite good understanding of how to multiply, evaluate, interpolate
very fast in practice via FFT methods — such extensive algorithmic knowledge seems crucial
for practical implementations of PCPs.
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9 Proof of Theorem 3

In this section we prove Theorem 3, discussed in Section 1.5 and formally stated in Section 2.4.
The theorem states the existence of a PCPP system (see Definition 2.5) for the code ensemble
Ers (see Definition 2.9) having a concrete-efficiency threshold Brg(Cx) < 2% (see Defini-
tion 2.7).

Recall that our proof strategy is in two steps; we describe these two steps in Section 9.1 and
Section 9.2 respectively. We then concisely summarize the proof of the theorem in Section 9.3.
Throughout, it will be useful to keep in mind the definitions from Section 4. Furthermore,
because we are (for convenience) concentrating on BRS(CX), we shall simply write Bgs.

9.1 Step 1: Improving the Universal Constant of Bivariate Testing

The first step is to improve the value of the universal constant of bivariate testing. Let us
explain.

Testing proximity to bivariate low-degree polynomials via a “random row or column test”
forms the basis of the PCPP verifier for Reed—Solomon codes of Ben-Sasson and Sudan [BSS08]
as well as of its generalization constructed and analyzed in this paper. Specifically, the soundness
analysis of [BSSO08] relied on the following fact:

Lemma 9.1. Let F be a field. There exists a universal constant ¢y such that the following holds:
for every two finite subsets A and B of F, every two d,e > 0 with d < |A|/4 and e < |B|/8, and
every function g: A x B = T, it is the case that

d,e d,* *,€e
51(4><é(g) <c- (5,(4><g(g) + 51(4><)B(g)> ’

Recall that 51(5;*])3( f)s (51(:’;];( f), and 55&%( f) respectively denote the (fractional) distance of
the function f to bivariate polynomial evaluations over A x B with degree in x at most d (and
arbitrary degree in y), degree in y at most e (and arbitrary degree in z), and degree in x at
most d and in y at most e. (See Definition 4.9.)

In other words, Lemma 9.1 says that testing proximity of a function g: A x B — F to
RM(F, A x B,(d,e)), which is the Reed-Muller code over A x B of degree (d,e) (see Defini-
tion 4.6), can be done by examining the values of g over a random line in the first coordinate
(i.e., a random “column”) and over a random line in the second coordinate (i.e., a random
“row”). The lemma is a corollary to the Bivariate Testing Theorem of Polishchuk and Spielman
[PS94][Spi95, Theorem 4.2.19].

The crucial aspect of Lemma 9.1 that ultimately allows for the construction of quasilinear-
size proximity proofs in [BSSO08] (via a recursive construction) is the fact that the fractional
degree (i.e., the ratio of the degree over the domain size) in both coordinates is constant, that
is, the domain size need only be a constant larger than the degree — this is unlike, e.g., the
corresponding theorem in [AS98] where the size of the domain had to quadratically depend on
the degree.

Another aspect of Lemma 9.1, which is very important from our perspective of concrete
efficiency, is the value of the universal constant of bivariate testing cy; specifically, the
smaller a value one can show for ¢y the better soundness one can show for testing proximity
to the Reed—Solomon code and, thus, ultimately construct PCPs with better soundness. (We
shall discuss this in Section 9.2.) In [BSS08], it was shown that one can take ¢y = 128.
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We show that one can take ¢y = 10.24. In fact, we state and prove the lemma in a more
general form, letting ¢y depend on the fractional degree of each coordinate.

Theorem 9.2 (improved universal constant of bivariate testing). Let F be a field. Let d,m,e,n €
N be such that 1 > % + =+ 20 for some positive §. Define

co::max{?),inf{(V2 : 5>O(md1>%+%+25}} )

Then, for every two finite subsets A and B of F of respective sizes m and n and every function
g: Ax B — T, it is the case that

d,e d,* *,e
51(4><é(g) <c- (5,(4><g(g) + 5,(4><])B(g)>

By setting % = % and & = % as in Lemma 9.1, we recover the (improved) constant co = 10.24,

as opposed to the previous value co = 128.

The proof of the theorem is given in Section 10.

The above lemma can now also be invoked with different settings of % and =, other than
the % = i and £ = % originally used in Lemma 9.1. Different settings of % and £, eventually
correspond (as can be seen by inspecting how Theorem 9.2 is eventually invoked in the soundness

analysis in Section 11) to changing the “rate” of the proof of proximity; for example, with % = %

and £ = %, we obtain the smaller constant ¢y = 64/9 ~ 7.1 at the cost of decreasing the rate.
More generally, it is possible to decrease ¢y further if one is willing to decrease either the ratio
% or £ (or both); doing so is possible, but will increase the length of the proof of proximity (i.e.,
decreasing the rate). The point is that the lemma stated in this way allows us to easily deduce
what constant ¢y to use for different choices of rate; it will also enable us to find optimal choices
of parameters for a given concrete problem size. Explicitly having these degrees of freedom
will ultimately be crucial to enable us to find a construction with a good concrete-efficiency
threshold.

We believe that Theorem 9.2 can be further improved, and we believe it is an important
open problem to do so: even small improvements (e.g., relaxing the requirement in the theorem
from 1 > % + - +25to2 > % + £ +20) eventually translate into tremendous improvements

to the concrete-efficiency thresholds of PCPP systems for Reed—Solomon codes.

9.2 Step 2: Improving the Soundness Analysis of the Recursive Construction

In general, the verifier of a PCPP system consists of the sequential repetition of a simpler
“basic” verifier, and the number of repetitions is inversely proportional to the soundness of this
basic verifier; the soundness may be a function of various parameters.

The second step in our proof of Theorem 3 is to provide a class of constructions that
generalize the basic verifiers of [BSS08] for testing proximity to the Reed—Solomon code, and
deduce for this class a much tighter and explicit soundness analysis. Obtaining as good a
soundness as possible is critical for improving concrete efficiency, because worse (i.e., lower)
soundness directly translates into a greater number of repetitions needed to bring the soundness
up to, say, 1/2; each repetition costs more queries, random coins, and, most importantly, running
time.

Concretely, the second step of our theorem consists of much tighter soundness analyses for
generalizations of the (strong) PCPP verifiers (see Definition 4.15) testing proximity to RS
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and VRS (see Definition 4.3 and Definition 4.4) constructed by Ben-Sasson and Sudan [BSS08]
based on Lemma 9.1; we respectively denote these two PCPP verifiers by Vig and Virg. While
of course in our case we start with a “stronger and more general foundation” (namely, our
Theorem 9.2 that strengthens and generalizes Lemma 9.1, as discussed in Section 9.1), we still
seek a much more careful (and generalized) analysis of the soundness of the recursive algorithms
underlying Vis and Vigrs. We indeed do so and our end result is formally given in Theorem 11.1
and proved in Section 11.

The focus of our effort is improving the soundness of Vis_, which is the PCPP verifier
responsible for testing proximity to the code ensemble Egrg (see Definition 2.9). Indeed, Vigg
can be constructed based on Vig; Vis invokes one of three PCPP verifiers, Vis ., Vrs <, or Vas —,
depending on whether the fractional degree to be tested is (roughly) greater than, less than, or
equal to 1/8 respectively; both of the PCPP verifiers Vgs . and Vg . consist of few invocations
of Vs —. So, again, the technical heart of the construction of Vigs and Vygrs is Vrs— and, while
we also take the care to tighten the soundness analysis of Vs o, Vis.~, Vrs, Vars, improving the
soundness analysis of Vg _ is where most of our effort goes. See Figure 1; as discussed, Vg is
“at the bottom of the stack”.

It is for this reason that we have chosen to state Theorem 3 for the code ensemble Erg, and
thus henceforth our discussion will concentrate on Vig_. The relevant lemma for Vig_ from
[BSS08] (stated for affine rather than linear subspaces) is:

Lemma 9.3. There exists a constant ¢ > 1 such that for every positive integer k and every
positive € the following holds: if for a function p: S — Foe, a string w, an integer ¢, and a
k-dimensional affine subspace L C Fyor it holds that

Pr [VR(S;Z) (Foe, L, |L| /8 — 1) = 1} Sl—¢ |

then
Ap (p, RS(Fy, L, |L|/8 — 1)) < dogr o

Recall that A, denotes the fractional Hamming distance for strings/functions defined over
the set (in this case, affine subspace) L. (See Definition 4.7.) Also recall that a PCPP verifier is
given as input an explicit input and is granted oracle access to an implicit input and a proximity
proof; in the case of Vis -, the explicit input specifies the desired Reed—Solomon code and the
implicit input is the function p that needs to be tested, with the aid of the proximity proof
m. (Of course, the explicit input is suitably represented: Fy. is represented via an irreducible
polynomial and L via a basis and offset.)

Lemma 9.3 says that the (strong) PCPP verifier Vis_ has a soundness function sgs — (see
Definition 4.15) that can be lower bounded as follows:

Roughly, this means that Vis_ needs k198 /§ sequential repetitions to have constant soundness
(with proximity parameter ¢). We have fixed 6 = 1/3 as a convention. (See Definition 2.5.)

Note that one cannot hope in an analysis showing that s(O(1),n) > £, because Vis _
in [BSS08] and in our case consists of O(log k) recursive invocations of a constant-soundness
low-degree test (namely, the “random row or column test” mentioned in Section 9.1), so that
we indeed expect 5(O(1),n) < k00,
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Therefore, the parameter of interest here is the constant ¢, and thus our goal of obtaining a
better soundness analysis for Vzs_ can now be technically restated as:

find the smallest possible ¢ such that Lemma 9.3 holds.

The Ben-Sasson—Sudan Analysis. Ben-Sasson and Sudan proved Lemma 9.3 for
1
c = (64(co +2/3)) e/ 20

and ¢y = 128. (As mentioned, the universal constant of bivariate testing ¢y affects the soundness
analysis of Vg _). This yields log ¢ &~ 67.5, which is a very large value. Indeed, with this analysis,
one can only show that ERS(CX) < 20683 (Since values of ¢ are quite large, we shall always give
its binary logarithm when computing bounds for it.)

Even when invoking our Theorem 9.2 to obtain the smaller value ¢y = 10.24 to use in their
soundness analysis, we get log ¢ = 49.0 — still very large.

Our Asymptotic Analysis. Without modifying the construction of [BSS08], we give an
improved soundness analysis of Vs - showing that we can take

1
16 64 log(8/7)
c= (3(1+Co)+8+2\/16+3(1+co))

so that, using cg = 10.24, we get log ¢ = 34.5. Unfortunately, log c ~ 34.5 is still very large.

To tackle this problem, we develop an analysis that lets us efficiently explore a class of con-
structions for Vis _ related to the one in [BSS08]. Concretely, we parametrize several quantities
in the construction of Vig_ (namely, the fractional degree to be tested, the query complexity,
and how the recursion in Vig_ is “balanced”) and we are able to deduce an explicit expression
for the constant c in terms of all of these parameters. We are then in a position to identify
better tradeoffs among these parameters.

Concretely, see Theorem 11.3 (and Corollary 11.4) in Section 11.1 for the formal statement
giving the expression for ¢ in terms of four parameters (7, ko, v, i), where 277 (roughly) denotes
the fractional degree to be tested, 270 the number of queries of Vi, v how the affine subspace
L is split in the recursion of Vig —, and p what is the “overlap” between the two subspaces of L
in the recursion of Vis_. In [BSS08], n = 3, kg = 6, v = 0, u = 2. In contrast, we can choose
any setting of (1, ko, 7y, p) satisfying a certain set of conditions (see Equation 6). (In particular,
our improved analysis also enables us to say something about the case n = 2, whereas previously
the analysis was not strong enough to show any soundness for this setting; when n = 2, the
fractional degree is roughly 1/4 and yields a proximity proof shorter than tat in [BSS08].)

As an example, in Table 1, we give values for logc as we change n and ko (and using an
optimal choice of v and p for each choice of n and k).

In particular, we are able to obtain logc ~ 16.0 for a different construction than that in
[BSS08] (that has the same proof length and number of queries). Unfortunately, logc =~ 16.0 is
still very large, and only lets us show Brg(Cy) < 2156,

2ONote that [BSS08, Equation 15] is incorrect when x = 8, so that, in [BSS08], they should have chosen c; to
equal &°s(®/7) /2 instead of gloe(7/6) /2; thus, the exponent in the expression for ¢ should indeed be instead

1
of z77ey-

1
log(8/7)
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10gC‘/€0:4 Ko=95 kKo=06 ko=T7 Ko=8 Kog=9 ky=10

n = 29.0 29.0 19.0 19.0 16.0 16.0 14.0
n = 25.0 25.0 16.0 16.0 13.0 13.0 11.0
n= n/a n/a 29.0 29.0 18.0 18.0 14.0
n= n/a n/a 35.0 35.0 21.0 21.0 16.0

Table 1: Trade-offs in the choice of parameters for Vg _: increasing n and xg
respectively increases the PCP oracle length and the query complexity; the
value log ¢ & 16.0 for the setting 7 = 3 and k9 = 6 (in bold) corresponds to
what we obtain for (a fine tuning of) the construction in [BSS08], improving
on the original loge ~ 67.5. (Cells with “n/a” correspond to parameter
choices for which the construction is not defined.)

Our Instance-Size Specific Analysis. We do not know how to push further our asymptotic
analysis mentioned in the previous paragraph. To go beyond it, we depart from the “standard”
asymptotic perspective, and instead seek to perform an analysis that is tailored to the specific
instance size, i.e., tailored to the specific dimension k of the affine subspace L.

Starting from our asymptotic analysis, we show how to derive an efficiently-computable
recursive function D(-) that lets us numerically compute a lower bound on the soundness for
any given problem size: namely, s(d, k) > 6/D(k) holds for all dimensions x. See Section 11.1.4
(specifically, Equation 25) for our result.

We discover that D(x) approaches very slowly our asymptotic upper bound of x!°8¢. For
instance, we can define
log D(k)

~ def
loge = max
ke{1,...,2100}  log Kk

Y

to be the “effective” logec for instances of size up to 210, As an example, in Table 2, we
give values for log ¢ for the same choices of parameters that we used in Table 1; we see great
improvements throughout the table. For instance, we obtain that log¢ < 5.8, which is much
less than log ¢ ~ 16.0 obtained in the asymptotic analysis.

10g&‘/€0:4 Ko=9 Ko=6 kKo=T7 Ko=8 Kg=9 k9=10

n=21] 9.0 8.1 7.6 7.3 6.8 6.4 6.3
n=23 8.0 6.8 5.8 5.3 5.1 4.8 4.5
n=4| n/a n/a 5.8 5.3 5.0 4.6 4.1
n=>5| n/a n/a 7.4 6.3 5.1 4.9 4.6

Table 2: Values of the “effective” log ¢ for practical problem sizes, for dif-
ferent choices of parameters for Vig_. For the setting 7 = 3 and ko = 6 (in
bold), log ¢ improved from the asymptotic value 16.0 to the effective value
log ¢ ~ 5.8. (Cells with “n/a” correspond to parameter choices for which the
construction is not defined.)
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9.3 Step 3: Putting Things Together
The PCPP verifier Vs — with a choice of parameters (1, ko, 7, i) tests proximity to the ensemble

gln) def {RS(Ier, L,d) ’ L is an affine subspace of Fyr, d = 27"|L| — 1} ' @

Any code C' € &gg is thus fully specified by ¢, L, and d. With Definition 2.7 in mind, we can
define

B (C) ¥ arg min {B’ ‘ Y [n, k,d)ge-code C € EM with k> B', C (TL_‘_I{:L(C), Q(C’)) < k}
B’eN

where L(C) is the length of the PCPP proof for codewords in C' and Q(C) is the query com-

plexity for testing proximity (with soundness 1/2) of non-codewords that are sufficiently far from

C' (specifically, as mentioned, we use a proximity parameter of 1/3).

Recall that, in Theorem 3, we consider the specific case of testing proximity to the code
ensemble Egrg = £G) (see Definition 2.9) and upper bounding the concrete-efficiency threshold
for the cost function Cy(a,b) := a - b (i.e., upper bounding B(g)(CX)). As mentioned, these
choices are only for concreteness, because our analysis lets us upper bound B(”)(C) for any n
and any polynomial cost cost function C (in fact, any efficiently-computable cost function too).

Therefore, we now explain how the two steps described in the previous two subsections come
together to give a proof of Theorem 3, while keeping most of the proof in the general case.

Proof of Theorem 8. Recall from Definition 2.7 that, in order to compute B(”)(C) for a given
PCPP system testing proximity to EM we need to be able to compute (or at least upper
bound), for any code C' € £ both L(C) and Q(C).

As discussed, we have developed a class of proximity testers £ (. For the member of this
class corresponding to a choice (1, kg, "y, ) of parameters, and for each C € & () with block
length 2%:

e we can either use the bound L(C) < 2% - g!tmax{=7+44+19} (see Lemma C.1) or numerically
compute L(C) (see Lemma C.10);

e we can either use the bound Q(C) < 20 . 3glogc(nromt) where log c(n, ko, 7y, 1) is the
asymptotic value from Theorem 11.3, or rely on our instance-size specific analysis to
numerically compute D(k) (see Equation 25) such that Q(C) < 270 - 3D(k). (Note that
the number of queries 270 of Vx5 _ has been multiplied to take into account the fact that
we need to amplify soundness to 1/2 and have proximity parameter 1/3; see Remark 11.2.)

Either way, we obtain some bound L, ;.. for L(C) and some bound Q for Q(C).

Recalling that n = |L| = 2" and k = 27"|L| = 257, if

777K/0777p’)

% 4 L .
then L(C
c<”+k() Q(C)) <k

We can then compute a bound for B (C) for any choice of (1, ko, v, ).

For example, using the parameters (1, ko, v, 1) = (3,15, 1,2), we get Brg = B(?’)(CX) < 243
as claimed. (In contrast, using the original parameters (7, Ko,7y, 1) = (3,6,0,2) and the bound
log ¢ ~ 67.5 obtained in [BSS08], we only get Brg(Cyx) < 2683)) O

44



See http://people.csail.mit.edu/alexch/research/tppcp/ for a Mathematica note-
book that contains most of the computations carried out in this section and enables one, given
n and C, to compute B (C) for both our construction (and, for comparison, the one in
[BSS08)).
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10 Improved Universal Constant of Bivariate Testing

After recalling some basic lemmas about polynomials from [Spi95] (Section 10.1), we prove
Theorem 9.2 in two steps (respectively in Section 10.2 and Section 10.3); as an example, we
then show how to obtain the improved universal constant of bivariate testing cop = 10.24 (Sec-
tion 10.4).

10.1 Some Basic Lemmas

Let us recall some basic lemmas needed for the proof of the theorem.

Lemma 10.1 ([Spi95, Proposition 4.2.9]). Let A = {a1,...,an} CF, B={/,...,0,} CF,
d<m, ande <n. Let f: Ax B — F be a function such that for every a € A it holds that
f(a,y) agrees with some polynomial over F of degree d and for every B € B it holds that f(x,/3)
agrees with some polynomial over F of degree e. Then there exists a polynomial P(x,y) over F
of degree (d,e) such that f agrees with P everywhere on A x B.

Proof sketch. By “stringing together” e + 1 low-degree row polynomials via Lagrange interpo-
lation in one variable. O

Lemma 10.2 ([Spi95, Lemma 4.2.13]). Let F be a field, A = {o1,...,an} CF, and B =
{B1,...,Buy CF. Let S C A x B be a set of size at most 6>mn. Then there exists a non-zero
polynomial E(x,y) over F of degree (0m,dn) such that E(a, 8) =0 for all (o, B) € S.

Proof sketch. The “evaluation map” is a linear operator; in this case, the domain is a vector
space of dimension ([dm] + 1)(|6n] + 1) and the range is a vector space of dimension §?mn;
hence the kernel contains more than one element and, in particular, a non-zero solution. O

Lemma 10.3 ([Spi95, Lemma 4.2.14]). Let F be a field, A = {o1,...,am} C F, and B =
{B1,...,0n} CF. Let E(x,y), P(x,y), R(z,y),C(z,y) be polynomials over F of respective de-
grees (om,én), (d + om,e + on), (d,n), (m,e) such that for every (o, B) € A x B it holds that
P(a,B) = R(a, B)E(a, B) = Cla, B)E(c, 8). If |A| > d + dm then for all « € A it holds that
E(a,y) divides P(a,y). If |B] > e+ dn then for all f € B it holds that E(x, 3) divides P(x, 3).

Proof sketch. For any o € A, P(a,y) and R(«a,y)E(a,y) agree on |B| > e+ dn points, and thus
they are equal as formal polynomaials. Similarly for the other coordinate. O

Lemma 10.4 ([Spi95, Lemma 4.2.18]). Let F be a field, A = {o1,...,am} C F, and B =
{B1,.--,Bn} CF. Let E(x,y) and P(z,y) be polynomials over F of respective degrees (dm,en)
and (8'm+om,e'n+en). Suppose that for every o € A and 8 € B it holds that E(«,y) divides
P(a,y) and E(x,3) divides P(z,3). If 1 > §' + & + 6 + ¢ then E(x,y) divides P(x,y).

Proof sketch. The proof is non-trivial; it uses resultants and their derivatives. (An alternate
proof using dimensions of vector spaces can be found in [Sze05].) O

10.2 The PS Bivariate Testing Theorem

We begin by stating and proving the Polishchuk Spielman Bivariate Testing Theorem with our
slightly improved parameters:
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Theorem 10.5. Let F be a field, A = {a1,...,an} CF, and B = {p1,...,8.} C F. Let
R(z,y) be a polynomial over F of degree (d,n) and let C(z,y) be a polynomial over F of degree
(m,e). Suppose that

d e
2 — —

Then there exists a polynomial Q over F of degree (d,e) such that

Pr  [R(a,B) # Q(a, ) or C(a, ) # Q(a, B)] < 26° .

(a,B)€EAXB

The improvement is in that we relax the original requirement 1 > 2 (% + =+ 5) to the new
requirement 1 > % + = + 20, by simply being more careful in the original proof and combining
it with another proof of the theorem appearing in [Sze05, Theorem 5.30].

Proof of Theorem 10.5. Let S = {(a, 8) € Ax B s.t. R(a, ) # C(a, 8)}; by assumption, |S| <
§2mn. By Lemma 10.2, there exists a (non-zero) polynomial E(x,y) over F of degree (§m, én)
such that E(S) = {0}. Note that R(z,y)E(z,y) is a polynomial of degree (d + dm,n + dn) and
C(z,y)E(x,y) is a polynomial of degree (m + dm, e + on).

By Lemma 10.1, there exists a polynomial P(x,y) over F of degree (d + dm,e + dn) such
that for every (a, ) € A x B it holds that P(«,8) = R(«, B)E(a, 8) = C(a, B)E(a, B).

By hypothesis we know that m > d + dm and n > e + dn; therefore by Lemma 10.3 we
deduce that for all @ € A it holds that E(«,y) divides P(«,y) and for all 8 € B it holds that
E(z,B) divides P(z, ).

By hypothesis we know that 1 > ¢’ + ¢’ + ¢ + &, where we define §' := %, gi= £ e:=9;
therefore by Lemma 10.4 we deduce that E(x,y) divides P(x,y).

So define Q(z,y) := P(z,y)/E(z,y), and note that Q(x,y) is of degree (d,e) and for every
(a, B) € A x B it holds that Q(«, 5)E(«, 8) = R(e, B)E(a, B) = C(a, B)E(cv, B).

Let T = {(a, ) € A x B s.t. R(a,8) = C(e, B) # Q(c, 5)}. Note that

{(a,ﬁ) € Ax Bs.t. R(a, ) # Q(a, B) or C(a, B) # Q(a,ﬁ)} cCTuS .

We now argue that |T'| < 6*mn. (And doing so will complete the proof, since |S| < §?mn by
assumption. )

Indeed, assume by way of contradiction that |T| > 6?mn. Then either A; = {a €
Ast. 38 € Bwith (o, 8) € T} has size greater than dm or By := {f € Bs.t. Ja €
A with (a, 8) € T'} has size greater than dn.

Suppose that |A;] > dm. Fix any a € A;. Note that R(«a,y) and Q(a,y) are distinct
polynomials. However, we know that Q(«,y)E(a,y) and R(a,y)E(a,y) agree everywhere on
B. Since [B| = n > e+ dn > deg, Q + deg, £, we deduce that F(a,y) is identically zero,
and thus (x — ) is a factor of E. We conclude that [] (x — ) divides E, but this is a
contradiction because |A;| > dm and deg, £ < dm.

Suppose that |By| > on instead. We can then argue in the same way. Namely, fix any 5 € Bj.
Note that R(z, 8) and Q(x, 5) are distinct polynomials. However, we know that Q(x, 5)E(x, )
and R(z,B)E(x, ) agree everywhere on A. Since |A| = m > d + om > deg, Q + deg, F, we
deduce that E(z, ) is identically zero, and thus (y — () is a factor of E. We conclude that
[sep, (y — B) divides E, but this is a contradiction because |Bi| > én and deg, E' < dn. O

aEA;
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10.2.1 Barriers to further improvements

It is not clear whether one can relax further the requirement that 1 > %—{—%4—25 in Theorem 10.5.
So let us briefly discuss how this requirement arises in the proof of Theorem 10.5. There are
three main places:

(i) Having found E such that P(«, ) = R(a, B)E(a, B) = C(a, B)E(a, B) for every (a, ) €
A x B, we use the fact that 1 > % +6 and 1 > £ +6 to deduce (via Lemma 10.3) that for
every a € A and 8 € B it holds that F(«,y) divides P(a,y) and E(z, 3) divides P(x, /).

(ii) Then, we use the fact that 1 > % + £ + 26 to deduce (via Lemma 10.4) that E(z,y)
divides P(z,y).

(iii) Later in the proof, we use (again) the fact the 1 > % +d6 and 1 > = + 4, to deduce that
IT| < §%mn.

The requirement in (ii) is the more stringent one and, in our view, is the one that one should
be able to relax further. We now briefly describe prospects of improving it.

A limit to Lemma 10.4. In the proof of Theorem 10.5 we are given the set of “errors” S
(i.e., those places where the row polynomial R differs from the column polynomial C'), and need
to find an error-locator polynomial F vanishing on S for which we can show that E divides the
induced P. Roughly, the way this is currently done is to ensure that E has low-degree in both
variables (namely, dm and dn respectively, enough to ensure that one always exists) and then
invoking the “Bézout-type” argument of Lemma 10.4.

It is easy to note, however, that the requirement 1 > §’ + &’ + § + ¢ in Lemma 10.4 (which
translates into the requirement 1 > %—i—%—i—% of (ii)) cannot be improved beyond 2 > ¢'+&'+d+¢
(which would translate into the relaxed requirement 2 > % + £ 4 20). Indeed, consider the
choice of polynomials

P(z,y) = (H(fv—ai)> (H(y—ﬁi)) and E(z,y)=z-y ;

=1 i=1

even though E does divide P in every row and column (as P is zero), it is not the case that F
divides P. (In this example, we would have § = 1, e =1 § = mn_ll, and ¢/ = ”T_l, in which
case 0 +&' +d+e=2.)

Nonetheless, this observation is not discouraging at all, as improving Theorem 10.5 to a
requirement such as 2 > % + = + 26 would be great, and in fact seems a reasonable goal.

10.3 The Universal Constant for Bivariate Testing

We re-prove Lemma 9.1 via a case analysis that is a slight refinement of the case analysis
originally used in [BSS08, proof of Lemma 6.12]. Specifically, the two analyses differ in that we
split the two cases according to a bound on the sum of 5%:}3@) and (51(4*’;])3 (g), while [BSS08]
split according to a bound on each of the two quantities; this improves the constant by a factor
of two.

In fact, we state and prove the (improved) lemma of Ben-Sasson and Sudan in a more general
form, by using the generic fractional degrees % and £ (as opposed to % and % as in the original

lemma).
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Define ®(0,d, m, e, n) to be a “6-monotone” predicate denoting whether Theorem 10.5 holds
for the proximity parameter 6 > 0 and fractional degrees % and %.21 (For example, we can

?
take 1 > % + £ + 20 as the predicate ®(0,d, m,e,n).)

Lemma 10.6. Let F be a field. Let d,m,e,n € N be such that ®(6,d, m,e,n) = 1 for some
positive §. Then we can take

co = max{3,inf{5_2 : 6> 0 and ®(6,d,m,e,n) =1}}

in Lemma 9.1. That is, for every two finite subsets A and B of F of respective sizes m and n
and every function g: A x B — F, it is the case that

d.e d,* *,e
51(4><J)B(g) <cp- ((51(4“?[;(9) + 51(4><J)3(g)>

Proof of Lemma 10.6. We distinguish between two cases:

Case 1. Suppose that 5%51)3(9) + 51(:’;])3(9) < 1/cp. Fix any e with 0 < e < 1/co — 6%;])3(9) —
(51(:’;])3(9). Let R(z,y) be the polynomial corresponding to a codeword in RM(F, A x B, (d,|B| —
1)) closest to g; note that A« p(g,R) = 5%;1)3@). By the triangle inequality,

55 (9) = Daxs (9. RM(F, A x B, (d.¢)))
< AaxB(9,R) + Aaxp(R,RM(F, A x B, (d,e)))

= 60 (9) + Aaxp (R, RM(F, A x B, (d,e))) .
Let C(x,y) be the polynomial corresponding to a codeword in RM(F, A x B, (|A| — 1, ¢e)) closest
to g; note that Auxp(g,C) = 535}3(9). By the triangle inequality,
58 (g) = A (9, RM(F, A x B, (d,¢)))
< Auxp(9,C) + Aaxp(C,RM(F, A x B,(d,e)))
= 60:0(9) + Aaxp(C,RM(F, A x B, (d,e))) .

For the choice §. = \/ 5%’;%(9) + 61(:’;1)3 (9) + € < \/1/co, note that the following two conditions
hold:

i Bl ) # Clas B)] = Aax (R, C)

< Auxp(R,9) + Aaxp(g,C)
d,* *,€

=340 (9) + 055 (9)

< &2

and
®(deyd,mymye) =1 .

2By “S-monotone” we mean that if ®(5,d,m,e,n) = 1 for some § then for any 6’ € (0,5) we also have
®(§',d,m,e,n) = 1.
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(Indeed, letting § :=sup{d : § > 0 and <I>(5 d,m,e, ) 1}, we see that ¢y = max{3, 1/6%}.
Since 6. < we deduce that 6. < < =0, so that ®(dc,d,m,n,e) =1 as

\/? ’ \/max{3,1/52 — 41 /52

we just claimed.)
Hence, invoking Theorem 10.5 with the F, A, B, d, m, e, n, R, and C of this proof, and

using § = 6., we deduce that AAxB(R RM(F, A x B, (d, ))) < 262 and AAxg(C, RM(F, A x

B, (d,e))) < 262; combining with the two upperbounds on 5ike) g) derived earlier, we obtain
AxB

+e .

d,e d,e d,* *,e d,* *,e
) ) _ Sple) | SLHO) _ S(0) | R0 e S0 | 50k ()
AxB 2 2 T2 2 i 2 2
(d,*) (*,€)
Choosing ¢ small enough, we get 5A><B( ) <3 (0,0259) +d4.509)).

Case 2. Suppose that 51(4;;( )+ (51(:;})9( ) > 1/cp. Then the upperbound on (5%;])3( ) holds

trivially: .
e d,* *,€
51(4d><1)8( )<1:co'*§00' (5ﬁl><1)8( )+51(4><J)B’( ))

€o
In either case, we have shown the desired upper bound on 6%’3? (9)- O

10.4 Putting Things Together

Combining Theorem 10.5 and Lemma 10.6, we obtain Theorem 9.2.

For example, by using the best predicate ®(d,d, m,e,n) we could prove (namely, 1 ; % +
< +20 as the predicate ®(d,d, m, e,n) from Theorem 10.5) and by setting % =1/4and £ =1/8
as in Lemma 9.1, we recover the (improved) constant ¢y = 10.24, as opposed to the previous
value ¢y = 128.
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11 Improved Soundness for Vis and Vg

We prove a much tighter soundness analysis for the verifiers Vig and Vi g (see Algorithm 13 and
Algorithm 12), which respectively are supposed to test proximity to RS and VRS over affine
subspaces of finite field extensions of Fo. We show the following theorem:

Theorem 11.1. The (strong) PCPP verifiers Vys and Vygs have respective soundness functions

1

SRS(67 n) Z Wé and

L+ 555

1

svrs(0,m) > —— 50,
27]+1+,{10gc
2+ 1-2-7

where n = 2%, (n, ko, Y, ) are any integers satisfying
min { [#52] — 5, [#5] 47} > 1
mac { [%5 | =y +p+1, [%52] + 7} < o
min { [952] =341, [558] £yf 2041

__1)ko mod 2 _;'_w
o + FHELE >VO 5 Nt p+1
__1\ko mod 2 +M
Ko + 14( 1)20 o | o : - s
pw+1>n>max{2,u+ 1}
B>
and
( ef
0=
==t —am
e b b(b + 4q) | minferea} et o2
cd:f<a+—|-\/()> ,where b_2ﬂ+ >0
2 2 34+(—1)"0 mod 2
el def log < HOJFT >
L(“O‘F%d)/ﬂ—w-uﬂ
es = log < i — )
o rkp mod 2
[(ro+ FHE =) /2] 4+

(Alternatively, for any given problem size n = 2, one can use the method discussed in Sec-
tion 11.1.4 to compute an “effective” c, which is usually much better than the expression given

above that simultaneously works for all n.)

We perform our improved soundness analyses “from bottom to top” (see the lowermost five
“verifier boxes” in Figure 1 for dependencies):

e in Section 11.1 we analyze the soundness of Vgg _;

e in Section 11.2 we analyze the soundness of Vis _;

e in Section 11.3 we analyze the soundness of Vgs - ;

e in Section 11.4 we analyze the soundness of Vig; and
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e in Section 11.5 we analyze the soundness of Vgs.

Remark 11.2 (From Strong PCPPs to “Weak” PCPPs). The PCPPs obtained in Theorem 11.1
are of the “strong” kind, i.e., follow Definition 4.15, instead of the weaker Definition 4.14.

In general, (naive) sequential repetition of a strong PCPP verifier with soundness function
s:(0,1] x N — (0, 1] to obtain a (“weak”) PCPP verifier with proximity parameter § € [0, 1]
and soundness parameter s’ € [0, 1] requires a number of repetitions mg s+ (n) such that

(5)

g (1) = { log(1 — &) —‘ |

log (1 — s(6,n))

where n is the length of the explicit input.

We are not interested in randomness-efficient sequential repetition (see [BSS08, Proposition
2.9]), because we are not concerned with saving randomness and naive sequential repetition is
much more efficient computationally. Hence, we shall always perform naive sequential repetition
for the purpose of soundness amplification.

In particular, for the specific case s’ © /o, we get that

My 51 (n) = Log (1 :i(a,n))-‘ = {8(51,71)}

Thus, we can bound the number of repetitions of Vis and Vigs required for soundness s, :=

Sips = 1/2 and proximity parameters dzs and dygg respectively as follows:

_ 4 n+1 log ¢
[ log(1 — si) )-‘ < [ 1 _‘ < {1 <1+ 21 4+ g )-‘
log(l - SRS((SRSa 2”) SRS(6R87 2“) Ors 1—-2-7

[ log(1 — sygs) )w - [ 1 W - [ 1 <1+ 2n+1+nlog0ﬂ
10g<1 - SVRS(6VR57 2”) SVRS(5VRS; 2“) Ovrs 1—-2-7

In general, we denote by

and

Virs and  V,ygrs

the amplified versions of Vig and Vigg: they each take the same inputs as the non-amplified
version, as well as the two additional inputs respectively specifying the target soundness and
proximity parameter. See Algorithm 11 and Algorithm 10 for more details.

11.1 Soundness Analysis of Vis_

The “engine” for testing proximity to RS is the verifier Vzs_, whose job is to test proximity to
RS(Fye, L,|L|/8 — 1) where L is some x-dimensional affine subspace of Fy:.

As mentioned in the introduction, we have generalized the construction of Vis _ (its code
is given in Algorithm 16) and we shall provide a much tighter soundness analysis, provided by
the following theorem:
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Theorem 11.3. Consider a construction of Vis_ parametrized by integers (n, ko,7y, 1) as de-
scribed above, with

min { [25] —, [#54] 49} 2 1
max { [25] — 7+ 1, [552] + 0} < g
mln{LHOTHJ —v+pu+1, {”OTH1+’7}277+1

Ko mod 2
34 (—1)r0 mod 2 K +3+(*1) 0
ko + 2L >{° 52 —y+p+l (6)
Ko mod 2
1 —1)*0 mod 2 K +1+(_1) 0
ko + LY > | +y

p+12>n2>max{2 p+1}
=y

There exists a constant ¢ > 1 such that for every positive integer k and every positive € the
following holds: if for a function p: L — Fqr, a string m, an integer £, and a k-dimensional
affine subspace L C Fqyc it holds that

Pr [vég’;’;) (Foe, L, |L|/2" — 1) = 1] >1-¢ (7)
then
AL<p, RS(Fy, L, |L| /27 — 1)) < dosk ¢ 8)
In fact, we can take c to be the following value:
def 4
€= (1_#_; 2
on—1 27
aer 2771 (1 4 ¢o) 0
S “ T Tty 7
. b b b 4 min{eq,eg d_ef
pter (o b, /b +da) where 40 2250
2 2 do HO+3+(_1)N0 mod 2
[(mo+ 2O 0 ) i
def 1 ( H0+71+(71)’;0 mod 2 >
e = O K mo
| 2 & ((KO+W)/2]+W

(In particular, we are forced to choose . =n —1 and we can optimally choose v as the integer,
among those allowed by Equation 6, minimizing M)

The above theorem simply says that Vis _ is a (strong) PCPP verifier with inverse-polylogarithmic
soundness:

Corollary 11.4. The (strong) PCPP verifier Vgs - has soundness function

We first prove some lemmas (Section 11.1.1) and introduce basic notation and facts for
the proof (Section 11.1.2), then provide the asymptotic analysis of the soundness function
(Section 11.1.3), and after that we explain how our analysis lets us numerically compute a
better lower bound on the soundness for any given dimension (Section 11.1.4).
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Throughout, for a subset W of For x Fyr, we call the S-row of W the set W = {a: (o, ) €
W} and the a-column of W the set W, = {5 : (c, B) € W}; given a function g: W — Fye x For
the restriction of g to the S-row of W is denoted g|§ 5 and the restriction of g to the a-column

of W is denoted by g\g

11.1.1 Some lemmas

We begin by proving some lemmas needed for the soundness analysis of Vis - in Section 11.1.3.

The first two lemmas state that the relative distance of a function to bivariate polynomials
whose degree is restricted in only one of the two variables can be understood as the “average” of
the distance of the restriction of the function to a column to univariate low-degree polynomials:

Lemma 11.5. Let F be a finite field, A and B subsets of F, g: Ax B — F a function, and d a
positive integer. Then:

o5n(9) = B, |05 l)] - )

where g|;7: A — T denotes the restriction of g to the b-th row.

Lemma 11.6. Let F be a finite field, A and B subsets of F, g: A x B — F a function, and e a
positive integer. Then:

(*.€) _ QO
05h(9) = B |05 (alb)] . (10)
where g|£: B — T denotes the restriction of g to the a-th column.

The proofs of these lemmas were left implicit in [BSS08]. For completeness, we give the
proof of Lemma 11.5; an analogous argument can be carried out to prove the (symmetric)
Lemma 11.6.

Proof of Lemma 11.5. Re-writing the left-hand side of Equation 9:

d,* .
s\ (g) = olin Aaxp(g9,Q)
deg, (Q)<d

B _ ‘{(a,b)eAxB : g(a,b)#Q(a,b)}‘
- lelFl[a{l,y] |A| - |B]
deg, (Q)<d
1
= |A\-|B| QGF[W] Z\{aeA : g(a,b);&Q(a’b)H ) (11)

deg, (Q)<d P€B

Re-writing the right-hand side of Equation 9:

(d)
beEB PA( } f Z;?
1
=B Z Jauin - Aa(gli’, Q)
BdegT(Q)
B {aea: glab) £ Q@)
1Bl & ouy 4]

beB jeg (Q)<d
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:MﬂiBTE: oo {oed: g # Q)| - 12
beB

deg, (Q)<d

Let P be a bivariate polynomial over F (with degree in = at most d) that minimizes the
summation in Equation 11; hence,

% 1
50 = g Sl e sah) £ P@n)|

For every b € B: define the univariate polynomial P, over F by Py(z) := P(x,b); note that the
degree of P, is at most d; observe that

‘{aeA : g(a,b)#P(a,b)}‘ = }{aeA : g(a,b) # Py(x }‘
> min HaGA MGM#Q(H’

QEFx]
deg, (Q)<d
Thus,
5,(4{1;*1)9(9) 4] |B\ Z’{aGA g(a,b) # P(a, b)}‘
beB
1

> A g(a,b
2 AL qupy [feed s oeh) 2 Q@)

deg,. (Q)<d
_ (d)
= B[] - (13)

We now prove the other inequality, necessary to deduce equality. For every b € B: let Ry be
the univariate polynomial over F (with degree in z at most d) that minimizes the b-summand
in the summation of Equation 12, so that

beB

B[40 = g X [l e 4 gl # Bi@)]
beB

Letting, for every b € B, S, denote any univariate polynomial over F such that Sy(b) = 1 and
Sy(B — {b}) = {0}, define the bivariate polynomial P over F by P(z,y) := ) ;.5 Sp(y)Rp(x);
note that the degree of P in z is at most d. Observe that

Z‘{aeA : g(a,b) #Rb(a)}‘ :Z‘{aeA : g(a,b) #Sb(b)Rb(a)}‘

beB beB
:Z’{aeA : g(a,b);&P(a,b)}}
beB

deg, (Q)<d b B

Thus,

6] = g Sftaea: oan £ m}
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1
> BRER QG]F[r,y] Z ){a €A: gla,b)# Q(avb)}’

deg, (Q)<d "€B

d,*
= 34 h(9) - (14
From Equation 13 and Equation 14, we deduce Equation 9, as desired. O

The next lemma highlights some properties of vanishing polynomials for affine subspaces,
generalizing those presented in [BSS08, Proposition 6.4].

Lemma 11.7. Let L be an affine subspace of Fye with a basis By, = (a1, ...,as) and offset Or,
and let j € {1,...,k — 1}. Define:

L§ := span(ai,...,a;) and L} :=span(aji1,...,a0x)
Lo:=Lj+ Oy, Ly:=L7+ 0
Let Zy,, be the vanishing polynomial of Lo, i.e., Z,(x) := [[,ep,(x — ). Then:
e The polynomial Zr,, is an Fa-affine map and its kernel is L.
o Z1,(L)=Zr,(L1) and Zr,(L1) is a linear subspace of dimension dim(Lq).
e 71, is a one-to-one map from Ly to Zr,(L1).
o 71, is a|Lg|-to-one map from L to Zr,(L1); moreover the affine subspace Lo+ 5+ Of, is
mapped to Z1,,(B) for each € L.

Proof. The above properties follow from observations on the form of Zr,; see Algorithm 21.
More precisely, Zr,(z) = Zrs(v) + Z;(OL), where Zp+ is the vanishing polynomial of Lg;
moreover, Zrs(x) = i;o Biz*" for some coefficients By, ..., B3;, so that Z Lz is an Fa-linear map
with kernel equal to L. We deduce that Zr, is an Fs-affine map and its kernel is Lg.
Next, since L = (L§ @ L}) + O, we know that

Z1o(L) =Z1, (L ® LT) + Or)
_ZL (L@ L}) + OL) + Z1:(OL)
=Zrs (L7 + OL) + Z15(O1)
=Z1o(L1) ;
moreover, the above derivation tells us that Zp,(L1) = Zr:(L7), which is a linear subspace of
dimension dim(L}) = dim(Ly).
Next, it is easy to show that ZLES is a one-to-one map from L} to ZLS (L7) and that ZLS is
a |Lg|-to-one map from Lg @ L] to Zrx(L7). From these facts we immediately deduce that Zr,
is a one-to-one map from Ly to Zr,(L1) and Z, is a |Lg|-to-one map from L to Zr,(L1).
Finally, for 5 € L,
Zro(Lo+ B+ 0L) =Z,((Lg+OL) + 8+ Or)
=Zp: (L 4+ Or) + B+ OL) + Z1:(Or)
=Zrs(8) + Z1:(OL)
=Z1,(B)

as desired. ]
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11.1.2 Basic notation

We introduce basic notation and facts needed for the soundness analysis of Vig_ in Sec-
tion 11.1.3.

Let (a1, ...,ax) be any basis for the given affine subspace L; let O be the offset of L. Define
the affine subspaces Lo, Ly, L1, Lg of L as follows:

Lo :=span(ay,...,a|./2)—y) + O , so that dim(Lo) = 5] —
Ly := span(ay, . .., @), /2)—+u) + O, so that dim(Ly) = |4 j YH W

VB e L, Lg:= SPAN(at; - -+ @[n/2]—ytps O /2] —y+pt1) TO B EL
) span(ai, - - -, @|x/2)—y4pus B+ O0) + O B¢ L

K

2

/

? , so that dim(Lg) = |§] —v+p+1 ;
0

Ly :=span(a|,/2)—y+1,- - -» ) + O , so that dim(L1) = [5] +

Note that Lo, Ly, L1, Lg are defined similarly to [BSS08, Definition 6.4], with the exception
of the additional parameters v and p that we introduce to control their sizes and the fact that
we work with affine (rather than linear) subspaces. Essentially, v lets us choose a different
decomposition of L into Ly and L; (originally, v = 0), and u lets us control how much bigger is
L{, as compared to Ly (originally, y = 2). Also, Equation 6 guarantees that Lo, L{, L1, Lg all
have positive dimension and all have dimension less than x (that is, at most £ to make sense,
and in fact strictly less than it so we make “progress”).

Define the linearized polynomial Zr,, to be the vanishing polynomial of Lg; more precisely,
since Z1, is a vanishing polynomial of an affine (rather than linear) subspace, the polynomial
Zr, is an affine (rather than linear) map. (See Lemma 11.7.)

Define the two disjoint subsets T' and S of Fqyr x Fyr as follows:

Ti= |J ((Lo+8+01) x {Z1,(8)}) and $:= | |J (Bsx {Z0(8)) | - T .

BeL1 BELy

We now introduce the “format” of a proximity proof 7 expected by VR(JSD,’:) (IFQe, L,|L|/2"— 1);
this format is defined by induction on x and generalizes [BSS08, Definition 6.4]. If k < ko,
then 7 is empty. Otherwise, 7 = (f,II) where f is a partial bivariate function over partial
domain S and II is a sequence of proximity proofs for Reed—Solomon codes over smaller affine
subspaces. Concretely, II has a subproof 7T5/ for a Reed—Solomon codeword over Lg for each

B'=Z1,(8) € Zr,(L1) and has a subproof % for a Reed- Solomon codeword over Zr,,(L;) for
each a € Ly thus, overall, IT = {7} : B’ € Zp,(L1)} U {ﬂ'a s a € L}

The next lemma extends [BSS08, Proposition 6.5] to affine subspaces, showing that S U T
can be decomposed into rows and columns that are affine subspaces of size approximately \/m .

Lemma 11.8. The set SUT is the disjoint union of Zr,,(3)-rows taken over B € Ly; moreover,
the Zr,(B)-row of SUT is the affine subspace Lg. Similarly, for every a € Ly, the a-column
of SUT is the affine (in fact, linear) subspace Zr,(L1).

Proof. Fix 5 € Ly. By the last property of Lemma 11.7, the Z1,(/3)-row of T" is equal to Lo+ 5+
Op; by the definition of Lg, Lo+ 8+ Or C Lg. We deduce that SUT = Uger, (Lg x {Z1,(8)}).

In particular, S UT is indeed a disjoint union of Zr,(/)-rows, where each Zr,(/)-row is
equal to Lg.
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Now fix @ € L{,. For every 8 € Ly, we have Ly C Lg and Lg x {Z,(f)} € S and thus
(o, Z1,(B)) € S; hence, Z,,(B) is a subset of the a-column. However, the only non-empty rows
in SUT are the Z1,,(3)-rows, so that the a-column of S UT is precisely Zr,(L1). O

The proximity proof = = (f,II) as in [BSS08, Definition 6.4]. Finally, recall the definition
of the two (partial) bivariate functions p: T'— Fye and f: SUT — For,

pa,B) :=pla) and f(ao,f) :=

Finally,
Given the above notation,

11.1.3 The proof by induction

We proceed to the proof of Theorem 11.3. Our proof follows the approach of Ben-Sasson and
Sudan, which is described at high level in [BSS08, Section 6.1]; in fact, we make an explicit effort
to structure our proof in the same way as was done by Ben-Sasson and Sudan, so as to benefit
from their intuitive discussions (of both the algorithm and the proof), which will apply here
too. For the construction of our generalized Vis_, see Algorithm 16; throughout, we assume
basic familiarity with Vig .

Without loss of generality, we assume that € is chosen so that ¢ < ¢ !98%_ for otherwise
there is nothing to prove because the relative distance Ay, is at most 1.

Proof of Theorem 11.3. The proof is by induction on &, the dimension of L.

The base case k < kKo is immediate: by construction, Vis_- accepts the implicit input
p: L — Fy if and only if p € RS (}FQe, L,|L|/2" — 1), because Vis_ queries all the values of p,
and then verifies that the polynomial corresponding to p (obtained via interpolation) has degree
at most |L|/27 — 1.

If instead k > kg, assume that the lemma is true for all K € N less than x. Our goal is now
to prove that the lemma holds for x as well. So assume that the oracle pair (p, ) is accepted
with probability greater than 1—¢ (Equation 7); we want to show that there exists a polynomial
P of degree at most |L|/2" — 1 such that its evaluation over L is at distance at most D(k) - €
from p (Equation 8), and want the smallest ¢ such that D(x) < cl°8*.

Recall that Végji) (Fge, L, |L| /2" —1) will, with equal probability, do one of the following two
tests:

U1z, 8 20, )
e row test: choose a random f € L; and recurse on Vg _ (Fye, Lg, |Lg|/2" — 1), or

IR
e column test: choose a random « € L, and recurse on Véi‘g’”a) (Foe, Z1y(L1), | Z1o(L1)|/27—-1).

Step 1: restricting the bivariate function f to a product set L{j X Zr,(L1). Define

the following quantities:
7, (8))

e for every € L1, £(/3) is the probability that the inner verifier rejects (f]g’L 8 7, (8)
0 0

e for every a € Lj,, £(«) is the probability that the inner verifier rejects ( f ]g, 7%);
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* crow = BEger, [e(B)];

® ccol i= Eqepy ()]s

o d:=|Lg|/2" — 1 (d is the same regardless of the choice of 5 € L1);
o c:=|Zr,(L1)|/2" — 1.

Note that, by construction of Vis —, € = (€row+€col)/2 (as a random row test or a random column
test is performed, with equal probability); in particular, €row,€col < 2¢. Also, by Lemma 11.8,
we deduce that:

e for every B € L1, f’zo(ﬂ) has domain Lg x {Z1,(5)};

e for every a € Lj, f]£ has domain {a} x Zr,(L1).

Using the inductive assumption, we deduce that:
(d) #1 ; — K
E [50(71%,,)] < ,E_[DldimLs)-e(8)] = D(L5) =7+ u+1)-con and

BeL
B wo U] < B, [Dtm Zrg(10) - @)] = D§1+9) <o

Define the function f": L{y X Zr,(L1) — Fye by f':= f|L6><ZL0(L1)> i.e., f'is the restriction of f
to the product set L X Zr,,(L1). Then:

e Using Lemma 11.5, as well as the facts that Ly C Lg and |Lj| = |Lg|/2, we deduce that

d,* d) (d K
Sz = B [, )] < B (2000715, 5)] < 2D(5] -1t 1) <ron -

e Using Lemma 11.6, as well as the fact that f’]i = f’gc we deduce that

5 g ) = B, (05D = B, [05) 0 (TR)] < DUET+7) o

a€ly a€ly
Observing that
= |Lg| /2" =1 < |Lg| /27" and e = |Zp,(L1)|/2" — 1 < [Z1,(L1)]/2"

we can now invoke Theorem 9.2 with m = |Lg|, n = |ZL,(L1)|, A = Ly, B = Zr,(L1),
1, and the d and e of this proof (indeed, because n > 2 from Equation 6, we get that
- S + < 1, so that the hypothesis of the theorem is satisfied), we get:

g =
4y
(dse) (d,*) (x,e)
3 o) <o (8500, ()05 ()
<co- (2 D(L5) =7+ i+ 1) srow + D51 +7) 2col)

where

4 4

cp = max < 3, =

. 1 1\? . 1 1\?°
T on-1 on o1 on

Step 2: Extending the analysis to the bivariate function p. We make the following
definitions:
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be the polynomial over Fyr corresponding to a codeword in RM(Fqr, L{; X

)
d,e)) closest to f’; in particular, §ide) ()= AL6XZLO(L1)(.]C,7Q);

o let Q(z,y
( L% Zry (I1)

Zro(L1),

e for every 8 € L1, define the function f|Z LO — [Fye by f\ZL 8 (f\ZL (B))|L’ (and
recall that Lg is the domain of f|Z L’ C Lg, and |Lp| = |L5|/2), and

o for every 5 € Ly, let Q ZLO(/B)(:U) be the polynomial over Fy corresponding to a codeword
in RS(Fy¢, Lg, d) closest to f|ZO( g); in particular, 5 (f|Z ) = ALﬂ(ﬂZD(ﬂ)’QzLo(ﬁ))'

For every B’ € Z1,(L1), we say that ' is good if Qg (x) = Q(z, B); otherwise we say that (' is
bad. Define Tgooq := {(ar, ') € T : B’ is good}.
We now bound the probablhty that, over a random (o, 8') € T, p(«, B') # Q(av, B'):

Pr[pl0.8) # Qe.)| = Pr_ [i0.8) # Qo)

s bad] . Pr [5’ is bad}

(O‘?Bl) ( )ET ﬁ/eZLo(Ll)
Pr |p(e, B V|8 is good| - P ’ is good
L (0, 8) # Qle, 8) | 8 is good] BT ' is good]
<1. Pr [5’ is bad}
ﬂ’GZLO(Ll)
~ / / ! -
b [(a, ) # Qla, 8) | B is good] -1
= P " is bad P D ! ! "3 d| .
ek |8 is a]ﬂa,ﬁﬁg (e, ) # Qo B) | 8 is good]
(15)

We begin with a bound on the first summand Equation 15. Observe that, for every 5’ € Z,(L1),
if 5’ is bad, then Qg (x) # Q(x, f'); since the degrees of both Qg (x) and Q(z, ') are at most
d=|Lg|/2" —1 < |L{|/2" !, then Qg (z) and Q(z, ') may agree on at most a 1/27~1 fraction
of the points in Lj,. Therefore, by the triangle inequality,

2n—1 —1 S S
—r < A (Qp (@), Q, ) < A (Qu (@), 17, () + Ay (F17,, (5 Q. 8)) -

For reasons that will become clear shortly, we try to understand the expectation, taken over a
random ' € Zp,(L1), of the above two distances.
From Ly C Lg and |L{| = |Lg|/2, we obtain that

NN L d),}
Ay (Qziy0) (@) F1 7, (8) <2 DLy (Qzs08) (), f17,,8)) =2 51(:;(f|230(6)) ’
so that
E |A1(Qz,0@), fIZ, )| <2+ E |51, )] -
pery L Lo\ 2O\ Tz, (8)) | =27 527 L\ 1214 (8)

Next, observe that, for every 8’ € Zr,(L1), f\;/ = f’\;, because f’ is simply the restriction
of f to L) x Zr,(L1) and f’%_y is the restriction of f\? to Lg. Hence, for every ' € Zp,(L1):
it holds that AL/O (f\;/,Q(x,ﬁ’)) = ALB (f’\;,@(a:,ﬂ’)), so that

B [2g(gews] = B [ag(15.ew )]

B'€Zry(L1) B'€Zry(L1)
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1 /14> /
:m. Z ALg(f ‘5/;@(3776))

B/EZLO (Ll)

{oely: Q) # 5@}

1
| Z1y (L)) .EIEZLZO(LI) | Lo
Ly {aelh: Q?) # 10,0}
Zi @l 2 Z4

{0 € 1 x Zy (L) ¢ Q) £ Pl
Z5]- 1 Z1a ()]
= AL’ XZLO(Ll)(f/7 Q)

(dye)
- 5L/ XZLO(Ll)(f,)

Hence, we get:

Pr [ZLO (8) is bad}

BeLy 2n—1
on—1

<—— . E

- 277_1 —1 BeLy
271

<——- E
_277_1—1 pBel

2n—1 S S ey
:277_1_1'< E A (Qz, 0@, f1Z, )] + B [ALg(f\Zo(mvQ(vaLo(ﬁ)))D

" n—1 _
< P [AU (Qzay (@) 11, 5 )+A%(ﬂzo(ﬁ),Q(:c,ZLm)))221]

[A% (QZLO y (@), f’ZL ) +Ap (f|ZL Q(:I:, Zr, (ﬁ)))} (via Markov’s inequality)

(80 (Qz @), 115, (9)) + A (1], (5 Qe Z14(8)]

Bely Bely
211 (d) (de) )
SgToq (2'5511 0 1Z, 0] + 0 )>
211
Sﬁ'(2'D(L%J—’Y+M+1)'5row+00'(2'D(L%J—7+#+1)'5row+D([%w+7)'€col>)
211
= oo (2+2¢0) D] =7+ 4+ 1) - row + o D([5]+7) -2l
271
:ﬁ((2+200)D(L%J_7+H+1) Erow — CQ * D([ ~|_*'/7) Erow+2C[)D(|>%~|+’y)€)
_ o (24 2c0) D8] —v+u+1) crow
2n—1 2+4+2c) D(|5] —y+pu+1) 2 i 2.
327]_1_1' ( O) (LQJ YT ) ZCO'D([§—|+7)'5r0W
2-¢co-D([5]+7)-€ otherwise
on
Sﬁ'max{2+200) D(L*J—’y—i—,u—i—l) €o D([ 1‘*‘7)}

which is our upper bound for the first summand of Equation 15.
We now bound the second summand of Equation 15. First, recalling that the function
p: T — For agrees with f: SUT — Fy on the set T'C SUT, we get:

WP [0 8) # Qo ) |
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_ Pr (aﬂ’)ET[ (a,f) #Q(a, ') N B isgood]
Priagner [6 is good}

{(@,8) €T : plon#) # Qo ) A B is good}
’{(a,ﬁ’) eT : pis good}‘
{(0.0) €T : la ) # Qo &) A B s good}| ISUT|
|SUT| ‘{(a,ﬁ’)eT : flis good}‘
{(a, ) e SUT : fla,B) #Q(a, ) A B is good}’ ‘SUT‘
. ‘{(a,ﬁ’) eT : pis good}‘

IN

SUT]|
|Tgood‘
SUT|
|Tgood|

fen 8) # Q(a, )] -

Pr {
(a,8")eSUT

< Inin{ SuT(f) SuT(f)}
|SuT|

‘Tgood |

= B [5(1, )]

BeL

<SSR -

SUT]
‘Tgood|
ISUT|
|Tgood‘
SUT]|
. ‘Tgood’

< D5 =7 +u+1) o

<2-D(5]—v+utl)e

For every 8 € Lq:

e by the definition of T', the Zr,(/3)-row of T is Lo+ 3+ Op, an affine shift of Ly by 8+ Op;
and

e by Lemma 11.8, the Zr,()-row of SUT is Lg;

hence, from Lo+ 8+ Op C Lg and |Lg| = 2#T|Lo|, we deduce that |S U T|/|Tgood| = 2T
Therefore,

|SUT| _ |SUT\. |T| _ optl, 1 _ outl, 1 .
| Tg00d] T |Tgood PrﬁIGZLU(Ll) [6’ is good} 1-— PrﬁlezL (L1) [5’ is bad}

Thus, the second summand of Equation 15 can be upper bounded as follows:

242 D(1 5] — +1
"is good] < Ul =7 tprl)
1-— PrB’GZLO(Ll) [ﬁ 1S bad]

WP [P # Qs )

In conclusion, we have established that:

2042 D(l5) -y +u+l)
1-— Prﬁ'GZLO(Ll) [ﬂ/ is bad]

Pr[p(a,8) #Qa,8)] < Pr  [8isbad] +

e, (16
(a,8")€T B'€Zry(L1) ( )
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where

Pr [ﬁ’ is bad} < 5

BeZry (L) nT_l'maX{@‘FQCO)'D(L%J_V-HH-I), co-D([5]14+7)}-e . (17)

Now recall that we have assumed that D(k) < ¢!°8%; we now seek the smallest ¢ for which we
can show that

Pr [ﬁ(a,ﬁ’) v Q(a,,@’)} < dogr ¢ (18)

(a)ﬁ/)GT

We observe that, because k > kg,

log(| |~y 1) Clogn Clogn
K| _ og(lg]—v+u _
D(|5] —v+np+1) <82 < SRR = (19)
log g e
c (L(N0+3+(1)202)/2J7+u+1
and ) |
og K og K
5 log([51+7) ¢ _ ¢
D(|72‘| +’Y) S c 2 S 1+(=1)%0 mod 2 - ce2 (20)
log rot 2 d2
e\t HEDR ) 04y
34 (—1)"%0 mod 2
We have also used the fact (from Equation 6) that u >+, rot z > 1, and

3+(71)n0 mod 2
)

L(ko+ /2] =v+p+1

50+1+<71>;0 mod 2
ko mod 2
[(ro+ =2 ———) /2] ++
Next, combining Equation 16 and Equation 17, by substituting the upper bounds from

Equation 19 and Equation 20, and recalling that by assumption cl°8% . £ < 1, we get:

> 1.

Pr |pe.8) # Qa3

(a,8)ET
2m
: <21 max{(2 4+ 2e0) - 4, ¢ )

out2 . e
+1 __2n
on—1_7

) Sdosr e (21)

-max{(2+ 2cp) - ¢, ¢ - ¢~}
So, noting that

max{(2 + 2¢p) - ¢, o - 2} < (24 2¢p) AT ek — (2 4 9¢g) e minder e}
it suffices to require that

e277-0-11
L 27_(1+CO)>0
a z(c) <1 h o 21 —1 99
o) T STV e g : (22)

z(c)

z(c) & eminfer,e2} 5 ¢
Solving the (second-degree) inequality in z(c), we obtain that the solutions with z(c) > a are:

b /b(b+ 4a)

x(c) > a+ B + 5 (23)
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Therefore, we choose ¢ so that z(c) = a + % + 7‘1)(1);4@. In other words, we choose ¢ such that

1
. b b b+4 min{e] ,eq}
c“< +2+(2a)> , (24)

and this choice of ¢ will ensure that Equation 18 is satisfied.

Step 3: From bivariate p to univariate p. Let P(x) be the polynomial over Fyr defined by
P(z) :== Q(z, Zr,(x)); its degree is at most |L|/2"7—1, as is possible to see by direct computation:

deg P = deg, (Q) + deg(ZL,) - deg, (Q)
<d+|Lo|-e

- <|§f‘ - 1) +|Lo| - <‘ZL°2(WL1)‘ - 1)
(%o (2

odim(Lg)— ) + 9dim(Lo) <2dim(L1)—77 _ 1)

= (
(gwm —ytptl-n _ 1) 4 olr/2)—y <2wzm—n _ 1)

= (287 — 1) 4 (/2 =vtpdlon _glk/2)=)
= (2% — 1) 4 2R/ =y (ot ) (from Equation 6, p+ 1 <1n)
<@""-1)+40
_ L

on

We have also used the fact, guaranteed by Equation 6, that |[(ko +1)/2] — v+ p+ 1 > n and
[(ko +1)/2] +~ > n. Thus, the evaluation of P on L is a codeword in RS(Fy, L, |L|/27 — 1),
and, to finish the proof, it suffices to show that the fractional distance of p to the evaluation of
P on L is at most cl°8" - ¢.

And, indeed, from the upperbound provided by Equation 18 and from the definition of T
as the set T' = {(, ZL,(7)) : 7 € L}, we deduce that for all but at most a (c'°8* - ¢)-fraction of
the elements in L it holds that

p(T) = ]5(7', ZLO(T)) = Q(T7 ZLO(T)) = P(T)7

meaning that p and the evaluation of P on L do agree on all but at most a (c!°8" - ¢)-fraction
of the elements in L, as desired. O

Remark 11.9 (Completeness). In the above proof, we have not used the constraint u+1 > 7
from Equation 6. This constraint in fact comes from the completeness proof, which can be
easily carried out in our more generic case by following the proof (in the special case) of [BSS08,
Proposition 6.9]. We need to show that:

If p: L — Fye is the evaluation of a polynomial P(x) of degree less than |L|/2"7, then

there exists a proximity proof 7 for which VR(p ) (FQe, L,|L|/2" — 1) always accepts.
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We argue by induction, constructing a (partial) bivariate function f: S — Fy for which the
function f: SUT — Fy is such that the Zr, (3)-row of f is a codeword of RS (Fy, Lg,|Lg|/2"-1)
and the a-column of f is a codeword of RS(Fye, Z1,(L1), |Z1,(L1)|/2" — 1) for every 8 € Ly
and a € L.

Let Q(x,y) := P(z) mod y — Zr,(x), where Zr, is the vanishing polynomial of Ly, so that:

o P(z)=Q(z,Z,(x)), and
o dog,(Q) < |Lo| and deg,(Q) = [g5eiry ] < (ILI/27)/|Lol = |L1l/2" = | Z1,(L1)]/2".

We can then set f(a, 8') = Q(«a, 8') for every (o, ') € S. Then, observe that f is the evaluation
of Q on SUT: indeed, whenever (o, ') € S this follows from f(«, ') = f(a, ") = Q(a, 8);
and, whenever (o, 8') € T, we have that 5’ = Zr,(«), so that

pla, B) = pla, Z1y (@) = p(a) = P(a) = Q(a, Zpy (@) = Q(a, f) .
Therefore:

e for each 3 € Ly, the Zp (f)-row of SUT is Lg and, by construction, the restriction of f
to Lg is the evaluation of Q(z, Zr,(83)) over Lg; hence, because p 41 > 1,

L L
deg(Q(z, Z1,(8))) < deg,(Q) < |Lo| = éu-f'l = |25| :

e for each a € L{, the a-column of f is Zr,(L1) and, by construction, the restriction of f
to Zr,(L1) is the evaluation of Q(a,y) on Zr,,(L;); hence,

- |Z 1o (L1)| '

deg(Q(a,y)) < deg, (Q) o

This completes the proof of completeness.

11.1.4 Soundness for concrete dimensions

While the soundness analysis of Section 11.1.3 provides vast improvements in the asymptotic
constant ¢ in the exponent of  in the soundness lower bound sgs —(d,n) > ﬁ, we seek more.
This time, however, we shall turn to a concrete analysis, and only worry for soundness of all
practical problem sizes — our asymptotic analysis was set up in a way that it could easily also
yield a concrete soundness analysis.

Our starting point is Equation 16 and Equation 17. From these two equations, we deduce
that we wish D(k) to be the smallest function that satisfies the following recursive inequality:

s max{(2 4 2e0) - D(L5) — 7+ 1), eo- D(T5] +7)
N : ~ 2“+2'D(L%J—Z+u+l) i < D(x) .
1= 5y wmrg - max{(2+2¢0) - D([5] =y +p+1), co- D([5]+7)}

Furthermore, we must have D(k) > % -max{(2+2co)-D(|5] —v+p+1), co-D([5]+7)}.
Solving the inequality and then picking the smallest valid solution (in a similar manner to the
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way we solved the inequality in Section 11.1.3), we obtain the following recursive definition for
D(k):
ifrk<kgy: 1

Diw) = K k) (b(k alk ) 25
Sl P LG UG B0 )

where

(k) = gy - max{(2-+ 2c0) - D(§] —+ -+ 1), co- D] +7)}

b(k) =242 D([5] =y +p+1)

The above recursive function lets us, for any given dimension k, efficiently compute the “effec-

tive” logc for x as follows:
ot log D(K)
1 ek 26
oge(r) 2 2L (26)
The behavior of logc(k) is pleasantly well below the asymptotic bound for all practical sizes
(e.g., for k up to 100 or 200).

11.2 Soundness Analysis of Vg

The (strong) PCPP verifier Vis . (see Algorithm 15) tests proximity to RS(F,S,d) for d <
|S]/2" — 1; it is constructed using the (strong) PCPP verifier Vig .

The soundness of Vis . was already analyzed (in the special case n = 3) in [BSS08, Propo-
sition 6.13]. We give here a tighter analysis of the soundness of Vis ., where, compared to
[BSS08, Proposition 6.13], (beyond keeping track of the parameter 7) we improve on the re-
duction from the soundness of Vg _ by almost a factor of 2 in the distance argument of the
soundness function.

Lemma 11.10. If Vis_ has monotone soundness function sgs—(9,n), then Vis . has soundness

function
2" —1
Srs,<(0,1) > Sps = W(S’n

Proof. Fix an explicit input (F, S, d) and an implicit input p: S — I to Vis . such that d < d, ,
where dy, = |S]/2" — 1. Also let 7 = (m,72) be any proximity proof given to Vis .. Define
6 := Ag(p,RS(F, S,d)) and assume that 6 > 0.

Consider a parameter p € (0,1) that we will optimize later. We distinguish between two
cases:

e Case I1: As(p, RS(F, S, dnm)) > .
Then, by the soundness of Vs - and the monotonicity of sgs—, the first subtest of Vég’j’;),
which is Vég’:l)(lﬁ', S), rejects with probability at least sgs—(ud,n).

e Case 2: As(p, RS(F, S, dﬂm)) < pd.

Then, p is both é-far from RS(F,S,d) and pd-close to RS(F,S,d, ). Therefore, there
exists a polynomial P: F — F such that d < deg(P) < d,, and whose evaluation table
over S is pd-close to p. Define the polynomial Q: F — F by Q(z) := 2%n~9, let q be its
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evaluation table over S, and define the function p’: S — F by p’ = ¢-p. Then, p’ is pd-close
to the evaluation over S of the polynomial P': F — F defined by P'(z) := Q(x) - P(x);
note that deg(P’) < (dx, —d) +d = dy . Since d,., = |S|/2" — 1, the evaluation table of

P over S is Z5t-far from RS(F, S, dy. ), so that p' is (257 — ud)-far from RS(F, S, . ,,).

Hence, by the soundness of Vis_, the second subtest of Vég::), which is Végj’:M)(F, S),

rejects with probability at least SRS’:(% — o, n), which, by the monotonicity of sgs —,
211

is at least SR&:(T(S — 1o, n)

2"—1
2

Letting u = % (the solution to pu = — ) completes the proof of the lemma. O

Corollary 11.11. The (strong) PCPP wverifier Vys . has soundness function

2m—1 o

srs,<(0,n) > ontl loge

Proof. Immediate from Corollary 11.4 and Lemma 11.10. O

11.3 Soundness Analysis of Vg

The (strong) PCPP verifier Vis. (see Algorithm 14) tests proximity to RS(F,S,d) for d >
|S]/2" — 1; it is constructed using the (strong) PCPP verifiers Vis - and Vis ..

The soundness of Vs~ was already analyzed (in the special case n = 3) in [BSS08, Proposi-
tion 6.13]. We give here a tighter analysis of the soundness of Vig -, where, compared to [BSS08,
Proposition 6.13], (beyond keeping track of the parameter 7) we improve on the reduction from
the soundness of Vi _ and Vgs . by optimizing over how the case analysis is split.

Lemma 11.12. If Vs _ and Vis . have monotone soundness functions sgs —(0,n) and sgs - (6,n),
then, for any T € (0,1), Vis~ has soundness function

Srs,>(d,n) > min {(1 —T)0, Srs.— (27—775, n) , SRS,< (27—775, n)}

Proof. Fix an explicit input (F, S, d) and an implicit input p: S — F to Vis . such that d > d ,,
where dy; ,, := [S]/2"—1. Without loss of generality, d < |S| = 27(d,,+1), otherwise p is always
in RS(F, S,d). Also let m = ((po, )y .-y (P2n—1, 7r2n_1)) be any proximity proof given to Vig .
Define 6 := Ag (p, RS(F, S, d)) and assume that J > 0.

Define the function ¢: S — F by ¢(a) = lelal aildsntlp.(a) for all @ € S. For any
7 € (0,1), we distinguish between two cases:

e Case 1: Ag(p,q) > (1 —71)0.
Then, by construction, the second subtest of Vis - rejects with probability at least (1—7)0.

o Case 2: Ag(p,q) < (1—1)d.
Then, there exists some p; such that p; is ;—g—far from RS(F, S,d;). If d; = d, 5, then the
first subtest of Vég::), which includes the test Végffi)(F, S), rejects with probability at
least SRS,Z(;—S, n); if instead d; < dy ), then the first subtest of Vég,’;r), which includes the
test Végf;ﬂi)(lﬁ‘, S,d;), rejects with probability at least sgg - (;—S, n).

Thus the soundness is given by the minimum among the three possible rejection probabilities.
O
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Corollary 11.13. The (strong) PCPP verifier Vys - has soundness function
1

on+1 _;'_Hlog c

5RS,>(67 n) >
L+ 555

Proof. From Lemma 11.10, we know that sgs -(d,n) < sgs—(d,n), so, from Lemma 11.12, we
know that sgs . (d,n) > min{(1—17)d, sgs <(570,7)}. Moreover, from Corollary 11.11, we know

T T 27—1_§
that SRS,<(277 57 n) Z 2m 9n+1 Lloge *
T 27-1 ¢

Therefore, we need to (optimally) choose 7 € (0,1) to ensure that (1 —7)0 = 5 5557 rroge;

the equality is achieved for 7 = ?1&, where a = 2,71;72,;;0 which, once plugged back in (1 — 7)d

gives the claimed lower bound for sgg - (d,n). O

11.4 Soundness Analysis of Vg

The (strong) PCPP verifier Vig (see Algorithm 13) tests proximity to RS(F, S, d) with no re-
strictions on dj; it is constructed using the (strong) PCPP verifiers Vi —, Vs <, and Vigs.
The soundness analysis of Vig (implicit in [BSS08]) is trivial:

Lemma 11.14. If Vis_, Vis <, and Vis s have respective soundness functions Sgs —, Srs.<, and
Sgs,>, then Vis has soundness function

s (81) > min { s (6,1, 05, (0,1m), 5052 (0,m)

Proof. The verifier Vg simply calls Vis -, Vis =, or Vs ~, depending on whether the input degree
d is less than, equal to, or greater than dy, := |S|/2" — 1. Hence, the soundness function of Vs
is no worse than the minimum among the soundness functions of Vis o, Vis—, and Vis . ]

Corollary 11.15. The (strong) PCPP verifier Vys has soundness function
1

on+1 +Hlog c

SRS((Sa n) >
L+ 55

Proof. From Lemma 11.10 and Lemma 11.12 we know that sgs - (§,1n) < sgs (9, n) and sgs ~ (6,n) <
Sgrs.<(0,n) respectively. Hence, from Lemma 11.14, we know that sgs(d,n) > sgs~ (0, 1), which
can be lower bounded by Corollary 11.13, yielding the claimed lower bound. (And thus we have
established the first lower bound from Theorem 11.1.) O

11.5 Soundness Analysis of Vg

The (strong) PCPP verifier Virg (see Algorithm 12) tests proximity to VRS(F, S, H, d) with no
restrictions on d; it is constructed using the (strong) PCPP verifier Vis.

The soundness of Vyrs was already analyzed (in the special case n = 3) in [BSS08, Lemma
3.12]. We give here a tighter analysis of the soundness of the soundness of Vi xs, where, compared
to [BSS08, Lemma 3.12], (beyond keeping track of the parameter 1) we improve on the reduction
from the soundness of Vig by optimizing over how the case analysis is split.

Lemma 11.16. If Vis has monotone soundness function sgs(d,n), then, for any 7 € (0,1),
Virs has soundness function

Syrs(0,m) > min {SRS(T& n), (1— 7')5} .
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Proof. Fix an explicit input (F, S, H,d) and an implicit input p: S — F to Vigs. Also let
m = (p,7) be any proximity proof given to Vygrs. Define § := As(p, VRS(F, S, H, d)) and
assume that § > 0.

We distinguish between two cases:

e Case 1: Ag(p,RS(F, S,d — |H|)) > 76.

Then, by the soundness of Vgs and the monotonicity of sgs, the first subtest of Vv(ﬁ’sﬂ),
which is Vrgg’ﬂ) (F, S,d — |H|), rejects with probability at least sgs(cd, n).

e Case 2: As(ﬁ, RS(F, S,d — \H\)) < 79.

Then, there exists a polynomial @ : F — F of degree at most d—|H| such that its evaluation
table g over S is 7d-close to p. Let Z: F — F be the vanishing polynomial for the subspace
H (see Algorithm 21), and let zp be its evaluation over S. Observe that the function zy - ¢
is a codeword in VRS(F, S, H, d); moreover, Ag(zy - p, zg - q¢) < 7. Therefore,

§=Ag
<Ag
—Ag
<Ag

p, VRS(F, S, H, d))

D, ZH ﬁ) + AS(ZH -p, VRS(F, S, H, d))
p,zu D) + As(zm - D21 - q)

D, ZH 13) + 76 ,

Py

)

so that p is at least (1 — 7)d-far from zp - p, and thus the second subtest of V\Eﬁf rejects

with probability at least (1 — 7)d.
Thus the soundness is given by the minimum among the two possible rejection probabilities. [

Corollary 11.17. The (strong) PCPP wverifier Vyrs has soundness function

1
Svrs(0,1) > ———
2n+1+nlogc
2+ =5

Proof. From Lemma 11.16, know that syrs(d,n) > min{sgs(7d,n), (1 —7)d}. Moreover, from
Corollary 11.15, we know that sgs(d,n) > Wé.
1—-2—7
We need to (optimally) choose 7 € (0,1) to ensure that (1 — 7)6 = Tw& the
N

equality is achieved for 7 = p%cn where a = W which, once plugged back in (1 — 7)d
1—-2—7

gives the claimed lower bound for sygs(d,n). (And thus we have established the second lower
bound from Theorem 11.1.) O
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12 Proof of Theorem 4

In this section we prove Theorem 4, discussed in Section 1.6 and formally stated in Section 2.5.

Proof of Theorem 4. Because the reductions of [BSCGT13] preserve the properties we are going
to prove (see Remark 12.1), it suffices to concentrate on our PCP construction for SACSP from
the proof of Theorem 8.1.

We thus proceed as follows. We formally introduce universal arguments, along with our
relaxation of almost universal arguments (Section 12.1). We then prove that the PCPs from
Theorem 8.1 have the relatively-efficient oracle construction property (Section 12.2), have the
non-adaptive verifier property (Section 12.3), have the efficient reverse-sampling property (Sec-
tion 12.4), and the “explicit” proof of knowledge property (Section 12.5). Finally, we show how
to construct almost universal arguments using PCPs with these four properties (Section 12.6).
Throughout, when providing pseudocode, we freely use procedures defined in Section B.3.

Also, it suffices to prove that our PCP construction for SACSP can be used to construct
almost universal arguments, because [Mic00, Val08, CT10, BCCT12a, CT12] only need a subset
of the properties needed for almost universal arguments.?? O

We note that if one wishes to use a PCP system without an efficient reverse sampler, not all
is lost: as in prior analyses [Kil92, Mic00], one can still obtain succinct arguments of knowledge
for NP by assuming the existence of strong collision-resistant hash functions.

Remark 12.1 (choice of computation model). It suffices to prove the four required properties
for our PCP system for (an arbitrary choice of parameters for) SACSP, because any reasonable
Levin reduction to SACSP will preserve the four properties;?? in particular, so will the Levin
reductions from bounded halting problem on RAMs studied by Ben-Sasson et al. [BSCGT13].
Therefore, our focus will be on the PCP system (Piacsp, Viacse) that we construct for SACSPs,
and so we will prove our results relative to it, assuming that any reductions have already been
applied by both the prover and verifier. We thus fix an arbitrary choice of parameters for
SACSP.

Remark 12.2 (examples of positive applications). Succinct arguments for NP have been used
to achieve cryptographic tasks potentially very useful in practice. Indeed, most such “positive”
applications of succinct arguments only consider the verification of computations that lie in NP;
in particular, the “full power” of universal arguments (or even almost universal arguments) is
usually not needed.?*

Theorem 4 can thus be interpreted as alleviating the “succinct-argument bottleneck” that
is currently preventing real-world practicality of many desirable cryptographic constructions.
Examples of such constructions include:

22More precisely, these latter works require a stronger notion of a non-adaptive verifier than what is required
for universal arguments. Namely, (standard) non-adaptivity only requires that the verifier algorithm can be split
into a query algorithm and a decision algorithm. A stronger notion of adaptivity further requires that the query
algorithm only needs as input a bound on the computation (rather than the actual statement to be proved). Our
PCP construction for SACSP does enjoy this stronger notion of “statement-oblivious” non-adaptivity.

2 Even computational Levin reductions, when properly defined, will preserve these properties; see [BSCCGT13].

24 An exception is the work of Chase and Visconti [CV12], who have shown how to “boost” the knowledge prop-
erty of a universal argument in order to obtain a secure implementation of a database commitment functionality
that hides the input size.
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e Delegation of computation. In a delegation of computation scheme, a weak party
wishes to delegate the computation of a function F' on an input x to a another (untrusted)
more powerful party (who may or may not be allowed to contribute his own input to
the computation). If one insists on avoiding expensive offline precomputations, succinct
arguments are essentially the only tool for constructing such schemes.?®

e Proof-carrying data. Chiesa and Tromer [CT10, CT12] have shown how to construct
non-interactive succinct arguments of knowledge that can be “recursively composed”,26
using any (constant-round public-coins) succinct argument in a model where parties have
access to a signature functionality. They then show how to use these to construct a
proof-carrying data system, a cryptographic primitive that is able to dynamically compile
a distributed computation into one where a given “local” security property is enforced.
Proof-carrying data systems naturally address a number of integrity concerns that arise
in systems security, and it would be great if such a powerful primitive could be made more
practical.

e Computationally-sound checkers. Micali [Mic98] showed how non-interactive suc-
cinct arguments that are publicly verifiable give rise to computationally-sound checkers, a
cryptographic primitive that is capable of certifying NP heuristics.

Succinct arguments are also one of the most powerful and beautiful combinations of complexity-
theoretic tools (such as PCPs) and cryptographic tools (such as collision-resistant hash func-
tions), and investigating their efficiency is a very exciting research direction with great impact
potential to practice.

Remark 12.3 (computational overheads). The construction of universal arguments starting
from a PCP system (with certain properties) and a collision-resistant hash-function family
[BGO8] introduces very little additional computational overhead on top of the PCP system.

Therefore, establishing that almost universal arguments can be constructed, via the same
construction as in [BGO08], using a PCP system with a certain concrete-efficiency threshold B
essentially means constructing almost universal arguments with a concrete-efficiency threshold
B’ not much greater than B.%7

Other constructions of succinct arguments from PCPs are not as “light”; for example, in
[DCL08, BCCT12a, DFH12, GLR11], one must also use a private information retrieval scheme.

12.1 Universal Arguments and Our Relaxation

A succinct argument for NP is a computationally-sound interactive proof for NP where, for a
given NP language L, in order to check membership of a given instance y in L, the verifier only
needs to run in time that is bounded by p(k, |y|) and the prover only needs to run in time that is

253ometimes one is also interested in privacy. Such a property can be achieved by properly combining the suc-
cinct argument with a fully-homomorphic encryption scheme [Gen09]. Fully-homomorphic encryption is another
computationally-heavy primitive, whose efficiency has been studied by, e.g., [GH11b, GH11la, BGV12, GSS12b,
GSS12a]. However, quasilinear-time reductions that are compatible with fully-homomorphic encryption are not
known; see [BSCGT13].

26 Also called succinct hearsay arguments: succinct arguments that can prove statements based on “hearsay”,
namely, based on previous proofs.

2Tt is of course possible to extend the discussion of Section 2.2 about concrete-efficiency thresholds to the case
of succinct arguments.
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bounded by p(k,T'), where T is the time to (non-deterministically) evaluate the NP verification
relation for L on input y, p is a fixed polynomial independent of L, and « is a security parameter
that determines the soundness error. A succinct argument of knowledge for NP is a succinct
argument for NP where soundness is strengthened to a proof-of-knowledge property.

Roughly, a universal argument [BGO08] is a succinct argument of knowledge for NEXP, where,
in order to check membership of an instance y in L. € NEXP, the verifier only needs to run in
time that is bounded by p(k, |y|,logT') and the prover only needs to run in time that is bounded
by p(k,T), where T is the time to (non-deterministically) evaluate the verification relation for
L on input y, p is a fixed polynomial independent of L, and « is a security parameter.

The difference between universal arguments and almost universal arguments, achieved by
our PCPs, relates to the efficiency of the knowledge extractor. Details follow.

Barak and Goldreich [BGO8] consider a language defined as follows (once adapted to the
case of random-access machines):

Definition 12.4 (Universal Set). The universal set, denoted Sy, is the set of all triples
y = (M,x,T) such that M is (the description of) a two-tape random-access machine, x is a
binary string, and T is a binary integer such that there is a binary string w for which M accepts
(x,w) within T steps (where x is written on the input tape and w on the witness tape). We denote
by Ry the witness relation of the universal set Sy, and by Ry(y) the set of valid witnesses for
a given triple y.

The name “universal” comes from the fact that every language L in NP is linear-time
reducible to Sy, by mapping every instance x to the triple (M, x,2*), where M}, a two-tape
random-access machine that decides L, so Sy can uniformly handle all NP statements.

A universal argument is simply an efficient interactive argument of knowledge for the uni-
versal set:

Definition 12.5. 4 universal argument system is a pair of machines (Pya, Vua) that satisfies
the following conditions:

1. Efficient verification: There exists a polynomial p such that for any y = (M,x,T), the
total time spent by the (probabilistic) verifier strategy Vya, on common input y, is at most
p(ly|) = p(| M|+ |x| +1logT). In particular, all messages exchanged during the interaction
have length that is at most p(|y|).

2. Completeness via a relatively-efficient prover: For every (( M, x, T),w) € Ry,
Pr [(Poa(), Vi) (M, %, T) = 1] =1 .

Furthermore, there exists a polynomial p such that for every ((M,x,T),w) € Ry the total
time spent by Pya(w), on common input (M,x,T), is at most

p(\M! + |x| + timeM(x,w)) <p(IM|+x|+T) .

3. Computational soundness: For every family of polynomial-size prover circuits {ﬁn}neN
and every positive constant ¢, for all sufficiently large Kk € N, for every (M,x,T) €
{0,1}F — Sy,

~ 1
Pr[(Pe Ve (M, x,T) = 1] < — .

HC
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4. Weak proof of knowledge: Implies computational soundness, and is stated below in Defi-
nition 12.6.

Definition 12.6 (Weak Proof of Knowledge). For every two positive polynomials sya and pya
there exist a positive polynomial qua and a probabilistic polynomial-time weak knowledge extractor
Eya such that for every family of sya-size prover circuits Py, = {PUA r freN, for all sufficiently
large k € N, for every instance y = (M, x,T) € {0,1}" the following holds:

Suppose that the prover circuit Pya .. convinces Vya to accept y with probability greater than
pua(k)~L (taken over a random choice of internal randomness for Vi ).

Then, with probability greater than qua(k)~! taken over a random choice of internal random-
ness v for Eya, the weak knowledge extractor Eya, with oracle access to the code of Pya, and on
input y, is an implicit representation of a valid witness w for y.

In symbols:

Vsua Vpua Jqua I Eua V sya-size IBUA dK V> K VYy=(M,x,T) € {0,1}"

1
pua(k)

Pr <]5UA,m VUA>(y) =1|>

then

there exists w =wy - -wp € Ry(y) such that, Vi € [T], ESfUA’”>(y,i;r) = wi] > ql(m) .
UA

Note that, in the definition of the weak proof-of-knowledge property, the knowledge extractor
FEya is required to run in probabilistic polynomial-time, while, on the other hand, the size of
the witness for a particular instance y = (M, x,T’) may be superpolynomial in |y|; therefore, we
can only require that the knowledge extractor is an “implicit representation” of a valid witness.
Moreover, both Ey, and p’ may depend on p, so that the proof of knowledge is “weak” in the
sense that it does not imply the standard (or, “strong”) proof of knowledge [BG93].

Barak and Goldreich prove the following theorem:

Theorem 12.7 ([BGO08|). If (standard) collision-resistant hashing schemes exist, then there
exist (four-message, public coin) universal arguments.

The weaker form of proof of knowledge that we consider does not insist that the knowledge
extractor is an implicit representation of the witness, and thus we call this property explicit
weak proof of knowledge:

Definition 12.8 (Explicit Weak Proof of Knowledge). For every two positive polynomials sya
and pya there exist a positive polynomial qua and a probabilistic polynomial-time weak knowledge
extractor Eyn such that for every family of sya-size prover circuits ]SUA = {-IBUA,H}HGNy for all
sufficiently large k € N, for every instance y = (M,x,T) € {0,1}* the following holds:

Suppose that the prover circuit 1’3%,g convinces Vya to accept y with probability greater than
pua(k)™1 (taken over a random choice of internal randomness for Vya).

Then, with probability greater than qua(k) ™' taken over a random choice of internal random-
ness r for Eya, the weak knowledge extractor Ey,, with oracle access to the code of JBUAJC and on
input (y, 1T), outputs a valid witness w for vy,
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In symbols:

VSUA vaA HqUA HEUA VSUA-SiZGISUA 1K VK: > K Vy: (M,X,T) € {0,1}N

if
Pr |:<§UA K VIJA>(y) = 1:| > : ’
) pUA(H)
then
<ﬁUA,~> T. .\ — L
Pr [w € Ru(y)‘E”A (v, 1757) _W} ~ qua(k)

We thus define almost universal arguments as universal arguments where the proof of knowl-
edge property is relaxed to that of Definition 12.8.

Definition 12.9. An almost universal argument system (Pya, Vua) satisfies [BGO8, Defini-
tion 2.1], except that the (implicit) weak proof-of-knowledge property is replaced by the explicit
weak proof-of-knowledge property.

As discussed already in Remark 12.1 in Section 2, we will not consider a “natural” universal
language (such as the universal language relative to random-access machines or relative to
Turing machines), but we will concentrate on SACSPs because the properties we shall prove
will remain “invariant” under appropriate Levin reductions. In such a case, instances consist
of triples y = (par,,csp, X, 1), where par,, ¢ is a choice of parameters for SACSP and (x,1%) €
SACSP (par,,csp). Throughout, we fix a choice of par,,p, so that it will suffice to specify the
pair (x, 1%).

12.2 Relatively-Efficient Oracle Construction

The first property considered by Barak and Goldreich [BG08, Definiton 3.2, first item| for a
PCP verifier is the existence of an efficient prover that is able to produce accepting PCP oracles
whenever they exist:

Definition 12.10 (Relatively-Efficient Oracle Construction). A PCP verifier V has the relatively-
efficient oracle construction property if there exists a polynomial-time algorithm P such
that, on input any (x,w) € R, algorithm P outputs an oracle my that makes V always accept.

We remark the PCP verifier V;,csp does satisfy the definition above:

Claim 12.11. The PCP verifier V,scsp has the relatively-efficient oracle construction property
for the relation induced by the language SACSP.

Proof. From Theorem 8.1 we know that the PCP prover P, cgp does run in polynomial time. [J

Clearly, this first property is the easiest property to establish because it is natural to most
PCP constructions and, in our specific case, comes “for free” from our previous discussions
(indeed, we have worked hard to make the PCP prover not only efficient but also fast!).
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12.3 Non-Adaptive Verifier

The second property considered by Barak and Goldreich [BGO08, Definiton 3.2, second item]| for
a PCP verifier is the non-adaptivity of the queries:

Definition 12.12 (Non-Adaptive PCP Verifier). A PCP wverifier V is non-adaptive if its
queries are based only on the input and its internal coin tosses, independently of the an-
swers given to previous queries. That is, V can be decomposed into a pair of algorithms
Q and D such that on input x and a random tape r, the verifier makes the query sequence
Q(z,m,1),...,Q(z,7,p(|z])), obtains the answers by, ..., by, and decides according to the de-
cision of D(z,7,b1 -+~ by(|a|)), where p is some fived polynomial.

We prove that the PCP verifier V,,cgp does satisfy the definition above. While, at high level,
this may be easy to see by inspection of the construction of Vi,cep, we believe it necessary to
spell out in careful detail the proof that this is the case, because the “decomposition” of the
verifier V,cgp into a query algorithm and a decision algorithm is needed if one is interested in
studying the concrete efficiency of universal arguments.

Claim 12.13. The PCP verifier Viscsp 18 a non-adaptive PCP verifier.

The construction of V,csp is quite complicated, so we will have to proceed one step at a
time. To begin with, as Vi csp is constructed using (both standard and strong) PCPP verifiers,
we also need to specify what we mean by a non-adaptive PCPP verifier:

Definition 12.14 (Non-Adaptive PCPP Verifier). A PCPP verifier V is non-adaptive if its
queries are based only on the explicit input and its internal coin tosses, independently of the
answers given to previous queries. That is, V can be decomposed into a pair of algorithms
Q and D such that on explicit input © and a random tape r, the verifier makes the query
sequence Q(x,7,1),...,Q(z,7,p(|x])), obtains the answers by, ..., byq|), and decides according
to D(x,7,b1 -+ byz))), where p is some fized polynomial.

Our proof will be “bottom up”. Please refer to Figure 1 for an algorithmic reference of
the construction of Viycsp. (More specific references will be given in each of the proofs.) Also,
throughout, we fix a specific choice of parameters (7, ko, 7, (), which parametrize Vi cgp. Finally,
we will not carry out a complexity analysis for the “non-adaptively decomposed” verifiers, as a
detailed analysis for the “non-decomposed” verifiers was already carried out in Section C.

Remark 12.15. Note that the alphabet of proof oracles (as well as implicit inputs) are elements
of a finite field Fy¢, and not bits. Thus, our descriptions of () and D will reason about indexing
into strings of such field elements. The departure from binary oracles is mostly inconsequential,
with the exception of a minor note that will come up later in the proof of almost universal
arguments. (See Remark 12.41.)

12.3.1 Non-Adaptivity of Vi _

Lemma 12.16. Vis_ is a non-adaptive (strong) PCPP verifier.

Proof. The explicit input of Vis _ is (I, Br, Or), where Iy is an irreducible polynomial over Fy of
degree ¢ with root x, which induces the field extension Fyr := Fa(x), and Bz, = (a1, ...,ax) and
Oy, are the basis and the offset of a k-dimensional affine subspace L C Fq; the implicit input
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of Vs is a function p: L — Fy. (For more details on the algorithm Vig _, see Algorithm 16.)
The proof of proximity m of Vi — is parsed as a pair (f,II), where f is a bivariate function over
a subset of Fye x Fyr and II is a sequence of proofs of proximity for Reed—Solomon codes over
(smaller) affine subspaces ; see Algorithm 7 (and references therein) for the formal definition
and for the algorithm that computes the proof of proximity.?® Finally, see Lemma C.1 for
querypg _ (¢, k), randgs (¢, k), and length.g _ (¢, k).

The algorithm Vg is recursive, and all its queries to the implicit input and proof of
proximity are made during its “base case”, which occurs when dim(L) < ko; the base case
queries every value of the function found in the implicit input, thus obtaining a codeword
aq - - age, and then directly verifies whether a; - - - agx is in RS(Fye, L, |L|/2" — 1) or not (and
accepts or rejects accordingly), where dy,, := |L|/2" — 1 = 2¥=" — 1; since dim(L) < kg, there
are at most 2”0 values to query.

Therefore, at high level, the query algorithm Qrs - will be the algorithm that produces all
the queries of the base case, while the decision algorithm Dgs_ will be the logic used by the
base case to accept or reject, when given the answers to the (at most 20) queries.

However, in the case of Qgs—, the recursive nature of Vizs_ makes things slightly more
complicated, because the implicit inputs used by recursive calls are “simulated” by the callers;
thus, we must recursively “translate” queries, starting from the base case, to understand what
“real” queries are made by the top-level algorithm (whose implicit input is not simulated by
any other procedure), thus allowing us to write down Qgs —. (Note that, unlike implicit inputs,
proofs of proximity for recursive calls are already contained in the proof of proximity of the
caller, and thus have no need to be simulated; consequently, we do not have to worry about
translating queries to them.)

Similarly, also in the case of Dyg_, the recursive nature of Vs - makes things slightly more
complicated, because the interpolation performed by Dgs — (as part of its verification test) needs
to know which affine subspace of [y, is the domain of the function contained in the implicit
input; this information depends on which recursive calls occurred starting from the top-level
algorithm all the way down to the base case.

We now proceed to a detailed description of the algorithm @Qgs —, and then for the algorithm
Dgs. .

The “hard work” (mainly, bookkeeping) in Qgs— is carried out by an iterative procedure
that we call TRANSLATE; on input an irreducible polynomial I, of degree ¢, a basis By and

offset O, for a k-dimensional affine subspace L C Fy, a random string r € {0, 1}r"drs=(+)
for the verifier, and an index ¢ € {1,...,queryps _(¢, x)}, the procedure TRANSLATE outputs a
triple (text,elt,j), where j € {1,...,|L| + length,s _(¢,x)} is an index into the concatenation

of the implicit input and proximity proof (which is a string of field elements) corresponding
to the i-th query performed by Vis_ on input (Iy, Br,Or) and random string r; the other
two components, text € {“implicit-input”, “proximity-proof”} and elt € LU {SUT?}, are
additional information used by the iterative procedure.

Thus, the algorithm Qg — is as follows:

28 In fact, for the purpose of this proof, we change slightly the definition of the proof of proximity. Specifically,
we let f be a bivariate function over SUT, as opposed to only over S; the values of f on T' will never be used, but
including them facilitates bookkeeping of indices. (Bhattacharyya [Bha05] already employed this slight change
in his implementation of Vrs —, as can be verified by inspection of his code, and as reflected in the proof length
analysis in [Bha05, Section 2.2.2], where the function f is reported to require space |L1|- |Lg| = |L1|- (8 -|Lo|) =
21%/21 (8. 2l%/2) “instead of |Li1| - |Ls — (Lo + B+ Or)| = |L1| - (7 - |Lo|).)
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QRS,: ((If) Br, OL), 71" " Trandgrs = (¢,x)> l) =

1. Compute (text,elt,j) := TRANSLATE(I;, B, O, 1, 1).
2. Output j.

The algorithm for TRANSLATE is the simple strategy that keeps track of index translation (cf.
index translation in [BSS08, Section 6.3]) and indexes into the concatenation of the implicit
input and proximity proof:

TRANSLATE(]@, Br,Op,r1--- rrandRs,:(Z,n)ai) =

1. If k < kg, then do the following:
(a) a; := GETELTWITHINDEX (14, By, Of,1);
) text := “implicit-input”;
) elt:= ay;
) output (text,elt, ).
2. If k > ko, then do the following:

(a) Br, == (a1,...,0|x/2)—~), OL, := OL;
(b) BL(/) = (al, . 7aL'f/2J—’Y+#)’ OL6 = OL;
(¢) [ZL,]* :== FINDSuBsPPoLY(Iy, Br,, O, );
(d) if 7y = 0, then do row test translation:

im:=14[r/2]+;
ii. BL1 = (aLH/QJ_—Y_A'_l, . .,a,{), OLl = OL;
iii. 8:= GETRANDELT(Iy,Br,,OL,;72 " T14[k/2]44);
iv. 3= [ZL,]"(B);
v. 13 = GETINDEXOFELT(Iy, By, OL,, B);
vi. if g € LE), then BLB = (al, ce Q2] — aLH/2J7A/+’u+1);
vii. if B & Ly, then B, = (a1, ..., a /2]~y B+ OLy);
viii. OLﬁ = OLS;
ix. (text/,elt’,1) := TRANSLATE(Iy, BL,, OLy, Tm+1 - Trandns — (6,)5 1)
x. if text’ = “implicit-input”, then:
A. parse elt’ as an element «a € Lg;
B. o« :=[Zp, ] «);
C. if o/ =, then:
— text := “implicit-input”;
— elt:=q
— i := GETINDEXOFELT (I, Br, O, );
— output (text,elt,);
D. if o/ # /', then:
— text := “proximity-proof”;
— elt:= (aaﬁl);
i:=|L|+|Lg|- (e — 1) + ¢;
— output (text,elt,i);
xi. if text’ = “proximity-proof”, then:
A. text := text/;
B. elt :=elt’;
C. i= (v~ |Lg|+|L[) + |Lg| - |L1| + (tpg — 1) - length, o (¢, dim Lg);
D. output (text,«,i);
(e) if r; =1, then do column test translation:
iomi=14[k/2] —v+u;
il. «a:= GETRANDELT(Ig, BL'O’ OL{);TQ C T4 k/2) —’Y+M);
iil. o = [Z,MN«);
iv. Lo = GETINDEXOFELT(I¢, By, Opy , @0);
V. By () = (Zno@pa)an) + (22, 06, )2 1220 ]Ma) + (22, (06, )
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vi. OZLO(LI) = [ZLO]A(OLJ;
vil. (text’, eIt’, t) := TRANSLATE(Iy, BZLO(L1)7 OZLO(L1)’ Tm4+1 """ Trandrs,— (6,5) 1);
viil. if text’ = “implicit-input”, then:
A. parse elt’ as an element 8’ € Z,(L1);
B. if o/ = ', then:
— text := “implicit-input”;
— elt:=q;
— i := GETINDEXOFELT(Iy, B, a);
— output (text,elt,);
C. if o/ # 3, then:
— text := “proximity-proof”;
elt := (o, 8');
i LI Lol (= 1) + 1
— output (text,elt,);
ix. if text’ = “proximity-proof”, then:
A. text := text/;
B. elt:=elt’;
C.i= (L — |ZLU(L1)| + |LD + |L5‘ . |L1| + ‘L1| . IengthRS;(ﬁ,dimL[g) + (La - 1) .
lengthRs,:(ga dim ZLO(Ll));
D. output (text,q,i).

The algorithm for Dgs — is somewhat simpler than the one for Qs —, because we only need
to keep track of the domain of the function in the implicit input.

DRS,: ((Ifa BL7 OL)7 U rrandRSY:(ﬁ,n)a (07 I a2“> =

1. If k < Ko, then:
(a) deqy=2%/2"—1;
(b) P := SUBSPACEINTERP(I;, Br,OL, (a1, ..., 09x))
(¢) d:= deg(P)
(d) if d < dyy, output 1, else output 0
2. If kK > Ko, then:
(a) BLO = (al, ce ’aLH/QJ—“/)’ OLO = OL;
(b) [Zr,]* :== FinDSuBspPoLY(Iy, Br,, OL,);
(C) BL6 = (al, cee ’aLK//2J7,\/+u)7 OL/O = OL;
(d) if r1 = 0, then do row test recursion:
iom:=1+[r/2] +7;
ii. Br, = (a|x/2)=y41,---»x), OL, == OL;
iii. B := GETRANDELT(IE, BLU OLl N ) T1+[n/2]+'y);

iv. if B € Ly, then By, := (a1, -, ax/2]—y4p> O /2] —v4p+1);
v. if g & L{), then BLB = (al, R ,aLH/QJ,,YJFM,,@ + OLE));
vi. Op, = 0py;

vii. output Drs—((Ie, BLy, OLy), Pma1 -+ Trandgs — (6x)> 01+~ Q2r )
(e) if 71 =1, then do column test recursion:
im:=14[r/2] =7+
. o= GETRANDELT(I@,BL6,OL6;T2 ST k2] =)
i, By, (1) = (1Z0a)(@sso)y1) H 20O ) o 1210 () + [ Z10]O8,, )
iv. OZLO(Ll) = [ZLO]A(OLI);

v. output Dys — ((Ze; Bz, (£1): Oy, (L1))s Tm+1 " Trandps — (6.4)> 01+~ Q2x).
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The correctness of both QQrs - and Dgg _ easily follows by inspection of the algorithms and the
above discussion. O

12.3.2 Non-Adaptivity of Vis .

Lemma 12.17. Vi . is a non-adaptive (strong) PCPP verifier.

Proof. The explicit input of Vs . is (Iy, Bs, Og, d), where I, is an irreducible polynomial over Fy
of degree ¢ with root x, which induces the field extension Fyr := Fo(x), Bg = (a1, ..., a,) and Og
are a basis and offset of a k-dimensional affine subspace S C Fy¢, and d is a positive integer that
is less than dy, := [S]/2"7 — 1 = 277" — 1; the implicit input of Vis . is a function p: S — Fa.
(For more details on the algorithm Vis -, see Algorithm 15.) The proof of proximity 7 of Vs  is
parsed as a pair (7, m2), where both 71 and 72 are proofs of proximity to RS(Fye, S, ds ,); again,
see Algorithm 6 for more details and for the algorithm that computes the proof of proximity.
Finally, see Lemma C.2 for queryyy _(¢, k,d), randgs - (¢, k,d), and length, (¢, &, d).

The algorithm Vs . simply calls Vis - twice with different inputs, and hence makes at most
querygs (0, k,d) := 2 - querypg (¢, k) queries. Thus, the algorithm Qgs < calls Qrs,— and then,
depending on whether the query was in the first set of queryyq (¢, k) queries or in the second
set of querypg (¢, k) queries, does not shift or shifts by the right amount the index output by

Qrs,—-*
Thus, the algorithm Qgs . is defined as follows:

QRS,< ((Ig, BSv OS) d)u rye-- TrandRs,<(£7Kl’d),’L’) =
L. Ifie {1,...,queryyq (¢, )}, then:

(a‘) Tll U TiandRs,:(ﬁ,n) "= T1 " Trandgg — (4,5)5
(b) ] = QRS,:((va BSa OS), Ti te T:andRS’:(&H)vi);
(c) output j.
2. If L€ {1,...,queryps _(£,k)}, where ¢ := i — querygy _(/, k), then:
(a) T,ll o .rl/'/andRS’:(Z,ﬂ) =Ty TrandRs,:(E,n);
(b) Jo = QRS,:((Iéa Bs, 05)7 Tlll o 'rilandRSY:(z,H): L)?
(c) if 0 < jo < |S], then j := jo;
(d) if [S| < jo < |S| + lengthyg _(¢, k), then j := lengthyg _ (4, k) + jo;
(e) output j.

(Note that it just so happens that Qgs - is independent of d.) Note that, in Step 2, we need
to “shift left” the query by querypq (¢, k) before feeding it to Qrs,— and, after invoking Qs —,
we may need to “shift right” its output index, depending if it is to the explicit input or the
proximity proof.

The corresponding algorithm Dgg _ is defined as follows:

Drgs < ((va Bs, Og, d)7 71" " Trandgs, < (¢,k,d) > A1 " "~ aqueryRSK(Z,n,d)) =

29Note that Vks,< uses its own implicit input as the implicit input to the first call of Vgs,—, while it simulates
the implicit input to the second call of Vrs —; it turns out that this simulation for the second call of Vrs - does
not require us to modify the indices returned by Qrs,— for queries in the second set of querypy _(¢, ) queries
(besides, shifting the indices by the right amount, that is). (Indeed, simulating a query to p'(a) = p(a) - Q(«)
by querying p(a) and multiplying the result by Q(«) has the obvious property that the values of p’ and those of
p appear in the same order in the evaluation tables of either.)
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! "

Par . ]
arse o Yquerypg — (£,r)

/ / /
o aqueryRSK(Z,ﬁ,d) as aq - aqueryRsy:(Z,ﬁ)al
/ / [ — e
LT rrandRs,:(Z,n) =T Tra"dRS,:(&”)'

o A Y

by := DRS,:((IK, Bs, OS); T1 rrandRs,:(f,K)’ a1 aqueryRSF(ﬁ,H))’
" 1 R e

"1 Trandpg, — (k) 7 7177 Trandrs —(6r)

dyp = |5]/2" = 1.
Fori=1,...,querygq (¢, k), do the following:
(2) Jo := Qrs.=((Le, Bs, O5), 11+ Tinarg _ 0,00 1);
(b) if 0 < jo <[S], then:
i. vj, := GETELTWITHINDEX (17, Bs, Og, jo);
ii. reset o to the new value ’y;l:’"_d v,
7. by = DRS,=((I€a Bs, Os), Tlll s ri/andRs,:(l,H)’ O/1/ U agueryRs,:(f,n))-

9. Output b.

A

(Note that it just so happens that Dgg . is independent of d.) Note that Dgg . is given as input
two sets of query answers o - - oy, verys,_ (6r) and of -~ o verys,— (64)° and invokes Dgg _ once

. : : "o
on each; also, before invoking Dgs_ on the second set of Cqueryps _ (L) Dgs . has to first

multiply the values to simulate answers from the function p - %7 ~¢ instead of p.
The correctness of both Qrs . and Dgg . easily follows by inspection of the algorithms and
the above discussion, as well as Lemma 12.16. ]

12.3.3 Non-Adaptivity of Vis -

Lemma 12.18. Vi is a non-adaptive (strong) PCPP wverifier.

Proof. The explicit input of Vs - is (Iy, Bs, Og, d), where I; is an irreducible polynomial over Fy
of degree ¢ with root x, which induces the field extension For := Fa(x), Bg = (a1, ..., ax) and Og
are a basis and offset of a k-dimensional affine subspace S of Fy., and d is a positive integer that
is greater than dy, := |S|/2"—1 = 27" —1; the implicit input of Vis . is a function p: S — Fa.
(For more details on the algorithm Vis -, see Algorithm 14.) The proof of proximity 7 of Vs - is

parsed as a 2"-tuple of pairs ((po, m0), - - ., (Pan—1,m2m—_1)), where po, ..., pan_1 are functions from
S to Fyr and 7, . . ., mon_1 are proofs of proximity to RS(Fy, S, dp), ..., RS(Fye, S, don_1), where
do,...,dan_1 are the 2" unique non-negative integers such that a polynomial P(x) of degree

d < |S| =2"(dy+1) can be written as a sum Zflal gident1) Py (1) with deg P; = d; < d,; ,y; see
Algorithm 5 (and the references therein) for more details and for the algorithm that computes
the proof of proximity. Finally, see Lemma C.3 for queryps . (4, x,d), randgs (¢, ,d), and
lengthy.s . (4, &, d).

Let my pq := [(d+1)/(dsy+1)]. The algorithm Vis . does some “real” verification only in
the case d < |S| = 2%, for otherwise it can always accept because RS(FFy, S, d) includes all the
codewords (of length |S|). Hence, dx, < d < |S| = 2"(dy, + 1), and thus m, ,q € {0,...,27}.
The algorithm Vi . makes m, , 4 calls to Vys_— and, in case my .4 - (dyy +1) < (d+ 1), also
one call to Vg ; after that, it performs a consistency test by querying at one value the implicit
input and at one value each of the functions py,...,pn in the proximity proof (for a total of
1 4 2" additional queries).

Thus, the algorithm Qgg - is defined as follows:

QRS,> ((Ifa Bs, Os, d)u LA TrandRS,>(Z,n,d)ai) =
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1. If d > 2%, then output L. (Because the decision algorithm Dgg . will accept without
examining any answer to any query.)
2. If d < 2%, then:
(a) dm,n = |S5]/2" - 1;
(b) mupa = [(d+1)/(dey +1)];
(C) dn,n,d =d— Mend - (dﬂﬂl + 1);
) ifie{1,...,muyq-queryps _(¢,k)}, then:
Loz=(i— 1)/querYRs,:(€a k)]

O S |
1 randrs,= (k) © 1 randgrs,=(¢,x)>
-/

iii. ' :=1i — 2z - querypg _(4, K);
iv. jo = Qus—((Ir, Bs, Og), i - --rl2) (s P

randrs,
V. = |S]+ 2+ (18] + lengthys (6,)) + Jo;
vi. output j;
(e) if mupa- (deyy +1) < d+ 1 and ' € {1,...,queryyy _(¢,k,d)}, where 7' :=
i — My ,d - querygg _ (¢, k), then:
(Mpmatl)  (Mp,p,at1)

ii.

1. Tl ’ randRs,<(€,n,dnm,d) =T TrandRS,<(€7‘%’dn,n,d);
s, (Mym,a+1) (M y,a+1) A
i jo := Qus < ((Ie; Bs, Osy dena)s 1 ™" Toangh J(ped )25

i, J 1= 1] + M- (5] + lengthys (€,5)) + o
iv. output j;
(f) if m - (deyy +1) = d+ 1 and ip € {1,...,1+ 2"}, where ig := i — My q
queryps (4, k), then:
1. rp) . --r,(;’) =T Tk
ii. v:= GETRANDELT(I, Bg, (95;1{”) )
ili. ¢y := GETINDEXOFELT(I}, Bs, Os,7);
iv. it ig = 1, then j := 1y;
v. if 1 <ig < (mypa+ 1), then j := |S| 4 (io — 2) - (|S| + lengthrg _ (¢, K)) + 143
vi. if (mygpq+1) <ig <2741, then j :=1;
vii. output j;
(8) if mepd-(deyy+1) <d+1andig € {1,...,14 27}, where ig := i — (Mypa -
queryps (4, k) + queryps (4, K, dy .q)), then:
1. rp) . --r,(;’) =TTk
ii. v:= GETRANDELT(I, Bg, (95;1{”) )
ili. ¢y := GETINDEXOFELT(I}, Bg, Os,7);
iv. it ig = 1, then j := 1y;
v. if 1 <ip < (mya+ 1), then j := |S|+ (io — 2) - (|S| + lengthyg _ (¢, K)) + t4;
vi. if i = mya + 2, then j := S| +myq- (|S| + lengthyy (£, K)) + 1y
vil. if (my a0+ 2) <io < 27+ 1, then j :=1;
viii. output j.

The corresponding algorithm Dgs - is defined as follows:

Drgs. » ((Ig, Bg, Os, d), 71" Trandgs > (4,k,d)> A1 " "~ O‘queryRS’>(£,n,d)) =

1. If d > 2%, then output 1.
2. If d < 2%, then:
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(a) Tg’Y) .. (’Y) =Tk

(b) ~v:= GETRANDELT(IE,B&(’)S,Tg )--.rfﬂ));
(©) M i= L(d+ 1)/ (d +1)];

(d) ﬁn,d =d-— Myn,d - (dn,n + 1);

(e) if m,.md (deyy +1) < d+1, then:

. parse &g - - - aqueryRS,>(Z,H,d) as

MO ag‘zrym’:(m) ... agmﬂa%d_l) . g’:e*:’ynf;ds;l()m) gm”v"’d) o gzr;j’y”F;Z?A&mdw’d)vvo CUgn_q
ii. fori=20,...,my,q — 1, do the following:
A. ng) o 'TE:)ndRS,:(&n) =11 Trandgg,=(4,K)3
B. bi 1= Dus—((Ie, Bs, Os),r{" - ri0 oot a0
iii. r§mmn’d) T E:;Zgédi(f Kol d) “=T1 " Trandgs, < (4,k,di n,d)°
iV. b, 0 = Dus,<((Ir, Bs, Os), " oorliond) - vaf™ne) ol

<

? _
- beonsist 1= (v = Z?iol 'yz(dﬁw'f‘l)vi);
Vi, b= beonsist Abo A Abm, -1 ANbm,, i
vii. output b;
(f) if mupa- (dey+1) =d+ 1, then:

1. parse &g --- aquerYR‘S’>(€)Kwd) as

cho) o ((TIOLI)EYYRS _(w) T agmmmd_l) o agﬁ’:’;}%’;;l()&n)vvo R
fori=0,...,mypna—1, do
A -Tfl)ndRs,:u,n) =T Trandns —(£e)3
B. b; == Drs -((Ir, Bs, Os), Tgi) E;Z'ldRS =(4K)’ Oé(li) N ((136"}’&8 =( "”")).

? 211 _i(d 1
iil. beonsist 1= (U = Zi:O ’Yz( mon )Ui);

iv. b := beonsist ANbo A+ Nbpm_1;
v. output b.

The correctness of both Qgs . and Dgs - easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.16 and Lemma 12.17. U

12.3.4 Non-Adaptivity of Vig
Lemma 12.19. Vis is a non-adaptive (strong) PCPP wverifier.

Proof. The explicit input of Vig is (Ip, Bs, Og, d), where I; is an irreducible polynomial over Fy
of degree ¢ with root x, which induces the field extension Fyr := Fa(x), Bs = (ay,...,a,) and
Og are a basis and offset of a xk-dimensional affine subspace S C Fy, and d is a positive integer;
the implicit input of Vg is a function p: S — Fye. (For more details on the algorithm Vgg, see
Algorithm 13.) The proof of proximity 7 of Vg is parsed according to whether d is less than,
equal to, or greater than d, , = |S|/27 — 1 = 27" — 1; see Algorithm 4 for the algorithm that
computes the proof of proximity according to these three cases. Finally, see Lemma C.4 for
querygs(4, k,d), randgs(4, k,d), and lengthyq (¢, K, d).
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The algorithm Vig simply calls Vis o, Vrs =, or Vis - according to the three cases for d with
respect to dyy. (Unless k < 1, in which case Vg directly tests the degree.) The algorithms for
Qrs and Dgg therefore follow immediately.

Thus, the algorithm Qgg is defined as follows:

Qrs ((I& Bs,Og,d),ry - Trandgrs (¢,k,d)> Z) =

1. Ifk<n
(a) Output j :=1.
2. lf k >m:
(a) Set dy, = |S|/2" - 1.
(b) If d < d,y, then output j := QRs,<((I£, Bs,Og,d),ry - TrandRS,<(£,n,d)ai)-
(¢) If d = dyy, then output j := Qgs—((Is, Bs, Os),71 - -rrandRS’z(&,ﬁ),i).
(d) If d > dy, then output j := QRS,>((Ig,BS, Og,d),ry - TrandRS,>(€,n,d)ui)'

The corresponding algorithm Dygg is defined as follows:

Drs ((Ify BSa OSa d)a 71" Trandrs(€,k,d)s X1 "~ O‘queryRs(Z,n,d)> =

1. Ifk<m
(a) P := SUBSPACEINTERP(Iy, Bg, Og, (a1,...,qx))
(b) d := deg(P)
(c) if d < d, output 1, else output 0
2. If k >m:
(a) Set dyy = |S|/2" - 1.
(b) Ifd < dy ), then output b := Dgs - ((Ig, Bs,Os,d), 71 Tvandgs, < (£,r,d)s Q1 aq“erYRS,<(Z’“)d))'
(c) Ifd = dy, then output b := DRs,:((Iz, Bs,Og),r1 - Trandps,_ (£,)> Q1 aqueryRS’:(g’,{)).

(d) Ifd > dy ), then output b := Dgs - ((Ig, Bs,Og,d),ry - Trandgs,s (£r,d)s Q1 ° aqueryRS)(&,{’d)).

The correctness of both Qrs and Dgg easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.16, Lemma 12.17, and Lemma 12.18. U

12.3.5 Non-Adaptivity of Vigg
Lemma 12.20. Vigs is a non-adaptive (strong) PCPP verifier.

Proof. The explicit input of Vygs is (Iy, Bs, Og, B, O, d), where I is an irreducible polynomial
over Fy of degree ¢ with root x, which induces the field extension Fyr := Fo(x), Bg = (a1,...,ax)
and Og are a basis and offset of a k-dimensional affine subspace S C For, By = (b1,...,b))
and Op are a basis and offset of a A-dimensional affine subspace H C Fqr, and d is a positive
integer; the implicit input of Vigs is a function p: S — Fye. (For more details on the algorithm
Virs, see Algorithm 12.) The proof of proximity 7 of Vigg is parsed as a pair (p,7) where
7 is a proof of proximity for the function p to RS(Fy,S,d — |H|); see Algorithm 3 for the
algorithm that computes the proof of proximity. Finally, see Lemma C.5 for query, (¢, &, A, d),
randyrs (4, k, A, d), and length, (4, K, A, d).

The algorithm Vi gs simply calls Vig on input (I, Bg, Og,d—|H|) (using the proximity proof
m = (p,7) as the pair of oracles for Vyg), then makes two queries (one to the implicit input p,
and one to the function p in the proximity proof 7), and performs a consistency test between
the functions p and p.

Thus, the algorithm Qvgs is defined as follows:
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QVRS <(I€a 857 057 BHa OHa d)7 71 " Trandyrs (£,5,\,d) /L) =

1. If i € {17 e ,queryRs(f,/{,d)}, then:
(a) - 'rll—andRs(é,m,d—\HD = T1 " Trandgrs (£,k,d—| H|)3
(b) ]:old = QR.SA((Iﬁa Bs,Os,d —|H|), 7"/1 T Tl{andRs(Z,K,d7|H|)’i);
(c) j =[S+ Jold;
(d) output j.
2. If i = querygs(¢, k,d) + 1, then:
(a) /r](-a) .. .r“({a = ’r‘l .. .er/;
(b) «:= GETRANDELT (I, Bg, Og; r%a) . 'r,(f));

3. If i = querygs (¢4, K, d) + 2, then:
a)

T( ...ra)-—',"... .
1 k=T T'r;

b) & = GETRANDELT(I;, Bg, Og; i - r{®));

The corresponding algorithm Dy g is defined as follows:

Dygs ((Ie7 Bs,Og, B, O, d), 71 Trandyrs (6,0 d)> Q1 ° " aqueryVRS(Z,m,/\,d)) =

1' Parse ay- - aqueryVRS(e’KM)\ﬂd) as aj - -- aqueryRS(vawd_lH‘)ww'

2. T Tandps(Em,d—|H]) 7= 17 Trandns (6.4~ |H))-
3. brs := DRS((Iﬁa Bs,Os,d — |H|), rll o T:’andRs(é,K,d*|H|)’ a1 aquerYRS(&Hvd_‘HD)'
4 T(O‘)'“T(O‘) =y
- k=T Tk-
5. a:= GETRANDELT(Iy, Bg, 05;7”§a) x 'r,({a)).
6. [Zg]* := FiINnDSuBspPoLY(Iy, By, Or);
7. 7= [Zy]Ma).
8. If (w =17 W), then beonsist := 1 else beonsist := 0.
9. b:= bRs A bconsist~
10. Output b.

The correctness of both Qyrs and Dyyg easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.19. U

12.3.6 Non-Adaptivity of V gs
Lemma 12.21. Vi is a non-adaptive PCPP verifier.

Proof. The algorithm V,gs is (as the name suggests) an algorithm that amplifies the soundness
of Vis; we let sgs(d,n) denote the soundness function of Vis. With the exception of the addition
of the proximity parameter § and target constant soundness s’ € [0, 1], V,rs has the same explicit
input, implicit input, and proof of proximity structure as Vig; all of these were briefly recalled
in Lemma 12.19. For more details on the algorithm V,gs, see Algorithm 11. (Note that there is
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no prover algorithm that is “specialized” for V,gg, because its corresponding prover is the same
as the one for Vig; more details on the prover for Vig can be found in Algorithm 4.) Finally,
see Lemma C.6 for query, (¢, x,d,d,s") and rand,gs(¢, K, d, 0, s").

The algorithm V,zg simply calls Vig several times, on the same input but with different
randomness, and then accepts if and only if all the calls to Vis accept. Hence, the algorithms
Q.rs and D,gs for V s can easily be constructed using the algorithms Qgrs and Dgg for Vis.

Specifically, the algorithm @,gg is defined as follows:

/ - —
QaRS ((-[fa BS) OSJ d7 67 S )7 1 Trandurs (4,k,d,0,8")> 7’) =

L log(1—s’)
me= Log(l—sRs(&?”))—"
Let z € {1,...,m} be such that i € {(z—1)-queryps(¢, k,d)+1,...,z-querys(¢, k,d)}.
inew :=1 — (2 — 1) - querygs (4, K, d).

(inew) . Tnew

rrandRs(&/{,d) = r(inewfl)'randRS (r,d)+1 """ Tinew'randRS (€r,d)-

= Que (12, Bs, Os,d), i) - -rines) (1 inew):
utput j.

S ot s W =

The corresponding algorithm D,gg is defined as follows:

/ J—
l)aRs((]k’lgs’CDS"1’578 >’T1"'7?andaas(&n¢a&suv<ll""XquavaRs(&n¢aasﬁ> =

1. m:= {—log(l_sl) -|

log(1—srs(6,2%))
(1) 1) (m) (m)
2. Parse a1+ Qquery, o (6r,6,57) @S Q1 © * Cgueryns(bred) 1" Cqueryns (brisd)”
3. Fori=1,...,m, do the following:

(@) .00 .7 .
(@) 717 Tandps (frd) = T(i—1)randrs (Gr.d)+1 " Tirandrg (6k,d);

— (%) (@) () (@)
(b) bi := Dgs ((157 Bs, Os, d)? "1 Trandps (Lk,d) X1 77 aqueryRS(é,n,d)) :
4. b:=by AN ANbp.
5. Output b.

The correctness of both Q,rs and D,gg easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.19. ]

Note that, in our explicit description of the algorithm Vis (from Algorithm 11), we have
chosen to not worry about randomness efficiency, so that each run of the sequential repetition is
performed using fresh randomness; this is in contrast to the randomness-efficient result given for
this step in [BSS08, Proposition 2.9]. Of course, as was mentioned before (see Remark 11.2), the
reason is that a randomness-efficient sampler would complicate the construction unnecessarily,
given that in this work we are not worried about randomness efficiency. Of course, if one wanted
to consider a randomness-efficient V,zg, one could easily modify the above algorithms Q),rzs and
D,gs to account for that, by simply changing how the two algorithms give randomness to each
sequential run.

12.3.7 Non-Adaptivity of V, yrs

Lemma 12.22. V, g5 s a non-adaptive PCPP wverifier.
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Proof. This proof is completely analogous to that of Lemma 12.21, but, for completeness, we
write it in full. The algorithm V,ygg is (as the name suggests) an algorithm that amplifies the
soundness of Vigg; we let syrs(d,n) denote the soundness function of Vis. With the exception
of the addition of the proximity parameter ¢ and the target soundness s’, V,yrs has the same
explicit input, implicit input, and proof of proximity structure as Vigg; all of these were briefly
recalled in Lemma 12.20. For more details on the algorithm V,ygs, see Algorithm 10. (Note that
there is no prover algorithm that is “specialized” for V,ygrs, because its corresponding prover is
the same as the one for Vyrg; more details on the prover for Vigg can be found in Algorithm 3.)
Finally, see Lemma C.7 for query,,ns(4, K, A, d, 6, s") and rand,vrs(4, K, A, d, 6, 8').

The algorithm V,ygs simply calls Virg several times, on the same input but with different
randomness, and then accepts if and only if all the calls to Vigs accept. Hence, the algorithms
Q.vrs and D,ygs for V,yrs can easily be constructed using the algorithms Qvgrs and Dygg for
Virs-

Specifically, the algorithm @Q,ygrs is defined as follows:

QaVRS <(I€7 BS? 057 BHa OHa da 67 Sl)y 71" Trandavrs (8,5,)\,d,0,8") ) Z) =

— log(1—s")
1.om:= LOgU*SVRS(&?“))—“
2. Let z € {1,...,m} besuch that i € {(z—l)-queryVRS(E, Ky A d)+1, ... z-query s (4, Ky A, d)}
3. inew =1 — z - queryy (4, K, A, d).
4. ) 'TS;:(;V\)/RS(&H,)\,CZ) P T (i —1)-randyis (G, Ad)+1 " Tinew-randys (6, d)
5. j = Qurs (<I€7 Bs,Os, By, On, d)7 TglneW) T rf;:eév\)/r{s(e’n)\’d)a Z‘nev\/) .
6. Output j.

The corresponding algorithm D,ygg is defined as follows:

/ —
DaVRS ((Ifa BSa OS? BH7 OH7 d7 57 S )7 1 Trandayrs (4,k,M,d,6,8")» ST aquer}’aVRS (Z,H,)\,d,(s,s’)) =

L log(1—s')
l.m:= Log(l—SVRS(@?”))—"
1) (1)

2. Parsea; -+« /)y as o e’ O[(m)O[(m)
: 1 query,ygs (4,k,A,d,0,) 1 queryygs (4,5,A,d) 1 queryygs (4,k,A,d)”

3. Fori=1,...,m, do the following:

(a‘) Tgl) e Tfl?"dVRS (Z,H,)wd) = r(ifl)-randVRS (f,l{,)\,d)+1 e Ti-randVRS (f,lﬁ,)\,d);
— (4) (4) (i) (4)
(b) bi := Dyrs ((157 BS’ OS’ BH’ OH’ d)’ LS TrandVRs(Z,n,)\,d)’ Qp e aqueryVRS (Z,n,)\,d))'

4. b:=by AN Abp.
5. Output b.

The correctness of both Q,vrs and D,ygrs easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.20. ]

12.3.8 Non-Adaptivity of V scsp

Lemma 12.23. V,,csp is a non-adaptive PCP verifier.

Proof. The PCP verifier V,,cqp is given as input an instance (x, 1Y), allegedly in SACSP, and
oracle access to a PCP proof m. (For more details on the algorithm V,,csp, see Algorithm 9.)
The PCP proof 7 is parsed as a tuple (po, mo, p1, 71, 7c) Where 7 is a proof of proximity for pg
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to RS(Fy, Fy, 2™a() — 1), 1) is a proof of proximity for p; to VRS(F, Fy, Hy, d), and 7 is a proof
of proximity for pg — px to VRS(F;, Fy, I} 1o ||, 2mu(*) _ 1) for a certain degree d, function py,
and affine subspace I; 1og|4; see Algorithm 2 for the algorithm that computes the PCP proof.
Finally, see Lemma C.8 for query,¢p(x,1), randacsp(x,t), and length, op(x,1).

The algorithm V;,cgp consists of five main steps: in the first step, Vi csp generates the neces-
sary “objects” needed for running subsequent steps; in the second step, V csp tests proximity of
po to RS (using a specific proximity parameter dgs and target soundness sk = 1/2); in the third
step, Viacsp tests proximity of p; to VRS (using another specific proximity parameter dygrs and
target soundness si s = 1/2); in the fourth step, Viacsp runs a consistency test between py and
p1; in the fifth step, Viycsp tests proximity of pg — px to VRS (using another specific proximity
parameter d. and target soundness s. = 1/2).

The algorithm @Q,cgp is then easily defined as follows:

Qacsp ((Xv 1t)a L rrandAcSP(X:t)’i) =

1. Parameter instantiation:
(a) I; := FINDIRRPOLY(1/(®);
(b) B, := FIELDBASIS(1});
(c) (Bm,,Op,) := FINDH(1!);
(d) fori=1,...,cn(t), [Nei]* := FINDN(1%,4);
(e) [P = FINDP(lt)
(6) (Bl pog ey Ol sog ) -= FINDI(1Y, 1loglxl)y.
(g) d:= deg(Py(x, x(2’“H(t> 1)-deg(N, 1) o ’J;(zmH(t)_1)'deg(Nt,cN(t)))).
2. Deduce the amount of randomness and number of queries for the amplified verifiers:
(a) drs := (8 ZCN deg(N:;)) ™t and shg := 0.5;

(b) na.ps := query,xs(f(2), f(t), 2mu(t) L, drs, Sias%

(C nraRS = randaRS(f(t)a f(t>7 2mH(t) - 17 5RS7 S/RS);

(d) dyrs = % and s} g := 0.5;

(€) NA,yrs := query,ygs(f(t), f(t), mu(t), d, dyrs, 5/\135)3

(f Nlavrs ‘= randaVRS( ), f(t 7mH(t)7 d, dyrs, SQ/RS)§

(g) 6c:=(8 ZcN(t deg(N¢;))~! and s. := 0.5;

(h) nq. := query,yps(f(2), f(t),log |x],2m5") — 1,5, s);

(i nre 1= randaVRS(f(t)a f( )alOg ’X|7 2mu(t) L, dc, Slc)
3. Ifi e {1, .. .,nqaRS}, then:

/

b ]old QaRS ((Lﬁ, BFty O]Ftv 2mH(t) - 17 6RS7 5{’{8)7 T/l e r:“'aRS s Z)a

(C j _.]O|da

(d) output j.

4. I inew € {1,...,nq,yrs ) Where inew : =i — nq, g, then:

™1 " Thravrs = 717" " Tnrayrss
—— / 1 ! .
b jold = QaVRS ((Ita BFta OIFt ) BHt? OHtv d7 5VRS? SVRs)a 7"1 rnraVRS ) Znew)a

finew € {1,...,cn(t) + 1}, where ipew := @ — nq, x5 — NG, yrs, then:

)
)
)
)
)
)
)
)
)
(a) Ti “Thrars = 717" Thrgrss
(b)
)
)
)
)
)
)
)
)

o) | _ .
Try =T Tf@)s
a := GETRANDELT(I;, Br,, Op,; r§a) o -rgfg));

87



(¢) if inew € {1,...,cn(t)}, then:
L Qe = [N inen] (@);
ii. ja,., = GETINDEXOFELT (I, Br,, OF,, Qipe, );
i 1= oy,
iv. output j;
(d) if inew = cn(t) + 1, then:
i. jo := GETINDEXOFELT(I, By,, O, , @0);
ii. j = 2/0) - length, s (f(1), f(1), 2™10) — 1,6, ss) + i
iii. output j.
6. If inew € {1,...,nq.}, where inew := 7 — nq,zs — NA,yrs — (Cn(t) + 1), then:
(a‘) Ti/ T r:\/rc =T1 Tares
(b) jold = QaVRS ((It7 BF“ OJFwBIt,log x| Olt,log x| 2mH(t) — 1, 5c, S/C), Ti’ ’r’:{rc Znew);
(c) if j € {1,...,27D}, then j := joa;
(@) if j — 270 € {1,.... length o (F(1), £(£),10g ], d, 5c, 5L)}.
then j : IengthaRS(f(t)7 f(@), 2mult) — 1, 0rs, Sis)
+27® length, yxs (f(2), f(t), mu(t), d, Ovrs, $yrs) + Jold:
(e) output j.

The corresponding algorithm D ,cgp is defined as follows:

t _
D acsp ((X7 1 )7 1 Trandpcsp(x,t)y @1 " ° aqueryACSP(x,t)) =

1. Parameter instantiation:

(a) I; := FINDIRRPOLY(1/();
(b) B, := FIELDBASIS([});
(c) (Bm,,Op,) = FINDH(1%);
(d) fori=1,...,cn(t), [Nei]* := FINDN(1%,4);
(e) [P)* = FINDP(lt)
(£) (BI, 10511 Ol sog 1) := FINDI(1F, 1108 1))
(g) d = deg(Pt(x x(QmH(ﬂ 1)-deg(Ny, 1) o 7x(Q'“H(t)71)~deg(Nt7CN<t))))'
2. Deduce the amount of randomness and number of queries for the amplified verifiers:
(a) drs := (8 ZCN deg(Ny;))~! and SRS := 0.5;
(b
(c
(

(
(

) 2mH —1 5RS?SRS)

nqaRS = queryaRS( ( ) (
) 2mH -1 5RS? RS)
9;

Nryrs ‘= randaRS( ( ) (
Ovrs = l and SVRS = 0.

)
)
;
; Nd.yrs 1= QUETY,yps( (t)d’c(t): mu(t), d, dvrs, Syrs);
)
)

o A

H
Nravrs = rand,yrs(f(t), f(t), mu(t), d 6VRS7SVRS)

f (t
b = (8N deg(NVy.,)
),

(g +i)) "1 and s. = 0.5;

(h ngqc = querdeRS( ( f(t) IOg |X‘7 2mH(t) - 17 567 S::);

(i) nre:= randaVRs( (t), £(t),log|x|,2m®) — 1,5, s0).
3. Parse a1 - Qquery, oqp(x,t) 88

/ / " "
al e anqaRSal e ananRSryl e ’YCN(t)WT]. e anc .

/ / .
4. 7 Trrrs = 717" Tnrags-
R mgg (¢ / / / / /
5. brs = Dans (It Br,, Or,, 2™ — 1, drs, shg), 7] - - Trranss @17 anqaRs)'
1! ! e
6. 7] - “Taravrs = 717 nraves-
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R / 1/ 7 7 1
7. bVRS = DaVRS ((Ita B]Ft? O]Ft: Bth OHta d7 5VRSa SVRs)7 "L Thrgyrs X177 ananRS) .
(a) ()

8.7 TRy T TS
9. a := GETRANDELT(It, Bp,, OF,; 7“@ i '7“500(42))-
10. [P]* := FINDP(1).
1. W= [P 71, Yen (1))
12. bp == (' = w).
13, 7ol =T
14. be := D,vrs((I4, Br,, Op,, Bft,logwOzt,log‘xﬂ”‘H(“ — 1,0, 8L), T P Ty Tog, )
15. b:= brs A byrs A bp A be.
16. Output b.

The correctness of both Qacsp and Dacgp easily follows by inspection of the algorithms and the
above discussion, as well as Lemma 12.21 and Lemma 12.22. ]

12.4 Efficient Reverse Sampling

The third property considered by Barak and Goldreich [BG08, Definiton 3.2, third item] for
a PCP verifier is the ability to efficiently find a random string that is consistent with a given

query:
Definition 12.24 (Efficient Reverse Sampling). A PCP (resp., PCPP) verifier V is efficiently
reverse samplable if V is a non-adaptive PCP (resp., PCPP) verifier, and hence can be
decomposed into the pair of algorithms @ and D, and, moreover, there exists a probabilistic
polynomial-time algorithm S such that, given any string x and positive integersi and j, S(z,1i,7)
outputs a uniformly distributed string r that satisfies Q(xz,7,i) = j.

We prove that the PCP verifier V,,cgp does satisfy the definition above — that this is so is
not clear, especially in light of the recursive nature of Vig —, used as part of the construction of

‘/;ACSP'
Claim 12.25. The PCP verifier Viacsp 18 efficiently reverse samplable.

Again, the construction of V,,cgp is quite complicated, and we will have to proceed one step
at a time. As before, our proof will be “bottom up”. Please refer to Figure 1 for an algorithmic
reference of the construction of Viycsp. (More specific references will be given in each of the
proofs.) Also, as we did in Section 12.3, we fix throughout a specific choice of parameters
(n, Ko, 7y, 1), which parametrize Viycgp.

Throughout, the symbol o will denote string contatenation.

12.4.1 Efficient Reverse Sampling of Vi _

Lemma 12.26. The (strong) PCPP verifier Vis — is efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.1. We have already established in Lemma 12.16

that Vs - is a non-adaptive (strong) PCPP verifier. We are left to construct the probabilistic
polynomial-time “reverse sampler”: on input (Ip, Bz, Or), a query number i € {1,...,query.q _(¢,x)},
and a query index j € {1,...,[L| + lengthys _(¢, %)},

Ss— (16, B1,01),,5) =
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1. Compute (r,n,t) := RANDSAMP((Ig,BL,(’)L),i,j).
2. Output r.

Similarly to Qgrs—, we have exported the “hard work” of Sgs_ to an iterative procedure,
RANDSAMP passing more state; on input an irreducible polynomial I, of degree ¢ with root
x, a basis By, and offset O for a x-dimensional affine subspace L C [y, a query number
i€ {l,...,queryps _(¢,k)}, and a query index j € {1,...,|L| + length.. _(¢, x)}, the procedure
RANDSAMP outputs a triple (r,n,t), where r € {0,1}""drs.=(t6) js a uniformly distributed
string satisfying j = QRS,:((Ig,BL,OL),T,Z'), n is the cardinality of all such strings r, and
t =randgs (¢, k).

Essentially, deducing the algorithm RANDSAMP amounts to carefully examining the algo-
rithm TRANSLATE, which was the iterative procedure doing the “hard work” of Qrg —, on known
inputs Iy, By, O, and ¢ but without knowing the input randomness r; of course (and this is
the point), we do know that the output is (text,elt,j), for some text and elt, and the goal
of RANDSAMP is to find a string r that is consistent with the known inputs and output and,
moreover, is in fact uniformly distributed among all such strings; it will be convenient to also

keep track of the numbers n and ¢ described in the previous paragraph.

At high level, the algorithm RANDSAMP will act differently, depending on whether the query
j under consideration is to the implicit input p: L — Fye or to the proximity proof © = (f,II);
in the former case, j must be between 1 and |L| = 2", while, in the latter case, j — |L| must be
between 1 and |Lg| - |L1|+|Ly|-lengthyg _ (4, |k/2] —v+p+1)+|Lg|-lengthyy (¢, [k/2]+7). In
fact, if the query j is to the proximity proof, RANDSAMP will also distinguish between the case
that j is a query to f, a query to one of the row-test proofs of proximity, and a query to one of
the column-test proofs of proximity. We now describe the algorithm RANDSAMP in detail:

RANDSAMP ((I¢, Br,OL),4,j) =
1. if k < Kp, then output (e,0,0).
indeed, in the base case of Q=rs.=, no randomness is used, and thus here none need be sampled
2. if kK > kg, then do the following:
(a) mo :=[K/2] +7,m1:= |K/2] =7+

(b) m := 14 max{mg,m1};

(C) BLO = (al, ‘e ,aw/gj,v); OLO = OL;

(d) BL6 = (al, ce ,CLLH/QJ,,HH), OL6 = OL;

(e) Br, := (a|x/2)—y+1s---»0x), Or, := OL;

(f) [Z,]* := FinDSuBspPovLy(Iy, Br,, O, );

(8) Bz, (r,) = ([Zro)*(ans2)—v+1) + [Z10)*(O0r,, ) - - -+ [Z1o]* (ax) + [Z1,]"(0F,, ));
(h) if 5/ € {1,...,2%}, where j’ := j, then do the following:

i.e., 7 is a query into the implicit input p: L — Fo
i. a:= GETELTWITHINDEX (I;, B, OL,5');
ii. deduce 8 € Ly such that [Z1,]"(8) = [ZL,]*(a);

iii. if g € LE), then BLﬂ = (al, e 7O/LH/2J77+IJ‘7aLH/2J77+H+1);
iv. if B ¢ Lg, then Br, := (a1, ..., @ xj2) -y, B+ OLy);
v. Or, ==0p;
vi. if a & Lj, then do the following;:
A r =0

B. ro-- ri4m, := GETRANDFROMELT(I(, BL,, OL,, 5);
C. ﬁlo ::mflfmo;
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if m >0, draw 7 —mg+1,-- - Tm € {0,1} at random;
j" = GETINDEXOFELT(I;, BL,, O, v);

(o, n0,40) :== RANDSAMP((1;, Br,,0L,),i,5");

. output (71 -7y, 0Tg, 270 - 19, 2™ - £y);

vii. if @ € L, then do the following:

first 110111‘(‘ out the probability mass to assign to a row test

QO mEO

A. réo) Tﬁ)mo := GETRANDFROMELT(I4, Br,,,OL,, 5);
B. mg:=m—1—mg;
C. if mg > 0, draw 7"7(7?)_7%0+1, oW e {0,1} at random;
D. j” = GETINDEXOFELT(I@,BLQ,OLB, );
E. (?O, no,go) = R,ANDSAMP((I[, BLﬁ, OLﬁ), i,j//);
then figure out probability mass to assign to a column test
F. rél) Tﬁ)ml := GETRANDFROMELT(Iy, Br;, Oy, );
G. 7%1 .—m—l—ml;
H. if m; > 0, draw rglmlﬂ, e {0,1} at random;
I j":= GETINDEXOFELT(IbBZLO(Ll),OZLO(Ll), );
J. (71, ’I’Ll,fl) = I%ANDSAMP((Ig7 BL‘/), OL(/]), i,j”);
finally put everything together
K. ri---r,oF isset to r§0) 0 )or W.p. 2m Z"O and to r( ) --~r%)oﬂ W.p. 2;,,1“21;

L. output (ry---rpy o7,2™0 -ng + 271 . ng, 2™ - Ly 4 2™ - £1);
(i) if 7/ € {1,...,25"r 1} where j' := j — 2%, then do the following:
i.e., j is a query into the bivariate evaluation f
I lrow i = L]’/Qr”/QH"VJ,
i, teol i= J' — tLeoy - 21F/21H7;
iii. «:= GETELTWITHINDEX(I¢, Br;,OL;, teol);
iv. f:= GETELTWITHINDEX (I, BZLO(LI), OZLO(Ll)LmW);
first figure out probability mass to assign to a row test
v. réo) rgoﬁmo := GETRANDFROMELT (I, BL,, OL,, B);

vi. 7710 .—mf].*m();
(0)

vii. if mg > 0, draw T 41 7"7(,?) € {0,1} at random;

Vlll j/, = Lcol;
ix. (?07 no, éo) = RANDSAMP((I@7 BLB? OLﬂ)v i,j”);
then figure out probability mass to assign to a column test
1 1
X. ré ) 7"§+)m1 := GETRANDFROMELT(Iy, By, Oy, );

xi. my:=m—1—mq;

1)

xii. if mq >0, draw rp) =, ri) e {0,1} at random;

xiil. 7" = trow;

Xiv. (?1,7’11,(1) = RANDSAMP((I[,BL(/J,OLZJ), i,j”);

finally put everything together

XV. T Ty OT I8 set to T‘(O) . ( ) 0Ty W.p. 2m e"“ and to 1"(1) . ~7’7(7p oT1 W.p. 2:,5.‘21;
Xvi. output (71 -7y 0T, 270 - mg 4 271 .y, 2™ - Ly + 27 - 4y);

N ep - . j_or _grtutl .

(3) if 7 € {1,..., 2072147}, where j' == LengthR;:(&Lﬁ/QJ*7+M+1)J7 then do the following:

i.e., j is a query into a row proximity sub-proof
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i. 1 :=0;

ii. = GETELTWITHINDEX(Q,BZLO(LI),OZLO(LI)J");

iii. deduce 8 € L; such that [Z,]*(8) = B';

iv. 79+ T14m, := GETRANDFROMELT (I, BL,,OL,, 8);

v. mg:=m—1—my;

vi. if mo > 0, draw 7y, _mo+1,-- -, "m € {0,1} at random;

vil. 7= 2W/2mrtetl g (—ox —ontedl o engthy (0, [Kk/2) — v 4 p+ 1));
viii. (o, n0,4) := RANDSAMP((Iy, BL,,0L,),1,5");

ix. output (71 -7 0 7o, 270 - ng, 2™ - £y);

o 9l— g | g2t e At ol /214 Y engthp o (4, K/2] —y+pt1)
(k) if j" € {1,... 72[5/ . PY—HL}’ where j' := \\ IengthRs,:(&MgSPrﬂ) ’

then do the following;:

i.e., 7 is a query into a column proximity sub-proof

iry =1,

ii. a:= GETELTWITHINDEX (I, By, O%,j’);

iii. deduce § € Ly such that [Z1,]*(B) = [ZL,]"(«);

v, ro- Tigm, = GETRANDFROMELT(IE,B%,OL;),a);

v. m1:=m—1—mq;

vi. if my > 0, draw 77, 41,-- > "m € {0,1} at random;
vil. §7 = 20n/21Hn (5 — 2% — gttt _olw/21H7 length o (¢, |K/2) —y+p+ 1) — 5

length. _ (¢, [/2] +7));

viii. (F1,n1,41) := RANDSAMP((Ig7BZLU(L1),OZLO(Ll)),i,j”);

ix. output (r1---7y, 071,27 - ny, 2™ - f1).

Note that RANDSAMP happens to be independent of i. Also recall (see Lemma C.10) that

lengthys (4, k) = olw/2147 . glw/2]—y+p+1
+ 2052157 lengthyg (€, /2] — v+ p+ 1) + 2277 engthy g (¢, [1/2] +7)

The correctness of Sis — follows from the correctness of RANDSAMP, which follows by inspection.
O

We remark that in Step 2(h)ii, Step 2(j)iii, and Step 2(k)iii, RANDSAMP is required to
“invert” the polynomial Zr,,. More precisely, given 8’ € Z1,(Fy), RANDSAMP needs to compute
the unique 8 € Ly such that Zr,,(8) = . Even though Zr, is a high-degree polynomial, the
same fact that implies the existence of a small arithmetic circuit [Zr,]* for computing Z1, (see
Algorithm 21) also implies a “sparse” computation for finding 8. Specifically, because Zp,, is a
linearized polynomial (or, more precisely, a shift of such a polynomial), the map Zr,,: For — Fy
is an affine map. Hence, finding /5 reduces to finding the unique solution in L; of a dim(Lg)-
dimensional linear system Mz + O = 3/ where M and O are the matrix and offset induced by
the affine map Zr,,. This can be done in time that is polynomial in ¢ and x, and thus 8 can
indeed be found efficiently by RANDSAMP.

12.4.2 Efficient Reverse Sampling of Vig .
Lemma 12.27. The (strong) PCPP verifier Vis . is efficiently reverse-samplable.
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Proof. Recall the definitions from Lemma C.2. We have already established in Lemma 12.17
that Vis . is a non-adaptive (strong) PCPP verifier. We are left to construct the probabilistic
polynomial-time “reverse sampler”: on input (I, Bs, Og,d), i € {1,...,queryys _(¢,r,d)}, and
JeA{1,...,[S] +lengthys _(¢,k,d)},

Srs. <(Ig,BS,(’)S,d),i,j> =

L. Ifie {1,...,queryyg (¢, )}, then:
(a) compute r := SRS,:((Ig,BS, (’)S),i,j).
2. If ' € {1,...,querypg _(¢,K)}, where i’ :== i — queryps _ (¢, k), then:
(a) if j €{1,...,|5]|}, then:
i. compute 7 := Sgs — ((I¢, Bs, Os), ', j);
(b) if 7" € {|S| +1,...,|S| + lengthys _(¢,k)}, where j' := j — lengthy, _(¢, k), then:
i. compute 7 := Sgs _ ((I¢, Bs, Og), ', j').
3. Output 7.

Recall that randgs - (¢, k,d) = randgs - (¢, k), and thus r is always of the correct length (and thus
there is never a need to pad it with random bits). The correctness of Sgs . easily follows by
inspection, as well as from Lemma 12.16. 0

12.4.3 Efficient Reverse Sampling of V;g .
Lemma 12.28. The (strong) PCPP verifier Vis~ is efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.3. We have already established in Lemma 12.18
that Vis~ is a non-adaptive (strong) PCPP verifier. We are left to construct the probabilistic
polynomial-time “reverse sampler”: on input (I, Bs, Og,d), i € {1,...,queryys (¢, r,d)}, and
JjeAL, ..., |S|+lengthyg (¢, k,d)},

Srs.o <(Ig,85,(’)g,d),i,j> =

1. If d > 2%, then output L. (Because the decision algorithm Dgg . will accept without
examining any query answer, and thus the query algorithm QQrs- will in this case
not make any queries.)

2. If d < 2%, then:

(a) dyy:=1[S]/2" = 1;
(b) My i= L(d+ 1)/ (du +1));
(C) dn,n,d =d— Mgnd - (d,.gm + 1);
(d) ifi e {1, oMy - querypg (£, m)}, then:
Loz=(i— 1)/quer)’Rs,=(€’ DIE
ii. dnew := 1 — 2 - querypg (¢, K);
i, Jnew :=J — (|S] + 2z - (|S] + lengthys (¢, K)));
v, 7= SRS,:((-[Z) Bgs, 03)7 ineW7jnew)§
v. output r;
(e) if mypa - (dey +1) < d+ 1 and inew € {1,...,querypg (4, K,dgy.q)}, where
fnew 1= 1 — My p.d - queryps (¢, k), then:
L Jnew :=J — (‘S’ + My pa - (|S] + lengthgg _ (4, ”)))3
ii. r:= Sgs < ((Ig, Bs, Os, dm,n,d)a Tnew; jnew);
iii. output r;
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(f) if myema- (deyy +1) = d+ 1 and dpew € {1,...,(1 + My yq)}, where iney =
i — My y.d - querygg _ (¢, k), then:
i. if 4hew = 1, then:
(it must be that j € {1,...,]S[})
A Jnew = J;
B. v := GETELTWITHINDEX(I7, Bs, O3, Jnew);
C. r := GETRANDFROMELT(Iy, Bs, Og,7);
D. output r;
ii. if dnew € {2,..., (1 +myya)}, then:
(it must be that j € {|S|+ (inew —2) - (|S] + lengthpg _(£,5)) +1,..., S| + (dnew —2) - (| S|+
lengthy._ (€, 7)) +S]})
A Jnew =17 — (|S| + (inew — 2) - (|S] + lengthgs _ (4, H)))S
B. 7 := GETELTWITHINDEX (I, Bs, Os, jnew);
C. ~y := 7/ ((inew=2)(ds,n +1)).
D. r:= GETRANDFROMELT (I}, Bs, Og,7);
E. output r;
(g) if meya- (deyy +1) < d+ 1 and dnew € {1,...,(1 + My ypq)}, Where inew =
i — (Myy,d - querygg _ (4, k) 4 querypg (4, K, dy 5,q)), then:
i. if 4hew = 1, then:
(it must be that j € {1,...,]S[})
A. Jnew = J;
B. v := GETELTWITHINDEX(I7, Bs, O3, jnew);
C. r:= GETRANDFROMELT(Iy, Bg, Og,7);
D. output 7;
ii. if dnew € {2,..., (1 +myya+ 1)}, then:
(it must be that j € {|S|+ (inew — 2) - (|S| +lengthpg _(£,5)) +1,..., S|4 (inew — 2) - (|S| +
lengthy,s,_ (¢, %)) +|S]})
AL Jnew == — (|S| + (inew — 2) - (|S] + IengthRs,:(& ”)))5
B. 7 := GETELTWITHINDEX (I, Bs, Os, jnew);
C. ~y := 7/ (linew=2)(dy,p +1)).
D. r:= GETRANDFROMELT (I}, Bs, Og,7);
E. output r.

Recall that randgs . (¢, ,d) = max{randps _ (¢, ), L y.q - randgs (¢, K, dy . q) }, where 1, 4 :=1
if (d+1) > dipd- (dey+1)and 1, 4 := 0 otherwise, and thus r is always of the correct length
(and thus there is never a need to pad it with random bits). The correctness of Sgs . easily
follows by inspection, as well as from Lemma 12.16 and Lemma 12.17. ]

12.4.4 Efficient Reverse Sampling of Vg
Lemma 12.29. The (strong) PCPP verifier Vig is efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.4. We have already established in Lemma 12.19
that Vis is a non-adaptive (strong) PCPP verifier. We are left to construct the probabilistic
polynomial-time “reverse sampler”: on input (I, Bs,Og,d), i € {1,...,queryys(¢, k,d)}, and
je{l,...,|S] + lengthys(¢, k,d)},

Sks ((Ie, Bs,Og,d), Z,j) =
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1. Itk <nm
(a) Output a random string in randgs (¥, &, d).
2. lf k >m:
(a) Set dy, :=1S5]/2" — 1.
(b) If d < d, y, then output r := Sgs, <((Ig,85, Og,d),1 j).
(c) If d = dy ), then output r := Sgg _((I Bs,Ogs) ,z,j)
(d) If d > dy, then output r := SRS >((Ig,85, (95, ,z,j).
)
)

Output 7.

The correctness of Sig easily follows by inspection, as well as from Lemma 12.16, Lemma 12.17,
and Lemma 12.18. O

12.4.5 Efficient Reverse Sampling of Vigg

Lemma 12.30. The (strong) PCPP verifier Vyrs is efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.5. We have already established in Lemma 12.20
that Vygs is a non-adaptive (strong) PCPP verifier. We are left to construct the probabilistic
polynomial-time “reverse sampler”: on input (Iy, Bs, Os, B, O, d), i € {1,...,queryygzs(4, K, A, d)},
and j € {1,...,|S| + lengthyrs(¢, k, A\, d)},

Svns (11 Bs, Os, Bu, O, d), i, ) =

1. If i € {1,...,queryy (¢, k,d — |H|)}, then:
(it must be that j € {|S|+1,...,|S| 4+ |S| + length,s(¢, 5, d — |H|)})
(a) lnew ‘= 1;
(b) Jnew =] — ‘S‘;
(c) r:= Sus((Ir, Bs, Os,d — |H|), inew: Jnew)-
2. If i = queryps(4, k,d — |H|) + 1, then:
(it must be that j € {1,...,|S|})
(a) Jnew = J;
(b) «:= GETELTWITHINDEX(Iy, Bs, Og, jnew);
(c¢) r:= GETRANDFROMELT(Iy, Bg, Og, ).
3. If i = querygs(¢, k,d — |H|) + 2, then:
(it must be that j € {|S|+1,...,|S|+|S[})
(8) dnew = j — IS|;
(b) a:= GETELTWITHINDEX (I, Bs, O3, jnew);
(¢) 7 := GETRANDFROMELT(Iy, Bg, Og, ).
4. Pad r with random bits until it is randygs(?, K, A, d)-bits long.
5. Output r.

The correctness of Syrg easily follows by inspection, as well as from Lemma 12.19. O

12.4.6 Efficient Reverse Sampling of V g
Lemma 12.31. The PCPP verifier V,gs is efficiently reverse-samplable.
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Proof. Recall the definitions from Lemma C.6. We have already established in Lemma 12.21
that V,grg is a non-adaptive PCPP verifier. We are left to construct the probabilistic polynomial-
time “reverse sampler”: on input (Iy,Bs,Os,d,d,s"), i € {1,...,query,ns(¢, k,d,d,s")}, and
je{l,...,|S]|+ length s (¢, k,d,0,5")},

SaRS<(Ig,BS,OS,d, . s’),z’,j) =

Lom = | iy |
2. Let z € {1,...,m} besuch that i € {(z—1)-queryps((, ,d)+1, ..., z-queryys (£, 5, d) }.
3. inew :=1 — (2 — 1) - querygs(¢, K, d).
4. Jnew = J-
5. 1, 1= Sks ((Ig, Bs, Og, d)a Tnews jnew)-
6. For l € {1,...,m} — {z}, draw a random randgs (¥, %, d)-bit string r;.
7. 7 =71 Tm.
8. Output 7.
The correctness of S,y easily follows by inspection, as well as from Lemma 12.19. O

12.4.7 Efficient Reverse Sampling of V, s
Lemma 12.32. The PCPP verifier V,yrs is efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.7. We have already established in Lemma 12.22 that
V.vrs 18 a non-adaptive PCPP verifier. We are left to construct the probabilistic polynomial-time
“reverse sampler”: on input (I, Bg, Og, By, O, d,d,s"), i € {1,...,query, ns({, K, A, d, 8,5},
and j € {1,...,|S| + length, ns(¢, 5, A\, d,0,5") },

Suvns ((1s, Bs, Os, Br, O, d. ), 1, ) =

Lom:= {4log<113gs(vlf{ss<3,2ﬂ>>]
2. Let z € {1,...,m} besuch that i € {(z—1)-queryyps(¢, 5, A, d)+1,..., z-query,ps(¢, &, A, d) }.
3. lnew =1 — (Z - 1) ’ queryVRS(gﬂ Ky A, d)
4. Jnew 1= 7.
5- TZ = SVRS ((va BS? OSv BH7 OH7 d)v inewa jnew)-
6. For l € {1,...,m} — {z}, draw a random randygs(¥, k, A, d)-bit string r;.
7. r:=71 Ty
8. Output 7.
The correctness of S,yrg easily follows by inspection, as well as from Lemma 12.20. O

12.4.8 Efficient Reverse Sampling of V_ ,csp
Lemma 12.33. The PCP verifier Vi csp 18 efficiently reverse-samplable.

Proof. Recall the definitions from Lemma C.8. We have already established in Lemma 12.23 that
V.vrs is a non-adaptive PCP verifier. We are left to construct the probabilistic polynomial-time
“reverse sampler”: on input (x, 1), € {1,...,query,oop(x,t)}, and j € {1,...,length, op (%, %)},

Sacsp <<X, 1t), l,j) =
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. Parameter instantiation:
(a) I; := FINDIRRPOLY(1/();
(b) B, := FIELDBASIS(1});
(c) (Bg,,Op,) := FINDH(1%);
(d) fori=1,...,cn(t), [Nei]* := FINDN(1%,4);
(e) [P = FINDP(lt)
(£) (Bl,yog 1 Ol sog 1) i= FINDI(1Y, 1loglxl)y.
(8) d i= deg(Py(a, o™ -Diden(Vin) (™01 de8(Nic)))
. Deduce the number of queries for the amplified verifiers:
a) Ops 1= (8 ZCN deg(]\fm))*1 and s}q := 0.5;

5VRS = % and S(/RS = 0 5
NQ.vrs ‘= que:deRS( (t),
b == (8 ECN deg(Nei))™

f(t

)

)

)

) (t), mu(t ) d, dvrs, Syrs);
) 1

) nq. := query, ps(f(%),

)

)

)

)

and s, := 0.5;
), log |x\,2mH(t) — 1,6, s).
Ifie{l,...,nq,zs}, then:

Jnew == J;

ri= S’LRS((Itv BIFt, O]Ft7 2mH(t) - 17 5RSv S;{S)u ineW7jnew) .
Ifinew €{1,...,n0,yrs}, Where inew := 17 — nq g, then:

(a Jnew = J — 2mH(t) - lengthaRS(f(t)a f(t)a 2mu(t) 1, Ogs, S{—{S);
(b) r:= S.vrs ((Im BIE‘t7 O, , BH“ OH“ d, dyrs, SQ;RS), ineW7jnew)~

I

. Ifinew € {1,...,cn(t) + 1}, where inew =@ — nq,zg — NQ,ygs, then:
(a) if inew € {17 ..., Cn(t)}, then:
L Jnew = J;
ii. ., = GETELTWITHINDEX (I, Br,, OF,, jnew);
iii. find a random solution « to the equation o, = [Vt ine ) (2);

iv. 7 := GETRANDFROMELT (I3, By, , OF,, @);
(b) if inew = cn(t) + 1, then:
L Jnew := J;
ii. a:= GETELTWITHINDEX(I, Br,, OF,, jnew);
ili. 7 := GETRANDFROMELT (I}, Bp,, O, , c).
. Ifinew € {1,...,nq.}, Where inew := ¢ — NQ,zs — NG, yrs — (cn(t) + 1), then:
(a) if j € {1,...,27®} then:
i. compute r := SaVRS((It, Br,, OF,s B, 1o 1o+ Ol g w1 O s’c),inew,jnew);
(b) if 5" € {27® +1,...,27®) 4 length . (f (1), £(t),1og |x],2™H® —1 6, s0)},
where j' := j — length, . (f(¢), f (1), 2ma() — 1, G, Sks)
_Qf(t) - IengthaVRS(f(t)7 f(t)v mH(t)’ d7 5VRS? SQ/RS)7
then:
i. compute 7 := S,vrs (11, By, O, B, g 4+ Ol tog 1) Oc5 SL)sinews J);

7. Pad r with random bits until it is randycsp (%, t)-bits long.
8. Output r.
The correctness of Sycgp easily follows by inspection, as well as from Lemma 12.21 and Lemma 12.22.
Note that in Step 5(a)iii we have to find a random root of the polynomial Ny ; .. () — ..,
(. This can be done in time poly(deg(/V,..), f(t)) by factoring the polynomial (e.g.,
see the survey of [VZGPO01]) and selecting one of the roots at random. O
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12.5 Proof Of Knowledge

The fourth property considered by Barak and Goldreich [BGO08, Definiton 3.2, third item] for a
PCP verifier is a proof-of-knowledge property. We show that the PCP verifier V;,csp satisfies a
variant of the proof-of-knowledge property considered by Barak and Goldreich. At high-level,
the original definition of Barak and Goldreich requires the following: if, on input some string x
and with access to some oracle w, the PCP verifier accepts with high enough probability, then
m “contains” a witness for x, in the sense that there is an efficient knowledge extractor that, on
input x and with oracle access to m, can compute any bit of the witness with high probability.
Formally:

Definition 12.34 (PCP Proof of Knowledge). Fiz ¢: N — [0,1]. A PCP verifier V has
the proof-of-knowledge property with error e if there exists a probabilistic polynomial-
time oracle machine Epcp such that the following holds: for every two strings x and w, if
PrV™(x) = 1] > &(|z|) then there exists w = wy---wr such that (x,w) € R and, for i =
1,....,T, Pr[Efcp(z,i) = w;] > 2/3.

A weaker definition does not require the knowledge extractor Epcp to be an implicit rep-
resentation of the witness, and instead allows Epcp to run in time that is polynomial in the
witness length:

Definition 12.35 (Explicit PCP Proof of Knowledge). Fiz e: N — [0,1]. A PCP verifier V
has the explicit proof-of-knowledge property with error ¢ if there exists a probabilistic
polynomial-time oracle machine Epcp such that the following holds: for every two strings x
and 7, if Pr[V™(z) = 1] > e(|x|) then there exists w = w;y ---wr such that (v,w) € R and
Pr[Efop (2, 1T) = w] > 2/3.

We prove that V,,cgp satisfies this weaker definition (and then in Remark 12.37 we explain
why it does not satisfy the original one). Later, in Section 12.6, we will show that the weak
PCP proof-of-knowledge property still suffices for constructing a variant of universal arguments
(with a correspondingly weaker proof of knowledge property), which are still useful for a number
of applications.

Claim 12.36. The PCP wverifier Viacsp has the PCP explicit proof-of-knowledge property with
error e(n) = 1/2.

Proof. The PCP verifier V;,¢gp is described in Construction 8.5 (and then again more succinctly
in Algorithm 9). The PCP weak proof-of-knowledge property of V,,csp can be deduced by
examining the part of the proof of Theorem 8.1 that establishes the soundness property of
Viacsp. Details follow.

Fix an instance (x,1%) and a proof m = (po, 71, p1, 71, 7). Suppose that Pr [V ((x,1%)) =
1] > 1/2. Let I jog |4 be the (log |x|)-th affine subspace in I,, Ay be the low-degree extension of
the function fy: Iy jog|x — {0, 1} defined by fyx(ci) := x; where «; is the i-th element in I, jq |y,

and py the evaluation of Ax on F;. Also let d := deg(P;(x, x(2mH<t)*1)'deg(Nf»l), . ,x(2mH<t)71)'deg(Nt’cN(t>))).

It must be that
e pp is drg-close to RS(Fy, Fy, ome(t) _ 1),

e p; is dyrs-close to VRS(Fy, Fy, Hy, d), and
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® po — px is dc-close to VRS(Fy, Fy, I jog [« omu(t) _ 1),

where drs = dc = (8 Zlc:l(t) deg(N: ;)™ and Sygs = %. Indeed, if that were not the case, then
Vs ((x,11)) would have accepted with probability at most 1/2 (due respectively to its first,
second, and fourth subtest).

Let A: F; — F; be the unique polynomial of degree less than 2™H(®) whose evaluation table
over Ty is closest to pg. Note that A is unique, because 1 — (2™H(®) —1) /|Fy| is larger than 205 =
(4 Zgl(t) deg(N:;))~t. (See Remark 8.6 and Lemma 4.11.) Furthermore, we can deduce that
A is consistent with the instance (x,1%): po— py is (8 Zf:l(t) deg(Nt,;))~-close to the evaluation
of A— Ay on Fy and (8 Zf:l(t) deg(Ny ;) -close the code VRS(Fy, Fy, I jog x)» 2mu() — 1); thus,
invoking once again the fact that 1 — (2™ —1)/|F,| is larger than (4 Zf:l(t) deg(N:;))~! (and
Lemma 4.11) we deduce that the evaluation of A — Ay is in VRS(F¢, Ft, I 1og | omu(t) _ 1),

Let B: F; — Fy be the polynomial defined as B(z) := P (x, A(N¢1(2)), . . . s ANy en(t) (2))).

Because pg is (8 Zf:l(t) deg(N;;))~-close to the evaluation table of A over F:, we deduce

. s deg(Nm-)
that, for i = 1,...,cn(t), po o Ny is —82?51(” Aon(NoD
Define the function po: F; — Fy by

-close to the evaluation table of A o Ny ;.

p2(x) = P, (x,po (Nt,l(x)), ., D0 (Nt,cN(t) (m))) .

We deduce then, via a union bound, that p, must be 1/8-close to the evaluation table of B(x)
over F;.

Now let B’: F; — F; be the unique polynomial of degree at most d vanishing on H; whose
evaluation table over F; is closest to p;. Again note that B’ is unique, because 1 — d/|F| is
larger than 20ygs = 1/4. (See Remark 8.6 and Lemma 4.11.) We argue that B’ and B must be
equal. Indeed, suppose by way of contradiction that B and B’ are distinct; then, as they are
both polynomials of degree at most d < |F¢|/4, their evaluation tables over F; may agree on at
most a 1/4 fraction of their entries; hence, by a union bound, the third subtest of Vi csp accepts
with probability at most 1/8+1/8+1/4 < 1/2 — a contradiction to the fact that VT . ((x, 1%))
accepts with probability greater than 1/2.

Since B’ and B are equal, B vanishes on Hj, so that (together with the fact that A is
consistent with the instance (x,1')) we deduce that A is a witness to the fact that (x,1%) €
SACSP.

In summary, py a function over F, that is (8 ngl(t) deg(N:,;))~-close to a (unique) polyno-
mial A of degree less than 2™H(®): moreover A is a witness to the fact that (x,1*) € SACSP.
Therefore, we can let Epcp be the algorithm that decodes the Reed—Solomon codeword py.
More precisely, by Claim 4.12, there exists a polynomial-time algorithm DECODERS that, on
input (the representation of) a finite field F, a subset S of F, a degree d (presented in unary),
and a function p: S — F, outputs a polynomial P: F — [ of degree at most d whose evaluation
over S is closest to p (as long as p lies in the unique decoding radius, which is the case in this
proof). We can then define Epcp as follows:

Epcp (X’ 12t) =

1. Parse 7w as (po, 7o, P1,71)-
2. Compute I; := FINDIRRPOLY (1/®).

3. Set Bp, := (1,x, e ,xf(t)_l).
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4. Set d :=2mu(t) — 1.
5. Compute A(x) := DECODERS(I}, span(Br,), 1, po).
6. Output A(x).

Note that, similarly to the verifier V,,cqp, the knowledge extractor Epcp also knows the choice
of parameters for SACSP; so, for example, it knows the functions f and mg(t). Clearly, Epcp
runs in polynomial time.3°

Thus, it is easy to see that whenever V. csp accepts the instance (x,1%) and oracle 7 with
probability greater than 1/2, it is indeed the case that Epcp succeeds in extracting a witness
with probability greater than 2/3. (In fact, it succeeds with probability 1.) O

Remark 12.37. Even for an “honest” oracle m = (po, 70, p1, 71, 7c) (e.g., the one produced
by the PCP prover P csp on input (x,1%) and a witness A for (x,1")), retrieving A from its
error-free evaluation py over F; requires working at least linearly in deg(A), which may very well
be linear in 2!. Indeed, simply reading less than deg(A) values of py is not enough information
to uniquely determine A. Hence, at least for Vi csp we must settle for a “weak” proof-of-
knowledge where if we want to extract a bit of the witness, then we might as well extract the
whole witness. Fortunately, as discussed in more detail in Section 12.6, for many applications
of universal arguments this is not an issue.

Remark 12.38. Fix x € N. If a PCP verifier V has the PCP explicit proof-of-knowledge
property with error €, then the PCP verifier V' sequentially repeated x times has the PCP
explicit proof-of-knowledge property with error €. (Indeed, whenever the repeated verifier
accepts a PCP oracle m with probability greater than 27, then the non-repeated verifier must
accept the same PCP oracle 7 with greater than half probability.)

Remark 12.39. Barak and Goldreich claimed [BG08, Appendix A] that the PCP proof of
knowledge (see Definition 12.34) holds for many PCPs, yet the PCPs that we use only satisfy
the explicit PCP proof of knowledge (see Definition 12.35). The reason is that many PCP
constructions (e.g., [BFLS91]) use multivariate techniques, as opposed to univariate techniques
as we do. More precisely, many PCP constructions use low-degree low-variate multivariate
polynomials when it comes to arithmetizing certain constraint satisfaction problems. With
multivariate techniques, the witness is encoded using a Reed—Muller code (via a low-degree ex-
tension), which has much better local-decoding properties than Reed—Solomon codes: a witness
w of size 2¢ is mapped to a d-degree m-variate polynomial with m = O(t/logt) and d = O(t)
and a bit of w can be retrieved in time poly(¢) [BF90, Lip90].

As discussed before, the advantage of univariate techniques over multivariate techniques is
that the proof length of the PCP oracle can be made very short; namely, we do not know of
PCPs of quasilinear length based on multivariate techniques but we do when based on univariate
techniques.

12.6 Obtaining (Almost) Universal Arguments

Having proved that the PCP system (Picsp, Viacsp) for SACSP does satisfy the first three
properties and a variant of the fourth property considered by Barak and Goldreich [BGOS,
Definiton 3.2], we now explain how these four properties are enough to imply, through [BG08,
Construction 3.4], an almost universal argument system for SACSP. (See Definition 12.9.)

39More precisely, Epcp will run in pon(2mH(t>) time, which is polynomial in 12" whenever mu(t) =t + o(t).
Indeed, the “true” measure of instance size in SACSP problems is 2™2(*) and not 2°.
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Claim 12.40. Following [BG0S, Construction 3.4] by starting with the (amplified) PCP sys-
tem (Piacse, Viacse) and a collision-resistant hash function yields an almost universal argument
system (Pya, Vua) for the language SACSP.

We assume familiarity with the proof of [BG08, Lemma 3.5], which shows that the construc-
tion of universal arguments given in [BG08, Construction 3.4] using a PCP system satisfying the
original four properties in [BGO08, Definition 3.2] works, as long as a collision-resistant function
family is used.

In comparison, our Claim 12.40 says that, even if we start with a PCP system that satisfies a
slightly weaker notion of proof of knowledge (i.e., Definition 12.8 instead of Definition 12.6), the
construction of universal arguments still yields a universal argument, albeit with a correspond-
ingly weaker notion of proof of knowledge, that is, yields an almost universal argument. (And, of
course, the other two properties of efficient verification and completeness via a relatively-efficient
prover easily follow from using the same construction [BG08, Construction 3.4].)

As discussed in Remark 12.2; this is sufficient for most “positive” applications, because an
almost universal argument is, in particular, also a succinct argument of knowledge for NP, and
this latter primitive is usually sufficient for applications.

Proof of Claim 12.40. We give a high-level overview of the proof [BG08, Lemma 3.5], and then
explain (and give details of) how it can be modified to yield the proof for our claim. Also,
in this proof we assume that V,csp has been amplified to error 27" for inputs of length «; in
particular, it has the PCP explicit proof-of-knowledge property with error e(k) = 27%. (See
Remark 12.38.)

Roughly, the argument used to prove [BG08, Lemma 3.5] consists of three steps:

1. First, one shows that, if a prover circuit is too inconsistent about answering queries and yet
is still somewhat convincing, then that prover can be efficiently converted into a collision-
finding circuit; in particular, that means that, in order to be somewhat convincing, a
prover circuit must essentially “have a PCP oracle in mind”.

2. Next, one shows how to construct an efficient “oracle recovery” procedure, i.e., a proba-
bilistic polynomial-time oracle machine recover that, with access to the prover circuit, is
an implicit representation of a PCP oracle that is also somewhat convincing (this time
convincing to the PCP verifier). This step crucially relies on the existence of an efficient
reverse sampler.

3. Finally, one shows how this oracle recovery procedure can be used, together with the
PCP knowledge extractor, to yield the knowledge extractor required by the weak proof-
of-knowledge property from Definition 12.6.

Even given this high-level overview, it is clear that the first two steps of the argument of Barak
and Goldreich work in our case too, because they only rely on the collision-resistant property
and the fact that the prover is somewhat convincing. On the other hand, step three (which
clearly refers to the PCP knowledge extractor), requires modification. So we now show how to
use the oracle recovery procedure together with our knowledge extractor to produce a “weaker”
universal-argument knowledge extractor that will satisfy Definition 12.8 instead.

More precisely, we argue as follows. Fix two positive polynomials sy, and py. and, letting
qua = Bpua, we show how to construct a probabilistic polynomial-time procedure Ey, (depending
on sya and pya) such that, for every family of sys-size prover circuits Py = {JBUA,R}%N, for all

101



sufficiently large x € N, for every instance (x, 1¢) € {0, 1}, if ]SUA,,.i convinces Vya to accept (x, 1Y)
with probability greater than pya(x) ! then, with probability greater than qua(x)~! taken over a
random choice of internal randomness r for Ey,, the weak knowledge extractor Ey,, with oracle
access to the code of ]?’UA,H and on input (x,1%), outputs a valid witness w for x.

Barak and Goldreich [BG08, Claim 3.5.3] showed how to construct a probabilistic polynomial-
time oracle machine recover (depending on sy, and pya) such that, for all sufficiently large x € N,
if ﬁUA,H convinces Vya to accept (x, 1?) with probability greater than pys(x)~!, then, with proba-

bility WIA(N)’ recover{Ua.x) ((x, 1Y), ) is an implicit representation of a PCP oracle 7 such that
) — 1 1 31
Pr [V;QCSP((X7 1 )) = 1] > m > o -

Also, we amplify the success probability of Epcp(x, 12t), with (x,1%) € {0,1}", from greater
than 2/3 to greater than 1 — 277,

Then, we define the “explicit” weak knowledge extractor Ey, (depending on sya and py,)
as follows: for every family of sya-size prover circuits ISUA = {ﬁUA,,{},{eN, for every k € N and
instance (x,1%) € {0,1}",

B (x,12)

1. Draw a random tape w for the oracle-recovery procedure recover.

2. Invoke Epcp(x, 121) providing it with oracle access to m, using the oracle-recovery
procedure recover on input (x,t), random tape w, and oracle access to the code of
P, UA,K*

3. Output whatever (the amplified) Ef-p(x, 12%) outputs.

Note that Eya does run in polynomial time, because each invocation of recover requires poly(k)
invocations of Py, , (for a total of poly(k) - sya(x) time per invocation), and there are at most
poly(|yl, 2%, k) invocations of recover. (as the amplified Epcp runs in poly(|y|, 2!, k) time).

Finally, the probability that ESfUA’“>(x, 12t) succeeds in extracting a valid witness for y is
at least the probability that w is a “good” random tape for recover((x,t)) (i.e., makes it an
implicit representation of a “convincing” PCP oracle 7) times the probability that EJqp(x, 12t)
successfully extracts; for sufficiently large x € N, that probability is at least WIA(H) (1-27%) >

m, as desired. O

Remark 12.41. Note that the alphabet of the PCP oracle is elements of a finite field Fqr, and
not bits. Fortunately, the analysis of the rewinding strategy of the knowledge extractor does
not rely on how large the alphabet of the PCP oracle is, but only reasons about consistency of
answers across different runs of the prover, and thus the different alphabet does not require any
changes in the proof.

31 Actually, the oracle-recovery procedure of Barak and Goldreich was constructed to take a randomly chosen
collision-resistant function family seed « as input, but here we include this random choice as part of the procedure.
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A Work On Fast Verification Of Long Computations

While we believe that the question of whether PCPs can be made efficient enough to be used in
practice (e.g., via the “commit to a PCP and then reveal” construction [Kil92, Mic00, BGO0S,
DCLO08, BCCT12a, DFH12, GLR11]) is itself fascinating, a natural question to consider is
whether the heavy machinery of PCPs is really needed for the application of fast verification of
long computations.

The answer seems to depend on the strength of the desired application and the strength of
the computational assumptions that one is willing to make. Let us explain.

At present, we know that:

e Ishai et al. [IKOO7] constructed a four-message argument system for NP in which the prover-
to-verifier communication is short (i.e., an argument with a laconic prover [GVWO02]) by
combining a strong linear PCP and (standard) linear homomorphic encryption; they also
showed how to extend their approach to “balance” the communication between the prover
and verifier and obtain a O(1/¢)-message argument system for NP with O(n®) communication
complexity.

While their basic protocol does not provide the verifier with any saving in computation, Ishai
et al. noted that their protocol actually yields a batching argument: namely, an argument
in which, in order to simultaneously verify the correct evaluation of ¢ circuits of size S,
the verifier may run in time S (i.e., in time S/¢ per circuit evaluation). A set of works
[SBW11, SMBW12, SVPT12, SBVT12] has improved upon, optimized, and implemented
the batching argument of Ishai et al. [IKOO7] for the purpose of verifiable delegation of
computation.

e Goldwasser et al. [GKRO08] showed how to verify log-space uniform NC computations (i.e.,
log-space uniform circuits of polylogarithmic depth) by relying on probabilistic-checking
techniques that are lighter than those used in PCPs; their protocol can be reduced to one
round [KR09, KRR12]. A set of works [CMT12, TRMP12] has optimized and implemented
the protocol of Goldwasser et al. [GKRO08]. Canetti et al. [CRR11] showed how to extend
the techniques in [GKROS8] to also handle non-uniform NC circuits, in a publicly-verifiable
one-round protocol having an expensive offline preprocessing phase.

e A set of works [GGP10, CKV10, AIK10] showed how to verify all polynomial-time computa-
tions without using probabilistic-checking techniques, provided one is willing to tolerate an
expensive offline preprocessing phase.?? These works, however, deliver a notion of soundness
that is not so strong: soundness only holds when the information of whether the verifier has
accepted or not remains secret.

e Groth [Grol0] showed how to construct publicly-verifiable SNARGs of knowledge (SNARKSs)
for all of NP with an expensive offline preprocessing phase and where both the preprocessing
running time and the prover running are quadratic (in the size of the circuit verifying mem-
bership in the language). Lipmaa [Lip12] improved on the work of Groth by showing how to
make the preprocessing running time quasilinear; however, the prover running time remained
quadratic in his work. Gennaro et al. [GGPR12] obtained quasi-optimal time complexities

32Though, admittedly, these works rely on fully-homomorphic encryption [Gen09], which, just like PCPs, is
also notoriously inefficient in practice.
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in this setting: both the prover running time and preprocessing running time are quasilinear
in their work.

Bitansky et al. [BCI*13] showed how to compile a weak linear PCP to a SNARK with an
expensive offline preprocessing phase. Constructions of linear PCPs for NP can easily be ob-
tained, for example, via probabilistic-checking techniques for the Hadamard code [ALM 98]
or via quadratic-span programs [GGPRI12]. While none of [Grol0, Lip12, GGPRI12] ex-
plicitly invoke probabilistic-checking techniques, the result of Bitansky et al. shows that all
these constructions can be interpreted as implicitly invoking the power of weak linear PCPs,
thereby providing a unifying explanation of the constructions in these works.

All of [Gro10, Lip12, GGPR12, BCI*13] rely on various flavors of knowledge-of-exponent
assumptions [Dam92, HT98, BP04] in bilinear groups or, more generally, on the existence
of encodings that only allow for linear homomorphic operations [BCIT13]; relying on non-
falsifiable assumptions [Nao03] such as the aforementioned ones seems inherent for obtaining

SNARGs [GW11].

e Bitansky et al. [BCCT12b] showed that the expensive preprocessing phase of a SNARK (if
there is one) can always be removed via a generic transformation that only relies on standard
cryptographic assumptions and does not invoke any probabilistic-checking techniques. Their
transformation also shows how to make the prover complexity tightly related in time and
space to those of the original computation to be verified.

e Bitansky and Chiesa [BC12] showed how to use multi-prover interactive proof techniques
[BOGKWS8] to obtain, from standard cryptographic assumptions, interactive succinct ar-
guments where again the prover’s time and space complexities are tightly related to those of
the original computation to be verified; they also showed how to obtain designated-verifier
SNARKSs, where the prover has similar time and space complexities, from a knowledge as-
sumption about fully-homomorphic encryption.

Thus, it seems that the question of whether full-fledged PCPs are really needed depends on the
strength of the desired application (e.g., verify deterministic vs. non-deterministic computations,
publicly-verifiable vs. privately-verifiable, interactive vs. non-interactive) and the strength of the
computational assumptions we are willing to make (e.g., only falsifiable assumptions or not).

For example, on the one hand, we could make strong non-falsifiable assumptions to only use
linear PCPs [BCI*13] and then invoke the result of [BCCT12b] to obtain succinct argument
constructions that do not invoke “full-fledged” PCPs; on the other hand, we could only assume
the existence of collision-resistant hash functions and construct succinct arguments using full-
fledged PCPs [Kil92, Mic00, BGO§]. Finally, we note that the use of PCPs in constructing
succinct arguments is to a certain extent inherent [RV09].
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B PCP Algorithmic Specifications

We provide algorithmic specifications for the PCP system used in the proof of Theorem 1.

The probabilistic-checking core of the PCP system used in the proof of Theorem 1 is the PCP
system (Piacsp, Viacse) for the language SACSP used in the proof of Theorem 8.1 in Section 8;
the remaining part of the construction consists instead of Levin reductions.

Recall that a PCP system for the language SACSP would indeed not be very useful without
sufficiently tight Levin reductions from “more natural” languages. Such reductions are studied
in detail by Ben-Sasson et al. [BSCGT13], who consider Levin reductions from the correctness
of computation of a wide class of random-access machines.

In the algorithmic specifications of this section, we shall thus ignore the details of the
specific Levin reduction to SACSP, and only focus on spelling out the details of (Picsp, Viacsp);
a complexity analysis of the PCP system’s proof length, randomness, and query complexity is
given later in Appendix C.

Concretely, we assume that, for some machine M of interest, we already know a Levin
reduction (Paramsy,, Reduce-Witnessy,, Recover-Witnessy,) from the language

L= {(x, 1Y) : there is w with |w| < 2' s.t. M(x,w) accepts within 2 steps}
to the language SACSP with the choice of parameters Paramsy. That is, Reduce-Witness;, and
Recover-Witness;, are polynomial-time computable and the following two properties hold:
1. Soundness: (x,1Y) € L +— (x,1') € SACSP(Paramsy)

2. Witness Reductions:

w is witness to . Reduce-Witnessy, (w) is witness to
(x,1Y) € L (x,1%) € SACSP(Paramsy)

Recover-Witnessy,(A) is witness to - A is witness to
(x,1") € L (x,1%) € SACSP(Paramsy)

Note that the input x itself is not changed by the Levin reduction considered here (i.e., L is
reducible to SACSP with the choice of parameters Paramsy, via the identity mapping).33

In Figure 1 we give a high-level diagram of all the components (together with the dependen-
cies among them) of the PCP system (Pr,Vy) for the language L. Following are pseudocode
listings for each component: in Section B.1 are listings for the components of the prover Pr,
in Section B.2 are listings for the components of the verifier V7, and finally in Section B.3 are
listings for the finite-field algorithms used throughout.

33Recall from Definition 7.1 that SACSP only considers (x, 1) such that |x| € {2,...,2"}.
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> Paramsp |«

S e R

subroutines:

[ﬁnite field algorithms]

Figure 1: A high-level diagram showing the relation among the “modules”
in the construction of the PCP prover Pr, and PCP verifier V. Also, every
module makes use of certain algorithms for computations in finite fields,
which we spell out.
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B.1 PCP Prover Specifications

Algorithm 1 Pj,

inputs:
e (x,1%), in the language L
e w, witness to (x,1) € L

randomness:
e no randomness used

output:
e 7, probabilistically-checkable proof for the satisfiability of (x, 1%)

1. A + Reduce-Witnessy, (w)
2. T RACSP((Xa 1Y), A)
3. output 7w

notes:
e see Algorithm 8 for Vy,, the corresponding verifier
e P,,csp has the choice of parameters Paramsy, hardcoded
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Algorithm 2 P, ¢

inputs:
e (x,1%), in SACSP with the given choice of parameters

(fa (mH7tHa H)a (CNatN7SN7 N)7 (tP75Pa P)7 (tI7I))

o A:F; — [, assignment polynomial that is witness to (x,t) € SACSP
(i-e., deg(A) < 2mu() A satisfies the constraint polynomial P;, and A is consistent with (x, 1*), cf.
Definition 7.1)

randomness:
e no randomness used

output:
e 71 = (po, To, P1, 71, Tc), probabilistically-checkable proof for the claim “(x,1%) € SACSP”

1. Parameter instantiation:
(a) It = FINDIRRPOLY(1/("))
(b) Bp, := FIELDBAsIS(I;)
(c) (BH”OH{) := FINDH(1")
(d) fori=1,...,cn(t), [Nes]* := FINDN(1%, 1)
(e) [P := FIxP(1)
( ) (BIf log |x \’OL log |x \) = FINDI(lt 1log|x‘)
2. Proof that A has low degree:
(a) po:= SUBSPACEEVAL(IZ,BF“()]F”A)
( ) Ty i = RS(IthFfaO]F omu(t) _ 1 A)
3. Proof that A satisfies the constraint polynomial:
(a) for each o € Fy:
i. use [P]* and [N;;]* to compute 5 := P, (a,po(thl(oz)), ... ,pO(Nt’CN(t)(a)))
ii. set p1(a) :=
(b) B := SUBSPACEINTERP(I;, By,, OF,, p1)
() d = deg(Py(z, 2™ O~ Ddes(Vo) || (21 deg(Ns )
( ) T _PVRS(It7B]FﬁOIFt;BHUOHﬁdB)
4. Proof that A is consistent with (x,1%):
(a) compute Ay, the low-degree extension of the function fy: Iy 1og|x — {0, 1} defined by fx(a;) := x;
where «; is the i-th element in I} 14 |y
(b) Te i= PVR,S (Ita B]Ft ) OIFt ) Blt,log x| ? OItﬁlog x| ? 2mH(t) - ]-7 A— Ax)
5. mi= (p07 o, P1, 71, ﬂ—c)
6. output m

notes:

e reference: Construction 8.3

e see Lemma C.8 for complexity bounds on queries and randomness
e see Algorithm 9 for V,,.sp, the corresponding verifier
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Algorithm 3 Pygs

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
Bs and Og, basis and offset for the k-dimensional affine subspace S C Fqe

By and O, basis and offset for the A-dimensional affine subspace H C Fy:

d, positive integer indicating what “low-degree” means

P: Fye — Fye, polynomial whose evaluation over S is in VRS (FQz,S, H, d)

randomness:
e no randomness used

output:
e 7 = (p,7), proof of proximity to VRS (FQE,S, H, d) for the evaluation of P over S

P = SUBSPACEDIVIDE(Iy, By, O, P)
p := SUBSPACEEVAL(Iy, Bg, Og, ]3)

7 := Pus(Iy, Bs, Os,d — 2), P)

output (p, )

= 0 b=

notes:

e see Lemma C.5 for complexity bounds on the proof length

e see Algorithm 12 for Vs, the corresponding verifier

e since the evaluation of P over S is in VRS (IFQI, S, H, d), it must be that d > |H|
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Algorithm 4 Pgg

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
e Bg and Og, basis and offset for the xk-dimensional affine subspace S C Fye

e d, positive integer indicating what “low-degree” means

o P: Ty — Fye, polynomial whose evaluation over S is in RS (FQe, S, d)

randomness:
e no randomness used

output:
e 1, proof of proximity to RS (er, S, d) for the evaluation of P over S

1. if k < n, then output 7 :=1

2. if kK > n, then:

) diyi=1S]/2"—-1=2%/2" -1

) if d < ds ), then output 7 := Pys (I, Bs, Og,d, P)
) ifd = d,.;,m, then output 7 := PRS):(Ig, Bs, Os,P)

) if d > d.. », then output 7 := Prg - (Ir, Bg, Og, d, P)

notes:

e see Lemma C.4 for complexity bounds on the proof length

e see Algorithm 13 for Vgg, the corresponding verifier

e if k¥ <1, then there is no need to output a proximity proof, because Vig will read the entire implicit
input to decide whether the implicit input is in RS (IFQe, S, d) or not
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Algorithm 5 Pys -

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
e Bg and Og, basis and offset for the xk-dimensional affine subspace S C Fye

e d, positive integer, greater than |S|/2" — 1, indicating what “low-degree” means

o P: Ty — Fyr, polynomial whose evaluation over S is in RS (F2e, S, d)

randomness:
e no randomness used

output:
o T = ((po, T0)s- -, (P2n—1, 71'277_1)), proof of proximity to RS (ng,S, d) for the evaluation of P over S

1. if d > |S], then output 7w : =1
2. it d < |S|, then:
(a) duy:=15]/2"—1=2%/2" -1
(b) mupa = [(d+1)/(dey+1)]
(note that m. .4 € {0,...,2"}, because 27 - (dx,, + 1) = |5])
(¢) Prest(z) := P(x)
(d) fori=0,...,mypna— 1
i. Pi(x) := Pest(r) mod gd=nt!
ii. p; := SuBSPACEEvAL(Iy, Bg, Og, P;)
iii. T = PRS,:(IKa Bs, Os, Pz)
iV. Pest() := (Pest(x) — Pi(x)) Jatent?
(e) h = My,m,d * (dn,n + 1)
(f) if h < d—+1, then:
i. P, , (%) = Prest
ii. pm,. ., . = SUBSPACEEVAL(Iy, Bs,Os, P, , 4)
i o, 4 = Pris (14, Bs,Og,d — h, Pmn,n.,d)
3. 7= ((po,m0),- .-, (pan—1,m2n_1))
(any p; or m; that was not assigned is set to L)
4. output 7

notes:

e see Lemma C.3 for complexity bounds on the proof length

e see Algorithm 14 for Vis ., the corresponding verifier

e if d > |S], every function p: S — Fy is in RS(Fye, S, d) (cf. Step 1)
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Algorithm 6 Pys -

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
e Bg and Og, basis and offset for the x-dimensional affine subspace S C Fye

e d, positive integer, less than |S|/27 — 1, indicating what “low-degree” means

o P: Ty — Fye, polynomial whose evaluation over S is in RS (FQe, S, d)

randomness:
e no randomness used

output:
e 7 = (m,ms), proof of proximity to RS (]ng, S, d) for the evaluation of P over S

Lodgy:=1|5|/2T-1=2%/2" -1
2. Q(z) = a¥=n=d € Fy[z]

3. P'(z) :=P(z) - Q(x)

4. T = PRs,:(IZ,BS,OS,P)

5. Ty 1= Rs,:(IE,BS7OS,Pl)

6. m:= (71, m2)

7. output w

notes:

e see Lemma C.2 for complexity bounds on the proof length
e see Algorithm 15 for Vis ., the corresponding verifier
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Algorithm 7 Py _

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
B, = (a1,...,as) and Op, basis and offset for the k-dimensional affine subspace L C Fye
P: Fye — Fye, polynomial whose evaluation over L is in RS (]FQZ, L,|L|/2" — 1)

randomness:

no randomness used

output:

1.
2.

7w = (f,II), proof of proximity to RS (ng, L,|L|/2" — 1) for the evaluation of P over S

if k < kg, then output 7 :=_L
if kK > kg, then:
) BLU = (al, .. '7a[fi/2J—’Y)’ OLO = OL
) [Z1,)* == FINDSUBspPoLyY (I, Br,, Or,)
) BL[/) = (al, . .’aLN/2J7V+H), OL(’J = OL
) BL1 = (aLn/QJ—"H—la .. 'aaﬁ)a OL1 =0
) Bz, (L) = ([ZLe)*(a)n2)—+1) + [ZL]* (O, ), - - - [ZLo M ax) + [Z1,]*(Or,, ),
Oz, (1,) = [Z1,]*(OL,)
) Lo :=span(Br,) + Or,
(g) Lo = span(Br;) + O,
(h) Ly :=span(Br,)+ Or,
) for each g € Ly:
i OLﬁ = OL()
ii. if B € Ly, then:
A. B, = “append | 2) 1,11 to the basis Br,”
B. Lg:= span(BLﬂ) + OLB =L{U (L + k)2 —~y+p+1 T OL())
else:
A. B, = “append 8+ Of, to the basis Br;”
B. Lg:=span(Br,) + Or, = Ly U (Ly + B)
(j) @ := FINDB1vARIATE(Iy, Br,, OL,, P)
(k) evaluate Q(z,y) = Po(z) + Pi(z)y + - - - + Pe(z)y® on Uger, Lg X {Z1,(B)} to get f:
i. fori=0,...,¢e, 8 := SUBSPACEEVAL(I@,BZLO(Ll),(’)ZLO(LI),Pi)
ii. for each 8 € Ly, 8 := [Z1,]*(B) and f(:, ') := SUBSPACEEVAL(I;,Br,,OL,, Ps), where
Pa(y) :=so(8') + s1(B)y + -+ + se(B)y*
(1) for each 8 € Ly:
i. B :=[Z5,]"(B)
ii. Fg(z):=Q(z, )
iii. 7T<ﬂ_,> = PRS,:(Ig, BLB’ OLBaFﬁ')
(m) for each o € Li:
L Fa(y) = Qo y)
i g = Prs—(1e,Bz,, (£1): Ozp, (1) Fa)
(n) L= {r§ : f' € Z1 (L)} U{nk : a € Ly}
(o) m:=(f,1)
(p)

p) output 7w

notes:

see Theorem 11.3 for how the parameters (), kg, v, ) can be chosen

see Lemma C.1 for complexity bounds on the proof length

see Algorithm 16 for Vs _, the corresponding verifier

in Step 2g, some computation can be saved since Ly = Lo + (Span(a|./2|—y+1, - - - » @[ x/2) —y+u) T OLo)
in Step 2(i)ii, since 3 € Ly, it suffices to check if 3+ Op, is in span(a|./2j—y+1,- -+ @|x/2)—y+u) — 10}
in Step 2k, we consider all elements o € Lg, so fhat f has domain Uger, Lg X {Z1,(8)}; but, f has
domain Uger, (Lg — (Lo + B8+ Or)) x {Z,(8)} in [BSS08, proof of Proposition 6.9], because the
values of f in Uger, (Lo + 8+ OL) x {Z1,(8)} are never queried; nonetheless, we choose to define f
there as well, because doing so simplifies a lot of “index arithmetic” when implementing Vs — (and
when decomposing Vis — into Qrs— and Dyg _); cf. Footnote 28




B.2 PCP Verifier Specifications

Algorithm 8 V,

inputs:

e (x,1%), allegedly in the language L
randomness:

® 71 Trandpcp (x,t)

oracle:
e 7, probabilistically-checkable proof for the satisfiability of (x, 1t)

L b+ ‘/;:('Sl’((x7 1t) 3T Trandpcp(x,t))
2. output b

notes:
e see Algorithm 1 for Py, the corresponding verifier
e V..csp has the choice of parameters Params;, hardcoded

114



Algorithm 9 V,,cgp

inputs:

(x,11), allegedly in SACSP with the given choice of parameters

(fa (mH7tHa H)a (CNatN7SN7 N)7 (tP75Pa P)» (tI7I))

randomness:

71 Trandacsp (x,t)

oracle:

=

7 = (po, To, P1, T1, Tc ), probabilistically-checkable proof for the claim “(x, 1) € SACSP”

. Parameter instantiation:

(a) I; := FINDIRRPoOLY (17 (®))
(b) Bp, := FIELDBASIS(I})
(¢) (Bu,,Op,) := FINDH(1?)
((dg for}z =1,. I\E(?)’ [N;:]* :== FINDN(1%, )
= FINDP 1
( ) (Bft,log PR Oft,,log |x\) = FINDI(ltv 1log lx‘)
Proximity of py to RS:
gag 5?5 = (8 Soen(®) deg(zvm))—l, She i= 0.5, Rys := rand,ns(£(1), £(£),2™50) — 1,6, 810
b T TRRS ‘= T1"""TRgg
P(C) bRst ::fvagjso,wov(gs,BFHOFt omu(t) _q s Onsy Sha s Th - thS)
roximity of p; to
(a) d:= deg(P,(x, @™ —Ddeg(Nea) | "0 1) -deg(Neepg(0) )
(b) byrs = é, SQRS := 0.5, Rygs := rand,vgs(f(%), f(t)’ mH(t)7d7 Ovrs; SQ/RS)
(C) Tll T T;%VRS ‘=T1"""TRygs
(d) bVRS = a(\]/}l{:sﬂl) (It; B]Ft ) O]Ft ) BH” OHt ) d7 6VRS7 SQ/RS ) T{L e T}iVRS)
Consistency of pg with py:
(a) /rl ...rf(t) = Tl...rf(t)
(b) fori=1,...,cn(t), o := [Ny ]M (@)
(¢) query po at the follovvmg points: o, ..., Qey(r)
(d) query p; at the point «
W [ ] (a pO(al) "7p0(aCN(t)))
if (w = pl( ))7 then beonsist := 1, else beonsist := 0
Consistency of py with the instance (x, 1%):
a) compute Ay, the low-degree extension of the function fy: Iy 1og|x — {0, 1} defined by fx(a;) := x;
where «; is the i-th element in I} 14 |y
(b) b := (830 n(E) deg(Nm-))_H sl := 0.5, Re := rand,yus (f(1), £(1),log |x|, 2™ — 1 5., 5)
(c) ri---TR =11 TRC
(d) binst = V;(\flgs Px.e) (It7 BIF“OIF” Blf Jog |x| ? OI, Jlog |x| ? 2mH(t -1 6Ca Sc ) rR )7 where Dx is the
evaluation of Ay (note that pg — px can be simulated with access to po and py, and p, can be
simulated by evaluating Ay)
b:= bRS A bVRS A bconsist A binst
output b

notes:
e reference: Construction 8.5

see Lemma C.8 for complexity bounds on queries and randomness

see Lemma 12.23 for the “non-adaptive decomposition” of V,,csp into Qacsp and Dycsp

see Algorithm 2 for P,,csp, the corresponding prover

to amplify soundness beyond 1/2, there is of coqgp no need to perform again Step 1, but one does
need to re-draw fresh randomness for the other steps (proximity to RS, proximity to VRS,
consistency check, and consistency with the instance)




Algorithm 10 V yzg

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
Bs and Og, basis and offset for the x-dimensional affine subspace S C Fy.

By and O, basis and offset for the A-dimensional affine subspace H C Fy:

d, positive integer indicating what “low-degree” means

§, proximity parameter

s’, target soundness

randomness:
® Ty TrandaVRs(Z,n,)\,d,zY,s’)
oracles:

e p, function from S to Fy
e 1 = (p,7), proof of proximity to VRS (FQe,S, H, d) for the function p

log(1—svrs(9,2%)

1. m:= [—log(ks/) )—‘

2. fore=1,...,m:
(@) (@) .
(a) ™ " Trandyrs (6r,0,d) - T (i—1)-randvrs (,5,A,d)+1 """ Ti-randvrs (4,%,7,d)
— ) (8 (4

; b(b) bbi = vaz (Ie; Bs, Os, By, O, d; my "'TrandVRs(z,m,A,d))

. =01 AR m
4. output b
notes:

e see Lemma C.7 for complexity bounds on queries and randomness

see Lemma 12.22 for the “non-adaptive decomposition” of V s into Q.vrs and D,yrs

see Algorithm 3 for Pyrs, the corresponding prover (which is the same as that for Vigs)
soundness amplification in Step 2a is done “directly”, without attention to randomness efficiency

1 1—s’ 1 1 on+1 log ¢
from Theorem 11.1, we know that Log(l(lgs(vm(gzm))—‘ < Lvns(éﬂ”)—‘ < {5 (2 + %)—‘
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Algorithm 11 V g

inputs:

e [, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension For := Fa(x)
Bs and Og, basis and offset for the k-dimensional affine subspace S C Fqye

d, positive integer indicating what “low-degree” means

§, proximity parameter

s’, target soundness

randomness:
® 71 Trand.rs(4,k,d,8,s")
oracles:

e p, function from S to Fqe
e 7, proof of proximity to RS (ng, S, d) for the function p

L log(1—s')
1. m .= [mg(l%sgs(w)ﬂ

2. fori=1,...,m:
(a) TY) ce rgz\dRs(Z#m,d) = T(i—1)-randrs (£,x,d)+1 """ Ti-randrs (¢,k,d)
(b) b; := A (I¢, Bs, Og, d; r%l) . ~rr(;)1dRs(&N’d))
3.bi=biAN---Nby,
4. output b
notes:

e see Lemma C.6 for complexity bounds on queries and randomness

e see Lemma 12.21 for the “non-adaptive decomposition” of V,zs into Q.zs and D, gs

e see Algorithm 4 for Pgg, the corresponding prover (which is the same as that for Vis)

e soundness amplification in Step 2a is done “directly”, without attention to randomness efficiency

e from Theorem 11.1, we know that [ log(1—s") )—‘ < [ o — 1 < P (1+ M)—‘
SR5(5,2 ) 4

log(1—srs(8,2%) 1-2-n
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Algorithm 12 Vg

inputs:

Iy, irreducible polynomial of degree ¢ over Fy with root x, inducing the field extension Fye := Fa(x)
e Bg and Og, basis and offset for the x-dimensional affine subspace S C Fqc

e By and Oy, basis and offset for the A-dimensional affine subspace H C Foy:

e (. positive integer indicating what “low-degree” means

randomness:
® Ty TrandVRs(f,R,)\,d)

oracles:
e p, function from S to Fy
e 7= (p,7), proof of proximity to VRS(Fy, S, H,d) for the function p

1. Proximity test of p to RS(IFQz,S,d — |H|)
(a) rp-- r:andRs(é,m,d—\HD "= T1 Trandrs (4,k,d—| HI)
(b) brs = Psgm') (Ié’ Bs,Os,d — ‘H| ) Tll T TﬁandRs(f,n,d—\H\))
2. Consistency check between p and p:
(a) 7“§a) .- -r,&a) =Ty
(b) «:= GETRANDELT(I,, Bs, Os, (r\™, ..., r{))
) query « to p
(d) query a to p
) [Zu]* :== FINDSuBsPPoOLY(I;, By, On)
) w:=[Zu]*(a)
(g) if (p(a) =w ~ﬁ(oz)), then beonsist := 1, else beonsist := 0
3. b:= bR,S A bconsist
4. output b

notes:

e see Lemma C.5 for complexity bounds on queries and randomness

see Lemma 12.20 for the “non-adaptive decomposition” of Virs into Qvrs and Dygs
see Algorithm 3 for Pygg, the corresponding prover

it must be that d > |H|, otherwise p is certainly not in VRS (]FQz,S, H, d)
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Algorithm 13 Vig

inputs:

e [, irreducible polynomial of degree £ over Fy with root x, inducing the field extension For := Fa(x)
e Bg and Og, basis and offset for the x-dimensional affine subspace S C Fye

e d, positive integer indicating what “low-degree” means

randomness:
® 71 Trandrs(4,k,d)

oracles:
e p, function from S to Fy
e 1, proof of proximity to RS (er, S, d) for the function p

1. if k < n, then:
(a) fori=1,...,2"%:
i. a; := GETELTWITHINDEX(Iy, Bg, Og, 1)
ii. query «; to p
(b) P := SUBSPACEINTERP(I;, Bs, Og, (p(a1), ..., p(agx)))
(¢) d:= deg(P)
(d) if d < d, output 1, else output 0
2. if kK > n, then:
(a) duy:=1S]/2" —1=2%/2" -1
(b) if d < ds 5, then output b := Vn(g’:) (Ig, Bs,Og,d; ry-- ~r,andRS’<(g7,£7d))
(¢) if d = d,,y, then output b := Vég‘f) (I1,Bs, 055 11+ Trandns. — (6,5))
)

(d if d > d,.;,m, then output b:= R(g’f) (Ig, Bs, Og,d; ry-- 'TrandRs,>(€qﬁ,d))

notes:

e see Lemma C.4 for complexity bounds on queries and randomness

e see Lemma 12.19 for the “non-adaptive decomposition” of Vzg into Qrs and Dgg
e see Algorithm 4 for Pgg, the corresponding prover

o if k <1, then Vg can just check directly whether p is in RS (ng,S, d) or not
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Algorithm 14 Vig .

inputs:

e [y, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension Fqr := Fa(x)
e Bg and Og, basis and offset for the x-dimensional affine subset S C Fye

e d, positive integer, greater than |S|/2" — 1, indicating what “low-degree” means

randomness:
® 71 Trandgs, > (£,x,d)

oracles:
e p, function from S to Fy
e 7= ((po,70),---,(p2n—1,T2n_1)), proof of proximity to RS(Fqe, S, d) for the function p

1. if d > |S], then output b:=1

2. it d < |S|, then:

a) den:=15]/2"—-1=2%/2" -1
b) My ma = [(d+1)/(dwy +1)]

(r) ()

A~ o~

(C) 7"‘1 '-./’.H ::7"1...7",{
(d) 7:= GETRANDELT(I;, Bs, Os, (r{”,...,r{"))
(e) query T top
(f) fori =0,...,mgpa— 1
L. 7”@ e Tr(;zdRs,:(Z,m) "= T1 " Trandgs, = (¢,k)

ii. query 7 to p;
iii. by == V&™) (I, Bs, Og, dy s v om0 )
(g) if myna- (dey+1) =d+1, then: ‘
iow, = Y et ) (1)
ii. if p(7) = wr, then beonsist := 1, €lse beonsist := 0
iii. b:=bo A Abm,, -1 beonsist
iv. output b
(h) if mypa- (den+1) <d+1, then:
i depa=d—mgna- (dey+1)

,r(m;e,n,d) . ("”m,n,d)

n. 7 randrs, < ({,k,dx n,d4) =T T"andRS,<(fﬁ7dn,n,d)
(pm TTm ) ( ) ( d
. K,m,d’ K,m,d . Mek,n,d mhﬂhd)
1. bmn,n,d T VRS,< (Ig, BS’ OS’ d”:”]:d » T e TrandRS’<(€,t€,d,€,,,],d))

iv. query 7 t0 pm,, , 4

V. wy o= Yo pildeatl) (1)

vi. if p(7) = wr, then beonsist := 1, else beonsist := 0
vil. b:= bo VANEERIVAN bmw.n,d—l A\ bmmn,d A bconsist
viii. output b

notes:

e see Lemma C.3 for complexity bounds on queries and randomness

e see Lemma 12.18 for the “non-adaptive decomposition” of Vg . into Qrs~ and Dgg o
e see Algorithm 5 for Pys ., the corresponding prover

o if d > |S], every function p: S — Fye is in RS(Fqe, S, d) (cf. Step 1)

o if d < |S], then [(d+1)/(dx, +1)] €{0,...,2"}, because |S| = 2" (dx, + 1)
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Algorithm 15 Vg .

inputs:

Iy, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension Fy.
Bs and Og, basis for the xk-dimensional affine subset S C Fye
d, positive integer, less than |S|/2" — 1, indicating what “low-degree” means

randomness:

1" Trandrs, < (¢,k,d)

oracles:
e p, function from S to Fye

e 7 = (m,ms), proof of proximity to RS (ng, S, d) for the function p
1. dy, = |S)/27 —1=2%/27 — 1

2. LT TiandRs,:(Z,n) =T 7A"andRS,:(ZaKl)

3. by = Vil (I, Bs, Og; 7} - -- handis ()
Ao T ndns _ () =1 Trandrs,— (6,)

5. compute the polynomial Q(z) := z%n~% € Fy[z]
6. “p’ :=p- Q" (see notes below)

7. by = V™ (10, B, O 5 1l -1l (o)

8 b:= b1 AN b2

9. output b

notes:

e see Lemma C.2 for complexity bounds on queries and randomness

see Lemma 12.17 for the “non-adaptive decomposition” of Vig . into Qrs . and Dgg o
see Algorithm 6 for Pgg ., the corresponding prover

:=TFa(x)

in Step 7, we must simulate the implicit input p’ (which is also a function from S to Fy¢), and we do
so as follows: for each query «, query « to the (real) implicit input p and then return p(«) - Q(«);

note that Q(c) can be evaluated in time that is poly(¢,log(d., — d))

121



Algorithm 16 Vig_

inputs:

e [, irreducible polynomial of degree £ over Fy with root x, inducing the field extension For := Fa(x)
e By =(ay,...,a,) and O, basis and offset for the x-dimensional affine subset L C Fy.
randomness:

® 71" Trandrs,=(¢,k)

oracles:
e p, function from L to Fqye
e 7= (f,II), proof of proximity to RS(Fa¢, L,|L|/2" — 1) for the function p

1. if kK < Ko, then:
(a) fori=1,...,2"%:

i. «o; := GETELTWITHINDEX (I}, B, Op, 1)

ii. query ay; top
) duyi=|L|/2" —1=2%/21 -1
(¢) P := SUBSPACEINTERP(Iy, Br,Or, (p(ar),...,p(azx)))
) d := deg(P)
) if d< dw.n, output 1, else output 0

2. if kK > Ko, then:
(a) Br, == (ai,...,a|x/2)—), OL, := O
(b) [Zr,]* := FInDSuBsPPoLY(1y, B, OL,)
(C) B 5 = (al, .. .,aLK//QJ_,Y_A'_M), OL"D = OL
(d) if r; =0, then do a random row test:

im:=1+[k/2]+7~
ii. BLl = (a["ﬂ/QJ*’H’l’ .. .,a,g), OLl = OL
iii. B:= GETRANDELT(Iy, Br,,OL,, (T2, ..., T14[x/2]4~))

iv. if g € Li), then BLB = (al, - 7a\_ﬂ/2j—’y+ﬂ’al_f'i/QJ—’Y-i'H-‘rl);
v. if B & Ly, then Br, := (a1, ..., 0 k/2)—yips B+ OLy)
vi. OLﬁ = OL6
vil. B = [ZLO]A(B)
(flgrmgr)
VIIL. b = VRS,:ﬁ “ (IZ7BL57OL5 ; rm—‘—l o 'TrandRs,:(Z,m))

ix. output b
(e) if 7y =1, then do a random column test:
iLm:=1+|k/2] —v+pn
ii. a:= GETRANDELT(Iy,Br;, 0Ly, (12,314 (k2] —v4u)
1. BZLO(LI) = ([ZLO]A(GLH/QJ—’HJ) + [ZLO]A(OIFZZ)’ SRR [ZLO]A(G‘H) + [ZLO]A(OFzz))v
Oz (L1) = [ZL,]"(OL,)

. fT it
iv. b:= VR(Sf‘:Q &) (IszLO(Lly Ozpy(Lr) i Tmt1 Trandgs, - (£,) )
v. output b

iy

i

notes:

e see Theorem 11.3 for how the parameters (7, kg,, 1) can be chosen

see Lemma C.1 for complexity bounds on queries and randomness

see Lemma 12.16 for the “non-adaptive decomposition” of Vg _ into Qrs— and Dgg —

see Algorithm 7 for Pgs _, the corresponding prover

in Step 2(d)vili, f|§ is a function with domain Lg x {8’} that is simulated as follows: for each query

a € Lg to f|§, if Zp,(a) = 8’ then return p(a), else return f(a, ')

e in Step 2(e)iv, f|£ is a function with domain {a} x Zp,(L1) that is simulated as follows: for each
query 8’ € Zr,(L1) to f|£7 if Z1,(a)) = B then return p(«), else return f(a, 5’)
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B.3 Finite Field Algorithms

In this section we provide the finite-field algorithms that we used in the pseudocode listings in
Section B.1 and Section B.2 (and also those in Section 12). These algorithms provide certain
basic computations in extension fields of o, and almost all are adapted to the important special
case of affine subspaces. Throughout, we let .S denote a k-dimensional affine subspace of the
appropriate extension field of Fa, specified via a basis Bg and an offset Og.

We begin with a summary of the algorithms described in this section, and following are the
peudocode listings.

e Set up:
— FiNDIRRPOLY(1¢) outputs an irreducible polynomial I, of degree £ over Fy with a root x
— F1ELDBASIS(I;) outputs a (canonical) basis By for the field F := Fa(x)

e Selecting field elements of affine subspaces:

— GETRANDELT(If, Bs, Og, (r1,...,75)) outputs a field element in the affine subspace S
according to the random binary string (ry,...,7x)

— GETELTWITHINDEX (I, Bg, Og, i) outputs the i-th field element in the affine subspace
S according to a canonical order

e Multi-point evaluation and interpolation over affine subspaces:

— SUBSPACEEVAL(Iy, Bg, Og, P) outputs the evaluation of P(x) over the affine subspace S
— SUBSPACEINTERP(Iy, Bg, Og, (ap, . . ., aax_1)) outputs the interpolation of (ap, . . ., aox_1)
over the affine subspace S
e Some operations involving vanishing polynomials for affine subspaces:
— FinpSuBspPoLy(Iy, Bg, Og) outputs an arithmetic circuit [Zg]* for computing the van-
ishing polynomial Zg(z) of the affine subspace S
— FINDBIVARIATE(Iy, Bg, Og, P) outputs Q(z,y) := P(z) mod (y — Zs(z))

— SUBSPACEDIVIDE(Iy, Bg, Og, P) outputs P(z) := P(z)/Zs(x), if P(x) =0 mod Zg(x)
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Algorithm 17 FiINDIRRPOLY

inputs:
e 1%, desired degree presented in unary

output:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
Fye :=Fa(x)

1. the algorithm of [Sho88, Corollary 3.2], which runs in time poly(¢)

notes:
e the algorithm for finding irreducible polynomials is the only one that we do not spell out
explicitly, because we do not plan to use it in practice; indeed, in practice, pre-computed tables
of irreducible polynomials work much better

Algorithm 18 FIELDBASIS

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
FQZ = ]FQ (X)
output:

e By, , basis for Fy: when viewed as an {-dimensional vector space over Fy

1. output 1,x,...,x"1

notes:
e an optimization that is left to future work is the use of normal bases [Gao93|
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Algorithm 19 GETRANDELT

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
FQ@ = ]FQ (X)
e Bs = (ay,...,a,) and Og, basis and offset for the k-dimensional affine subspace S C Fye
e (r1,...,ry), random binary string used to select the element of S
output:

e q«, selected element of S
1. a:= (Z;;l rjaj) + Og
2. output «

notes:
e the random bits are simply the coefficients of the linear combination

Algorithm 20 GETELTWITHINDEX

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
FQZ = ]FQ (X)
e Bs = (ai,...,as) and Og, basis and offset for the xk-dimensional affine subspace S C Fy.

e i, index in {1,...,2%} of the desired element of S

output:
e q, selected element of S

1. a:= (Z;:1 ijaj) + Og
2. output «

notes:
® iy---i, is (¢ — 1) in binary
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Algorithm 21 FinDSuBspPoOLY

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
Foe :=TFy(x)
e Bg = (ai,...,as) and Og, basis and offset for the xk-dimensional affine subspace S C Fy.
output:

e [Zg]*, an O(k) arithmetic circuit for computing Zg(z) = 5, Biz?" + 7, the vanishing
polynomial for the affine subspace S

1. let [Zs,]* be the arithmetic circuit for Zg, (x) :=z - (z + ay)
2. if kK =1, then:
(a) use [Zg,]* to compute the arithmetic circuit [Zg]* for Zg(z) := Zgs, (x) + Z5,(Os)
(b) output [Zg]*
3. if kK > 1, then:
(a) forj=2,...,k
i. use [Zs,_,]* to compute o := Zg, | (a;)
ii. use [Zg,_,]* to compute the arithmetic circuit [Zg,]* for Zg, () := Zg,_, (2?) + «; Zg,_, (x)
(b) use [Zs,.]* to compute the arithmetic circuit [Zg]* for Zg(x) := Zg, (x) + Zs,(Os)
(¢) output [Zg]*

notes:
e the algorithm uses the simple recursion

X

Zspan(al,...,aﬁ)(x) :Zspan(al,...,a,,.,,l) span(ai,... an,l)(x +a )

=Zspan(ar,an—1)(®)" + Zspan(ar,...an_1) () * Zspan(ar,...,an_1) (@)

(x)Z

= span(al,...,aﬁ,,l)(x) ( span(ai,...,a,— 1)(x)+Zspwn(a1,....an 1)( ))
(z)
( 2

:Zspan(al,...,am,l) z )+pran(a1, Qe 1)(0%) : bpan(al, ,a,gfl)(x)

together with the fact that

Zspan(al,...,an)-&-(’)(x) = Zspan(al ..... a,.f,)(x + O) = Zspan(al,...,a,c)(x) + Zspan(al ..... a,{)(0>
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Algorithm 22 SUBSPACEEVAL

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
Foe :=Fa(x)
e Bs = (ai,...,as) and Og, basis and offset for the xk-dimensional affine subspace S C Fy.

o P(zx)= Z?:o Biz*, polynomial over Fy[2] with d < 2%

output:
e (ap,...,a2s 1), elements in Fyr such that P(32_, bia;) = ays 961 for by--- b, € {0,1}"

1. output («,...,qex_1) := A(Iy,Bs,Og, P,0), where A is defined below

Define A(Iy, (a1, ...,ax), 0, P, j) as follows:
1. if k =1, return P(aj2~) and P(ajori1)
2. ifk>1:

(a) use FINDSUBSPPOLY to find (an arithmetic circuit for) Zs,an(as,....an_1)+0()-

(b) compute ﬁ = Zspan(al,...,a,.;,l)+o(aj2’°)

(c) divide P(x) by Zsyan(as.....an_1)+0(x) — B to obtain a quotient Q(r) and remainder R(x)
(d) compute Py(x) := R(x)

(e) compute Pi(x) := R(x) + Zspan(ay,...,an_1)+0 () - Q()

(f) compute (ajon,...,Qjonqon-1_1) := A(Iy, (a1,...,ax-1),0, Py, j)

(g) compute (jonjon—1,... 0 r1y2e—1) = ALy, (a1, .. ak-1), 0, P, j+2571)

(h) output (O[jzﬁ, ceey a(j+1)2571)

notes:
e see [Mat08, Figure 3.1] for a discussion (of the linear subspace case) and more references
e in an implementation, the vanishing polynomials would be pre-computed first
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Algorithm 23 SUBSPACEINTERP

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
FQZ = ]FQ (X)
e Bs = (ai,...,as) and Og, basis and offset for the xk-dimensional affine subspace S C Fy.
e (ag,...,qax_1), elements in Fye
output:

e P(z) = Z?:o Bixt, with d < 2%, such that P(}.7_, bia;) = as s poi-1 for by - -+ b, € {0, 1}"

1. output P := A(Iy,Bs, Og, (ag,...,azx_1),0), where A is defined below

Define A(Iy, (a1,...,ax), 0, (g, ...,q2x_1),7) as follows:
1. if k =1, return (z — ajox) - (T — ajon41)
2. ifk>1:

(a) compute Py(x) := ALy, (a1,...,ak-1), 0, (Qjor, ..., Qjoxyox-1_1),])

(b) compute Py(x) := A(Iy, (ay, ... ak-1), O, (jorpox—1,. .., 0jt1)261),J + 2771
(c) use FINDSUBSPPOLY to find Zg,an(a,,...,an_1)+0 ()

(d) compute 3 := span(al,.4.,am,1)+0(aj2")

(e) compute R(x) := Py(x)

(f) compute Q(z) = (Py(x) — Po(x))/3

(g) compute P(z) := Q(x) - (Zspan(al,m}anfl)JrO(x) - B) + R(z)

(h) output P(x

notes:
e this is simply the “dual” of Algorithm 22
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Algorithm 24 SUBSPACEDIVIDE

inputs:
e [, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
Foe :=Fy(x)
e Bg = (ai,...,as) and Og, basis for the k-dimensional affine subspace S C Fy.
o P(zx)= Z?:O B;x?, polynomial over Fy[x] with d < 2¢ such that P(x) = 0 mod Zs(z)
output:
e P(z), polynomial equal to P(x)/Zs(x)

PN oA WD

9.

P(z):=0
if deg(P) < 2%, output P(x) := 0; otherwise continue
Zs(z) =3r , Bir? 4+ wo := FINDSUBSPPoLY (Iy, Bs, Os)
let ¢ be such that 2° < deg(P) < 2'*'; note that k <t
Ro(z) :== Zs(z) — 2% = Z;‘:ol Bix? + wo
for j=1,...,t — k: compute R;(z) := R;j_1(z)? = R;(z?)
Py(z) := P(x)
forj=1,...,t—k+1:
(a) by induction, deg(P;_;) < 2t~(U—D+1
(b) if deg(Pj—1) < 28U~V set Pj(z) := Pj_1(x) and go to next iteration of the loop
(c) if deg(P;_y1) > 2!=U=Y continue this iteration
(d) write Pj_q(z) = xzt_jHPj(i)l () + Pj(g)l (x) with deg(Pj(Pl) < deg(Pj—1) — 2t79F1 and
deg(Pj(E)l) < 2879+ and note that

ot—i+1 ot—r+1—j

Piy(@) = (@7 4 Rimwgr—y (@) PV, (@) + PI_y (2) = Zs(a) P () + Pl_y(2)

where P|_;(z) == R y1-5(z) - Pj(i)l(x) + Pj(g)l (z)
(e) set 13(9[;) = ﬁ(aﬁ) + Zs(ai)gtfﬁﬂfj_lpj(z(x)

(£) write P/ (z) = 2> P (@) + P*) () + P} (z) with with deg, (P{")) < deg, (Pj_1) -

ot—i+2 4 ot—r+1—j and deg(Pj(S/l)) < 2t=3+1 and note that

gt—j+1 )2t7n+l—j

P; 1) = (z

! + Ri_ oy (@) P1) (@) + Pi(2) = Zs(a P (@) + Pi(x)

where Pj(z) := Ry_s1-;(7) - Pj(i) () + Pj(g/f (z) + Pj(g)1 (z) and note that deg(P;) < 277*!
(g) set P(x):= P(x) + ZS(CU)?%HiLle(i)(x)

output P(z)

notes:

Step 5 and Step 6 construct a (t — k + 1)-line table, and in each line of the table there is a large
power of 2 of Zg(z) — 22"
in each iteration of the loop in Step 8 we divide out a large power of Zg(x) twice, and these two
divisions will jointly halve the degree of the remaining polynomial, and that is why we only need
few iterations (i.e., t — k + 1 iterations)
in order to compute ZS(;E)QFNHﬂ*le(PI(x) and Zg(x)2t7N+17j*1PJ§il)(:c), respectively in
Step 8e ancli in Step 8g, we should remember that

t—rt1l—j > B T i
Zs(x)2 T = [T Zs(2)¥ =110 (2% + Ri_n;(2)), so that we should evaluate
the product “from right to left” (i.e., multiply each of the terms of the product with Pj(l)l(x) or

Pj(ill) (z), instead of first evaluating the big p}r%%uct and then multiplying the result with Pj(i)l (z)
or Pj(il) (2))




Algorithm 25 FINDBIVARIATE

inputs:
e [;, irreducible polynomial of degree ¢ over Fo with root x, inducing the field extension
Foe :=Fa(x)
e Bs = (ai,...,as) and Og, basis for the x-dimensional affine subspace S C Fye
e P(x)= Z?:o Biz*, polynomial over Fy[x]
output:

e Q(x,y), bivariate polynomial equal to P(z) mod (y — Zs(x)); note that deg,(Q) < 2" and
deg, (Q) = [ *5
y 2

Grk Wb =

&

if deg(P) < 2%, output Q(x,y) := P(x); otherwise continue
Zs(z) =35, Bir? + wo := FiNnpSuBspPoLy(Iy, Bs, Os)
let ¢ be such that 2! < deg(P) < 2'*1; note that x <t
Ro(x,y) =y + (Zs(z) —a*") =y + L1 fie® +wo
Forj=1,....,t—k:

k—1

R (my Zaz ly +’ym 1y+z ,Y,% 161"‘71 1)1‘2 +7m 160x+w3 1+7K/ 1%o
i=1 i=1

where R;_1(z,y) = Y070 oy + 300 yia? 4wy
Po(l',y) = P(.CL‘)
Forj=1,....,t— s+ 1

(a)
(b

)
()
(d)
()
(f)

(2)

by induction, deg,(P;_1) < 9t—(3—1)+1

if deg, (Pj_1) < 2t-U—1

if deg, (Pj_1) > 2t-U1
p!

), set Pj(z,y) := P;_1(x,y) and go to next iteration of the loop
), continue this iteration
P(l) 1(z,y) + P(O) 1(z,y) with degI(P( ) 1) < deg, (Pj_q) — 20711

write Pj_1(x,y) = 22

and deg, (P; O) ) < 2t=itt

replace 2 """ with Ri—pi1-j(w,y) in Pj_i(2,y) to obtain P/_,(z,y) := Pj(ill)(x,y) +
PY (,y) with deg, (P")) < deg, (Pj_1) — 277+ 4 251

wiite Pi_y(z,y) = 22PN (2 y) + POV (@y) + PO(2,y) with deg,(P()) <
deg, (Pj_1) — 279%2 + 271 and deg, (P"}) < 274!

replace 22" with Ry_ .41 ;(z,y) in P}, (x,y) to obtain Pj(x,y) with deg, (P;) < 2!~/

8. output Q(z,y) := Pi—y+1(z,y)

notes:
e Step 4 and Step 5 construct a (¢t — k + 1)-line table, and in each line of the table there is a
polynomial with at most (¢ — x 4+ 1) y-monomials and x z-monomials for substitution of a larger

power of = (specifically, the i-th line is for substituting xQHl)

e in each iteration of the loop in Step 7 we substitute a large power of = twice, and these two
substitutions will jointly halve the degree of the polynomial, and that is why we only need few
iterations (i.e., t — k + 1 iterations)
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C Complexity Analysis

We carefully analyze the query complexity, randomness complexity, and proof length complexity
of (Picsps Viacse), which is the PCP system for SACSP discussed in Section 8:34 the resulting
expressions for the three complexity measures can be easily evaluated numerically for any given
set of parameters. Recall that pseudocode listings for the PCP system (Piycsp, Viacsp) are given
in Appendix B.

In this section, we proceed “bottom-up”, analyzing each module in Figure 1, one prover-
verifier pair at a time. Throughout, we fix a choice of integer parameters (7, ko, "y, 1) satisfying
Equation 6 in Theorem 11.3.

C.1 Complexity Analysis of Pys_ and Vis_

The PCPP prover Pgs— is described in Algorithm 7 and the (strong) PCPP verifier Vs _ is
described in Algorithm 16.

Lemma C.1 (Complexity Parameters for Pgs_ and Vis_). The following equations hold:

querypg (4, k) <270,
randgs (¢, k) < k+ (u + 2) log(2k) ,

length _ (¢, ) < 2Fgltmaxt=ytutla}

Proof. As was already remarked in [BSS08, Propistion 6.8], it is easy to see that the query
complexity is as follows:

27 if k < kg
uery.. _(¢,k) = - < 2%,
queryrs. (£, %) {0 if/i>/€0}

Next, as was already remarked in [BSS08, Proposition 6.8] (and then in further detail in [Bha05,
Sec. 2.3.1]), the randomness complexity satisfies the recursion from Lemma C.9 (after appro-
priately generalizing it to our more general constructions), and our lemma tells us that we can
upper bound it follows:

if K < kg

0
randgs - (¢, k) < :
k+ (p+2)log(k —2max{—y+p+1,7}) if k> kKo

} <K+ (n+2)log(2k) .

Finally, as was already remarked in [BSS08, Proposition 6.8] (and then in further detail in
[Bha05, Sec. 2.2.2]), the proof length complexity satisfies the recursion from Lemma C.10 (after
appropriately generalizing it to our more general constructions), and our lemma tells us that
we can upper bound it as follows:

length, _(4, k) < o o Itmax{—y+ptly}

Of course, if one wishes to numerically evaluate randgs — (¢, k) or length,, _ (¢, k), using the re-
cursive function (in Lemma C.9 or Lemma C.10 respectively) will give the exact value. (Though
our bounds are quite tight.) O

3We do not discuss here the prover and verifier time and space complexities; indeed, a detailed complexity
analysis of such performance measures (e.g., by paying close attention to multiplicative constants) does not seem
feasible and is ultimately not fruitful — after all, concrete time and space requirements of a prover and verifier
are best studied through a code implementation, which we leave to future work.
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C.2 Complexity Analysis of Pys. and Vis o

The PCPP prover Pgg . is described in Algorithm 6 and the (strong) PCPP verifier Vg . is
described in Algorithm 15.

Lemma C.2 (Complexity Parameters for Py . and Vis o). The following equations hold:
querygs (0, 5, d) = 2 - queryps (€, k) ,
randgs < (¢, k,d) = randgs _ (¢, k) ,
lengthyy (4, k,d) =2 -lengthp (£, k) .

Proof. Immediate from the construction of Pys . and Vig -. O

C.3 Complexity Analysis of FPys. and Vis.

The PCPP prover Pgs- is described in Algorithm 5 and the (strong) PCPP verifier Vis . is
described in Algorithm 14. Recall that dy, = 2%/27 — 1.

Lemma C.3 (Complexity Parameters for Pys . and Vigs~). The following equations hold:

queryps - (4, Ky d) = My p.a - querypg (4, k) + Ly q - querypg (4, K, d — iy a(diey + 1)) + My g+ 1epa+ 1,
randgs - (¢, k,d) = max {randRS,:(E, k), 1pd - randgs (€, k6, d — My a(dey + 1)), K} ,

lengthpg o (4, K, d) = My pa- (2% + lengthpg (0, K)) + 1x .4 - (27 + lengthpg (4, 5, d — My a(dey +1)))

where My q = [%1 and 1y pq =1 if (d4+1) > my 4 (dey+1) and 1, 4 := 0 otherwise.

Proof. Immediate from the construction of Prs . and Vig . (]

C.4 Complexity Analysis of Pys and Vg

The PCPP prover Pgg is described in Algorithm 4 and the (strong) PCPP verifier Vg is de-
scribed in Algorithm 13.

Lemma C.4 (Complexity Parameters for Pys and Vis). The following equations hold:

queryps (4, Kk, d)  if d < dgy
querygg (67 K, d) = queryRs,:(& K‘) Zf d= dn,n ’
queryRS,>(€a K, d) Zf d > dn,n
randgs (0, k,d)  if d < dyy
randgs (¢, k,d) = < randgs (¢, k) ifd=dsy
randgs - (0, k,d)  if d > dgy
lengthps (0, k,d)  if d < dgy
lengthyg (¢, K, d) = ¢ lengthys (€, k) if d=dspy
lengthpg o (6, k,d)  ifd > dyy

Proof. The prover Pgrg simply calls Prsg ., Prs—, or Prs~, depending on whether the input
degree d is less than, equal to, or greater than d,, := 2%/2" — 1; similarly for V.22 ]

35Though if & no larger than n, then Vis will directly test the degree of the implicit input. We do not include
this case in the complexity analysis, because 7 is a very small constant, and we will never be interested in inputs
of such a small dimension!
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C.5 Complexity Analysis of Prs and Vigg
The PCPP prover Pygg is described in Algorithm 3 and the (strong) PCPP verifier Vigg is
described in Algorithm 12.
Lemma C.5 (Complexity Parameters for Pygs and Vigs). The following equations hold:
queryyps(?, £, A, d) = querypo (£, k,d — 2M) +2
randyrs(4, k, A, d) = max {randRs(ﬁ, K,d— 2’\) , m} ,
length, s (4, 5, A, d) = 2% + length (£, 5, d — 2%) |

Proof. Immediate from the construction of Pyrg and Vigs. ]

C.6 Complexity Analysis of V ;s and V yrg

The (“weak”) PCPP verifier V,gg is described in Algorithm 11; its corresponding prover is
simply the PCPP prover Pgg from Algorithm 4.

Lemma C.6 (Complexity Parameters for V,gs). The following equations hold:

query ns(4, K, d, 0, 8") = mg.q 5.5(n) - querypg (4, K, d)
rand,rs (4, k,d, 8, 8") = mgyq 6.5 (n) - randgs (¢, &, d) .

Proof. Observe that V,zg simply performs naive sequential repetition on Vis. Hence, by Re-
mark 11.2, in order to obtain a “weak” PCPP with proximity parameter § and target soundness
s’ (both given as input to V,gs), the number of repetitions is:
log(1 —s')
e () = | 220 =2

where n = 2" and sgg is the soundness of Vis. (Recall that Theorem 11.1 gives a lower bound
on Sgs.)

The query complexity and randomness complexity thus simply increase by the multiplicative
factor mgpg 5.5 (n). d

The (“weak”) PCPP verifier V,ygs is described in Algorithm 10; its corresponding prover is
simply the PCPP prover Pyrg from Algorithm 3.

Lemma C.7 (Complexity Parameters for V,yrs). The following equations hold:
query, s (£, 5, A, d, 8, 8') = Misygs,a,s (1) - Queryygs (€, K, A, d)
randayrs (4, K, A, d, 6, 8') = Msyrs.o.s (1) - randygrs (4, &, A, d) .
Proof. Observe that V,ygrs simply performs naive sequential repetition on Virs. Hence, by Re-

mark 11.2, in order to obtain a “weak” PCPP with proximity parameter § and target soundness
s’ (both given as input to V,ygs), the number of repetitions is:

log(1 — ¢ )-‘
SVRS (57 7’L)
where n = 2" and sygg is the soundness of Vigs. (Recall that Theorem 11.1 gives a lower bound

on Sygs.)
The query complexity and randomness complexity thus simply increase by the multiplicative

factor mgype.6.5(N)- a

Msyrs,d,s' (n) = ’V
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C.7 Complexity Analysis of P,ycsp and V acsp

The prover Picgp is described in Algorithm 2 (and also in Construction 8.3) and the verifier
Viacse 1s described in Algorithm 9 (and also in Construction 8.5).

Lemma C.8 (Complexity Parameters for P, csp and Viyesp). The following equations hold:

query ycsr (x, ) = query,ws (f(1), (£), 20 = 1, o 5)

+ query,yrs(f (), f(t), mu(t), d, é’ ;)
+ (en(t) +1)

+ query,s(f(£), f(£), log x|, 20 =1, Lo 1)
rand acsp (%, ) = max {randaRs( F(8), £(1), 20 — 1, Lo L),
randaves(f (1), £(1), mu(t), d, 5, 3)
f@),
rand.vrs (f (1), f(t
length i (x, 1) =27 + length, s (£(2), £(), 2™ — 1, i, 4)
+ 270+ length, s (F(1), £(£), mus(t), d, &, 3)
I

+ length,yrs(f(2), f (1), log [x], gma(t) L 8c1\11(t)’ %) ’

IOg|X‘ ome (¢ _lvﬁ(t)’%)} )

);
(

where d ‘= deg(Pt(x, x(QmH(t)_l).deg(Ntyl), o 7x(QmH(t)71)-deg(Nt7cN(t))))'

Proof. Immediate from the construction of P,ycep and Viacsp- O

C.8 Solving Recursions

We deduce an upper bound for two recursive functions that arise in Appendix C.1: respectively,
the upper bounds are on the recursive function giving the amount of randomness used by Vgg —
(Lemma C.9) and the recursive function giving the length of the proximity proof generated by
Prs - (Lemma C.10).

Lemma C.9. The recursion

0 if K < Ko
= a5 (5] ). L5 o (510} oo
(27)

is upper bounded by the function
_ 0 if Kk < Ko
(k) = .
k+ (n+2)log(k —2max{—y+pu+1,7}) if kK > Ko

Proof. For k € {1,...,Ko}, the equality follows immediately. The parameter constraints from
Equation 6 imply that 7(k) is well-defined for k > ko:

E>/€0—|—12 \‘H02—I—1

> —|—1> —|—1 d
— 1
2= 2 A
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]2621430+1>’71€0+1—‘ 1

1 1
—Z>_ 2_ - =_ 14+ =
5 = 5 5= YA+ 5 YA+ +2,

so that k — 2 - max{—y 4+ p+ 1,7} > 1 > 0. Also, it will be useful to also derive the following
inequalities (also implied by Equation 6):

,Q_qqﬂﬂ):m_y_lzV0+1J_7_1Zo and

2 2 2
i (|5 -v+n+1) =[] +r-n-12120.

Finally, we observe that, for every two x and ¢ with k > 2¢:

log (LSJ _ c) < log (g — c) =log(k —2¢) —1 and
log([g-| —c) < log (g —c+ 1) =log(k —2c+2)—1.
Now we go back to the rest of the proof. For k > kg, we distinguish between four cases:

o Case 1: Kk is such that |k/2| — v+ pu+ 1< kg and [k/2] + v < ko. By Equation 27, the
defining equation for r(k), we get:

o=t {[3] (5] ). 5] (3]0
=1+max{|Z]|+7+0, |5 —v+n+0}
<k
<k+ (p+2)log(k —2max{—y+pu+1,7}) .

o Case 2: Kk is such that |k/2] — v+ p+1> kg and [k/2] + v < Kg. By Equation 27, the
defining equation for r(k), we get:

=[5 o (3] rwe1) (5] se (5]40)

§1—|—ma‘x{[g—‘ +7—|—Q§J —’y+,u+1+(,u+2)log<[gJ —7+u+1—2max{—7+,u—l—l,fy})) ,
5)-neo

§1+max{n+u+1+(u+2)log<[gJ —'y+u+1—2max{—'y—|—u+l,'y}) , [gJ —7+u}

<1+ max H+M+1+(u+2)log([gJ —max{—’y—i—ﬂ—l—l,’y}) , LgJ —7+u}

gmax{/wr(u+2)log(n—2max{—’y+u+l,fy}), FJ —fy+u+1}

2
=k+(u+2)log(k —2max{—y+p+1,v}) .

e Case 3: Kk is such that |k/2| — v+ pu+ 1< kg and [k/2] + v > k9. By Equation 27, the
defining equation for r(k), we get:

o= {[5] o (5] 1 4n0) 5] e (5] 00)
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§1+max{_§_+7+0,
K K K
5]t (5 e (5] 2t 41
A K
=1+maX{ B +7,ﬁ+#+(u+2)10g([ﬂ+7—2maX{—7+u+1,v})}
A K
<1+max{ 3 +7,/€+u+(u+2)log<[§—‘—max{—7+u+1,7})}
K
§max{[§—‘—1—7—}—1,/i—l—(,u—i—2)log(/-@—2max{—’y—|—;¢—|—1,7}—&—2)—1}
K
< max {[ 5] +7+1, 5+ (u+2)log (x — 2max{—y + s+ 1,7} }

=+ (p+2)log(k —2max{—y+pu+1,7}) .

o Case 4: k 1is such that |k/2| — v+ p+1> ko and [k/2] + v > Kko. This case follows by
similar computations as Case 2 and Case 3.

O
Lemma C.10. The recursive function
() 0 if Kk < Ko
r(k) =
olw/214y gls/2]=vtptl 4 ofk/2147 L (| /2] — 4 + 4 1) 4+ 2W5/21=7H0 0 (Tk /2] +7)  if & > Ko
(28)

is upper bounded by the function

7(k) = o 1 tmax{—y+p+1}

Proof. Let s(k) be a generic function of x € N. We derive constraints on s(x) such that

r(k) < 2%.5(k). For k € {1,...,ko}, the inequality r(x) < 2" - 5(k) follows as long as 5(k) is
non-negative on {1,...,kg}. For kK > kg, we distinguish between four cases:

o Case 1: Kk is such that |k/2] — v+ p+ 1< kg and [k/2] + v < Kg. By Equation 28, the
defining equation for r(k), we get:

r(s) = 2040 2% 4 202 (/2] — oy et 1) 4 2B (/2] )
< optl ok 4 ofk/2I+y g 4 olk/2]—vtutl
=2 th. gn
<2%.3(k)

where the first inequality follows by the inductive hypothesis and the last inequality is a
constraint for 3.

o Case 2: k is such that |k/2] —~v+ p+1> ko and [k/2] + v < Kko. By Equation 28, the
defining equation for r(k), we get:

r(r) = 204028 4 22T e (1/2) — oy 4 1) 2024 (T/2] 4 )
< optl . 9r 4 ofk/2]+7 <2Ln/zm+u+1 F(|K)2) =+t 1)) Lolw/2l=vtu
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= oWl or Lot or S (|K/2) =y +p+ 1)
=20 (20 p 2t S (1k/2) —y 4+ p+ 1))
<2°.35(k) ,

where the first inequality follows by the inductive hypothesis and the last inequality is a
constraint (additional to the other one that we already derived) for .

Case 3: Kk is such that |k/2] — v+ pu+ 1<k and [k/2] + v > k9. By Equation 28, the
defining equation for r(k), we get:
F() = 2 2% 4 28T (/) — oyt g4 1) 4 2T (/2] )
< ontl on o 9lR/214y () 4 olw/2 vt (szm 3([k/2] + 7))
= ontl . 9r Lok 9R 5 ([k/2] +7)
=27 (27 205 ([K/2] +))
<2%.3§(k)

where the first inequality follows by the inductive hypothesis and the last inequality is a
constraint (additional to the other two that we already derived) for s.

Case 4: Kk 1is such that |k/2| —v 4+ pu+1> ko and [k/2] + v > k9. By Equation 28, the
defining equation for r(k), we get:

r(r) =20 2% 4 ol (/2] — oy 1) + 2B ([15/2] 4 )
< outl gk 4 ofk/21+7 <2Ln/2J—v+u+1 S([K/2] =y + -+ 1))
4 olw/2l—y+n (ngm 3([k/2] + v))
= ontlgn Lontl or T (1k/2) — v+ 4 1)+ 2028 .5([K/2] +7)
=20 (20 2t S ([k/2) —y 4+ p+ 1)+ 245 ([k/2] + 7))

< 2% 3(k) |

where the first inequality follows by the inductive hypothesis and the last inequality is a
constraint (additional to the other three that we already derived) for s.

Overall, we require that

¢

0 if kK < kg
2+l if Case 1
S(k) > Q2rtt portl 5 (|k/2] — v+ pu+1) if Case 2
2L L on S (1K/2) + ) if Case 3
(20T 420t S ((k/2) — v+ p+1)+2-5([r/2] +v) if Case 4

By inspection, 5(k) & ltmax{=1+u+17} works for all k € N. O
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