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Testing Assignments of Boolean CSPs

Arnab Bhattacharyya* Yuichi Yoshidal

Abstract

Given an instance Z of a CSP, a tester for Z distinguishes assignments satisfying Z from
those which are far from any assignment satisfying Z. The efficiency of a tester is measured
by its query complexity, the number of variable assignments queried by the algorithm. In this
paper, we characterize the hardness of testing Boolean CSPs according to the relations used
to form constraints. In terms of computational complexity, we show that if a Boolean CSP
is sublinear-query testable (resp., not sublinear-query testable), then the CSP is in NL (resp.,
P-complete, GL-complete or NP-complete) and that if a sublinear-query testable Boolean CSP
is constant-query testable (resp., not constant-query testable), then counting the number of
solutions of the CSP is in P (resp., #P-complete). The classification is done by showing an 2(n)
lower bound for testing Horn 3-SAT and investigating Post’s lattice, the inclusion structure of
Boolean algebras associated with CSPs.

1 Introduction

In property testing, we want to decide whether an instance satisfies some particular property or is
far from the property. More specifically, an algorithm is called an e-tester for a property if, given
an instance, it accepts with probability at least 2/3 if the instance satisfies the property, and it
rejects with probability at least 2/3 if the instance is e-far from the property. Here, an instance is
called e-far from a property if we must modify an e-fraction of the instance to make it satisfy the
property. The concept of property testing was introduced in [23] and extended to a combinatorial
setting in [14]. Since then, many problems have been revealed to be testable in constant time, that
is, independent of input size. See [13, 21, 22| for surveys to overview this area.

In constraint satisfaction problems (CSPs), we are given a set of variables and a set of constraints
imposed on variables. The objective is to find an assignment that satisfies all the constraints. De-
pending on the relations used to make constraints, CSPs coincide with many fundamental problems
such as SAT, graph coloring and linear equation systems. Of course, every Boolean property of
n-bit strings can be characterized as the property of satisfying some Boolean CSP on n variables.

In this paper, we are concerned with testing whether a given assignment satisfies a particular
CSP instance. That is, for a known instance Z of a CSP, we want to distinguish assignments
which satisfy Z from those which are e-far from satisfying Z. In this context, an assignment «
on n variables is said to be e-far from satisfying Z if « differs on at least en variables from any
assignment that satisfies 7.

The efficiency of a tester for CSP assignments is measured by its query complexity, that is,
the number of variable assignments queried by the testing algorithm. We investigate the following
question:
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Is the query complexity of testing assignments characterized by the structure of the
constraints used to form the CSP instance?

In what follows, instead of saying testing assignments for a CSP instance Z, we usually simply say
testing Z. By query complexity of a class C of CSPs, we mean the worst case query complexity,
over all CSP instances 7 in C, of testing Z.

Testing Boolean CSPs has been already studied. For example, in [2], it was shown that testing
3-LIN and 3-SAT require §2(n) queries, where n is the number of variables. Note that although
3-LIN is in P while 3-SAT is a classic NP-complete problem, they behave similarly in terms of query
complexity. Using a universal algebraic argument, now a basic tool to study CSPs [5, 15], Yoshida
showed that testing any NP-complete Boolean! CSP requires Q(n) queries [25].

Due to the seminal result by Schaefer [24], the satisfiability of a Boolean CSP is polynomial-time
solvable if and only if it is (equivalent to) either one of a 0-valid CSP, a 1-valid CSP, 2-SAT, Horn
SAT, Dual Horn SAT, or system of linear equations (see Section 2 for definitions). Since testing any
NP-complete Boolean CSP requires Q(n) queries by [25], it is natural to ask which polynomial-time
solvable CSPs are testable with a sublinear number of queries. The difficulty of testing a 0-valid or
1-valid CSP is determined by the CSP after making it non 0-valid and 1-valid somehow. Also, [12]
showed that monotonicity of a function over a poset is testable with O(y/n) queries, and this result
implies that 2-SAT is testable with O(y/n) queries. Thus, prior to this work, the only remaining
Boolean CSPs whose query complexity to test was unknown were Horn SAT and Dual Horn SAT.

Our Results. The first contribution of this paper is giving an Q(n) lower bound for testing Horn
k-SAT for k > 3. Here, Horn k-SAT is a special case of Horn SAT, in which each constraint has
arity at most k. (If k = 2, then Horn k-SAT becomes testable with O(y/n) queries since it becomes
a special case of 2-SAT.) The proof is via an interesting reduction from testing 3-LIN, which uses
the fact that the hard instances of 3-LIN in [2] have expanders as their underlying graph.

The second and main contribution of this paper is a classification of Boolean CSPs with respect
to their query complexity. Let A = (A;T") be a pair of a domain and a set of relations (called a
relational structure), and let CSP(A) denote the CSP that can use relations in I' to make con-
straints. Then, for Boolean structures A, we give necessary and sufficient conditions on A for each
of the following three cases: (i) CSP(A) is constant-query testable, (ii) CSP(.A) is sublinear-query
testable but not constant-query testable, and (iii) CSP(.A) is not sublinear-query testable.

Let A" = (A;T7), where I" is any set of relations that can be made from I' by using existen-
tial quantifiers, conjunctions and equality relations. It is known that CSP(A’) has a log-space
reduction [6, 15] to CSP(A) [5, 15]. Similarly, it is known that we can test CSP(A") with query
complexity that almost matches the one for testing CSP(A) [25]. A useful tool to study CSP(.A’)
for A" made this way is universal algebra, and we can associate an “algebra” for each such A’
(see Section 4 for details). Algebras on Boolean domain are already completely identified, and its
inclusion structure is known as Post’s lattice [20] (see Figure 1 and Table B). Since the missing
piece in Boolean CSPs was Horn SAT and we now have a linear lower bound, we can investigate
each algebra in Post’s lattice and give a complete classification.

We can summarize our classification using its connection to computational complexity.

Theorem 1.1. If a Boolean CSP is sublinear-query testable (resp., not sublinear-query testable),
then the CSP is in NL (resp., P-complete, @®L-complete or NP-complete). If a sublinear-query
testable Boolean CSP is constant-query testable (resp., not constant-query testable), then counting
the number of solutions of the CSP is in P (resp., #P-complete).

n fact, [25] also implies the same result for non-Boolean CSP’s if the Dichotomy Conjecture is true.



We actually give upper and lower bounds on the query complexity for each algebra in Post’s
lattice. The connection to computational complexity is coincidentally obtained by combining our
results and [1, 8], which studied computational complexities of algebras in Post’s lattice.

The work most relevant to this paper is [25], which studied the query complexity to test List H-
homomorphism. For two graphs G and H, a function f : V(G) — V(H) is called a homomorphism
from G to H if (f(u), f(v)) € E(H) whenever (u,v) € E(G). Testing List H-homomorphism is a
problem, in which given a graph G, a list constraint L : V(G) — 2V(H) “and a function f, we want
to test whether f is a homomorphism from G to H and f(v) € L(v) for each v € V(G). Testing List
H-homomorphism is a special case of testing CSPs. Similarly to our classification, [25] showed the
following. List H-homomorphism is sublinear-query testable (resp., not testable) if it is in NL (resp.,
P-complete, @L-complete, or NP-complete). If sublinear-query testable List H-homomorphism is
constant-query testable (resp., not testable), then counting the number of solutions is in P (resp.,
#P-complete).

Lower bounds in [25] are shown for the problem where e-farness is measured with respect to an
arbitrary distribution of variables. Since our proof is based on [25], our lower bounds in Theorem 1.1
hold only when arbitrary distributions are allowed. However, we note that our linear lower bound
for Horn 3-SAT holds even if the distribution is uniform.

Though testing Horn k-SAT requires 2(n) queries in general, it is interesting to see whether
we can break the barrier in a restricted setting. In this direction, we show that Horn k-SAT is
testable with O(y/n/e - (k + logn)) queries when all variables are assigned equal weight and the
underlying graph is a tree. That is, any variable can appear at most once as a positive literal (see
Section A for details). Our algorithm is obtained by extending the “pairing” argument used to
analyze monotonicity testing [9, 12, 17].

We remark that the problem of testing CSP assignments belongs to the massively parametrized
model (see, e.g., [7, 11, 18]), where the tester is given free access to part of the input and oracle
access to the rest. Here, a CSP instances Z corresponds to the former one and an assignment f
corresponds to the latter one.

Organization. In Section 2, we introduce definitions used throughout the paper. Section 3 is
devoted to the linear lower bound for testing Horn k-SAT where k£ > 3. In Section 4, we classify
Boolean relational structures A with respect to the query complexity to test CSP(A). The proof
of Theorem 1.1 is in Section 4.4. The algorithm for uniformly weighted tree Horn k-SAT instances
with query complexity O(+/n/ec - (k +logn)) appears in Appendix A.

2 Preliminaries

For an integer k > 1, a k-ary relation on a domain A is a subset of A¥. A constraint language on
a domain A is a finite set of relations on A. A (finite) relational structure, or simply a structure
A = (A;T) consists of a non-empty set A, called the domain, and a constraint language I on A.
For a structure A = (A;T), we define the problem CSP(A) as follows. An instance Z = (V,C)
consists of a set of variables V' and a set of constraints C. Here, each constraint C € C is of the
form (v1,...,vg; R), where vy,..., vy € V are variables, R is a relation in 4 and k is the arity of
R. Then, the objective is to find an assignment f : V' — A that satisfies all the constraints, that
is (f(v1),..., f(vg)) € R for every constraint C' = (vy,...,vx; R) € C. Throughout this paper, we
study Boolean CSPs, and so, A is fixed to be {0, 1}. So, we often write CSP(I") instead of CSP(.A).
Let us formally define the CSPs that most concern us here.



— k-LIN corresponds to CSP(I'pin) where I'nin = {Ro, R1}, Ro = {(z1,...,2k) | 1+ 42 =0
(mod 2)} and Ry = {(z1,...,2%) |1+ -+ 2, =1 (mod 2)}.

— Ek-SAT corresponds to CSP(I'sar) where I'sar = {Ry | ¢ € {0,1}*}, Ry = {0, 1}%\ {¢}.

— Horn k-SAT corresponds to CSP(I'gorn) where I'homn = {U, Ryx, Rix—1p}, U = {1} and Ry,
R k-1, as above. Dual Horn k-SAT corresponds to CSP(I'pyaitiorn) where I'puaitiorn = {Z, Rk,
Ryr-1,}, Z = {0}, and Ry, Ryx-1, as above.

— A CSP is said to be 0-valid if for every instance Z of the CSP, the all-zero assignment satisfies
7. Similarly, a CSP is said to be 1-valid if the all-ones assignment satisfies every instance.

As we will describe in Section 4, there is an explicitly known collection P of CSPs, such that any
Boolean CSP(T") is log-space reducible to a CSP in P.

Let Z = (V,C) be a CSP instance and w : V' — R be a weight function satisfying > .\ w(v) = 1.
For two assignments f, f’ : V — {0, 1}, we define distw (f, f') = Pr,[f(v) # f'(v)], where v is chosen
according to the probability distribution given by w. We define distz w(f) as the distance of f
from satisfying assignments, that is distzw(f) = minp distw(f, f'), where f’ is over satisfying
assignments of Z. We say that f is e-far from satisfying assignments if distz w (f) > e. If w is the
uniform distribution, then we often omit w in the notation.

An algorithm is called an (e,1n4,n_)-tester for a property P if it accepts an input with prob-
ability at least 1 — n4 when it satisfies P, and it rejects an input with probability at least 1 — n_
when it is e-far from P. An (e,1/3,1/3)-tester is simply referred to as an e-tester. (As long as
Ne, = < %, an (e,m4,7n-)-tester can be converted into an e-tester by repeating the original tester
a constant number of times and taking the majority decision.)

We always use the symbol n (resp., m) to denote the number of variables (resp., constraints) in
the instance we are concerned with. For a CSP instance Z and weight function w, an algorithm is
called an e-tester for 7 if, given an assignment f for Z, it e-tests whether f is a satisfying assignment
of 7, where farness is measured using the distance function distz w(-). Given a structure A, we say
that CSP(A) is testable with query complezity q(n, m,e) if for every instance Z in CSP(A) and for
every weight function w, there is an e-tester for Z making q(n, m,€) queries.

3 Linear Lower Bound for Horn 3-SAT

In this section, we prove the following theorem.

Theorem 3.1. There exist constants £,0,n € (0,1) such that for all large enough n, there is a Horn
3-SAT formula Tyorn on n variables and O(n) constraints such that any adaptive (&,m4,n—)-test for
Tiorn Mmakes at least dn queries if ny +n— < n.

Thus, we obtain a linear lower bound for e-testers as well. Note that Theorem 3.1 also implies
a linear lower bound for e-testing Dual Horn 3-SAT. We can simply negate each literal in the hard
Horn 3-SAT formula to obtain the hard Dual Horn 3-SAT formula.

The proof of Theorem 3.1 is by a reduction from 3-LIN which is known to require €2(n) queries.
We first revisit the construction of the hard 3-LIN instance Z;jn. Then, we show how to reduce to
Horn 3-SAT using the structure of Zpn.



3.1 Construction of hard 3-LIN instance

In [2], Ben-Sasson, Harsha and Raskhodnikova constructed a 3-LIN instance Zpn such that any
two-sided adaptive tester for Zp N requires 2(n) queries. The construction proceeded in two steps.

The first step shows the existence of hard k-LIN formulae for sufficiently large k. Call a bipartite
multigraph G = (L, R, E) (¢, k)-regular if the degree of every left vertex u € L is ¢ and the degree
of every right vertex v € R is k. Every (c, k)-regular graph G describes a k-LIN formula ¢ (G): for
every right vertex v € R, 1(G) contains a constraint }, c n(,) 2u = 0 (mod 2) where N(v) is the
set of neighbors of v. A random (c, k)-reqular LDPC' code of length n is obtained by taking ¢ (G)
for a random (c, k)-regular graph G with n left vertices. The following was shown in [2]:

Theorem 3.2 (Theorem 3.7 of [2]). For any odd integer ¢ = 7 and for u,e,0,k > 0 satisfying:

1 2uc? 1
< —; § < pb k> ——0; S T3
FS 100e2 . (e —02 S 100k
and for sufficiently large n, it is the case that with high probability for a random (c, k)-regular
LDPC code ¥(G) of length n, every adaptive (e,n4,n-)-test for (G) makes at least dn queries, if

Ny +n-<1-—2p.

An important fact about random (¢, k)-regular graphs that was used in the proof of Theorem
3.2 and will be useful to us is:

Lemma 3.3 (Lemma 6.3 of [2]). For all integers ¢ > 7, k > 2, and sufficiently large n, a random
(¢, k)-regular graph G = (L, R, E) with n left vertices has the following property with high probability:
for every nonempty subset S C L of left vertices such that |S| < there exists a right vertex
v € R such that v has exactly one neighbor in S.

_n__
100k2

In the second step, testing satisfiability of k-LIN instances is reduced to testing satisfiability of
3-LIN instances. This is done by repeating [log(k —2)] times a reduction R from k-LIN instances 1)
to ([k/2] + 1)-LIN instances R (). If ¢ is a k-LIN instance with n variables and m linear constraints
Ay, ..., Ay, then R() is a ([k/2] 4 1)-LIN instance with n+m variables and 2m linear constraints
AVAY AL AL where if the constraint A; is 1 +x9+- - -+x = 0 (mod 2), then the constraints
Al and A/ are, respectively:

1‘1+"'+$(k/2]+zi:0 (mod 2) and x(k/2]+1+...+xk+2i:0 (mod 2)

with z; being a new variable.
The desired 3-LIN instance Zpy is constructed by applying the reduction R [log(k — 2)| many
times on a random (¢, k)-regular LDPC code 9(G) with the following parameters:

c="T; kE = 16¢%(100c¢%)%1

If G has ng left vertices and mg right vertices, then Zyn has n < (2¢+1)ng variables and m < 2kmy
constraints. The instance Zyn also has the following property, which is implicit in the proof of
Lemma 3.8 in [2] but which will be convenient for us to make explicit.

Lemma 3.4 (Unique neighbor property). Suppose Zrin, an instance of 3-LIN with n variables, is

constructed as described above. Then, with high probability, for every nonempty subset S of variables

such that |S| < ?,()(;LW’ there exists a constraint in Irin which involves exactly one variable of S.



Proof. Suppose 1 is a linear formula with n’ variables x1, ..., z,, and m/ linear constraints Ay, ..., A,
such that for every subset S of variables such that |S| < en’, there exists a constraint in v involving
exactly one variable of S. Then, we claim that also for R(t)), a linear formula on n’ + m' variables
XlyeenyTpry 21, -« Zms, it holds that for every nonempty subset T' of variables such that |T| < en/,
there exists a constraint in R(¢) involving exactly one variable of T.

This claim is enough to prove the lemma, because 711y is formed by composing R several times
on a random (c, k)-regular LDPC code ¥(G). If Zpn is on n variables, then ¢(G) is on at least

> 4o variables. For ¢(G), Lemma 3.3 shows that with high probability, if S is a subset of

2CT—L§—1
n/3¢ _ _n_ then there is a constraint in ¥(G) which involves exactly

variables of size at most 155z = 35052
one variable of S. The lemma immediately follows from the claim.

It remains to prove the claim. Let T be a subset of the n’ + m/ variables of R(1)) such that
|T| <en'. Let Ty = TN{x1,...,x,}, the subset of T which corresponds to variables in the original
formula . Of course, |Ty| < en’, and so, there must exist a constraint A; in ¢ containing exactly
one variable from Ty. In R(%), corresponding to A;, there are two constraints A, and A/. Call
Al the constraint which contains exactly one variable from 7. Then A does not involve any
variables from Tj. Now, there are two cases. If T' does not contain z;, then A/ contains exactly one
variable from T'. Else, if T' does contain z;, then A/ contains exactly one variable from T, z; itself.

Therefore, in either case, our claim is proved. O

Ben-Sasson et al. [2] further showed that the reduction R preserves the query complexity of the
instances. Without elaborating on their proof, we state their main result.

Theorem 3.5 (Theorem 3.1 of [2]). Suppose Iiin, an instance of 3-LIN with n variables and ©(n)
constraints, is constructed as described above. Then, there exist €,0,n € (0,1) such that with high
probability over the construction of Iiin, any adaptive (e,m4,n—)-test for Irin makes at least dn
queries, if Ny +n— < n. In particular, there exists a 3-LIN formula on n variables which requires
Q(n) queries for testing satisfiability.

3.2 Reduction to Horn 3-SAT

Let Zy,;ny on n variables be defined as above. We now construct an instance of Horn 3-SAT, Zyorn,
in the following way. For each variable z; in 711N, we have two variables v; and vg in ZyN. For
each linear constraint z; + ; + x; = 0 (mod 2) in Zy 1y, we have 12 Horn constraints in Zyorn:

Ui/\Uj—>U;€ Ui/\Uk—>U§- vj/\vk—m);
vg/\vj—m)k vé/\vk—m}j v}/\vk—ﬂ)i
viA09—>Uk vi/\v;€—>vj vj/\v§€—>vi
fug/\v;-—HJ}C vé/\v%—)vg v}/\vé—)vg

Given an assignment fiin for Zyn, let the assignment fiyorm for Zyorm be defined as: Vi € [n], fiorm(vi) =
Jun (i), fiorn (V) = frin(a;)

Lemma 3.6. There exists € > 0 such that for large enough n:

(a) If fLin satisfies Zrin, then from also satisfies Tiorm.-

(b) If fuin is e-far from satisfying Tiin, then fuorn s also e-far from satisfying Tyom-



Proof. The first part is immediate. It is easy to check that if fiin satisfies a constraint in Zyn,
then fom also satisfies the corresponding constraint in Zyyopy.

To see part (b), assume it is false so that frin is e-far from satisfying Zrnv but from is e-close
to a satisfying assignment ggom for Zpom. Let S = {z; | i € [n] such that grom (vi) = gHom (v])}-
Clearly, |S| < 2en, since fiom (Vi) # from(v]) for every i.

Also, we can prove S # (). Suppose otherwise. Then, define an assignment gpn for Zpn as:
gLIN(%i) = gHorn (Vi) for every i € [n]. grin is e-close to frin. We now show that grin satisfies Zyn,
and so frin is e-close to Zpn, a contradiction. Consider a constraint z; + z; + 2 = 0 (mod 2)
in Zrin. We know that grom(vi) = grin(z;) and, since |S| = 0, grom(v)) = grin(zi). Since grormn
satisfies Zygorn, the following constraints must be true:

— JLIN(Zk

gLiN(z;) A gLin(x; (
JLIN — gLIN(
(
(

(i) (
guiN(xi) A gLin(
guin(xi) A gLiN(
gLiN(z;) A gLiN(z;

Zj Tk
— gLIN(Zk

— JLIN(Zk

Lj

~—_— — ~— —

)
)
)
)

It is now easy to check that these constraints hold iff grin(zi) + grin(z;) + guin(zk) = 0 (mod 2).

Therefore, 0 < |S| < 2en. If € is sufficiently small, Lemma 3.4 shows that there must exist
a constraint in Zyn that contains exactly one variable of S. On the other hand, we now show
that any constraint in Zpn containing one variable in S must contain at least one other variable
in S, thus causing a contradiction and finishing the proof. Consider a constraint z; + z; +x =0
(mod 2) in Zyjn, and suppose x; € S. There are two cases.

— Suppose grorn (Vi) = gHor (v;) = 1. Since gpom is a satisfying assignment, it must be:

9Horn (V) — gHorm (v),) 9Horn (Vk) = GHorn (V)
9Horn (V) = gHorn (Vk) 9Horn (V&) = gHorn (Vj)
9Horn (V}) = gHorn (Vk) GHorn (V) = GHorn (V)
9Horn(V;) = gHom (V),) 9Horn (V);) = GHorn (V)

S0, gHor (v5) = gHom(v;) = gHorn (Vk) = 9Horn(v},), and therefore, z;, ) € S.

— Suppose grorn (Vi) = gHorn(v)) = 0. Then, the first eight Horn constraints corresponding to
x; + xj + 3, = 0 are vacuously satisfied. The remaining four are satisfied exactly when

GHorn(
(
(
(vj

JHorn

are all false. This can only hold when gHorn (v;) = gHorn (vé) = 0 or gHorn (Vk) = gHorn(v},) = 0.
Thus, either x; or zj, is in S.

O

Theorem 3.1 now immediately follows from Theorem 3.5.



4 Classification of Boolean CSPs

In this section, we classify (finite) Boolean structures A into three categories with respect to the
query complexity for testing CSP(.A). Namely, we give necessary and sufficient conditions for each
of the following three cases: (i) CSP(A) is constant-query testable, (ii) CSP(.A) is sublinear-query
testable but not constant-query testable, and (iii) CSP(.A) is not sublinear-query testable.

4.1 Universal Algebra Preliminaries

An n-ary operation on a set A is a map from A™ to A. An n-ary operation f on A preserves the
k-ary relation R on A (equivalently, we say that R is invariant under f) if the following holds:
given any matrix M of size k x n whose columns are in R, applying f to the rows of M will produce
a k-tuple in R. For instance, one can check that every binary Boolean relation is preserved by the
ternary majority operation and that the ternary Boolean relation A y — z is preserved by the
binary AND operation.

Given a constraint language I', let Pol(I') denote the set of all operations that preserve all
relations in I'. It’s known [15] that if for two constraint languages I'1, I'y, we have Pol(I';) = Pol(I'y),
the computational complexity of CSP(I'1) and CSP(I'y) are equal (upto log-space reducibility), and
as we will soon see, their query complexities are roughly equal also. Hence, we can together study
the complexity of all CSP(I") such that Pol(I') equals some particular F'.

To this end, given a constraint language I", define Alg(I") to be the algebra (A;Pol(I")), where
the domain A of the algebra in our case is fixed to be {0,1}. It can be easily seen that for any
I, Pol(T") forms a clone, i.e., a set of operations closed under compositions and containing all the
projections (operations of the form f(xi,...,zx) = x;). Also, in fact, the converse is true: every
clone can be characterized as Pol(I') for some set of relations I' [19]. Hence, it suffices to only
consider algebras (A4; F'), where F' is a clone.

Remarkably, it turns out that there is an explicit description [20] of the countably many Boolean
clones. When ordered by inclusion, they form a lattice known as Post’s lattice, shown in Figure 1
and Table B with standard notation for the operations. In the rest of this section, we will settle
the query complexity for the CSPs associated to each clone in Post’s lattice.

In Section 4.2, we review known upper and lower bounds. In Section 4.3, we give a classification
of A assuming that A is neither 0-valid nor 1-valid. We deal with structures that are 0-valid or
1-valid in Section 4.4.

4.2 Known results

For an algebra A = (A; F'), we say CSP(A) is testable with q(n,m,e) queries if, for any constraint
language I satisfying Pol(I') = F', CSP(T) is testable with g(n, m,e) queries. The following lemma
states that essentially Pol(T") decides the query complexity for testing CSP(T).

Lemma 4.1 ([25]). Given constraint language I', suppose CSP (L") is testable with g(n, m, ) queries.

— If I is a constraint language such that Pol(I') D Pol(T'), then CSP(I”) is testable with
O(Ye) + q(O(n +m),0(m),0(e)) queries.

— CSP(Alg(T")) is testable with O(1/e) + q¢(O(n +m),0(m),O(e)) queries.

A k-ary operation f(x1,...,z) is called a near-unanimity if f(y,x,...,z) = f(z,y,x,...,x) =
- = f(z,...,x,y) = x for any x,y. A 3-ary near-unanimity operation is called a majority.
In [25], it is shown that CSP(A) is testable with O(y/n) queries if A contains a majority as its term



operation. The argument can be generalized to near-unanimity operations, and thus we have the
following. (We give a proof in Appendix B for completeness.)

Lemma 4.2. Let A be an algebra containing a (k+1)-ary near-unanimity operation. Then, CSP(A)
is testable with O(nl_%) queries.

Ben-Sasson et al. [2] showed a linear lower bound for 3-LIN.

Corollary 4.3. For R = {(z,y,2) | « +y+ 2z = 0 (mod 2)}, testing CSP({R}) requires Q(n)
queries even when m = O(n).

Also, we have the following sublinear lower bound for CSPs related to monotonicity of functions.

Lemma 4.4 ([12]). Testing CSP({—1}), CSP({V}) and CSP({A}) requires Q (log’ﬁ)gn) queries even

when m = npltO(/lezlosn)

4.3 Classification of structures that are neither 0-valid nor 1-valid

The goal of this section is showing the following classification. We use below standard notation for
the clones in Post’s lattice; see Table B for their definitions.

Theorem 4.5. Let A= ({0,1};T") be a structure that is neither 0-valid nor 1-valid.
— If Pol(I") € {D1, D, Ry}, then CSP(A) is testable with O(1) queries.

— If Soo € Pol(T') C S3,,S10 € Pol(I') C S%, or Pol(T') € {Da, My}, then testing CSP(A)
requires 2(logn/loglogn) queries and is testable with o(n) queries. The lower bound holds even
when m = nltO(/lealosn)

— If Pol(I') € {I2, N2, E2, Vo, Lo, L3}, then testing CSP(A) requires Q(n) queries. The lower
bound holds even when m = O(n).

If A is neither 0-valid nor 1-valid, then Pol(I') does not contain constant relations. Thus,
Theorem 4.5 covers all cases (Figure 1). Lemmas 4.6, 4.7, 4.8 and 4.9 below imply Theorem 4.5.

Lemma 4.6. If Pol(T') € {D1, D, Ry}, then CSP(T) is testable with O(1) queries.

Proof. For R =x A (y® z), we have Pol({R}) = D;. Thus from Lemma 4.1, it suffices to show that
CSP({R}) is testable with O(1) queries. However, the problem is just 2-Colorability plus constant
relations, and the problem is known to be testable with O(1) queries (see Lemma 3.8 of [25]). O

Lemma 4.7. If a constraint language T' satisfies Sog C Pol(I') C SZ,, 510 C Pol(I') C S%, or
Pol(T') € {Dy, M}, then we can test CSP(I") with o(n) queries.

Proof. 1f Pol(I') € {Dy, Ms}, the algebra contains a majority operation, and then, Lemma 4.2
shows O(y/n) query complexity. Otherwise, Pol(I') € {Sk,, Sk, S&,, S, } for some finite k > 2 since
we assume that each relation in I" has finite arity. In any case, Pol(I") contains the (k4 1)-ary near-
unanimity operation hy. Thus, we can test CSP(T') with O(n'~/*) queries from Lemma 4.2. [

Lemma 4.8. If a constraint language T satisfies Spo C Pol(T') € S3,,S10 C Pol(T') C S%, or

Pol(I") € {Da, Ms}, then testing CSP(I') requires Q(log’ign) queries.




Proof. Suppose Pol(I') = Ms, and assume that we can test CSP(I") with o(log’ign) queries. Since
log(n+m)

the relation (—) is invariant under M3, we have a tester for CSP({—}) with o(F5 17

) queries

from Lemma 4.1. However, we have a lower bound of Q(lolgﬁ) gn) even when m = plTO(/loglogn)
from Lemma 4.4, contradiction.
We have the same lower bound for the cases Pol(I') = S2, and Pol(I') = S%,. Note that the

relations (V) and (A) are invariant under any operation in Sg, and S%,, respectively. Thus, we have
1

lower bounds of Q(logﬁ)gn) for testing CSP({V}) and CSP({A}) even when m = 1 TOgioen) from

Lemma 4.4. The same lower bound hold also for other cases from Lemma 4.1. OJ

Lemma 4.9. If a constraint language T satisfies Pol(I') € {Ia, Na, E2, Va, Lo, L3}, then testing
CSP(T") requires Q(n) queries.

Proof. Note that algebras corresponding to Horn 3-SAT and Dual Horn 3-SAT are F, and V5,
respectively. Since we have Q(n) lower bounds for these CSPs even when m = O(n), we have the
desired lower bound also for the case Pol(I') = F5 and Pol(I') = V5. From Lemma 4.1, the same
lower bounds hold also for I5.

Suppose that Pol(I') = Lo, and we can test CSP(I') with o(n) queries. We note that R =
{(z,y,2) | z+y+2=0 (mod 2)} in Lemma 4.3 satisfies Pol({R}) = L. Then from Lemma 4.1,
we have a tester for CSP({R}) with o(n + m) queries. However, we have a lower bound of Q(n)
even when m = O(n) from Corollary 4.3, contradiction.

To show the lower bound for L3, we reduce from testing CSP({R}). Consider an instance
Z of CSP({R}) on variables {z1,z2,...,2,} and a weight function w. Let R’ = {(z,y,z,w) :
r+y+z+w=1 (mod 2)}. Note that Pol({R'}) = Ls. We reduce testing Z with respect to w to
testing an instance Z’' of CSP({R'}) with respect to a different weight function w’. The instance 7’
is defined on the variable set {¢,z1,x2,...,z,} as follows: for each equation 1 + x2 + x3 = 1in Z,
the equation x; +xg + 23+t = 1 is contained in Z'. The weight function w’ is set to be w'(t) = 1/2
and w'(z;) = w(=:)/2 for all i € [n]. Given an assignment f for Z, consider the following assignment
f for Z': f'(t) = 0 and f'(x;) = f(a;) for all i € [n]. Clearly, if f satisfies Z, then f’ satisfies Z'.
On the other hand, for ¢ < 1/2, if f is e-far from Z with respect to w, then f’ is e/2-far from 7’
with respect to w’. (To see this, just note that if f is £/2-close to a satisfying assignment ¢’, then
g'(t) = 0 because of the weight on ¢.) This gives a reduction from testing CSP({R}) to testing
CSP({R'}), and so, CSP({R'}) requires (n) queries even if m = O(n). By the same argument as
in the previous paragraph, Lemma 4.1 then implies a lower bound of (n) for testing CSP(I") for
every I' such that Pol(I') = Ls. Additionally, Lemma 4.1 shows that the same lower bound holds
also for Ns. O

4.4 Classification of all structures

In this section, we examine how adding equality and constant relations affect the query complexity
of CSPs. Since adding such relations make a Boolean structure neither 0-valid nor 1-valid, we can
use the results of the previous section to classify the query complexity of all Boolean CSPs.

Theorem 4.10. Given a constraint language I', suppose I is obtained from T" by adding the equality
relation and constant relations.

— If Pol(I") € {D1, D, Ra}, then CSP(T') is testable with O(1) queries.

— If Spo C Pol(T") C S2,,S10 C Pol(I’) C S%, or Pol(I') € {Ds, Ms}, then testing CSP(T)
requires Q(log’ign) queries and can be done with o(n) queries. The lower bound holds even
140

1
when m =n (loglog").
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— If Pol(I") € {Ia, N2, E2, Vo, Lo, L3}, then testing CSP(T') requires Q(n) queries. The lower
bound holds even when m = O(n).

Before we prove Theorem 4.10, let us indicate how it implies Theorem 1.1 in the introduction.

Proof of Theorem 1.1. The classification of sublinear-query testable CSPs in terms of complexity
of the decision problem follows directly from Theorem 4.10 and the main result of Allender et al.
[1]. The classification of constant-query testable CSPs in terms of counting complexity follows from
the result by Creignou and Hermann [8] that #CSP(I") is in P if all relations in I' are affine, and
otherwise, #CSP(I") is #P-complete. O

We now turn to the proof of Theorem 4.10. The following reduction is already implicitly used
in Section 3.

Definition 4.11. Given constraint languages I', T, a gap-preserving local reduction from CSP(I")
to CSP(T") exists if there are functions ti(n,m),ta(n, m) and constants c1, co satisfying the following:
given an instance ' = (V' ,C") of CSP(I"), a weight function w' and an assignment f' for T', there
exist an instance T = (V,C) of CSP(T'), a weight function w and an assignment f for T such that:

1Vt (V']L[C).
ICl < (V'] ICT).
if f' satisfies T, then f also satisfies T.

if distz w (f') > €, then distz w(f') > cie.

Gvo o

we can compute f(v) for any v € V by querying f' at most co times.

Lemma 4.12 ([25]). For constraint languages U',T", if there exists an e-tester for CSP(T') with
query complexity q(n,m,e) and a gap-preserving local reduction from CSP(I') to CSP(I'), then
there exists an e-tester for CSP(I) with query complexity O(q(t1(n,m),t2(n,m), O(e))).

To show Theorem 4.10, we need the following lemma that states that adding equality relations
and constant relations does not change much the difficulty of testing CSPs.

Lemma 4.13. Given a constraint language T, let TV be obtained from T by adding the equality
relation and constant relations. Assume that £ < 1/2.

— If CSP(I) is testable with q(n,m,e) queries, then CSP(T') is testable with q(n,m, ) queries.

— If CSP(T") is testable with q(n,m,e) queries, then CSP(I") is testable with O(1/¢) + q(O(n +
m),0(m),O(e)) queries.

Proof. The first claim is trivial. We turn to the second claim. Suppose that we can test CSP(I") with
q(n,m,e) queries. Let I'= be the language obtained from I' by adding equality constraints. Since
Pol(I'=) = Pol(I"), we can test CSP(I'=) with O(1/¢) 4+ ¢(O(n + m),O(m), O(¢e)) from Lemma 4.1.

Suppose that, given an instance Z' = (V/, ") of CSP(I), a weight function w’ and an assignment
f! for 7', we want to test whether f’ is a satisfying assignment or &’-far from satisfying assignments.
We create an instance Z = (V,C) of CSP(I'"), a weight function w and an assignment f for Z as
follows. We set V = V' U {zg, 21} and

f'w) ifveV’ 1-2"Yyw'(v) ifveV’
fy =70 | wo) = E
1 ifv=ua;, i€{0,1}, 5 if v=umxgorv=umx

11



Then, for each constraint of the form (v = 0) in C’, where v € V', we add a constraint of the form
(zo = v) in C. And similarly for each constraint (v = 1) in C’, we add a constraint (z; = v) in C.
Other constraints in C’ are just copied to C.

We check that the construction above is a gap-preserving local reductions from CSP(I”) to
CSP(I'=). It is easy to see that n = n’ +2,m = m/ and we can take c; = 1. Also, if f'is a
satisfying assignment, then f is also a satisfying assignment. B N
_ Let ¢ = £//2 and suppose f is e-close to a satisfying assignment f. Then, f(z¢) = 0 and
f(z1) = 1 since weights of zo and x; are larger than €. So, f[y+ must be a valid assignment for Z'.
It is easy to check that the distance between f’ and f|y in Z’ is at most /(1 — 2¢’) < &’ when &’
is sufficiently small. Thus, we can take ¢; as 1/2, and we can apply Lemma 4.12. O

Proof of Theorem 4.10. Tt is easy to see that upper bounds hold from Theorem 4.5 and the first
item of Lemma 4.13.

We now see the lower bounds. Suppose I satisfies the second condition and CSP(T") is testable
with o(=28"_) queries. Then, from the second item of Lemma 4.13, we can test CSP(I”) with

loglogn
o(kl)fgf;g?) queries as well. However, we have the lower bound of §2 <b1gol%) for testing CSP(I")
1
from Theorem 4.5 even when m = n' 70w logn), contradiction.

Suppose I satisfies the third condition and CSP(T) is testable with o(n) queries. Then, from the
second item of Lemma 4.13, we can test CSP(I") with o(n +m) queries as well. However, we have
the lower bound of ©(n) for testing CSP(I") from Theorem 4.5 even when m = n, contradiction. [

5 Conclusion

In this work, we characterized the Boolean CSPs that are testable in constant and sublinear queries,
according to their defining constraint language. Besides the obvious problem for non-Boolean CSPs,
here are two other interesting open questions:

— Can we classify the query complexity of testing Boolean CSPs, when the weight function is
fixed to be the uniform distribution? This question is of particular interest as the unweighted
Hamming distance is the most standard notion of distance.

— Can we classify the query complexity of testing conservative Boolean CSPs? In a conservative
CSP, the set of values for each individual variable can be restricted arbitrarily. Bulatov [4] ob-
tained a dichotomy theorem that characterized the conservative CSPs solvable in polynomial
time. As for query complexity, Yoshida [25] obtained a classification of constant-query and
sublinear-query testable List H-coloring problems, a particular subset of conservative CSPs.
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A Testing Horn SAT on Trees

Let G = (V, E) be a directed rooted tree. From the tree G, we can obtain an instance Z of Horn
k-SAT as follows. For every vertex v € V be a vertex and uyq,...,u, its children, Z contains a
constraint of the form (uj; A --- Augp — v). In this section, we show that any such instance Z of
Horn k-SAT is testable with O(y/n) queries with respect to the uniform weight function (w(i) = 1
for all i € [n)).

We introduce several definitions used in this section. Given Z = (V,C) an instance of Horn k-
SAT on a tree, let f be an assignment for Z. A constraint (u3 A---Aug — v) € C is called violating
if f(u;) = 1,Vi € [k] whereas f(v) = 0. Let C = (u; A--- Aug — v) be a violating constraint.
We define the upper violation u(C') of C as the set of ancestors w of v (including v) such that the
unique path between v and w contains vertices of value 0 only. We define the lower violation ¢(C')
of C as the set of descendants w of v such that the unique path between v and w contains vertices
of value 1 only. In particular, u(C') contains v, and ¢(C) contains uq, ..., ux. Also, note that u(C)
forms a path, and ¢(C) forms a set of trees whose roots are uy,...,u;. We define the wviolation
v(C) of C as u(C)U¥(C). Note that for two violating constraints C, C’, their violations intersect
only at their upper violations, that is, v(C) Nv(C") = u(C) Nu(C"). A vertex not contained in any
violation is called free.

Two violating constraints C and C” are said to be touching if some vertex in the upper violation
of C is adjacent to some vertex in the lower violation of C’. We define the wiolation closure of C
is the set of vertices obtained as follows: starting with the vertices in v(C), we add the vertices in
violations touching the current set of violations as long as possible.

We have the following useful fact.

Lemma A.1. Let S be a violation closure and u,v € S be vertices with f(u) =1, f(v) =0, and v
an ancestor of u in the tree. If we perform binary search along the unique path between u and v,
then we always find two vertices u',v’' in a violating constraint.

Proof. After performing binary search, we will find two vertices v’ and v’ such that v’ is a child of
v, f(u') =1 and f(v') = 0. The only place such «’ and v exist in a violation closure is a violating
constraint. g
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A pair of vertices (u,v) is called good if u and v are in the same violation closure, f(u) =
1, f(v) =0 and v is an ancestor of u. The main technical lemma here is the following.

Lemma A.2. If f is e-far from satisfying Z, then there exists a set M of good pairs of vertices of
Size EN.

We first see that we can construct a testing algorithm using Lemma A.2.
Theorem A.3. Horn k-SAT on trees is testable with query O(y/n/e - (k +logn)) queries.

Proof. Let T = (V,C) be the Horn k-SAT instance on a tree, and let f be the given assignment.
The algorithm is as follows.

1: Let S be a set of ©(y/n/e) vertices chosen uniformly at random.
2: Let So={veS|f(v)=0}and S1 ={ve S| flv)=1}

3: for each u € S do

4:  Let v be the closest ancestor of u in Sy if such a vertex exists.

5. if v exists then

6 Perform binary search along the path between u and wv.
7: Let «’ and v’ be the obtained vertices.

8 if the constraint containing v’ and v’ is violating then
9: Reject.

10: Accept.

It is easy to observe that the algorithm is a one-sided error tester and its query complexity is
O(y/nfe - (k+logn)).

Suppose that f is e-far from satisfying Z. Then, we have a set of en good pairs from Lemma A.2.
Thus, by choosing the hidden constant in @(\/7%) large enough, we have a good pair (u,v) in
S x S with probability at least 2/3. Note that if (u,v) is a good pair and there is a vertex v" with
f(@") = 0 along the path between u and v, then (u,v) is also a good pair. Thus, the algorithm
finds a violating constraint from Lemma A.1. O

A.1 Proof of Lemma A.2

To show that there is a large set of good pairs, we consider fixing the current assignment to a
satisfying assignment. An issue here is that two violation closures may overlap at their upper
violations. Thus, if we tried to fix two violation closures simultaneously, then it may conflict.

To avoid this issue, we take vertices greedily. We start with an empty set 7. We choose an
arbitrary violation closure S, add S\ Upcs T to T, and repeat. We call each set in T a mazimal
wiolation closure.

Let T be a maximal violation closure. We say an assignment f” proper for T'if f’(u) = f'(v) holds
for any u, v in the violation of the same violating constraint. For a set of vertices T' C V', we define
Z|r as the partial instance obtained by restricting the set of vertices to T'. If there is a constraint
(ug A Aug — v) and T = {u;y, ..., u;;, v}, then the constraint becomes (uj A -+ Awu;; — v) in
Z|7.

Lemma A.4. Let [’ be an assignment such that, for every mazimal violation closure T € T, f' is
proper for T and Z|p is satisfied by f'. Then, f' is a satisfying assignment.
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Proof. Suppose that there is a violating constraint (u; A --- A up — v) with respect to f’. Note
that f'(u1) = -+ = f'(ux) = 1 and f’(v) = 0. In particular, since f’ is proper for any maximal
violation closure, {u;} and v must be contained in different maximal violation closures (or one of
them is free.) We have three cases to consider.

— Suppose v is in the upper violation of some violating constraint C'. Then, uy, ..., u; must be
in the violation of C'. This contradicts the fact that f’ is proper for the maximal violation
closure corresponding to C.

— Suppose v is in the lower violation of some violating constraint C'. Let 1" be the maximal
violation closure corresponding to C. If some w;, i € [k] is contained in T, then it contradicts
the fact that 3’ is a satisfying assignment for Z|p.

Thus, each u; is either free or contained in another maximal violation closure. Suppose that
there are maximal violation closures containing vertices in {u;}. Then, since these maximal
violation closures and 1" are touching, 7" must have been extended, contradiction.

Thus, all uy,...,uy are free and it follows that f(u;) =--- = f(ug) = 1. Note that f(v) =1
since y is in a lower violation. Then, the lower violation must have contained wug,...,ug,
contradiction.

— Suppose v is free. Note that f(v) = 0 since v is free. Also, there exists ¢ € [k] such that
f(u;) = 0 and wu; is contained in a upper violation. Then, the upper violation must have
contained v, contradiction.

O

Let dist(f, f’) be the Hamming distance between f and f’, and distg,(f) be the distance from
satisfying assignments. Also, let distprop(f) be the distance from proper satisfying assignments.
For a set of vertices T', we define f|r as the assignment obtained by restricting the domain to 7.
From Lemma A.4, we have the following.

Corollary A.5. It holds that distsat(f) < Y distprop(fl7)- O
TeT

Thus, to show that there is a large set of good pairs in an e-far assignment, it suffices to show
that there is a large set of good pairs in a maximal violation closure that is far from proper satisfying
assignments.

From now on, we concentrate on a fixed maximal violation closure T'. Note that a maximal
violation closure T' can be seen as a tree, in which each vertex corresponds to a violating constraint.
Let C be a violating constraint in 7. Let f2 (resp., fc,1) be an assignment over v(C) with f& =1
(resp., f& =1). Then, we define d2 = d(f|c, f2) and d}, = d(f|c, fL). Note that d2, (resp., d},) is
simply the number of ones (resp., zeros) in v(C).

For a violating constraint C, we define Tz C T' as the subtree of T' consisting of v(C') and its
descendants. Let fg . (resp., fé, .) be the proper satisfying assignment for T closest to f such that
Yo € v(C), fo,(v) = 0 (resp., Yo € C, fL,(v) = 1). Then, we define d,, = d(f|z., f2,) (resp.,
dby = d(flre, f/,)) Note that df,, = d;, and dg,, = d¢, when C'is a leaf in the maximal violation
closure.

We recursively make pairings from leaves of the maximal violation closure T'. For each vi-
olating constraint C, first we make pairings between u(C) and ¢(C). The cardinality is clearly
min{|u(C)[, [¢(C)|}. Suppose that |u(C)| > |¢(C)|, that is, we have extra zeros in C. Then, if
the subtree T contains unpaired vertices v with f(v) = 1, we make pairings between them and
unmatched vertices in u(C).
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Lemma A.6. Let T' be a mazimal violation closure. we have maux{doc¢ —dL,,,0} unpaired ones in

Te.

ob

Proof. We use the induction on the number of violating constraints in 7T'.

Suppose that 7' contains only one violating constraint C'. Then, we have max{doc — dlc,O}
unpaired ones in T'(C).

Suppose that the lemma holds for 1,...,¢t — 1. Let T be a maximal violation closure with ¢
violating constraints and C' be the violating constraint corresponding to the root. Let vy,...,vs
be leaves of the lower violation ¢(C). Let D;1,...,D;., be violating constraints touching v;. Note
that D;1,...,D;, are children of C in the tree corresponding to 7'

When we assign zeros to v(C), at least one of D; 1,...,D; ., must be assigned zeros for each 7.
Thus, we have

1 1

dey = dg +Z Zer?olrll}%{d (1)
g, = dviy. 2
o Zuz {0 1r]1:101n '71){ D:iL;j ( )

Here, u; ; stands for the choice of values for D; ;. Let 4} (resp u 9) be the one that achieves the
minimum in dj,; (resp., d2,,). We define S; = {j € [c]] | uw # 0Y } Note that if 4} # 4, then

we must have @} = (1,...,1). Thus, for every j € S;, we have u =14 AO =0 and do d1
Then, & P
dgy — dgy = dc+zzd )—do—do—i—ZZmax{d DJ,a 0} (3)
i€[f) j€S; ’ i€[l) jES;

From the inductive hypothesis, we have unpaired max{dOD .- dlD . »0} ones in T, D; ;- We consider
i i

two cases.

- d% - dlc > 0: This means that we have more ones in C. Thus, we have dOC — dlc unmatched
ones in C' and the claim holds.

— dOC — dé < 0: This means that we have more zeros in C. It cancels out at most dlc — dOC

unmatched ones from {Tp, ; }; ; and the claim holds.
U

Lemma A.7. Let T be a mazimal violation closure. Then, we can make a set of distprop(f) good
PALTINGS.

Proof. We use the same notation as previous lemma. Let C' be the root violating constraint in 7.
Then, we have min{d> lc .} = d. We use the induction on the number of violating constraints in
T.

Suppose that T' contains only one violating constraint C'. Then, we clearly have distprop(f)
good pairs.

Suppose that the lemma holds for 1,...,t — 1. Let T be a maximal violation closure with
t violating constraints. We can make min{d® ,d};} good pairs in C. Also, from the inductive

ol .
hypothesis, we have at least >, >, ern{dDi ,dt Dt F=2222 d;f good pairs in {Tp, ;}i;. We
D i

consider the following two cases.

cl
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— distprop(f) = dlc .+ From (1), it suffices to show that we can make max{d}, — d%, 0} matching
pairs between C and {Tp, ; }; ;. It suffices to consider the case dl, — d% > 0. Clearly, we have
at least di, — d2, unmatched zeros in C. Note that we have (3) > 0. Thus,

dp—dE <> > max{dDi Di ,0}.

i jES;
Thus, from Lemma A.6, we have at least dé - doc unpaired ones in {TDZ.J. Yij-

— distprop(f) = dy: Tt suffices to show that we can make
~1
—min{dg,dg} =YD d 7
- - i
i
= max{d} —d&, 0} + > ) (d‘;)ij - d})ij)

i jJES;
= max{d — d&,0} + Z Z max{d%_i D¢ ,0}. (4)

i jES;

good pairs between C' and {TDM. }ij. From the fact that (3) < 0, we have (4) < max{d% —
di, 0} + dt — d2, = max{d}, — d{.,0}. Thus, it suffices to consider the case d¢, —d® > 0. In
this case, (4) =, > icq, max{d’ b~ dt D} 50} < di, —d2,. Clearly, we have at least dC d2,

unpaired zeros in C. Also, we have Z > jes; max{d — d}j L 0} unpaired ones in {Tp, , }i ;-

]

B Proof of Lemma 4.2

We first review properties of (k + 1)-near-unanimity operations. If a relation R is preserved by a
(k+1)-near-unanimity operation, then it is known that the relation can be made k-ary by projecting
R into every k-sized subset [10, 16]. That is, a tuple a belongs to R if and only if a|y € R|y for
every subset U with |U| = k, where a|y and R|y are projections of a and R on U, respectively.
Thus, we can assume the input instance Z = (V,C) consists of constraints of arity at most k.
Now, we can preprocess the instance Z in polynomial time and we obtain a set of partial solutions
Sy for each variable set U C V of size k. A crucial property of Sy is that any partial solution
a € §, can be extended to a satisfying assignment for the entire instance. The preprocess is called
(k,k + 1)-Minimality and the property of Sy is called the Helly property (see [3, 10] for details).
We call a subset of variables U C V of size k violated with respect to an assignment f: V — {0,1}

if flu & Su.

Proof of Lemma 4.2. First, we describe our algorithm. We query each variable v with probability

nl-1/k

q-w(v), where ¢ = O( ). If we query more than 100q times along the way, we immediately
stop and accept. Suppose that the number of queries is at most 100q. Then, we reject if there is
some subset S C V of size k such that f|y € Sy, and we accept otherwise.

It is easy to see that the algorithm always accepts if f is a satisfying assignment (no matter
whether we stopped as we have queried more than 100g times).

Now, we see that the algorithm rejects with high probability when the instance is e-far. From

Markov’s inequality, the query complexity is at most 100g with probability at least 1%90
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Let U be the family of violated variable sets U of size k. We first observe that f|y-\ p is extendable
to a satisfying assignment for any hitting set H of ¢. Indeed, if f|y g is not extendable, then there
must be a variable set U C V' \ H with |U| = k and f|y € Sy from the Helly property. However,
such set U must be contained in U, contradiction.

Let V; be a set of variables v with w(v) < 5, and Uy, € U be a set of violated variable sets that is
not hit by any vertex in V. Let H} be a minimum (weighted) hitting set of U},. From the argument
above, f |V\ (VU H*) is extendable to a satisfying assignment and hence we have w(V, U H}) > «.

Since, w(Vy) < ;n n = 5, we have w(H}) > §. Let U; C Uy, be any maximal set of disjoint

violated variable sets in {/. Since the variable set UUeu,j U itself is a hitting set of U}, we have

dveur 2over W) = W(H}) > 5

We need the following claims for our analysis.
Claim B.1. Suppose } ;e @i = s and mingey x; > ¢ > 0. Then, Hle x; = th (s — (k= 1)t).

Proof. Use induction on k. O

Claim B.2. Suppose Y ;ciy D icr Tij = 8 and mingepy jepq @ij 2t 2 0. Then, 32 iciq [icp i 2
th=ls — tF(k — 1)¢.

Proof. For j € [{], let s; = Zie[k] xi;. From Claim B.1, we have
ST e = St sy — (k= 1)t) = t* s — t*(k — D). O
JElf i€lk] JE[l)

Now, we are back to the proof of Lemma 4.2. Note that for each variable set U, the probability
that we do not find U is 1 — ¢* [I,c w(v). Thus, the probability that we do not find any violated
variable set in U}, during the process of our algorithm is

H(l—quw( Hexp kHw = exp(— ZHW

vely velU vely vel ey vel

< F((E) N k- D from Claim B.2
< exp <—q ((%) 5—(%) (k—1)] h|>> (from Claim B.2)
k=1 ek (k—1)n n
<o (4 ()"~ (£)" E50)) wom b1
exp( q ( 5y € 5y k: (from |U; | k:)
(e9)*
< S - VA
) exp( 220
If we choose the constant hidden in ¢ large enough then assuming that n is sufﬁciently large

enough, the probability above is bounded by - 1o5- Thus, with probability at least - 100, we reject the
instance. O
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Table 1: List of all closed classes of Boolean functions and their bases. hp(z1,...,ZTnt1) = +11 T1N
Tog N  ANTimg ANZig1 A+ A ZTpsq is an (n 4 1)-ary near-unanimity operation.
Name || Definition Base
BF All Boolean functions {V,A,—}
Ry {f € BF | f is O-reproducing} {A, &}
Ry {f € BF'| f is 1-reproducing} {V,+}
Ry Ri N Ry {V,zA(y+ 2)}
M {f € BF| f is monotonic} {V, A, 0,1}
M, MNER, VAL
My M N Ry {V,A,0}
M, M N Ry {V,A}
Sy {f € BF| f is O-separating of degree n} {—,dual(h,)}
So {f € BF'| f is O-separating} {—}
ST {f € BF| f is l-separating of degree n} {x AT, hy}
Sy {f € BF'| f is 1-separating} {r AT}
St S¢ N Ry {zV (y NZ),dual(h,)}
Soz So N Ry {x\/ (y/\Z)}
Sth SyNM {dual(h,),1}
So1 So N M {x\/ (y/\z), }
St SyNRe N M {zV (y A z),dual(h,)}
Soo SoNRaNM {LC\/ (y/\z)}
ST, ST N Ry {x AN (yVZ),hn}
S12 S1N Ry {xAN(yVZ)}
Sr [ SPnM (im0}
S11 SiNM {x AN (yV=z),0}
STy ST NRyNM {xA(yVz),h,}
Sio SiNRaNM {x AN (yV2)}
D {f ] f is self-dual} {zy V 2z V 5z}
Dy DN Ry {zyVaz Vv yz}
Dy DNM {zy VyzVaz}
L {f | f is linear} {®,1}
Ly LN Ry {&}
Ly LNRy {(—>}
Lo LNR {raya 2z}
L LND {roydzd1}
Vv {f | f is constant or an n-ary OR function} {Vv,0,1}
Vo {ViJu {0} {v,0}
v VUL oA,
. | v V)
E {f | [ is constant or an n-ary AND function} || {A,0,1}
Eo {7 U{0} {1, 0}
E, {NHU{1} {n 1}
Ey [{A}] {r}
N {3 U {0} u{1}] {1}
N, [{—}] {=}
I [{id}] U [{0}] U [{1}] {id, 0,1}
Io [{id}] U [{0}] {id, 0}
L [{id}] U [{1}] {id, 1}
I [{id}] {id}
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