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High rate locally correctable codes via lifting

Alan Guo *

Abstract

We present a general framework for constructing high rate error correcting codes that are
locally correctable (and hence locally decodable if linear) with a sublinear number of queries,
based on lifting codes with respect to functions on the coordinates. Our approach generalizes the
lifting of affine-invariant codes of Guo, Kopparty, and Sudan and its generalization automorphic
lifting, suggested by Ben-Sasson et al, which lifts algebraic geometry codes with respect to a
group of automorphisms of the code. Our notion of lifting is a natural alternative to the degree-
lifting of Ben-Sasson et al and it carries two advantages. First, it overcomes the rate barrier
inherent in degree-lifting. Second, it is extremely flexible, requiring no special properties (e.g.
linearity, invariance) of the base code, and requiring very little structure on the set of functions
on the coordinates of the code.

As an application, we construct new explicit families of locally correctable codes by lifting
algebraic geometry codes. Like the multiplicity codes of Kopparty, Saraf, Yekhanin and the
affine-lifted codes of Guo, Kopparty, Sudan, our codes of block-length N can achieve N¢ query
complexity and 1 — « rate for any given €, « > 0 while correcting a constant fraction of errors,
in contrast to the Reed-Muller codes and the degree-lifted AG codes of Ben-Sasson et al which
face a rate barrier of €©(1/¢). However, like the degree-lifted AG codes, our codes are over an
alphabet significantly smaller than that obtained by Reed-Muller codes, affine-lifted codes, and
multiplicity codes.
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1 Introduction

We present a general framework for constructing long locally correctable codes from short base
codes via the operation of lifting. Our notion of lifting generalizes affine lifting, automorphic
lifting, and high-degree sampling defined in previous works, and we use it to obtain new explicit
high rate locally correctable codes by lifting certain algebraic geometric codes.

1.1 Error correcting codes and locally correctable codes

We begin with some coding theory preliminaries. A code C of block length N over an alphabet R
is a subset of RY. Elements f € C are codewords. Typically ¥ is used to denote the alphabet, but
we use R because it is helpful to think of a codeword f not as a vector in RY, but as a function
f:D — R (D for domain, R for range), where we identify D with [N] = {1,..., N}. Typically one
thinks of C as the image of some encoding map Enc : R{f — RY which injectively maps K-symbol
messages over an alphabet Ry to N-symbol codewords (here Ry may be different from R). The
rate of the code C is K /N, which measures the efficiency of our encoding. We want to make K/N
as large as we can. Another important parameter of a code is the minimum pairwise distance
between distinct codewords. The (Hamming) distance between two words f, g € R is the number
of coordinates in which they differ, i.e.

A(f,9) = {i € [N] | @i # yi}-

The distance A(C) of C is simply min{A(f,g) | f,g € C, f # g}. We want A(C) to be as large as
possible. We often look at the normalized distance §(f, g), which is simply %A( f,g), and similarly
5(C) = LA(C).

The motivation behind error correcting codes is to make information robust to noise. The
original message m € RE is encoded into some codeword Enc(m) € RY. Noise may corrupt some
symbols of Enc(m), resulting in a new word r € RY, the received word. The number of symbols
corrupted is exactly A(Enc(m),r). If the number of errors is small, say less than A(C)/2, then
Enc(m) is the unique codeword in C within Hamming distance A(C)/2 of r, and one can uniquely
decode 7 to get m, since Enc is injective.

To decode a received word, it may be necessary to examine the entire word. In some settings,
the received word is prohibitively large, and one wishes only to decode one symbol of the message.
Codes with which one can do this by querying only a small number of symbols of the input are
known as locally decodable codes. A related concept is the notion of locally correctable code. Such
a code allows one to correct a symbol of the codeword (rather than a symbol of the message) by
querying only a few symbols of the input. The main parameters of interest are the rate and the
query complexity, or locality, the number of symbols queried to recover a single symbol. These
codes are the focus of this work. We formally define these notions in Section 2.

1.2 Previous work

Until recently, there were no known locally correctable codes with sublinear query complexity
and rate greater 1/2. The Reed-Muller code was the first locally correctable code, with the first
correction procedure proposed by Reed [5], which happened to be a local correction procedure. The
m-variate Reed-Muller over F, with degree parameter r consists of all m-variate polynomials of
total degree less than r. More precisely, a codeword is the list of evaluations of such a polynomial



on all points of Fy*. The idea behind the local correction procedure is to pick a random line passing
through the point whose value we wish to correct, view the restriction of the polynomial to the line
as a corrupted Reed-Solomon codeword, and use a Reed-Solomon decoding algorithm to correct the
value on the line. For any ¢ > 0, the Reed-Muller codes can achieve query complexity N¢ by taking
m = 1/e and N = ¢™. Unfortunately, the m-variate Reed-Muller code with positive distance (by
taking r to be a constant fraction of ¢) can never exceed 1/m! in rate. This certainly never exceeds
1/2.

The recent work of Kopparty, Saraf, and Yekhanin [/] introduced the first locally correctable
codes that can achieve rate greater than 1/2, and in fact can achieve any rate arbitrarily close to 1.
More precisely, for any €, « > 0, the multiplicity code can achieve query complexity N¢ and rate
1 — « while correcting a constant fraction of errors. One may view multiplicity codes as a variant of
Reed-Muller codes, where each codeword consists of evaluations of a low-degree polynomial along
with its partial derivatives.

An alternative to the multiplicity codes are the lifted Reed-Solomon codes of Guo, Kopparty,

and Sudan [3]. These are yet another variant of Reed-Muller codes — more precisely, they are
supercodes of Reed-Muller codes with vastly greater dimension but the same distance. The main
idea behind lifted codes is the notion of “lifting” — an operation first introduced in [2] to prove

negative results in property testing. Essentially, the lifting operation takes a short base code
C C{F, — Fy} and “lifts” it to a longer code C' C {Fy* — F,}, for m > t, such that codewords of
C' are those f : Fy" — F, whose restriction to every ¢-dimension affine subspace is a codeword of C.
Guo et al [3] obtain locally correctable codes with query complexity N¢ and rate 1 — « by lifting
the Reed-Solomon code. Our work generalizes this notion of lifting.

The work of Ben-Sasson et al [1] presents another way to build long locally correctable codes
from short base codes via the “degree-lifting” operation. Degree-lifting abstracts the process of
obtaining the Reed-Muller codes from the Reed-Solomon code and applies it to algebraic geometry
codes. By degree-lifting certain algebraic geometry codes, such as the Hermitian code, Ben-Sasson
et al obtain locally correctable codes with Reed-Muller-like properties but significantly smaller
alphabet. Unfortunately, degree-lifting faces the same rate barrier that the Reed-Muller codes
face, for essentially the same reason. Two key contributions of [1] which we use in our work are
the notions of a group being “close” to doubly transitive, and the fractal correction algorithm.
In particular, a conceptual contribution of [I] is the observation that the “uniformity” of the
automorphism group of an algebraic geometry code yields good local correctability properties. Our
work generalizes this observation. Ben-Sasson et al also suggests the idea of “automorphic lifting”,
a natural generalization of the affine lifting of [3] to apply to algebraic geometry codes. Our work
further generalizes this idea. Moreover, our notion of lifting encapsulates the notion of high-degree
sampling used in [1] as well. The idea of high-degree sampling is to restrict not to automorphisms,
but to “high-degree views”. For instance, instead of restricting to lines to decode the Reed-Muller
code, one may restrict to curves parametrized by quadratic equations.

1.3 Our results

In this work, we introduce a lifting framework which abstracts the lifting operation used by [3]
and the automorphic lifting suggested by [I] as well as the high-degree restrictions used by [1].
Our framework applies to arbitrary codes and arbitrary sets of functions (as opposed to invariant
codes under some group of (generalized) automorphisms). In particular, unlike the degree-lifting
operation of [!], our lifting operation does not require an algebraic notion of “degree”. Informally,



our lifting operation is defined as follows. Let ® be a set of functions from D — D. The m-variate
lift of C C {D — R} with respect to ® is the code whose codewords are those f : D™ — R such
that the univariate function f(o1(z),...,om(z)) is a codeword of C for all (o1,...,0,) € ™. For
affine-lifting, the domain is D = F, and & is the group of affine permutations on F,, and in [3] the
base code is taken to be affine-invariant. More generally, for automorphic lifting, ® is some group
of automorphisms on D under which C is invariant. Our definition of lifting requires neither C to
be ®-invariant, nor even ¢ to be a group.

A conceptual contribution of our work is to show that if ® is sufficiently close to uniform in
the sense of Ben-Sasson et al [1], then this suffices for the lift to have good distance and be locally
correctable. We show that there is nothing essential about the symmetry of the base code under
®, nor the fact that @ is a group. Thus, designing good lifted codes “merely” involves choosing a
good set ® with respect to which to lift. On the one hand, including too many functions in @ kills
the rate of the lifted code, since every function adds a constraint on the lifted code. On the other
hand, including too few functions in ® kills the distance of the lifted code, since we want enough
functions in ® to make it “close” to doubly transitive.

As an application, we construct an explicit family of locally correctable codes via lifting. The
family arises from lifting the Hermitian code, the algebraic geometry code that [1] degree-lift. We
obtain high rate locally correctable codes similar to the lifted Reed-Solomon codes, except over a
significantly smaller alphabet.

Though our explicit construction uses algebraic geometry codes as base codes, our exposition
is elementary and self-contained. Invoking the language of algebraic function field theory is only
necessary to prove the properties of the base codes; the properties themselves can be stated in
elementary terms, and we do so. We refer the interested reader who wishes to see the proofs of
these facts to the book of Stichtenoth [0] on algebraic function fields and codes.

1.4 Comparison of parameters

We compare the parameters of the constant rate locally correctable codes found in the literature,
including the ones constructed in this paper. We start with some easy comparisons. The lifted
Reed-Solomon code of Guo, Kopparty, Sudan [3] is strictly better than the Reed-Muller code, as it
is a strict supercode with the same distance. In fact, with m variables over I, the two codes have
the same length, alphabet, and query complexity, but the rate of Reed-Muller is bounded above by
% (even as its distance goes to 0) whereas the rate of the lifted Reed-Solomon code approaches 1
as its distance goes to 0. Similarly, the lifted Hermitian code (Theorem 7.1) has the same length,
alphabet, and query complexity as that of the degree-lifted Hermitian code of Ben-Sasson et al [1],
but the rate of the degree-lifted Hermitian code is bounded above by whereas the rate of the
lifted Hermitian code approaches 1 as its distance goes to 0.

To compare the various families of high rate locally correctable codes, we normalize their pa-
rameters. Namely, we fix the block length to NV, the rate to 1 — a;, query complexity to N€¢, and
compare the alphabet size and error correcting rate of each code. The results are summarized in
the table below.

1
m!

Code Alphabet size | Error correcting rate
Multiplicity [/] NAA/)W) Q(ea)
Lifted Reed-Solomon [3] Ne¢ 0((2/6)/ 9 log(1/e))
Lifted Hermitian (Theorem 7.1) Ne</3 | qO®/Tlog(1/e))




In order for the lifted Reed-Solomon to match the alphabet size of the lifted Hermitian code
(by taking locality NV ¢/ 3), its error correcting rate must become QO(6/0)®/V1og(1/) which is worse
than that of the lifted Hermitian code for sufficiently small e.

In comparison with the multiplicity codes of [1], the lifted Hermitian code achieves a much
smaller alphabet but also much poorer (though still positive constant) error correction rate. The
smaller alphabet is not necessarily an advantage, since one can simply concatenate the multiplicity
codes with a suitably good linear code over an alphabet of constant size and still achieve N€
locality, 1 — « rate, and constant distance. However, the lifted Hermitian code may outperform the
multiplicity code in certain concrete settings of parameters.

Organization. In Section 2 we introduce standard notation and terminology used in the paper.
In Section 3 we present the key definitions and notions used in the paper, in particular the definition
of lifting. In Section 4 we show that if a set of functions is sufficiently “close to doubly transitive”,
lifting a code with respect to the set yields a code with good distance. In Section 5 we show in
addition that the lifted codes are locally correctable. We emphasize that Sections 3, 4, and 5 apply
to arbitrary base codes, not necessarily algebraic or even linear codes. In Section 6, we introduce
the base codes used in our constructions. We review the Reed-Solomon code as a warmup, and then
present the Hermitian code which we lift in Section 7 to obtain explicit high rate locally decodable
codes with small alphabet size. We conclude in Section 8.

2 Preliminaries

2.1 Notation

For integers a < b, let [a,b] denote the the set {a,a + 1,a + 2,...,b} and let [a] denote [1,a].
Throughout the paper, we let ® denote a set of functions mapping D — D. We assume that &

contains the identity id : D — D which fixes every element of D. We say ® acts on D.
Let f: D — R and let ¢ € ® where ® acts on D. The function f oo : D — R is defined by

(foo)(x) = f(o(x))

for all z € D. Let m > 1 and let 0 = (01, ...,0,) € ™. For a function f : D™ — R, define the
function f|, : D — R by

(f‘a)(l‘) = f(o'l(x)7 s ’O'm(dj))

for all z € D. For a set ® acting on D and a point w € D™, define the endomorphisms passing
through u to be
®, 2 {0 €d" |0y =id,0i(uy) = u; Vi € [2,m]}.

For an event A, let 1 4 denote the indicator variable for A, i.e.

1 if A
14 =
0 otherwise.

Let f,g: D — R. The (relative) distance between f and g, is

5(f,9) = Eeen[1 p(a)2g(x)]-



For a collection C C {D — R} of functions, the distance between f: D — R and C is
5(f,C) = mind .
(,€) = mino(f, g)
For a code C C {D — R}, the distance of C is

5(C) £ min 6(f,9)
f.9eC
I#g

If ¢ is a prime power, let F, denote the finite field of order ¢, which is unique up to isomorphism.

2.2 Terminology

For an algorithm A and function f, let A denote the algorithm A given oracle access to f.

Definition 2.1 (Locally correctable code). A code C C {D — R} is (q,7)-locally correctable if
there exists a randomized algorithm A satisfying the following properties:

1. Af makes at most ¢ queries to f;

2. If there exists g € C such that 6(f,g) < 7, then for every z € D we have A/ (z) = g() with
probability at least 2/3 over the randomness of A.

Definition 2.2 (Locally decodable code). A code C C {D — R} is (q,7)-locally decodable if C
is the image of an encoding function Enc : R¥ — RP and there exists a randomized algorithm A
satisfying the following properties:

1. A/ makes at most g queries to I

2. If there exists m € R such that §(f, Enc(m)) < 7, then for every i € [k] we have Af (i) = m;
with probability at least 2/3 over the randomness of A.

For linear codes, local correctability is stronger than local decodability, since one can arrange
the generator matrix of the code such that the message is part of the codeword.

3 Definitions

In this section we give the key definitions in the paper, namely ®-lifting and the notion of a set ®
being “close” to doubly transitive, which is borrowed from [1].

3.1 Lifting

Definition 3.1. Let ® act on D and let C C {D — R}. The m-dimensional ®-lift of C, denoted
Liftg (C), is the set
Lift(C) £ {f : D™ — R | f|, € C for all ¢ € ®™}.



We say C C {D — R} is ®-invariant if whenever f € C and 0 € ® we also have foo € C.
Notice that Definition 3.1 does not require that C be ®-invariant, or even that ® be a group! Indeed,
®-invariance only ensures us that

Lifth(C) =C

and if in addition is a group, then the lift operation composes:
Liftg. (Liftg (C)) = Liftg™(C)

where ®" acts on D™ componentwise, i.e. if ¢ = (p1,...¢0p) € ™ and = = (z1,...,2y) € D™,
then ¢(z) = (¢1(21), - -+ n(Tn)):

The affine lifting found in [3] is (almost) an example of our notion of lifting. Take D = R =T,
and @ to be the group of affine permutations on D, i.e. maps of the form z — az + b for a € Fy,
b € Fy. Then Liftg (C) consists of all f : F* — F, such that f[;, € C for all lines L that are not axis-
parallel. The affine-lifted codes in [3] consider every line, including the axis-parallel ones. Though
we could have defined ®-lifting to properly generalize affine-lifting, we chose our definition because
it is cleaner to state, makes proofs cleaner, and makes negligible difference in the parameters we
care about. We point out that one limitation of our definition is that we can only lift a domain D
to a direct product D™, whereas the affine lifting of [3] allows lifting from Fg* to Fy for any m < n.

Though any code can be lifted, our constructions in the paper use linear codes as the base
code. A code C C {D — R} is linear if R =F is a field and C is a F-vector space. To argue that
the lifted code is large, we argue that it has large dimension by showing it contains many linearly
independent codewords. To do so, we need the following fact, which is straightforward to verify.

Proposition 3.2. If C is linear over F, then so is Liftg (C).

3.2 Double transitivity

Now we define the notions of “closeness” to double transitivity that we will work with. There are
two such notions, taken from [1].

Definition 3.3. A set ® acting on a set D is doubly transitive if it is transitive on pairs in @, i.e.
for every x1 # x9 € D and y; # y2 € D, there exists o € ® such that o(x1) = y; and o(z2) = yo.

Definition 3.4 ([]). A set ® acting on a set D is (e, a)-doubly transitive if, for every x1,29 € D,
for at least 1 — € fraction of points x € D, the random variable o(z) is uniformly distributed on
1 — a fraction of D, where o is chosen uniformly from the set {o € ® | 0(21) = 72} = P (4, 1)

When @ is a group acting transitively on D, double transitivity is equivalent to (IT%\’ O) -double

transitivity (see [, Lemmas 6.8, 6.9]). Indeed, given x1,x9 € D, for every point x # x1, the random
variable o(x) is uniformly distributed on D, when o is drawn from those mapping o(z1) = 2.
However, o(z;) itself will always equal xa.

Example 3.5. Let D = Fy and ® = {z + az +b | a € Fj,b € Fy}. Then ® is (,0)-double
transitive. This follows from the fact that ® is doubly transitive on D. Another way to see this
is to note that, given x1,79 € D, o(x1) = 2 implies o(z) = a(r — 21) + 22 for some a € Fy.
Therefore, for every « # z1 and every y € F,, there exists a unique o such that o(z) = y, namely
the one with a = (y — x2)(x — 1)~ 1.



The second notion of “closeness” to double transitive involves distributions that are statistically
close to uniform. The precise definition is as follows.

Definition 3.6. Let pi,ps be two distributions on D, ie. Y _ppi(x) = > cpp2(r) = 1 and
p1(x),pa(z) > 0 for all z € D. The distance between py and ps is

lpr = pell £ max | > “pi(z) = Y pa(a)|.-

- lz€eA T€EA

Definition 3.7 ([1]). A set ® acting on aset D is («, €)-close to c-steps uniform if, for every 1,z €
D, for at least 1 — e fraction of points x € D, if one uniformly randomly chooses w1, ..., w.—1 € D
and 01,...,0. € ® such that o1(x1) = z2 and 0;(w;—1) = 051 (w;—1) for 2 < i < ¢, then the random
variable o.(z) is a-close to uniformly distributed on D.

The motivation behind Definition 3.7 is the use of fractal correcting in [1]. Intuitively, one may
think of f|, as f restricted to some curve in D™. For simplicity assume m = 2. To correct the
received word f at a particular point x, the usual approach is to pick a random curve passing through
x and correct the shorter word f restricted to the curve. Parametrize the curve by (x,o(z)). Then
the condition that the curve passes through x = (z1,x2) is equivalent to o(x1) = xe. If the curve
samples D uniformly, then with high probability the curve does not contain too many corrupted
points. If ® is not doubly transitive, however, then random curves may not sample D? uniformly.
The intuition behind fractal correcting is to first pick a random curve o; passing through z (i.e.
o1(x1) = x2), then pick a random point (wy, o1 (wq)) sitting on the point, then pick another random
curve oy passing through (wi,o1(wq)) (i.e. o2(wy) = o1(wy)) and so on. After ¢ steps, the cth
curve o, will sample the space nearly uniformly. We elaborate on this in Sections 4 and 5.

4 Distance of lifted codes

In this section we show that if C is a code with constant positive distance, and the set ® acting on
the domain D is nearly doubly transitive, then Liftg (C) has constant positive distance. Our lower
bound on the distance of Liftg (C) degrades as m grows, but for our purposes m is constant, so the
distance of the lift is constant as well. We emphasize that the results in this section apply to any
code C, even non-linear codes.

We begin by lower bounding the distance of the lift when the set is close to doubly transitive,
in the sense of Definition 3.4, i.e. when ® is (€, a)-double transitive.

The following lemma will be used in proving both Theorems 4.2 and 5.1.

Lemma 4.1. Let ® acting on D be (€, a)-double transitive. Let m > 1 and let f,g € {D™ — R}.
Fix x € D™. Then
o(f.9)

Eoeo,[0(flos9lo)] < €+ A=)yt

Proof. Let D' C D be the set of z € D such that o(z) is uniform over 1 — « fraction of D, when o



is chosen uniformly from ®,, as in Definition 3.4. Note that |D’| > (1 — €)|D|. We have

Eoco,Bzen(Lfl,(2)29l0 ()] = EzeDBoca, Ly, (2)%l0(2)]

E.¢pEoca, (1), (2)£900 ()] T BeeDBoca, Ly, (2)9]0(2)]

< e+ EiepEoca, [, (2) 200 ()]
6(f,9)

< P L A

< e+ 1= )T

where the final inequality follows from the fact that the last m — 1 coordinates of o(z) are uniform
over (1 — a)™! fraction of D™~! and in the worst case all the disparate points of f and g all lie
in this subset. O

Theorem 4.2. Let C C {D — R} be a code with distance §, and ® acting on D is (e, a)-doubly
transitive. Then §(LiftF(C)) > (1 — )™ (6 — ).

Proof. Let f,g € Liftg (C) be distinct and fix z € D™ such that f(x) # g(x). By Lemma 4.1,

(f.9)
EU oy Ylo S .
€¢x[5(f| g‘ )] €+ (1 _a)m_l
Therefore, there exists o € ®, such that §(fls,9ls) < €+ (li%’fg,l. But fl,(z1) = f(x) #
g(x) = gls(z1), so f|o and g¢|, are distinct codewords of C and hence § < €+ %, ie.
0(f,9) = (1 =)™ (0 —e). O

Next we prove a similar result when & is close to doubly transitive in the sense of Definition 3.7,
i.e. is to (a,€)-close to c-steps uniform. First, some straightforward but useful facts.

Lemma 4.3. If X and Y are independent and X is a-close to uniform over S and Y is B-close
to uniform over T, then (X,Y) is a + B-uniform over S x T.

Corollary 4.4. If X; € D is a-close to uniform for each i € [m]| and are independent, then
(X1,...,Xm) € D™ is ma-close to uniform.

The following lemma will be used in proving both Theorems 4.6 and 5.3.

Lemma 4.5. Let ® acting on D be («, €)-close to c-steps uniform. Letm > 1 and let f,g € {D™ —
R}. Fix x € D™. Then

EO’1€<I>I]Ew1€DE0'2€<I>01<w1) o 'EJCECI)%_I(MC_I)[5(f|gc,g|gc)] < 5(f7 g) +e+ma.

Proof. Let D' C D be the set of z € D such that o.(2) is a-close to uniform, as in Definition 3.7.
Note that |D’| > (1 — €)|D|. Then

Ealé‘l’walGDE@G‘bal(wl) o .Eaceéac—l(wc—l)EzeD [lflac(2)¢g|ac(z)]

E.epEoiea,BuepBosed, ) Boced,, 1) [Llon(z)20l0 ()]

IN

€+ EzED’Eale@meléDEgzé‘l’al(w1) o 'E‘Tce‘i’acq(wcfl) []]'.ﬂffc(z)?ég‘ac(z)}
e +8(/,g) +mo.

IN

10



Theorem 4.6. Let C be a code with distance 0, and ® is («a,¢€)-close to c-steps uniform. Then
d(Liftg (C)) > 6¢ — ma — €.

Proof. Let f,g € Liftg (C) be distinct and let 7 = §(f,¢g). Fix 2 € D such that f(z) # g(z). We
claim that, for each i € [¢], there exists w;—1 € D and o; € ® y such that

oi—1(wi—1

T+ ma+ €
0 < BuienBoisets,wy  Bocets, . B2eD [Lloco)tglocs)] S —5mm—

We prove the claim by induction. The base case i = 1 follows by taking o¢ € ®,, wy = x1, and
noting that, by Lemma 4.5, since

Eoie, EBuwienBosee EeeD [Lfl,, (o) gloe(2)] < T +ma+e,

. Eaceéacfl(wcfl)

op(wy)

there exists o1 € ®, such that
EleDEo?eq)al(wl) T ]EO'CE<I>UC71(wC71)EZ€D [Hf‘o'c (Z)3£g|l7c(z):| S T + mao + €.

Moreover, this expectation is positive because f(x) # g(x). Now suppose we have proved the i — 1
case. The restrictions f|,, , and g¢|s, , are distinct codewords of C (since they disagree at w;_2)
and hence for at least J-fraction of w;—; € D we have f(o;—1(w;—1)) # g(oi—1(w;—1)). Restricting
to these w;_1, we get

T+ mo+ €

0<d- EJiGCboi,l(wi,l)EwiEDEJHlE(DUi(wi) T EUCEq)gC_I(wC_l)EzED [Hf‘oc(z)?éghrc(z)] < §i—2

and the claim thus follows.
From the i = ¢ case of the claim, it follows that there exists o, € ® such that

T+mo+e€
0 < Beep [Lyl,. hgloe ()] € —5emr—

Thus f|, and g¢|, are distinct codewords of C, so we have § < %j’i‘*‘e. d

5 Correction algorithms

In this section we describe how to locally correct a lifted code, given a decoding algorithm for the
base code. We present two correcting methods. The first is one-shot correcting, which abstracts the
local correcting algorithms for Reed-Muller codes and the affine-lifted Reed-Solomon codes of [3],
and is also used for correcting degree-lifted AG codes in [1]. The idea is to pick a random curve
passing through the point which we would like to correct, view the restriction of the received word
to the curve as a received word that should be close to a codeword of the base code, and then
use the base code decoder to correct the point. The second method is fractal correcting, which
was introduced by Ben-Sasson et al [1]. The idea is to recursively perform one-shot correcting. To
correct a point, pick a random curve passing through it. However, now recursively correct each
point on the curve. If ® is close to c-steps uniform, then fractal correcting with recursion depth
¢ should succeed with high probability. The analysis of the fractal correction algorithm is found
in [1], but we include a proof here for completeness. We emphasize that, as in Section 4, the results
of this section apply to arbitrary codes C.
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5.1 One-shot correcting

The one-shot correcting algorithm A works as follows. To compute A/ (x):
1. Pick o € &, uniformly at random.
2. Use the decoding algorithm for C to correct f|, to some function g € C.
3. Output g(z1).

Theorem 5.1. LetC C {D — R} be a code with distance § and suppose ® is (e, o) -doubly transitive.
Let £ = Lifty (C). Suppose

5(f£,£) < (1 —a)™ ! -min{d/6 —¢, (6 —€)/2}.

Then there exists a unique ]? € L such that 4(f, f) < §(f, L) and for any x € D™ we have
Al (z) = f(x) with probability at least 2/3 over the randomness of A.

Proof. By Theorem 4.2, (L) > (1—a)™ 1 (§—e¢). Since 8(f, f) < 6(£)/2, [ is unique. Fix z € D™.
By Lemma 4.1,

~

oD ., (L)

Eoct,[0(flo: flo)] < €+ Aoy 1 =T gt

By Markov’s inequality, with probability at least 2/3, 6(f|o, fA|U) <3 (e + ((5(f7£)> < 0/2. Step 2

1—a)m—1
of the algorithm finds some g € C such that §(f[,,g) < /2. But both g, flo € C and §(g, fls) <0,
so in fact g = f|,. Therefore, Af(z) = g(z1) = flo(z1) = f(2). O

Corollary 5.2. IfC C {D — R} has distance § and ® acting on D is (e, «)-doubly transitive, then
Lift(C) is (q,7)-locally correctable for ¢ = |D| and 7 = O((1 — a)™ (5 — ¢)).

5.2 Fractal correcting

The c-step fractal correction algorithm A, works as follows. To compute AZ (x):
1. If ¢ = 1, output A7 (z).
2. Otherwise, ¢ > 1. Pick o € &, uniformly at random.
3. Compute f/ = A£71|U. That is, for each z € D let f/'(z) = Agfl(a(z)).
4. Use the decoding algorithm for C to correct f’ to some function g € C.
5. Output g(x1).

Theorem 5.3. Let C C {D — R} be a code with distance 6 and suppose ® acting on D is («,¢€)-
close to c-steps uniform. Let L = Liftg (C). Suppose

[, L) < min{il))((s/Q)c —e—ma, (0 — 6—ma)/2}.

Then there exists a unique f € L such that §(f, f) < 0(f,L) and for any x € D™ we have
Al (x) = f(z) with probability at least 2/3 over the randomness of A.
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Proof. By Theorem 4.6, §(£) > §¢ — e — ma. Since §(f, f) < §(L)/2, f is unique. Fix z € D™.
For i € [c], let p; denote the average probability that the ith bottom-most level of the recursion
fails. Our goal is to show that p. < 1/3. We will show in fact that p; < £(6/2)*" for all i € [d].
By Lemma 4.5, the average of o(f|o,, ﬂoe) over all o. chosen in the bottom-most level is at most
5(f, L) + € + ma, so by Markov’s inequality with probability at most %(5(f, L) 4+ € + ma) we have
6(floes ﬂac) >0/2,ie p1 < %(5(f>£) +e+ma) < %(5/2*71'

Now inductively assume p; < £(6/2)°". The average value of 0(flo,_,.,, ﬂgcﬂ.ﬂ) is at most
p;. By Markov’s inequality, with probability at most %pi we have 0(f|s._,, ﬂacﬂ.) > §/2, 80 pit1 <
Zp; < L(5/2)64D), .

Corollary 5.4. If C C {D — R} has distance § for some ® that is (a,€)-close to c-steps uniform,
where ¢ = O(1), then Liftg (C) is (g, T)-locally correctable for g = |D|¢ and T = O(6¢ — € — ma).

6 Base codes

In this section we review existing codes, in particular the Reed-Solomon code and the Hermitian
code, the latter which we use in Section 7 to construct new high rate locally correctable codes over
small alphabets.

Algebraic geometry codes. The Reed-Solomon and Hermitian codes are instances of algebraic
geometry codes. Since we can describe our base codes, our lifted codes, and their properties without
using any terminology typically used in the context of AG codes (e.g. the language of algebraic
function fields), we avoid using such terminology and stick to an elementary exposition. In fact,
the only deep results from the theory of algebraic function fields that we use can be stated in
elementary terms. The interested reader is referred to [(] for details on the theory of algebraic
function fields and codes.

6.1 Reed-Solomon code
Let ¢ be a prime power. The Reed-Solomon code RS,[r] C F,[z]/(x9 — x) can be defined as
RS[r] £ spanFq{mi |i<r}.

It is a [g,r, ¢ — r + 1]4-code. Note that its alphabet size ¢ = N where N is its block size. One can
identify F,[z]/(2? — x) with {F, — [F,}. Consider the group ® consisting of all affine permutations
on Fy, ie. ® = {z — ax +b|a€F;,beF;}, which acts on F,. Clearly RSy[r] is ®-invariant.
Moreover, ® is doubly transitive (Example 3.5) and |®| = g(¢ — 1), so it is just large enough to be
doubly transitive. In [3], it was shown that Lifty (RS,[(1 — 0)¢]) has block length ¢™, distance at

1
least § — % (which also follows from Theorem 4.2), and rate at least 1 — g\ ‘Ogm) when ¢ is a
power of 2.

6.2 Hermitian code

Let g be a prime power. The Hermitian curve H C ng is the set
H £ {(z,y) | N(z) = Tr(y)}

13



where N : Fp2 — Fy is the norm N(z) = z'*9 and Tr : F 2 — F, is the trace Tr(z) = x + 2%
It can be shown that N is multiplicative and is a surjective group homomorphism from IE‘Z2 — Fy
(and hence a (¢ + 1)-to-1 map on F7,) and that T is additive and is a surjective Fg-linear map
from F2 — F, (and hence a g-to-1 map on F2). It follows that |H| = ¢®, since for every z € F 2
there are exactly ¢ values of y € F2 such that Tr(y) = N(x).

The Hermitian code Hermgy[r] C F 2 [2]/ (27 — 2,47 —y, N(z) — Tr(y)) is defined as
Hermy[r] < spang , {z'y’ | ¢i + (¢ +1)j <7.j < q}.

It follows from the Riemann-Roch theorem that Herm,[r] is a [¢*,7 — g,¢® — 7 + 1] ,2-code, where
g = @ is the genus of the curve H (one can also deduce this by counting the number of
“degrees” d which cannot be obtained by a sum ¢i + (¢ + 1)j). Though the Hermitian code has a
worse rate-distance trade-off than the Reed-Solomon code, its alphabet size is significantly smaller
(¢* compared to a block length of ¢?).

Consider the group ® of maps (x,y) — (ax + b,a? 1y + ablx + ¢) for a € F?2, (b,¢) € H. One
can verify that this a group of order ¢3(¢?> — 1) acting on H and moreover Hermy[r] is ®-invariant.
For interesting values of r, the group ® is the largest group under which the Hermitian code is
invariant [7]. The group @ is not doubly transitive, but it is shown in [1] that it is almost doubly
transitive, in both the senses of Definitions 3.4 and 3.7. We recall the precise statements.

Proposition 6.1 ([I, Theorem 6.3]). Let ® be as above. Then ® is (e, «)-doubly transitive for

_ 1 —1-1
€= and « .

Proposition 6.2 ([, Theorem 7.3]). Let ® be as above. Then ® is («,€)-close to 2-steps uniform

—e=1
forafefq.

Applying Theorem 4.6 and Corollary 5.4 to the above facts, we immediately get the following.
Theorem 6.3. Let ® be the group of automorphisms on H of the form (z,y) — (ax + b,a® 1y +

ablx + c). Let r = (1 —8)q3, so that Herm,[r] has distance §. Then Lift] (Hermgy[r]) has distance
at least 6% — o and is (¢%,0(82 — “))-locally correctable.

Note that, though the ®-lift of Herm,[(1 — §)¢?] has distance roughly 62 which is less than that
of the degree-lift, whose distance is § (see [1]), its error correcting capability is the same.

7 Explicit Constructions

In this section we prove the following.

Theorem 7.1. Given €,, N9 > 0, for infinitely many N > Ny there exists a code of length N,
rate 1 — «, alphabet size N¢/* and is (N€, aO((8/)#/) 1Og(l/e)))-locally correctable.

We prove this using lifted Hermitian codes. We defer the proof to the end of the section.
Let m > 1, let ¢ = 2° > m, let ¢ > 0 such that £ — ¢ > [logym], and let 7 = (1 — 27%)¢%.
Let ® be the group of automorphisms on the Hermitian curve H C Fgg of the form (z,y) —

(az + b, a?ty + ablz + ¢), and let £ = Lift}y(Herm,[r]). By Theorem 6.3, £ has distance 272¢ — o
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and is O(q% O(272¢ — %))—locally correctable. Its length is ¢>™ and alphabet size is ¢?. The only
missing parameter is the rate, to which we devote the rest of this section.
After lifting, the domain of our code is

H™ = {(z1,91, ., Tm, ym) € F3 | N(xx) = Tr(yr) Vk € [m]}.

A monomial on H™ is a monomial of the form []}" :L‘Z’Cyﬁ with i, < ¢% and j; < ¢ for all k € [m].
The reason for these conditions is to ensure the monomials define distinct functions on H™. In
fact, one can show the monomials on H™ form a basis of {H™ — F2} as a F2-vector space.

Definition 7.2. Let p be a prime. Let a,b € N and consider their base p representations a =
> >0 a;p and b = > >0 bip" where each a;,b; € [0,p — 1]. Then a is the in the p-shadow of b,
denoted a <, b, if a; < b; for all i. Moreover, for a,b,c € N, we say (a,b) <, ¢ if a; + b; < ¢; for
all 7.

The following generalized theorem of Lucas will be crucial for our analysis later. For a +b < ¢,

we let (bac) denote the standard trinomial coefficient W!*b)! which is the coefficient of 2%y¢ in the

expansion of (z +y + 1)®. Note that the standard binomial coefficient is (§) = (%)

Theorem 7.3 ((Generalized) Lucas’ theorem). Let a,b,c € N with p-ary representations given by

a;, b;,ci. Then
a a;
<b c> = H (b- c-> mod p.
bl 220 1y ~1

In particular, (,.) mod p is nonzero only if (b, c) <, a.

Our strategy for lower bounding dim]}?q2 L is to lower bound the number of monomials on H™
in £. For a monomial f(z1,y1,...,Zm,Ym) = [y xzkyik and a map o € ®™ where oi(z,y) =
(agz + by, Q%Hy + apbix + ¢i), we have

m .
; J
fo(e.y) = T (aww+be) (afy+bla+ )"
k=1
k=1 \dp<pix (di»er)<pik
- Z (- Y 2ok=r Dty Doy e

VE di<pik,(d),er)<pjk

where the (---) indicate constants which do not matter. Thus, the monomial f is in £ if the
following holds: for all k € [m], for all dj, <j, iy and all (d},ex) <p ji, after reducing the monomial
xz;cnildﬁd;cyzzlﬂek modulo the ideal I £ (acq2 — x,yq2 —y, 297t — y9 — 5), the resulting sum of
monomials 'y’ all satisfy ¢i+ (¢+1)j < r. The basis of monomials on H given by 2’3/ with i < ¢°
and j < ¢ provides a canonical way to reduce monomials modulo I. To reduce x'y’, we perform the
following steps. While i > ¢% or j > ¢, if i > ¢?, reduce z'y’ to xi_q2+1yj; if j > ¢, reduce z'y’ to
gitatlyi—a _ giyi—at+l At each step, either the degree of x is strictly decreasing or the degree of y
is strictly decreasing, and the degree of y never increases, so this process will eventually terminate.
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Lemma 7.4. For a € N, let a; denote the ith bit in the binary representation of a, i.e. a =
> >0 a;2'. Let b= 2+ [log,m]. Let

Good = {(i1,.-,im,J1,---»Jm) | Fs € [20 — ¢,20 — b — 1]Vt € [0,b] Yk (i) s+t = (Jk)s+t = 0}.
If (i1, ims J1, - - - Jm) € Good, then []-, :U;fyik e Liftg (C).

Proof. For a € N, the condition a < r = (1—-27¢)¢? is equivalent to the condition 3s’ € [3(—c, 3(—1]
such that ay = 0. For each k € [m], fix dp <, i, and (d},er) <, ji. The hypothesis implies
that (dp)stt = (d))s+t = (er)s++ = 0 for all ¢ € [0,b]. It suffices to show that after reducing
xZ;T:ldwdﬁcyZZLl ¢ modulo I into a sum of monomials x'y’ with i < ¢? and j < ¢, each of them
satisfies (i) = (j)¢ = 0 for some t € [2¢ — ¢,2¢ — 1], for this would imply

(i + (@ + 1)) ere = (@8)ere + ((@+ 1)F)eve = (D)t + (j)e =0

and since t + ¢ € [3¢ — ¢, 3¢ — 1] this implies the lemma.
Let d=)>"}",di+dj and let e =) ;" | e;. Consider three cases.

Case 1. d < ¢%, e < ¢q. In this case, the monomoial z%° does not reduce, so it suffices to
show that (d)sip = (€)sip = 0. The only way one of these is 1 is by carrying from the lower
order bits, so we may ignore the higher order bits and assume without loss of generality that
(di)s = (d})s = (ex)s = 0 for s’ > s +b. Then d, d}, e < 2%, 50 S j dy + dj, < (m25+1) < 25Fb
and thus (d)s4p = 0 and similarly Y>7"; ex < m2° < 2570 50 (e)54p = 0.

Case 2. d > ¢%, e < ¢. In this case, the monomial 2% reduces to z%™°d (q2_1)ye. By the
previous case, (e)s1p = 0, 50 it only remains to show (d mod (¢> —1))s4p = 0. Doubling d cyclically
permutes the bits of d mod (g2 —1). In particular, (2d mod (¢ —1)); = (d mod (g% —1));_1 mod 3¢—1-
Then (23-1=5=%d mod (¢ — 1)); = (d mod (¢*> — 1))i4s+b11_3¢- Therefore, it suffices to show that
(23-1=5=5d mod (¢ — 1))3—1 = 0. Since the bits of order [s,s + b] of di,d), are zero, the bits
of order [3¢ — 1 — b,3¢ — 1] of 2371757 times dy, dy., e are zero, hence 236=1=5=bq, mod (¢* —
1) < 23717t and similarly for d}. Therefore > _j, 23~ 17570(d), + d}) mod (¢* — 1) < 2371 so
(23175=%d mod (¢*> — 1))3r—1 = 0, and in fact (237175%d mod (¢*> — 1))3,_2 = 0, so we can
conclude that (d mod (¢? — 1))3¢_1 = (d mod (¢® — 1))3¢_2 = 0, which we need in Case 3.

Case 3. e > ¢q. We induct on the (gq,q + 1)-weighted degree gd + (¢ + 1)e. In this case, after
reducing the y-degree by one step, the monomial reduces to x¢t3+1ye=¢ — gdye=a+l  The latter
monomial has strictly smaller (¢, ¢+ 1)-weighted degree, so by induction it is in £. Thus it suffices to
deal with 2%+t9%1y¢=9 Repeating this reduction and ignoring the monomials with strictly smaller
(¢,q + 1)-weighted degree, after at most m reductions (since e, < ¢ and so e < mgq) we have
gdtula+l)yemodq for some 4 < m, which further reduces to gdtu(at+l) mod (¢*~1)gemodq  Thig jg
almost Case 2, except for the additional u(g + 1) in the exponent of z. By Case 2, (d mod (¢* —
1)sip-1 = (dmod (¢ — 1))ssp = 0 and (e mod q)s4p = 0. Note that since [logym] < £ — c,
u(qg+1) <m(g+1) < 2267 4-267¢ < 2571 Write d mod (¢ — 1) as d’ +2570+1d" where d' < 251071,
Then d+u(q+1) mod (q2_1) — dl+u(q+1)+28+b+1dﬂ < 28+b—1+28+1+28+b+1d// < 23+b+2s+b+1d//
so (d+u(q+1) mod (g% — 1))y = 0. O
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Lemma 7.5. Let Good be defined as in Lemma 7.4. Let b =2+ [logym]|. Then
|Good| > ¢*™(1 — (1 — 27mb)e/?),

Proof. We show the equivalent assertion that, by picking i1,...,im < ¢> and j1,...,jm < ¢ uni-
formly at random, the probability that (iy,...,%m, 1, .-, jm) € Good is 1 — (1 —27™)¢/%) at least.
Note that each ji < ¢ so we only need to consider the ij. Partition [3¢ — ¢, 3¢ — 1] into ¢/b intervals
each of length b. Let E; be the event that (ix); = 0 for all k € [m] and all ¢ in the ith interval. By
Lemma 7.4, if \/, E; then (i1,...,%m,j1,-..,Jm) € Good, so the probability of landing in Good is

at least
Pr|\/E|=1-Pr|\E|=1-(1—-2"m0)"
7 7

O

Putting together Lemmas 7.4 and 7.5 with the discussion above, we immediately obtain the
following.

Theorem 7.6. Let m > 1, let ¢ > 0 and let 6 = 27¢. Let q be a power of 2 such that 5q > m, and
let r = (1 —6)q3. Let ® be the group of automorphisms on the Hermitian curve H C ]’Fz2 of the

form (z,y) — (ax + b,a? ™y + ablz + ¢) and let £ = Lift] (Hermy[r]). Let b =2 + [logym]. Then
the rate of £ is at least 1 — (1 —2770)¢/b > 1 — e=e/®2™),

Putting everything together, we now prove Theorem 7.1.

Proof of Theorem 7.1. Fix €,a, N9 > 0. Recall that we want, for infinitely many N > Ny, a code
of length N, rate 1 — «, alphabet size N¢/3, and is (N¢, Q(1 )) locally correctable.

Set m = [2/€]. Let b = 2+ [logy m]| and set ¢ > b- 2mb Inl. Let § =27¢ set ¢ to be a power of 2
such that §¢ > m and ¢>™ > Ny. Set N = ¢*™ and set r = (1 5) 3. Let £ = Lift] (Hermg[r]) where
® is the usual automorphism group of the Hermitian curve H C Fg . By our choice of parameters

and Theorem 7.6, £ has block length ¢°™ = N, rate at least 1 — e~/ b2m? > 1 — «, alphabet size
¢? < N3 has query complexity ¢% < N¢, and can correct up to 62 = QO((8/€)/log(1/e))
O

Explicitness of code. Although a lifted code is not a priori explicit even if the base code
is, Lemma 7.4 shows that the lifted Hermitian code (more accurately, a subcode with the same
parameter guarantees) is explicit in the following way. Let Good be defined as in Lemma 7.4.
The Fj-span of monomials in Good have the same rate guarantees as the full lift, its block length
and alphabet size and locality are the same, and certainly its distance is at least as good, since
it is a subcode. Moreover, to encode a message m € IFS’QOOd into a codeword Enc(m) € Fggm, first
compute all the monomials in Good, which can be done by iterating over every monomial on H™
and checking if it is in Good, which can be done in polynomial time. Then interpret the symbols of
m as coefficients of the monomials in Good and let Enc(m) be the evaluations of m on every point
of H™.
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8 Conclusion

In this work, we presented a general framework for constructing high rate locally correctable codes.
Our framework is an abstraction of affine lifting [3], automorphic lifting [1], and high-degree lift-
ing [1]. We showed that the lift of a code with good distance with respect to some @ that is close to
doubly transitive also has good distance, and moreover this holds even when the base code is not
invariant under ® or when @ is not a group. We showed how one can generalize the construction
of the lifted Reed-Solomon code of [3] to lift other algebraic geometry codes, such as the Hermitian
code to obtain locally correctable codes that can attain query complexity N¢ and rate 1 — o while
correcting a constant fraction of errors, for any given €, a > 0.

We believe the lifting framework deserves further study. Lifted codes naturally have good
locality properties. A natural direction to explore is the local testability of lifted codes. A local
tester is given oracle access to a word f and must distinguish whether f € C or §(f,C) > € for
some given constant € > 0. The work of [3] shows that affine lifting naturally yields affine-invariant
locally testable codes. An interesting question is whether lifting algebraic geometry codes yields
locally testable codes, and what kind of assumptions on ® are necessary (for example, that the base
code is ®-invariant or that ® is a group). In fact, [3] shows that both local correctability and local
testability follows generically from affine lifting. In our work, local correctability follows generically
from lifting — the instantiation of algebraic geometric base codes is only used to analyze the rate.
It would be interesting to see if local testability follows generically from lifting as well.
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