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COMMUNICATION LOWER BOUNDS USING DIRECTIONAL DERIVATIVES

ALEXANDER A. SHERSTOV

ABSTRACT. We prove that the set disjointness problem has randomized communication
complexity £2 (+/7/2K k) in the number-on-the-forehead model with k parties, a quadratic
improvement on the previous bound £2(+/7/2%)1/2. Our result remains valid for quan-
tum protocols, where it is essentially tight. Proving it was an open problem since 1997,
even in restricted settings such as one-way classical protocols with k = 4 parties. We
obtain other near-optimal results for multiparty set disjointness, including an XOR lemma,
a direct product theorem, and lower bounds for nondeterministic and Merlin-Arthur proto-
cols. The proof contributes a novel technique for lower bounds on multiparty communica-
tion, based on directional derivatives of communication protocols over the reals.
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1. INTRODUCTION

Set disjointness is by far the most studied problem in communication complexity the-
ory [4, 31, 44, 5, 8, 45, 51, 34, 11, 54, 47, 50, 38, 20, 10, 12, 33]. The simplest ver-
sion of the problem features two parties, Alice and Bob. Alice receives as input a subset
S C{1,2,...,n}, Bobreceives a subset T C {1,2,...,n}, and their goal is to determine
with minimal communication whether the subsets are disjoint. One also studies a promise
version of this problem called unique set disjointness, in which the intersection S n T is
either empty or contains a single element. The communication complexity of two-party set
disjointness is thoroughly understood. One of the earliest results in the area is a tight lower
bound of n + 1 bits for deterministic protocols solving set disjointness. For randomized
protocols, a lower bound of §2(4/n) was obtained by Babai, Frankl, and Simon [4] and
strengthened to a tight §2(n) by Kalyanasundaram and Schnitger [31]. Simpler proofs of
the linear lower bound were discovered by Razborov [44] and Bar-Yossef et al. [8]. All
three proofs [31, 44, 8] of the linear lower bound apply to unique set disjointness. Finally,
Razborov [45] obtained a tight lower bound of £2(+/n) on the bounded-error quantum
communication complexity of set disjointness and unique set disjointness, with a simpler
proof discovered several years later [47]. Already in the two-party setting, the study of
set disjointness contributed to communication complexity theory a variety of techniques,
including ideas from combinatorics, Kolmogorov complexity, information theory, matrix
analysis, and Fourier analysis.

We study the complexity of set disjointness in the model with three or more parties.
We use the number-on-the-forehead model of multiparty communication, due to Chandra,
Furst, and Lipton [18]. This model features k parties and a function f(x1, x2, ..., x;) with
k arguments. Communication occurs in broadcast, a bit sent by any given party instantly
reaching everyone else. The input (x1, x5, ..., xx) is distributed among the parties by
giving the ith party the arguments xi,...,X;j—1, Xj+1,...,Xg but not x;. One can think
of x; as written on the ith party’s forehead, hence the name of the model. The number-
on-the-forehead model is the main model in the area because any other way of assigning
arguments to parties results in a less powerful model (provided of course that one does not
assign all the arguments to some party, in which case there is never a need to communicate).

In the k-party version of set disjointness, the inputs are S1, S>,..., S € {1,2,...,n},
and the ith party knows all the inputs except for S;. The goal is to determine whether the
sets have empty intersection: S1 N S N --+ n Sx = . For unique set disjointness, the
parties additionally know that the intersection S1 Sz n-- -~ Sk is either empty or contains
a unique element. It is common to represent the input to set disjointness by a k x n Boolean
matrix X = [x;;], whose rows correspond to the characteristic vectors of the input sets. In
this notation, set disjointness is given by simple CNF formula:

n k
DISI;.(X) = /\ \/ X7/ (1.1)

j=li=1

Unique set disjointness UDISJ , is given by an identical formula, with the understanding
that the input matrix X contains at most one column consisting entirely of ones.

Progress on the communication complexity of set disjointness for k > 3 parties is
summarized in Table 1. In a surprising result, Grolmusz [27] proved an upper bound
of O(log?n + k2n/2¥) on the deterministic communication complexity of this problem.
Proving a strong lower bound, even for k = 3, turned out to be difficult. Tesson [51] and
Beame et al. [11] obtained a lower bound of .Q(% log n) for randomized protocols. Four
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years later, Lee and Shraibman [38] and Chattopadhyay and Ada [20] gave an improved
result. These authors generalized the two-party method of [46, 47] to k > 3 parties and
thereby obtained a lower bound of £2(n/ 22k )1/(&+1 on the randomized communication
complexity of set disjointness. Their lower bound was strengthened by Beame and Huynh-
Ngoc [10] to (n?(V k/log”)/Zkz)l/(kH), which is an improvement for k large enough. All
lower bounds listed up to this point are weaker than £2(n/2%")1/®+1)  which means that
they become subpolynomial as soon as the number of parties k starts to grow. Three years
later, a lower bound of £2(n/ 4k)1/4 was obtained in [48] on the randomized communica-
tion complexity of set disjointness, which remains polynomial for up to k ~ % logn and
comes close to matching Grolmusz’s upper bound.

The 2(n/ 4k)1/4 Jower bound is not an accidental numerical value. It represents what
we call the triangle inequality barrier in multiparty communication complexity, described
in detail at the end of the introduction. We are able to break this barrier and obtain a
quadratically stronger lower bound. In the theorem that follows, R, denotes e-error ran-
domized communication complexity.

THEOREM 1.1 (Main result). Set disjointness and unique set disjointness have randomized
communication complexity

Jn
R1/3(DISIg ) = Ry/3(UDISIy ,) = £2 ( .

2kk

Bound Reference
k2
(0] (log2 n—+ 2—:) Grolmusz [27]
logn . . .
2 e Tesson [51], Beame, Pitassi, Segerlind, and Wigderson [11]
1
n k+1
2 ( Zz_kk) Lee and Shraibman [38], Chattopadhyay and Ada [20]
22k logm) \ 74T
e Beame and Huynh-Ngoc [10]
n\1/4
2 (4_k) Sherstov [48]
2 (%) This paper

TABLE 1. Communication complexity of k-party set disjointness.
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Two remarks are in order. Over the years, the lack of progress on set disjointness
prompted researchers to consider restricted multiparty protocols, such as one-way pro-
tocols where the parties 1,2, ...,k speak in that order and the last party announces the
answer. An even more restricted form of communication is a simultaneous protocol, in
which the parties simultaneously and independently send a message to a referee who then
announces the answer. In 1997, Wigderson proved a lower bound of £2(4/n) for solving set
disjointness by a simultaneous protocol with k = 3 parties (unpublished by Wigderson, the
proof appeared in [5]). Since then, several papers [5, 51, 11, 54, 12, 33] have examined the
multiparty complexity of set disjointness for simultaneous, one-way, and other restricted
kinds of protocols. The strongest communication lower bound [51, 11] obtained in that line
of research was £2(n/k*¥)"/%*=1 To summarize, prior to our work it was an open prob-
lem to generalize Wigderson’s 1997 lower bound even to k = 4 parties, communicating
one-way or simultaneously.

Second, by the results of [37, 14], all communication lower bounds in this paper general-
ize to the quantum model. In particular, Theorem 1.1 implies a lower bound of /7 /2k+0(0)
on the bounded-error quantum communication complexity of set disjointness. This lower
bound essentially matches the well-known quantum protocol for set disjointness due to
Buhrman, Cleve, and Wigderson [16], with cost [ /71/2%]10g®® n. For the reader’s con-
venience, we provide a sketch of the protocol in Remark 5.4. Thus, our results essentially
settle the bounded-error quantum communication complexity of set disjointness:

NG

Jn
Sro@ < Q1/3(UDISIkp) < Q1/3(DISTk ) < [— log®® n.

2k/2

Our technique allows us to obtain several additional results, discussed next.

XOR lemmas and direct product theorems. In a seminal paper, Yao [55] asked whether
computation admits economies of scale. More concretely, suppose that solving a single
instance of a given decision problem with probability of correctness 2/3 requires R units
of a computational resource (such as time, memory, communication, or queries). Common
sense suggests that solving £ independent instances of the problem requires £2 (¢ R) units of
the resource. After all, having less than €£ R units overall, for a small constant € > 0, leaves
less than € R units per instance, intuitively forcing the algorithm to guess random answers
for many of the instances and resulting in overall correctness probability 2~€®_ Such a
statement is called a strong direct product theorem. A related notion is an XOR lemma,
which asserts that computing the XOR of the answers to the £ problem instances requires
£2(LR) resources, even to achieve correctness probability % +270®_ XOR lemmas and
direct product theorems are motivated by basic intellectual curiosity as well as a number of
applications, including separations of circuit classes, improvement of soundness in proof
systems, inapproximability results for optimization problems, and time-space trade-offs.
In communication complexity, the direct product question has been studied for over
twenty years. We refer the reader to [33, 49] for an up-to-date overview of the literature,
focusing here exclusively on set disjointness. The direct product question for two-party
set disjointness has been resolved completely and definitively [34, 11, 12, 30, 33, 49], in-
cluding classical one-way protocols [30], classical two-way protocols [11, 33], quantum
one-way protocols [12], and quantum two-way protocols [34, 49]. Proving any kind of di-
rect product result for three or more parties remained an open problem until the paper [48]
a year ago. In [48], a communication lower bound of £ - £2(n/4%)/* was proved for the
following tasks: computing the XOR of £ instances of set disjointness with probability of



COMMUNICATION LOWER BOUNDS USING DIRECTIONAL DERIVATIVES 5

correctness % + 279®); solving £ instances of set disjointness simultaneously with proba-
bility of correctness at least 2~9® . We obtain an improved result:

THEOREM 1.2. Let € > 0 be a sufficiently small absolute constant. The following tasks
require £ - $2(/n /2K k) bits of communication each:
(i) computing the XOR of € instances of UDISIy ,, with probability at least % +27¢t,
(ii) solving with probability 2=€¢ at least (1 — €){ among { instances of UDISJ ko

Theorem 1.2 generalizes Theorem 1.1, showing that £2(y/n/2¥k) is in fact a lower
bound on the per-instance cost of set disjointness. The communication lower bound in
Theorem 1.2 is quadratically stronger than in previous work [48]. Clearly, Theorem 1.2
also holds for set disjointness, a problem harder than UDISJ ,,. Finally, this theorem gen-
eralizes to quantum protocols, where it is essentially tight.

Nondeterministic and Merlin-Arthur communication. Nondeterministic communica-
tion is defined in complete analogy with computational complexity. A nondeterministic
protocol starts with a guess string, whose length counts toward the protocol’s communi-
cation cost, and proceeds deterministically thenceforth. A nondeterministic protocol for
a given communication problem F is required to output the correct answer for all guess
strings when presented with a negative instance of F, and for some guess string when
presented with a positive instance. We further consider Merlin-Arthur protocols [3, 6], a
communication model that combines the power of randomization and nondeterminism. As
before, a Merlin-Arthur protocol for a given problem F starts with a guess string, whose
length counts toward the communication cost. From then on, the parties run an ordinary
randomized protocol. The randomized phase in a Merlin-Arthur protocol must produce
the correct answer with probability at least 2 /3 for all guess strings when presented with a
negative instance of F, and for some guess string when presented with a positive instance.

Nondeterministic and Merlin-Arthur protocols have been extensively studied for k = 2
parties but are much less understood for k > 3. To illustrate, it was only four years ago that
the first nontrivial lower bound, n?(/%) / 22¢ , was obtained [23] on the multiparty commu-
nication complexity of set disjointness in these models. That lower bound was improved
in [48] to £2(n/4%)/* for nondeterministic protocols and £2(n/4%)/# for Merlin-Arthur
protocols, both of which are tight up to a polynomial. In this paper, we obtain quadratically
stronger lower bounds in both models.

THEOREM 1.3. Set disjointness has nondeterministic and Merlin-Arthur complexity
Jn

2kk )°

\/}7 1/2

N(DISI;,) = 2 (

MA(DISI; ;) = 2 (

Set disjointness should be contrasted in this regard with its complement —=DISJ; ,,, whose
nondeterministic complexity is at most log n + O(1). Indeed, it suffices to guess an element
i €{1,2,...,n} and verify with two bits of communication thati € S; n S, n--- " Sy.

Small-bias communication and discrepancy. Much of the work in communication com-
plexity revolves around the notion of discrepancy. Roughly speaking, the discrepancy of
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a function F is the maximum correlation of F' with a constant-cost communication pro-
tocol. One of the many uses of discrepancy is proving lower bounds for small-bias pro-
tocols, which are randomized protocols with probability of correctness vanishingly close
to the trivial value 1/2. Quantitatively speaking, any function with discrepancy y requires
log ﬁ bits of communication to achieve correctness probability % + %ﬁ . The converse
also holds, up to minor numerical adjustments. Thus, the study of discrepancy is the study
of small-bias communication.

In a famous result, Babai, Nisan, and Szegedy [7] proved that the generalized inner
product function @;’Zl /\f=1 x;j has exponentially small discrepancy, exp(—£2(n/4%)).
Thus, generalized inner product does not admit an efficient protocol with any nonnegligi-
ble advantage over random guessing, much less a bounded-error protocol. The proof in [7]
crucially exploits the XOR function, and until several years ago it was unknown whether
any constant-depth {A, Vv, =}-circuit of polynomial size has small discrepancy. The most
natural candidate, set disjointness, is of no use here: while its bounded-error communica-
tion complexity is high, its discrepancy turns out to be ®(1/n). The question was finally
resolved for k = 2 parties in [17, 46, 47], with a bound of exp(—S2 (nl/ 3)) on the dis-
crepancy of an {A, V}-formula of depth 3 and size n. Since then, a series of papers have
studied the question for k > 3 parties. Table 2 gives a quantitative summary of this line of
research. The best multiparty bound prior to this paper was exp(—$§2(1/4%)!/7), obtained
in [48] for an {A, V}-formula of depth 3 and size nk. We prove the following stronger
result.

THEOREM 1.4. There is an explicit k-party communication problem Hy ,, given by an
{N, V}-formula of depth 3 and size nk, with discrepancy

. n \1/3
disc(Hg,,) = exp {—[2 <W) } .

Depth Discrepancy Reference
3 exp{—R@'/?), k=2 Buhrman, Vereshchagin, and de Wolf [17]
Sherstov [46, 47]
n \ 1/(6k2%)
3 exp {—.Q (4—k> % Chattopadhyay [19]
n o \1/29
6 exp %—.Q (W) } Beame and Huynh-Ngoc [10]
n\1/7
3 exp %—.Q (4—k) } Sherstov [48]
1/3
3 exp {— Q (4knk2) % This paper

TABLE 2. Multiparty discrepancy of constant-depth {A, V}-circuits of
size nk.
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In particular,

)1/3}(1‘1;{’,,) =,Q(4kn?>l/3.

Theorem 1.4 is satisfying in that it matches the state of the art for two-party communi-
cation, i.e., even in the setting of two parties no bound is known better than the multiparty
bound of Theorem 1.4. This theorem is qualitatively optimal with respect to the number
of parties k: by the results in [2, 29], every polynomial-size {A, Vv, —}-circuit of constant
depth has discrepancy at least 27'°2°” for k = log® n parties, where ¢ > 1 is a constant.
Theorem 1.4 is also optimal with respect to circuit depth because polynomial-size DNF and
CNF formulas have discrepancy at least 1/7°(1, regardless of the number of parties k. In
Section 6.4, we give applications of Theorem 1.4 to circuit complexity.

The triangle inequality barrier. To properly set the stage for our approach, we first out-
line the proof of the previous best lower bound for set disjointness [48] and explain its
fundamental limitations. Let G be a k-party communication problem, with domain .2~ =
21 X X5 x -+ x Zj. In what follows, we refer to G as a gadget. The paper [48] studies
the communication complexity of composed functions of the form F = f(G,G,...,G),
where f:{0,1}" — {0, 1}. Thus, the new communication problem F has domain 2" =
AV X Xy x -+ x 2. The motivation for studying composed communication problems
is obvious from (1.1), which shows that DISJ ,,, = AND, (DISJg 1., ..., DISI ).

Assume henceforth that f does not approximate in the infinity norm to a low-degree
real polynomial, an assumption that holds for f = AND,, and any other function of the
smallest practical significance. Now, consider a linear operator L that maps real functions
IM: 2" — R to real functions LI7:{0,1}" — R in the following natural way: the value
(LIT)(x1, X2, ..., Xp) is obtained by averaging IT one way or another on the set G ™1 (x1) x
G (x3) x --- x G™!(x,). The operator L is defined the way it is in order to ensure that
f = LF. The approach of [48] is to prove that if [T: Z" — [0, 1] is the acceptance
probability of any low-cost e-error randomized protocol, then LI approximates in the
infinity norm to a low-degree real polynomial f . This immediately rules out an efficient
protocol for F, for its existence would force

|f = fI=|LF - f|~|LF — LI| = |L(F — IT)| <,
<€

in contradiction to the inapproximability of f by low-degree polynomials.

The difficult part of the above program is proving that L IT approximates to a low-degree
polynomial. The paper [48] does so constructively, by arguing that the Fourier spectrum
of LTI resides almost entirely on low-order characters:

-1
|ILII(S)| <2 -2—'S|<|g|) , S c{l,2,....n}, (1.2)
where r is the cost of the communication protocol. In particular, an approximating poly-
nomial for LIT results from truncating the Fourier spectrum at degree r + O(1). The type
of concentration in (1.2) is quite extreme, and it requires a fairly complicated gadget G. A
key technical result in [48] is that the set disjointness problem on O (4*n2/|S|?) variables
is an acceptable choice for G. A fundamental limitation of this approach is that the size of
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the gadget G must grow with n, for the obvious reason that the number of Fourier coeffi-
cients of LIT grows with n and we apply a triangle inequality across them. We refer to this
obstacle as the triangle inequality barrier.

Our proof. For our main result, we must make do with a gadget G whose size is inde-
pendent of n. This requires breaking the triangle inequality barrier, i.e., finding a way to
approximate protocols by low-degree polynomials without summing discarded Fourier co-
efficients term by term. In the setting of k = 2 parties, the triangle inequality barrier was
successfully overcome in 2007 using matrix analysis [47]. For multiparty communication,
the problem remained wide open prior to this paper because matrix-analytic tools do not
apply to k = 3.

Our solution involves two steps. First, we derive a criterion for the approximability of
any given function ¢: {0, 1}" — R by low-degree polynomials. Specifically, recall that the
directional derivative of ¢ in the direction S C {1,2,...,n} at the point x € {0, 1}" is
given by (d¢/3S)(x) = %gb(x) — %q&(x @ 15), where 1g denotes the characteristic vector
of S. Directional derivatives of higher order are obtained by differentiating repeatedly. We
prove that the error in an infinity-norm approximation of ¢ by a degree-d polynomial does
not exceed

KA. d + 1) + KIP2A(p.d +2) + K3 AP, d +3) + -+, (1.3)
where K > 2 is an absolute constant and A(¢, i) is the maximum magnitude of a degree-i
directional derivative of ¢ with respect to any pairwise disjoint sets Sp, Sz, ..., S;. The

crucial point is that the dimension » of the ambient hypercube never figures in (1.3). Thus,
we are able to prove that ¢ approximates to a low-degree polynomial by taking a global
view of the analytic structure of ¢, without assuming any bound on the sum of the absolute
values of ¢’s high-order Fourier coefficients. This makes it possible to approximate a large
class of functions ¢ that were off limits to previous techniques, including communication
protocols. The author finds this result to be of general interest in Boolean function analysis,
independent of its use in this paper to prove communication lower bounds.

To apply the above criterion to multiparty communication, we must bound the direc-
tional derivatives of LIT for every I1 derived from a low-cost communication protocol.
This is equivalent to bounding the repeated discrepancy of the gadget G, a new com-
munication complexity measure that we introduce. The standard notion of discrepancy,
reviewed above, involves fixing a probability distribution © on the domain of G and chal-
lenging a constant-cost communication protocol to solve an instance X of G chosen at
random according to u. In computing the repeated discrepancy of G, one presents the com-
munication protocol with infinitely many instances X1, X», X3, ... of the given communi-
cation problem G, each chosen independently from p conditioned on G(X;) = G(X,) =
G(X3) = ---. Thus, the instances are either all positive or all negative, and the proto-
col’s challenge is to tell which is the case. It is considerably harder to bound the repeated
discrepancy than the usual discrepancy because the additional instances X5, X3, ... gen-
erally reveal new information about the truth status of X;. In fact, it is not clear a priori
whether there is any distribution p under which set disjointness has repeated discrepancy
less than the maximum possible value 1, let alone o(1) as our application requires. By a
detailed probabilistic analysis, we are able to prove the desired o(1) bound for a suitable
distribution p.

Once we have overcome the above two challenges, we obtain an efficient way to trans-
form communication protocols into approximating polynomials. This passage then allows
us to expeditiously prove all the results of this paper, stated as Theorems 1.1-1.4 above.
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2. PRELIMINARIES

There are two common ways to encode the Boolean values “true” and “false,” the classic
encoding using 1, 0 and a more recent one using —1, +1. The former is more convenient in
combinatorial applications, whereas the latter is more natural and economical when work-
ing with analytic tools such as the Fourier transform or matrix analysis. In this paper, we
will use both encodings depending on context. To exclude any possibility of confusion, we
reserve the term Boolean predicate in the remainder of the paper for mappings of the form
Z — {0, 1}, and the term Boolean function for mappings 2 — {—1,+1}. As a nota-
tional aid to distinguish predicates from functions, we always typeset the former with an as-
terisk, as in PARITY* and AND™, reserving unstarred symbols such as PARITY and AND
for the corresponding Boolean functions. More generally, to every Boolean function f we
associate the corresponding Boolean predicate f* = (1 — f)/2. A partial function f on
Z is a function whose domain of definition, denoted dom f; is a nonempty proper subset
of 2. For emphasis, we will sometimes refer to functions with dom f = 2 as rotal. For
(possibly partial) Boolean functions f and g on {0, 1}"* and 2", respectively, we let f o g
denote the componentwise composition of f with g, i.e., the (possibly partial) Boolean
function on 2" given by (f o g)(x1,X2,...,Xn) = f(g*(x1),8%(x2),..., g% (xn)).
Clearly, the domain of f o g is the set of all (x1,x2,...,x,) € (domg)" for which
(8%(x1), 8" (x2),....8"(xp)) € dom f.

We let ¢ denote the empty string, which is the only element of the zero-dimensional
hypercube {0, 1}°. For a bit string x € {0, 1}, we let |x| = x1 4+ x5 + - - - + x,, denote the
Hamming weight of x. The kth level of the Boolean hypercube {0, 1}" is the subset {x €
{0,1}" : |x| = k}. The componentwise conjunction and componentwise XOR of x,y €
{0,1}" aredenoted x Ay = (X1 A Y1, ..., Xn AYp)and X Dy = (X1 B Y1,...,Xn D Yn)-
In particular, |x A y| refers to the number of components in which x and y both have a 1.
The bitwise negation of a string x € {0,1}" is denoted X = (x;1 & 1,...,x, & 1). The
notation log x refers to the logarithm of x to base 2. For a subset S C {1,2,...,n}, its
characteristic vector 1g is given by

1 ifi e,
15); =
(Ls): 0 otherwise.
Fori = 1,2,...,n, we define ¢; = 1y;;. In other words, e; is the vector with 1 in the ith

component and zeroes everywhere else. We identify {0, 1}” with the n-dimensional vector
space GF(2)", with addition corresponding to componentwise XOR. This makes available
standard vector space notation, e.g.,ax®by = (..., (a;x;) ®(b; y;),...) fora,b € {0, 1}
and strings x, y € {0, 1}"*. A more complicated instance of this notation that we will use
many times is w @ z11s, ® 2215, B -+ B z41s,, where 21,22,...,24 € {0,1}, w €
{0,1}*, and S1, S2,...,8; € {1,2,...,n}.

The parity of a Boolean string x € {0, 1}", denoted PARITY*(x) € {0, 1}, is defined
as usual by PARITY™*(x) = @D;_, x;. We adopt the convention that

()-(3)-(2)-

for every positive integer n. For positive integers n, m, k, one has

é(,:)(krjl) B (n;m) @.1)
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a combinatorial identity known as Vandermonde’s convolution. The total degree of a mul-
tivariate real polynomial p is denoted deg p. The Kronecker delta is given by

1 ifx =y,

) =
et 0 otherwise,

where x, y are elements of some set. We let 7t = {1,2,3,...,}and N ={0,1,2,3,...}
denote positive integers and natural numbers, respectively. We adopt the convention that
the linear span of the empty set is the zero vector: span @ = {0}. The symmetric group
of order n is denoted S,. For a string x € {0, 1}" and a permutation o € S,,, we define
0xX = (Xg(1)s X5(2)s - - - » Xo(n))- A function f:{0,1}" — Ris called symmetric if f(x) =
f(ox) forall x and all o € S,. Equivalently, f is symmetric if and only if it is determined
uniquely by the Hamming weight | x| of the input.

The familiar functions AND,,,OR,:{0,1}" — {—1, 41} are given by AND,(x) =
Ai—; xi and OR,(x) = \/7_, x;. We also define a partial Boolean function AND,, on
{0, 1}" as the restriction of AND,, to the set {x : |x| = n — 1}. In other words,

AND, (x) if|x|=n—1,

Aﬁ)n (x)= .
undefined otherwise.

Analogously, we define a partial Boolean function OR, on {0, 1}" as the restriction of OR,
to the set {x : |x| < 1}.

2.1. Norms and products. For a finite set 2, the linear space of real functions on 2" is
denoted R? . This space is equipped with the usual norms and inner product:

1/ lloo = max | f(x)| (f eRY), 22)

1A= D" 1/l (f €R?), (2.3)
xe&

(fg) =Y flx)gx) (f.g eR?). (2.4)
xeX

The tensor product of f € R# and g € R? is the function f ® g € R**¥ given by
(f ®g)(x,y) = f(x)g(y). The tensor product f ® f ®---® f (n times) is abbreviated
f®". When specialized to real matrices, tensor product is the usual Kronecker product.
The pointwise (Hadamard) product of f, g € R? is denoted f - g € R? and given by
(f -2)(x) = f(x)g(x). Note that as functions, f - g is a restriction of f ® g. Tensor
product notation generalizes to partial functions in the natural way: if f and g are partial
real functions on 2" and %/, respectively, then f ® g is a partial function on 2 x &
with domain dom f x dom g and is given by (f ® g)(x, y) = f(x)g(y) on that domain.
Similarly, f®" = f ® f ® --- ® f (n times) is a partial function on .2 with domain
(dom f)".

The support of a function f: 2" — R is defined as the set supp f = {x € Z :
f(x) # 0}. For a real number A and subsets F, G € R, we use the standard notation
AF ={Af : feFland F+G ={f+g: f € F, g € G}. Clearly, AF and
F + G are convex whenever F' and G are convex. More generally, we adopt the shorthand
MP1+HA Pt A Fe = A fithe ot AAk fi s frEFL, fa€ Fa, ..o, fi € Fi},
where A1, As, ..., Ag are reals and Fy, F», ..., Frx € RZ. A conical combination of
fi+ f2roos fi € R? is any function of the form Ay f; + Ay f> + -+- + Ak fx. where
A1, Az, ..., A are nonnegative. A convex combination of f1, fa,..., fx € RZ is any
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function of the form Ay f; + Ax f2 + -+ + Ay fi, where A1, A5, ..., A, are nonnegative
and additionally sum to 1. The convex hull of F C RZ, denoted conv F, is the set of all
convex combinations of functions in F.

2.2. Matrices. For a set 2 such as 2" = {0, 1} or 2" = R, the symbol 2" denotes
the family of n x m matrices with entries in Z". The symbol 2 "** denotes the family
of matrices that have n rows and entries in .2, and analogously .2™**" denotes matrices
with m columns and entries in 2". The notation (2.2)—(2.4) applies to any real matrices:
[Allooc = max|4;;|, [Alli = >_; ;|4i;|, and (4, B) = }_; ; A;,j Bi ;. For a matrix
A = [A; ;] of size n x m and a permutation ¢ € S,,,, we let 0A = [A; 5(;)];,j denote the
result of permuting the columns of A according to 0. The notation A =¢, B means that
the matrices A, B are the same up to a permutation of columns, i.e., A = oB for some
permutation o. A submatrix of A is a matrix obtained from A by discarding zero or more
rows and zero or more columns, keeping unchanged the relative ordering of the remaining
rows and columns. For a Boolean matrix A € {0, 1} and a string x € {0, 1}, we let
Al denote the submatrix of A obtained by removing those columns i for which x; = 0:

s x|
A2,i1 AZ,iz A25i|x|
Aly = )
An,il An,iz Tt Ansi\x\
where i} < i < .-+ < iy are the distinct indices such that x;, = x;, = --- = X = 1.
By convention, A|gm = &. The notation B C A means that
Aig i A o Aigjm
Aiy i Aigjs Aiy, jm
B = i )
Ain,jl AinajZ e Ain yjm
for some row indices i; < ip < --+ < I, and some distinct column indices ji, ja,..., jm,

where n x m is the dimension of B. In other words, B C A means that B is a submatrix of
A, up to a permutation of columns.

We use lowercase letters (a, b, u, v, w, x, y, z) for row vectors and Boolean strings, and
uppercase letters (A, B, M, X, Y) for real and Boolean matrices. The convention of using
lowercase letters for row vectors is somewhat unusual, and for that reason we emphasize
it. We identify Boolean strings with corresponding row vectors, e.g., the string 00111 is
used interchangeably with the row vector [0 0 1 1 1] . Similarly, 111 ... 1 refers to
an all-ones row, and 0" 1™ refers to the row vector whose 2m components are m zeroes
followed by m ones. On occasion, we will use bracket notation to emphasize that the
string should be interpreted as a row vector, e.g., [0 1™]. We use standard matrix-theoretic
notation to typeset block matrices, e.g.,

B

A
00 01 10 11
o am [

Here the first matrix is composed of four blocks, the second matrix is obtained by adding
an all-ones row to A, and the third matrix is obtained by adding the row vectors b and b’
to B. When warranted, we will use vertical and horizontal lines as in (4.13) to emphasize
block structure.
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The set disjointness function DISJ on Boolean matrices X is defined by

DISJ(X) = +1 if X contains an all-ones column,
~|-1 otherwise.

In particular, DISJ™!(4-1) is the family of all Boolean matrices with an all-ones column.
By convention, DISJ(¢) = —1. Note that

X

DISJ |:
X

] = DISJ(X|x)
for any matrix X € {0, 1}’ and any row vector x € {0, 1}"". We let DISJj ,: {0, 1} s
{—1, +1} be the restriction of DISJ to matrices of size k x n. In Boolean notation,

n k
DISI; . (X) = \ '/ Xij- (2.5)
j=1i=1

The partial function UDISJ , on {0, 13557 called unique set disjointness, is defined as
the restriction of DISJ , to k x n Boolean matrices with at most one column consisting
entirely of ones. In other words,

DISJk’n(X) if |X1 N X2 /\-"/\Xk| <1,

UDISJ; ,(X) =
kn(X) undefined otherwise,

(2.6)

where x1, X2, ..., x; are the rows of X. As usual, DISJZ , and UDISJZ ,, denote the cor-
responding Boolean predicates, given by DISJZ’n = (1 — DISJk ,)/2 and UDISJ,";’" =
(1 —UDISJg »)/2.

2.3. Probability. We view probability distributions first and foremost as real functions.
This makes available various notational devices introduced above. In particular, for proba-
bility distributions  and A, the symbol supp p denotes the support of i, and y ® A denotes
the probability distribution given by (L ®A)(x, y) = u(x)A(y). We define u xA = u®A4,
the former notation being more standard for probability distributions. The Hellinger dis-
tance between probability distributions ©« and A on a finite set 2~ is given by

1/2 1/2
H(. ) = G > (Vi) - ﬂ(xnz) = (1 -y m(xmx)) .

xeZ xXeX

The term “distance” is used here in the proper sense, i.e., H is a metric. The statistical
distance between p and A is defined to be %H,u — A|l1. The Hellinger distance between
two random variables taking values in the same finite set 2~ is defined to be the Hellinger
distance between their respective probability distributions. Analogously, one defines the
statistical distance between two random variables. The following classical fact [36, 42]
gives basic properties of Hellinger distance and relates it to statistical distance.

FACT 2.1. For any probability distributions (4, 1, 42, ...,y and A, A1, Aa, ..., Ay,
) 0<H(u,A) <1,
(i) 2H (. 2)? < | — Al < 2v2H (e, 1),
(i) H(p1 ® -+ ® pn, A1 ® -+ ® An) < VH(p1,A1)2 + - + H(in, An)?.
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Parts (ii) and (iii) give a useful technique for bounding the statistical distance between
product distributions and have seen several uses in the complexity literature; cf. [43, 9].
For the reader’s convenience, we include a proof of this classical result.

Proof. Part (i) is immediate from the defining equations for Hellinger distance. For (ii),
we have

2H(p. 1) = ) (Vi) = VA@))?

XEX

< Y IWnE) = VAV irE) + VAX)
XeX

= |lu— Al

and in the reverse direction

=2l = Y V() = VAV RE) + VA ()

xeZ&
1/2 1/2
< (Z (Viu(x) - wx»z) (Z (Vi) + ﬂ(x))z)
XeX xXeZ

1/2
= V2H(u. 1) (Z (V(x) + Jux))z)

xeZX

1/2
= 2H (. 2) (1 + 2 W(xwx))

xex

:2H(M’A)V2_H(M’A’)2

< 2V2H(u, M),
For (iii), let Z; denote the domain of u; and A;. Then

H(ﬂ1®"'®ﬂn7xl®"‘®xn)2
- 1= Z Z \/Ml(xl)"'H«n(xn)/xl(xl)"'kn(xn)

X1€Z21 Xn€Zn

n

=1-TJ X VGt

i=1 \x;€Z;

=1- [0 - HGu 1)

i=1
n
<3 Hiu 22,
i=1

where the final step uses (i). i

The set membership symbol €, when used in the subscript of an expectation operator,
means that the expectation is taken over a uniformly random element of the indicated set.
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2.4. Fourier transform. Consider the real vector space of functions {0, 1} — R. For
S C{1,2,...,n}, define ys:{0,1}" — {—1,+1} by ys(x) = (—=1)Xies *i Then every
function f:{0, 1} — R has a unique representation of the form

f= 3 Ff®us.
Sc{1,2,...,n}

where f(S) =27 er{o,l}" f(x)xs(x). The reals f(S) are called the Fourier coeffi-
cients of f. Formally, the Fourier transform is the linear transformation f f , where f is

viewed as a function on the power set of {1, 2, ..., n}. This makes available the shorthands
Al = £(S)], lloo = £(S)].
Ifl= 3 1/ 1 flleo = _max17(5)]
Sc{1,2,...,n}

PROPOSITION 2.2. For all functions f, g:{0,1}" — R,

@ 1 flloo <2711 £ 1.
@) /1 < 11

(i) 7+ gl < 1A+ 12l
@) 1/ gl < 171120

Proof. Ttem (i) is immediate by definition, and (ii) follows directly from (i). Item (iii) is
trivial. The submultiplicativity (iv) can be verified as follows:

I gli= Y 178

Sc{1,2,...,n}

= Y Y fMaseT)

S§c{1,2,...,n} | TC{1,2,...,n}
< > Yo 1SS e 1))
Sc{1,2,....,n} TC{1,2,...,n}

= /11181,
where S @ T = (S n T) U (S n T) denotes the symmetric difference of sets. I
The convolution of f, g:{0, 1} — R is the function f % g: {0, 1}" — R given by
(fx)x) = Y  fegkxay).
ye{o,13”

Some papers define convolution using an additional normalizing factor of 27", but the
above definition is more classical and better serves our needs. The Fourier spectrum of the
convolution is given by

F*g(S) =2"£($)8(S), Sc{l,2,....n}.

In particular, convolution is a symmetric operation: f * g = g * f. It also follows that
convolving f with the function 27" ZI S|=a Xs is tantamount to discarding the Fourier
coefficients of f of order less than d:

(2_" > Xs) xf=y fS)is. 2.7)

|S1=d |S|=d
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For any given f:{0, 1} — R, it is straightforward to verify the existence and unique-
ness of a multilinear real polynomial f :R" — R such that f = f on {0, 1}". Following
standard practice, we will identify f with its multilinear extension f to R”. In particular,
we define deg / = deg f . The polynomial f can be read off from the Fourier expansion

of f, with the useful consequence that deg f = max{|S|: f(S) # 0}.

2.5. Approximation by polynomials. Let f: 2" — R be given, for a finite subset 2~ C
R”. The e-approximate degree of f, denoted deg,(f), is the least degree of a real polyno-
mial p such that || f — p|leo < €. We generalize this definition to partial functions f on
Z by letting deg, (/) be the least degree of a real polynomial p with

[f(x) = p(x)| <€, x€domf,

lpx)|<l+e, ~ xe 2 \domf. (2.8)

For a (possibly partial) real function f on a finite subset 2~ C R”, we define E( f, d) to be
the least € such that (2.8) holds for some polynomial of degree at most d. In this notation,
deg (f) = min{d : E(f,d) < e}. When f is a total function, E(f, d) is simply the least
error to which f can be approximated by a real polynomial of degree no greater than d.
We will need the following dual characterization of the approximate degree.

FACT 2.3. Let f be a (possibly partial) real function on {0, 1}"*. Then deg.(f) > d if and
only if there exists V: {0, 1} — R such that

Yo Sy - Y [W@l—elylh >0,

x€dom f x¢dom f
and &(S) =0for|S| <d.

Fact 2.3 follows from linear programming duality; see [47, 49] for details. A related notion
is that of threshold degree deg . (f), defined for a (possibly partial) Boolean function f as
the limit

degy(f) = 61{% deg;_e(f)-

Equivalently, deg (f) is the least degree of a real polynomial p with f(x) = sgn p(x)
for x € dom f. We recall two well-known results on the polynomial approximation of
Boolean functions, the first due to Minsky and Papert [40] and the second due to Nisan and
Szegedy [41].

T . . _ n 4n2 -
HEOREM 2.4 (Minsky and Papert). The function MPy,(x) = \/;_; /\; L, xij obeys
deg, (MP,) = n.

THEOREM 2.5 (Nisan and Szegedy). The functions AND, and Aﬁ)n obey
degy/3(AND,) = deg 5(AND,) = O(/n).

2.6. Multiparty communication. An excellent reference on communication complex-
ity is the monograph by Kushilevitz and Nisan [35]. In this overview, we will limit
ourselves to key definitions and notation. The main model of communication of inter-
est to us is the randomized multiparty number-on-the-forehead model, due to Chandra,
Furst, and Lipton [18]. Here one considers a (possibly partial) Boolean function F' on
21 X X5 X -+ x Z, for some finite sets 27, Z3, ..., Zk. There are k parties. A given
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input (x1,x2,...,X;) € 21 X 2 x -+ x 2 is distributed among the parties by plac-
ing x; on the forehead of party i (fori = 1,2,...,k). In other words, party i knows
X1s--vsXiz1,Xi41,---,Xg butnot x;. The parties communicate by writing bits on a shared
blackboard, visible to all. They also have access to a shared source of random bits. Their
goal is to devise a communication protocol that will allow them to accurately predict the
value of F everywhere on the domain of F. An e-error protocol for F is one which, on ev-
ery input (x, X2, ...,Xxx) € dom F, produces the correct answer F(xy, x2, ..., X;) with
probability at least 1 — €. The cost of a communication protocol is the total number of
bits written to the blackboard in the worst case. The e-error randomized communication
complexity of F, denoted R(F), is the least cost of an e-error communication protocol
for F in this model. The canonical quantity to study is R;;3(F), where the choice of
1/3 is largely arbitrary since the error probability of a protocol can be decreased from 1/3
to any other positive constant at the expense of increasing the communication cost by a
constant factor.

The nondeterministic model is similar in some ways and different in others from the
randomized model. As in the randomized model, one considers a (possibly partial) Boolean
function F on Z7 X 25 X -+ x %, for some finite sets 27, 23,..., Zr. An input
(X1, X2,...,x;) € Z1 X 25 x---x Xy is distributed among the k parties as before, giving
the i th party all the arguments except x;. Beyond this setup, nondeterministic computation
proceeds as follows. At the start of the protocol, ¢; bits appear on the shared blackboard.
Given the values of those bits, the parties execute an agreed-upon deterministic protocol
with communication cost at most ¢;. A nondeterministic protocol for F is required to
output the correct answer for at least one nondeterministic choice of the ¢; bits when
F(x1,x3,...,x¢) = —1 and for all possible choices when F(x1,x2,...,x;) = +1.
As usual, the protocol is allowed to behave arbitrarily on inputs outside the domain of
F. The cost of a nondeterministic protocol is defined as ¢; + ¢,. The nondeterministic
communication complexity of F, denoted N(F), is the least cost of a nondeterministic
protocol for F.

The Merlin-Arthur model [3, 6] combines the power of randomization and nondeter-
minism. Similar to the nondeterministic model, the protocol starts with a nondeterministic
guess of ¢; bits, followed by ¢, bits of communication. However, the communication
can now be randomized, and the requirement is that the error probability be at most € for
at least one nondeterministic guess when F(xq,X3,...,x;x) = —1 and for all possible
nondeterministic guesses when F(x1,x2,...,x;r) = +1. The cost of a Merlin-Arthur
protocol is defined as ¢; + c». The e-error Merlin-Arthur communication complexity of
F, denoted MA(F), is the least cost of an e-error Merlin-Arthur protocol for F. Clearly,
MA(F) < min{N(F), R.(F)} for every F.

In much of this paper, the input to a k-party communication problem will be an ordered
sequence of matrices Xi, X», ..., X, € {0, l}k *, with the understanding that the i th party
seesrows 1,...,i —1,i +1,..., k of every matrix. The main communication problem of
interest to us is the k-party set disjointness problem DISJ ,, defined in (2.5). In words,
the goal in the set disjointness problem is to determine whether a given k x n Boolean
matrix contains an all-ones column, where the ith party sees the entire matrix except for
the ith row. We will also consider the k-party communication problem UDISJ ,, called
unique set disjointness, given by (2.6). Observe that UDISJy ,, is a promise version of set
disjointness, the promise being that the input matrix has at most one column consisting
entirely of ones.
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A common operation in this paper is that of composing functions to obtain communica-
tion problems. Specifically, let G be a (possibly partial) Boolean function on 27 x %5 x
-+ X 2, representing a k-party communication problem, and let f be a (possibly partial)
Boolean function on {0, 1}"”. We view the composition f o G as a k-party communication
problem on 27" x 27" x -+ x Z}'. With these conventions, one has

DISJ) s = AND, o DIST ;.
UDISJ s = AND, o UDISJ

for all positive integers 7, s.

2.7. Discrepancy and generalized discrepancy. A k-dimensional cylinder intersection
is a function y: 27 X 25 X - X 2 — {0, 1} of the form

k
xCensx) = [ oG X X x),
i=1
where y;: 27 X+ X Zi—1 X Zig1 XX X — {0, 1}. In other words, a k-dimensional
cylinder intersection is the product of k functions with range {0, 1}, where the i th function
does not depend on the ith coordinate but may depend arbitrarily on the other k — 1 co-
ordinates. In particular, a one-dimensional cylinder intersection is one of the two constant
functions 0, 1. Cylinder intersections were introduced by Babai, Nisan, and Szegedy [7]
and play a fundamental role in the theory due to the following fact.

FACT 2.6. Let I1T: 271 X 23 X --+ x Zi — {—1, +1} be a deterministic k-party commu-
nication protocol with cost r. Then

2"
=73 aif
i=1
for some cylinder intersections x1, ..., xar with pairwise disjoint support and some coef-
ficients ay, ...,ar € {—1,+1}.

Since a randomized protocol with cost r is a probability distribution on deterministic
protocols of cost r, Fact 2.6 implies the following two results on randomized communica-
tion complexity.

COROLLARY 2.7. Let F be a (possibly partial) Boolean function on &1 X Z2 X -+ X Zr.
If Re(F) = r, then

[FOO) = 1(X)| < ——. X € domF,
—€
1
|H(X)|§l—, Xe21xx 2,
—€
where I1 = ZX ayx is a linear combination of cylinder intersections with Zx lay| <

27 /(1 —e).

COROLLARY 2.8. Let IT be a randomized k-party protocol with domain &1 X & X +++- X
Zr. If IT has communication cost r bits, then

PII(X)=—1]= ) ayx(X), X e X 2% x 2k,
X
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where the sum is over cylinder intersections and ) X lay| <27

For a (possibly partial) Boolean function F on 27 X 25 X --- x 2} and a probability
distribution P on 27 x 25 X -+ X Z, the discrepancy of F with respect to P is given by

discp(F) = > P(X)+max| Y F(X)P(X)x(X)].
X
X ¢dom F Xe&€dom F
where the maximum is over cylinder intersections. The least discrepancy over all distri-
butions is denoted disc(F) = minp discp (F). As Fact 2.6 suggests, upper bounds on the
discrepancy give lower bounds on communication complexity. This technique is known as
the discrepancy method [21, 7, 35]:

THEOREM 2.9 (Discrepancy method). Let F be a (possibly partial) Boolean function on
Il X X5 X oo X Zk. Then

2R5(F) > 1—2¢ .
disc(F)

A more general technique, originally applied by Klauck [32] in the two-party quantum
model and subsequently adapted to many other settings [45, 39, 47, 38, 20], is the gener-
alized discrepancy method.

THEOREM 2.10 (Generalized discrepancy method). Let F be a (possibly partial) Boolean
Sfunction on 1 X X5 X +++ X Zx. Then for every nonzero W: 21 x Z5 x --+ x Zr — R,

1—¢ €
ke > < __[ N Fow) - > @) - ——¥l ],
maxy (6 %) X €dom F X ¢dom F e

where the maximum is over cylinder intersections .

Complete proofs of Theorems 2.9 and 2.10 can be found in [48, Theorems 2.9, 2.10]. The
ideas of the generalized discrepancy method have been adapted to nondeterministic and
Merlin-Arthur communication. The following result [23, Theorem 4.1] gives a criterion
for high communication complexity in these models.

THEOREM 2.11 (Gavinsky and Sherstov). Let F be a (possibly partial) k-party commu-
nication problem on & = 21 x 23 X -+ X Zk. Fix a function H: Z — {—1,+1} and
a probability distribution P on dom F. Put

a=P(F ' (=1)n H™'(=1)),
B=PF (=)~ H(+1)),

07
Q= o8 g iser ()’
Then
N(F) = 0,
MA5(F) = min{‘?(@)’ « (ﬁ)}

Theorem 2.11 was stated in [23] for total functions F, but the proof in that paper applies
to partial functions as well.
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3. DIRECTIONAL DERIVATIVES AND APPROXIMATION

Directional derivatives are meaningful for any function on the Boolean hypercube with
values in a ring R. The directional derivative of f:{0,1}" — R in the direction S C
{1,2,...,n} is usually defined as the function (df/0S)(x) = f(x) — f(x & 1g). Di-
rectional derivatives of higher order are obtained by differentiating more than once. As a
special case, partial derivatives are given by (3f/d{i})(x) = f(x)— f(x De;). Directional
derivatives have been studied mostly for the field R = F,, motivated by applications to
circuit complexity and cryptography [53, 1, 25, 26, 52, 22]. In particular, the uniformity
norm U? of Gowers [25, 26] is defined in terms of the expected value of a randomly cho-
sen order-d directional derivative for R = F,. To a lesser extent, directional derivatives
have been studied for R a finite field [24] and the field of reals [13]. In this work, deriva-
tives serve the purpose of determining how well a given function f:{0, 1} — R can be
approximated by a polynomial p € R[xq, x5, ..., x,] of given degree d. Consequently, we
work with the field R = R.

3.1. Definition and basic properties. Let d be a positive integer. For a given function
f:{0,1}* — R and sets Sy, 52,...,57 C {1,2,...,n}, we define the directional deriva-
tive of f withrespectto Sy, S, ..., Sy to be the function o4 f/081085 ---3S54:{0,1}" —
R given by

of 2| T
- J — _1lz .
559595, =L B [( ks (x@@z,lsi)] (3.1)

i=1
The order of the directional derivative is the number of sets involved. Thus, (3.1) is a
directional derivative of order d. We collect basic properties of directional derivatives in
the following proposition.

PROPOSITION 3.1 (Folklore). Let f:{0,1}" — R be a given function, Sy, Sa,...,S4 C
{1,2,...,n} given sets, and 0:{1,2,...,d} — {1,2,...,d} a permutation. Then

(i) 8¢/3810S, -S4 is a linear transformation of RV into itself;

(ii) 8% 1/0810S8, 9S4 = 334" £/05,0S,-+-0S4-1)/8Sq4;

(iti) 39 £/851082---383 = 8% £/3S5(1)0Se(2) - - 3Se(a);

(iv) 09 £/881885 -+ 8Salloo < ||.f oo

(v) 8¢ £/38,08,---3S4 = 0 whenever S; = @ for some i;

(vi) 8¢ £/3851085---0S4 = O whenever S1,S5,...,84 are pairwise disjoint and

deg f <d —1.

Proof. Ttems (i)—(iv) follow immediately from the definition. Since df/02 = 0 for any
function f, item (v) follows directly from (ii) and (iii). To prove (vi), we may assume
by (i) that f = yr with |T| < d — 1. For such f, observe that df/dS; = 0 whenever

TnS; = @. Since |T| < d—1and Sy, 8,,...,8; are pairwise disjoint, we have
T A S; = & for some i, thus forcing df/3S; = 0. That 3 £/3S, 3S, --- 3S4 = 0 now
follows from (ii) and (iii). I

Item (vi) in Proposition 3.1 provides intuition for why directional derivatives might be
relevant in characterizing the least error in an approximation of f by a real polynomial of
given degree. This intuition will be borne out at the end of Section 3. The disjointness
assumption in Proposition 3.1(vi) cannot be removed, even when 1g,,1s,,...,1s, are
linearly independent as vectors in F%. For example, 32x1/0{1,2} 8{1,3} = x; — % £ 0.
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We now define the key complexity measure in our study.

DEFINITION 3.2. Let f:{0, 1} — R be a given function. Ford = 1,2,...,n, define

A(f,d) ma of
b == X no ao ao bl
S15-58a 8S1 852 8Sd o
where the maximum is over nonempty pairwise disjoint sets Sy, Sz, ..., Sg € {1,2,...,n}.
Define A(f,n +1)=A(f,in+2)=---=0.

It is helpful to think of A(f,d) as a measure of smoothness. Our ultimate goal is to
understand how this complexity measure relates to the approximation of f by polynomials.
As a first step in that direction, we have:

THEOREM 3.3. For all functions f:{0,1}" - Randalld = 1,2,...,n,
E(f,d —1)= A(f,d).
Furthermore,
E(AND?.d — 1) = 2¢(1=0())=1 A(AND? , d).
Proof. Write f = p + &, where p is a polynomial of degree at most d — 1 and ||&]|co <
E(f,d —1). Then
A(f.d) < A(p.d) + A(§.d)
= A(§,d) by Proposition 3.1(vi)
<E(f,d-1) by Proposition 3.1(iv).
To prove the second part, note that A(AND}, d) = 24 since AND}, is supported on

exactly one point and takes on 1 at that point. At the same time, Buhrman et al. [15] show
that E(AND},,d — 1) > 9=1-6(d?/n)_ 0

Thus, A(f,d) is always a lower bound on the least error in an approximation of f
by a polynomial of degree less than d, and the gap between the two quantities can be
considerable. Our challenge is to prove a partial converse to this result. Specifically, we
will be able to show that

E(fid—1)< KYA(f.d) + KT A(fd +1) + -
+ KTA(fd + i) + -, (3.2)

where K > 2 is an absolute constant.
3.2. Elementary dual functions. The proof of (3.2) requires considerable preparatory

work. Basic building blocks in it are the linear functionals to which partial derivatives
correspond. We start with a formal definition of these fundamental objects.

DEFINITION 3.4 (Elementary dual function). For a string w € {0, 1}" and nonempty pair-

wise disjoint subsets S1,...,S; € {1,2,...,n}, let ¥y 5,,..,5,:10,1}" — R be the
function that has support

i=1
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and is defined on that support by

|z
Yw,sq,..., d(w@@zzls,) (1) , z €40, 1}4.

i=1

An elementary dual function of degree d is any of the functions v, s,,....s,, Where w €
{0,1}" and S4,..., Sz € {1,2,...,n} are nonempty pairwise disjoint sets.

An elementary dual function can be written in several ways using the above notation.
For example, vy, Sl, Sq = Yw.S5(1)....84() fOr any permutation o on {1,2,...,d}. One
also has Yu,5,7 = VYweiseir,s,r and more generally Vwez 15, @-®z41s,.51.,5¢ =
(- 1)|z‘1//w,sl ,,,,, s, We now establish key properties of elementary dual functions, moti-
vating the term itself and relating it to directional derivatives.

THEOREM 3.5 (On elementary dual functions).
(i) Forevery f:{0,1}" — R, onehas ( f, Yrw,s,,...5;) = (09 £/051085 ---3S4)(w).

(ii) The negation of a degree-d elementary dual function is a degree-d elementary
dual function.

(iii) If p is a polynomial of degree less than d, then (Yry s, ,..s,. p) = 0. Equiva-
lently, ‘/fw Sty Sd € Span{XS |S| d}

(iv) Every xs with |S| = d is the sum of 2" elementary dual functions of degree d.
In particular, every function in span{ys : |S| = d} is a linear combination of
degree-d elementary dual functions.

(v) For every function f:{0,1}* — Randd = 1,2,...,n, one has A(f,d) =
max{f, Yw.s,,...5,) = max|{f, Vw,s,,...5,)|, where the maximum is taken over
degree-d elementary dual functions Yy s,

Proof. Ttem (i) is immediate from the definitions, and (ii) follows from —¥y s,,...s, =
1/’w€Blsl ,S1,....54 - Item (iii) follows from (i) and Proposition 3.1(vi).

For (iv), it suffices by symmetry to consider x¢1,. pyfor D =d,d +1,...,n. For
every u € {0,174,

27y ay(X) i (Xggrs e Xn) =,
) =
wod"’{l}""’{d}( ) 0 otherwise.
Therefore,
Awpy() =29 " (=Dt g G ().
ue{0,1}1—d

By (ii), each of the functions in the final summation is a degree-d elementary dual function,

so that y¢;,... py is indeed the sum of 2" elementary dual functions of degree d.

Finally, (v) is immediate from (i) and (ii). i
DEFINITION. Ford = 1,...,n, define V,a C R o be the convex hull of degree-
d elementary dual functions, ¥, 4 = conv{yw,s,,..s, . Define ¥, ni1, W ni2,... C
ROI" by W, 41 = Wy pyp =+ = {0}

By Theorem 3.5(ii), the convex sets ¥y, 1, ¥y 2, . .., ¥y, are all closed under negation and

hence contain 0. As a result, we have ¢¥,, 4 € C¥, 4 forall C = ¢ = 0. We will use this



22 ALEXANDER A. SHERSTOV

fact without mention throughout this section, including Lemmas 3.6, 3.10, and 3.11 and
Theorems 3.7 and 3.12. The next lemma establishes useful analytic properties of ¥, 4.

LEMMA 3.6. Let f,v:{0,1}* — R be given, d € {1,2,...,n}. Then

G v e 2”||1ﬁ||1l1/n,d C 2" [|1¥n,qa Whenever ¥ € span{ys : |S| = d};
(i) (f * Yw.5,...5,)(x) = (39 f/051082 - 8S4) (x & w):
(i) ||/ * ¥loo < A(f. d) whenever Y € W, 4.

Proof. (i) Recall from Theorem 3.5(iv) that y s € 2", ; forevery subset S C {1,2,...,n}
with | S| = d. Therefore, ¥ € 2" ||1ﬁ |1 ¥n,a by convexity. The containment 2" ||1[A/ l1¥n.a S
2" | |11 ¥4 is immediate from Proposition 2.2(ii).

(ii) Writing out the convolution explicitly,

ye{o,13"

= (/. Vxow.51....54)

o4 f
= (aslasz---asd) x & w),

where the final step uses Theorem 3.5(i).
(iii) It is a direct consequence of (ii) that || f * V5,5, llc < A(f.d) for every
elementary dual function v s, ,....s, .- By convexity, (iii) follows. I

Recall that our goal is to establish a partial converse to Theorem 3.3, i.e., prove that
functions with small derivatives can be approximated well by low-degree polynomials. To
help the reader build some intuition for the proof, we illustrate our technique in a particu-
larly simple setting. Specifically, we give a short proof that E(f,d — 1) < 2" A(f,d). We
actually prove something stronger, namely, that every f can be approximated pointwise
within 2" A( f, d) by its truncated Fourier polynomial Z\S|sa’—1 f(S))(S. We do so by
expressing the discarded part of the Fourier spectrum,

> F(S)xs). (3.3)

IS|=d

as a linear combination of order-d directional derivatives of f at appropriate points, where
the absolute values of the coefficients in the linear combination sum to at most 2”. Since the
magnitude of an order-d derivative of f cannot exceed A( f,d), we arrive at the desired
upper bound on the approximation error.

THEOREM 3.7. For all functions f:{0,1}" - Randalld = 1,2,...,n,

E(fd=1< | fSus| <2"A(fd).
|S|=d oo

Proof. Define ¥:{0,1}" — Rby ¢(x) =27" Z\S|>d xs- Then by Lemma 3.6(i),

v €2V, . (3.4)
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As a result,
S FSus| =1 * Vo by (2.7)
IS|=d .
<2" ! 4
nax I/ *¥lloo by (3.4)
<2"A(f.d) by Lemma 3.6(iii). 1

Theorem 3.7 serves an illustrative purpose and is of little interest by itself. To obtain the
actual result that we want, (3.2), we need to consider directional derivatives of all orders
starting at d. Specifically, we express the discarded portion of the Fourier spectrum, (3.3),
as a linear combination of directional derivatives of f of orders i = d,d + 1,...,n,
where the sum of the absolute values of the coefficients of order-i derivatives is K’ for
some absolute constant K > 2. Since an order-i derivative cannot exceed A(f,i), the
desired bound (3.2) follows.

To find the kind of linear combination described in the previous paragraph, we will
express the function ¢y = 27" Z| S|=4 Xs as a linear combination of elementary dual
functions of orders d,d + 1, ..., n with small coefficients. That is a nontrivial task, and it
will take up the next few pages. Once we have obtained the needed representation for v,
we will be able to prove (3.2) easily using a convolution argument, cf. Theorem 3.7.

3.3. Symmetric extensions. Consider the operation of extending a symmetric function
g:{0,1}™ — R to a larger domain {0, 1}", illustrated schematically in Figure 3.1. The
extended function is again symmetric, supported on m + 1 equispaced levels of the hyper-
cube, and normalized such that the sum on each of these levels is the same as for g. Here,
we relate the metric and Fourier-theoretic properties of the original function to those of its
extension.

LEMMA 3.8. Let n,m, A be positive integers, mA < n. Let g:{0, 1} — R be a given
symmetric function. Consider the symmetric function G:{0, 1}" — R given by

() (i 4)(171/400...0) if x| = 0.4.24.....mA,

G(x) = %o 3.5)

otherwise.
Then:
(1) the Fourier coefficients of G are given by
m
¢ m . )
G(s)=2" o™ E ;
® ; (i )g( )XG{O,I}”,|x|=iA[XS(x)]

(ii) G € span{ys : |S| = d} ifand only if g € span{ys : |S| = d};
(iii) G € ¥y, g whenever g € W, 4.

Proof. (i) By the symmetry of g and G,

n

GES)=27") ('Z)G(l"O""')l E [1s(x)]

‘ x|=i
i=0

m

[
~
BN

m i ym—i
2 (l. )g(l 0 )|x£m[“(x)]'
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{0.1}"

{0, 1}

FIGURE 3.1. Extending a symmetric function from {0, 1} to {0, 1}".

(ii) Since g is symmetric, g ¢ span{ys : |S| = d} if and only if
> g@)pxi -+ xm) #0

x€{0,1}m

for some univariate polynomial p of degree less than d. Analogously, G ¢ span{ys :
|S| = d} if and only if

> G+ +x,) #£0

x€{0,1}"
for some univariate polynomial ¢ of degree less than d. Finally, the definition of G ensures

xl+...+xn)

Y g@plai ot xm) = Y. G(x)p( X

x€{0,1} xe{0,1}"

for every polynomial p, regardless of degree.

(iii) For nonempty pairwise disjoint subsets 71, 75,..., T, < {1,2,...,n}, define
LT,,..1, to be the linear transformation that sends a function ¢: {0, 1}* — R into the
function L1, ... 1,,¢:{0, 1} — R such that

.....

L1y, . 1n®) 1l @ - Bumly,) = d(u), u €1{0,1}™,

and (Lt,,..1,,¢)(x) = 0 whenever x # u117, @ -+ ® up1r,, for any u. We claim that

G= E |[L , 3.6

 E Tm[ Ty T &l (3.6)
where the expectation is over pairwise disjoint subsets 71, 75, ..., T, € {1,2,...,n} of
cardinality A each. Indeed,‘ the r_ight—hand side of (3.6) is a function {0, 1}" — R that is
symmetric, sums to (';’)g(I’O”‘_’) on inputs of Hamming weightiA (i = 0,1,2,...,m),

and vanishes on all other inputs. There is only one function that has these three properties,
namely, the function G in the statement of the lemma.

In view of (3.6) it suffices to show that under L, , .. T,,, the image of an elementary dual
function {0, 1} — R is an elementary dual function {0, 1} — R of the same degree. By
definition, the elementary dual function ¥y, s, ,....5,: 10, 1} — R satisfies

(_l)lz\
1/fw,S1 ..... Sd(wealeSlEB"'@zdlSd):z—d’ ze{O,l}d,

.....
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and vanishes on the remaining 2" —2d points of {0, 1}"*. Thus, L7, ,...7,, Vw.,s,...,S, Obeys

Nkl
(LTl,...,Tm Ww,Sl,...,Sd (@ wllT @ @Zl lR ) - ( ) ’ Z € {O’ 1}d7

and vanishes on the remaining 2" —2d points of {0, 1}, where Ry,..., Ry € {1,2,...,n}
are the nonempty pairwise disjoint sets R; = UjeSi T;. Therefore, L7, 7,,Yw,s,,....S4
is a degree-d elementary dual function. 0

The next lemma takes as given the Fourier coefficients of the extended symmetric func-
tion and solves for the values of the original symmetric function.

LEMMA 3.9. Let F:{0,1}* — R be a symmetric function and m € {1,2,...,n}. Then
there exist reals go, g1, - - . , €m Such that

D [xs(@)] = F(S) (S| <m), 3.7)
4 e{o 1}

=0 \x|=i|n/m]

> lgil < 8™ = D F oo, (3.8)
i=0

Proof. Abbreviate A = |n/m], so that mA < n < 2mA. The expectation in (3.7)
depends only on the cardinality of S. As a result, it suffices to prove the lemma for
S =a,{1},{1,2},{1,2,3},...,{1,2,...,m}. To that end, consider the matrix

a=[ B ozl
|x|=iA i
where i, j =0, 1,2,...,m. Then the sought reals go, g1, ..., gm are given by
2o F(2)
g1 A1y
g2 | =" F({1,2})

g;n ﬁ({l,Z,....,m})

whenever A is nonsingular. Consequently, the proof will be complete once we show that
the inverse of A exists and obeys

A7 < 8™ —1. (3.9)

We will calculate A~! explicitly. Consider polynomials pg, p1,..., pm:{0,1}* — R,
each of degree m, given by

pi(x )—( 1) ( )]_[(|x|—zA) ji=01,....m

i#j
Then
1 if |x| = jA,

pj(x) = %0 if [x| € {0, 4,24,....,mA}\ {jA}.
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It follows that

8i,j = |x|1=‘3i A[pj ()]

I
WE

pi12, kb E T xs(x)
WI=IA L iz

5

x~
Il
S

I
NE

ﬁ,m,z,...,k})(Z) Bl )

x~
Il
o

Il
NE

A n .o
P_/({l,Z,---,k})<k)Ak,i (i,j =0,1,....m),
k=0
where the second and third steps use the symmetry of p; and the symmetry of the expec-
tation operator, respectively. This gives the explicit form

41— {(Z),aj(u,z,...,k})} ,
J.k

showing in particular that A is nonsingular. It remains to prove (3.9). Applying Proposi-
tion 2.2(iii)—(iv),

1 m\ oy ——
A < —iA
151 m!A’”(j)ll'”x' Al

i=0
i#]

1 m\ % /n n .
m!Am(j)n(§+’§_lA)

i=0
i#j

1 2mA 2mA
n,l L—i— L—iA since n < 2mA
mlA™ \ j o 2 2

i#j
m 2m\ (m
2m—j\mJ\j)|

41 = “ A< 2m\ < (m _ om 2m <gm_ | i
EIED AT DD Bk i L
j=0 j=0

3.4. Bounding the global error. At this point, we have all the tools at our disposal to
express Y = 27" ZI S|=a Xs as a linear combination of elementary dual functions of
orders d,d + 1,...,n with small coefficients. We do so by means of an iterative process
that can be visualized as “chasing the bulge,” to borrow the metaphor from linear algebra.
Originally, the Fourier spectrum of i is supported on characters of degree d or higher.
In the ith iteration, the smallest degree of a nonzero Fourier coefficient grows by a factor
of ¢, and the magnitude of the nonzero Fourier coefficients grows by a factor of at most

/

- b

/A

Hence,

8¢’ In this way, each iteration pushes the Fourier spectrum further back at the expense
of a controlled increase in the magnitude of the remaining coefficients, which results in
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M\ 8cd +c2d

8cd

d cd c2d

FIGURE 3.2. Chasing the bulge.

a growing “bulge” of Fourier mass on characters of high degree. This process is shown
schematically in Figure 3.2. The next lemma corresponds to a single iteration.

LEMMA 3.10. Let D be a given integer, 1 < D < n. Let F:{0,1}" — R be a symmetric
Sfunction with F € span{ys : |S| = D}. Then for every integer m = D, there is a
symmetric function G:{0, 1} — R such that

G €2"16™ | F|loo¥n.D. (3.10)
F — G espan{ys : |S| = m + 1}, (3.11)
IF = Glloo < 8" Floo- (3.12)

Proof. When m > n, Lemma 3.6(i) shows that F € 2"||F |1 W,.p C 2" 2"|| F |l cc%¥n.p <
2" 16™| 13||oollln,p. As a result, the lemma holds in that case with G = F'.

In the remainder of the proof, we treat the complementary case m < n. Define A =
|n/m] = 1. By Lemma 3.9, there exist reals gg, g1, ..., gm that obey (3.7) and (3.8). Let
")~ g1} Then (3.7)

|x]

g:{0,1}™ — R be the symmetric function given by g(x) = 2”(
and (3.8) can be restated as

F(S)=27") (’?)g(lfom—") sl (ST < m), (3.13)
i=0 |x|=iA

gl < 2" (8" = DI|Flloo- (3.14)
Now define G: {0, 1} — R by (3.5). Then Lemma 3.8(i) gives
F(S) = G(S), S| < m. (3.15)

Since the Fourier spectrum of F is supported on characters of order D or higher (where
D < m), we conclude that G € span{ys : |S| = Dj}. This results in the following chain
of implications:

g € span{ys : |S| = D} by Lemma 3.8(ii),
g €2"|gll1¥m.p by Lemma 3.6(i),
g €2" 16™ || F || so¥m,p by (3.14),

G € 2" 16" F|loo%n.0 by Lemma 3.8(iii). (3.16)
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Finally,
IF = Glloo < IIFlloo + 1G oo
<N Flloo + 27" Igln by Lemma 3.8(i)
< 8" Floo by (3.14). (3.17)
Now (3.10)—(3.12) follow from (3.16), (3.15), and (3.17), respectively. I

By iteratively applying the previous lemma, we obtain the desired representation for
27" 3 \s|=d XS-

LEMMA 3.11. Let F:{0,1}" — R be a symmetric function with F € span{ys : |S| = d},
where d is an integer with 1 < d < n. Then for every real ¢ > 1,

A ad 4¢2—¢ Cid
Fe2'|Flo ) (z =1 ) W, reidl- (3.18)
i=0
Proof. We will construct symmetric functions Fy, F», ..., Fj,...:{0,1}" — R, where
~ 4c2—¢ Ci_ld
F; € 2nI|F|IOO (2 c—1 ) q/n,[ci_ld]’ (3.19)
F—F —F,—---—F; espan{ys : |S| = [¢'d]}, (3.20)
. ——— cdtlg—ca A
[F—Fi—F,——=Filloo <8 T [[Flo. (3.21)

Before carrying out the construction, let us finish the proof assuming the existence of such
a sequence. Since c¢'d > n for all i sufficiently large, (3.19) implies that only finitely
many functions in the sequence {F;}72, are nonzero. The series 372, F; is therefore
well-defined, and (3.20) gives F = Zfil F;. Property (3.19) now settles (3.18).

We will construct Fy, F», ..., Fj, ... using induction to ensure properties (3.19)—(3.21).
The base case i = 0 is immediate from the assumed membership F € span{ys : |S| = d}.
For the inductive step, fix i = 1 and assume that the symmetric functions Fy, F», ..., F;_;
have already been constructed. Then by the inductive hypothesis,

F —Fy— -~ Fi_y € span{ys : [S| = [¢'"'d},
—— cld—cd . ~
[F—Fi—-=Ficilloo <8 1 || Flloo. (3.22)

There are two cases to consider. In the degenerate case when [¢~!'d] = [c'd], one ob-
tains (3.19)—(3.21) trivially by letting F; = 0. In the complementary case when [¢!~1d] <
[c'd], we have [¢'~'d] < |cd . As a result, Lemma 3.10 is applicable with parameters
D = [c¢i7'd] and m = |c'd ] to the symmetric function F — F; — F —--- — F;_; and
yields a symmetric function F; such that

i —
Fre2" 16N F—F — - — Filloo®,.ei-147-
(F—F,—--—F;_1)— F; e span{ys : |S| = [c'd] + 1},
- i _
[(F=Fi——Fi_1) = Filloo <8< YF—F - = F_i] o
These three properties establish (3.19)—(3.21) in view of (3.22). I

We have reached the main result of Section 3, stated earlier as (3.2).
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THEOREM 3.12. Let ¢ > 1 be a given real number. Then for every d = 1,2,...,n and
every function f:{0,1}" — R,

E(fd=1D< | fS)rs

|S|=d

o0 42 c
<> (2 ?—T‘)

i=0

[o.¢]
i

d
A(f. [c'dD). (3.23)
In particular,

E(fid—1) <) 5%A(f.). (3.24)
i=d
|1og 7 | _

E(fd-1< Y (¥“)%4af£2'4). (3.25)

i=0

Proof. The function ¢ +> 2(4¢?=0)/(c=1) attains its minimum on (1, 00) at the point ¢ =
1+/3/4 = 1.8660 . . .. Substituting this value in (3.23) and noting that [ (1+/3/4)'d] <
[(1 4 /3/4)*1d] gives (3.24). For the alternate bound (3.25), let ¢ = 2 in (3.23).

It remains to prove (3.23). Abbreviate K = 2(4¢*=)/(=1) and define v: {0, 1}" — R
by ¥(x) = 27"} 554 Xs- Then by Lemma 3.11,

o0
Y e KN, g (3.26)
i=0
As a result,
Yo FSus| =1 # Voo by (2.7)
|S|=d o
o .
<Y K9 max  ||f x¢¥ll by (326)
i=o VI reian
0 .
<Y KCYA(f ). by Lemma 3.6(iii). [

Il
o

4. REPEATED DISCREPANCY OF SET DISJOINTNESS

Let G be a multiparty communication problem, such as set disjointness. The classic
notion of discrepancy, reviewed in Section 2, involves fixing a probability distribution
on the domain of G and challenging a communication protocol to solve an instance X
of G chosen at random according to 7. If some low-cost protocol solves this task with
nonnegligible accuracy, one says that G has high discrepancy with respect to 7. In this
paper, we introduce a rather different notion which we call repeated discrepancy. Here,
one presents the communication protocol with arbitrarily many instances X1, X5, X3, ...
of the given communication problem G, each chosen independently from 7 conditioned
on G(X1) = G(X3) = G(X3) = ---. Thus, the instances are either all positive or all
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negative, and the protocol’s challenge is to tell which is the case. The formal definition
given next is somewhat more subtle, but the intuition is exactly the same.

DEFINITION 4.1. Let G be a (possibly partial) k-party communication problem on 2~ =
21 X Xy x -+ x Zk and 7 a probability distribution on the domain of G. The repeated
discrepancy of G with respect to 1 is

1/n

rdisc;(G) = sup max
n,rez*

9

E |:X(...,X,-,,-,...)HG(X,-,I)}

cees X j e i=1

where the maximum is over k-dimensional cylinder intersections y on 2" = Z"" x

AP X x %k'”, and the arguments X; ; ({ = 1,2,...,n, j =1,2,...,r) are chosen
independently according to 7 conditioned on G(X; ;) = G(X;2) = -+ = G(X;,,) for
eachi.

We focus on probability distributions 7 that are balanced on the domain of G, meaning
that negative and positive instances carry equal weight: 7(G~!(—1)) = 7(G~1(+1)). We
define

rdisc(G) = inf rdisc,(G),

where the infimum is over all probability distributions on the domain of G that are bal-
anced. Our motivation for studying repeated discrepancy comes from the approximation
theoretic contribution of this paper, Theorem 3.12. Using it, we will now prove that re-
peated discrepancy gives a highly efficient way to approximate multiparty protocols by
polynomials.

THEOREM 4.2. Let G be a (possibly partial) k-party communication problem on & =
Z1 X Xy X -+« X Zy. For an integer n = 1 and a balanced probability distribution 7 on
dom G, consider the linear operator Ly p,: RZ" - RO given by

Lrn)x)= E o E  y(Xi.....Xn), x € {0, 13",

1™~Tx Xn~mxy

where o and 1y are the probability distributions induced by w on G~ (+1) and G~ (-1),
respectively. Then for some absolute constant ¢ > 0 and every k-dimensional cylinder in-
tersection y on " = X' x X3 X -+ % %k",

E(Lgny.d —1) < (crdiscy (G))4, d=12,....n.

Proof. Put Ay = maxy A(Ly ), d), where the maximum is over k-dimensional cylinder
intersections. In light of (3.24), it suffices to prove that

Ag < (2rdisc, (G))4, d=1.2,....n. (4.1
Fix w € {0, 1}"* and pairwise disjoint sets S1, S2,...,S7 € {1,2,...,n} such that
04 (Lzny)
Ag = —_ , 4.2
il PP TO TL 2
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where the maximum is over k-dimensional cylinder intersections. Then by the definition
of directional derivative,

Ay = max E E X1, X2, ..., X)) (=D 43
‘ X |ze{0,139 X1,X2,....Xn XXy, Xo n) (=1) (4.3)

where

Tw; @z, if i € 8y,

Tw; ®25 ifi € 85,
Xi~ :

Tw; ®z4 ifi € Sy,

Tw: otherwise.

In other words, the cylinder intersection y receives zero or more arguments distributed in-
dependently according to 775, , zero or more arguments distributed independently according
to 7z, zero or more arguments distributed independently according to m,,, and so on, for
a total of n arguments. To simplify the remainder of the proof, we will manipulate the
input to y as follows.

(i) We will discard any arguments X; whose probability distribution does not depend
on z, simply by fixing them so as to maximize the expectation in (4.3) with respect
to the remaining arguments. This simplification is legal because after one or more
arguments X; are fixed, y continues to be a cylinder intersection with respect to
the remaining arguments.

(i) We will provide the cylinder intersection with additional arguments drawn inde-
pendently from each of the probability distributions 7, , nzr, ..., 7z, , Tz, SO
that there are exactly n arguments per distribution. This simplification is legal
because the cylinder intersection can always choose to ignore the newly provided
arguments.

Applying these two simplifications, we arrive at

Ag < max E E E
X |ze{0,1}4 X115 X1 0~z Xa.150Xan~mz,
YieoYin~mzr YauseoYan~mzg

G Xiteo o Xim Yide oo Yim, ) (=D @.4)
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It remains to eliminate wzT, . .., mz;. Rewriting (4.4) in tensor notation,
d
—d |z| ®n ®n
a0<2tms T 0@t oa20)
z€{0,1}4 i=1

=24 max

<X»®(7T ® ﬂ;@n ®n,(;®n)>

i=1

=279 max
X

<X»®(7T(?n ® n(()X)n _ 7-[;8" ® ngbn

i=1

:2_dm§1x Z (=1 Z (—Dk! <Xv®(”z INTS ®”Srfl\yi)>

ye{0,1}4 z€{0,1}¢ i=1
< max max Z (— 1)Z|<X,®(nz o ®n?'iy,)>. 4.5)
ye{0, 134 X ! e
z€{0,1}¢ i=1

For every y € {0, 1}¢, the probability distribution ®l_1 (nZ Ay ® n?ﬁy ) is the same as

(T[®n ®--® n®") ® (n ® - ®m, &™) up to a permutation of the coordinates. The
inner maximum in (4.5) is therefore the same for all y, namely,

z€{0,1}9 X115 X1n~mz, Xd 15 Xdﬂ"’”id

29 max
X

E X("'»Xi,j7 lj?' )( 1)|Z‘

Y1.1:Ya n~m0

The variables Y; ; can be discarded, as argued in (i) at the beginning of this proof. This
leaves us with

Ag < 24 max
z€{0,1}4 X1, 1, X1n~7z1 X1 Xan~Tz,

X

X X )]_[G(Xll)

i=1

Since = is balanced, (4.1) follows immediately. [

Theorem 1.1 gives a highly efficient way to transform communication protocols for
composed problems f o G into approximating polynomials for f, as long as the base com-
munication problem G has repeated discrepancy smaller than a certain absolute constant.
This result is centrally relevant to the set disjointness problem in light of its composed
structure: DISJ . = AND, o DISJ ¢ for any integers r, s. In the remainder of this sec-
tion, we will obtain a near-tight upper bound on the repeated discrepancy of set disjoint-
ness, which we will later use to prove the main result of this paper.
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4.1. Key distributions and definitions. Let T be the k x 251 matrix whose columns
are the 2¥~1 distinct columns of the same parity as the all-ones vector 1¥. Let F; be
the k x 2K=1 matrix whose columns are the 2¥~1 distinct columns of the same parity
as the vector 01¥~1. Thus, the columns of Ty and Fi form a partition of {0, 1}¥. We
use Ty and Fj to encode true and false instances of set disjointness, respectively, hence
the choice of notation. Let Hy be the k x 2F matrix whose columns are the 2% distinct
vectors in {0, 1}¥, and let H . be the k x (2% — 1) matrix whose columns are the 2% — 1
distinct vectors in {0, 1}* \ {1¥}. The choice of letter for Hy and H & is a reference to
the hypercube. For definitiveness one may assume that the columns of Ty, Fy, Hy, H; are
ordered lexicographically, although the choice of ordering is immaterial for our purposes.
For an integer m = 1, we define shorthands

Hem=[He Hi ... Hl Hi,,=[H, H, ... H]

m m

For a Boolean matrix 4, we define

A=4e|0 0 - 0
00 ... 0

When A is a Boolean matrix of dimension 1 x 1, this notation is consistent with our earlier
shorthand @ = a @ 1 for a € {0, 1}. Observe that for any matrices A, A, Az, ..., Ay,

A=A, (4.6)

[A1 Ay -+ Au|=[A41 A2 -+ A4 4.7
Moreover,

Him =0 Him, (4.8)

Tx =v F, (4.9)

F =p Tx. 4.10)

In this section, we will encounter a variety of probability distributions on matrix se-
quences. Describing them formulaically, using probability mass functions, is both tedious
and unenlightening from the standpoint of proof. Instead, we will define each probability
distribution algorithmically, by giving a procedure for generating a random element. We
refer to such a specification as an algorithmic description of the given distribution. We will
often use the following shorthand: for fixed matrices A;, A,, ..., A;, the notation

(AP, 4D,...,49) (4.11)

stands for a random tuple of matrices obtained from (A1, A5, ..., A;) by permuting the
columns in each of the ¢ matrices independently and uniformly at random. In other words,
(4.11) refers to a random tuple (01 A1,0245,...,0,A;), where 01,02, ...,0; are column
permutations chosen independently and uniformly at random. We will also use (4.11) to
refer to the resulting probability distribution on matrix tuples, which will enable us to use
shorthands like B ~ A% and (B, Ba, ..., B;) ~ (AP, A4%,..., AP). As an important
special case, the O notation applies to row vectors, which are matrices with a single row.
On occasion, it will be necessary to apply the O notation to a submatrix rather than the
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Algorithm 1:  Alternate algorithmic description of ftg , for k = 2

(i) Choose f € {0, 1} uniformly at random.

(ii) Choose 2% row vectors agk—1,bgik—1,...,ak—1,bx—1 independently according
to
ay— ~[0°" - f1°,
az ~[0"12" f@TI® O] g # 17
by ~[0M1" fOTI®--®Th—1]°, z e {0, 1},
(iii) Define A,, B, for z € {0, 1}¥~1 by
21 21 21 21 21 21
22 Zo 22 22 Z2 cee Z2
A; = : : , B, = : :
k=1 Zk—1_ ' Zk-1 k=1 Zk—1_ ' Zk-1
az J |_ bz
(iv) Output ([Agxk—1 -+ A%, [Bok—1 -+ B—1]%).

entire matrix. For example, [ [0™17]° 0 0 1] refers to a random row vector whose
last three components are 0,0, 1 and the first 2m components are a uniformly random
permutation of the row vector 0" 1™.

We say that a probability distribution p on matrix sequences (Ap, Az, ..., Ay) is in-
variant under column permutations if w(Ay, Aa,...,A;) = u(o1A1,0245,...,0:A4;)
for every choice of column permutations oy, 05, ..., 0;. Most of the randomized proce-
dures in this section involve choosing (A1, 45, ..., A;) by some process and outputting
(A?, Ag) AU A?), so that the resulting probability distribution on matrix sequences is
invariant under column permutations.

We now define the main probability distribution of interest to us, which we call ug .
Nearly all of the work in this section is devoted to understanding various metric properties
of g, and of probability distributions derived from it.

DEFINITION. For positive integers k,m, let ug , be the probability distribution whose
algorithmic description is as follows: choose M € {Tj, Fi} uniformly at random and
output (M H|, 2m]b, [M Hk’m]b).

We will need to establish an alternate procedure for sampling from g ,,, whereby one
first chooses rows 1,2, ...,k — 1 and then the remaining row according to the conditional
probability distribution. Such a procedure is given by Algorithm 1.

PROPOSITION 4.3. Algorithm 1 is a valid algorithmic description of ik m for k = 2.

Proof. By inspection, the output distribution of Algorithm 1 has the following properties:
() it is invariant under column permutations; (ii) with probability 1/2, the output is a
matrix pair (4, B) with A =¢, [Tk Hlé,Zm] and B =¢ [Ty Hp p); (iii) with probability
1/2, the output is a matrix pair (4, B) with A =¢, [F} Hlé,Zm] and B =¢ [Fx  Hp,ml]-

There is only one probability distribution with these three properties, namely, g . [
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Algorithm 2:  Alternate algorithmic description of Ag

(i) Choose f, f" € {0, 1} uniformly at random.
(ii) Choose 2¥*1 row vectors a;, al,, by, b}, forz € {0, 131 independently accord-
ing to

ap—1 ~[0*"  f1°,

a/lk—l ~ [02m f,]bv

a; ~[0*"12" feTI® - ®Zi1l°, z # 1
a, ~[0*"12" T @ ®Th—1)°. z#1
bz ~ [Omlm f@ﬂ@@zk—l]b9 Z € {O’ l}k_l?
b~ 0" feTie @), zefo
(iii) Define A, B, for z € {0, 1}¥~! by
B Zl Zl . e Zl T B Zl Zl DY Zl 7
Zz ZZ “ e Z2 ZZ Zz e Zz
A= ¢ : S|, By=| : Sl @12
Zk—1 Zk—1 *°° Zk—1 Zk—1 Zk—1 " Zk—1
a, b,
i a; i i b, i
(iv) Output ([Agxk—1 -+ Alk—l]o, [Bok—1  --- Blk—l]o).

We now define a key probability distribution Ag ,, derived from pig p,.

DEFINITION. For integers k > 2 and m > 1, define Ag ,, to be the probability distribution
with the following algorithmic description:

(i) pick a matrix pair (A4, B) € {0, 1}¥=1* x {0, 1}¥=1* according to the marginal
distribution of g ,, on the first k — 1 rows;
(ii) consider the probability distribution induced by ik ,, on matrix pairs of the form

([f] , [f]) , and choose ([ﬁ,‘] , [f]) , ([;‘] : [f]) independently according to

that distribution;

(iii) output ([g,] , [5]) .

By symmetry of the columns, Ay ,, is invariant under column permutations. To reason
effectively about A% ,,,, we need a more explicit algorithmic description.

PROPOSITION 4.4. Algorithm 2 is a valid algorithmic description of Ak .

Proof. Immediate from the description of 1tk » given by Algorithm 1. [

In analyzing the repeated discrepancy of set disjointness, we will need to argue that the
last two rows of a matrix pair drawn according to A, do not reveal too much information
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Algorithm 3:  Definition of v} (i =0,1)

(i) Choose f, ' € {0, 1} uniformly at random.
(i) Choose 2k+1 row vectors az, a’z, by, bé, for z € {0, l}k_l, independently accord-
ing to

ap—1 =[0*""1 £ 0],
amy =020 0 £,
aZN[[Ozm—1]2m—1]O 1 foZ1® - ®Zr—r 0] z;élk_l,
a, ~[[*"112m0 1 0 fleme-eZl. oz #£ 1K

by~ [0 ° T fezie @i il z e {0, 131,
b ~[[0" 1™ ° T i feTie @i, z e {0, 1k
(iii) Define A, B, for z € {0, 1}¥~! by (4.12).
(iv) Output ([Agk—1 - Ax=1]1C,[Box=1 -+ B-1]°).

about the remaining rows. We will do so by showing that A, is close in statistical distance
to certain probability distributions v,? " v,i ,, in which no information is revealed.

DEFINITION. For integers k = 2 and m > 1, define v,? . and v,i . t0 be the probability
distributions whose algorithmic descriptions are given by Algorithm 3.

Comparing Algorithms 2 and 3, we see that the new distributions v,? , and v,i ., differ
from A ,, exclusively in step (ii) of the algorithmic description. An alternate, global view
of v} and v} is given by the following proposition.

PROPOSITION 4.5. Algorithm 4 is a valid algorithmic description of v,?’m and v,l,m.

Proof. Algorithm 4 is obtained from Algorithm 3 by reordering the columns prior to the
application of the O operator. Specifically, in the notation of Algorithm 3, the last two
columns of A;x—: and the last three columns of each A; (z # 1¥=1) are moved up front
and listed before any of the remaining columns; likewise, the last three columns of each
B, (z € {0, 1}*71) are moved up front and listed before any of the remaining columns.
The subsequent application of the © operator in both algorithms ensures that the output
distributions are the same. 0

Closely related to v,(c),m and Uli,m are the distributions v,?, Py Pg and v,i, Py, Py’ defined
next.
DEFINITION 4.6. Let Py, ..., Pg € {0, 1Y¥~1*_ The probability distribution v,? Py, Ps

on matrix pairs is given by choosing My, My € {Ti_1, Fx—1} uniformly at random and
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Algorithm 4:  Alternate algorithmic description of v,i m @=01)

(i) Choose 25*1 row vectors a, al, bz, b, forz € {0, k-1, independently accord-

ing to

a1 = a\y = 0?m-1,

ag,a, ~ [O2m—112m—1]0’ z# 151
by, b, ~ [0m 1m0, z € {0, 1)1,

(ii) Define A, B, for z € {0, 1}¥~1 by (4.12).
(iii) Choose My, M, € {Ty—1, Fx—1} uniformly at random and output the matrix pair

CH|_ M, M, M, M, 1°
11...1]11...1]00...0]00...0[00...0] Agk—1 -+ A= >

L 11...1](00...0|00...0|11...1/00...0
— — 10

_Hk—l M, M, M; M,
11...1]100...0 | ii...i | ii...i | Box=t -+ Bpk—1
ii...1 | ii...i [ 11...1]00...0

~.| ~.

outputting the pair

M, P,|M, P,| M, M, Ps| P, 7°
111...1]000...0 | 00000000...0 | 11...1 | .
000...0 | 111...1 | 00000000...0 | 11...1 |

- -0

My Ps| M, Ps| My M, Py Pg
111...1 | 000...0 [ 00000000...0 | 11...1 . 4.13)
000...0 | 111...1 | 00000000...0 ll...l_

.....

{Tk—1, Fx—1} uniformly at random and outputting the pair

- — = —0
M, Pi|My, P,| M\ M P3| Py
111...1{000...0 | 00000000...0 [ 11...1 | .

| 000...0 | 111...1 | 00000000...0 | 11...1 |

10

[ My Ps| My Ps| P, | Mi M, Pg
111...11000...0|00...0 | 11111111...1
000...0 | 111...1 | 00...0 | 11111111...1

It is not hard to see, as we will soon, that v,(c) m is a convex combination of probability

1 0

. . . 0
distributions vy Py o and analogously for v km

.....

. This will enable us to replace v;  and

k,m
v,i,m in our arguments by particularly simple and highly structured distributions.

DEFINITION. A matrix pair (4, B) is (k, m, «)-good if
HIL—I,Zm’ ‘ Hlé—1,2m/ Hy—10m

11...1 00...0 | 00...0 |[E4

00...0 11...1 00...0
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and Hy11m T B, where m' = [15% . m]. A matrix pair (4, B) is (k,m, @)-bad if it is

2
not (k, m, a)-good.

It will be necessary to control the quantitative contribution of bad matrix pairs in the anal-
ysis of set disjointness. In the definition that follows, we give a special name to probability

.....

DEFINITION. Let % denote the set of all probability distributions v , p, that are
supported on (k, m, «)-good matrix pairs. (The letter ¢ is a reference to good pairs.)

.....

supported on (k, m, o)-good matrix pairs.

The following proposition gives a convenient characterization of probability distribu-
. . 0 1
tionsin%’  and¥. .

PROPOSITION 4.7. Let k = 2 and m = 1 be integers, m' = [FT“ - m]. Fix matrices

.....

following three conditions hold:

(l) Hyp 5, E P1. P,
(i) Hk—12m T P3,

(iii)) Hg—1,m € Ps, Ps, P7, Pg.

.....

4.2. Technical lemmas. We now establish key properties of the probability distributions
introduced so far. Our main result here, Theorem 4.12, will be an approximate represen-
tation of Ag , out of the convex hulls of %1?, M. and %klm o> With careful control of the
error term. We start with an auxiliary lemma which we will use to show the proximity of
Aems v,?, e and v,l, , I statistical distance.

LEMMA 4.8. For an integer m = 1, consider the probability distributions tm.1,0m.2, Pm
on{l,2,...,m+ 2} given by

2 2 -1
am,,-(i)=(l.i1j) (HT) : j=12,
-1
. m+2\[(m+1\[2m+3
- ()

Then there is an absolute constant ¢ > 0 such that

H(dm,j, Bm) < j=12.

c
Jm’
That the functions &, 1, ttm 2, Bm are probability distributions follows from Vandermonde’s
convolution, (2.1).
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Proof of Lemma 4.8. For j = 1,2, elementary arithmetic gives

cli—2 j clt —
e _cliZ 3] < Ym0 <1+£+ il 1 (i=12,....,m+2)

m mo " Puli)

for some absolute constant ¢ > 0, so that |1 — /&, ; (1)/Bm(D)| < (1 +]i —F|). Asa

result,

2

2H (apm,;, ,Bm)2 ~,Bm (1 - ag:,](fl)))
;2 {1+2E ‘;——‘Jr E [( —%)2“
1+2,/E |:<l — %)2} +E [(z _ %)ZB (4.14)

where we used the fact that E X < /E[X?] for a real random variable X. Furthermore,

)
2 3 2 1
Eil= (") ("
B m+ 1 £ i i—1
-1 m+2 2
2m+3 m+1
= 2
(m+1 (m+)z(i—1)

-1
2m 43 2m +2
= (m+2)
m + 1 m+1

\

c?

§N|

(m +2)?
 2m+3
and
_1m+2
.. 2m +3 m+1
po-a- () B0
-1 m—+2
2m + 3 m m+1
~(07) e ()(50)
_1 m
2m + 3 m\[m+1
:(m+1 (m+1)(m+2§0<)( )
-1
2m + 3 m +
:(m+1 (m+1)(m+2)( . )
_(m+1)(m+2)?
- 22m+3)
whence

.om\2]  m? . i
fn[(’_i) ]=T—(m—l)%[l]—i—}%[l(z—l)]:O(m).

In view of (4.14), the proof is complete. [
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A fairly direct consequence of the previous lemma is that the probability distributions
Akms v,? > and v,l o are within 0(2% / /m) of each other in statistical distance. In what

follows, we prove a superior upper bound of O(4/2%/m), which is tight. The analysis
exploits the multiplicative property of Hellinger distance.

LEMMA 4.9. There is a constant ¢ > 0 such that for all integers k = 2 andm = 1,

; | 2k .
|Mk,m_V]l(,m||1 < w i =0,1.

Proof. Throughout the proof, the term “algorithmic description” will refer to Algorithm 2
in the case of Ax_,, and Algorithm 3 in the case of v]g,m and v ,i’m. As we have noted earlier,
the algorithmic descriptions of these three distributions are identical except for step (ii). In
particular, observe that

1 1f!
Ak,m = Z Z Ak,m s
£fE(0.1)
. 1 . ’
Yem=7 2. Ve - i=0,1,
£FE0.1

LS 0L AL o 0 .
where Ak’m Veem Vi are the distributions that result from Akms VR s Vem> TESPEC-

tively, when one conditions on the choice of f, f” in step (i) of the algorithmic description.
Therefore,

~ £I il
i = vl < max 4077 =i |
<2v/2max H CYEARTECRR i=0.1, (415

where the second step uses Fact 2.1.

In the remainder of the proof, we consider f, f’ fixed. Define the column histogram
of a matrix X € {0, 1}¥*1* to be the vector of 2¥*1 natural numbers indicating how
many times each string in {0, 1}¥*1 occurs as a column of X. If D; and D, are two
probability distributions on {0, 1}¥*1-* that are invariant under column permutations, then
the Hellinger distance between D; and D, is obviously the same as the Hellinger distance
between the column histograms of matrices drawn from D; versus D,. An analogous
statement holds for probability distributions D1, D, on matrix pairs. As a result, we need
only consider the column histograms of matrix pairs drawn from )\,{:,{l/, v,(::,{l’f /, v,i}{if B
Furthermore, for every matrix pair

(A, B) € supp /\f’f/ U supp v](c)’,j;’f/ U supp v,i’,{l’f,,

k.m
the column histograms of A and B are uniquely determined by the number of occurrences
of

21
22
: 4.16)
Zk—1
fO21D22® - Dk
| [ @219 22D D Zk—1
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as a column of 4 and B, respectively, for each z € {0, 1}, Thus, we need 2¥~! numbers
per matrix, rather than 2k+1, to describe the column histograms of A and B.

With this in mind, for (4, B) ~ )L,{:r{l/, define a, , and b, ; (where z € {0, l}k_l) to be
the number of occurrences of (4.16) as a column in A and B, respectively. Analogously,
for (A, B) ~ v,i’j;f/, define a,i , and b,;i , (z € {0, 13=1) to be the number of occur-
rences of (4.16) as a column in A and B, respectively. By the preceding discussion, the
Hellinger distance between )L,’::f ' i f!

o, and v 7 is the same as the Hellinger distance between

. . . k
(.ovapz.biz,...)and (....a,i ;. by, ...), viewed as random variables in N?*. By
step (ii) of the algorithmic description, the random variables

a/l,ok—l N bl,ok—l 90 e0y aA’lk—l N bk,lk_l
are independent. Similarly, for each i = 0, 1, the random variables
avi,ok—l N bvi,ok—l ey avi’lk—l N bvi,lk—l

are independent. Therefore,

H (A,{’f vl’f’f> = H((....apzbazs ) Cooryigobyighenn))

m’ k.m

< Y Haaz.ay)*+ Y. Hbpz.b,i ) (417)

ze{0, 134! ze{0, 1341

where the second step uses Fact 2.1. The probability distributions of these random vari-
ables are easily calculated from step (ii) of the algorithmic description. From first princi-

ples,
2 2
H( ) < L 1 +1 (o N !
a —1,d,i — < — — — — _
A1k Gyl 1k 2 2m+ 1 2 2m + 1

=0 (%) . (4.18)

In the notation of Lemma 4.8, the remaining variables are governed by

a/l,z ~ ,BZm—lv # lk_l
Z bl
ayi ; ~ Q2m—1,1 OF dyi , ~ 0om—1,2
by~ B
\Z m—1, _
z e {0, 1},
bvi,z ~ 0m—1,1 OI bui,z ~ Um—1,2

where the precise distribution of @i , and b,; , depends on f, f’. By Lemma 4.8,

Cl

H(aj z.a,i ;) < —, z #1571 (4.19)
) N m
c/
H(bjz.byi ;) < T z € {0, 1)1 (4.20)

for an absolute constant ¢’ > 0. By (4.15) and (4.17)—(4.20), the proof is complete. i

Our next result shows that A ,, is supported almost entirely on good matrix pairs.

LEMMA 4.10. For 0 < « < 1, the probability distribution Ay n, places at most p—ca’mtk
probability mass on (k, m, a)-bad matrix pairs, where ¢ > 0 is an absolute constant.
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Proof. Define m’ = [(1 — a)m/2]. Throughout the proof, we will refer to the description
of Ak m given by Algorithm 2. We may assume that m > 2, in which case 2m — 1 = 2m’
and the matrix A;x—1 in the algorithm is guaranteed to have at least 2m’ occurrences of the
column

421
0

As a result, the output of the algorithm is (k, m, a)-good provided that the four vectors

21 21 21 21

22 22 22 22

: , : , : , . 4.22)
Zk—1 Zk—1 Zk—1 Zk—1

0 0 1 1

0 1 0 1

each occur at least 2m’ times as a column of A, (for z € {0, 1}¥=1, z # 1¥=1) and at least
m' times as a column of B, (for z € {0, 1}¥~1). Let E4. and Ep_ be the events that A,
and B, respectively, enjoy this property. Then

am 1\ (275 (2w (2m + 1
P[—E4. ] <
2m
2m\ [(2m + 1
oy (e
i=2m—2m’+1

-1 2m’'—1 2m
dm + 1 2m + 1 2m 2m
<
i=0 i=2m-—2m’+1

< 2—Q(a2m)’

where the final step uses Stirling’s approximation and the Chernoff bound. Similarly,

=1 (/=1 m
2m + 1 m\[m+1 m)((m+1
() Q- £ (62

< 2—Q(a2m).

Applying a union bound over all z, we find that a (k, m, «)-bad matrix pair is generated
with probability no greater than 2-ce’mtk for some constant ¢ > 0. 1

We now prove an analogous result for the probability distributions v,? . and v,i > SHOW-
ing along the way that v,’;’m can be accurately approximated by a convex combination of
probability distributions in & .
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LEMMA 4.11. For0 < o < 1 and any integers k = 2 and m = 1, one has

i i,good i,bad .
Vem = vk I vk " i=0,1), 4.23)
where:
,g od . . . . g . . . i i
@) Ve m is a conical combination of probability distributions v,’c, Pr...Ps € %Ié [

such that Py, P>, P4 do not contain an all-ones column,

,good
(i) [l ol <1,

2
(iii) ||vl bad|| < 27¢@"m+k for an absolute constant ¢ > 0.

Proof. Fix i € {0, 1} for the remainder of the proof and consider the description of v,i m
given by Algorithm 4. Conditioned on the choice of matrices Az, B; in steps (i)—(ii) of the
algorithm, the output is distributed according to v,’c Py....Ps for some Pq, ..., Pg such that

Pl, P,, P4 do not contain an all-ones column. This glves the representatlon (4.23), where
i,good d i,bad i
vk m andy km k,m,a

and vk, Py...Pg ¢ %k,m, o respectively, for which P;, P, P4 do not contam an all-ones
column.

It remains to prove (iii). Define m’ = [(1 — a)m/2]. We may assume that m > 2,
in which case 2m — 1 = 2m’ and the vector (4.21) is guaranteed to occur at least 2m’
times as a column of A,«—1 in Algorithm 4. We infer that, conditioned on steps (i)—(ii) of
the algorithm, the output is (k, m, a)-good whenever the four vectors (4.22) each occur at
least 2m’ times as a column of A, (for z € {0, 1Y¥~1, z £ 1¥~1) and at least m’ times
as a column of B, (for z € {0, 1}¥~1). The 2¥ — 1 matrices A, B, simultaneously enjoy
this property with probability at least 1 — 2—ca®m+k for an absolute constant ¢ > 0, by a
calculation analogous to that in Lemma 4.10. It follows that

are conical combinations of probability distributions vk Py...Ps

i bad” i good” < 2—ca2m+k' i

Vi I =1=1lvg

We have reached the main result of this subsection, which states that A , can be ac-
curately approximated by a convex combination of probability distributions in Eﬁ,? o OF

gl

m.a with the statistical distance supported almost entirely on good matrix pairs.

THEOREM 4.12. Let ¢ > 0 be a sufficiently small absolute constant. For every o € (0, 1),
the probability distribution A, can be expressed as

Aem = AL 4+ AL 4+ AL (i=0,1), (4.24)

where:

. 1 . . . . oy . . . l 1
(i) AY is a conical combination of probability distributions Vi Py Ps € gk m.a such
that Py, P,, P4 do not contain an all-ones column, and moreover ||/11 i <1
o i . i —ca? .
(ii) AL is a real function such that | A5 ||; < /2% /(cm) +27¢¢" M+ with support on
(k,m, a)-good matrix pairs;
s ag . ) i —ca?
(iii) A% is a real function with |AL]|; < 27c@ m+k,

Proof. Decompose

i i,good i,bad
Vi = vkm +v Vie,m
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as in Lemma 4.11, so that

|| 1)l ,bad || 1 2—c’¢x2m+k (425)

for some absolute constant ¢/ > 0. Analogously, write

/\km — AEOOd + /\bad

k,m>

Agood /\bad

where and are nonnegative functions supported on (k, m, &)-good and (k, m, )-
bad matrlx pairs, respectlvely Then

A |, < 27 mk (4.26)
by Lemma 4.10. Letting
,good
M= vk%n ’
ood ood
M= ALl — e,
bdd
/V = Apome

we immediately have (4.24). Furthermore,

X500 = Gt — A = (V) — VER)

bad
< A em = Vil + 1425, 11+ vl
2k :
<\ o= 2.2k 4.27)
c'm

for an absolute constant ¢” > 0, where the final step uses (4.25), (4.26), and Lemma 4.9.
Now items (i)—(iii) follow from Lemma 4.11(i)-(ii), (4.27), and (4.26), respectively, by
taking ¢ = ¢(c¢’, ¢”) > 0 small enough. [

We close this subsection with a few basic observations regarding k-party protocols. On
several occasions in this manuscript, we will need to argue that a communication problem
does not become easier from the standpoint of communication complexity if we manipulate
the protocol’s input in a particular way. The input will always come in the form of a matrix
sequence (X1, X5, ..., X,), and manipulations that we will encounter include discarding
one or more of the arguments, reordering the arguments, applying a uniformly random
column permutation to one of the arguments, adding a fixed matrix to one of the arguments,
and so on. Rather than treat these instances individually as they arise, we find it more
economical to address them all at once.

DEFINITION 4.13. Let (X1, X3, ..., X,) be a random variable with range {0, 1}»]”(’"l X
{0, 1Ym2 5 ... x {0, 1}%*™n The following random variables are said to be derivable
from (X1, X5, ..., Xy) in one step without communication:
@) (Xa,.... Xn);

(i) (X1, Xn, X1);

(iii) (Xo(1)s---, Xo(@m)), where o € S, is a fixed permutation;

(iv) (01X1,...,0,Xy), where 01, ..., 0y are fixed column permutations;

(v) (X1,...,X,,0X1), where o is a uniformly random column permutation, inde-

pendent of any other variables;
(vi) (X1,...,X,,A), where A is a fixed Boolean matrix;

(vil) ([X1 Ail,...,[Xn Ay]), where Ay, ..., A, are fixed Boolean matrices;
(viii) (X1 @ Ay,...,X, ® Ay), where Ay, ..., Ay, are fixed Boolean matrices;
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(ix) (X1,...,Xn,0[X1 A]), where A is a fixed Boolean matrix and o is a uniformly
random column permutation, independent of any other variables.
A random variable (Y71, ..., Y,) is said to be derivable from (X1, ..., X,) with no commu-
nication, denoted (X1, ..., X,) ~ (Y1,...,Y};), if there exists a finite sequence of random
variables starting with (X1, ..., X,) and ending with (Y7,...,Y;), where every random
variable in the sequence is derivable in one step with no communication from the one
immediately preceding it.

If (Yq,...,Y,) is a random variable derivable from (X7, ..., X,) with no communica-
tion, then the former is the result of deterministic or randomized processing of the latter. In
particular, (X1, ..., X,) and (Y1, ..., Y;) will in general be highly correlated. The follow-
ing proposition shows that there is no advantage to providing a communication protocol
with (Y1,...,Y;) instead of (X1,..., Xn).

PROPOSITION 4.14. Consider random variables
X = (X1...., Xn) € {0, 13m0 5. x {0, 1}kxmn,
X' = (X],... X)) € {0, 1Y 5. x {0, 1}
X" =(x/,..., r/,///) € {0, 1}k><mflf X e x {0, 1}kxm;:n’
where X ~ X' ~ X". Then for every real function f,
max [E z(X") £(X)| < max [E x(X') £(X)
X X

, (4.28)
where the maximum is over k-dimensional cylinder intersections x.

Proof. By induction, we may assume that X" is derivable from X’ in one step with no
communication. In other words, it suffices to consider cases (i)—(ix) in Definition 4.13. In
what follows, we let y denote the right-hand side of (4.28).

Cases (i)—(iv) are trivial because as a function family, cylinder intersections are closed
under the operations of removing, duplicating, and reordering columns of the input matrix.
For (v), we have

max
X

/7 / i
E X,FS«X(X ,,/,GXl)f(X)‘

< E max
o X

X]-T‘jf/)((X’,...,X,;,,aX{)f(X)

The final expression is bounded by y, by a combination of (ii) followed by (iv). For (vi),

E y(X{,.... X ) f(X
B AKX (X

because with A fixed, y is a cylinder intersection with respect to the remaining arguments
X{,....X,,. The proof for (vii) is analogous. Case (viii) is immediate because as a func-
tion family, cylinder intersections are closed under the operation of adding a fixed matrix
to the input matrix. Finally, (ix) is a combination of (ii), (vii), and (v), in that order. I

< max
X

E x(X|,....X. A f(X
max X’X,x( s A) f(X)

4.3. Discrepancy analysis. Building on the work in the previous two subsections, we
will now prove the desired upper bound on the repeated discrepancy of set disjointness.
We start by defining the probability distribution with respect to which we will bound the
discrepancy.
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DEFINITION. For positive integers k, m, let g, be the probability distribution whose
algorithmic description is as follows: choose M € {Tj, Fi} uniformly at random and
output [M  Hj m]o.

In words, we are interested in the probability distribution whereby true and false instances
of set disjointness are generated by randomly permuting the columns of [F, H IL ) and
[T, H ,; > respectively. For our purposes, a vital property of this probability distribution
is the equivalence of the following tasks from the standpoint of communication complexity:

(i) for X drawn according to mg ,,, determine DISJ(X);
(ii) for X1, X»,...,X;,... drawn independently according to mg ,, conditioned on
DISJ(X;) = DISJ(X;) = --- = DISJ(X;) = --- , determine DISJ(X}).

Thus, it does not help to have access to additional instances of set disjointness with the
same truth status as the given instance. This is a very unusual property for a probability
distribution to have, and in particular the probability distribution used in the previous best
lower bound for set disjointness [48] fails badly in this regard.

This property of 7 ,, comes at a cost: the columns of X ~ my ,, are highly interde-
pendent, and the inductive analysis of the discrepancy is considerably more involved than
in [48]. As a matter of fact, 7rx ,, is not directly usable in an inductive argument because
it does not lead to a decomposition into subproblems with like distributions. (To be more
precise, forcing an inductive argument with 7y ,,, would result in a much weaker bound on
the repeated discrepancy of set disjointness than what we prove.) Instead, we will need
to analyze the discrepancy of set disjointness under a distribution more exotic than g ,,
which provides the communication protocol with additional information.

A description of this exotic distribution is as follows. We will analyze the XOR of
several independent instances of set disjointness, rather than a single instance. Fix a non-
negative integer d and subsets Z1, Z», ..., Z, < {0, l}d. Given matrix pairs (4,7, By,7),
wheret = 1,2,...,n and z € Z;, the symbol

enc(...,Arz, Brz,...)

shall denote the following ordered list of matrices:

(1) the matrices A, z, listed in lexicographic order by (¢, z);
(ii) the matrices [B;; B/ forallt andall 7,7’ € Z; suchthat |z ®z'| = 1, listed
in lexicographic order by (¢, z, z');
(iii) the matrices [B;, By /] forall¢andall z,z’ € Z, such that |z @7z'| = 1, listed
in lexicographic order by (¢, z, Z’).

The abbreviation enc stands for “encoding” and highlights the fact that the communication
protocol does not have direct access to the matrix pairs A; ;, B; ;. In particular, ford = 0
the matrices B, ; do not appear on the list enc(. .., Az, Bz, ...) at all. The symbol

oenc(...,Asz, Brz,...) 4.29)

refers to the result of permuting the columns for each of the matrices in the ordered list
enc(...,Asz, Bt z,...) according to o, where 0 = (...,0¢z, ..., 0172/, .. ,ag,z,z,, cey)
is an ordered list of column permutations, one for each of the matrices on the matrix list.
In our analysis, o will always be chosen uniformly at random, so that (4.29) is simply
the result of permuting the columns for each of the matrices on the list independently and
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uniformly at random. With these notations in place, we define

rkom.d.Zy,....Zp)

n
= max E E y(oenc(....Arz. Bio...) [] ] DISIA:2)|.

...,(4; 7,B yoee @
X (A¢,z,By,z) t=1zeZ;

where: the maximum is over k-dimensional cylinder intersections y; the first expectation
is over the matrix pairs (A;,z, B;,7) distributed independently according to i m,; and the
second expectation is over column permutations chosen independently and uniformly at
random for each matrix on the listenc(. .., A; z, By, . . . ). This completes the description.
Note the conceptual duality: from the point of view of the communication protocol, its
input is an array of bits distributed according to some probability distribution, namely, the
one to which we referred as “exotic” above; from the point of view of analysis, the input is
an encoding of smaller and simpler objects, namely, the matrix pairs (4;,;, By,z).

For nonnegative integers £1, {5, ..., {,, we let
I'tk,m,d,¢y,....,£y,) = max --- max ['(k,m,d,Zy,...,Z,),
1Z11=¢, |Znl=Ln
where the maximum is over all possible subsets Z1,Z5,...,Z, < {0, 1}d of cardi-

nalities €1, {5, ..., {,, respectively. Observe that I'(k,m,d,?y,...,£,) is only defined
for £1,...,¢, € {0, 1,2,3,...,2d}. The only setting of interest to us is d = 0 and
£y =4, = -+ =L, = 1, in which case enc(..., A; 7, Bsz....) = (.., Asz,...)
and

x(X1.... X)) [ [ DISI(X))

= max . (4.30)
X | X1 Xn~7k 2m L
i=1
However, the inductive analysis below requires consideration of I'(k,m,d, ¢y, ..., £,) for

all possible parameters. We start by deriving a recurrence relation for I".

LEMMA 4.15. Let ¢ > 0 be the absolute constant from Theorem 4.12. Then for0 < a < 1
and k = 2, the quantity I'(k,m,d L1, ..., {,)? does not exceed

Z en . i .
i: ) {ﬁ b\ [~ ok N 2k ”§
i1,)1=0  in,jn=0 =1 It Jt om + yca2m 2ca’m

1—
X max F(k—l,[ﬂ—‘,d—i—l,ﬁ’,...,%).

£ z2max{0,£;—i1—(d+1)j1} 2

£, =2 max{0,0—in—(d+1)jn}
Moreover,

0 ifly+-+4,>0,
1 otherwise.

r'l,m,dty,....4y) = %
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Proof. The claim regarding I"(1,m,d, {1, ...,{,) is obvious because the probability dis-
tribution (g, places equal weight on the positive and negative instances of set disjoint-
ness. In what follows, we prove the recurrence relation.

Abbreviate I' = I'(k,m,d,£q,...,4,). Let Z4,...,Z, C {0, l}d be subsets of car-
dinalities £, ..., £y, respectively, such that I'(k,m,d, Zy,...,Z,) = I. Let y be a k-
dimensional cylinder intersection for which

r= [AtZ]E[B”]E X (o enc ( . [ﬁt’j : [itj ))

arz || br.z

x ﬁ [] pisy [A”Z] ,

ag
t=1zeZ; 2

where the inner expectation is over the independent permutation of the columns for each
of the matrices on the encoded list, and the outer expectation is over matrix pairs

Atz i B , t=1,2,...,n, Z € Zy,
Atz bt,z

each drawn independently according to g, (as usual, a;; and b, ; denote row vectors).
The starting point in the proof is a reduction to (k — 1)-dimensional cylinder intersections
using the Cauchy-Schwarz inequality, a technique due to Babai, Nisan, and Szegedy [7].
Rearranging,

I' <E E E X(aenc(...,[At’z],|:Bt’z:|,...))
o -~~,At,z,BtAZy~-~ ...,at_z,bf,z,... al‘,Z bt,z

n
<[] [] p1ss [21::] . (431

t=1zeZ;

where the second expectation is over the marginal probability distribution on the pairs
(A¢,z, By,z), and the third expectation is over the conditional probability distribution on the
pairs (ay,z, by ) for fixed (A; z, By 7). Recall that y is the pointwise product of two func-
tions y = ¢- ', where ¢ depends only on the first k — 1 rows and has range {0, 1}, and y’ is
a (k —1)-dimensional cylinder intersection with respect to the first k — 1 rows for any fixed
value of the kth row. Since the innermost expectation in (4.31) isover (..., asz,bsz,...)
for fixed (..., A¢z, Bz, . ..), the function ¢ can be taken outside the innermost expecta-
tion and absorbed into the absolute value operator:

I' <E E E X (aenc(...,|:At’zj|,|:Bt’z],...))
a ""A[,ZsBl,Z"" ...,azgz,b[’z,... at,z bt,z

“ A
x ]_[ ]_[ DISJ[a:j] .

t=1zeZ;
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Squaring both sides and applying the Cauchy-Schwarz inequality,

'’ <E E / Atz B:;
0 .., Ar,z,Bt,z,.. |:{...,at.:,1?b,_z,... X (U ene ( o |:Clt,zi| ’ [bt,z T
t,z
<111 DISJ[atZ]} }
t=1zeZ; ’
_ / At,z Bt,z
= AL E 5 E‘ X (0 enc ( . |:at,z A bes | X
...,|:(11‘zj|,|:bt.z:|,...
a;.z b;.z
n
x (0 enc ( ., [A,”Z} , [f}’z} e )) []]] sy [A”Z] DISJ [A,”Z] ,
Atz L.z 1=1zez, iz A1z

where the outer expectation is over matrix pairs drawn according to Ax ,,. Since the product
of two cylinder intersections is a cylinder intersection, we arrive at

At,z Bt,z
r? < E E y'|loenc|....lawz|.| btz ]....
Ag.z B¢ o , ,
“"|:a[.zi|’|:h[.zi|’m at,z bt,z
a2l Lbiz
n A 4
x DIST | “|DIST|* %], (4.32
1_[ 1_[ [at’zj| I:a;,z ( )

t=1zeZ;

where y” is a (k — 1)-dimensional cylinder intersection with respect to the first k — 1 rows
for any fixed value of the kth and (k + 1)st rows. This completes the promised reduction
to the (k — 1)-dimensional case.

Theorem 4.12 states that

Aen = A4+ b + 24 (i=01), (4.33)

. l . . . . ey . . . l l
where: A} is a conical combination of probability dlstn-butlons Ve Py Pg € ffk’m’ o for
which Py, P>, P4 do not contain an all-ones column; A is a real function supported on

(k, m, o)-good matrix pairs; and furthermore

A <1 (i =0,1), (4.34)
, k ok
12l <\ o+ S (i =0,1), (4.35)
) k
150 < S (i =0,1). (4.36)
Define
Al‘,Z Bt,z At,Z Bt,Z
S....larz || bez|,... | =E x|oenc|....|arz || bez |....
ai. | Lbiz ’ ai. | Lbiz

x ﬁ ]_[ pisy | 44< | prsy | 462
at,z a/ ’

t=1zeZ, 1z
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CLAIM 4.16. Fix functions 1;: Zy — {1,2,3} (t = 1,2,...,n). Define i; = |i;1(2)| and
Jt = 1713)|. Then

! ) " k e\ 2\
¢®®mkmz><§ O N §
’ ( ) ~
< t=1z€eZ, v =1 cm + 2ca’m 2ca>m

1—
x max F(k—l,[ﬂ—‘,dJrl,K/,...,K;).
€22 max{0,6,—i1—(d+1)j1} 2

£, 22 max{0,8, —in—(d+1) jn}

Before settling the claim, we will finish the proof of the lemma:

r2< <q>, (é ® Ak,m> by (4.32)

t=1zeZ;

n

PARITY* (2) PARITY*(2) PARITY* (2)

<q>,® (%) (xl Dy b D4k z )> by (4.33)
t=1z€eZ;

n
> (e@@uure)

L15L2,505ln t=1zeZ;

where the sum is over all possible functions ¢, (2, ..., t, with domains Z,, Z», ..., Z,,
respectively, and range {1,2, 3}. Using the bound of Claim 4.16 for the inner products
in the final expression, one immediately arrives at the recurrence in the statement of the
lemma. [

Proof of Claim 4.16. Fort = 1,2,...,n, define Y, to be the collection of all 7 € L,‘l(l)
for which {z € Z; : |z ® Z/| = 1} n;1(3) = @. This set ¥, C Z, has the following
intuitive interpretation. View Z; as an undirected graph in which two vertices 7,7’ € Z,
are connected by an edge if and only if they are neighbors in the ambient hypercube, i.e.,
|z @ 2’| = 1. We will refer to the vertices in ¢; 1(1), (;1(2), and ;1 (3) as good, neutral,
and bad, respectively. In this terminology, Y; is simply the set of all good vertices that do
not have a bad neighbor. Since the degree of every vertex in the graph is at most d, we
obtain

1Yl = 1 ) = dl 3

=(Z| = i7" Q1= 117 B = dli7 3
=l —i,—(d+1)ji, t=1,2,....n. (437
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Now, consider the quantity

Az | | Biz
y=max| _ EB g Y'Noenc|...,|arz .| bez |....
1.z 1.z
L) o) L
ay - b} -
x ]_[ [ ] piss [A’z} DISJ [ﬁ } ., (4.38)
t=1zeZ; tz L.z
where: the maximum is over all matrix pairs
[Arz]| [Brz]
arz || bz | t=1,2,...,n, ze(@ ' (D\Y)uy'@Q) 439
Ltz ] LDtz
that are (k, m, a)-good and over all possible matrix pairs
[Arz| [Biz]
arz || bez | t=12,...,n, z€'(3), (4.40)
Latz] Lbhz
and the outer expectation is over the remaining matrix pairs
[Arz| [ Biz]
arz || brz |, t=1,2,....n, z€Y; 4.41)
Latz] Lbhz

which are distributed independently, each according to some distribution UII:AISITY @ ¢

PARITY*(z) PARITY* (z)
k.m,o

supported on (k,m, o)-good matrix pairs and since A;
of probability distributions VIEA;}IT.Y IS? g{?fLTY @

an all-ones column, it follows by convexity that

(@@ )< 111] |

t=1z€eZ; t=1zeZ;

ir Jt
ok 2k
< 1( 2—) (=)

where the second step uses the estimates (4.34)—(4.36). As a result, the proof will be
complete once we show that

y < max F'k—1,m',d+1,0),....L,), (4.42)
[1>2max{0€1 i1—(d+1)j1}

such that Py, P>, P4 do not contain an all-ones column. Since A,

PARITY* .
@ is a conical combination

such that Py, P», P4 do not contain

4 PARITY*(2)
11(2)

€, 22 max{0,8n —in—(d+1) jn}

where m’ = [(1 — «)m/2]. In the remainder of the proof, we will fix an assignment to the
matrix pairs (4.39) and (4.40) for which the maximum is achieved in (4.38). The argument
involves three steps: splitting the input to y” into tuples of smaller matrices, determining
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the individual probability distribution of each tuple, and recombining the results to charac-
terize the joint probability distribution of the input to y”.

Step I: partitioning into submatrices. Think of every matrix M on the encoded matrix
list in (4.38) as partitioned into four submatrices M0, MO, M 10 M1 of the form

X X * x
0 0 0 00 -0 11 -1
0 0 oy |r 1 .- 11910 0 - 0
respectively, with the relative ordering of columns in each submatrix inherited from the
original matrix M. A uniformly random column permutation of M can be realized as

v [UooMoo o0 01 1010 011M11] ’
where 620, ... o!! are uniformly random column permutations of the four submatrices
and v is a uniformly random column permutation of the entire matrix. We will reveal v
completely to the cylinder intersection (this corresponds to allowing the cylinder intersec-
tion to depend on v) but keep 60, ..., o!! secret.
In more detail, define

P it = Preliioi
A?,lz = At,z|mAa§.z’ B?’; N Bt’ZlmAb;'z,
Atlg = At,Z'at.:/\T,z’ Btl,g = Bt@lbt.:/\ﬁ,:’
Az!,lz = At,z|at.z/\a§,z’ Btl,; = Bt&lbtl/\b;l’

wheret = 1,2,...,n and z € Z,. Then by the argument of the previous paragraph,

n
At,z At,z
y < AEB} E ooo,.]%,au HHDISJ[a ]DISJ[a, x

t,z 1,z
az bt -

X)(Z(UOO enc(..., A?f)z, B,O,g, )
001enc(...,A?’lz,lez,...), ’
Uloenc(. . .,A}g, Btl’g, co),

o'enc(.. .,A,l,lz, Btl,;, )

where 0%°,6%!, 619, 5! are permutation lists chosen independently and uniformly at ran-

dom, v is a joint column permutation from an appropriate probability distribution, and
each y/ is a (k — 1)-dimensional cylinder intersection. Note that the final property cru-
cially uses the fact that y” is a (k — 1)-dimensional cylinder intersection for any fixed value
of the bottom two rows. Taking the expectation with respect to v outside the absolute value
operator, we conclude that there is some (k — 1)-dimensional cylinder intersection y”” such
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that

n
At,z AZ,Z
r<| , E_ 000’0011?010’0“ [T ] piss [a }DISJ [a; X

4 4 t,z ,Z
...,|:m::|,|:bt,z:|,... t=1z€Z; ’
7 /7
ag.z btz

m e 00 00 00
xx"(¢"" enc(..., A,,Z, Bt’z, ..

01 01 po0l
o enc(...,A,,z,B,,z,...

10 10 p10
o enc(...,A,,z,Bt,z,...
1

1 11 pll
o' enc(.. .,A,’Z, Bt’z, .2)

(4.43)

P N —

Step II: distribution of the induced matrix sequences. We will now take a closer
look at the matrix sequence (A9, A7, A}f’z, AL BYY. BL, B},g, B!!) and characterize
its distribution depending on ¢, z. In what follows, the symbol * denotes a fixed Boolean
matrix, and the symbol » denotes a fixed Boolean matrix without an all-ones column. We
will use * and  to designate matrices whose entries are immaterial to the proof. It is
important to remember that * and * are semantic shorthands rather than variables, i.e.,

every occurrence of * and * may refer to a different matrix.

(a) Sequences with t = 1,2,...,n, z € (;71(1) \ Y;) v ¢;1(2). For such , z, the
matrices (A; , Bt ;) are fixed to some (k,m, o)-good matrix pairs, which by definition
forces

AY% = [+ Hiorom]. BY =¢ [* Hiimw].
AL =o [* HiZiom], B! = [* Hi—1m].
Atlg =0 [* Hli—l,Zm’]’ Btl,g =0 [* Hk—l,m/],
Arz =o [*], B!l =v [* Hi—1mw].
(b) Sequences witht = 1,2,...,n, z € t~'(3). Each such sequence is fixed to some
unknown tuple of matrices over which we have no control:
Az = [+]. Bz =[]
01 01
Ai, = [*] ’ B, = [*] ’
Arz =[] Biz =[],
AL =[], B!l =[x].
(c) Sequences witht = 1,2,...,n, z € Y;. Each such sequence is distributed inde-

pendently of the others. The exact distribution of a given sequence depends on the parity
of z and is given by the following table, where M; ;o, M; ;1 refer to independent random
variables distributed uniformly in {7y _y, Fx—1}.
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Distribution for |z| even Distribution for |z| odd
A2 [* Hiciam Mizo M 1]° [* Hicipmw Mizo Miz1]°
AL [* Hiiam Mizo]® [* H  omw Mi]©
AL [ Hi o Mia] © [* Hi_iom Mizo] O
Ay [+]° [+]
BY [¢ Hiiw Mize Miz)”  [x Heiw]®
Bl?,; [* Hy—1.m Mtszo]o [* Hi 1w My z0 o
Btl,g [* Hk—l,m’ Mt,zl]o [* Hk—l,m’ Mt,zl &
Btlslz [* Hk—l’m/]b [* Hi—1m Mizo Mt,zl]b

To verify, recall that each matrix pair in (4.41) is distributed independently according to

PARITY* PARITY* .
Ve P, }Sg) € %k o @ for some Pq,..., Pg, where Py, P>, P4 do not contain an all-

ones column. The stated description is now immediate by letting

M, .. M T ’
(M, My) = (M; 71, My z0) 1 |z| %s even
(Myz0, M, z1) if |z]is odd
in Definition 4.6 and recalling that P, ..., Pg have submatrix structure given by Proposi-
tion 4.7.

An important consequence of the newly obtained characterization is that

DISJ [A”Z}DISJ [2/”2]:DISJ[A}}; AL DISI[AL ALl ]

dat z 1,z

= DISJ(M; ;o) DISI(M; ;1)

for all z € Y;. Since for z ¢ Y; the values A; ;,a, ;, a;’z are fixed, (4.43) simplifies to

n

<
V= Az EBI,Z. 500 gOlEUIO ol 1_[ 1_[ DISJ(M;,20)DISI(M; 21)x
[QHI,} OO i=tzey,
a; btz

xx”’(oooenc(...,A?g,B?’g,...),
01 01 pol
o enc(..., Ay, By, ..0), | (4.44)
aloenc(...,Atlg,B,{g,...),

ol enc(..., Atlylz, B,l’i, ..))

Step III: recombining. Having examined the new submatrices, we are now in a position
to fully characterize the probability distribution of the input to y”” in (4.44). To start with,
x” receives as input the matrices A?,OZO, A(t)}z@, A;f)zb, A},lzo. If z € Y;, then by Step I (c)
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each of them is distributed according to one of the distributions

[* Hi—rom Mizo Miz1]°, (4.45)
[* Hi_ism Miz0]®, (4.46)
[* Hi_iomw Mia1]®, (4.47)
[+]°. (4.48)

If z ¢ Y;, then each of the matrices in question is distributed according to (4.48). The only
other input to " is

(BiL? BIPIO (BIE? BILYIC, (4.49)
where €1, ¢, € {0, 1} and the strings z,z’ € Z; satisfy |z & z/| = 1. If 2,7z’ € Yy, then
Step II (c) reveals that each of the matrices in (4.49) is distributed according to one of the
probability distributions

[* Hiciom Miw Miw]®, (4.50)
[* Hiciom Miw Mow]®. 4.51)
[« Hiciom Miw Miw]®, (4.52)

where w, w’ € Y; x {0, 1} are some Boolean strings with |[w ® w’'| = 1.1fz ¢ Y; and 2’ ¢
Y;, then each of the matrices in (4.49) is distributed according to (4.48). In the remaining
case when z € Y; and z' ¢ Y;, we have by definition of Y, that z’ € (;; (1) \ Y;) v 1(2),
and therefore by Step II (a)(c) each of the matrices in (4.49) is distributed according to one
of the probability distributions

ke (4.53)

*

Hi_1om Mizo Miz1| ., (4.54)

_— O
Hk—1,2m’ Mt,zO Mt,zl s (4.55)

[
[
[*
[* Hi_yom Miz0]°, (4.56)
[ Hi1om Mizo]". (4.57)
[ Hiciom M), (4.58)
[*  Hi—12m Mt,z,l]b. (4.59)

In the terminology of Definition 4.13, each of the random variables (4.45)—(4.48),
(4.50)—(4.59) is derivable with no communication from

[Mtsw Hlé—l,zm’]o’
(Miwy Hit  Miw Hi ]
[Miw Hiciw  Miw  Hioow]©

wheret = 1,2, ...,n and w, w’ range over all strings in Y; x {0, 1} at Hamming distance 1.
This follows easily from (4.6)-(4.10). As a result, the input to y” in (4.44) is deriv-
able with no communication from o enc(.. ., [M; H,é_l o) Mew  He—1mr], ),
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wheret = 1,2,...,n, w € Y; x {0, 1}, and ¢ is chosen uniformly at random. Then by
Proposition 4.14,

n
< E E DISI(M
ysmax| E EJ] ] DISIMiw)
t=1 weY;x{0,1}

x x(oenc(...,[Myw Hp 5] [(Mew  Hi—ia]s-. )|,

where the maximum is over (k — 1)-dimensional cylinder intersections y. The right-hand
side is by definition I"'(k — 1,m’,d + 1,Y; x {0, 1},...,Y, x {0, 1}). Recalling the lower
bound (4.37) on the size of Y1, ..., Y,, we arrive at the desired inequality (4.42). 0

This completes the proof of Lemma 4.15. To solve the newly obtained recurrence for
I', we prove a technical result.

LEMMA 4.17. Fix reals py, pa,... > 0and ¢1.q,... > 0. Let A:Z" x N"*1 — [0, 1]
be any function that satisfies

A, d €, L, ...

0 l.f£1+62+"'+€n>0,
7en) = .
1 otherwise,

and fork = 2,

el en n .
{ Ly —1i i
Al d 6l )< Y 0 Y {]_[(.’)<t. z)PZ’qi’
.= = s\ Jt
i1,71=0 in,jn=0 =1
X max Atk —1,d + 1,44, ..., 0.
K/IZZmaX{O,[l—il—(d-Fl)jl}

N——

€, 22 max{0,€, —in—(d+1)jn}

Then

i i 41+42;-"'+Kn
Alk,d 1,6, ) < (Z pi +82q}/“’+’”’“)) . (4.60)
i=1 i=1

Proof. The proof is by induction on k. In the base case k = 1, the bound (4.60) follows
immediately from the definition of A(1,d, €1, ¢>,...,£,). For the inductive step, fix k = 2
and define

k-1 k-1
g = Zpi n quil/(d+k—z+1).

i=1 i=1
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We may assume that a < 1 since (4.60) is trivial otherwise. Then from the inductive
hypothesis,

Ak, d, el oy ... €n)?

Iy n
i1,j1=0 in,jn=0 \1=1
n [t
=H Z ( )( )p;cqliamax{oﬁt i—(d+1)j} ) 4.61)
t=1

CLAIM. For any integers £ = 0 and D = 1 and a real number 0 < g < 1,

aZ?:l max{0,¢;—i;—(d+1) ¢}

14

Z (?)qjamax{O,Z—Dj} < (a + Sql/D)Z.
J

J=0

Proof:

14
Z (?)qjamax{O,Z—Dj}
j=o\/
¢ L¢/D] ¢
= () ratrwnr S (G gi @y
J J

j=lt/D]+1 j=0
N~ (Le/p) - -
$2€qZ/D +a[_DWDJ Z ( J )(zqu)](aD)LZ/DJ—]
Jj=0

_ 2€q€/D +ae—DLe/DJ(aD + 2qu)|_(Z/DJ

< zeqe/D 4 gt=DL/D] (a+ (2qu)1/D)D|_€/DJ

< 2£q€/D + (a + (2qu)l/D)€

< (29"P +a + (2eDg)"/P)*

S(a—i—Sql/D)[. 0

We may assume that g < 1 since (4.60) is trivial otherwise. Invoking the above claim
withl =4; —i, ¢ = qx, D = d + 1, we have from (4.61) that

- lt (l—l'
Ak.d b1, 5, Ly 1‘[ §Z< )pk (a+ 3q1/@+0) }
t=1 \i=0
n
l_[ (a + pr + Sql/(d+1)) ,
completing the inductive step. i

Using the previous two lemmas, we will now obtain a closed-form upper bound on I.
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THEOREM 4.18. There exists an absolute constant C > 1 such that

P (Zl+"'+en)/2
k22 m

I'k,m,d, tq,....0,)<|C C - .
(o d Gt S | O = eXp{ C2k(d+k)}

Proof. 1t follows from Proposition 4.14 that I" is monotonically decreasing in the second
argument, a fact that we will use several times without further mention. Let m be an
arbitrary positive integer. Set ¢ = 3/4 and define

2km
my = ) k=1,2,3,...,
(1—e)(1—€?)---(1—€k)
2k 2k
Pe =\ e © e k=123
2k
G = S k=1,2,3,...,

where ¢ > 0 is the absolute constant from Theorem 4.12. Consider the real function
A:ZT x N**t1 — [0, 1] given by
Ik,mg.d. €y, ..., 0y ifly, ... L, €{0,1,...,29},

Ak,d, L1,...,0,) =
( ! ") 0 otherwise.

Taking ¢ = €* in Lemma 4.15 shows that A(k,d,ty,...,¢,) obeys the recurrence in
Lemma 4.17. In particular, on the domain of I" one has

I'(k,mg,d, Ly,....0,) = A(k,d, €q,...,¢4,)
& & C14-+L)/2
< (Z pi +8 Zqil/(d-i-k—l-‘rl)) (4.62)
i=1 i=1
by Lemma 4.17. A _
One easily verifies that p; < (cm)™1/2 4 27¢mO/8"+i and ¢; < 27emO/8' 1 Qubsti-
tuting these estimates in (4.62) gives
'm Ly+-+L€n)/2
ol 5

d+k

k
TCk,mg,d, Lq,...,0,) <
for some absolute constants ¢/, ¢” > 0. Since my = @ (25m), the proof is complete. 0

COROLLARY 4.19. For every n and every k-dimensional cylinder intersection y,

ck22k "
< , (4.63)
m

E |:X(X1, o Xn) HDISJ(Xi)]

X],...,Xn’\fﬂkim i=1

where ¢ > 0 is an absolute constant.

Proof. By Proposition 4.14, the left-hand side of (4.63) cannot decrease if we replace my
with 7 1. As a result, we may assume that m is even (if not, replace 7y, with g ;4
in what follows). As we have already pointed out in (4.30), in this case the left-hand side
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of (4.63) does not exceed

F(k,@,o,l,l,...,l).
2L

n

The claimed bound is now immediate from Theorem 4.18. I

We have reached the main result of this section, an upper bound on the repeated dis-
crepancy of set disjointness.

THEOREM 4.20. For some absolute constant ¢ > 0 and all positive integers k,m,

1/2
k2k
rdisc(UDISI; ) < [ < .
’ m

Proof. We will prove the equivalent bound

1/4
ckZZk) /

(4.64)

rdisc(UDISJx pr) < (

where ¢ > 0 is an absolute constant and M = m (2% — 1) + 2k=1. We will work with
the probability distribution 7 ,,,, which is balanced on the domain of UDISJg as. By the
definition of repeated discrepancy,

rdiscy, ,, (UDISJg p7) = sup

n,rezt
B 1/n
max| B y(.Xij...) [[pisicxin| . 465
X | X e e}
where X; ; (i =1,2,...,n, j =1,2,...,r) are chosen independently according to 7 ,,
conditioned on DISJ(X; ;) = DISJ(X;,) = --- = DISJ(X; ;) for all i. Recall that g, is

a convex combination of [T Hj, m]o and [Fy H} m]O. In particular,

O
Xip. Xiz, ... Xiy ~ X7

for each i. This means that the input to y in (4.65) is derivable with no communication
from (X1,1, X2,1,..., Xn,1). As a result, Proposition 4.14 implies that

rdisc, ,, (UDISJ; p7) < sup

nezt
n 1/n
E X1.1, X215, X DISJ(X;
m;lx X1.1: X215 Xn 1~Tk.m X( b Al "’1)11211 ( l,l)
The claimed upper bound (4.64) is now immediate by Corollary 4.19. [

5. RANDOMIZED COMMUNICATION

In the remainder of the paper, we will derive lower bounds for multiparty communi-
cation using the reduction to polynomials given by Theorems 4.2 and 4.20. The proofs
of these applications are similar to those in [48], the main difference being the use of the
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newly obtained passage from protocols to polynomials in place of the less efficient reduc-
tion in [48]. We start with randomized communication, which covers protocols with small
constant error as well as those with vanishing advantage over random guessing.

5.1. A master theorem. We will derive all our results on randomized communication
from a single “master” theorem, which we are about to prove. Following [48], we present
two proofs for it, one based on the primal view of the problem and the other, on the dual
view. The idea of the primal proof is to convert a communication protocol for f oUDISJ ,,
into a low-degree polynomial approximating f in the infinity norm. The dual proof pro-
ceeds in the opposite direction and manipulates explicit witness objects, in the sense of
Fact 2.3 and Theorem 2.10. The primal proof is probably more intuitive, whereas the dual
proof is more versatile. Each of the proofs will be used in later sections to obtain additional
results.

THEOREM 5.1. Let f be a (possibly partial) Boolean function on {0, 1}". For every (pos-
sibly partial) k-party communication problem G and all €,8 = 0,

1
R G)=d 1 — | —log ———, 5.1
(1 06) > degy () 1og (g ) ~log 5 6.
where ¢ > 0 is an absolute constant. In particular,
degs (/) Vm
R UDISJ = 1 —1 5.2
(fo kem) 5 log| Spp ) ~log g, (52

for some absolute constant ¢ > 0.

Primal proof of Theorem 5.1. Abbreviate F = f o G. Let 7 be any balanced probability
distribution on the domain of G and define the linear operator L , as in Theorem 4.2, so
that L, F = f onthe domain of f. Corollary 2.7 gives an approximation to F by a linear
combination of cylinder intersections IT = Y, ayy with }_  |a,| < 2%V /(1 —¢), in
the sense that ||[I7|lco < 1/(1—¢) and |F —I1| < €/(1 — €) on the domain of F. It follows
that || Ly nll|loc < 1/(1 —€) and |f — Ly pll| = |Lyp(F —IT)] < €/(1 — €) on the
domain of f, whence

E(f,d—1) < IL + E(LgnIl.d — 1)
— €

for any positive integer d. By Theorem 4.2,
Re(F)

(c rdiscy, (G))d

E(Lnall.d —1) < ; x| E(Lunyd —1) < S —

for some absolute constant ¢ > 0, whence

2Re (F)
< 4 (¢ rdiscy (G))“.
1—¢ 1—¢
For d = degg(f), the left-hand side of this inequality must exceed &, forcing (5.1). The

i

other lower bound (5.2) now follows immediately by Theorem 4.20.

E(fd—1) <

We now present an alternate proof, which is based directly on the generalized discrep-
ancy method.
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Dual proof of Theorem 5.1. Again, it suffices to prove (5.1). We closely follow the proof
in [48] except at the end. Let 2" = 27 x 23 x- - -x Z} be the input space of G. Let 7 be an
arbitrary balanced probability distribution on the domain of G, and define d = degs(f).
By Fact 2.3, there exists a function v: {0, 1}"* — R with

Yo feyv@ = > [yl > s, (5.3)
x€dom f x¢dom f
[l =1, (5.4)
VU(S) =0, IS| < d. (5.5)

Define ¥: 2" — R by

V(X1 Xp) = 2"Y(G*(X1).....G* (X)) [ [ = (X)
i=1

andlet F = f o G. Since 7 is balanced on the domain of G,
¥l =2" E [ly@))]=1 (5.6)
x€{0,1}"
and analogously

Y OFXp . X)W (X1 X)) = D WXy X))

dom F dom F
= > fovm- > Y&
x€dom f Xx¢dom f
> §, (5.7

where the final step in the two derivations uses (5.3) and (5.4). It remains to bound the
inner product of ¥ with a k-dimensional cylinder intersection y. We have

(W, ) = 2”X I*;( [V(G*(X1),....G*(Xu))x(X1,.... Xn)]

1seees n~7m
= E --- E X1,....X
Y V@ E B (K X
x€{0,1}"
=V, Lanx),

where 7 and 7, are the probability distributions induced by 7 on G~!(+1) and G~ (—1),
respectively, and Ly , is as defined in Theorem 4.2. Continuing,

K0l < W IhE(Lznx.d—1) by (5.5)
< (crdiscy, (G))d by (5.4) and Theorem 4.2, (5.8)

where ¢ > 0 is an absolute constant. Now (5.1) is immediate by (5.6)—(5.8) and the
generalized discrepancy method (Theorem 2.10).

5.2. Bounded-error communication. Specializing the master theorem to bounded-error
communication gives the following lower bound for composed communication problems
in terms the 1/3-approximate degree.

THEOREM 5.2. There exists an absolute constant ¢ > 0 such that for every (possibly
partial) Boolean function f on {0, 1}",

Ry1y3(f o UDISI cyxp2) = degy3(f).
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Proof. Takee = 1/7, § = 1/3, and m = ¢'4Xk? in the lower bound (5.2) of Theorem 5.1,
where ¢’ > 0 is a sufficiently large integer constant.

As a consequence we obtain the main result of this paper, stated in the introduction as
Theorem 1.1.

COROLLARY 5.3.

n
Ry1/3(DISJk,n) = Ry/3(UDISIg ) = £2 (f) :

2k

Proof. Recall that UDISJg ., = Aﬁ)n o UDISJg , for all integers n, m. Theorem 2.5
shows that deg; (AND,) = £2(/n). Thus, taking f = AND,, in Theorem 5.2 gives
R1/3(UDISJ; .4icg2,,) = $2(+/n) for some absolute constant ¢ > 0, which is equivalent to
the claimed bound. 1

REMARK 5.4. As shown by the dual proof of Theorem 5.1, we obtain the £2(y/n/25k)
lower bound for set disjointness using the generalized discrepancy method. By the results
of [37, 14], the generalized discrepancy method applies to quantum multiparty protocols as
well. In particular, Corollary 5.3 in this paper gives a lower bound of £2(/n/25k)— O (k*)
on the bounded-error k-party quantum communication complexity of set disjointness. This
lower bound nearly matches the well-known upper bound of [+/n/2k] logo(l) n due to
Buhrman, Cleve, and Wigderson [16]. For the reader’s convenience, we include a sketch of
the protocol. Let G be any k-party communication problem and f: {0, 1} — {—1,+1} a
given function. An elegant simulation in [16] shows that f oG has bounded-error quantum
communication complexity O(Q1/3(f)D(G)k?logn), where Q1,3(f) and D(G) are the
bounded-error quantum query complexity of f and the deterministic classical communi-
cation complexity of G, respectively. Letting DISJx , = AND,, ,x o DISJ; >«, we have

01/3(AND,, j5x) = O(+/n/2%) by Grover’s search algorithm [28] and D(DISJy k) =
O(k?) by Grolmusz’s result [27]. Therefore, set disjointness has bounded-error quantum
communication complexity at most [/n/2k71og?® n.

Theorem 5.2 gives a lower bound on bounded-error communication complexity for
compositions f o G, where G is a gadget whose size grows exponentially with the num-
ber of parties. Following [48], we will derive an alternate lower bound, in which the
gadget G is essentially as simple as possible and in particular depends on only 2k vari-
ables. The resulting lower bound will be in terms of the approximate degree as well as
two combinatorial complexity measures, defined next. The block sensitivity of a Boolean
function f:{0,1}" — {—1,+1}, denoted bs(f'), is the maximum number of nonempty
pairwise disjoint subsets S1, S2, S3,... € {1,2,...,n} such that f(x) # f(x & 1s,) =
f(x®1s,) = f(xP1g,) = --- for some string x € {0, 1}". The decision tree complexity
of f, denoted dt( /), is the minimum depth of a decision tree for f. We have:

THEOREM 5.5. Forevery f:{0,1}" — {—1,+1},

Ry/3(f o (ORg v ANDy))

>0 (\/bS(f)) > 0 (dt(f)“6> > Q (_degl/a(f)1/6>

2kk 2kk 2kk
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and

max{Ry/3(f o ORg), Ry/3(f o ANDy)}
o <bs(f)1/4) o (dt(f)1/12> o (deg1/3(f)1/12) |
2k 2k [ 2kk

Here ORj and ANDy refer to the k-party communication problems x > \/f.;l X
and x /\f-;l x;, where the i th party sees all the bits except for x;. Analogously, ORy V
ANDy, refers to the k-party communication problem x — X1 V++-VXg V (Xg41 A AXog)
in which the i th party sees all the bits except for x; and xg ;. It is clear that the composed
communication problems f o ORg, f o ANDg, and f o (OR; Vv ANDy) each have a
deterministic k-party communication protocol with cost 3 dt( /). The above theorem shows
that this upper bound is reasonably close to tight, even for randomized protocols. Note that
it is impossible to go beyond Theorem 5.5 and bound R;,3(f o ANDy) from below in
terms of the approximate degree of f: taking f = AND,, shows that the gap between
Ry/3(f o ANDy) and deg, /5(f) can be as large as ©(1) versus ©(/n). Theorem 5.5 is a
quadratic improvement on the lower bounds in [48].

Proof of Theorem 5.5. Identical to the proofs of Theorems 5.3 and 5.4 in [48], with Corol-
lary 5.3 used instead of the earlier lower bound for set disjointness in [48]. [

5.3. Small-bias communication and discrepancy. We now specialize Theorem 5.1 to
the setting of small-bias communication, where the protocol is only required to produce
the correct output with probability vanishingly close to 1/2.

THEOREM 5.6. Let f be a (possibly partial) Boolean function on {0, 1}". For every (pos-
sibly partial) k-party communication problem G and all €,y = 0,

1 1
Ri_« G) = deg,_ 1 ——— | —log——, 5.9
b (00 = detry (o (o) —oe 69
1 1
Ri_. G)=d 1 ——— | —log—, 5.10
b3 06) > degu(tog (s ) o (5.10)
where ¢ > 0 is an absolute constant. In particular,
Ry_g(f 0 UDISI cysg2) = degy, (f) ~ log . (5.11)
1
R%_%(f o UDISJy c4xk2) = degy (f) — log < (5.12)

for an absolute constant ¢ > 0.

Proof. One obtains (5.9) by taking § = 1—y in (5.1). Letting y ~\ 0 in (5.9) gives (5.10).
The remaining two lower bounds are now immediate in view of Theorem 4.20. (]

The method of Theorem 5.1 allows one to directly prove upper bounds on discrepancy,
a complexity measure of interest in its own right.
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THEOREM 5.7. For every (possibly partial) Boolean function f on {0, 1}", every (possibly
partial) k-party communication problem G, and every y > 0, one has

disc(f o G) < (c rdisc(G))de1—») 4 o, (5.13)
disc(f o G) < (c rdisc(G))%e£ () (5.14)

where ¢ > 0 is an absolute constant. In particular,

czkk)deg]—y(f)/z

disc(f o UDISTj ) < (ﬁ +7 (5.15)
de 2
. C2kk gi(f)/
dlSC(f o UDISJk,m) < ﬁ (516)

for an absolute constant ¢ > 0.

Proof. The proof is virtually identical to that in [48], with the difference that we use The-
orems 4.2 and 4.20 in place of the earlier passage from protocols to polynomials. For the
reader’s convenience, we include a complete proof.

Let 7 = 271 x 25 x --- x 2} be the input space of G, and let 7 be an arbitrary
balanced probability distribution on the domain of G. Take § = 1 — y, d = degs(f), and
define ¥: 2" — R as in the dual proof of Theorem 5.1. Then (5.6) shows that ¥ is the
pointwise product ¥ = H - P, where H is a sign tensor and P a probability distribution.
Abbreviating F = f o G, we can restate (5.7) and (5.8) as

> F(X)H(X)P(X)— P(domF) > 1—y, (5.17)
dom F
discp (H) < (c rdisc, (G))?, (5.18)

respectively, where ¢ > 0 is an absolute constant. For every cylinder intersection y,

> FX)P(X)x(X)

dom F

=|(H-P.x)+ Y (F(X)—HX)PX)x(X)— Y HX)PX)x(X)

dom F dom F
<discp(H) + Y |F(X)— H(X)|P(X) + P(dom F)
dom F
= discp (H) + P(dom F) — Y F(X)H(X)P(X) + P(dom F)
dom F
< discp(H) + P(dom F) — 1+ y, (5.19)

where the last step uses (5.17). Therefore,

discp(f o G) = max > F(X)P(X)x(X)| + P(dom F)
dom F'
< discp(H) + vy

< (erdiscr (G))? + .



COMMUNICATION LOWER BOUNDS USING DIRECTIONAL DERIVATIVES 65

where the second step uses (5.19) and the third uses (5.18). This completes the proof
of (5.13). Letting y \ 0, one arrives at (5.14). The remaining two lower bounds (5.15)
and (5.16) are now immediate by Theorem 4.20.

COROLLARY 5.8. Consider the Boolean function

n 4kKk2p2

Fien(x) = \/ /\ (Xi,j1 V Xij2 VeV X i),

i=1 j=1

viewed as a k-party communication problem in which the rth party (r = 1,2,...,k) is
missing the bits x; ; r for all i, j. Then

disc(Fy ) <2790,

1
R%_%(Fk,n) = 2(n) — log; (y > 0).

Proof. Let MP, be given by Theorem 2.4, so that deg, (MP,) = n. Let ¢ > 0 be the
constant from (5.16). Since MP,, o DISJ; .24k+1y2 is a subfunction of Fi 41, (), Theo-
rem 5.7 yields the discrepancy bound. The communication lower bound follows by Theo-
rem 2.9. 0

Corollary 5.8 gives a hard k-party communication problem computable by an AC° cir-
cuit family of depth 3. This depth is optimal because AC circuits of smaller depth have
multiparty discrepancy 1/n°®) | regardless of how the bits are assigned to the parties.
Quantitatively, the corollary gives an upper bound of exp(—£2(n/4¥k?)'/3) on the dis-
crepancy of a size-nk circuit family in AC°, considerably improving on the previous best
bound of exp(—£2 (n/4%)'/7) in [48], itself preceded by exp(—£2(n/23'%)1/29) in [10].

Corollary 5.8 settles Theorem 1.4 from the introduction.

6. ADDITIONAL APPLICATIONS

We conclude this paper with several additional results in communication complexity. In
what follows, we give improved XOR lemmas and direct product theorems for composed
communication problems as well as a quadratically stronger lower bound on the nondeter-
ministic and Merlin-Arthur complexity of set disjointness. Lastly, we give applications of
our work to circuit complexity.

6.1. XOR lemmas. In Section 5, we proved an §2(/n/2¥k) communication lower bound
for solving the set disjointness problem DISJj ,, with probability of correctness 2 /3. In this
section, we consider the communication problem DISJk,nM. As one would expect, we
show that its randomized communication complexity is £-§2 (/n/2¥ k). More interestingly,
we show that the same lower bound remains valid even for probability of correctness % -
272 3 statement known as an XOR lemma. We prove an analogous result for the unique
set disjointness problem and more generally for composed problems f o G, where G has
small repeated discrepancy. Our proofs are nearly identical to those in [48], the main
difference being that we use Theorems 4.2 and 4.20 in place of the earlier and less efficient
passage from protocols to polynomials.
We first recall an XOR lemma for polynomial approximation, proved in [49, Cor. 5.2].
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THEOREM 6.1 (Sherstov). Let f be a (possibly partial) Boolean function on {0, 1}". Then
for some absolute constant ¢ > 0 and every £,

degy -1 (f®) =t deg,/3(f).

Using the small-bias version of the master theorem (Theorem 5.6), we are able to im-
mediately translate this result to communication.

THEOREM 6.2. For every (possibly partial) Boolean function f on {0, 1}" and every (pos-
sibly partial) k-party communication problem G,

R G)®) = ctd Jlog —— 6.1
Ly (U 06®) = cldegya(f) -log s (6.1)

where ¢ > 0 is an absolute constant. In particular,
Ry gy ((f 0 UDIST yig2) ®) = £ degy5(f) (6.2)

for an absolute constant ¢ > 0.

Proof. Theorem 6.1 provides an absolute constant ¢; > 0 such that deg;_,—e—1(f 8y >
c1tdegy/3(f). Applying Theorem 5.6 to f® 060G = (f o G)®* with parameters ¢ = 2~
and y = 2741, one arrives at

1
Ryjpqppeti((f o G)®Y) = 1t degy/3(f) - log (C‘zl‘dl—SC(G)) —t-1

for some absolute constant ¢, > 0. This conclusion is logically equivalent to (6.1). In view
of Theorem 4.20, the other lower bound (6.2) is immediate from (6.1).

COROLLARY 6.3.

R,

|- (1) (UDIST, ) > € 2 (ﬁ) .
2 2

2kk
Proof. Theorem 2.5 shows that deg1/3(zm)n) > 2(4/n). Thus, letting ' = Aﬁ)n in

(6.2) gives Ry 5_y/pe+1 (UDISI cgx42, ®) > . 2(4/n) for a constant ¢ > 0, which is
equivalent to the claimed bound. (]

The above corollary settles Theorem 1.2(i) from the introduction. It is a quadratic
improvement on the previous best XOR lemma for multiparty set disjointness [48]. As
a consequence, we obtain stronger XOR lemmas for arbitrary compositions of the form
f o (ORy v ANDy), improving quadratically on the work in [48].

THEOREM 6.4. Let f:{0,1}" — {—1,+1} be given. Then the k-party communication
problem F = f o (ORy vV ANDy) obeys

e (F®) 5 0. 0 (Jbsm) - (dt(f)‘/6)

2k 2k

1/6
>(.0 <—deg”23k(lj) ) .

)

[N]
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Proof. The argument is identical to that in [48, Theorem 5.3]. As argued there, any com-
munication protocol for f o (ORx Vv ANDy) also solves UDISJg v r), so that the first
inequality is immediate from the newly obtained XOR lemma for unique set disjointness.
The other two inequalities follow from general relationships among bs( f), dt(f), and
degy/3(f); see [48, Theorem 5.3].

6.2. Direct product theorems. Given a (possibly partial) k-party communication prob-
lem F on " = Z1x Z3x---x 2k, consider the task of simultaneously solving £ instances
of F. More formally, the communication protocol now receives £ inputs Xq,..., Xy € 2
and outputs a string {—1, +1}¢, representing a guess at (F(X1)...., F(X;)). An e-error
protocol is one whose output differs from the correct answer with probability no greater
than € on any given input X1,..., Xy € dom F. We let R.(F, F, ..., F) denote the least
cost of such a protocol for solving ¢ instances of F, where the number of instances will
always be specified with an underbrace.

It is also meaningful to consider communication protocols that solve almost all £ in-
stances. In other words, the protocol receives instances Xy, ..., Xy and is required to
output, with probability at least 1 — €, a vector z € {—1, +1}¢ such that z; = F(X;) for at
least £ — m indices i. We let

Rem(F,F,....F)

14

stand for the least cost of such a protocol. When referring to this formalism, we will
write that a protocol “solves with probability 1 — € at least £ — m of the £ instances.”
The parameter m, for “mistake,” should be thought of as a small constant fraction of £.
This regime corresponds to threshold direct product theorems, as opposed to the more
restricted notion of strong direct product theorems for which m = 0. All of our results
belong to the former category. The following definition from [49] analytically formalizes
the simultaneous solution of £ instances.

DEFINITION 6.5 (Sherstov). Let f be a (possibly partial) Boolean function on a finite
set 2. A (0.m,L)-approximant for f is any system {¢,} of functions ¢,: 2°¢* — R,
z € {—1, —i—l}e, such that

Z |z (X1, ..., x0)| < 1, Xiy...,Xg € 2,
ze{—1,+1}¢

Z Pz fe1)ze fx0) (X5 XE) 2 0, X1,...,Xg € dom f.
ze{—1,+1}¢
Ki:zi=—1}|<m

The following result [49, Corollary 5.7] on polynomial approximation can be thought
of as a threshold direct product theorem in that model of computation.

THEOREM 6.6 (Sherstov). There exists an absolute constant « > 0 such that for every
(possibly partial) Boolean function f on {0,1}" and every (2=%, ol , £)-approximant {¢; }
for f.

max  {deg .} = al deg, /5(f).
z€{—1,+1}¢

We will now translate this result to multiparty communication complexity. Our proof
is closely analogous to that in [48, Theorem 6.7], the main difference being our use of
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Theorems 4.2 and 4.20 in place of the earlier and less efficient passage from protocols to
polynomials.

THEOREM 6.7. There is an absolute constant 0 < ¢ < 1 such that for every (possibly
partial) Boolean function f on {0, 1}"* and every (possibly partial) k-party communication
problem G,

Rl_zf"z,ce (f © Gv e f ° G) = ct deg1/3(f) ' log rdiSC(G) .
4

(6.3)

In particular,

Ry_pc o (f © UDISJ, ryay .o f o UDISJk,(M]) > Cdeg,/5(f)

L
for some absolute constant 0 < ¢ < 1.

Proof. Let ' = 27 x 25 X --- x 2} be the input space of G. Let @ > 0 be the absolute
constant from Theorem 6.6, and let ¢ € (0, ) be a sufficiently small absolute constant to
be named later. Consider any randomized protocol IT which solves with probability 27¢¢
at least (1 —¢)¥£ from among £ instances of f oG, and let r denote the cost of this protocol.
For z € {—1,+1}%, let IT, denote the protocol with Boolean output which on input from
(2™)¢ runs IT and outputs —1 if and only if IT outputs z. Let ¢,: (27 ")¢ — [0, 1] be the
acceptance probability function for IT;. Then ¢, = ) a,y by Corollary 2.8, where the
sum is over k-dimensional cylinder intersections and ) _ |a,| < 2.

Now let w be any balanced probability distribution on the domain of G and define
the linear operator L g,: R(* MY 5 RUOBM 4 in Theorem 4.2. By Theorem 4.2 and
linearity,

, 1disc (G) b
BLnn #2012 (55)

for every z and every positive integer D, where ¢’ > 0 is an absolute constant. Abbreviate
d = degy/3(f) in what follows. Letting D = [a{d |, we arrive at

di G\ [etd]
E(Lntn ¢z, [atd] —1) <2 (%) (6.4)
for every z. On the other hand, we claim that
2—cl _ 2—0:(
E(Lyn ¢z, [ald] —1) (6.5)

Z
26(1 + 27%)

for at least one value of z. To see this, observe that {¢, } is a (27, a{, £)-approximant for
f o G, and analogously {L ¢, ¢} isa (27¢¢, al, £)-approximant for f. As a result, if
every function L ¢, ¢, can be approximated within € by a polynomial of degree less than
ald, one obtains a ((27¢¢ — 2%€)/(1 + 2%), al, £)-approximant for f with degree less
than ofd. The inequality (6.5) now follows from Theorem 6.6, which states that f does
not admit a (2~¢, €, £)-approximant of degree less than ad.

Comparing (6.4) and (6.5) yields for claimed lower bound (6.3) on r, provided that
¢ = c(c¢’, @) > 0is small enough. The other lower bound in the theorem statement follows
from (6.3) by Theorem 4.20. i
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Theorem 6.7 readily generalizes to compositions of the form f o (OR; v ANDy), as
illustrated above for XOR lemmas.

COROLLARY 6.8. For some absolute constant 0 < ¢ < 1 and every £,

)

Ry_yct o¢(UDISIg ..., UDISIy ) = £ - £2 (

14
Proof. Theorem 2.5 shows that deg1/3(Aﬁ),,) > 2(4/n). As a result, Theorem 6.7 for
f= AND,, gives

Ry_5—ct g (UDISJk,nPka", e UDISJk,nPka—‘) ={-2(/n),

c c

L

which is equivalent to the claimed bound. [

This settles Theorem 1.2(ii) from the introduction.

6.3. Nondeterministic and Merlin-Arthur communication. We now turn to the non-
deterministic and Merlin-Arthur communication complexity of set disjointness. The best
lower bounds [48] prior to this paper were §2(n/4%)'/* for nondeterministic protocols and
2(n/4%)'/3 for Merlin-Arthur protocols, both of which are tight up to a polynomial. In
what follows, we prove quadratically stronger lower bounds in both models. The proof in
this paper is nearly identical to those in [23, 48], the only difference being the passage from
communication protocols to polynomials. We use Theorems 4.2 and 4.20 for this purpose,
in place of the less efficient passage in previous works.

THEOREM 6.9. There exists an absolute constant ¢ > 0 such that for every (possibly
partial) k-party communication problem G,

1
> R
N(AND, 0 G) = £ (ﬁ log ——— (G)) , (6.6)
1 1/2

In particular,

2kk
N 1/2

N(DISIi ) = 2 (ﬁ) ,
MA1/3(DISJ](,”) = Q (

Proof. Define f = AND,, F = f oG, and d = deg,/3(AND,). As shown in [23]
and [48, Theorem 7.2], there exists a function ¥: {0, 1} — R that obeys (5.4), (5.5), and

v, 1,...,1) < —é. (6.8)
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Now fix an arbitrary balanced probability distribution 7z on the domain of G and define

n
W(X1..... Xp) = 2"Y(G*(X1).....G*(Xn) [ [ =(X0).
i=1
as in the dual proof of Theorem 5.1. Then (5.6) shows that ¥ is the pointwise product
¥ = H - P for some sign tensor H and probability distribution P. In particular, (5.8)
asserts that

discp (H) < (c rdisc, (G))? (6.9)
for an absolute constant ¢ > 0. By (6.8), we have ¥ (x) < 0 whenever f(x) = —1, so that
P(F Y (=)~ H Y(+1)) = 0. (6.10)
Also,
1
P(F Y (-1)nHY(-1))=P(F '(-1)) =y 1... 1) > 5, (6.11)

where the first step uses (6.10), the second step uses the fact that 7 is balanced on the
domain of G, and the final inequality uses (6.8). By Theorem 2.5,

d = Q2(/n). (6.12)
Now (6.6) and (6.7) are immediate from (6.9)—(6.12) and Theorem 2.11.
Taking G = DISJ; ./4kg2 in (6.6) for a sufficiently large integer constant ¢’ = 1 gives

1
c rdisc(DISJy .14x42)

N(DISIy craxg2y) = £2 (ﬁlog ) = 2(/n),
where the second inequality uses Theorem 4.20. Analogously MA/3(DISJy .14kg2,) =

£2(n'/*). These lower bounds on the nondeterministic and Merlin-Arthur complexity of
set disjointness are equivalent to those in the theorem statement.

This settles Theorem 1.3 from the introduction.

6.4. Circuit complexity. Circuits of majority gates are a biologically inspired computa-
tional model whose study spans several decades and several disciplines. Research has
shown that majority circuits of depth 3 already are surprisingly powerful. In particular,
Allender [2] proved that depth-3 majority circuits of quasipolynomial size can simulate
all of AC®, the class of {A, V, —}-circuits of constant depth and polynomial size. Allen-
der’s result prompted a study of the computational limitations of depth-2 majority circuits
and more generally of depth-3 majority circuits with restricted bottom fan-in. Most of the
results in this line of work exploit the following reduction to multiparty communication
complexity, where the shorthand MAJ o SYMM o ANY refers to the family of circuits with
a majority gate at the top, arbitrary symmetric gates at the middle level, and arbitrary gates
at the bottom.

PROPOSITION 6.10 (Hastad and Goldmann). Let f be a Boolean function computable
by a MAJ o SYMM o ANY circuit, where the top gate has fan-in m, the middle gates
have fan-in at most s, and the bottom gates have fan-in at most k — 1. Then the k-party
number-on-the-forehead communication complexity of f obeys

Ri___1__(f) <k[log(s + DI,

27 20m+D

regardless of how the bits are assigned to the parties.
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Depth Circuit lower bound Reference
3 exp{n'/?)}, k=2 Buhrman, Vereshchagin, and de Wolf [17]
Sherstov [46, 47]
n \ 1/(6k25)
3 exp {sz (4—k) } Chattopadhyay [19]
1 n o\1/29
6 exp {% -2 (ﬁ) } Beame and Huynh-Ngoc [10]
1 1/7
3 exp {% -2 (:—k) } Sherstov [48]
1 n \1/3 .
3 exp {% -2 (4kk2) } This paper

TABLE 3. Lower bounds for computing functions in AC® by circuits of
type MAJ o SYMM o ANY with bottom fan-in k — 1. All functions are
on nk bits.

Using Hastad and Goldmann’s observation, a series of papers [17, 46, 47, 19, 10, 48]
have studied the circuit complexity of AC® functions, culminating in a proof [48] that
MAJ o SYMM o ANY circuits with bottom fan-in (% — ¢€) log n require exponential size to
simulate AC° functions, for any € > 0. This circuit lower bound comes close to matching
Allender’s simulation of AC® by quasipolynomial-size depth-3 majority circuits, where the
bottom fan-in is logo(l) n. Table 3 gives a quantitative summary of this line of research.
We are able to contribute the following sharper lower bound.

THEOREM 6.11. There is an (explicitly given) read-once {\, V' }-formula Hy, ,,: {0, 1k
{—1, +1} of depth 3 such that any circuit of type MAJ o SYMM o ANY with bottom fan-in
at most k — 1 computing Hy , has size

exp{%.g@?)“}.

Proof. Define

n 4kK2p2

Fien(x) = \/ /\ (Xija vV Xij2 VooV Xi k).

i=1 j=I1

We interpret Fy , as the k-party communication problem in Corollary 5.8. Let C be a
circuit of type MAJ o SYMM o ANY that computes Fy ,, where the bottom fan-in of C is

at most k — 1. Let s denote the size of C. The proof will be complete once we show that
5 = 280/k)
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Since C has size s, the fan-in of the gates at the top and middle levels is bounded by s,
which in view of Proposition 6.10 gives

Ry_ 1 (Fien) < k[log(s + DT.
By Corollary 5.8, this leads to the desired lower bound: s > 292®/k)_ [
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