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Abstract

In this paper we first show that Tester for an F-algebra A and mul-
tilinear forms, [2], is equivalent to multilinear algorithm for the product
of elements in 4, [3]. Our result is constructive in deterministic poly-
nomial time. We show that given a tester of size v for an F-algebra
A and multilinear forms of degree d one can in deterministic polyno-
mial time construct a multilinear algorithm for the multiplication of d
elements of the algebra of multilinear complexity v and vise versa.

This with the constructions in [2] give the first polynomial time
construction of a bilinear algorithm with linear bilinear complexity for
the multiplication of two elements in any extension finite field.

We then study the problem of simulating a substitution of an as-
signment from an F-algebra A in a degree d multivariate polynomials
with substitution of assignments from the ground field F. We give a
complete classification of all algebras for which this can be done and
show that this problem is equivalent to constructing symmetric multi-
linear algorithms [11] for the product of d elements in A.

1 Introduction

Let F be a field and A be an F-algebra of finite dimension with unity el-
ement 14. A tester for A and a class of multivariate polynomial M over
n variables is a set L of (not necessarily linear) maps from A" to F™ that
preserve the property f(a) # 0 for every f € M, i.e., for all f € M and
a € A" if f(a) # 0 then f(¢(a)) # 0 for some ¢ € L. The size of the
tester is v := |L|. In [2], we use tools from elementary algebra and algebraic
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function fields to construct testers of asymptotically optimal size in deter-
ministic polynomial time. Testers have many applications. See [2] for more
details.

The multilinear complexity of the multiplication of d elements in the [F-
algebra A is the minimal p such that there are \;; € A*, i = 1,...,u,
j=1,...,dand v1,72,...,7v, € A where for every d elements ay,as,...,aq

in A we have
" d
mag--ag =Y v [] Mijla;).
i=1 =1

When d = 2 the multilinear complexity is called the bilinear complexity
of the multiplication of two elements in the algebra A. Bilinear complexity
is extensively studied in the literature. See for example [3, 6] and references
within. Also, all the algorithms known for matrix multiplication are bilinear
algorithms [8], i.e., algorithms of the above form.

In this paper we show that when M is the class of multilinear forms of
degree d then the size of the optimal tester for M and the F-algebra A is ex-
actly equal to the multilinear complexity of the multiplication of d elements
in the algebra A. Our result is constructive in deterministic polynomial
time. We show that given a tester for M and an F-algebra A of size v
one can in polynomial time construct a multilinear algorithm for the multi-
plication of d elements of the algebra of multilinear complexity v and vise
versa.

One of the open problems in bilinear complexity is to give a polynomial
time construction of a bilinear algorithm for the multiplication of two ele-
ments in the extension field Fy» over F, with bilinear complexity O(n). Here
[F, is the finite field with ¢ elements. Many nonconstructive algorithms are
known for this problem that has linear bilinear complexity [1, 12, 5, 4, 10].
See also all the references within [10]. In [7], Lemple et. al. gave a de-
terministic polynomial time construction of bilinear algorithm with bilinear
complexity O((log*n)n). In [2] we gave a deterministic polynomial time
construction of a tester for the class of bilinear forms and the field Fyn» of
size O(n). This with the above result solve this open problem.

Another result that follows from our technique is the following. For a
black box that contains degree d polynomial over any field F, we show that
given a symmetric multilinear algorithm [11] (see also definition in Section
2) for the multiplication of d + 1 elements in the F-algebra A of multilinear
complexity u, one can simulate a black box assignment substitution of ele-
ments of the algebra with p black box assignment substitutions of elements
of the ground field F. Does multilinear algorithms give optimal simulation?



In this paper we give an affirmative answer to this question. We show that
from any simulation that has complexity v one can in polynomial time con-
struct a symmetric multilinear algorithm of the multiplication of d elements
in the algebra that has multilinear complexity v. This means that symmetric
multilinear algorithms give optimal simulations.

We believe that the results of this paper open the possibility to further
study of multilinear complexities of algebras for dimension greater than 2
and to try to understand more the algebraic structure of such algorithms.

2 Definitions

In this section we define multivariate polynomials and forms, tester, the
multilinear complexity of the multiplication of elements in an algebra and
then simulators.

We note that throughout the paper, bold small letters, say a, denotes
vectors and its ith entry is denoted by a;.

2.1 Multivariate Polynomial

In this section we define the set of multivariate polynomials over a field.

Let F be a field and © = (x1,...,2,) be indeterminates (or variables)
over the field F. The ring of multivariate polynomials in the indeterminates
T1,..., Ty over Fis Flay, ..., x,] (or Flz]). Let i = (i1,...,i,) € N" where

N ={0,1,2,...}. We denote by &* the monomial 3 ---zl». Every multi-
variate polynomial in f € F[x] can be represented as

@)=Y awi (1)
el
for some finite set I C N™ and a; € F\{0} for all ¢ € I.

When the field F is infinite, then the representation in (1) is unique. Not
every function f : F" — F can be represented as multivariate polynomial.
Take for example a function f(z;) with one variable that has infinite number
of roots.

When the field F is finite, then every function f : F* — F can be
represented as multivariate polynomial f € F[x]. There may be many rep-
resentations for the same function f : F — F but a unique one that satisfies
t el C{0,1,...,|F] —1}". In the sequel we refer to this unique represen-
tation as the minimal multivariate polynomial.

When we say that M = x* is a monomial in f we mean that M is a
monomial that appears in the minimal multivariate polynomial of f. The



constant a; € F\{0} in (1) is called the coefficient of the monomial z* in f.
When «? is not a monomial in f then we say that its coefficient is 0.

For f,g € Flx] we define coef(f,g) as follows: If g = M is a monomial
in f then coef(f, M) is the coefficient of M in the minimal multivariate
polynomial of f. Otherwise coef(f, M) = 0. If g = ¢M where ¢ € F then
coef(f,eM) = c - coef(f, M) and if ¢ = g1 + g2 where g1,g92 € F[x] then
coef(f, g) = coef(f, g1) + coef(f, g2). .

The degree, deg(M), of a monomial M = x* is iy + i2 + -+ + ip. The
degree of x; in M, deg, (M) is ij. Therefore,

deg(M) = Y deg, (M),
=1

Let f € F[x] and let g be the minimal multivariate polynomial of f. The
degree (or total degree) deg(f) is the maximum degree of the monomials
in g. The degree of z; in f, deg, (f), is the maximum degree of x; in the
monomials in g. The variable degree of f is the maximum over the degree
of each variable in f, i.e., max; deg, (f).

2.1.1 Classes of Multivariate Polynomials

In this section we will define the following classes of multivariate polynomials

1. P(F,n) is the class of all multivariate polynomials in F[z1, ..., z,]| of
variable degree at most |F| — 1.

2. P(F,n,(d,r)) is the class of all multivariate polynomials in P(F,n) of
degree at most d and variable degree at most r.

3. P(F,n,d) = P(F,n,(d,|F| —1)) is the class of all multivariate polyno-
mials in P(FF, n) of degree at most d.

We will also consider the following special classes of multivariate poly-
nomials

1. HP(F,n): The class of all homogeneous polynomials in P(F,n). A
multivariate polynomial is called homogeneous multivariate polynomial
if all its monomials have the same degree. The classes HP(F,n, (d,r))
and HP(F,n,d) are defined in the same way as above.

2. LP(F,n): The class of all multilinear polynomials in Flxy,...,z,]. A
multivariate polynomial is called multilinear polynomialif deg, (f) <1
for all i = 1,...,n. The class ML(F,n,d) is defined in the same way
as above.



2.2 Multivariate Form

Let y = (Y1,---,Y,m) Where y; = (Yi1,.-.,Yin) are indeterminates over
fori=1,...,m. A multivariate form in y is a multivariate polynomial in y.
That is, an element of

F[yl,l: e ,yl,na e 7ym,17 e ;ym,n]-

We denote this class by Fly] or Fly,,...,y,,]-

Let Y = (Y1, .., Y1, Yit1s- - - Ym)- Every multivariate form f € Fly]
can be represented as polynomial in y; with coefficients in F[y()]. That is,
a multivariate polynomial in F[y®][y,]. The degree deg,, (f) is the degree
of f in Fly®][y,]. Every monomial M in F[y] can be written as M =
MMy - -+ My, where M; is a monomial in Fly,] for i = 1,2,...,m.

The following classes will be studied here

1. F(F,n,m) is the class of all multivariate forms in y = (y,...,¥Y.,),
where y; = (¥i,1, .., Yin) are indeterminates over IF, of variable degree
at most |F| — 1.

2. F(F,n,m,d) where d = (di,ds,...,dy) € N™ is the class of all
multivariate polynomials f in F(FF,n, m) where degyi( f) = d; for all
1=1,2,...,m.

3. HF(F,n,m) is the class of all multivariate forms f in F(F,n,m)
that are homogeneous in F[y®][y,] for all i+ = 1,2,...,m. That
is, there is d € N such that every monomial in f is of the form
M = MyMs--- M,,, where M; is a monomial in F[y;] of degree d;.
The class HF(F,n,m,d) is defined as above.

4. HLF(F,n,m) is HF(F,n,m,(1,1,...,1)). That is, the class of all
multilinear forms f over y = (yy,...,Y,,) where each monomial in f
contains exactly one variable from y, for every 1.

Therefore a multilinear form in y of degree d is a multivariate polynomial
of the form

Z Qi Ylin * Ydyig-

i€[n]d

where a; € F and [n] = {1,2,...,n}.



2.3 Tester

Definition 1. (Tester,[2]). Let F be a field and A be an F-algebra with
unity element 14. Let M C Flzy,zo,...,x,] be a class of multivariate

polynomials. Let L = {ly,...,1l,} be a set of (not necessarily linear) maps
A" — F". We denote by fL the map A™ — F” where for a € A",

(fL)(a) = (f(li(a)),. .., f(l(a))).

We say that L is an (M, A, F)-tester (or a tester for M and A) if for every
a e A" and f € M we have (Here 0 = 0" is the zero vector of length v)

(fL)(@) =0 = f(a)=0.

The integer v = |L| is called the size of the tester. The minimal size
of an (M, A, F)-tester is denoted by vp(M,.A). When A and F are known
from the context we then just say that L is a tester for M.

We will also allow L = {l1,...,l,} to be a set of maps A — F. In
that case l; : A" — F" is defined as l;(a) = (l;(a1),...,l;(ay)) where a =
(a1,...,an) € A™. In such case we call the tester symmetric tester.

We say that the tester is componentwise testerifl;(a) = (I;1(a1), ..., lin(an))
for some [; ; : A — F. A componentwise tester is called linear if each [; ; is
a linear map and is called reducible if I; j(14) = 1 where 14 is the identity
of the algebras A.

In this paper we will study testers for the class of multilinear forms of
degree d and multivariate polynomials of degree d.

We will use the following abbreviations

The Expression Abbreviation
ve(P(F,n,d), A) Vi (d, A)
(F,n(d,r), A) | v ((dr),A)

v (P

I/]F(HP(F n,d), A) vitP (d, A)
vp(F(F,n,m,d), A) vi ((d, A)
Zl
vr(

HF(F,n,m,d), A) | v+ (d, A)
HLF(F,n,m), A) | v (m, A)

2.4 Multilinear Algorithms

A multilinear algorithm for the multiplication of d elements in the algebra A
with multilinear complezity p is a sequence (Y1, A1), ..., (Yu, Ay) € Ax (A*)2



and v1,72,...,7 € A such that for every d elements ag,as,...,aq in A we

have
o d
ayaz---aq = Z%‘ H Aij(ag).
i=1 =1

The minimal p is called the multilinear complexity of the multiplication
of d elements in the algebra A and is denoted by pr(d, A). When A; ; are
independent of j, i.e., the multilinear algorithm is of the form

" d
amag---ag =Y v [ Mila),
=1 j=1

then we call the multilinear algorithm symmetric multilinear algorithm. The
symmetric multilinear complexity of the multiplication of d elements in the
algebra A is denoted by g (d, A).

Let 14 be the identity element of the algebra A. We may assume
that A; j(14) is either 1 or 0. Because otherwise we can replace \; ; with
Nij/Xij(14) and 7; with ;A j(14). Therefore, throughout the paper we
assume \; ;(14) € {0,1}.

If in a symmetric multilinear algorithm A;(14) = 1 for all ¢ then we call
the multilinear algorithm reducible symmetric multilinear algorithm. The re-
ducible symmetric multilinear complexity of the multiplication of d elements
in the algebra A is denoted by pg®(d, A).

In [2] (also follows from folklore results for bilinear algorithms [3]) we
show that multilinear algorithms for the multiplication of d elements in
any algebra always exist. In Section 7 we show that symmetric multilinear
algorithms for the multiplication of d elements in an F-algebra A exist if
and only if either [F| > d or |F| < d and a/fl = a for all a € A. Reducible
symmetric multilinear algorithms for the multiplication of d elements in an
F-algebra A exist if and only if either [F| > d+1 or [F| < d+1 and o/l =
for all a € A.

When d = 2 the above multilinear complexity is called the bilinear com-
plexity (resp. symmetric bilinear algorithm) of the multiplication of two
elements in the algebra A. The bilinear complexity were extensively studied
in the literature. See for example [3, 6] and the references within. Symmetric
bilinear complexity was first defined and studied in [11].

2.5 Simulators

Given a class of multivariate polynomial M C F[z,...,z,]. Given a black
box that contains a function f € M and can answer substitution oracle to



f. That is, for b € F", the oracle answers f(b). A simulator for M and an
algebra A is an algorithm that for every a € A™ generates a1, as,...,a; € F"
such that for every f € M the values f(a1),..., f(a;) uniquely determine
f(a). We say that the simulator is polynomial time simulator if the simulator
generates ay,...,a; from a in polynomial time and f(a) from f(a1),...,
f(ay) in polynomial time. That is, the simulator runs in polynomial time.
The maximal integer ¢ over all a € A is called the simulation complexity of
the simulator and is denoted by op(M, A). The simulator is called optimal
if the simulation complexity is optimal.

We will use the same abbreviations used in Section 2.3. For example,
ol (d, A) is op(P(F,n,d), A).

In Section 7 we show that simulators for multivariate polynomials of
degree d and |F|-algebra A exist if and only if either |F| > d+1 or |F| < d+1
and alfl = ¢ for all a € A.

3 Results

The first result in this paper shows that testers for multilinear forms and
multilinear algorithms are equivalent

Theorem 1. Let A be F-algebra and M = HLF(F,n,d) be a class of mul-
tilinear forms of degree d. Then

1. v*EF(d, A) = pp(d, A).

2. Given a set of polynomial time computable maps L that is (M, A, TF)-
tester of size v one can in polynomial time construct a multilinear
algorithm for the multiplication of d elements in A with multilinear
complezity v.

3. Given a multilinear algorithm for the multiplication of d elements in
A with multilinear complexity v one can in polynomial time construct
a set of polynomial time computable maps L that is (M, A,TF)-tester
of size v.

4. Given a set of polynomial time computable maps L that is (M, A,F)-
tester of size v one can in polynomial time construct a linear compo-
nentwise (M, A,TF)-tester of size v.

In [2] we gave a deterministic polynomial time construction of an (HLF (F, n, d)



,Fyn, Fy)-tester of size v = O(d"(»n) where

3 if ¢ > ¢d?, ¢ > 1 constant , g perfect square
4 if ¢ > cd,c > 1 constant
6 ifg=d

We also proved the lower bound §2(dn) when g > d. Therefore our construc-
tion (for ¢ > d) is within at most O(d®) of the optimal size tester.
Theorem 1 with (2), gives

Corollary 2. For any q > d there is a polynomial time construction of a
multilinear algorithm for the multiplication of d elements in Fyn with multi-
linear complexity pu = O(d™Dn).

In particular, we also prove

Corollary 3. For any q there is a polynomial time construction of a bi-
linear algorithm for the multiplication of two elements in Fyn with bilinear
complexity p = O(n).

This solves the open problem of deterministic polynomial time construct-
ing a bilinear algorithm with linear bilinear complexity for the multiplication
of two elements in finite fields [1, 12, 4].

To study testers over any multivariate polynomials we need the F-algebra
to be commutative F-algebra. Otherwise, we have to deal with multivariate
polynomials with noncommutative indeterminates, another line of research
that is left for future study. Therefore in all the following results we assume
that A is commutative F-algebra.

In Section 5 we study testers for homogeneous multivariate polynomials
and show that they are equivalent to symmetric multilinear algorithms. We
prove

Theorem 2. Let A be a commutative F-algebra and M = HP(F,n,d) be a
class of homogeneous multivariate polynomials of degree d. Then

1. VP (d, A) = ps(d, A).

2. Given a set of polynomial time computable maps L that is (M, A, F)-
tester of size v one can in polynomial time construct a symmetric
multilinear algorithm for the multiplication of d elements in A with
multilinear complexity v.



3. Given a symmetric multilinear algorithm for the multiplication of d
elements in A with multilinear complexity v one can in polynomial
time construct a set of polynomial time computable maps L that is
(M, A, TF)-tester of size v.

4. Given a set of polynomial time computable maps L that is (M, A, F)-
tester of size v one can in polynomial time construct a linear symmet-
ric (M, A, F)-tester of size v.

We note here that since (2) is also true for symmetric testers Corollaries 2
and 3 are also true for symmetric multilinear algorithms.

In Section 6 we study simulators and prove that symmetric multilinear
algorithms are “almost” equivalent to simulators. We prove

Theorem 3. we have the following

1. Given a reducible symmetric multilinear algorithm for the multiplica-
tion of d elements in an F-algebra A with multilinear complexity v one
can in polynomial time construct a polynomial time simulator for the
class of polynomials of degree d and A of simulation complezity v.

In particular,

og (d, A) < i (d, A).

2. From any polynomial time simulator for the set of all multivariate
polynomials of degree d and an F-algebra A of simulation complexity
v one can construct in polynomial time a symmetric multilinear algo-
rithm for the product of d elements in A of multilinear complezity v.

In particular,

pi(d, A) < of (d, A).

We then study some connections between symmetric multilinear algo-
rithms and reducible symmetric multilinear algorithms. We prove

Theorem 4. we have the following

1. Given a symmetric multilinear algorithm for the multiplication of d+1
elements in an F-algebra A with multilinear complexity v one can in
polynomial time construct a reducible symmetric multilinear algorithm
for the multiplication of d elements in A with multilinear complexity v.

In particular
pr (d, A) < pp(d +1,.A)

10



and »

pp(d+1,A)
= pgpld, A) '

pip(d; A)

2. If |[F| > d + 1 then given a symmetric multilinear algorithm for the
multiplication of d elements in an F-algebra A with multilinear com-
plexity v one can in polynomial time construct a reducible symmetric
multilinear algorithm for the multiplication of d elements in A with
multilinear complezity (d+ 1)v. In particular, if |F| > d+1 then

15 (d A) < (d+1) - pb(d A) — d - i (d = 1,.A)

<

and »
d, A
1§701§( ) cq+1.
p“]F(dv “4)

3. If |F| = oo (or large enough) then given a symmetric multilinear algo-
rithm for the multiplication of d elements in an F-algebra A with mul-
tilinear complexity v one can in polynomial time construct a reducible
symmetric multilinear algorithm for the multiplication of d elements
in A with multilinear complezity v. In particular, if |F| = oo then

ok (d, A) = piE(d, A) = pi(d, A).

We believe that uz(d + 1, A) = O(pgp(d, A)) for any algebra A. This will
implies o, (d, A) = O(ui(d, A)).

For A = Fyn over F;, Theorem 6 below shows that no simulator exists
when |F| < d+1. When |F| > d+ 1 Theorem 4 shows that the complexity of
simulators constructed from optimal symmetric multilinear algorithms for
the multiplication of d elements in Fy» are within a factor of d + 1 of the
optimal simulators complexity for P(Fy, n,d) and Fgn.

This gives another motivation for further study of multilinear complexity
of the product of d elements in an extended finite field for d > 2.

Another result that follows from Theorem 2 and Theorem 3 is

Corollary 4. Given a tester for the class of all polynomials of degree d + 1
and A of size v that runs in polynomial time one can in polynomial time
construct a simulator of simulation complexity v that runs in polynomial
time.

This result is a surprising result since testers only test if f(a) = 0 for
a € A" where simulators requires computing f(a) which can be any element

in A.

11



It is known that every FF-algebra has a multilinear algorithm for the
multiplication d elements of the algebra for any d. See the case d = 2 in
[3]. The generalization to any d is trivial. In Section 7 we give a complete
classification of all algebras that has symmetric multilinear algorithm and
reducible symmetric algorithm. We prove

Theorem 5. Let A be F-algebra. There is a symmetric multilinear algo-
rithm for the multiplication of d elements in A if and only if A is commu-
tative and one of the following conditions is true

1. |F| >d
2. |F| < d and for every element a € A, we have a*! = a.
Theorem 6. Let A be an F-algebra. The following conditions are equivalent

1. There is a simulator algorithm for multivariate polynomials of degree d
and A.

2. A is commutative algebra and one of the following conditions is true
(a) |F| >d+1
(b) |F| < d+ 1 and for every element a € A we have o/f! = a.

3. There is a reducible symmetric multilinear algorithm for the multipli-
cation of d elements in A.

The proofs of Theorems 1 and 2 will be presented for the case d = 2,
that is, for the bilinear forms, quadratic forms (i.e., homogenous multivari-
ate polynomials of degree 2), multivariate polynomials of degree 2, bilinear
complexity and symmetric bilinear complexity. The extension to any dimen-
sion is straightforward. The proofs of the other results will be presented for
any d.

4 Testers and Multilinear Algorithms

In this section we prove the following Theorem 1 for d = 2. The proof for
any d is straightforward generalization of the proofs in this section

Theorem 1. Let A be F-algebra and M = HLF(F,n,d) be a class of mul-
tilinear forms of degree d. Then

1. VBT (d, A) = pp(d, A).

12



2. Given a set of polynomial time computable maps L that is (M, A, TF)-
tester of size v one can in polynomial time construct a multilinear
algorithm for the multiplication of d elements in A with multilinear
complezity v.

3. Given a multilinear algorithm for the multiplication of d elements in
A with multilinear complexity v one can in polynomial time construct
a set of polynomial time computable maps L that is (M, A, F)-tester
of size v.

4. Given a set of polynomial time computable maps L that is (M, A,TF)-
tester of size v one can in polynomial time construct a linear compo-
nentwise (M, A,F)-tester of size v.

Let * = (v1,22,...,7,)" and y = (y1,%2,...,yn)’ be (column) vectors
of distinct indeterminates. Let B = HLF(F,n,2) = {xT Ay | A € F*"} C
Flx,y] be the set of bilinear forms. For two vectors a and b we denote
by a ® b the Kronecker product of vectors. All the vectors in this paper
are column vectors and 7 is the transpose of vectors (or matrices). For an
n X m matrix A we denote by vec(A) the the vector of length nm where
vec(A)(i—1ym+j = Aij. The standard basis is denoted by {e;};. For an
integer n we denote [n] = {1,2,...,n}. For an F-algebra A and a set of
vectors V = {wvy,...,vs} C A" we denote

0; € .A} .

¢
SpanA(V) = {Z 52-'02-
i=1
Lemma 5. Let L = {l1,...,l,} be a set of (not necessarily linear) maps
A% — T2 Then L = {ly,...,1,} is a (B, A,F)-tester if and only if for
every a,b € A" we have

We first prove

a®bc Span 4{l;1(a,b) ®l;2(a,b)};_; (3)

where l;1(a,b) (resp. l;2(a,b)) is the vector of length n that contains the
first (resp. last) n entries of l;(a,b).

Proof. By the definition of tester, L is a (B, A, F)-tester if for every A € F"*"
and a,b € A"

(Vi) Li1(a,b)T A lis(a,b) =0 = a’Ab=0.

13



]F?’LX?’L

Suppose (3) is true. Then for any A € we have

a’Ab = (a®b)’ - vec(A)
Span {(l;1(a,b) ® l; 2(a, b))T ~vec(A)}_y
= Spany{l;i(a, b)TA lia(a,b)}i_;.

m

Therefore there are v; € A, i = 1,...,v, such that

a’ Ab = Z%’ Lix(a,b)" A lis(a,b).
i—1

Now if 1;1(a,b)T A l;5(a,b) = 0 for all i then a’ Ab = 0. Therefore L is a
(B, A,F)-tester.

Now suppose L is a (B, A, F)-tester and assume for the contrary that (3)
is not true. That is, there are a,b € A" such that for M := {l;;(a,b) ®
li2(a,b)}y_; we have

a @b ¢ Span (M),

Notice that M C F**. We may assume w.l.o.g that M is linearly independent
(over ). Otherwise, if, say, 1, 1(a,b) ® l,2(a,b) is linearly dependent on
{li1(a,b)®1;o(a,b)}/=} thenl, 1(a,b)” Al,2(a,b) is linearly dependent on
{li1(a,b)T Al; 5(a,b)}i—}! for every A and if I; 1(a, b)T Al; 2(a,b) = 0 for i =
1,...,v—1then l,1(a,b)TA l,5(a,b) = 0. Therefore l,,1(a,b) ®1,2(a,b)
can be eliminated from the tester.

Consider the set £ = {e;®e;}; jen)- Let E' C E be of minimal size such
that a®b € Span 4(M UE’). Such E’ exists since a®b € Span 4(F) = A
Again as before, M U E’ is linearly independent and E’ is not empty. Since
a®b e Span (M UE’) and a ® b ¢ Span 4(M) we have

a®b= Z O

veEMUE’

where d,, € A and 0y, # 0 for some vy = €;, ® e, € E’

Consider a vector ¢ € F"* such that v7'¢ = 0 for all v € (MUE")\{vo} C
F** and vle=1. Let A € F**" be a matrix such that vec(4) = ¢. Then
for every 1

li,l(a, b)TAli’Q(a, b) = (li,l(a, b) ® li,2(a7 b))Tvec(A)
= (li,l(a, b) ® li’g(a, b))TC -

14



and

= Oy, # 0.
Which is a contradiction to the fact that L is a (B, A, F)-tester. O

Now the following result with Lemma 5 show that Tester for bilinear
forms gives bilinear algorithm for the multiplication of two elements in the
algebra of bilinear complexity that is equal to the tester size.

Lemma 6. Letn > dim A. Let L = {l,...,1,} be a set of maps A" — F?".
If for every a,b € A™ we have

a®be Span 4{l;1(a,b) ®1;2(a,b)}i_; (4)

where ;1 (a, b) (resp. li2(a,b)) is the first (resp. last) n entries of l;(a,b),
then there are \j; € A*, i =1,...,v, 7 = 1,2 and 71,7%2,...,7 € A such
that for every two elements ay,as in A we have

ajas = Z%Ai,l(al))\m(@)-
=1

That is, (4) implies that there is a bilinear algorithm for the multiplica-
tion of two elements in A of bilinear complexity v.

Proof. Suppose (4) is true. Consider a basis wi,ws,...,w; for A over F
where ¢ = dim A. Consider the vector w = (wy,...,w,0,...,0)T € A" By

(4),

w®w € Span {l; 1 (w,w) @1 2(w,w) }i_;.
Therefore there are v, ...,7, € A such that
v
wROw=Y 7 li(w w) ®ls(w w).
i=1

Let a1 = a11w1 + - + a1w and az = ag w1 + -+ - + agwi be two
elements in A where a;; € F, ¢ = 1,2 and j = 1,...,t. Let a1 =

15



T T s
(a11,a12,...,0140,...,0)" and as = (az1,a22,...,a24,0,...,0)" in F™.
Then

ajag = (afw)(aQTw)

= (a1 ®ay) (wOw)

= Z%‘ (a1 ® aQ)T(li,l(wvw) ®li2(w,w))
i=1

v

— Z% (afl;1(w,w))(adl;2(w,w))

i=1
= Z%/\i,l(aﬂ)\z’,z(az)
i=1
where \;1(a1) = a?lm(w,w) and \;2(az) = agli,g(w,w) and A1, A\i2 €
A*. O

The following result shows that a bilinear algorithm for the multiplica-
tion of two elements in the algebra of bilinear complexity p gives a Tester
for bilinear forms of size u

Lemma 7. If there are \;j; € A", i =1,...,0, 7 =1,2 and y1,72,-..,7u €
A such that for every two elements aq,as in A we have

I
ajap = Z Yidi,i(a1)Ai2(az)
i—1

then the set of maps L = {ly,...,1,} where
li(a,b) = (Ni1(a1), .-, Ai(an), Aia(b1), ..., Ai2(bn))
i=1,...,p1s a (B, A F)-tester.

Proof. Let l;1(a,b) and l; 2(a, b) be the first and last n entries of l;(a,b),
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respectively. Let A € F**™ and a,b € A™. Then

G,TAb = zn: Zn: Ai’jaib]’

i=1 j=1

n n 1
= Z Z A j ; VieAk,1(@i) Ar,2(5)

i=1 j=1

o n n
— Z’ykZZAi,j/\k,l(ai))‘k,2<bj)
k=1

= i=1 j=1

17
= > k- la(a,b) Alg 5(a,b).
k=1

Therefore if 1;1(a, b)T Al; 2(a,b) = 0 for alli = 1,..., u then a” Ab = 0 and
therefore L is a (B, A, F)-tester. O

We are now ready to prove Theorem 1.

Proof. We now prove 1 in Theorem 1 for any d. By Lemma 5 and 6 we
have vlt£7 (d, A) > pp(d, A). By Lemma 7 we have v}*£7 (d, A) < pp(d, A).
Therefore the result follows.

We now prove 2 in Theorem 1 for d = 2. The proof for any constant d
is a simple extension of this proof. The proof for any d is given in the next
subsection.

Given a (B, A, F)-tester L = {ly,...,l,} and a basis w, ..., w; for A over
F. Let w = (wi,...,w0,...,0)7 € A”. We compute I;(w,w) for every i.
By Lemma 6 there are v; € A such that

wow=3 7 li(ww) olisww).

i=1

To find v; we write v; = v;1w1 + -+ + Yisw; Where 7; ; € F. Then write
wRw=uw + ...+ uw; where uy € F**. Then for each j = 1,2,...,t
solve the following system of linear equation over F

u; = Z’yz’] . li}l(w,UJ) X li,Z(w>w)
i=1

to find v; ;. Now as in Lemma 6, for two elements a1 = ay w1 + - - -+ aq 1wy,
as = ag w1 + - + aggwy in A where a;; € F, i = 1,2 and j = 1,...,t,

17



T T ;
a; = (a171,a172,...,aLt,O,...,O) and ag:(a271,a272,...,agvt,O,...,O) m
F" we have

aaz = Y i (aflii(w w))(alis(w,w))
=1

= Z YiNi1(a1)Ai2(az)
i=1

where \; 1(a1) = all; 1 (w,w) and \; 2(a2) = al; o(w,w) and \; 1, A2 € A*.
Now the proof of 3 in Theorem 1 for any d = 2 follows from Lemma 7.
The proof for any d is a simple extension of this proof.
The proof of 4 in Theorem 1 also an immediate consequence of Lemma, 5,
6 and 7. O

Notice that the algorithm in the above proof of 2 in Theorem 1 for any
d has time complexity O(n¢). This is because finding ~; in the equation

14
d d d
WR - Qw = E ﬂ)/i.li71(w7...7w)®...®li?d(w,...7w)
i=1

requires accessing vector of length n®. Therefore the above construction is
polynomial time only when d is constant. In the next subsection we give a
deterministic polynomial time algorithm in n and d that solves this problem.

4.1 Polynomial Time Construction for any d

In this section we prove 2 in Theorem 1 for any d.

Givena (HLF(F,n,d), A, F)-tester L = {ly,...,l,} and abasiswy, ..., w;
for A over F. Since that HLF(IF,n,d) is the set of all multilinear function
over y = (Yq,...,Yq) where y; = (yi1,...,¥in), ¢ = 1,...,d we have that
Ly, . yy) A —Fin =1 v.

Let w = (wi,...,w:,0,...,007 € A" The algorithm first computes
li(w,.%. w) for every i. By Lemma 6 there are ; € A, i = 1,...,v such that

for any d elements a; = aj w1 +---+a;wi, j =1,...,din A where a;; € F
for j=1,...,dand i =1,...,t and a; = (a;1,a;2,...,aj,0,...,0)T € F
we have
14
aaz--ag = Yy vi-(ailin)(agliz) - (ajli)
21/1
= Z%)\i,l(al))\m(@) - Aja(aq) (5)
i=1

18



where 1; ; is the n-vector that contains the entries (j — 1)n+1,(j — 1)n +

2,... ,j’I’L oflz(w,d,w) and )\Z"j(al) = a?lid s ] = 1,...,d and i = ]_,...,V.
Now \;; for j = 1,...,d and ¢« = 1,...,v can be found in polynomial

time. The problem now is to find 71, ...,, that satisfies (5) in polynomial

time. In what follows we give an algorithm that solves this problem.
Define the linear space

A = Spang{A; | A; : At F, Ai(a1,...,aq) := Nii(ar) -~ N alaq)}

Every element A" € A will be represented in the algorithm as A’ = "7, BiA;
where 3; € F.

Now, the goal of the algorithm is to find in polynomial time a basis
{AM . AW} for A and d1,...,8,, € Asuch that for every ay,...,aq € A
we have

aiay...aq = Z SAD(ay, ... ag). (6)
i=1

Obviously, the algorithm can then finds 7; that satisfies (5) in polynomial
time.

We now show that if (6) holds and the algorithm knows all A®) and
01,...,04 but not dyy1,...,5,, then it can replace Aw+2) A with
AN @2 A7) such that

{AD A D Nwt2) Ay (7)

is a basis for A and finds 0;, ; such that for every ai,...,aq € A

aiaz...aqg = Z 5ZA(Z) (al, e ,ad) + 5{U+1A(w+1)(a1, Ce ,ad)
=1

+ Z (5ZA/(1) (al, e ,ad). (8)

i=w—+2

Then repeating this procedure solves the problem.

Given (6). In the next Lemma we show how to find in polynomial time
elements b1, ...,bg € Asuch that A(“’H)(bl, ...ybg) = 1. If nosuch by, ..., by
exist then the algorithm knows that A(W*Y = 0 and then it can choose
8,1 = 0. Let AHD(by,... by) = 1 and AD(by,...,by) = a; € F and
consider the new basis in (7) where

A®D = AD _ g A(wtD) (9)

19



for i =w+2,...,v. Notice that for i = w +2,...,0/
A/(i)(bl, e ,bd) = A(l)(bl, ce ,bd) - aiA(wH)(bl, .. .,bd) =0.

By (9) and (6) we have (8) for some ¢;, ; € A. Now notice that if we
substitute by, ...,bs in (8) and get

w

biby...ba = Y GAD(by,... bg) + 8, AT (by, . bg)
=1

+ ) SN D (b, bg)

1=w+2

= D GAD by, ba) + Ty
i=1
and therefore
Orpi1 =Dbiba...bg— > 6;AD(by, ..., bg).
=1

can be computed by the algorithm in polynomials time.
It remains to prove

Lemma 8. There is a polynomial time algorithm that for every
A € Spang{A; | A; : At F, Ai(ai,...,aq) = Xia(a1) - Nidlaq)},
AN #£0 finds by,...,bg € A such that N'(by,...,bg) = 1.

Proof. We will find by,...,bs € A such that X\ := A’(by,...,bg) # 0. Then
A/()\_lbl, ba, ..., bd) = 1.
So our goal is to find by,...,b; € A such that A’(by,...,bg) # 0. Let

N =Y B
i=1

where 5; € F,i=1,...,v. Let wy,...,w; be any basis for A over F.

The algorithm runs in stages. At stage £ the algorithm saves a set of
v functions A9 = Yoy BjilNes, 7 =1,...,v where Ag;(apsr,...,aq) =
Nigr1(aes1) - Nidlaq), @ = 1,...,v and B;; € F. For each AL it also
saves i = (w1, .-, weje) € {wi, ... ,wi }* such that
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L A®D (apyq,. .. a0) = N(Qojyaei1, - - aq).

2. There is j and by4q,...,bs € A such that
N, besas - ba) = A (b, ba) # 0.

For ¢ = 0 we have A(%) = A’ and Qg ; = () for all j. So (1.) and (2.) are
true for £ = 0.

We now show how the algorithm runs in stage ¢ + 1 and in polynomial
time generates A7) and Qet1,5, j =1,...,v, that satisfy conditions (1.)
and (2.). Notice that at stage ¢ = d, by (2.), we have A’(Qq;) # 0. This
achieves our goal.

For any apq1 1= apy1,1w1 + -+ + agp1,wt, gy, € F and

Aprriapya, ... aq) = Nipra(aera) -+ Nialaq),

t=1,...,v, we have
A,(Q&ja Ar+1, .- 7ad) = A(&J)(aﬂFlv <o 7ad)
v
= > Bjililags,. .., aq)
i=1

v t
= > Bii Y aeprrhi(wrarsa, ..., aq)
=1 r=1

v

t
= > arrie Y Biidien (@) Arsi(asya, - aq)
r=1

i=1
forall j =1,...,v. Consider

14

AL =N (853X o1 (wr)) A
i=1

forr=1,...,tand j =1,2,...,v. Then

t
A,(Qﬁ,j7 apgt,---50q) = Z a£+1,r1\(€+1’]’r) (apt2,-..,aq).

r=1

Notice that

N (Qegywraesas v ag) = A (a0, ag).
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Obviously, if A'(Qj,bet1,--.,ba) # 0 for some j = 1,...,v then A+1LI7)
(bps2,...,bq) #0 for some r =1,...,tand j =1,...,v. We now show how
to construct a set L of at most v functions from A¥H137) that satisfies: if
AN (Qj bes, .- bg) # 0 forsome j = 1,...,v then AT (by o ... by) #
0 for some AUFLIT) ¢ [,

The algorithm starts with L that contains all AC+137) and a set V of
vectors that contains

Vir = (Bji A e41(wr), s BivAveri(wr)) € FY

for j = 1,...,v and » = 1,...,t. If one of the vectors, say vj,,, is lin-
early dependent on the other then if A(“l’jo”“o)(bg”, ...,bg) # 0 for some
bes, ..., bg then ACHLIT) (b, o . by) # 0 for some (§,7) # (jo,70). There-
fore the algorithm can remove all the dependent vectors in V' and their cor-
responding functions from L. Notice that since the dimension of Span(V')
over F is at most v the number of vectors that remain in V' and functions
that remain in L is at most v. Let

L= {A(“lvlv“), . ,A(“lv"vrv)} CLAGFLIN | =1 =1, 8

be the function that remains in L.
Denote AH17) = AFLIT) and Q= (Qej,wr;), j=1,...,v. Then

A(€+1"j) (CL£+1, ceey ad) = A(e+17j7rj)(af+17 sy (Id)
= A,(Q£7j7w’r‘jaaf+27"'7ad>
AN (Qp1j, art2, .- ., aq)

and (1.) follows for ¢ + 1.
By the above argument if A'(€ ;,by41,...,bq) # 0 for some j =1,...,v
then
A(£+1’j) (bz+2, . ,bd) = A(e+1’j’rj)(bg+2, ey bd) 75 0

for some j = 1,...,v. Since by (2.) thereisj =1,...,vand byyq,...,b5 € A
such that '
A/(Qz,j) b€+17 ey bd) = A(Z’J) (bf-‘rlv o 7bd) 7& 0

there is j = 1,...,v and by4o,...,bq such that A(€+1’j)(bg+2,...,bd) £ 0.
Then .
A/(QZ-‘FL]‘: bf+27 ey bd) = A(z+17j)(be+27 ey bd) 7é 0.

This implies (2.) for ¢+ 1. O
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5 Symmetric Multilinear Complexity

In this section we prove the following

Theorem 2. Let A be a commutative F-algebra and M = HP(F,n,d) be a
class of homogeneous multivariate polynomials of degree d. Then

1. vHP(d, A) = p3(d, A).

2. Given a set of polynomial time computable maps L that is (M, A, F)-
tester of size v one can in polynomial time construct a symmetric
multilinear algorithm for the multiplication of d elements in A with
multilinear complexity v.

3. Given a symmetric multilinear algorithm for the multiplication of d
elements in A with multilinear complexity v one can in polynomial
time construct a set of polynomial time computable maps L that is

(M, A, TF)-tester of size v.

4. Given a set of polynomial time computable maps L that is (M, A,TF)-
tester of size v one can in polynomial time construct a linear symmet-
ric (M, A,TF)-tester of size v.

Again here the proof is for homogeneous multivariate polynomials of
degree 2 (which are also called quadratic forms). The generalization to
homogeneous multivariate polynomials of any degree d is straightforward.

Let * = (v1,22,...,7,)" be a (column) vector of distinct indetermi-
nates. Let Q@ = P(F,n,2) = {xTAx | A € F"*"} C F[z] be the set of
quadratic forms.

Theorem 2 follows from the following three Lemmas

Lemma 9. Let L = {ly,...,l,} be a set of maps A" — F". The set L is a
(Q, A, F)-tester if and only if for every a € A" we have

a®a € Spany{l;(a) ® l;(a)}i_;. (10)

Proof. By the definition of tester, L is a (Q,.A,F)-tester if for every A €
F**™ and a € A"

(Vi) li(a)' A lj(a) = aTAa=0.
Suppose (10) is true. Then for any A € F"*" we have
a’Ada = (a®a)! -vec(A)
Spany{(Li(a) ® li(a))" - vec(A)},
= Spany{li(a)" A li(a)};.

m
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Therefore there are v; € A, i = 1,...,v, such that
aTAa = Z%‘ . liyl(a)TA li,g(a).
i=1

Now if I;(a)T A l;(a) = 0 for all i then a” Aa = 0. Therefore L is a (Q, A, F)-
tester.

Now suppose L is a (Q, A, F)-tester and assume for the contrary that (10)
is not true. Therefore there is a € A" such that for M := {l;(a) ® l;(a)}/_,
a®a ¢ M. Notice that M C F*. As in the proof of Theorem 1, we may
assume w.l.o.g that M is linearly independent over F.

Since

n n
a®Xxa = <Zaiei> & Zajej
i=1 j=1

= Z a;a; ((61 + ej) ® (ei + ej))
1<i<j<n
+Za?(ei ® e;)
— Z aiaj((ei & ei) + (ej ® ej))’

1<i<j<n

we have a ® a € Span 4(E) where
E={ei®eilicp U{lei + ;) @ (ei+€j)}ijepm-

Let E' C E be of minimal size such that @ ® @ € Span 4(M U E’). Such
E’ exists since a ® a € Span,(FE). Again as before, M U E’ is linearly
independent and E’ is not empty. Since @ ® a € Spany(M U E’) and
a ® a ¢ Span 4(M) we have

a®a= Z )

veEMUE’

where 8, € A and dy, # 0 for some vy € E’

Consider a vector ¢ € F"* such that c’vg = 1 and ¢f'v = 0 for all
v e (MUE)\{vp}. Let A € F"*™ be the matrix such that vec(A)
Then for every

C.

li(a)TAli(a) = (Ii(a) ®1;(a))Tvec(A)



and

a’Aa = (a®a) vec(A)
= Z Syvle
veEMUE'
= Oy, # 0.
Which is a contradiction to the fact that L is a (Q, A, F)-tester. O

Now the following result with Lemma 9 show that Tester for quadratic
forms gives symmetric bilinear algorithm for the multiplication of two ele-
ments in the algebra of bilinear complexity that is equal to the tester size.

Lemma 10. Letn > dim A. Let L = {ly,...,1,} be a set of maps A™ — F™.
If for every a € A™ we have

a ® a € Span 4{l;(a) ® l;(a) };i_; (11)

then there are \; € A* and ~v; € A, i = 1,...,v such that for every two
elements a1, as in A we have

aja = Z ’yi)\i(al))\i(ag).
i=1

That is, (11) implies that there is a symmetric bilinear algorithm for the
multiplication of two elements in A of bilinear complexity v.

Proof. Suppose (11) is true. Consider a basis wy,ws,...,w; for A over F.
Consider the vector w = (wy,...,w;,0,...,0)T € A". Then

w®w € Span 4 {l;(w) @ l;(w)}i_;.

Therefore there are 71, ...,7, € A such that
v
oW ) B L)
i=1

Let a1 = ajjw1 + -+ + a1wy and az = az wy + -+ + agwy be two
elements in A where a;; € F, i = 1,2 and j = 1,...,t. Let a1 =
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T T .
(a11,a12,...,0140,...,0)" and as = (az1,a22,...,a24,0,...,0)" in F™.
Then

may = (afw)(ajw)
= (a1 ®a)T(w®w)

= Z’}/Z . (al ® GQ)T(li(w) & ll(w))
=1

= > 7i-(a]li(w))(a3li(w))
=1

— Z%Ai(al))\i(az)
=1

where \;(a1) = af'l;(w), \i(az) = all;(w) and \; € A*. O

The following result shows that symmetric bilinear algorithm for the
multiplication of two elements in the algebra of bilinear complexity u gives
a Tester for quadratic forms of size u

Lemma 11. If there are \; € A* and v; € A, i = 1,...,u, such that for
every two elements aq, a in A we have

m
a1z =Y yidi(an)hi(az)
=1

then the set of maps L = {ly,...,1,} where

ll(a) = ()\i(al), ey )\Z(an))
i=1,...,uis a (Q,AT)-tester.
Proof. We have

n n
aTAa = ZE Amaiaj

i=1 j=1
n o n 1%

= ZZ&JZ%M(%)M(%)
i=1 j=1 k=1

p n_n
— Z Vi Z Z Ai jAk(ai) Ak (ay)

k=1 =1 j=1

= Z% Ui(a)" Aly(a).
k=1
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Therefore if I;(a)T Alj(a) = 0 for all k = 1,...,u then a’ Aa = 0 and L is
a (Q, A, F)-tester. O

In Section 7 we show that symmetric multilinear algorithms for the mul-
tiplication of d elements in an |F|-algebra A exist if and only if either |F| > d
or |F| < d and a/fl = a for all a € A.

6 Simulators

In this section prove the results for simulators. We start with the proof of
Theorem 3. we have the following

1. Given a reducible symmetric multilinear algorithm for the multiplica-
tion of d elements in an F-algebra A with multilinear complexity v one
can in polynomial time construct a polynomial time simulator for the
class of polynomials of degree d and A of simulation complexity v.

In particular,
of (d, A) < pf(d, A).

2. From any polynomial time simulator for the set of all multivariate
polynomials of degree d and an F-algebra A of simulation complexity
v one can construct in polynomial time a symmetric multilinear algo-
rithm for the product of d elements in A of multilinear complezity v.

In particular,
us(d, A) < 0B (d, A).

Proof. We first prove 1. Let

o d
aag---aq = E ¥i | | Ailay)
=1 =1

be a reducible symmetric multilinear algorithm for the multiplication of d

elements in the F-algebra A. Then \;(14) =1foralli=1,...,pu.
Now for any d’ < d we have

d—d’

aiag---aqg = a1a2-~ad/1A--- 1A
B d’ d
= Z%’HM(%) H Ai(1a)
=1 j=1 j=d'+1

I d
= > v [[riay).
=1 j=1
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Therefore for any monomial M of degree at most d and any a € A™ we have

I

M(ay,...,an) = > viM(Ai(ar), ..., \i(an)).
=1

Let f = Z;Zl BiM; € Flzq,...,x,] be any multivariate polynomial of de-
gree at most d where each M; is a monomial of degree at most d and g; € IF
for j=1,...,t. Then

t
flar,...,an) = Zﬁij(alw--van)

=1
]t 7

= ZﬁjZ’yiMj()\i(al),...,)\i(an))
=1 i=1
]N t

= Z%‘Z,Bij()\i(al)w"7)‘i(a”))
=1 j=1

7
= > vif(hilar),- ., Ailan)) (12)
=1

Now the simulator for multivariate polynomials of degree d and A runs as fol-
lows: For a € A", it generates the assignments \;(a) := (A;j(a1),...,\i(an)) €
F™ and asks the assignment queries \;(a) for ¢ = 1,2,...,u. Then from
f(Ai(a)) finds f(a) with (12).

We now prove 2 in Theorem 3. Let S be a simulator algorithm for the
set of all polynomials of degree d and .A. Suppose for a € A" the algorithm
generates ai,...,a, € F". If f(a) # 0 and f(a;) = 0 for all i then the
algorithm cannot know the value of f(a). This is because the zero function
z also satisfies z(a;) = 0 for all ¢ and z(a) = 0 # f(a). Therefore, if
f(a) # 0 then one of the values f(a;) is not equal to zero. This shows that
the simulator is a tester for the class of multivariate polynomials of degree
d and A. Now by Theorem 2 the result follows. O

We now prove
Theorem 4. we have the following

1. Gwen a symmetric multilinear algorithm for the multiplication of d+1
elements in an F-algebra A with multilinear complexity v one can in
polynomaial time construct a reducible symmetric multilinear algorithm
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for the multiplication of d elements in A with multilinear complexity v.
In particular

pi’(d, A) < pgp(d+1, A)
and
ol (d, A) < pi(d+1,A)
pi(d, A) = pgp(d, A)

2. If |F| > d + 1 then given a symmetric multilinear algorithm for the
multiplication of d elements in an F-algebra A with multilinear com-
plexity v one can in polynomial time construct a reducible symmetric
multilinear algorithm for the multiplication of d elements in A with
multilinear complexity (d + 1)v. In particular, if |[F| > d + 1 then

1<

/-LDTFS(da “4) < (d+ 1) ’ /-LISF(dv “4) —d- /L%S(d - 17~A)

and

ok (d, A)
1< B2 < d41.
pi(d, A)

3. If |F| = oo (or large enough) then given a symmetric multilinear algo-
rithm for the multiplication of d elements in an F-algebra A with mul-
tilinear complexity v one can in polynomial time construct a reducible
symmetric multilinear algorithm for the multiplication of d elements
in A with multilinear complezity v. In particular, if |F| = oo then

ok (d, A) = piE(d, A) = pi(d, A).

Proof. We first prove I in Theorem 4. Let

“w d+1
aiag - - adad+1 = Z Vi H Ai(aj)
=1 j=1

be a multilinear algorithm for the multiplication of d + 1 elements in the [F-
algebra A. Suppose without less of generality A\;(14) =1 fori=1,2,...,4
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and \j(14) =0fori=p +1,...,u. Then

ajaz---aqg = G1a2---aqla

o d

= > (vxi(a) [ rilay)
i=1 j=1
w d

= > (di(La) [ ] Xlay)
i=1 j=1
w

! d
= Z’Y@H)\z a
j=1

Since \;j(14) = 1 for ¢ = 1,2,..., 4 the above is a reducible symmetric
multilinear algorithm for the multiplication of d elements in A of multilinear
complexity p. This completes the proof.

We now prove 2 in Theorem 4. Suppose |F| > d + 1. Let

mag---ag =Y v [ ] Nilay)

be a multilinear algorithm for the multiplication of d elements in the F-
algebra A. Suppose without less of generality A\;(14) =1fori=1,2,..., 4
and A\;(14) =0 fori=p +1,...,u. By the above argument

1> pgt(d =1, A).

Consider any linear map A : A — F such that A\(14) = 1. Let F =
{B1,.--,Par1} C F be aset of size d+ 1. Consider d+ 1 variables z,y1, ..., yq
and the polynomial

d

Pr(2) = [ JeAr(ys) + Awi)

i=1

where r = ¢/ + 1,/ + 2, ..., pu. Since P,(x) is a polynomial of degree d in z
(with d + 1 coefficient) the coefficient 2 of P,(z) (which is Hle Ar(y:)) can
be computed by interpolation from {P,.(5)}gecr. Therefore there are a; € F,
j=1,...,d such that

d

d+1 d
T () = 3 s TT6 ) + A (13)

=1 7j=1
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for r = /' +1,..., pu. Notice also that 3;A(14) +A(14) = 1.
We now replace the last p— g/ terms in the algorithm with the terms in
(13) and get a reducible symmetric multilinear algorithm of complexity

pA(d+ D) =) < (d+1) - pp(d, A) — d- pg’(d — 1, A).

A slightly better bound can be obtain if we take

d

Pr(x) = [T () + As (i)

i=1

where s < p/. Then H;i:l Ar(yi) and H@C'l:1 Ar(y;) can be computed from
{P-(B)}ser using interpolation. This gives the bound

p 4 (d+ 1)(p— ') = min(p', p— ) <
(d+1)-pz(d, A)—d-pg* (d—1, A)—min(pg" (d—1, A) , pi(d, A)—pg(d—1, A)).

We now prove 3 in Theorem 4. Let

o d
mag--ag =Y 7 [] Milay)
=1 j=1

be a symmetric multilinear algorithm for the multiplication of d elements in
the F-algebra A. The idea of the proof is to find a unit (invertible) element
u € A such that \;(u) #0 for all i = 1,..., u. Then

arag---aqg = u Yuar)(uag)- - (uaq)
m d
= > () [ Muay)
i=1 j=1

o d
= > v ] Xy)
i=1  j=1

where 7/ = (\i(u)"tu)"%y; and Ni(z) = M(ux)/N\i(uw). Since N(14) =
Ai(ulg)/Ai(u) = 1 for all ¢ the symmetric multilinear algorithm is reducible.

It remains to find a unit element u € A such that \;(u) # 0 for all
i =1,...,u. We first show how to find an element (not necessary unit)
v € A such that \;(v) # 0 for all 4. Let wy,...,w; be a basis for A. Since \;
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is not the zero function there is j; such that \;j(w;,) # 0. Now suppose we
have an element 8 € A such that A\ (5) #0,...,\—1(8) # 0 and \.(5) = 0.
Let 0 ¢ A = {—=Xi(wj,)/Ni(B) | i = 1,...,7 — 1}. Consider the element
B =08+wj. Fori=1,...,r —1 we have \;(8') = d\(B) + \i(wj,) # 0
since § ¢ A. We also have A\.(8') = oA (B) + M (wj.) = Ar(wj,) # 0.
Repeating the above gives an element v € A such that \;(v) # 0 for all
1=1,..., 4.
Now consider the element u = dv + 14 such that

§g A = {-XN(1)/N)|i=1,...,u}U{-1/7 | 7 is an eigenvalue of v}.
Then A;(u) = X\i(6v +14) = 6Xi(v) + Ai(14) #0 and u = §(v + (1/0)1 4) is

unit because —1/4 is not an eigenvalue of v. This completes the proof. [J

7 Classification

In this section we give a classification of all algebras that have symmetric
multilinear algorithm, reducible symmetric multilinear algorithm and simu-
lators.

We first prove

Theorem 5. Let A be F-algebra. There is a symmetric multilinear algo-
rithm for the multiplication of d elements in A if and only if A is commu-
tative and one of the following conditions is true

1. |F| >d
2. |F| < d and for every element a € A, we have a/*! = a.

Proof. (=). Let

I
ajag - aq = Z Yi H )\i(aj) (14)

be a symmetric multilinear algorithm for the multiplication of d elements
in A. By (14) we have ajag = alagli_Q = agall‘i_Q = agaq and therefore
A is commutative algebra. Let |F| = ¢q. We now show that when ¢ < d
then a? = a for all the elements a € A. Since \j(14) € {0,1}, X\i(a) € F,
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Ai(a)? = Ai(a) and ¢ < d we have
. p
a® = a1 = i@ N (1)
i=1

W
= Z"}/Z‘)\Z‘(a))\i(lA)dil =aqa- 1dA_1 =a.
i=1

(«<). We now show that if A is commutative F-algebra and one of the
conditions is true then there is a symmetric multilinear algorithm for the
multiplication of d elements in A. We consider three cases

Case I. |F| > d + 1.

Let wi,...,wy be any basis for A over F. Consider the multivariate
polynomial
d
f= H(%’,ﬂ/l + o+ TinYn)
i=1

where z; ; and y; are distinct indeterminates. Let F' C F be any set of size
d+1. Forr = (ry,...,rm,) €[d*, 11+ +1r, =d, let A, € F[{z;;}i;] be

the coefficient of yj'y5?---y;» in f. By Lemma 12 in the next subsection

we have
d
A, € Spang { (inz1+ -+ Tinzn) | 2 € F”} .
i=1
Therefore .
[T@iw +- +zipwn) = Y A -0
i=1 reldn
d
€ Span 4 { H(a:@lm +- i) | 2 € F"} :
i=1
Thus, for each z € F™ there is v, € A such that
d
H(Jﬁz’,wl + oz pwn) =
i=1

d
S v [J@inz + -+ zinz). (15)

zeF™ =1
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Now for any d elements a; = a; w1 + - + ajpwy, € A, 4 = 1,...,d and
a;j € F substituting x; ; = a;; in (15) implies the result.
Case II. |F| = d.

In this case we consider the function

d n d
g= H(Cﬂz’,ﬂ/l + ot TinYn) — ( ﬂfi,k) yi-
i=1

i=1 k=1

Now the degree of each variable y; in g is at most d — 1 and by Lemma 12,
the interpolation of the coefficients of y;* - - - y/» in f where r; < d—1 for all
i is possible with the d elements of the field. We now proceed as in case |

and get
d n d
[T+ o 3= (I o
i=1 k=1 \i=1
d n d
Z Vz < (xi,lzl + -+ xi,nzn) — Z < ‘ri,k) zg) .
zeclFn =1 k=1 \i=1
Then
d
[T@iawr + - + zinwn) =
i=1
d n d
Z Vs H(l’i,lzl + o+ Tinzn) — ((Z ’yﬂ,@l) + w,@l) (H xlk> .
zelFn i=1 k=1 zeFn i=1

and as in Case I this gives a symmetric multilinear algorithm.
Case III. g := |F| < d and a? = a for all a € A.

For integers r > 0 and ¢ > 2 we denote by r modg(qg — 1) the integer
0 <7 < q—1 such that 2" = 2" mod 29 — z. For an integer vectors
r=(ry,...,r,) we denote r modg(¢—1) = (r; modp(¢—1),...,r, modo(qg—
1)). This is equivalent to say that the monomial yi* ---y;» is equal to the

monomial yIl oyt in Flyl/(yf — vy Y — Yn).

Let wi,...,wy be any basis for A over F. Consider the multivariate
polynomial
d
f= H(%’,ﬂ/l 4t TinYn)
i=1
in F[x][y] where z; ; and y; are distinct indeterminates. Forr = (r1,...,m,) €

{0,1,...,9 — 1}" let A, € F[{x;;}:;] be the sum of all the coefficients of
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y?y;Q : --y;; in f where r = ' modg(¢ — 1). By Lemma 13 in the next
subsection we have

d
A, € Spang { (xinz1+ -+ Tinzn) | 2 € IF”} .
i=1
Since w! = w; in A we have
d
[@iaw + -+ zipwn) = Y Awfwpy
i=1 re{0,1,...q—1}"
d
€ Span 4 {H(mi,lzl + o+ Tinzn) | 2 € F”} .
i=1
Thus, there are v, € A for each z € F" such that
d
H(xi,lwl + -+ mi,nwn) =
i=1

d
Z o H(:cmzl + o Tin2n). (16)

zelfn =1
Now for any d elements a; = a; w1 + -+ + ajpwy, € A, 4 =1,...,d and
a;; € IF substituting z; ; = a; ; in (16) implies the result. O

The second result we prove in this section is
Theorem 6. Let A be an F-algebra. The following conditions are equivalent

1. There is a simulator algorithm for multivariate polynomials of degree d

and A.

2. A is commutative algebra and one of the following conditions is true

(a) |F| >d+1
(b) |F| < d+ 1 and for every element a € A we have a¥! = a.

3. There is a reducible symmetric multilinear algorithm for the multipli-
cation of d elements in A.
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Proof. (1 = 2). In Theorem 3 we showed that from a simulator for the
set of all multivariate polynomials of degree d and an [F-algebra A of sim-
ulation complexity v one can construct a symmetric multilinear algorithm
for the product of d elements in A of multilinear complexity v. Then from
Theorem 5 it follows that A is commutative algebra.

Consider the case where ¢ := |[F| < d+1 and let f(x1,...,2,) = 2] — 2.
Then f is of degree ¢ < d and for any a € F" we have f(a) = 0. If for
some ag € A we have af —ag # 0 then no simulator can distinguish between
f(ap,0,...,0) and z(ag,0,...,0) where z is the zero function. Therefore
when |F| < d + 1 we must have a? = a for all a € A.

(2 = 3). If either [F| > d+1 or [F| < d+ 1 and a/fl = @ for every
a € A then by Theorem 5 there is a symmetric multilinear algorithm for the
multiplication of d + 1 elements in .A. By Theorem 4 there is a reducible
symmetric multilinear algorithm for the multiplication of d elements in A.

(3 = 1) Follows from Theorem 3. O

7.1 Interpolation

In this section we prove some results for interpolation of multivariate poly-
nomials that were used in previous sections

Lemma 12. (Folklore) Let f(x,y) € Flx][y] be a multivariate polynomial

where & = (x1,T2,...,2,) and Yy = (Y1,Y2,---,Ym), €ach y; is of degree at
most d in f and |[F| > d+1. Let r = (r1,...,rm) and My = yi' -y
be any monomial where r; < d for every i. Let A, € Flxy,...,xz,] be the

coefficient of My in f. Let B ={Bo, p1,...,B4} CF. Then

A, € Spang{f(x,21,...,2m) | z € {Bo,.--,Ba},i=1,...,m}.

Proof. Consider the Vandermonde matrix V' (fy, ..., S4) and its inverse U =
(“i,j)i,je{o,._,7d} such that

d
k
Z u; B = ik
j=0

where 6;, = 1 if i = k and 0;, = 0 otherwise. Then

d d
Ar — Z ‘e Z (S T u?“m,jmf(w7ﬂj1’ ) /Bjm)
J1=0

Jm=0

and the result follows. O
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For integers r > 0 and ¢ > 2 we denote r mody(¢—1) the integer 0 < 7/ <
q—1such that " = 2" mod x?— z. For an integer vectors r = (r1,...,7y)
we denote r modg(¢ — 1) = (r1 modo(q — 1),...,7, modo(q — 1)). This
is equivalent to say that the monomial yi* -- -y, is equal to the monomial

yit et i Flyl/(y] =1 uh = yn)-

Lemma 13. Let f(x,y) € Flz|[y]| be a multivariate polynomial where x =
(x1,22,...,2p) and Yy = (Y1,Y2,---,Ym). Let ¥ = (r1,...,7y) and M, =
yit - ypm be any monomial where r; < |F| for everyi. Let Ay € Flzy, ..., xy)
be the sum of all the coefficients of My in f where ¥ = r mody(|F| — 1).
Then

A, € Spang{ f(x,21,...,2m) | zi € F}.

Proof. Consider the Vandermonde matrix V (S, . .., B;—1) where F = {fy, . ..
Bq—1} and q = |F|. Consider its inverse U = (u; ); je{o0,1,....—1} Such that

q—1

k
E w85 = di-
=0

Since a? = « for all @ € F we also have

q—1 q—1
k k modop(g—1
Zui,j/@j = Zui,jﬁj medo(a=1) _ i,k modo(g—1)
=0 §=0
for any non-negative integer k. Then
q—1 q—1
A’r': Z u'r‘l,jl"'u’f‘m,jmf(mvﬁjp”'aﬁjm)
leO jm:O
and the result follows. O

8 Conclusion and Open Problems

In this paper we showed that testers for multilinear forms of degree d and
an F-algebra A are equivalent to multilinear algorithms of the product of d
elements in A. Testers are defined with the most general terms possible and
the fact that it is equivalent to a well structured algebraic problem will lead
to a better understanding of testers.

Such algorithms were extensively studied for d = 2. This research open
the way to further study of multilinear algorithms for d > 2 that might
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contribute to many combinatoric problems. See [2] for many applications of
testers. For example, it is interesting to study the multilinear complexity of
the multiplication of d n X n-matrices.

Using the above we were able to show that for any ¢ there is a polyno-
mial time construction of a bilinear algorithm for the multiplication of two
elements in Fy» with bilinear complexity p = O(n). All previous multilinear
algorithms were nonconstructive. This solved the open problem in [1, 12, 4].
The constant in the O(n) is less than 24 and it interesting to close the gap
with the lower bound (24 1/(¢ — 1))n [7].

We then study testers for homogeneous multivariate polynomials. We
prove that testers for the class of all homogeneous multivariate polynomials
of degree d and A are equivalent to symmetric multilinear algorithm for
the multiplication of d elements in A. Symmetric testers were studied in
[11] for d = 2. It is shown that for field of characteristic greater than 2
every multilinear algorithm of multilinear complexity @ can be turned into
symmetric multilinear algorithm of multilinear complexity 2u. This result
can be extended to any dimension d. For field of characteristic greater than
d every multilinear algorithm of multilinear complexity p can be turned
into symmetric multilinear algorithm of multilinear complexity 2%u. It is
interesting to find a better bound.

In Section 6 we study simulators and proved that a symmetric multilinear
algorithm for the multiplication of d 4+ 1 elements in an F-algebra A with
multilinear complexity v gives a simulator for the class of polynomials of
degree d and A of simulation complexity v. Then we showed that from
any polynomial time simulator for the set of all multivariate polynomials of
degree d and an F-algebra A of simulation complexity v one can construct
in polynomial time a symmetric multilinear algorithm for the product of
d elements in A of multilinear complexity v. Assuming pp(d+1,A4) =
O(ug(d, A)) which we believe is true, simulators and symmetric multilinear
algorithms are equivalent. It is interesting to solve this open problem.
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