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Covering CSPs
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Abstract

We study the covering complezity of constraint satisfaction problems (CSPs). The
covering number of a CSP instance C, denoted v(C), is the smallest number of assign-
ments to the variables, such that each constraint is satisfied by at least one of the
assignments. This covering notion describes situations in which we must satisfy all the
constraints, and are willing to use more than one assignment to do so. At the same
time, we want to minimize the number of assignments.

We study the covering problem for different constraint predicates. We first observe
that if the predicate contains an odd predicate, then it is covered by any assignment
and its negation. In particular, 3CNF and 3LIN, that are hard in the max-CSP sense,
are easy to cover. However, the covering problem is hard for predicates that do not

contain an odd predicate:

1. For the 4LIN predicate, it is NP-hard to decide if a given instance C has v (C) < 2
or v (C) >w(1).

2. (a) We propose a framework of covering dictatorship tests. We design and analyze
such a dictatorship test for every predicate that supports a pairwise independent
distribution.

(b) We introduce a covering unique games conjecture, and use it to convert the

covering dictatorship tests into conditional hardness results.

3. Finally, we study a hypothesis about the hardness of covering random instances
that is similar to Feige’s R3SAT hypothesis. We show the following somewhat
surprising implication: If our hypothesis holds for dense enough instances, then it

is hard to color an O (1)-colorable hypergraph with a polynomial number of colors.
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1 Introduction

We study the covering complezity of constraint satisfaction problems (CSPs). Let ¢ be a
predicate, and let C be a ¢-CSP instance, which is a set of ¢-constraints over n boolean
variables and their negations. The covering number of C, denoted v(C), is the smallest
number of assignments to the variables that “covers” all of the constraints, i.e., such that
each constraint is satisfied by at least one of the assignments. We denote by cover-¢ the
problem of finding the covering number of a given p-CSP instance.

The notion of cover-CSPs differs from the standard notion of max-CSPs, as they each
operate under a different restriction and try optimize a different aspect of the problem given
the restriction: The notion of max-CSPs is relevant when we restrict ourselves to a single
assignment and want to maximize the fraction of satisfied constraints. In contrast, the notion
of a covering number is of interest when we must satisfy all or nearly all of the constraints,
and are willing to use more than one assignment to do so. Our goal is then to minimize the
number of needed solutions.

One example of a situation described by the covering number is the dinner party problem:
You are having some friends over for dinner, and each one has different dietary constraints.
You want everyone to have at least something to eat, and at the same time would like to
cook as few dishes as possible. Another example is when designing a system of health care
centers, each offering different services, that will be accessible and will meet the needs of all
patients.

Finding the exact covering number is N"P-hard for many interesting predicates ¢. There-
fore, we study the hardness of approximating this value, namely minimizing the number of
solutions that together cover all of the constraints. Formally, we define the following gap
problem:

gap-cover-¢. s problem: Let ¢ < s € N. Given a p-CSP instance C, decide between

e Yes case: v (C) <c.

e No case: v (C) > s.

As is done for the max-CSP case, we study the covering problem for different predicates ¢,
and seek a characterization of predicates that are covering-hard to approximate. It turns
out that the set of predicates which are covering hard to approximate is very different from
the set of predicates that are hard to approximate in the max-CSP sense. In fact we show

that the sets are (in a sense) incomparable.

Covering and Coloring. Covering CSPs can be viewed as a generalization of graph (or

hypergraph) coloring problems. A coloring problem is given by a system of not-equal (or
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not-all-equal) constraints on a set of vertices. It has already been observed by [7] that a
graph (hypergraph) is 2¢ colorable iff there are ¢ assignments to the variables that cover
all constraints. Our new notion of covering CSPs extends that of coloring as follows. It is
natural to allow an algorithm “more” colors when attempting to legally color a graph, yet, in
contrast, it is usually meaningless to allow “more” alphabet symbols for satisfying a o-CSP
for a general predicate ¢. The covering formulation gives a natural way in which “more
colors” can be used in satisfying a ¢-CSP for any .

We mention that the paper [7] introduces the related notion of “covering PCPs” and
proves hardness of approximate hypergraph coloring by analyzing the hardness of covering
the not-all-equal predicate. Interestingly, our work reveals that understanding the hardness

of covering the not-all-equal predicate is central for any covering-CSP problem.

1.1 Our Results

We first observe that odd predicates ¢ (i.e., predicates ¢ : {#1}" — {£1} for which Vz :
¢ (x) = —p(—x)) are easy to cover: Any pair of an assignment a and its negation —a will
cover the entire instance, since always either a or —a causes ¢ to be true. Moreover, let O
be the set of predicates ¢ containing an odd predicate, all the predicates ¢ € O are easy.

Formally, we define O as follows (as is customary, we view a (—1) = (—1)" value as “true”):
O ={p: {£1} = {£1}|Vz € {£1}': p(z) = —lorp(—z) = -1} .

Observation. Let ¢ € O, and let C be a p-CSP instance. Then v(C) < 2.

In particular, 3CNF and 3LIN which are both very hard to approximate in the max-CSP

sense, are easy in the covering sense.

1.1.1 Covering Hardness of 4LIN

In contrast to 3LIN, we show that the predicate ¢ = 4LIN, that only accepts inputs with an
odd number of 1s, is NP-hard. Formally, for 4LIN : {£1}* — {£1}, 4LIN (zq, 25, 3, 24) =

T1T2X3%4, We show:

Theorem 1. gap-cover-4LINy . is N'P-hard for every k € N.

Furthermore, for sufficiently small € > 0, the following holds: In the yes case the instance
is coverable by two assignments, each of which (seperatly) satisfies 1 — € fraction of the
constraints. In the no case, no k assignments cover more than 1 — zik +20+/€ fraction of the

constraints.



Observe that the problem gap-cover-4LIN, ; is easy for every k, as we can run a Gaussian
elimination process to check whether there exists a single assignment that satisfies all the
constraints.

We mention that our result can be viewed as a strengthening of Hastad’s hardness re-
sult [8] for linear predicates with even arity> 4, since in the yes case there is a solution that
satisfies 1 — e fraction of the constraints (actually, there are at least two such solutions).
Furthermore, observe that k random assignments are expected to satisfy 1 — 2% fraction of
the constraints, thus the no case shows that no k assignments can cover significantly more
constraints than random k assignments.

Our proof of Theorem 1 relies on a dictatorship test whose analysis extends the analysis
of [7] of the hardness of covering the 4-not-all-equal predicate, using the language of the
invariance principle developed by [15, 14, 16, 17].

1.1.2 Characterization of Covering-Hard Predicates

We conjecture that for every ¢ ¢ O the cover-¢ problem is hard to approximate, and are able
to partially prove this conjecture. To do so, we offer a -based covering dictatorship test.
We then suggest a covering conjecture that corresponds to the unique games conjecture, and

show how to use the dictatorship test to obtain conditional hardness of covering results.

Covering dictatorship test for a general predicate ¢

We develop a general framework for covering dictatorship tests using a given predicate .

The completeness and soundness criteria are different in the covering world:
e In the yes case, two dictators perfectly cover the test’s constraints.

e In the no case, any reqular set of functions F' = { f1, ..., fi} fails to cover all of the test’s
constraints. F'is called regular if for any K C [£] the product function fx = [],cx f¢
is far from a dictatorial function (i.e., all its influences are low). We mention that this

involved soundness condition is inherent, see Section 1.2.2.
Following Austrin and Mossel [2| we prove

Theorem 2. Let ¢ & O, and assume that there exists a balanced, pairwise independent
distribution on the support of . Then there exists a p-based covering-dictatorship test with

completeness 2 and soundness k, for every k € N.

We remark that every predicate ¢ ¢ O that does not have degree-1 and degree-2 terms

in its Fourier expansion, satisfies the condition of the theorem.
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Covering unique games hardness for a general predicate ¢

We suggest the following covering conjecture that corresponds to the unique games conjec-

ture:

Conjecture 3 (Covering Unique Games). There exists ¢ € N such that for every suffi-
ciently small 6 > 0 there exists R € N such that the following holds. Given a bipartite label
cover instance LC with permutation constraints over label set [R] and vertex set U x V, it is

NP-hard to decide between:

o Yes case: There exist ¢ assignments such that for every vertexr u € U, at least one of

the assignments satisfies all the edges touching u.

e No case: OPT (LC) < §. Le., every assignment satisfies at most § fraction of the

edge constraints.

We mention that Khot and Regev [12] consider a similar conjecture in the max-CSP
setting: In the yes case they require a single assignment that for 1 — ¢ fraction of the ver-
tices u € U, satisfies all the edges touching u. They show that their conjecture is equivalent
to the unique games conjecture. See further discussion regarding the formulation of our
covering conjecture in Section 7.1.

Our conjecture is clearly false with ¢ = 1, but as far as we know may be true with even
¢ = 2. The conjecture is incomparable to the unique games conjecture (our completeness
does not require any single assignment to satisfy a large fraction of edges). However it clearly
implies the unique games conjecture with completeness % (instead of 1 — €).

As usual, we say that a problem P is covering unique games hard, if it is hard assuming

Conjecture 3.

Theorem 4. Let ¢ ¢ O, and assume that there exists a balanced, pairwise independent
distribution on the support of p. Let ¢ be the completeness constant from the covering unique

games conjecture. Then gap-cover-ps.y, is covering unique games-hard for every k € N.

1.1.3 Hardness of Approximate Coloring and Covering Random CSP Instances

We now return to the problem of approximate coloring: Given an O(1)-colorable graph (or
hypergraph), what is the smallest number of colors needed to color it in polynomial time?
This is a notorious open question with an exponential gap between known upper |9, 3, 1] and
lower |7, 10, 4] bounds. One might hope that viewing this classical problem in the broader

context of covering-CSPs may shed new light on it.



We show some progress in this direction, if one is willing to assume hardness of covering
random CSP instances.

In a seminal paper, Feige 5] hypothesizes that no polynomial time algorithm is able to
distinguish between a random 3SAT and a satisfiable one, and shows that this implies various
hardness of approximation results. However, since a 3SAT instance is always coverable by
2 assignments, it seems impossible to derive a hardness of coloring results from Feige’s
hypothesis.

We formulate an analogous hypothesis about the hardness of distinguishing between ran-
dom and 2-coverable 4LIN-CSP instances. We prove that if our hypothesis holds with suffi-
cient density, it implies hardness of approximate hypergraph coloring to within polynomial

factors. For discussion of our hypothesis see Section 8.1.

Hypothesis 5 (Covering 4LIN Hypothesis, with density parameter A). There is
no polynomial time algorithm that outputs typical for most 4LIN-CSP instances with n
variables and m = A - n clauses, and never outputs typical for a 2-coverable 4LIN-CSP

mstance.

We point out that our N'P-hardness result (Theorem 1) implies that none of the currently
known algorithmic techniques can refute this hypothesis. Furthermore, the best known

algorithms can only refute instances with density at least A > n%? [6].

Theorem 6. If Hypothesis 5 holds with density parameter A = n® for some positive § >
0, then it is hard to decide if a 4-uniform hypergraph is 4-colorable or requires at least a

polynomial number of colors.

In Section 8 we formulate a (weaker) hypothesis for covering a general predicate ¢, and

show that it has the same implication.

1.2 Technique

We face two main challenges: The first is achieving perfect covering completeness (being
able to cover all the constraints vs. covering 1 — e of them). We introduce a technique of
“duplicating” the label cover instance and design an appropriate correlated-noise dictatorship
test. The basic technique is explained below, variations of it are used in the first two parts
of the work. The second challenge is in handling several assignments at once when proving
the soundness property. This involves solving several different problems, some of which are

very roughly described below. We next present a very informal discussion of our efforts.



1.2.1 Achieving perfect completeness

Hardness of approximation results for CSPs are usually obtained through a dictatorship test
for a given function f : {£1}" — {£1}. A typical dictatorship test involves selecting a few
points in {:l:l}R and then querying the function f on slight perturbations of these points.
The perturbation usually involves flipping the value of each coordinate independently with
small probability e. While the perturbation is very effective in killing the large Fourier
coefficients of f, it also “ruins” the perfect completeness, causing even a perfect dictator to
be accepted with probability 1 — e.

To overcome this problem we offer the new notion of a duplicated label cover instance:
Given a label cover instance, each constraint m,, : [R] — [R] will be extended to the
“duplicated” constraint 7, ,, : [2R] — [2R] by

Vj e [R] ) Wv,u(j + R) = 7Tv,uo> + R.

This notion of a duplicated label cover will be central in our work. Observe that if L : V —
[R] satisfies the constraints in the original label cover, then both L and L + R satisfy the
constraints in the duplicated label cover. This allows us to design a dictatorship test with
enough random noise to eliminate the large Fourier coefficients, without hurting the perfect
completeness. The idea is that independently for each pair of coordinates j, 7 + R, noise will

be applied to at most one of the two coordinates.

1.2.2 Dealing with several proofs

When proving covering soundness in a dictatorship test we have to analyze the test’s behavior
on several functions at once, which means an involved rejection probability expression. This
expression is basically the product of the expressions for the individual functions.

One complication arises from the fact that the test might be completely covered even if
none of the functions are “dictatorial”. For example, suppose that f is a random function and
[ = f-z;. Then always either f(z) f(y)f(2)f(~2y=) = —Lor ['(x) f'(y) f'(2) ['(~wy2) = —1.
This means that the natural 4LIN test will always pass while both f and f’ are completely
random functions. The reason this happens is because f - f’ is a dictatorship, forcing our
analysis to consider all possible products of the given functions.

This brings about another complication, which is that even if all given functions are
“folded”, or balanced, their product does not have to be. This means that the empty Fourier

coefficient may be large, which complicates the analysis.



Covering hardness of 4LIN. Both of the above problems were faced by |7] when analyzing
the covering soundness of the NAE, predicate. The technique of [7] does carry over (with
some adaptation originating from our correlated noise) to proving covering soundness for the
4LIN predicate. Indeed, we use a test very similar to theirs (this test was originally suggested
by Hastad [8]). However, we analyze the test in the more recent framework of the invariance
principle developed by [15, 14]. This technique follows our intuition of the problem better,
and is less “tailor-made” for specific predicates (indeed, in the second part of the work we
use the invariance principle to show a more general result).

We mention that we cannot use the invariance principle directly, and that the usage of
the invariance principle to obtain NP-hardness results (as opposed to conditional results) is
challenging. Similar difficulties were recently faced by [16, 17|, and we indeed use parts of

their analysis.

Covering dictatorship test for a general predicate . Our starting point for analyzing
a general predicate ¢ is the work of [2|, who considered any predicate ¢ that contains a
pairwise independent distribution in its support. Their test uses independent noise, has a
simpler rejection expression, and also assumes folding.

To analyze our test we rely on the following observation: every predicate ¢ ¢ O is
contained in a shifted NAE predicate (see Claim 2.2). Equipped with this observation, we
bound the rejection term by exploiting the symmetry of the Fourier expansion of NAE,
extending a ‘pairing’ trick from |7]. We mention that we cannot simply reduce the covering
soundness of NAE, to that of ¢, as the distribution used by our dictatorship test must be
supported on ¢ for maintaining completeness. Still, as it turns out, the key for analyzing

the rejection term for a general predicate ¢ ¢ O is analyzing the same term for NAE.

Covering unique games hardness for a general predicate . Having developed a
dictatorship test, the “straightforward” path, following [11], is to analyze it for a function f
that is the average of the long-code functions f, : {£1}" — {#£1} for all neighbors v of
a given u. An influential coordinate for f implies a consistent influential coordinate for
many f,’s.

In our case, however, since we have k proofs, we also have k expected functions fi,..., fx
for the same vertex u. If these k functions cover the dictatorship test we can only deduce
that there is a product of fi,..., fx that has an influential coordinate. Constructing a good
assignment for the label cover instance becomes non-trivial. To solve this we must analyze

the dictatorship test in the more general multi-function setting.



1.3 Future Work

This work is a first step in studying the covering complexity of CSPs, and there are many
interesting directions to pursue. Aside from the obvious directions of proving more NP-

hardness results, we mention a couple of directions:

Quantitative results. Our NP-hardness result for 4LIN implies hardness of covering a
2-coverable instance with about 2(logloglogn) assignments. For the special case of col-
oring, better quantitative results are known, corresponding to a gap between O (1) and
Q(loglogn) [10]. On the other hand, the best algorithms require O(logn) assignments cor-
responding to a polynomial number of colors. Our question is: Is there any predicate ¢
for which one can prove N'P-hardness with a gap of O (1) and Q(logn)? In fact, any gap
between O(1) and w(loglogn) would be interesting.

More general characterization. What is the complexity of covering predicates ¢ ¢ O

that do not support a pairwise independent distribution?

Covering unique games conjecture. What can be said about the covering unique

games conjecture? Can it be related to other conjectures such as Khot’s d-to-1 conjecture?

Reductions between covering problems. Can one devise ‘direct’ reductions between
covering problems? For example, does cover-NAE reduce to cover-¢ for some other predi-
cate p? Gadget reductions simply fail in this context, and it would be interesting to find

alternatives.

1.4 Organization

We begin in Section 2 with preliminaries and definitions. The covering hardness of 4LIN is
proved in Sections 3-4. The characterization of covering-hard predicates can be found in
Sections 5-7, where Sections 5-6 are devoted to the covering dictatorship test, and Section 7
is devoted to the covering unique games hardness result. Finally, the relations between

random CSP instances and hardness of approximate coloring are discussed in Section 8.



2 Definitions and Preliminaries

2.1 Covering Problems

Let X = {x1,...,z,} be a set of n boolean variables, each taking a value in {£1}. As is
customary, we view a (—1) = (—1)" value as “true”, and a 1 = (—1)° value as “false” (e.g.,
1A (=1)=1). Let ¢ : {#1}" — {#£1} be a predicate. A @-constraint over X is an equation
of the form ¢ (oy2;,, ..., 00x;,) = b, where iy,...,4; € [n] and b, 04,...,0, € {£1}. A p-CSP
instance C is a set of p-constraints over X.

Let £ C {£1}" be a set of assignments for X. We say that £ covers the instance C if for
every constraint in C, there exists an assignment in £ that satisfies it. The covering number
of C, denoted v(C), is the smallest number of assignments for X such that each constraint
is satisfied by at least one of the assignments. We denote by cover-p the problem of finding

the covering number of a given CSP. The gap problem is define as follows

Problem 2.1 (gap-cover-¢). Let ¢ < s € N, and let ¢ be a predicate. Given a p-CSP

instance C, decide between
e Yes case: v (C) < c. Le., there exists a set of at most ¢ assignments that covers C'.

e No case: v (C) > s. Le., no set of at most s assignments covers C.

2.1.1 Containment in NAE

The following claim shows that the support of any predicated ¢ ¢ O is contained in the
support of NAE, upto a “sign”. The claim will be very useful to us, as it allows us to move

from a general predicate ¢ to the specific predicate NAE. Recall —1 denotes acceptance:

Claim 2.2. For every ¢ ¢ O, @ : {1} — {£1}, there is a “sign” o = (01,...,0,) € {£1}
such that Vr € {£1Y : ¢ (o121, .., 001) > NAE, (21, ..., 1)

The claim easily follows from the fact that for a predicate ¢ ¢ O there exists an assign-
ment a and its negation —a that are both rejected by . Thus, by taking 0 = a we get that
@ (o121, . .., 04x) rejects both the assignment 1* and (—1)", and thus its support is contained

in the support of NAE;.

2.2 Label Cover

A bipartite label cover instance is a tuple LC = (U,V, E, Ry, Re,11). Here U and V are the
two vertex sets of a bipartite graph, and F is the set of edges between U and V. R; and
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Ry satisfy Ry < Ry € N. [Ry] is the set of labels for vertices in U, and [Rs] is the set of
labels for vertices in V. 1I is a collection of “projections”, one for each edge in E. That is,
I ={mu:[Ra] — [Rl]}(u,v)EE'

Let L be an assignment for the vertices in U x V', that assigns to each vertex in U a label
from [R;], and to each vertex in V' a label from [Ry]. Let (u,v) € E be an edge. We say
that L satisfies the edge (u,v) if m,, (L (v)) = L(u). The value of a label cover instance
LC, denoted OPT (LC), is the maximal fraction of satisfied edges over all assignments L. It

is well know that it is NP-hard to approximate the value of a given label cover instance.

2.2.1 Smooth Label Cover

A smooth label cover instance is a label cover instance that satisfies the following: Let v € V.
In expectation over neighbors u of v, every large set of assignments for v induces a large
set of assignments for u. In other words, for a sufficiently large A C [Rs], it holds that
Eucr(o) [T (A)] is large.

The following lemma gives a construction of a smooth label cover instance given a 3SAT
formula. The lemma is implied by Theorem 2.2 and Lemma 2.3 of [13] (we use their con-

struction with 7' =[] and u = r).

Lemma 2.3. Let € > 0 be a sufficiently small constant and let r € N be a sufficiently large
constant. There exists an efficient transformation that maps an instance b of 3SAT to an
instance LC., = (U,V, E, Ry, R, 1I1) of bipartite label cover such that

o Completeness: If 1 is satisfiable then OPT (LC.,) = 1.

o Soundness: If 1 is unsatisfiable then OPT (LC.,) < cf, where ¢o € (0,1) is an

absolute constant.

e Smoothness: For every vertex v € V and any subset of labels A C [Ry] satisfying
|A] > &, it holds that

1
Pr {|7rv7u (A)] > 6—2] >1— 2e.

u€el'(v)

2.2.2 Label Cover with Permutation Constraints

Of particular interest to us are bipartite label cover instances with permutation constraints.
Namely, where Ry = Ry = R € N (that is, the sets of labels for U and V' are the same), and
Il = {7 : [R] = [R]}, ,)ep Is @ collection of permutations.
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2.2.3 Duplicated Label Cover

We define the new notion of a duplicated label cover instance, which will play a main role in
our proofs. We assume to be given a bipartite label cover instance LC' = (U, V, E, Ry, Ry, IT')
with II' = {x} , : [Ro] — [Rl]}(u,v)eE‘
cover instance LC = (U,V, E, Ry, 2Ry, 11), where Il = {7m,, : [2Ry] — [Rl]}(

every (u,v) € E the projection 7,,, is given by:

The duplicated-LC' instance is a new bipartite label

w) € and for

J € [RQ] Ty (]) = Tyu (] + R2) = 7T/v,u (]) .

In other words, to construct the duplicated instance, we double V’s labels set. The new
labels added are of the form j + Ry for j € [Ry], and each new label j + Ry “behaves” like
the original label j.

When given a bipartite label cover instance LC' = (U,V, E, R, R,Il') with permutation
constraints II' = {x] , : [R] — [R]} (wwyer W define the unique games duplicated-LC" to
be the new bipartite label cover instance £LC = (U,V, E,2R, 2R, II) with permutation con-
straints, where IT = {7, , : [2R] — [2R]},

is given by:

wwye and for every (u,v) € E the permutation m,,

JER]: Tou(d) =7ou(d), Touwld+R)=70u(j)+ R

2.3 Fourier Analysis

It is well knows that every function f : {£1}" — R can be uniquely expressed as a multilinear

polynomial (called the Fourier ezpansion of f), that is given by
fle)=> F(Sxs(x),
SCln]
where for every S C [n] it holds that f (S) € R, and g is the function yg : {£1}" — {+1}
given by xs (#) = [[;cq =i-
2.3.1 Influences

Let f : {£1}" — R be a function, and let i € [n] be a coordinate. The influence of

coordinate ¢ on the function f is

Infi(f) = Z JE2(S)'

S:ieS
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Let d € N. The d-low-degree influence of coordinate ¢ on f is

Inf ()= ) *(5).
S:ieS
|S|<d
The influence Inf; (f) measures how much the function f depends on its i** variable, while
the low-degree influence In ffd (f) measures this for the low degree part of f. An important
property of low-degree influences is that the number of coordinates with a large low-degree

influence must be small. In particular, we have the following claim:

Claim 2.4. Letd € N, 7 > 0, and f : {+1}" — [-1,1]. It holds that

d
T

{ieml|mEh=r}|<

2.3.2 The Bonami-Beckner Operator

We recall the Bonami-Beckner operator (noise operator) acting on boolean functions:

Definition 2.5. Let v € [0, 1]. The Bonami-Beckner operator T, is a linear operator map-
ping functions f : {£1}" — R to functions 7, f : {£1}" — R via

T,f (z) = IE [f (zy)],

where in the expectation y is formed as follows: For every i € [n] (independently), we set

y; = —1 with probability % — 3, and set y; = 1 with probability % + 3 (v has a bias of v

towards 1).
The operator T, can alternatively be defined by the following formula:

Claim 2.6. For v € [0,1], and a function f: {+1}" — R, it holds that

T.f(x)= > A7 (S)xs(x).

SC[n]

2.4 Correlated Probability Spaces

We say that (Hie[t] Q;, ,u) is a finite correlated probability space if p is a distribution on the
finite product set Hie[t] Q;. Of a particular interest to us is the case where the correlated

space is defined by a measure that is balanced and pairwise independent.
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Definition 2.7 (Balanceness). Let (Hie[t] Q. u) be a finite correlated probability space.
We say that p is balanced if, for any ¢ € [t] and w € §2;, it holds that

Pr |w; = w| = .
w~ [ [ ] |QZ|
Definition 2.8 (Pairwise Independence). Let (Hie[t] Q, [L) be a finite correlated proba-
bility space. We say that u is pairwise independent if, for any i # ¢’ € [t] and w € Q;,w" € Qy,
it holds that
Pr [w;=wAwy =w']= Pr [w; =w]- Pr [wy =u].

wn~ we L WL

We next recall the definition of correlation for correlated probability spaces, introduced
by Mossel [14].

Definition 2.9 (Correlation). Let (€2 x W, i) be a finite correlated probability space. De-

fine the correlation between 2 and ¥ with respect to u to be

p(2 W) —fr%{(wgw[f @ WIEl ~El - 05[] < LE[#) <1},

where the expectations of f and f? are taken under ;’s marginal on , and the expectations

of g and g? are taken under p’s marginal on W.

Definition 2.10 (Correlation). Let (Hie[t] Q, ,u) be a finite correlated probability space.

Define the correlation between €2, ..., €); with respect to u to be

10( 1, yabgy ) rlréaﬁ( P 2 H oy
ieft]\{i}

3 Covering Hardness of 4LIN

In this section we prove Theorem 1. For convenience we restate the theorem:

Theorem. gap-cover-4LINyy, is N'P-hard for every k € N.

Furthermore, for sufficiently small € > 0, the following holds: In the yes case the instance
is coverable by two assignments, each of which (seperatly) satisfies 1 — € fraction of the
constraints. In the no case, no k assignments cover more than 1 — 2% + 20+/€ fraction of the

constraints.
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3.1 PCP Verifier (Proof of Theorem 1)

As usual, we prove Theorem 1 by reduction from label cover. Specifically, we assume to be
given a bipartite label cover instance £C' = LC; . constructed from a 3SAT formula by the
transformation described in Lemma 2.3, and construct a PCP verifier that checks proofs for
LC' by only performing 4LIN tests.

Let £C' = (U,V,E, Ry, Ry, 1), II' = {m, , : [Ry] — [Rﬂ}(w)eE, be the given instance,
and let £C = (U,V, E, Ry, 2Ry, 1), Il = {7, : [2Ro] — [R1]}(,, ,)cpr De the duplicated-LC’
instance (see Section 2.2.3). A proof P for LC' consists of a collection of truth tables of
boolean functions, one for each vertex v € V. Formally, P = (f,),o,, where f, : {+1° -
{£1}. The function f, is, supposedly, the long code encoding of the label assigned to v by
a satisfying assignment for LC.

Our verifier’s algorithm for checking the proof P is found in Figure 1. The distributions
Henvw OL <{j:1}2R2>4 used by the verifier are specified in Section 3.2.2.

Algorithm 1 Ver”

e Randomly select an edge (u,v) €z E and a neighbor v/ €x I' (u) C V.
1
e Generate a tuple (z,y, z,w) € ({i1}2R2> from the distribution H .-

o Accept iff f (z) f (y) g (2) g (w) = -1,

where f and g are the functions in P associated with vertices v and v’ (respectively).

Let e € (O, %), k € N, and let P = { Py, ..., P;} be a set of any k proofs. Define Rej (Verf)
to be the indicator random variable for the rejection of the set of proofs P by Ver.. That
is, Rej (Verf) is 1 if none of the proofs in P satisfies the test selected by Ver,, and 0 if P
contains a proof that satisfies the test.

We show that the verifier satisfies the following completeness and soundness conditions:
Lemma 3.1. Ver satisfies the following properties:

e Completeness: Let ¢ € (0,1) and r € N. If OPT (ECQT) = 1, then there exist two

12
proofs, P and @), such that

Pr [Rej (VeriP’Q})} =0.

/
€,r’

That is, if there is a satisfying assignment for LC. .., then there are 2 proofs that together

cover all the tests performed by Ver..

15



Furthermore, each of the proofs P and () is accepted by Ver. with probability 1 — €.

e Soundness: For any sufficiently small € € (O, %) and sufficiently large r € N, there
exist constants § > 0 and & > 0 that only depend on € (e.g., 6 = 20\/€ and & = '*),
such that for any k € N, the following holds: If there exists a set of proofs P of size at
most k such that

Pr [Rej (Verf)} < 2—1k — 0.

Then OPT (LC.,) > &.
In particular, if OPT (EC’EJ,) < &, then there is mo constant number of proofs that
together cover all the tests performed by Ver,.

Note that the soundness property of Lemma 3.1 is tight in the sense that &£ random proofs
are expected to cover all but 2% fraction of the tests performed by the verifier. We show that
no k proofs can do significantly better than k& random proofs.

The proof of the completeness part of Lemma 3.1 can be found in Section 3.3, and the
proof of soundness part can be found in Section 4. Theorem 1 follows easily from the last

lemma:

Proof of Theorem 1 Let ¢y be the absolute constant from Lemma 2.3, let ¢ > 0 be suffi-
ciently small, and let £ € N be any constant. By taking a sufficiently large r = r (¢) such
that ¢f < & = £ (€), we get the following. Consider the 4LIN-CSP instance induced by the

verifier when given a bipartite label cover instance LC,, constructed by Lemma 2.3:

o If LC, was obtained from a satisfiable formula v, then OPT (EC;T) = 1, and using

the completeness property of the verifier, the required coverage by two assignments

exists.

e If LC, was obtained from an unsatisfiable formula 1, then OPT (£C.,) <y <& and
using the soundness property of the verifier, no £ proofs can cover more than 1 — 2% +4

fraction of the constraints.

3.2 Distributions

Consider the duplicated label cover instance £C. Fix vertices u € U, v,v" € I' (u) C V, and
o —1 — -1,
let i € [Ry]. Let X% Vi = {£1}™=@ and let 2! Wi = {£1}™«!?. For every i € [R;] we

will have a distribution H;W,U, on in, = X' x V' x Z' x W', We think of this space as a
correlated space in the sense of Mossel [14], written (Qi’v,v,; Hi’u’v,v,).

16



We define H, y, . to be the product distribution He 40 = ®ZR11 H? , over the domain

= €,U,V,V

= [ zomy = (L) (T) < (T12) « (L) o
i=1 i=1 i=1 i=1 i=1
Again, we think of this space as a correlated space (2y.4.0/; He v )-

3.2.1 Our Noise Distribution N

In order to define the distributions H! ., we use the following noise distribution. The

€,U,V,V

distribution N; (D) generates a 2D-bits string z, such that every coordinate is 1 (noisy)
with probability €, but for every j € [D] it is never the case that both z; and z;,p are 1.

Definition 3.2. Let ¢ € [0,4] and D € N. The distribution N, (D) generates z =
(21,...,20p) € {£1}*” as follows: For every j € [D] independently,

e With probability 1 — 2¢ set x; = z;,p = —1.

e With probability € set z; = —1 and z;,p = 1.

e With probability € set z; =1 and z;4p = —1.

The following claim bounds the noise expectation, and will be useful in the soundness

analysis.

Claim 3.3. Lete € (0,3), D € N and S C [2D]. It holds that

0< E [ys(-2)]<(1—-20"
x~Ne (D)
Definition 3.4. Let € € (0, %) The noise operator N, is a linear operator mapping functions
f:{£1}*" = R to functions N,f : {£1}*" — R via

(Nef) (@)= E [f(=zy)].

y~N1_ ¢ (n)
2772

We note that if a string y € {il}Qn is selected according to N 1 then for every i € [n]

(though not independently), it holds that —y; = —1 with probability % — &, and —y; = 1

with probability 3 + £ (—y; has a bias of ¢ towards 1).

Claim 3.5. For e € (0,3) and a function f : {£1}*" — R, it holds that

Nef (ZIZ’) = Z CSf(S) Xs (l’),

SCl2n)
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where 0 < cg < €l

The proof of Claims 3.3 and 3.5 can be found in Section 3.4.

3.2.2 The Verifier’s Distribution H

Next we define the distribution H ... to be used by the verifier: For D € Nand a € {£1} we
denote aP = a, ..., a (the concatenation of a with itself D times). When given D;, Dy € N,
——

D times

we denote X = Y = {£1}*" and Z = W = {£1}*"2.

Definition 3.6. Let € € [0, %} and Dy, Dy € N. The distribution H, (D1, Ds) generates
(ml,...,xgpl,yl,...,yng,zl,...,ZQDQ,wl,...,wQDQ) c X x y X ZxW

as follows:

e Select the bits x1,...,22p,, 21,. .., 22p,, as well as the auxiliary bit a, independently

and uniformly at random.

e Select the auxiliary bits 4, ..., y5p, according to the distribution N, (Dy).
Select the auxiliary bits wf, ..., w)p, according to the distribution N (Ds).

(the bits x1,...,22p,, 21, ., 22D, @, Y1, - - -, Yp,» WY, - .., W, are all independent).

e Set y = —z (a*”* Ay') and w = —z ((—a?”2) Aw'). That is, for j € [2D1] set y; =
—x;j (a Ay}, and for j € [2Dy] set w; = —z; ((—a) A w)).

For i € [Ry] we define H! v = He (diup, di) Where diy, = |70 (i)] and diyw =
. N2
}71'1)_,71“ (i)|. Observe that !, , ,, can be thought of as simply a distribution on <{j:1}d’*”*“> X

2
<{:|:1} ““”’) . As mentioned above, the verifier’s distribution is He yv,00 = D2 He ypor-

3.2.3 The Invariant Distribution Z

Bounding the expectation of functions under the distribution H. (Dy, D2) turns out to be the
key difficulty in the soundness analysis. The main reason is that there is a perfect correlation
between X x ) and Z x W: Given a draw (x,y, z, w) from H, (Dy, Ds), one can guess the
auxiliary bit a using only the pair (z,y) or using only the pair (z, w).

Our goal is to use the invariance principle to drive this correlation down to 0. To do that
we pass to a distribution Z, (D;, D) that has the same “1-wise” and “2-wise” correlations as
H. (D1, Ds), but has no correlation between X x ) and Z x W.

18



Definition 3.7. Let € € [0 —} and Dy, Dy € N. The distribution Z, (Dy, Dy) generates
(1o ey Dy YLy e ey YDys 21y e ey ZDgy W1y e o, W) €EX XY X ZXW

as follows:
e Select the auxiliary bits a; and as independently and uniformly at random.

: / / / / 3
e Select the bits x1,...,%2p,, 21, .., 2205, Y1, - -, Yap,, Wi, - - -, Wyp, as in He (Dy, Da).

(all bits are selected independently of a; and a,).

e Set y = ( Dl/\y) and w = z( Dz/\w) That is, for j € [2D4] set y; =
- (a1 A yj), and for j € [2D,] set w; = —z; (ag A w;)
As before, for i € [Ry] we define Z¢ v = Zc (diw, diupr) and L0 = D L o

3.3 4LIN Completeness

In this section we prove the completeness property of Lemma 3.1. That is, we show that if
there exists a satisfying assignment for £C’, then there exist two proofs that together cover
the tests of Ver.

Proof of Lemma 3.1 (Completeness) Let L be a satisfying assignment for £C'. We
construct the two proofs P = {f'} o, and @ = {f3},., for Ver using the assignments
L and L + Ry (respectively). That is, f¥,fy : {£1}*% — {£1} satisfy f’ = XL(v) and
f3 = XLw)+hs-

Assume that the verifier selects the vertices u € U and v,v" € V. Denote i = L (u),
j = L(v) and j/ = L(v'). Recall that since L is a satisfying assignment it holds that
Tou (J) = Ty (§') = 4. Let (x,y,2,w) be a possible draw from the distribution He y p v,
drawn with H! ., using the auxiliary bit a;. Note that the tuple (z,y, z,w) induces a test

“f(x) f(y)g(2)g(w) = —1". For £ € {1,2}, denote f, = f¢ and g, = f¢". Observe that:

o If a; = 1: Then f, (z) # fo(y) (for example, fi (z) = z; # —z; (ai A y;) =y; = f1(y)).
If additionally w}, = —1 then ¢, (2) = g1 (w), and if additionally w’, p, = —1 then

92 (2) = ga (w).

o If a; = —1: Then g, (2) # g¢(w) (for example, g1 (2) = 2 # —zy ((—a;) Awly) =
wy = g1 (w)). If additionally y; = —1 then f, (z) = fi (y), and if additionally ¢}, p =

—1 then f5 (z) = f2 (y).
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The above implies that P satisfies the test (z,y, 2, w), unless (a; = 1 and v/, = 1) or (a; = —1
and y; = 1). Similarly, @ satisfies the test (z,y, 2, w), unless (a¢; = 1 and wj,, z, = 1) or
(a; = —1 and Yiir, = 1). We conclude that each of the proofs P and @ is accepted with
probability 1 — e.

We now show that at least one of the proofs P and @) satisfies the test (x,y, z,w). We
assume that P does not satisfy the test and show that ) does. Assume without loss of
generality that a; = 1. Since P does not satisfy the test it must hold that w;., = 1. But since
w' is selected according to the distribution N, (Ry), it cannot be the case that both w’, and
W, g, are 1, thus w),, p. = —1. Since a; = 1, this implies g, (2) = g2 (w) and f5 (z) # fa (v).

We conclude that () satisfies the test (x,y, 2z, w) and the assertion follows. [ |

3.4 Fourier Expansion of Noise (Proof of Claims 3.3 and 3.5)

In this section we prove Claims 3.3 and 3.5. We first prove Claim 3.3. Namely, we show that
for every e € (0,3), D € Nand S C [2D] it holds that

0< E [xs(—2)] < (129"
x~Ne(D)

We denote N' = N, (D). The proof uses the following definitions: For S C [2D], let

p(S)={jelD]ljj+DeS},
s(S)=S\(p(SHU(p(S) +D)).

Here p stands for “pairs”, and s stands for “singles”.

Proof of Claim 3.3 It holds that

:zLE/\/‘ H ( l’] QZJ+D H

JeP(S) jes(S)

E [xs(-2)] = E [H(—sw)

jeS

Since for every j # j' € [D] it holds that the pair of bits {z;, z;+p} is selected independently
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of the pair {z;, z;4p}, the last term can be written as

H E lo;-a0]- [ E [
jep(S Jes(S)
= H [(1—26)-(—1) + 2e- H (1—¢e)(=1)+e€-1)]
jep(S) jes(9)
= J] @-4e- J] (1-2¢)
jep(S) jes(S)
— (1 _ 46)|P(5)| (1 _ 2€)|5(S)\

Clearly, Eqoon [xs (—2)] > 0. On the other hand, observe that 1 — 4e < (1 — 2¢)* and
that 2 |p (S)| + |s (S)| = |S]. We conclude that

E [XS (—x)] < (1 B 26)2|P(S)\+|S(S)| < (1 _ 26)\5\ '
x~N

We now prove Claim 3.5. That is, we show that Ncf (z) = > gcp, csf (S) xs (z) for

some constants 0 < cg < elsl,

Proof of Claim 3.5 For S C [2n], let

Using the Fourier expansion of f we can write

Nef(x) = E [f(=zy)]

= E Z F(8) - xs (—xy)

s | sceny

= E Z f(s ) xs (—y)

yNN%ig(n) _SC[??L]

= > f® xs@: E[xs(-y)
SC[2n) y~Ny g ()

= Z csf (S) xs (2),
SCl2n]
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Using Claim 3.3, it holds that

S|

1 €

0<cs= )< (1=2(Z2—2 — (ISh
¢ y~N£(n)[XS( y)]_( (2 2)> ‘

4 4LIN Soundness

In this section we prove the soundness property of Lemma 3.1. That is, we show that if there
exists a small set of proofs that cover almost all the tests performed by Ver, then OPT (L")
is high.

For the rest of the proof we fix a sufficiently small € € (O, %) and k,r € N, and denote
Ver = Ver.. We use the values v = ¢!, 7 = ¢, § = 20y/e and £ = €. For simplicity of
notation, from now on we denote H = Hc .y and Z = Z ., (unless stated otherwise).
When we write E, .., Wwe mean that the expectation should be taken over the random
selection of vertices u, v,v" by the verifier.

The main ingredient in the soundness proof is the following Lemma 4.2. The lemma shows
that the expectation E, . Ex [f () f (y) g (2) g (w)] cannot be too small, unless there is a
coordinate ¢ € [R;] such that its pre-image by 7, , is influential for f, and its pre-image by
Ty o 1s influential for g. Informally, this means that the encodings of v and v’ “agree” on a
label for u. In order to state Lemma 4.2, we follow the lines of [17], and define a following

notion of an influence of a set of coordinates on a function f:

Definition 4.1. For a function f : {£1}" — R and a subset S C [n], the influence of S
on fis
Infs(f)= > F*(R).

RC[n]
RNS#¢

We note that this definition is non-standard, expect for the case where S = {i} is a

singleton. In this case, Inf;, (f) =1Infi (f).

Lemma 4.2. Let P be a proof for Ver, and let f and g be the functions in P associated
with vertices v and v' (respectively). Assume that with probability 1 — € over the selection

of vertices u,v,v" by Ver it holds that

JointIngfy ., = Z Inf;;’h(i) (Tir f) - Inf; Q) (Th—vg) < T.

i€[R1]
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Then
E E[f(2)f(y)g(2)g(w)] > —0.

u,v,v H

Lemma 4.2 is proved in Section 4.1. Next, we prove the soundness property of Lemma 3.1

given Lemma 4.2.

Proof of Lemma 3.1 (Soundness) Assume that there exists a set proofs P = { Py, ..., Py}
for which Rej = Pr [Rej (Ver”)] < gx — 6. We wish to show that OPT (£C') > &.

As usual, we first arithmetize the probability that P passes the test. For v,v" € V' and
¢ € [k], let f, and g, be the functions in P, associated with vertices v and v’ (respectively).

For a subset K C [k], let
fr =] #

leK

The function f, is the all 1’s function, i.e., for every x € {:I:l}R2 it holds that f, (z) = 1.
We remark that we cannot use the “standard” folding technique in this proof as even if the
functions fi, ..., fi are all folded (i.e., odd), the function fx may not be (e.g., if K = {1,2}

then fx (—z) = fi (=) fa(—z) = (= f1 (%)) - (= f2 (2)) = [k (z)).
It holds that

rei = 5| I] 1(fe(x)fe(y)ge(Z)ge(w)Jrl)

- 7. [ZfK e (2) gic ()
E

o
- %Zu B (@) fic () g5 () g (w)].
KCIK]

Let us write
Termg = E El[fr (x) fr (y) 9k (2) gx (w)],

u,v,v’ H
and get that
o1
Rej = 5 Z Termeg.

For K = ¢ it holds that T'erm, = 1. Therefore, if it was the case that for every K # ¢ it
holds that Termy > —0 then

Rej:2—1k Termg + Z Termpg 22—116(1+(2k—1) (—5)) > 2——5.
d#K C[K]
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Since we assume Rej < o — 6, there must exist ¢ # K C [k] such that Termg < —6. We
abuse notation, omit the sub-K, and write f and ¢ instead of fx and gx (respectively).

Using the new notations, we have

Using Lemma 4.2, with probability at least € over the selection of vertices w,v,v’ by the

verifier, it holds that JointInf, ,.,, > 7.

Obtaining a good labeling. We next construct a good labeling for the duplicated label
cover instance £C. Since every assignment for £C naturally induces an assignment for £C’
with the same value, the claim of the lemma follows.

Consider the following labeling L for £C: To label v € V' we select a set S C [2R,] with
probability f2(S), and set L (v) to a random element of S (or an arbitrary label if S = ¢).
To label u € U we randomly select a neighbor v € I' (u), and set L (u) to my ., (L (v')).

We next show that our strategy for assigning labels satisfies a constant £ fraction of the
constraints of £LC. Let v € V, and let A C [2Rs] be a subset. We use the following argument
of [17] to lower bound the probability that L (v) is in A: It is easy to prove that for every
r € R* and v € [0,1] it holds that » > ~ (1 — ”y)%. Using this fact and Claim 2.6, it holds
that

A SﬂA Kl
PrLwed > Y (5 5045 5 pgy 0o pdh
SC[2R2] SC[QR2]
SNA# SNA#
>y Y PO 2y Y (T5T) (8) = Anfi (T ).
SC[2Ro) SC[2Rs]
SNA#£ SNA#£S
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Let (u,v) € E be an edge of LC. The edge (u,v) is satisfied by L with probability

Pr  [myu (L (v)) = L (u)]

L's choices

> Z Inf S T1 7f) Inf 0) (Tl ’Yg)

i€[Ri] Tl
= 72 E [JointInfyp.]-
v’ el (u)
Recall that with probability at least € over the selection of vertices u, v, v’ by the verifier,
it holds that JointInf,,., > 7. We get that the probability that a random edge of LC is
satisfied by L is

Pr [n, (L) =L@]] =" E E [JointInfu,]=

(u,v)€E |:L'3 choices (u,v)€E v'€Tl(u)
Ve E [JointInfy,.] > e = =€

u,v,v’ ~Ver

4.1 Existence of a Joint Influential Coordinate (Proof of Lemma 4.2)

In this section we prove Lemma 4.2. Denote

Auo =E[f (@) f () 9 () g ()] = E[T1-f (2) Tier f (4) Targ (2) Timrg (w)]
Bu,v v = IE [Tlf'yf (l’) Tlf’yf (y) 1—~9 (’Z) Tl*’yg (U))]
E [T f (@) Tiey f (y) Tioyg (2) Tioyg (w)],
CU,U,”U’ = ]gf [TI—Wf (l’) Tl—yf (y) Tl 9 (Z> TI—'yg (w)]
Observe that
EEf(@)f@e)gw)] = E Elduww+ Buw + Cuowl
Z —| E , [Au,v v’] E , [Bu,v,v’] + E , [Cu,v,v’] .




To bound Ey. Ex [f () f (y) g (2) g (w)] we use the following three lemmas and claim. The

lemmas bound each of A, , ./, By and C,,,, separately.

Lemma 4.3. |Ey 0 [Auow]] < 1246

Lemma 4.4. For every u € U and v,v" € I' (u), it holds that | By .| < JointInfy ..
Lemma 4.5. E, . [Cuvw] > 0.

Claim 4.6. Let u € U, v € T'(u), and let f : {£1}* — {1} be any function. For
€ (0,1), it holds that
Z [nf:;lu(i (T~ f) <

i1€[R1]

2=

Lemma 4.3 is proved in Section 4.3, and Lemma 4.4 is proved in Section 4.4. The proof
of Lemma 4.5, as well as the proof of Claim 4.6 can be found at the end of this subsection.

We turn to prove Lemma 4.2 using the above lemmas and claim.

Proof of Lemma 4.2 Recall that we assume that with probability 1 — € over the selection
of vertices u,v,v" by the verifier, it holds that JointInf,,., < 7. For every function f :
{£1}" — [-1,1] and every S C [n] it holds that 0 < Inf§(f) < 3 pcp f2(R) <1

Therefore, using Claim 4.6, for every u, v, ', it is the case that

0 < JointInfuuy = > Inf: o (Dieaf) - Infies o (Tisg)
7,6 Rl] v u
1
< D Infla g (Tiaf) < -
1€[Ry] v
1

Using Lemma 4.4 (recall that we set v = €¢* and 7 = ¢), we get

1
< E [JointInfy,.] < (1 — 65) T4 =

E [Bu,v,v’] wv ! ~y

u,v,v’

1
< T4 =€e+e =2
Y

Now, using Lemmas 4.3 and 4.5 we get that

=
=
=
&
—
S
S~—
Q

O
Na)

&
A4

- E [Au,v,v’] -

u,v,v’

E [Bu,v,v’]

u,v,v’

> —12y/e— 26+ 0> —20v/e = —

+ E [Ou,v,v’]

u,v,v’
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Proof of Lemma 4.5 Observe that for a tuple (z,y, z,w) drawn from Z it holds that the

pairs (x,y) and (z,w) are selected independently and from the same distribution. Therefore,

E [Cu,v,v’] = E |:Igf [Tl—vf ([B) Tl—’yf (y) Tl—’yg (’Z) Tl—"/g (’LU)]:|

u,v,v’

— B B f )T f ()] BT () Tinrg (0]

u,v,v’

- g[E [pmse >Tuf<y>1]- 5 [Erige) T )]

u |vel(u) vel(u) | T

(& [prsonso))

vel(u)

= K
0

v

Proof of Claim 4.6 Recall that for every » € R and v € (0,1) it holds that r >
v (1 —7)%. Therefore it also holds that £ > v (1—7)" > (1 —)*", implying % > .
(1 —~)*. Using this last inequality and Claim 2.6, we get

1€[R1]
SOy @ohm=Y Y T (R)=
i€[R1] RC[2R2) i€[R1] RC[2Rs]

ROy 0 (i)#6 i€mo,u(R)

/\2 /\2
Yl D). @ hH B =D Imu B (Tinf) (R) <
RC[2R3] \i€my,u(R) RC[2R3]
1 1

SR -)M PRy <= > PR < -
RC[2R] 7 RCERa) v

4.2 Correlation Under H

In this section we prove that the spaces X', V), Z, W are not completely correlated under H.

Formally, we prove:

Lemma 4.7. Let € € (O, %) and Dy, Dy € N. It holds that
p(X,y,Z,W;”H (Dl,Dg)) \/1—6
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The proof of Lemma 4.7 uses the following definition and lemma by Mossel [14].

Definition 4.8 (Markov Operator, Mossel [14], Definition 2.1). Let (2 x ¥, ) be a
finite correlated probability space. The conditional expectation operator, or Markov operator,
associated with the space, denoted U, maps functions g : ¥ — R to functions Ug : 2 - R
by

Ug)(x)= E [g(V)[X=xz].

(X,Y)~p

Lemma 4.9 (Mossel [14], Lemma 2.8). Let (2 x WV, u) be a finite correlated probability
space. Let g : U — R be such that Byl (y)] = 0 and Eqyyou (9 (v)] < 1. Then,
among all the functions f : Q — R satisfying Ey~p [f* (2)] < 1, the mazimal value of

}E(%y)w [f(z)g (Q)H s given by

We are now ready to prove Lemma 4.7.

Proof of Lemma 4.7 For the sake of this proof we denote H = H. (D1, D3). We show that
the correlation between X x ) x Z and VW under H is not perfect, specifically that

p(XXYXZW,H)<V]1I—e€

Since the marginal of H on any product of three out of the four spaces X', Y, Z, W (e.g.,
X x Z x W) is the same (up-to the order of the coordinates), the claim of the lemma follows.

Denote A = {£1}. We first note that H naturally induces a distribution #' on 5-tuple
(a,z,y,z,w) EAX X xY x ZxW (ais a bit, while z,y are 2D;-bits strings and z, w are
2Dy-bits strings). The distribution H’ is obtained by adding the auxiliary bit a used by H
to the 4-tuple (z,y, z,w) drawn.

Denote

F={f:AxXxYxZ=R|E[f]=0,E[f*] <1},
F'={feF|f(a,z,y,z) only depends on z,y,z},
G={9:W—R|E[g =0.E[s] <1}.

For f € F and g € G we define

By = B [f (a,2,y,2) g (w)].
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We observe that

X ZW:H) = E > E =p(X Z,W; )
PAXX XY Z,WiH) = max {Ep}> max {Ep}=p(&xyx2WH)

We next bound p (A X X x Y x Z W:;H’). Let f € F and g € G. Let U be the Markov
operator associated with the correlated probability space ((A x X x Y x Z) x W, H'), map-
ping functions on the latter space W, to functions on the former space A x X x )Y x Z.
Using Lemma 4.9, it holds that

2
B, = (BU@onagw]) <E U2 2)

Below, we use the notation (a, z,y, z, w', w) ~ H' to indicate that the 5-tuple (a, x,y, z, w)
was selected according to H’ using the auxiliary string w’. Recall that H' selects w’ ac-
cording to the distribution N, (D) and independently of a,z,y,z, and then sets w =
—z ((—aw?) A w’). In addition, observe that

(Niwg) ()= B (=)

Fix a tuple (a, z,y, z, -) in the support of H'. We next bound the term Ug (a, x,y, z). We

consider the following two cases:

o If o =1:
Ug(l,2,y,2) = E lgW) (A, XY, Z) = (1,1,y,2)]
(AX)Y,Z,W)~H'
= E — 2 ((=1PP) AW | (A, XY, Z2) = (1,2,y,2
o B Ta () AW | )= (1,2,9,2)]
= E —z- W
Wl [g( )]
= Ni_ayg (Z) .
o If a = —1:
Ug(_17$7y72) = E [9<W>‘<A7X7Y>Z) :(_anyaz)]
(AX)Y,Z,W)~H'
— E [g (=2 (P2 AW | (A, XY, Z) = (—1,2,y,2)]
(AXY,Z W' \W)~H
= g(—2).

Recall that §(¢) = E[g] = 0, and ||g||> = E[¢?] < 1 (the marginal of H on W is uniform).
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We next bound || N;_sg||> using Claim 3.5 and Parseval’s Theorem:

Nl < 3 (Fiow(®) < 3 #6)0-20%= 3 §(5) (120"
]

SC[2Ds SC[2Ds] SC[2Ds]
S#¢
< (1-20" Y §(5) = (1 -2 |lgll; < (1 -2 <1-2e.

SC[2Da]

We are now able to bound EJ% g~ Let U be the uniform distribution over 2D; bits. Using

Equation 2 we have

Ej, < E[(Ug(a,2,9,2))’]
1+4+a 1—a
= E|~5 Wg(Ley2) + 5 Ug(-L.y.2)
1 2 1 2
= 3 .E [(Nl—zeg (2)) } + §ziEu [(9 (—2)) ]
1 , 1., 1 1
< ) ”N].—269”2 + B ||g||2 < 5 (1—2¢) + B =1l-e

Therefore
p(XXYXZWH)<V]1I—e€

4.3 Applying the Bonami-Beckner Operator

In this section we prove Lemma 4.3. That is, we show that for every selection of vertices
u, v, v’ by the verifier, it holds that

E, [Ig [/ (@) f () 9(2) g ()] = E[T1yf (2) iy f () Timyg (2) Trimrg (w)}] ’ < 12¢/e
The lemma is in the spirit of Lemma 6.2 in [14]. Unfortunately we cannot invoke that
lemma as a black box because the Bonami-Beckner operators 7' _., differ: in both our cases
the operator has the form T®%:; but the T’s themselves differ. In our case T itself is an
operator on a product space of some d € N coordinates, and it randomizes each coordinate
(independently) with probability 7; whereas in [14], T" is an operator that leaves the input
as is, or rerandomizes completely with probability ~.
A similar reason caused [16] to reprove a version of this Lemma 6.2 (they also had a

second reason - the correlation between their spaces is perfect, at least according to the
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definition of [14]). We cannot use their proof either since it is tailored to their distribution

and it uses the d-to-1 conjecture. We mention that we overcome the need of the d-to-1

conjecture by using the smoothness property of our label cover.

The proof of Lemma 4.3 follows the lines of [16], and inserts the Bonami-Beckner opera-

tors one by one. The proof also assumes knowledge of the Efron-Stein decomposition. Given

a string = and a subset of indices S, let xg = (2;),.¢ (the bits of x that are in the set S).

Theorem 4.10 (Efron-Stein decomposition). Let (Qq, 1), ..., (Qn, in) be n finite prob-

ability spaces, and let (Q, u) = Hie[n] (Q, ;). Every function f: Q — R admits the following

unique decomposition (called the Efron-Stein decomposition):

F@)=Y" fs(xs),

SC[n]

where the functions fs satisfy

e The function fg depends only on xg.

o For every S € S', and every xg € {il}sl, it holds that

E [fS (XS) |XS/ = l‘sf] =0.
X

Lemma 4.3 is implied by the following lemma:

Lemma 4.11. Each of the following four terms is bounded by 3+/€

E

u,v,v’

E

u,v,v’

E

u,v,v’

E

u,v,v’

||‘:eﬁ ||;’iﬁ 1

rE

T

Y

f(x) f(y)g(z)gw)] - E f(x) f(y)g(z)Ti g (w)]]

9

)£ 09 Tig ()] = BLF () () Tig () T ()]

Y

)10 Tios () Tuosg (0] = B (0) T () Tisg () T (0]

)T () Tisg () T (0)] = BITicnf ()T f () Tiosg () i ()]

Proof We show that the first of the four terms is bounded by 3y/e. For v € U and v,v" €
I (u), denote

9

Auoo = ELf (@) f (y) 9 (2) g ()] —E[f (2) f (4) 9 (2) Tiyg (w)]
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where f and g are the functions associated with vertices v and v" (respectively). We wish to
bound |Ey,p,v [Auwe]]-

Fix w € U and v,v" € I" (u). We start by bounding A, ,, ,». Recall from Section 3.2 that H
is a distribution on the space [[, (X% x Y* x Z¢ x W') (Equation 1). Denote

Ry

0= H ()(i x Vi x Zi) ~ (ﬂ){t) % (ﬂyz> y (1—1[22> ~ ({:I:l}QRQ)?’,
and

Ry

U= = {21
=1

Again, let us denote by U the Markov operator for the correlated probability space
(Q x U, H), mapping functions on ¥ to functions on 2. It holds that

B = [BLF @) )3 () (0= Tisy) ) (0]
| 5 [fwrwee-  E® [((id—T1_7>g><W>|<X,Y7Z>=<x7y,z>]”
(z,y,2, )~H (XY, ZW)~H
= B @) @)o () (W (Gid—Ti) g) (2,2

We now consider the quantity inside the last expectation to be a product of two functions

on €2, namely
F(z,y,2) = f(z)f(y)g(2)
and

G (l’,y, Z) = (U ((Zd - Tl—’Y) g)) (ZE, Y, Z) :

We take the Efron-Stein decomposition of these two functions with respect to the marginal
of the (product) distribution H on the space Q: F(z,y,2) = > gc(p, Fs(2,y,2) and
G(z,y,2) = Esg[Rl} Gs (z,y,2). Then, by the orthogonality of the Efron-Stein decom-

position and Cauchy-Schwarz, we get

Au,v,v’: Z IE[FS(I7:U,Z)GS($,?J7Z)] S Z ||FS||§ Z ||GS||§’

SC[R] SC[R] SC[R]

where the 2-norms are with respect to H’s marginal on {2. By orthogonality again, the

quantity > gcp,) | Fs||2 is just ||F||5, which is exactly 1 because F’s range is {1}. Hence,
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we have

Ai,v,v/ < Z ||GS||§ (3)

SC[R1]

As Mossel shows in Proposition 2.11 of [14], the Markov operator U commutes with
taking the Efron-Stein decomposition. Therefore, if we set G’ = (id — T1_,) g then G = UG’
and Gg = (UG")g = U (GY). Note that when we consider G', the Efron-Stein decomposition
is with respect to H’s marginal distribution on V¥, i.e., the uniform distribution. It is also

easy to check that this Efron-Stein decomposition of g has

gs= Y. d(R)xn
RC[2R»)
ﬂ—’ul,u(R):S

It follows that applying the Bonami-Beckner operator 77_, to g also commutes with taking

the Efron-Stein decomposition. Hence we have
Gs =U(Gg) = U ((id = Ti—) gs) -
Using Equation 3, this implies

Abw < Y U (([d=Ti2) gs)ll;- (4)

SC[R4]

Proposition 2.13 of Mossel [14] shows that the correlation of a product of correlated
probability spaces is equal to the maximum correlation among the individual correlated

spaces. Hence, using Lemma 4.7, we get
p(QU;H) <V1—e
Using Mossel’s Proposition 2.12 we conclude that for each S C [R],

U ((id—Tiy) gs)l2 < (VI—e)™(id - Ti,) gs]?
= 1= Y (109" ®R), (5)

RC[2R;)]
Tyt o (R)=S

v

where the 2-norm in the first term is with respect to H’s marginal on €2, and the 2-norm in

the second term is with respect to H’s marginal on ¥ (i.e., the uniform distribution).
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For S C [Ry], w € U and v' € T (u) we define:

Termspu= Y (1 —(1- 7)2‘R|) J*(R),
RC[2R.]
Tyt o (R)=S

v

Termgst = > (1-(="") 3 (R),
Rc[zRQ]
RI<F 7y, (R)=S

Termfgaﬁeu = Z <1 —(1- 7)2|R‘> i (R).
RC[2R.]
RI>%, 7, (R)=5

Observe that for every u and v’ it holds that

0< Z Termg.y . < Z Z Z QQ(R):L

SC[R1] SC[R1] RC[2Rs] RC[2Ra]
Tyt o (R)=S

v'u

We now turn to bound |Eyuw [Auww]| . Due to convexity and Equations 4 and 5, it holds
that

2
( E [Au,v,v/]> S E , [Ai,v,v’} S

S A~
E > (-9 3 (1—(1—7)2‘R') P (R)| <
O SClR] RC[2Ry]
Ty, u(R):S
E Z (1- )lSI Termsy.| + E Z T ermfg”;j‘,fﬁ Z Term?zgfu
u,v,v SC[R1] u,v,v’ SC[R1 w00’ SC[Rl
IS1> % 1S1< s

We bound each of the last three expectations separately.

Bounding the First Expectation: Roughly speaking, in this term the sets S are large,

thus (1 — €)!®! is small, and so is the expectation. Formally, for every u and v’ it holds that

1
Z (1-— e)|S| Termgy . < (1 — e)e% Z Termg .y, < ((1 - e)%> “Ll1<e
SC[R1] SC[R1]
>4 11> %
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Bounding the Second Expectation: Roughly speaking, in this term the sets R are
small, thus (1 -(1- 7)2|R|> is small, and so is the expectation. Formally, for every u and

v" it holds that

S Termgmt = % > (-a="gm)

SC[R1 SC[Rl] RC 2R2]
|S|< |S\< |R\<2 Ty (R)=8
< (1-a-9%) ¥ #mws(1-a-9*)
RC[2Rs]

€

4 4
< 1—(1—6—37):—3.64:46.

(Recall that for every a € R* it holds that (1 —~)® > 1 — a~y by the generalized Bernoulli’s
inequality).

Bounding the Third Expectation: Roughly speaking, in this term the sets R are large,
but their images S = 7, , (R) are small. Due to the smoothness property, this case is rare.

Formally, fix v € V, and let R C [2R,] be such that |R| > 5. We partition R into
two disjoint sets, R’ = {j € [Ro]|j € R} and R" = {j € [R2] |j + R2 € R}. Note that either
|R'| > % or |R"| > %, and assume without loss of generality that |R”| > %. Using the

smoothness property promised by Lemma 2.3, it holds that

1
] < Pr |‘|7T,U/7u (R")] < 6—2] < 2e.

1
P v <
? ) [M ) 2| T uerw)

uel (v’ €
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Therefore,

E [Termi] | = E (1-(=2"") g (R
uel(v) Z S uel'(v') Z Z ( fy> g ( )
SC[R1] SC[R1] RC[2R,]
1S|< % | ISI<Z5 [IRI> %, 7y o (R)=5

IA
e
(]
e
E

uel(v) RC[2Rs)]

_‘R|>6%7 |7r1;’,u(R)|<E%

N 1
< > (gQ(R)- Pr {|m,7u(3)|<—2>
uel(v') €
RC[2Ro]
|RI>%
< 2 Z §* (R) = 2e.
RC[2Ry]

The last three bounds imply

E [Auow] < VeTIeT2e < 3V
This concludes the proof that the first term is bounded by 3/e.

One can show that the other three terms are bounded by 3./¢ in a similar way. For
example, in order to show that the second term is bounded by 3y/¢ we do the following:
First, we interchange the roles of w and z. The proof still goes through as the marginal
of H on (z,y,z) is the same as its marginal on (z,y,w). Second, we use F (x,y,w) =
f(x) f (y) Ty_g (w), which still has ||F||5 < 1, since Ty_.g is bounded in [—1, 1]. |

4.4 Applying the Invariance Principle (Proof of Lemma 4.4)

In this section we prove Lemma 4.4. That is, we show that for every selection of vertices
u, v, v’ by the verifier, it holds that

T (D Tinf ) T 29 () Ty ()] = E [T f () Toof (39) Tiag () Tang ()

Joz'ntfnfmwl = Z Inf:;’i(i) (Tl—'yf> : Inf:*} (i) (Tl—wg) )
i€[R1] o

E
H
<

where f and g are the functions associated with vertices v and v" (respectively).

Again, for simplicity of notation we write H = Heppo, H' = H! oy L = Levw and

€,U,V,V
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It =T

€,u,v,v" "

The proof inductively changes the distribution from H = H' ® ... @ H

toZ =7I'® ... ® I™, one component at a time. For i € [R;] and a pair of functions
g {£1}* — {+1}, define

Alfg=|  E - [f@)fwegw]- — E [f (@) f(y) g (2) g (w)]]-
(®i517)8 (@ 7!) (®i1 7)&(®iisa 1)

Observe that in order to prove Lemma 4.4 it suffices to show that for every selection of

vertices u, v, v it holds that

Z Az (Tlf'yfa Tlfwg) S Z [nf:;L(i) (Tlf'yf) . Inf:,}lu(i) (Tlf'yg) :

i€[R1] i€[R]
Therefore, Lemma 4.4 is implied by the following Lemma 4.12:

Lemma 4.12. Let u € U, v,v' € T'(u), i € [Ry] and let f, g : {£1}*™ — {£1} be any pair
of functions. It holds that

A (fa g) < [”f;;,h(i) (f) ’ Inf;;/lu(z) (g) :

The rest of this subsection is devoted to proving Lemma 4.12. The proof of Lemma 4.12
uses the following definitions: Let f: {£1}" = R, z € {+1}" and A = {a1,..., a4} C [n]
We define x4 = (2;);c 4 and 24 = (2;) ;¢ 4- We break the Fourier expansion of f according

to its dependence on the bits x 4:

) = Y fRxe@)=>_| > f(R)xr(zaz_a)
RC[n]

SCA RC[n]
RNA=S

= > xs(za) Z f(R)xms (z-a) |,

SCA
RﬁA S

where in the last term yg : {£1}* — {£1} and XR\S : {13 5 41y,
For any two subsets S C A C [n| we define the function fg 4 : {+1}"M 5 R by

foa(z_a) = > f(R)xrs(z_a). (6)
RhALS
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Note that
Ifsals= >_ f(R). (7)
RC[n]

RNA=S

Using the functions fg 4, we get the following decomposition:

fl)=f(raea)=> fsale_a)xs(wa). (8)

SCA

Observe that fs 4 (r_4) can be viewed as the Fourier coefficient associated with the set S,
where f (z) = f(za,2_4) is viewed as a function of x4, and where x_4 is fixed.

The proof of Lemma 4.12 also uses the following Lemma 4.13, proved in Section 4.4.1.

Lemma 4.13. Let € € (0,3) and Dy, Dy € N. For ¢ # S C [2D1] and ¢ # T C [2Ds], there
exist constants crs € R, |cgr| < 1, such that the following holds:

For every four functions f : X - R, g: Y —-R, h:Z—=R, k: W — R, it holds that

S sl ()3 (S)hD)R(D).
SC[2D1],TC[2D3]
S T#¢

We are now ready to prove Lemma 4.12.

Proof of Lemma 4.12 To avoid notational complication, we prove the claim just for the
case i = 1. We write H' = @, H', A = 7,1 (1) C 2Ry] and B = ", (1) C [2R]. It holds
that

Ai(f,9) < |E|E[f(va,7-a) f (Ya,y-a)9(2,2-B) g (wp,w_p)]

H Ll

S B0 o) £ a) 9 (o o) g )] |

Note that a draw from H' is a tuple (z_4,y_4a,2_p,w_p). Using the decomposition of
Equation 8,
fraz_a)=> fsa(r_a)xs(za),

SCA
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and Lemma 4.13 (note that |cgr| < 1), it holds that

Ai(f.g) < B Z csr[fsa(x-a) fs.a(y-a) gr.8 (2-B) 978 (W_B)]

SCATCB

ST+
< 2

SCA,TCB
SyT;éqb

E [fs,a (x—a) fs,a (y—a) 97,8 (2-B) gr.5 (W_B)]| . 9)

Observe that x_, is independent of z_4. Furthermore, observe that y_4 = z_4y” 4 and
w_p = z_pw” 5, for some y” , and w” 5 that are independent of both z_4 and z_5. We

consider the Fourier expansions of fs 4 and gr p using Equation 6:

foa(x_a) = Z f(R ) XR\s (T—4)

RC [2R2]
RNA=

ar.B (x—B) = Z f XQ\T T— B)

QC[2R]
QNB=T

For sets R, R’ C [2Rs] \A and @, Q" C [2R,] \ B, we denote

Crraq = fsa(R) fsa(R) ir5 (Q) rs (Q) .

By substituting in Equation 9 the functions fs 4 and gr g by their Fourier expansions, we

get

A1 (fag)

IN

Z E Z Crrqq  Xr(T_a)Xr (Y-a) Xq (2-B) X¢ (W_B)

scarcn | R,R'C[2R2]\A
ST#¢ | Q.Q"C[2R:]\B

= 2 [B| 3. Cuwoe xnaw(@-a)xase (o) xw (44) xe (v0s)

SCA,TCB R,R'C2R)\A
5,T#¢ [ Q.Q'C[2R2]\B
= > ) Crrqo - Elrar (-] E oo (=) E [xr (424) xo (w2 5)]] -

SCA,TCB |R,R'C[2Rs]\ A
ST#d  |Q,Q'Cl2R:|\B
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Since z_4 and z_4 are chosen uniformly at random (the marginals of ' are uniform), the
term inside the inner sum is 0 unless R = R’ and Q@ = ’. Since ‘EH/ [XR (yﬁA) X0 (wﬁB)} ‘ <
1, we get

A(fg) < > > fSA R)gr5’ (Q)

SCA,TCB RC[2Rs]\A
5.1#6 QC[2R2]\B

- Y | Y mw| X @

SCA,TCB \ RC]2R;]\A QC[2R2\B
S\ T#¢
2 2
= > Afsalls llgrsll;
SCATCB
S T#¢
2 2
= | D fsalls [ | D lgrsl
SCA TCB
SE¢ T#¢

Observe that using Equation 7 and Definition 4.1, it holds that

Sollfsaly =Y > PR = > FP(R)=Infi(f).

SCA SCA RC[2Rs) RC[2Rs]
S#¢ S#¢ RNA=S RNA+é

Similarly, > rcs |lgr, B||§ = Inf}; (g), and the assertion follows. |
T#¢

4.4.1 Applying Invariance Principle to a Single Coordinate (Proof of Lemma 4.13)

In this section we prove Lemma 4.13. Fix € € (O, 2) and D1, Dy € N. For the sake of this
subsection we denote Z = Z, (D1, Ds), H = H. (D1, D), and

Ng= E —x)|,
s xNNE(D1)[XS( )]

Nr= E —x)|,
r= E [r(-a)

f%L&RngZZE[XS(I)XR(y)XT(Z)XQ(wH,

>0
O
£

Ersrrq = g [xs (¥) xr (y) xT (2
The proof of Lemma 4.13 uses the following two claims:
Claim 4.14. For SR C [2D;] and T, Q) C [2Dy] it holds that:
o IfS#RorT#Q then Eyysrro =0
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o IfS=RandT =Q then By snro=1 ((—1)‘5' Ny + (=1)!7 NS> .
Claim 4.15. For S,R C [2D;] and T, Q C [2Ds] it holds that:

o I[fS# R orT #Q then Ezsrro = 0.

o IfS=RandT =Q then Ergpro = ((—1)'5' + N5> ((—1)‘T' + NT>.

The proofs of Lemmas 4.14 and 4.15 are deferred to the end of this subsection. We are

now ready to prove Lemma 4.13.

Proof of Lemma 4.13 For S C [2D;] and T C [2Ds] we define cgr € R to be

cor — —}1 (0% = Ns) (=)™ = 57).

Observe that for S # ¢ and T # ¢ it holds that |cgr| < 1, as Claim 3.3 shows that
0< Ng < (1—26)'5‘ and 0 < Ny < (1—26)‘T|. Also, if S=¢ or T = ¢ then Ng = Npr =1
and cgr = 0.

It is easy to see that

E[f(2)g(y)h(z)kw)] —ELf (@) gy h(2)k(w)] =
Y. FS)aR Dk Q) (Busprae — Frspra)-

S,RC[2D;]

T,QC[2D7]
Using Claims 4.14 and 4.15, the inner term Ey srr0 — Ez5870 is 0 unless S = R and
T=@Q. If S =Rand T = @ then the following easy calculation shows that Ey s rro —

Ersrro = crg:

Ensrro— E15RrRT0
{0 ) - () ()
% (2 DS Ny 2 ()T Ny — ((—1)'5'+‘T‘ + (=D Np 4+ (=) Ng + NSNT>>

i(< DI — (<1)* Ny = (=) N + NgNr)
) ()

T,Q

I
o

41



Proof of Claim 4.14 Recall if (z,y, z,w) was drawn from H then y = —z (a2D1 A y’) and

w = —z((—a*"?) Aw'), where z,z,a,y’,w’ are all independent. Therefore
FEusrro = IE[XS () xr (¥) xT (2) X@ (W)]
= E[xs (@) xn (=2 (™ Ay)) xr (2) ( 2 ((—a®) Au))]
= IE[XSAR( z)xr (— (a®™ /\?J/))XT xo (= ((=a**) A w'))]
= Elsar (@) Elxrag (2)] E [xa (- ( Pray)) xa (= ((a*”) Aw'))].

Since the marginals of H are uniform on both the X and Z spaces, it holds that the last
term is 0 unless S = R and T'= Q. When S = R and T' = @ it holds that

Xs (= (@7 A y)) xr (= ((=a*) Aw'))]

1—a

s (1) xr (-0 + 25 xs () e (1))

_ ISl —w' _ N7l s )
0 B el DT B ()]

—

Ensrro =

| — |
—_
o |+
)

VR

ol o~ E 2E

VRS

(=1 N+ (1) N ).

Proof of Claim 4.15 Recall if (z,y, z,w) was drawn from 7 then y = —z (a7”* A¢/) and

w=—z (a%D2 A w’), when x, z,aq, as,y’, w" are all independent. Therefore

[xs (%) x& () X1 (2) X@ (W)]

[xs (@) xr (=2 (a1 A Y)) xr (2) ( 2 (a5 A w'))]

[XSAR xr (= (a DlAy’))XT xa (= (@37 Aw'))]
E|

X (= ( DIM))} B [xq (= (a7 A )]

Ersrro =

Il
NE RE RE WE
>0
ca

[Xsar ()] - ]E XT2rQ (2

Since the marginals of Z are uniform on both the X and Z spaces, it holds that the last
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term is 0 unless S = R and T'= (). When S = R and T' = @ it holds that

Ersnre = E[xs (= (@™ Ay))]E [xr (= (a5 Aw'))]
- B[ e () + 5 s 0]
I% {1 —;CLQ Y <(_1)2D2> n 1 —2a2 vy (_w,)}
- : (< D4 B s (—z/)]> = ((—1>T' bEL s <—w'>1)
- % ((—1)'5' + NS> ((—1)‘T' + N )

5 Covering Dictatorship Test for General Predicates

In this section we develop a general framework for covering dictatorship tests using a given
predicate ¢, for a large subset of the predicates ¢ ¢ O. In particular, in Section 5.1 we prove
Theorem 2. In Section 5.2 we prove a more general version of Theorem 2 (see Lemma 5.6),
offering a dictatorship test in the multi-function setting. The general version is used in Sec-
tion 7 to obtained a conditional characterization of covering hard predicates. For convenience

we restate Theorem 2:

Theorem. Let o ¢ O, and assume that there exists a balanced, pairwise independent dis-
tribution on the support of . Then there exists a p-based covering-dictatorship test with

completeness 2 and soundness k, for every k € N.

5.1 Single Function Dictatorship Test

In this subsection we assume that ¢ and 7 are as in Theorem 2, and construct a p-based
covering dictatorship test DICT1, using the distribution 7. The test assumes to have an
oracle access to the function f : {£1}*" — {#1} being tested.

Roughly speaking, we show that our dictatorship test satisfies the following properties:
There exist two dictatorships f and g that together cover all the tests made by DICTL.
However, any constant number of functions whose every product is “far” from a dictatorship
do not cover all the tests made by DICT1. In other words, if a constant number of functions
cover all the tests, then there is a subset of these functions whose product is “close” to a

dictatorship.
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5.1.1 The Test

Our dictatorship test uses the distribution D, that is specified next. Let us first define the

following noisy version of n:

Definition 5.1. Let € € [0, 1], let 5 be a distribution over {£1}', and let I be the uniform
distribution over {£1}". Define the distribution 7/ generating y € {#1}" as follows:

Vy: n(y)=0—e)ny) +e-Uy).

That is, in order to draw a t-bits string y from 7/: With probability 1 — ¢ draw y from 7,

and with probability ¢ draw a random y.

Definition 5.2. Let € € [0, 1], and let 5 be a distribution over {£1}". Define the distribu-
tion D, , generating w = (y, z) € ({:I:l}t)2 as follows:

V(y,2): Deyly,2) = %n (y)n. (2) + %nﬁ (y)n(z).

That is, in order to draw a pair (y, z) of ¢t-bits strings from D, ,: With probability % draw y
from n and z from 7., and with probability % draw y from 7/ and z from 7.

Our dictatorship test is found in Figure 2. For a string s;, we use the notation s;; to

indicate the j** coordinate of s;.

Algorithm 2 DICT1/

e Select w1 = (y1,21) -+, Wy = (Yn, 2n) € ({il}t)2 according to the distribution D, ,,.
e Fori € [t]a let Ti =Yty Ynyis Ry -+ 5 2ni € {il}zn

o Accept iff o (f (x1),..., f(zy)) = —1.

It will be convenient for us to view the dictatorship test in a matrix notation. For a
matrix M, we denote by M; the i** row of M, and by M7 the j** column of M. Consider

the following 2n x t matrix M: The first n rows of the matrix are yq,...,y,, that is M; =
Y1, .-, M, = y,. The following n rows are z1,..., z,, that is M,,.1 = z1,..., My, = z,. Note
that the ¢ columns of the obtained matrix are z1, ...,z that is M! = 2, ..., Mt = ;.

5.1.2 Definitions

In order to analyze the dictatorship test we need the following definitions: Let € € (0, 1),
ke Nandlet F={fi,..., fr} be aset of functions f, : {£1}*" — {£1}.
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We denote by Rej (DIClet ) the indicator random variable for the rejection of the set P
by DICT1.. That is, Rej (DICTlf) is 1 if none of the functions f, in F passes the test
selected by DICT1, and 0 if there exists a function f, in F that passes the test.

For K C [k], we define the product function fx : {£1}*" — {£1} by

fr =] #

leK

The function f, is the all 1’s functions, i.e., for every z € {£1}*" it holds that fo(z)=1.

We say that a function is regular if none of its coordinates has high influence:

Definition 5.3 (Regularity). Let d € N, 7 € [0,1], and let f : {£1}" — {1} be a
function. We say that f is (d, 7)-regular, if

max {[nfjgd (f)} <T

J€[n]

Let F = {f1,..., fx} be aset of functions f, : {£1}" — {£1}. We say that F is (d, 7)-regular
if for every subset K C [k] it holds that ff is (d, 7)-regular.

5.1.3 Test Analysis

We are now ready to state our result regarding DICT1. The following lemma clearly implies
Theorem 2.

Lemma 5.4. Let o : {£1}' — {£1} be a predicate satisfying p ¢ O. Assume that there
exists a balanced, pairwise independent distribution n on the support of .

Then, DICTL1 satisfies the following properties:

e Completeness: For any ¢ € (0,1) the following holds. Let j € [n] and let f,g :
{£1}*" — {£1} be the two dictatorships f = Xj and g = Xjtn. Then

Pr [Rej (DlCTlgfvg})] = 0.
In particular, there exist two dictatorships that cover all the tests performed by DICTL.

Furthermore, each of the functions [ and g is accepted by DICT1, with probability 1— 3.

e Soundness: For any e € (0,1) and k € N, there exist constants d € N and 7 > 0 that
only depend on €, t and k, such that the following holds. Let F = {f1,..., [r} be a set
of functions f, - {£1Y*" — {+1}. Assume that F is (d,7)-reqular. Then

Pr [Rej (DICTI])] > o
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In particular, if a set of a constant number of functions covers all the tests performed
by DICT1, then the set is not (d, T)-reqular.

5.2 General Dictatorship Test

In this section we offer a more general covering dictatorship test. Instead of getting oracle
access to a single function f : {£1}*" — {41}, the general dictatorship test gets access to
a family of functions FF = {f, ... f"},r>teN, f: {jzl}Q" — {£1}. Intuitively, the test
aims at checking whether all the functions f!,..., f" are the same dictatorship.

The general dictatorship test is used in Section 7. Roughly speaking, the f!,..., f7
functions considered by Section 7 are the long code encodings of the r > t neighbors vy, ..., v,

of a single vertex u in a label cover instance.

5.2.1 The Test

Our general dictatorship test DICT is found in Figure 3. It is easy to see that if F' contains r
copies of the same function f, ie., f! = --- = f" = f, then D|CT§ operates the same as

DICT1/.

Algorithm 3 DICT, U/}

e Select w1 = (y1,21) -+, Wy = (Yn, 2n) € ({il}t)2 according to the distribution D, ,,.
e Fori € [t]a let Ti =Yl Ynyis Ry -y 2ni € {il}zn

e Select a random set of ¢ different indices I = {iy,... i} C [r]
(selection with no repetitions).

o Accept iff o (f (x1),..., f" (z;)) = —1.

5.2.2 Definitions

In order to analyze the dictatorship test we need the following definitions: Let € € (0,1),
k,r € N, and let F be a set of sets of functions F = {F,..., Fy}, Fy = {f},..., [},
fi 1" = {*1}).

We denote by Rej (DICTf ) the indicator random variable for the rejection of the set F
by DICT. That is, Rej (DICTZ:) is 1 if none of the sets F; in F passes the test selected
by DICT, and 0 if there exists a set F; in F that passes the test.

We define the cross influence of a pair of function as follows:
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Definition 5.5 (Cross Influence). Let d € N, and let f,g: {£1}" — {£1} be a pair of
function. We denote by XInf, (f,g) the d-cross influence of f and g:

B . <d <d
XInfs(f.9) = max {min {Inf5 (g) . In 5 (F) ]}
For i € [r] and K C [k] we define the product function fi : {£1}*" — {£1} by

fie =11 fx-

ltekK
The function f7, is the all I’s functions, i.c., for every x € {£1}*" it holds that fi(x)=1.

Let d € N and 7 € [0,1]. Let (i,i) € [r]°, i # 7, be a pair of indices. We say that (7, )
is (d, T, F)-cross regular, if for every two sets K, K’ C [k] it holds that

XInfy (fie fie) <7

Let I C [r] be a set of indices. We say [ is (d, 7, F)-cross reqular if every pair (i,i') € I?,

i # i, is (d, T, F)-cross regular.

5.2.3 Test Analysis
We are now ready to state our result regarding DICT:

Lemma 5.6. Let o : {£1}' — {£1} be a predicate satisfying p ¢ O. Assume that there
exists a balanced, pairwise independent distribution n on the support of ¢.

Then, DICT satisfies the following properties:

o Completeness: For any ¢ € (0,1) the following holds. Let j € [n] and let f* ¢° :
{£1V*" — {£1}, i € [r], be the following functions

fl==f=x5 9= =9 = Xjin:
Let F={f'....f"} and G={g",...,g"}. Then
Pr [Rej <DICT§F’G}>] — 0.

Furthermore, each of the sets F' and G is accepted by DICT. with probability 1 — 5.

e Soundness: For any e € (0,1) and k € N, there exist r,d € N and 7 > 0 that only
depend on €, t, and k, such that the following holds. Let F be a set of sets of functions
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F={F,....EY, Fo={fL ... [}, fi:{£1}*" = {£1}. Leta = o, and assume
that at least 1 — « fraction of the t-elements sets I C [r] are (d, T, F)-cross reqular.

Then
1

210kt'

Pr [Rej (DICT?)] >

It is easy to see that Lemma 5.4 is a special case of Lemma 5.6. Thus, we will only prove
Lemma 5.6. The proof of the completeness part of Lemma 5.6 can be found in Section 5.3,
and the proof of soundness part can be found in Section 6. For the rest of the text we fix t,
€, ¢ and 7. We omit the e and 7 sub-indices and write DICT = DICT,, ' =, and D = D,,,.

5.3 Completeness

In this section we prove the completeness property of Lemma 5.6.

Proof of Lemma 5.6 (Completeness) Recall the matrix M defined at the end of Sub-
section 5.1.1, after the algorithm DICT1. For i € [t], it holds that z; is the i column of M.
For j € [n] it holds that y; is the j* row of M, and z; is row number j +n of M. Also recall
that there exists j € [n] such that for every i € [r] it holds that f* = y; and ¢’ = xjin.

When running DICT? we compare the following value to —1:

@ (f* (x1), o ff () = (0 (1), xg (@) = 0 (M1, ..., M) = o (M;) = ¢ (y;) -

When running DICT® we compare the following value to —1:

0 (9" (1), 0" (@) = @ (Xwn (T1) 5 s Xjan (1))
= ©(Mjsni,- s Mjins) = 0 (Mjpn) = ¢ (2))

Recall that (y;, z;) was drawn from D. Thus, either y; or z; was drawn from 7, implying
that at least one of them is in support of ¢. Hence, either ¢ (y;) = —1 or ¢ (z;) = —1, and
at least one of F' and G is accepted by DICT.

Moreover, observe that F'is only rejected by DICT if y; is not in the support of ¢. This
can only happen if D samples y; using 7', and 1’ samples y; using the uniform distribution
(instead of using 7). The probability of this event is §. Therefore, I’ (and similarly also &)
is accepted with probability at least 1 — 3. [ |

6 Dictatorship Test Soundness
In this section we prove the soundness property of Lemma 5.6.

48



6.1 Properties of D

We prove that the distribution D satisfies several properties that will turn useful for the
soundness proof in Section 6.2. Observe that one can identify (y, z) € ({jzl}t)2 with w €
({:|:1}2)t given by Vi € [t] © w; = (y;,2:;). For the rest of the section we view D as a
distribution on w € ({il}Q)]t instead of (y,z) € ({jzl}t)2 (unless otherwise stated). That

is, we view the generated w as a t-symbols string where every symbol is a pair of bits.

Claim 6.1. D is balanced.

Proof Recall that we assume that 7 is balanced. The distribution 7’ is a sum of the two
balanced distributions, n and the uniform distribution, therefore 1’ is also balanced.
Let i € [t] and (w,w’) € {£1}*. We denote w; = (1, z;) € {£1}*, and get

1 1
w~D 2 (y,2)~nxn’ (y,2)~n' X1
1 1
= SPriyi=w]- Prlz=uw]+3 Prly=w-Prlz=ud]
2 y~n z~n! 2y~ z~om

Claim 6.2. D s pairwise independent.

Proof Recall that we assume that 7 is pairwise independent. The distribution 7’ is a sum
of the two pairwise independent distributions, n and the uniform distribution, therefore 7’
is also pairwise independent.

Let i,i' € [t] and (w,w'), (0,0") € {£1}*. We denote w; = (y;, z) , wy = (yir, z) € {£1}7,
and get

Pr [w; = (w,w’) ANwy = (o, 0/)]

w~D
1

= - Pr [ i =WAYy =0 Zi:w'/\zl-/za']—i—
TR (L v =0) \( )
1
- Pr [ i =wWAYy =0 zi:w'/\zizza']
3P | yir =) ]\ ( )
1

= —Prlyy=wAyr=o0]  Prlzi=w ANzy =0]+
2 y~n zeon
1
—Prlyi=wAysr=o0] Prlzi=w Azy =0
2y~ 2~
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Since 1 and 7’ are both pairwise independent and balanced, the last term is

1

= —Prlyy=w]-Prlys=o0] Prlzi=u]  Prlzs =0+
2 y~n y~n zrryf zer
1
— Pr[y;=w]- Pr [ys =0]  Prlz; =] Prlzy = 0]
2y y~n’ Z 2

Since D is balanced, it holds that

1 1 1
P P = / . P i = / = — e - = —
Pr fwi = @,@)] - Pr ws = (0,0)] = 5 1 = 16
and the assertion follows. [ |

The following lemma shows that the probability space ({:I:l}Q)t is not completely corre-
lated under D.

Lemma 6.3. p ({i1}2 : ({il}z)tfl ;D) = p < 1, where p is a constant that only depends

ont and e.

The proof of Lemma 6.3 uses the following lemma by Mossel [14], that gives a criteria

under which a probability space is not completely correlated.

Lemma 6.4 (Mossel [14], Lemma 2.9). Let (2 x VU, u) be a finite correlated probability
space, such that the probability of the smallest atom in Q2 X W is at least v > 0. That is, for
every (a,b) € Q x W in the support of u, it holds that p(a,b) > .

Define the bipartite graph G = (2, U, E) where (a,b) € Q x ¥ satisfies (a,b) € E if
w(a,b) > 0. Then, if G is connected then p (2, V;pu) <1 — g

Proof of Lemma 6.3 Let ¥ be the support of the marginal distribution of D on ({il}z)tfl,

and denote Q = {£1}* (the support of the marginal distribution of D on {+1}* is {+1}°
itself, as D is balanced). We show that p(Q,U;D) = p/ < 1 (p' is a constant that only
depends on ¢ and €) by applying Lemma 6.4.

Consider the bipartite graph G = (Q, ¥, E) where (a,b) € Q x U satisfies (a,b) € E if
D (a,b) > 0. Our goal is to show that G is connected.

Let a € 2 and b € V. Denote a = (Ya,2,) and b = (y;, 2;) where y,, 2, € {£1} and
Yy, 2y € {:l:l}til. Since n is balanced, y, agrees with a word y in the support of 1, and z,
agrees with word in the support of 1. In addition, observe that there exists w' = (y/,2') €

({jzl}t)2 in the support of D that agrees with b. By the way D was constructed, either 3/
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or 2’ was selected according to 1. Therefore, either y, agrees with a word y’ on the support
of n, or z, agrees with a word 2’ on the support of 7.

Assume without loss of generality that y, agrees with the word y’ on the support of 7,
and denote by y/, € {1} the bit that “completes” y; to v/ (i.e., ¥ =y, oy,). Recall that
there exists a word y € {£1}" in the support of 7 that agrees with y,, and let y, € {+1}"
be the string that “completes” y, to y (i.e., ¥ = yq © Yp)-

Let ¢ € Q and d € ¥ be two vertices in G. Denote ¢ = (y., z.) and d = (yq, 24) Where
Ya, 2q € {1} and yg, 24 € {jzl}t_l. Let y = y.oyqg and z = 2. 0 z4. Recall that there is an
edge between ¢ and d in G if w = (y, 2) is in the support of D. In other words, if either y
or z are in the support of 7.

The following is a path in GG connecting a and b:

a = (ym Za) — b = (yln yb) —d = (y;aya) — b= (yl/v lea) .

The edge a — b exists as the concatenation of the first components of vertices a,b’ is
Ya © Yp = Yy, which is in the support of n. The edge b’ — d’ exists as the concatenation of
the second components of vertices a’, b’ is y, oy, = y, which is in the support of 7. The edge
a’ — b exists as the concatenation of the first components of vertices a',b is ¢/, oy, = v/,

which is in the support of 7. [ |

6.2 Soundness

In this section we prove the soundness property of Lemma 5.6. The proof uses the following
invariance principle theorem, which is an easy corollary of Theorem 6.6 and Lemma 6.9 of

Mossel [14], obtained using the triangle inequality.

Theorem 6.5 (Invariance Principle). Let (H';:l Qi, 1) and (]—H:l Qi, 1) be two a finite
correlated probability spaces. Assume that p and i’ have the same marginal distribution on

each coordinate. Furthermore, assume that both satisfy the following properties:

For p* € {p, '},
o 11* 1s pairwise independent.
o Vie[t],we Q: Pry o [w; =w]>0.
o p(Qy,....Quu") < 1.

Then, for every 6 > 0 there exist d € N and 7 > 0 such that the following holds for alln € N:
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Lett € N, and let f1,..., fi, fi : QF — [—1,1], be t functions satisfying
Vi#d €t]: XInfa(fi, fi) <.

Then,

Hw E  [fi(wis,...,wn,)] — H E [fi (w1, wns)]| <0

i€[t]
We are now ready to prove the soundness property of Lemma 5.6:

Proof of Lemma 5.6 (Soundness) Fix ¢ € (0,1) and k£ € N, and let r,d € Nand 7 > 0
be the constants determined below. Let F be a set of sets of functions F = {Fy,..., Fi},
Fy = {fh ... fr}, fi o {£1}*" — {£1}. We assume that at least 1 — a fraction of the

t-elements sets I C [r] are (d, 7, F)-cross regular. We want to show that

1
210kt'

Rej = Pr [Rej (DICT”)] >

Arithmetizing the rejection probability by moving from ¢ to NAE. We assume
without loss of generality that the support of ¢ is contained in the support of NAE,, i.e.,
Ve € {£1}": ¢ (x) > NAE; (z). Claim 2.2 shows that this is correct “upto a sign”, i.e., there
always exists a sign o = (04,...,0,) € {£1} such that o (o121, ..., 00) > NAE, (21, .., 1).
Define the predicate ¢* by ¢* (z1,...,2;) = ¢ (0121, ..., 0u2;). Observe that when construct-
ing a (p-based dictatorship test, we have the liberality of negating any of the variables before
applying . In particular, we are free to apply ¢* instead of . For this reason, we only
need to deal with dictatorship tests based on predicates that are contained in NAE.
Since we assume Vo € {£1}' : ¢ (z) > NAE, (), we get

1, |
Rei = E _ 11 N it 11
€e) i1<...<it€[r] };% 2 ((p( ¢ (1) , (xt)) )
wl"'-7w'rLND L
1 4 .
> E g LLNAE(F () £ () 1)
11<...<it€[r] 2 pen
W1,y wn~D L
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A calculation shows that the Fourier expansion of the NAE predicate is

1
Vo e {£1} : NAE, (z) = 5 > xs(@) | -

SClt]
|S| even

Therefore,

Rej > 2“ STD I D xs (Fi @), £ (@) | ] - (10)

o Z},’ji[{;] el | S
S| even

We identify a subset A C [m], m € N, with a vector B € {0,1}" in the natural way:
For every ¢ € [m] it holds that B; = 1 iff i € A. Let Ay,...,A; C [m] be ¢ sets, and let
By, ..., By € {0,1}" be the associated vectors. We denote by A; & ... ® Ay C [m] the set
associated with the vector By + ...+ By, where the addition is vector addition modulo 2. In
other words, A; @...® A; contains the elements in [m] that appear in an odd number of the
sets Ay, ..., A,

Consider the term on the right hand side of Equation 10. Each of the monomial in the
expectation is a product of k terms of the form yg, (f7' (1), . i (1)), where ¢ € [k], and
Sy C [t] is of even size. Therefore, cach monomial can be spemﬁed by k sets Si,... Sk C [t].
Consider the set of ¢ x k matrices K with entries in {0, 1} that satisfy the following property:
The rows of K sum up to 0% (vector addition modulo 2), i.e., K; + ...+ K; = 0. We claim

that there is a one-to-one mapping between this set of matrices and the set of monomials:

e Given a matrix K, view its k columns as k sets 51, ...S;. Since the rows sum up to 0%,

each of the columns sums up to 0, and thus each of the sets Sy is of even size.

e Given k sets Sy, ... S of even size, construct the matrix K whose columns are S, ... Sk.
Since each column contains an even number of 1’s, each column sums up to 0, and thus

the rows sum up to 0F.

Conclude that

Rj > E om0 B [fa) S]] 0

11<...<it €[r] Ko Kol W gy Wiy~
K1®..0K=¢
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Applying the invariance principle. We next apply the invariance principle (Theo-
rem 6.5) and pass from the distribution D to the uniform distribution U’ on ({:tl}Q)t.
We first claim that the probability spaces (({i1}2)t ,D) and (({il}Q)t ,L[’) satisfy the

conditions of Theorem 6.5:

e Claim 6.1 shows that D is balanced, thus D and U’ have the same marginal distribution

on each coordinate.

e Clearly, U’ satisfies the requirements of Theorem 6.5. Claims 6.2 and 6.1, and Lemma

6.3 show that D also satisfies the requirements of Theorem 6.5.

Let d € N and 7 > 0 be the constants promised by Theorem 6.5 for the probability
spaces <({j:1}2)t,D> and (({il}z)t,u’> and the constant § = 5. We assume that
for at least 1 — a fraction of the t-elements sets I C [r] are (d, T, F)-cross regular. We

claim that for such sets I we can use the invariance principle to move from the term

Ewl,---7w7LND [leél (‘/El) BRI fllt(t (‘/Et)] to the term Ewl,...,wnwu’ [f’}l(l (:L’l) C et i[t(t (:L‘t)] Wlth llt‘
tle loss. The reason is that for every ¢ subsets Ki,...,K; C [k], and any two functions
f#ge{f?ﬁ,..., ?Q},itholdsthatXInfd{f,g}§7’.

Since the term in the outer expectation of Equation 11 is bounded in [0, 1] (it is a rejection

probability), after applying the invariance principle we get

Rej > . E m (w ]JZ): ~U [fll{l (1‘1) T fKt <xt):| - 5) - Q.
' Ki1,....KiC[K] bt
Ki®..0Kt=¢

Denote by U is the uniform distribution on {£1}*", and get

1

Rej > E |oay > E [fi (1) - fie (2)] | — (04 a).
11<...<it€[r] K1, K ClK] L1 geeey Tt
Ki1®..0Ki=¢
Now assume that the ¢ indices i1,...,4; €g [r] were selected independently (with repeti-

tions). Then, for a large enough constant r (a function of k£ and t), the probability that an
index was selected twice (3s # ' € [t] : iy = iy), is at most f = 5. Denote v =6 +a+ f,
and get

) 1 i i

Rej > E ok(i—1) E fll(l (xl)fft{t (%:) —
;11:.-.:_’;;&,]{ Ki,....K:Clk]
K10..0Ki=¢
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Increasing ¢ to power of 2 and moving to expected functions. Let t' = 2% (s € N)
be the smallest power of 2 that is larger or equals to t. Observe that for every z € {#+1}'
and 2z’ € {il}t/ that agree on the first ¢ bits, it holds that NAE; (x) > NAEy (2’). Observe

that the term in the last expectation is the expansion of the term

o TT (NAE, (72 ), 2 ) + 1)

Lek]

describing the reject probability of a set of k proofs by the NAE; predicate. By replacing ¢

by t’, the term only decreases. Hence,

. 1 3 Ty
Rej = E SE(E—1) Z fiy (@) - fi, (o) | —
Ky, Ky CK]
K1®..0Ky=¢

For K C [k], define the expected function fr : {£1}*" — [—1,1] by

fr (@)= E [fk(@)].

1€[r]

Since the indices iy, ...,y € [r] are selected independently, it holds that

1 | |
Rej > E ooy E [fi 0] B [fi ]| -7
e1yzgetd | 26 1) Kl,...,XKE/Q[k] ile[r}[ K ) ipei L5

Kl@m@Kt/:(i)
1
= g, E | 2 Im@)fe )] -
K1, K ClK]
K1®..0K =¢

Applying an extension of the pairing technique of [7]. To analyze the last term, we
use a generalization of the “pairing” technique of [7]. For K C [k] and i < i’ € [t'] define the
sum function G5, : ({£13") R [—1,1] by

Gz{(i’ (l’i, e ,(L’,‘/) == Z fKi (ZEZ) et fKi’ (l‘l/) .
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For s € {0,...,5'} (that is, 2° < 2° = '), denote

Terms= E G? o (1, ..., m95)] .
T1,...,os ~U ’

Using this new notation, our goal is to bound

. 1
Rej > D) Termg — 7. (12)

Let us bound Termy for s > 1:

Term, =

E [Gst (21, .. ,:css)} =

T1,...,Los ~U

E Z Gst—l (l‘l, [N ,.1'25—1) 055714_1’25 (.Tgs—l_;’_l, . 7x23) =

seeerTos ~U
Tl Tos Kg[k]

E I:G52571 ('rla R ,$23—1):| : E [G;g—l_;'_lzs (x23—1+1, e 751723)] .

KC[k] T1yeeTgs—1~U x25,1+1,...,x25~b{

Observe that G{(QS,l and Géﬁ,lﬂ ,s are the same function on 25~ input strings, and that

x1,...,Tqs—1 are distributed the same as xgs—1,1,...,22s (specifically, both are uniformly
distributed). Therefore,

Termsg

2
§ ( X E ) U[G§2571 (.1'1,...,.1’29—1)])
KC[k] T ey Tys—1 7

2
> ( E [GfQS_l (21, ... 7$25—1>:|) = Term?_,.

T1yeeyTgs—1~U

By using the last equation recursively, we get

t t
Termg > Term? | > --- > Term2 = < E [G%, (xl)]) = < E [fs (a:l)]> =1
x1~U r1~U
Using Equation 12 (recall that we use 6, a, § = 21% and v =90 + o+ 3), we get

1 S 1
" 910kt = 910kt

) 1 1
ftej > ok(t'—1) l—v2= 92kt 3
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7 Characterization of Covering-Hard Predicates

In this section we prove covering unique games hardness for a large subset of the predicates
¢ ¢ O. Formally, we prove Theorem 4 under Conjecture 3. For convenience we restate the

conjecture and theorem:

Conjecture (Covering Unique Games). There exists ¢ € N such that for every suffi-
ciently small 6 > 0 there exists R € N such that the following holds. Given a bipartite label
cover instance LC with permutation constraints over label set [R] and vertex set U x V', it is
NP-hard to decide between:

o Yes case: There exist ¢ assignments such that for every vertexr uw € U, at least one of

the assignments satisfies all the edges touching u.

e No case: OPT (LC) < 6.

Theorem. Let o & O, and assume that there exists a balanced, pairwise independent dis-
tribution on the support of p. Let ¢ be the completeness constant from the covering unique

games conjecture. Then gap-cover-ps.y, is covering unique games-hard for every k € N.

7.1 Discussion of our Covering Unique Games Conjecture

We would like to follow the lines of [2] and get a conditional hardness result using our dic-
tatorship test. It appears impossible to derive a hardness-of-covering result by combining a
dictatorship test with the unique games conjecture because of its inherent imperfect com-
pleteness. Additionally, the 2-to-1 conjecture, that does have perfect completeness, does not
seem to be nicely suited for transferring a dictatorship test to hardness in a generic way.
Thus, we devise our own (covering) variant of the unique games conjecture.

A natural attempt at formulating the covering conjecture would be to require in the yes
case the existence of ¢ assignments that together cover all the edges of the given label cover
instance, where ¢ is some absolute constant. Unfortunately, we were only able to derive a
hardness result using a stronger version of the conjecture. Specifically, in the yes case we
require the existence of ¢ assignments such that for every vertex u € U, at least one of
the assignments satisfies all the edges touching u. We mention that Khot and Regev [12]
show that a similar conjecture in the max-CSP setting is equivalent to the unique games

conjecture:

Conjecture 7.1 (Unique Games [12|). For every sufficiently small § > 0 there exists R €
N such that the following holds. Given a bipartite label cover instance LC with permutation

constraints over label set [R] and vertex set U x V, it is N'P-hard to decide between:
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o Yes case: There exists an assignment that for 1 — & fraction of the vertices u € U,

satisfies all the edges touching u.

e No case: OPT (LC) < 6.

Our conjecture is clearly false with ¢ = 1, but as far as we know may be true with even
¢ = 2. The conjecture is incomparable to the unique games conjecture (our completeness
does not require any single assignment to satisfy a large fraction of edges). However it clearly

implies the unique games conjecture with completeness % (instead of 1 — ¢).

7.2 PCP Verifier (Proof of Theorem 4)

As usual, we prove Theorem 4 by reduction from the covering unique games conjecture
(Conjecture 3). Specifically, we assume to be given a bipartite label cover instance £C' with
permutation constraints, and construct a PCP verifier that checks proofs for £C' by only
performing ¢-tests.

Let £C' = (U,V,E,R,R1I), II' = {x,:[R] — [R]}(U,U)EE’ be the given instance,
and let £LC = (U,V,E,2R,2R,1I), Il = {m. : [2R] = [2R]}, ,)cp, be the unique games
duplicated-£C" instance (see Section 2.2.3). A proof P for LC' consists of a collection of
truth tables of boolean functions, one for each vertex v € V. Formally, P = (f,),.,, where
fo o {£1}*" = {£1}. The function f, is, supposedly, the long code encoding of the label
assigned to v by a satisfying assignment for £C.

Our verifier’s algorithm for checking the proof P is found in Figure 4. The algorithm uses
the following definition. For a function f : {£1}*% — {#+1} and a permutation 7 : [2R] —
[2R] we define the function fr: {£1}** — {£1} by

fﬂ' (ZL’) = f (ZEﬂ(l), . ,xﬂ-(QR)) .

Algorithm 4 Ver”

e Randomly select a vertex u € U.

e Run DICT! for F = { "%y} ,era):

where fv is the function in P associated with vertex v.

As before, we define Rej (Verf) to be the indicator random variable for the rejection of
the set of proofs P = { Py, ..., Py} by Ver.. Theorem 4 is an easy corollary of the following

lemma:
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Lemma 7.2. Let ¢ € N be the constant promised by the covering unique games conjecture
(Congecture 3). Let ¢ : {1} — {£1} be a predicate satisfying p ¢ O. Assume that there
exists a balanced, pairwise independent distribution n on the support of ¢. Then, Ver satisfies

the following properties:

e Completeness: Assume that there exist ¢ assignments such that for every vertex
u € U, at least one of the assignments satisfies all the edges touching uw. Then, there

exists a set P of at most 2c proofs such that
Pr [Rej (Ver!)] = 0.

In particular, if ¢ assignments cover all the edges of LC' (in the above sense), then

there are 2c proofs that together cover all the tests performed by Ver,.

e Soundness: For a sufficiently small € > 0 and k € N, there exists a constant & > 0
that only depends on €, t and k, such that the following holds: Assume that there exists
a set P of at most k proofs such that

1

Pr [Rej (Ver!)] < SPOIIR

Then, OPT (LC') > €.
In particular, if OPT (LC") < &, then there is no constant number of proofs that together

cover all the tests performed by Ver,.

Proof of Lemma 7.2 (Completeness) Let Lq,...,L.: UUV — [R] be the ¢ promised
assignments for £C'. Specifically, for every u € U there exists an assignment Ly, ¢ € [c], that
satisfies all the edges touching u.

For each ¢ € [c], we construct the two proofs P, = {f/} o, and Q¢ = {gj}, o for Ver
using the assignments L, and L, + R (respectively). That is, f}, g} : {jzl}QR — {£1} satisfy
f{ = Xr,() and g§ = Xr,(0)+r- We denote P = {F, QE}ée[c]' We next show that Ver” always
accepts.

Fix a vertex u € U, and assume that u was selected during the execution of Ver. Let Ly,
¢ € [c], be an assignment that satisfies all the edges touching u. When running VertFeQc}
the verifier runs DICT{FwGea} for the sets Fpu = {fl}]ﬂ-”vU}veF(u) and Gy, = {g}’m’u}vep(u).
For every v € T" (u) it holds that

fevﬂ—v,u = XLi()Tvu = Xy u(Le(v)) = XLe(u)
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and

g;ﬂ-v,u = XLe(w)+RTvu = Xmy,u(Le(v)+R) = XLg(u)+R-

Using the completeness property of Lemma 5.6, DICT{F tGra} always accepts. This implies
that Ver{Qe} accepts whenever u is chosen. Therefore, Ver” = VerlFe@eleer always accepts,

and the assertion follows. [ |

Proof of Lemma 7.2 (Soundness) Let k € Nand let P beaset k proofs P = {Py, ..., P},
Pr=Af}oers 17 {£1}** — {£1}, for which Pr [Rej (Ver”)] < 55t We wish to show
that OPT (LC') > &, for some constant £ that only depends on ¢, ¢ and k.

For simplicity of exposition we assume that £C’ (and therefore also £C) is U-regular, that
is Vu,u/ € U : |I' (u)| = | (v')| = r and that r is sufficiently large (as required by soundness
property of Lemma 5.6).

Fix a vertex u € U, and let vy,...,v,. € I' (u) be its r neighbors. For i € [r] and ¢ € [k],
denote g, = f, " my, u. Let F} ={g,*,..., 9,7} and F* = {F}',..., F{}. It holds that

Pr [Rej (Ver”)] = E [Pr [Rej (DICT™)]] .

Since Pr [Rej (Ver”)] < s5lo there exists a subset U’ C U, |U’| > $|U|, such that
for every u € U’ it holds that Pr [Rej (DICTFU)} < ﬁ We call the vertices in U’ good
vertices.

Fix a good vertex u € U’. Using the soundness property of Lemma 5.6, for some d € N
and 7 > 0 (functions of ¢, ¢ and k), it holds that at least & = 5 fraction of the ¢-elements
sets I C [r] are not (d, 7, F")-cross regular. Meaning that there exists a pair (i,i') € I?
i # 4, that is not (d, 7, F*)-cross regular. We say that such a pair is cross influential for I
with respect to F*. We call a pair cross influential with respect to F*, if it cross influential
with respect to F* for at least one set I.

Denote by XInfPairs® C [r]” the set of cross influential pairs with respect to F.
Formally,

XInfPairs" = {(i,7) € [/|*|3K,K' C [k]: XInfi (g%, g50) >7}.

We claim that the set X InfPairs® contains at least 3 fractions of the pairs in [r]>. The
following is a way of choosing a random pair (i,7) € [r]*: First select a t-elements set I C [r],
then select a random pair (i,4') € I*. The selected set I has a cross influential pair with
probability is at least a. Each of the pairs in [ is selected with probability t% Thus, the

selected pair is cross influential with probability at least 3.
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Obtaining a good labeling. We next construct a good labeling for the duplicated label
cover instance £C. Since every assignment for £C naturally induces an assignment for £C’
with at least the same value, the claim of the lemma follows.

Consider the following labeling L for £C: The set of candidate assignments for vertex

v € V is given by
C(v)={j € 2R 13K C K] : InfF" (fi) > 7}

Note that, using Claim 2.4, |C (v)| < % - 2k Define a labeling L by picking, for each v € V
a label L (v) uniformly at random from C (v) (or an arbitrary label if C' (v) is empty). For
u € U, randomly select v €x I' (u) and set L (u) to my, (L (V')).

Let (u,v) be an edge of LC, where u € U’ is good. The probability that the edge (u,v)
is satisfied by L is

Pr{L (u) = myu (L (v))] = Pr[myu (L () = T (L (v))]

Recall that with probability at least 5 it holds that (v,?') is a cross influential pair with
respect to FY ie., v = v, v = vy, and (i,7') € XInfPairs*. Therefore, with probability
at least 3z, it holds that m,, (C' (v')) N7y (C (v)) # ¢. Conclude that the edge (u,v) is
satisfied with probability at least 5 - W > 5 (#)2.

Since we assume that £C is U-regular, and since [U’| > 3 |U|, it holds that § of the edges

(u,v) have u € U’. Therefore, a random edge of LC is satisfied by L with probability at least

2 2
3 5 (a5r) = g = € u

8 Hardness of Approximate Coloring and Covering Ran-
dom CSP Instances

An outstanding open question is to approximate the number of colors required to color a
given O (1)-colorable graph or hypergraph. While it is known to be hard to color a O (1)-
colorable hypergraph with a polylogarithmic number of colors, the best known algorithm
requires a polynomial number of colors. Thus, there is an exponential gap between the best
lower and upper bounds. In the covering language this is almost! equivalent to the question
of approximating the covering number of an O (1)-coverable NAE instance. We next study

this question in relation to the hardness of random CSP instances.

Tt is not exactly equivalent since the NAE formulation allows negations of variables whereas the coloring
formulation does not.
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In a seminal paper, Feige [5] studies the relation between hardness of random instances
of 3SAT and the hardness of approximation problems, including some notorious problems
for which neither algorithms nor hardness are known. In that paper he states a hypothesis
about no polynomial time algorithm being able to distinguish between a random 3SAT and

a satisfiable one. More accurately,

Hypothesis 8.1 (Feige’s Hypothesis 1 [5]). There is no polynomial time algorithm that
outputs typical for most 3CNF-CSP instances with n variables and m = A -n clauses, and
never outputs typical on a satisfiable instance; even when A is an arbitrarily large constant

independent of n.

We formulate an analogous hypothesis about the hardness of distinguishing between
random and 2-coverable 4LIN-CSP instances (Hypothesis 8.2, which is a restatement of Hy-
pothesis 5), and a weaker hypothesis about ¢-CSP instances for some predicate ¢ (Hypothe-
sis 8.3). We prove that both of these hypotheses imply the hardness of approximate coloring
of hypergraphs. We show a direct connection between the density A in the hypothesis and
the inapproximability factor in the result. When our 4LIN hypothesis is pushed to extreme,

it implies hardness of approximate coloring to within polynomial factors.

Hypothesis 8.2 (Covering 4LIN Hypothesis, with density parameter A). There is
no polynomial time algorithm that outputs typical for most 4LIN-CSP instances with n

variables and m = A - n clauses, and never outputs typical for a 2-coverable instance.

The following hypothesis is about a general predicate and is weaker than the former

hypothesis since it is implied by it.

Hypothesis 8.3 (Covering ¢ Hypothesis, with density parameter A). There are some
universal constants t,c € N and a predicate o - {£1} — {£1} such that no polynomial time
algorithm outputs typical for most o-CSP instances with n variables and m = A-n clauses,

and never outputs typical for a c-coverable p-CSP instance.
Our main theorem of this section is Theorem 8.4 (generalized restatement of Theorem 6):

Theorem 8.4. If Hypothesis 8.3 holds with parameters c,t and density A such that ¢ < log A
then it is hard to distinguish if a given t-uniform hypergraph is 2°-colorable or A®V) colorable.

In particular, Hypothesis 8.2 with density parameter A = n° for some positive § > 0
implies that it s hard to decide if a 4-uniform hypergraph is 4-colorable or requires at least

a polynomial number of colors.

We first show that the covering number of a random ¢-CSP is proportional to its log-
density, as long as ¢ ¢ O. (Recall that for any ¢ € O, the covering number of any ¢-CSP

is at most 2).
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Claim 8.5. Let ¢ ¢ O and let C be a random instance of p-CSP, with n variables and
m = A -n constraints. Then v (C) > Q (log A), except with probability exponentially small

mn.

Proof Let us first assume that ¢ is the NAE predicate on ¢ variables and that all occurrences
of ¢ are unsigned, i.e., without negations of variables. Fix an CSP instance C, and let
Ly,..., Ly € {£1}" be any set of k € N assignments for C. It is not hard to see that there
must be a subset S C [n], such that each assignment L,, ¢ € [k], is constant on S (either all
1s or all —1s), and such that |S| > n-27%. The reason is that each of the assignments L,
partitions the n variables into two sets: Variables that are assigned the value 1, and variable
that are assigned the value —1.

If the given instance C has a constraint fully contained in S then L, ..., L; do not cover
it. The probability that a randomly chosen constraint is contained in a set of size n - 27% is

27kt wwhere t is the arity of the constraint. The probability that out of m constraints of C

(1 _ 2—kt)m R exp (;—Zl) ,

and if we multiply this by the number 2" of possibilities to choose k assignments and using

none landed inside S is

a union bound we get

Pr{v (1) < K] < exp (;—ZL) L2k — exp (—n- (% —k:)) .

Clearly if A > 22* then % — k > 1 which causes the above probability to be exponentially
small. In our case t is fixed, and so this proves that v (C) > €2 (log A) with high probability.

It remains to justify the assumption that ¢ is the NAE predicate. This simply follows
from the fact that for every ¢ ¢ O there is some signed-NAE predicate that contains it,
see Claim 2.2. The unsigned assumption means that we’ve proven that even covering the
unsigned part of the instance is already hard, assuming that there are many unsigned con-
straints. But this is indeed the case as the number of unsigned constraints is expected to be
m- 27t [

The proof of Theorem 8.4 now follows.

Proof of Theorem 8.4 Assume Hypothesis 8.3 with density parameter A, and let ¢,t € N
and ¢ : {£1}" — {#1} be such that no algorithm can decide if a given p-CSP instance C is
random or whether v (C) < ¢. We can assume that ¢ ¢ O otherwise the hypothesis is clearly
false since v (C) < 2 for all p-CSP instances C.
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We reduce the problem of deciding if a given p-CSP instance is random or has covering
number at most ¢, to the problem of deciding if a given hypergraph has chromatic number
at least A% or at most 2°.

Let C be a given ¢-CSP instance. By Claim 2.2 there is some sign o = (0y,...,04) €
{1}’ such that the support of ¢ (o121, . . ., 0,2) is contained in the support of NAE (z1, ..., 2;).
Let C" C C be the sub-instance of C consisting only of the clauses that occur with the sign o.
In other words, recall that each clause is obtained by applying ¢ to t literals. We denote
by C’ the subset of C containing clauses of the form ¢ (012, ..., 0,x;,), where iy, ..., € [n].
If C is a random p-CSP instance, C’ is expected to have density 27 in C.

We construct a t-uniform hypergraph H over the vertex set [n| by turning each variable
into a vertex and each constraint in C’ into a hyperedge. We prove that if v (C) = ¢ then H
is 2¢-colorable, and if C is random, then when viewing H as a NAE-CSP instance it holds
that v (H) > Q (log A) with high probability.

Suppose v (C) < ¢, and let Ly,..., L. : [n] — {£1} be ¢ covering assignments. We can
color the vertices of this hypergraph by 2¢ colors by assigning each vertex v € [n] the color
(Ly (v),..., L. (v)) € {£1}°. No hyperedge {v1,...,v,} € H is monochromatic since that
would mean that

Viele, Lij(v)=--=L;i(v).

But this means that all ¢ assignments violate the NAE constraint on {vy,...,v;}, and there-
fore also violate the ¢ constraint (with sign o) on {vq,...,v:}.
If, on the other hand, C is a random instance, then H is just a random hypergraph, and

by Claim 8.5 its covering number is at least 2 (log A). [ |

8.1 Discussion of our Hypotheses

Our hypothesis 8.3 differs from Feige’s on two counts. First, the choice of predicate in our
hypothesis is not a 3CNF. Our hypothesis would clearly be false for 3CNF simply because it is
in O and easily coverable by two assignments. It seems to us that there is nothing particularly
special about 3CNF and that Feige’s hypothesis, if true, should be true with many other
predicates, including ones that are not in . Unfortunately, there are virtually? no direct
reductions between random instances of one predicate to another. If Feige’s hypothesis were
to hold for any predicate ¢ ¢ O it would immediately imply our hypothesis for the same A,
and with ¢ = 1.

Whether or not these hypotheses are true for higher values of A is less clear. Feige only

relies on arbitrarily large constants A, and does hypothesize about larger-density formulas.

2Excluding ’trivial’ cases in which one predicate is contained in another predicate.
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The current state-of-the-art algorithms are able to refute random 3CNF formulas only if the
density is at least A > n%5 [6], so even the strongest form of our Hypothesis 8.2 is consistent
with the current knowledge.

Finally, we note that our NP-hardness result for approximating the cover number of
4LIN (Theorem 1) can be taken as some evidence supporting our hypotheses. First, if our
hypothesis were true then one would expect such an N'P-hardness result to hold. Second,
this shows at the very least that if P # NP we don’t expect any of the known algorithmic
techniques (essentially, SDPs) to refute the hypotheses.
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