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Abstract

We provide a new framework for establishing strong lower bounds on the nonnega-
tive rank of matrices by means of common information, a notion previously introduced in
Wyner| [1975]. Common information is a natural lower bound for the nonnegative rank of
a matrix and by combining it with Hellinger distance estimations we can compute the (al-
most) exact common information of UDIS] partial matrix. The bounds are obtained very
naturally and improve previous results by |Braverman and Moitra| [2012] in terms of being
(almost) optimal. We also establish robustness of this estimation under various perturba-
tions of the UDIS] partial matrix, where rows and columns are randomly or adversarially
removed or where entries are randomly or adversarially altered. This robustness translates,
via a variant of Yannakakis’ Factorization Theorem, to lower bounds on the average case and
adversarial approximate extension complexity. We present the first family of polytopes, the
hard pair introduced in Braun et al.| [2012] related to the CLIQUE problem, with high av-
erage case and adversarial approximate extension complexity. The framework relies on a
strengthened version of the link between information theory and Hellinger distance from
Bar-Yossef et al.|[2004]. We also provide an information theoretic variant of the fooling set
method that allows us to extend fooling set lower bounds from extension complexity to
approximate extension complexity.

1 Introduction

Nonnegative matrix factorization plays a crucial role in many disciplines of theoretical com-
puter science and mathematics, such as machine learning, data mining and data analysis, quan-
tum mechanics, probability theory, communication complexity, convex geometry, polyhedral
combinatorics, and many more. Nonnegative factorizations have also been studied very early
on in information theory, however reinterpreting them as probability distributions, and the no-
tion of common information introduced in |Wyner|[1975] provides a very natural information
theoretic lower bound on the nonnegative rank. Despite its many applications in different dis-
ciplines, our analysis is conducted with approximate extended formulations in mind. In fact
due to Yannakakis’s factorization theorem (see Yannakakis|[1988| (1991]]) and the equivalence to
a communication model given in Faenza et al.|[2011] and |[Zhang|[2012], it turns out that many
open problems regarding the size of an optimal (exact or approximate) linear representation
of a combinatorial optimization problem are equivalent to questions about the nonnegative rank
of certain matrices and the related communication problems. These open problems include
such important questions as to whether the matching polytope admits a linear programming
formulation of polynomial size, whether MAXCUT cannot be approximated better than 1/2 —¢
via any linear program of polynomial size, or whether a generic polygon needs a linear num-
ber of inequalities in any linear representation in the worst case; for the latter for example the
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best-known lower bound is (2(vn) by |[Fiorini et al. [2011] and the best-known upper bound is
%n by|Shitovi[2013]]. We refer the interested reader to the excellent surveys Conforti et al. [2010]
and Kaibel|[2011] for an introduction.

A typical approach to lower bound the nonnegative rank is via techniques from communi-
cation complexity. However, these methods lose strength when the complexity of the matrix is
driven by the actual values of the entries, rather than some combinatorial support-like informa-
tion. The intuition behind this is that communication complexity often deals with boolean func-
tions where the complexity mainly stems from the combinatorial structure. In contrast, in the
framework inFaenza et al|[2011] and Zhang|[2012] arbitrary nonnegative values can be output,
potentially containing a lot of information and as the protocol has to be only correct in expec-
tation this model breaks several trade-offs in communication (e.g., probability of being correct
and bits exchanged are typically strongly related). We overcome these limitations by depart-
ing from the classical views of nonnegative matrix factorization as communication problems
and related concepts (see e.g., |Venkatasubramanian! [2013]] and Kushilevitz and Nisan! [1997]).
Inspired by the recent work of Braverman and Moitral [2012], where a 2°*) lower bound on
the nonnegative rank of the unique disjointness (partial) matrix (UDISJ) was established, we
establish strong lower bounds on perturbations of UDIS] by means of information theory and
common information in a new framework, which has no direct connection to communication.
These bounds translate into lower bounds for the average case and the adversarial approximate
extension complexity.

Related work

While nonnegative factorizations have a huge variety of applications we will focus on the par-
ticular link between nonnegative matrix factorization, information theory and communica-
tion complexity, as well as extended formulations. Especially for the latter, nonnegative ma-
trix factorizations and lower bounds for those are the main (arguably even the only) strong
tool to establish lower bounds on the extension complexity. As mentioned above, the rela-
tion to extended formulations and nonnegative factorizations is established by the fundamen-
tal factorization theorem of Yannakakis (see Yannakakis| [1988,1991]). Given a polytope P =
conv (vy, ..., v,) = {x : Ax < b}, aslack matrix of a polytope is given by the matrix S;; = b;—A;v;
for all 7,j. Yannakakis’s theorem establishes that the extension complexity xc(P) of a polytope
P, that is the minimum number of linear inequalities needed in any linear programming for-
mulation so that its feasible region linearly projects to the given polytope P, is equal to the
nonnegative rank of any of the polytope’s slack matrices S, i.e., xc(P) = rank, (S). Using this
link, super-polynomial lower bound have been established in Fiorini et al. [2012b] on the ex-
tension complexity of the correlation polytope, the cut polytope, the stable set polytope, and
the TSP polytope. A crucial part of the proof is a strong lower bound on the nondeterminis-
tic communication complexity of the unique disjointness matrix (UDIS]), which was initially
obtained by Wolf [2003] using |Razborov|[1992]. An existence proof of a polytope with high ex-
tension complexity, or equivalently of a slack matrix with high nonnegative rank, was given in
Rothvof3 [2011] via a beautiful counting argument and, by reductions, lower bounds have been
also obtained for various other polytopes (see Avis and Tiwary|[2013], Pokutta and Van Vyve
[2013]).

The notion of extended formulations can be generalized to approximate extended formula-
tions, giving rise to the notion of the p-approximate extension complexity where p is the per-
formance guarantee. Here one considers polyhedral extensions that approximately project to a
given polytope (e.g., relaxations as often used in approximation algorithms) and in Braun et al.
[2012] it was shown that (a natural linear encoding of) the CLIQUE problem cannot be approx-
imated within a factor better than 1n!/2=¢ with a linear program using a polynomial number
of inequalities. A similar inapproximability result was obtained for a certain spectrahedron
(of small size) showing that SDPs have indeed much more expressive power than LPs. Subse-
quently, these bounds were improved to n1=¢ in Braverman and Moitra [2012], matching the

2



(A)

(B)

algorithmic inapproximability result of Hastad [1999] for CLIQUE.

Algorithms for nonnegative matrix factorizations have been considered, e.g., in|Arora et al.
[2012], Moitra [2012],Gillis [2012]. Regarding lower bounding techniques, works closely related
to ours are the original work of Razborov|[1992]] and its generalization in Braun et al. [2012], the
information theoretic approaches of [Bar-Yossef et al.|[2004] and |Braverman and Moitral [2012],
as well as the notion of common information introduced in Wyner| [1975]], the notion of cor-
relation complexity from |[Zhang| [2012]], and the analysis of common information in terms of
distribution approximation in [Jain et al.|[2013]. We combine crucial insights from these works
linking them more closely together.

Contribution

Our main contributions can be separated into three parts. We introduce a new framework
for lower bounding the rank of a matrix by means of common information and Hellinger dis-
tance. |(B)| In this framework we can simplify and extend previous results for the lower bound
on the nonnegative rank of the UDIS] matrix and |(C)| we sketch applications and implications
for (approximate) extended formulations.

While the framework is geared towards lower bounding the nonnegative rank of a matrix,
it is conceivable that some insights translate to communication complexity.

A new framework for lower bounding the nonnegative rank. We interpret a nonnegative matrix fac-
torization as compression of correlation, which leads to the well-known notion of common infor-
mation introduced in Wyner|[1975]: We regard a nonnegative matrix M € R’"*"* (after scaling)
as a joint probability distribution over rows and columns. A nonnegative factorization decom-
poses it to a sum of product distributions, i.e., making the row and column conditionally inde-
pendent. The ‘correlation complexity” of the distribution induced by M has to be captured by
the random variable IT choosing the summand in the factorization. We derive a strengthened
cut-and-paste property of the Hellinger distance, improving over the communication version
given in Bar-Yossef et al|[2004], which is at the core of many proofs for establishing lower
bounds later. Our main tools for the analysis are information theory, inspired by the recent
Braverman et al.|[2012ab], and Hellinger distance from Bar-Yossef et al. [2004]. Also, our tech-
nique readily extends to ‘clocked factorizations’, where I1 is continuous.

(Almost) Optimal lower bounds for (perturbations of) UDIS]. We use the new paradigm to replicate
and extend previous results for lower bounding the nonnegative rank of the UDIS] matrix in
a very concise and consistent way. The UDIS] matrix is a partial matrix M C R with
M(a,b) =1ifanb =0 and M(a,b) = 0if [anb| = 1 witha,b C [n]. We first analyze (shifts of)
the UDIS] matrix as those are of particular importance in the study of (approximate) extended
formulations (see Braun et al.|[2012] for details). To this end, we strengthen the core estimation
of |Bar-Yossef et al.| [2004] via the new cut-and-paste property in Theorem The obtained
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bounds for the common information of the UDIS] pattern (on n bit strings) o n when

conditioning on disjoint strings and %n in general are optimal for the case without shift and we
provide matching factorizations of (a completion of) UDIS] realizing these bounds. The lower
bounds on common information lead to lower bounds on the nonnegative rank optimal up to
a linear factor less than 2. In the case with shifts the bounds on the common information are
slightly weaker and optimal up to a factor of 1/In2. Using the same framework we analyze
various perturbations of the UDIS] pattern which are crucial for analyzing the average case
and adversarial approximate extension complexity of a family of polytopes (see below).

We obtain lower bounds as indicated in the table. In the following [n] := {1,...,n}. Shifts
refer to adding a constant to each entry of the UDIS] pattern (i.e., for pairs a,b C [n] with
lanbl € {0,1}), and flipping refers to replacing the entry in the matrix of a position a,b with
la N b| = 0 with one for |a N b| = 1 and vice versa.
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Perturbation log rank, > Remarks

(0) UDISJ 6_3i°g °n Optimal estimation
(1) Shifts of UDISJ #n (p — 1)-shift

(2) Sets of fixed size 2 + Onl=%) % — O(nt-9)

Removing a fraction of rows and columns from UDIS] (remaining dimension indicated)
(3) Random 21— x p(1=F)n (# —a—pB)n in expectation

(4) Adversarial (1 —a)2" x (1 — )2" (# —a —pB)n—log3 removal of fractions per size
Flipping of a fraction T of DIS] entries and NDIS] entries of (1)

(5) Random 81(;3; n—0(1) with high probability
(6) Adversarial pA=10D) , _ O(1) with mild restrictions

8(p—1)?

The precise statements for (1) and (2) are to be found in Section@in Theorem Propositioni4.3|
and Theorem (3) and_(4) in Section |5.1in Corollary Corollary and Corollary |5.10
and (5) and (6) in Section in Theorem|5.11{and Theorem Whereas cases (3) and (4) give
rise to lower bounds on the average and adversarial extension complexity of the hard pair in
Braun et al.|[2012], cases (5) and (6) show that the UDIS] pattern is very rigid, i.e., even changing
a large fraction of entries does not reduce the nonnegative rank significantly. In a polyhedral
context these could be understood as moving vertices (changing a whole column of the slack
matrix) which is captured by this model.

Applications to approximate extended formulations. We provide the first example of a family of
polytopes with high average case approximate extension complexity and adversarial approximate ex-
tension complexity. The considered family is the hard pair from Braun et al|[2012] and it is
closely related to the CLIQUE problem; a more formal definition of the pair as well as approx-
imate extension complexity is to be found in Section The associated slack matrix has rows
indexed by cliques and columns indexed by graphs (where we confine ourselves to stable sets
only) and the entries denote the difference between the size of the clique and the largest clique
in the graph. For the subsets of graphs that corresponds to stable sets the resulting matrix
contains the UDIS] pattern as submatrix; we refer the interested reader to Braun et al. [2012]
for more details. The variants studied in (B) correspond now to the removal of cliques or sta-
ble sets and translate to lower bounds on the average case and adversarial approximate extension
complexity of the hard pair. We believe that our approach might lead to insights into the aver-
age case (approximate) extension complexity of (suitable encodings of) the CLIQUE problem
which is closely related, however considers all graphs (and hence removal of linear fractions
have stronger effects).

More precisely, in Corollary we show that when restricting to cliques and stable sets of a
given size k, then the extension complexity remains high even for a p-approximate extended
formulation. In Corollary |5.15we show that even when an adversary can remove an a-fraction
of cliques for each size k and a B-fraction of stable sets for each size k, then the p-approximate
extension complexity remains high. We then combine, in Corollary|5.16, both results and show
that even if we only consider cliques and stable sets of a fixed size k and an adversary can
remove a large fraction of cliques and stable sets, then the p-approximate extension complexity
remains high.

Finally, we obtain a new information theoretic fooling set method, in Corollary from our frame-
work that allows for obtaining lower bounds from ‘approximate” fooling sets. In this context,
a fooling set for a matrix M is a set of indices (a,b) so that M(a,b) # 0 however for any two
distinct pairs (aq,by), (a5, b,), either M(aq,b,) = 0 or M(a,,b;) = 0 and the size of a fooling
set is a lower bound on the nonnegative rank due to the rectangle property. We can relax this
condition to only require that M(aq, b,) and M(a,, b;) need to be reasonably small. By doing



so, any lower bound for the extension complexity of a polytope from a fooling set immediately
gives rise to a lower bound for p-approximate extension complexity of that polytope where p
is some small approximation factor.

Outline

In Sectionwe recall notions from information theory, distance of distributions as well as prov-
ing some basic lemmas. We also provide a brief overview of approximate extended formula-
tions. We then present the general framework for nonnegative factorizations in Section |3} In
Section4{we apply the framework to the UDIS] matrix where we obtain a very compact proof for
its high nonnegative rank and we provide (almost) matching upper bounds. We then proceed
with considering various perturbations of the UDIS] matrix, such as random and adversarial
removal of rows and columns, and flipping of bits in Section |5/ In Section 6| we introduce the
approximate fooling set method and we conclude with some final remarks in Section|7} At the
end of each section we provide implications for approximate extended formulations.

2 Preliminaries

2.1 Information theory and distance of distributions

We will now briefly recall basic notions from information theory. For a detailed introduc-
tion see Cover and Thomas| [2006]. In the following, capital letters will represent random
variables; we will slightly abuse notation sometimes and also use capital letters for events.
Further, log(.) denotes the logarithm to the basis of 2 and In(.) is the natural logarithm. Let
H[A] =}, Erange(A) P[A =a]log(1/ P [A = a]) denote the entropy of a discrete random vari-
able Aand for 0 < p < 1let H[p] = plogl/p + (1 — p)log(l — p) be the entropy of a
coin with bias p. This definition extends to conditional entropy H [A|B] by using the respec-

tive conditional distribution, but note that expectation is automatically taken: i.e., H[A|B] =
>, P[B=b]HI[A|B=0].

Fact 2.1 (Properties of entropy).

Obvious bounds 0 < H [A] < log [range(A)|;
Monotonicity H [A] > H [A|B];

Chain rule H [A,B] = H[A] + H [B|A].

A central notion is the mutual information I [A; B] := H[A] — H [A|B] of two random vari-
ables A and B, which captures how much information about A is leaked by considering B in-
stead. Formally, A and B can also be a collection of variables considered as one variable: a
comma is used to separate the components of A or B, and a semicolon to separate A and B
themselves: e.g., [[Aq,A,;B] = 1[(Ay,A5);B].

Mutual information is symmetric and extends to conditional mutual information 1[A;B|C]
by using the respective conditional distributions where C is a random variable. Expectation is
also automatically taken here. Note that entropy is a special case: H [A] = T[A; A].

We will condition on both events and random variables with the usual automatic expectation
convention, as explained above. However, conditioning on a random variable I1, the condi-
tional probability IP [A = a|II] is a function P [A = a|Il = 7r] in 71, as customary.

Fact 2.2 (Properties of mutual information).
Obvious bounds If A is a discrete variable, then 0 < I[A;B|C] < H [A] < log [range(A)|
Chain rule 1[A;,A,;B] = 1[A1;B] +[[A,;B|A;].

Symmetry



1. 1[A;B] =1[B;A]
2. I[A;B] —1[A;B|C]is symmetricin A, B, C.

Monotonicity I1[A;B] > I1[A;B|C]ifI[A;C|B]=0o0rI[B;C|A]=0
Independent variables

1. If A and B are independent, then I [A; B] = 0.

2. If A4, ..., A, are mutually independent, then I [A4, ..., A,;C] > . A;C

i€[n] I [

In the proof of our main theorem we will rely on the (squared) Hellinger distance of two
distributions.

Definition 2.3 (Hellinger distance). Let y14, g be discrete distributions over the same space.
Then their squared Hellinger distance is

1
I i) = 1= ) A GRS () = 5 |\ = sl = 0

where yu, (71) and pg(71) are the probabilities of the element 7w under yz4 and g, respectively
and \/ux with X € {A, B} is to be understood coordinate-wise.

We will apply the following relation between Hellinger distance, entropy, and mutual in-
formation. The second part of Lemma 2.4{is well known and was already proven in [Bar-Yossef
et al.,[2004, Lemma 6.2].

Lemma 2.4. Let A be a (generalized) binary random variable with values ay,a,, and I1 an arbitrary
random variable. Then

HI[A|I] <2{P[A=0a,] P [A=a,](1 - (1A = ay;T1IA = ay)).
In particular, if A is uniformly distributed then 1[A;11] > W2 (1A = a; TIA = a,).
Proof. By [Lin, 1991, Theorem 8], when P [IT = 7] # 0:

H[A|Il=7m]<2|P[A=a|Il=7] P[A=a,|Il =]

2(P[A=a,]-P[A=a,]
- P [II = 7]

VPl=7|A=a]-P[ll=r|A=a,]

Taking expectation proves the first claim. The second claim obviously follows from the first
one. ]

We will now provide a generalization to uniform variables with more values.
Lemma 2.5. Let Z be a uniform random variable on n values, and I1 another random variable. Then
1 2
1[Z;11] >logn — — Z (1-R2INZ = 2;;TIZ = 2,)) . 1)
n z1,z2pErange(Z)
Z1#2Zp

Proof. First, we prove by induction on 7 that for all probability distributions py, ..., p,:

H[py o pal <2 ) [Pl @)

1<i<j<n

The case n = 1 is clear, and n = 2 is [Lin, (1991, Theorem 8], see also [Bar-Yossef et al., 2004,
Lemma 6.2]. For n > 2, let us choose an integer 1 < k < n. Let X be a random variable with
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range [n] and distribution P [X = i] = p;. Let I, be the indicator of the event X < k. Applying
the induction hypothesis:

H [p1, ..., pn] = HIX] = H[X, Ix<x ] = H[Ix<x| + H [ X|Ix<]

Pi Pi
<2+ A PO Pt A P) + P+t P) D 2J :
Vi Pr) Pi+1 p P1 Pk i<k VP1 TP Prt etk
pi Pj
+ g1+t )Y 2J :
Pi+1 P ke15iien VPlst T FPn Prat + o+ Py

<2 ) P ) YBt2 ) PRt ) (PR =2) P

1<i<k k+1<j<n 1<i<j<k k+1<i<j<n i<j

Now we turn to the proof of the lemma. For simplicity, let us assume that the range of Z is
[n] and we introduce the shorthand p; (1) = P [Z =i |11 = 7r]. Applying (2) to the distribution
of Z conditioned on I:
H[Z|TT= 7] < Y \[pi(mp; ().
i#j
We take now expectation of both sides. Because (if IT is non-discrete, the left-hand side below
should be the Radon-Nikodym derivative d(I1|Z = 7)/dIT)

Pll=nr|Z=i] P[Z=illl=n]

Pi=n]  Piz=iq P
we obtain .
H[ZITT < =) (1-KINZ=;T1Z =j)).
n
As1[Z;I1] = H[Z] — H [Z|IT], the result follows. O

2.2 Approximate extended formulations

We will now briefly introduce the necessary notions and results from (approximate) extended
formulations. For a more complete overview we refer the interested reader to the excellent
surveys Conforti et al.|[2010] and Kaibel| [2011] as well as Pashkovich|[2012], Braun et al.|[2012].

The approximate extended formulation model is based on a pair of polyhedra P C Q. The facets
of the outer polyhedron Q correspond to the (generators of) objective functions of interest, and
the vertices of the inner polytope P correspond to feasible solutions. The extension complexity
xc(P, Q) of the pair P, Q is defined to be the minimum number of facets of a polyhedron K having
an affine image sandwiched between P and Q, i.e., there is an affine map proj: K — Q with
P C proj K. We might want to think of (the projection of) K as being a relaxation of P which
we only require to be exact for the objective functions generated over Q. The polyhedron Q
is typically given by the inequalities of the form cx < max,cp cx where c is a linear objective
function of interest. In order to study the size of such relaxations, we need the concept of a
slack matrix.

Definition 2.6 (Slack matrix of a pair of polyhedra). Given a polytope P = conv (vq,...,v,,)
and a polyhedron Q = {x : Ax < b}, the slack matrix of the pair P,Q is given by the matrix S;; =
b; — Ajv; for all i, j.

It turns out that Yannakakis’s factorization theorem (see [Yannakakis| [1988,1991]) extends
to this case and it holds:

Theorem 2.7 (Pashkovich [2012], Braun et al.|[2012]). Let P, Q be a polyhedral pair and let S be any
of its slack matrices. Then rank, S —1 < xc(P, Q) < rank, S. (Equality holds if P, Q are polytopes)
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We obtain the notion of the p-approximate extension complexity of the pair P, Q

Definition 2.8 (p-approximate extension complexity). Let P, Q be a polyhedral pair and let p >
1. The p-approximate extension complexity of P, Q is defined as xc(P, pQ), where pQ is the p-dilate
of Q (and we assume P C pQ).

This notion corresponds precisely to the minimum number of facets in any polyhedral re-
laxation of P so that for any linear objective function generated from Q (as positive combination
of the facets) the maximum over the relaxation is within a factor of at most p compared to the
maximum over P. This coincides with the standard notion of an approximation factor.

If S is a slack matrix for the pair P = conv (vy,...,v,) and Q = {x: Ax < b}, then a slack
matrix S for the pair S, pQ is obtained simply as S~l-]- = Sj; + (p — 1)b; with the above definition,
i.e., we shift the slack matrix by adding positive entries. We obtain

Corollary 2.9. Let P = conv (vq,...,v,), Q = {x: Ax < b} be a polyhedral pair and let S be the
associated slack matrix. Then

rank (S + (0 —1)B) — 1 < xc(P, pQ) < rank_ (S + (0o — 1)B),
where B;; = b; for all i, . (Equality holds if P, Q are polytopes)

We are mainly interested in the pair P = COR(n) := conv ({bb! : b € {0,1}"}), Q = Q(n) =
{x € R : (2diag(a) —aa”,x) < 1,a € {0,1}""} from Braun et al. [2012], where both the ver-
tices of P and edges of Q are indexed by subsets of [#], and the slack matrix M of the pair is
M(a,b) =(1—Jan b|2) which is an extension of the unique disjointness matrix. The vertices of
P are considered as possible cliques, and the facets of Q are discrete subgraphs, i.e., stable sets.

3 Lower bounds via common information

Our approach is a combination of the sampling framework introduced in|Braverman and Moitra
[2012], previous lower bounding techniques given in Bar-Yossef et al.| [2004] relying on the
Hellinger distance, and common information approach of Wyner [1975]. We will use the fol-
lowing link between the nonnegative rank of a matrix and a latent random variable I'l choosing
rank-1 matrices in the decomposition, which is equivalent to the framework in|Wyner| [1975].
Recall that random variables are denoted by capital letters.

Definition 3.1 (Common information). Let A, B be random variables, and Z an event, a random
variable or a mixture of both. The common information of A, B given Z is the quantity
C[A;B|Z] ::H:}qnlfB‘H]I[A,B;H|Z], 3)
I1LZ|A,B
where the infimum is taken over all random variables IT in all extensions of the probability
space making

1. A and B conditionally independent given I1,
2. Z and I conditionally independent given A and B.
The IT satisfying the above conditions will be called seed.

Remark 3.2. Common information was introduced in [Wyner,(1975| Eq (1.10)]. We extended this
definition in the obvious way to the conditional version, which will play a crucial role later. The
term seed for IT was adopted from [Jain et al. [2013].

The conditional independence of Z and IT formulates the natural requirement to forbid Il
making use of the external condition Z.

It is worthwhile to observe that the partitions in [Razborov| [1992] serve a similar purpose,
i.e., making Alice and Bob conditionally independent.
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Definition 3.3 (Induced distribution). Let M be a nonnegative matrix. Its induced distribution
consists of a random row A of M, and a random column B of M with probabilities

M(a,b)
R R
X,y 4

for every row a and column b. We define the common information of M conditioned on Z as
C[M|Z]:=CI[A;B|Z]. (4)

Common information is a continuous measure of information contained in a factorization
and it is easily seen that it lower bounds (the log of) the nonnegative rank as it bounds H [IT]
from below. Note however that we consider the common information conditioned on Z to fine-tune
the distribution of A, B for better bounds; we also need to condition as we will work with partial
matrices and equivalently only partially-defined distributions.

Lemma 3.4. Every factorization of a nonnegative matrix M induces a seed with range of size of the
number of summands in the factorization. In particular, log rank , M > C [M | Z] for any condition Z.

Proof. Let a factorization of M be given by
M(a,b) = )" a(a)B (D).
7T

We introduce a fresh random variable I running through the index 7r in the factorization,
therefore having the same number of values as the number of summands. Given A, B, the
value of I1 is chosen with private probabilities (in particular independent of Z given A, B)

X, (a)B,(b)

P[I=7|A=qB=b]= "1 2

(When M(a,b) =0,i.e, P[A =a,B =b] =0, then the distribution of IT can be chosen arbitrar-
ily.) It readily follows that

b 2oy X (DB (Y)

(I =m]= Y., M@y

&, (a)B (D)
P[A=a,B=0b|Il=n]= .
2y U () B (Y)

The right-hand side of the last formula is a product with every term depending only on either
a, 7t or b, 7, verifying the conditional independence of A and B given I1.
Finally, by choosing a minimal factorization, the range of IT has size rank  M:

logrank, M > H [I1] > I [A,B;I1|Z] > C[M|Z]. O

The following lemma formulates the cut-and-paste property for correlation complexity,
which is stronger than the communication version. It will be useful to lower bound common
information.

Lemma 3.5 (Cut & paste). Let A, B be discrete random variables conditionally independent given a
third variable I1. Let 11, ;, denote the distribution of I'l conditioned on A = a and B = b. Then

VPIA=0ay,B=b]yP[A=0ayB=b,] (1K1, ;1L ,))
=P[A=0a,B=b,]yP[A=0yB=b](1-H({1L, ;1 ,)) 5




for all values a,,a, of A and values by, b, of B. As a consequence, for nonzero P [A = a,,B = by ] and
P [A = az,B = bz]:

P[A :[ll,B = bz]P[A :[lz,B = bl]
P[A :[ll,B = bl]P[A :[lz,B = bz].

hz(Hal,bl;Haz,bz) =1- \! (6)

As a special case when A, B are the random row and column of the induced distribution of a nonnegative
matrix M, and M(ay,b,) and M(a,, b,) are nonzero,

M(Cl], bz)M(ﬂz, b])
M(aq, b1 YM(ay, bz) '

hza—[al,bl;naz,bz) >1- \I (7)

Remark 3.6. If P[A =a,B =b] = 0 then I1, ;, is undetermined but for the statement above, it
can be chosen arbitrarily.
Proof. By independence,
]P)[A :ﬂl,B = b1|H] ]P)[A :ﬂz,B = b2|H] = ]P[A :ﬂl,B = b2|H] ]P)[A :Elz,B = b1|H]
This can be written (if IT is discrete) via multiplying with P [IT = 77]% as
P[A:al,B:bl]P[H:nlA:al,B:bl]']P[A:ﬂz,B:bz]P[H:TC|A:az,B:b2]
= P[A:al,B:bz]]P[H: 7T|A :al,B:bz]'P[A:az,B :bl]P[H: 7'[|A=a2,B :bl]/
rt € range(I).

(In general, instead of P [I1 = 71| A = a,B = b] one should write the Radon-Nikodym deriva-

tive dI1, ;,/dIT above, and integrate instead of summing up below.) Taking square root and
summing up

VPIA=0ay,B=b1P[A=0yB=by](1-h{1L, ;1L ,))
=P[A=ay,B=b,]P[A=0ayB=0b](1-h{1L, ;1L ,))
< \/P [A = ﬂl,B = bz] P [A = ﬂz,B = bl]

Using the latter inequality, it also follows

P[A :[l]_,B = bz]P[A :[lz,B = bl]
P[A =a1,B = bl]P[A :az,B = bz]

hz(Hal,bl;I_Iaz,bz) > 1-— \!

4 An almost tight lower bound for (shifts of) UDIS]

In this section we will estimate the common information of matrices containing (shifts of) the
UDIS]J patterns. We prove the following main theorem.

Theorem 4.1. Let M be a nonnegative matrix with rows and columns indexed by all subsets of [n]
satisfying

1 ifanb=0

1—¢ iflanb =1

forall a,b C [n]. Let C = (Cq,...,C,) be a collection of n fair coins independent of the induced
distribution of M. If C; is heads, then let D; be the indicator of i belonging to the subset A indexing
the random row of M. If C; is tails, let D; be the indicator of i belonging to the subset B indexing the
random column. Let D = (D, D,, ..., D,,) be the collection of the D;; as a shorthand let D = 0 denote
D, =0,...,D,, =0. Then

Ma,b) { (8)

C[M|D:o,c12%. )
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Proof. Let A; and B; be the indicator of i € A and i € B, respectively. Let I be a seed for

A, B. We reduce the analysis to the case n = 1. Observe that P[A=a,B=b,C=c|D =0] =

P[A=a,B=bC=c]|/P[D=0] = 1/4" provided the values a,b,c imply D = 0. In other

words A, B, C arejointly uniformly distributed conditioned on D = 0, hence the pairs {(4;, B;) :
€ [n]} are independent given D = 0, C, so that

I[A,B;II|D=0,C1> ) T[A;B;TI|D=0,C]
S
Now observe that the distribution of A;, B;, 11, D;, C; given D; = 0 and C; for all i # j satisfies the
assumptions for the case n = 1. This Can be seen by computing the probabilities via summing

up the ones of A, B. Therefore the case n = 1 provides I [A], ],H‘ D =0, C] > ¢/8, which

je€ln] [AJ' ]’H|D 0, C] =9 follows.
It remains to prove the case n = 1. Suggestively, we write A for heads and 83 for tails, so

e.g., Dy = A; if C; = A. In a first step we identify the terms that need to be estimated:

concludes the proof as ) |

]I[A,B,H|D = O,C] = H[A1/B1/H|D1 = O,Cl]
. ]I[AllBlll—HDl = O,Cl = A/] +1 [AllBl;HlDl = O,Cl = B]
- 2

Now the event D; = 0,C; = AisthesameasA; = 0,C; = A. AsC; isindependent of A, By, I1
(recall that IT is a seed), we obtain

I [Al,Bl,'H|D1 = O,C] = A] =1 [Al,Bl,'H|A1 = 0] .

Let I1,;, denote the distribution of IT given Ay = aand B; = b. As A;, B is a uniform binary
variable given A; = 0 by Equation , Lemma 2.4 applies:

I[Aq, By;TI| Ay = 0] > W2 TTyp; TTpq).
All in all, we obtain
1[A,,By;TI|D; =0,Cq = A] > W2 (ITgo; Igq).
Similarly,
I[A;,B;;I1|D; =0,Cq = B] = h2Iy0; I1;p).
Thus

1> (Tgg; Toy) + B2 (Tgo; TTp)

2

o (oo Tloy) + h(Tgp; 1)) h (Tgy;1Tio) _ €

- 4 4 =
where the second inequality follows with Cauchy-Schwarz and the third one is the triangle

inequality. The last inequality follows from Lemma|3.5|by the independence of A; and B; given
IT:

I[A,B;I1|D =0,C] >

(10)

O
Remark 4.2. The proof of Theoremis mostly identical to the one in Bar-Yossef et al.|[2004], ex-
cept the better cut-and-paste relation. This is due to considering correlation compression instead
of a protocol manifesting in P [ITI|A =a,B = b],and not P [A = 4, B = b|I1], decomposing into
a product a, (a)B,; (b) (see Lemma 3.5).

P[A;=0,B;=0]-P[A; =1,B; =1] \
12Ty TTyg) > 1 — i =
(Io1;1110) 2 \IP[Al:O,Blzl]']P[AlzllBlzo] N

I\Jlm

11



We will now provide an upper bound on the common information of the matrices occurring
in Theorem showing that our estimation is tight up to a factor of 1/In 2. The factor stems
from estimating mutual information by the squared Hellinger distance via Lemma We will
also derive the exact common information for the case ¢ = 1.

Proposition 4.3 (Common Information of UDIS]). With C, D as in Theorem

1. The lower bound of Theoremis optimal up to a factor of 1/ In 2 for small e: There is an extension
M of UDIS] with

C[M|D=0,C] < (81% +O(82)>n.

2. For e = 1, we have for all extensions M

6 —3log3

1 -n =~ 03113 - n,

logrank, (M) > C[M|D =0,C] >

and there is an M realizing this bound.

Proof. We establish the case n = 1 and then generalize to all n by a simple tensor argument. We
consider the explicit decomposition of

1 1 1 1-Ve 1 1+VE
M:<1 1 >:(1+25 1Es)+(1—2ﬁ 1%s>
—¢ 5 2 -

into nonnegative rank-1 matrices. For the induced seed I1 we have

2 T+Vel\ ¢ )
]I[A,B,H]_4—<1—H[TD_M+O(S)

k‘

I[ABIID=0,Cl=1-2H| |- 1H|-— | = 40
A BID=0Cl=1-37 [2+J€]_§ [2_ﬁ]_81n2+ (&),
via an easy calculation (see Appendix . For ¢ = 1 we can say more: The decomposition
is optimal in both the conditional and unconditional case, and we can explicitly determine the
common information. For the unconditional case C [M] = % as proved in [Witsenhausen, (1976,
Theorem 7].

The conditional case follows by a functional relationship between the conditional and un-
conditional mutual information for every seed I'l (see Appendix , which by taking infimum
leads to

(C[M]:g(C[M|D:O,C]+H[A,B]—§H[A,B|D:0,C]. (11)

In particular, C[M|D =0,C] = (6 — 3log3)/4 =~ 0,3113. Thus, with the lower bound from
Theorem the claims follow forn = 1.

To generalize the above decomposition to all 11, we take n independent copies (4;, B;,I1; : i €
[n]) of the variables. This distribution is obviously induced by the matrix M(a, b) = (1 — g)land|
extending UDIS], given IT the variables A and B are independent, and I [A,B;I1|D =0,C] =
Yicn L [Ai B 11;| D; = 0,C;]. Finally, the lower bound for the case n = 1and ¢ = 1 generalizes
by the same argument as in Theorem O

Equation highlights the importance of conditioning: the strength of log rank, (M) >
C [M|Z] depends on the choice of the condition Z. Given the optimality of the estimation by
means of common information, further improvements on the lower bound will only be possible
by considering a different condition.

Observe that Proposition {4.3|also establishes that in general it will not be possible to lower
bound the common information (or the entropy of II for that matter) by means of the non-
negative rank from below. This rules out a tight characterization of the nonnegative rank of a

12



matrix M in terms of the entropy of IT or the mutual information of IT and (A, B) whose infi-
mum is the common information of M. At its core the gap between common information and
the nonnegative rank stems from the fact that the mutual information is a continuous measure
whereas the nonnegative rank is not. However, when relaxing the notion of nonnegative rank

to rankf) (P) := min {rank+(P’) ||IP = P'||; < 5} where ||.||; is the total variance, then
log rank” (M) < O(C [M] + 1)/6

as shown in [Jain et al., 2013, Corollary 1.1].

A p-shift M of a (partial) matrix M is obtained by adding p to each entry of the (partial)
matrix. Such shifts are at the_core of the study of the complexity of approximate extended
formulations (see Braun et al.[[2012]), for which it is more natural to write the shift in the form
o — 1 instead of p. We obtain the following theorem, slightly improving over Braverman and
Moitra [2012] in terms of the explicit constants:

Theorem 4.4 (Nonnegative rank of shifted UDIS]). Let M € R2"*2" bea (o — 1)-shift of the unique
disjointness matrix UDIS], i.e.,

p ifanb =0,
M(a,b) :={p—-1 iflanb =1
>0  otherwise

6-3log3
or some p > 1. Then rank, (M) > 2/82. If p = 1, then rank, (M) > 21— " > 20-3113n_
© + © +

Proof. Clearly follows from Lemmas|3.4jand together with Theorem.1{and Proposition
O

4.1 Application to (approximate) extended formulations

We immediately obtain strengthened versions of [Braun et al) 2012, Theorems 7 and 8] as
proven in [Braverman and Moitra} 2012, Section 4] by plugging in the improved lower bound
on the nonnegative rank of M:

Theorem 4.5 (Inapproximability of CLIOUE). Let p > 1, let n be a positive integer and let P =
COR(n), Q = Q(n) be as in|Braun et al.|[2012]. Then xc(P, pQ) = 2180 Iy particular if p = nl-¢
for some constant ¢ < 1, then xc(P, pQ) = 2" /8. Therefore for the linear encoding defined in |Braun
et al.|[2012]], every n'~¢-approximate EF of CLIQUE has size /8, forall 0 < & < 1.

The latter lower bound for CLIQUE matches the algorithmic inapproximability of [Hastad
[1999].

5 Robustness of the UDIS] matrix

We will now show that the above lower bound on the nonnegative rank of UDIS]J is robust
with respect to random and adversarial removal of rows and columns as well as random and
adversarial change of entries in the matrix. To this end we will first formulate the case n = 1 of
Theorem for general distribution to incorporate noise as well as adversarial flips of bits.

Lemma 5.1 (Information from noised-up submatrices). Let (A, B) € {0, 1}2 with distribution

|[B=0 B=1
gt
5

A=0
A=1

«
p
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witha + B+ v+ 6 =1. Then

3\Jamax(B,7) + ay/d/ min(B,7)

H[A,B|D =0,CII] <
[4,B| ] 20+ B+y

7

where 11 is a seed for A, B with condition D = 0,C, and D, C are as in Theorem
Proof. We estimate
H[A,B|D =0,C,II]

_ oy
20+ B+

ax+p

H[AB|D=0,C=A,II _
[ | ]+20c+,3+’y

H [A,B|D =0,C = B,11]

Now the event D = 0,C = A is the same as A = 0,C = A. As C is independent of A, B, I1, we
obtain
H[A,B|D=0,C= A,II] = H[A,B|A =0,I1].

Let I1,;, denote the distribution of Il given A = aand B = b. Lemmaapplies:

2./
H[A,B|A=0,II] < g - (1 = K2 (TTgg; ).

All in all, we obtain

2./
H[A,B|D=0,C= A,II] < 2oy (1 = h*(Tgo; TTpy))-

o+ y
Similarly,
2.«
H [A,BlD = O,C = CB,H] < a@ . (1 —hZ(Hoo}H10)>.
Thus

2 \Jamax(B, )

H[A B|D=0,CII] <
[4,B] ] 20+ B+y

£ (2 = h?(TTgp; TTp1) = (TTg; TTyp)).-
Finally we estimate the Hellinger distances:

(1 (Tgo; Tgy) + h(TTgp; TT10))?

2
> hz(H01;H10) > 1- \'“5/(,3')/)

- 2 - 2

W2 (TTyo; Tgq) + h2 (Xgo; T14g) >

The last inequality follows from Lemma by the independence of A and B given Il. Combin-
ing the estimates finishes the proof:

2 , 1— Jas
H[A,B|D:o,c,n]g@,(2_“—/<5’”)

20+ B+ 2

B 3\/a max(8,7) + zx\/émax(ﬁ,'y)/(ﬁ'y) B 3\/04 max(8,7) + zx\/(S/ min(p,y)
- 20+ B+ a 20+ B+ '
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5.1 Adversarial and random removal of rows and columns

In the random setting we choose a submatrix S randomly, and we are bounding the expectation
of the nonnegative rank. The rough idea is summing over minimal factorizations for subma-
trices to obtain a factorization of the original UDIS] matrix. Even though this factorization
has a huge number of summands, these are expected to be very similar, and thus reveal little
information.

The distribution of the submatrix S will not be uniform in general: the probability of a given
submatrix will be proportional to the sum of its entries.

We shall denote by x € S the event that the row, column or entry x is contained in S.

Theorem 5.2. Let M be a nonnegative matrix, and 5 be a family of submatrices of M with every entry of
M contained in exactly a «y-fraction of the members. Let S € & be a random submatrix with distribution
P[S=3s]= Z(a,b)EsM<a’ b)/r|5] Za,bM(a, b). Then

E[C[S|Z]] = C[M]|Z] +log . (12)

Proof. The key to the proof is to construct the right probability space for comparing C[S|Z]
and C [M|Z].

Let A, B be the random row-column pair of the induced distribution of M. Given A, B let
S € 5 be chosen uniformly with the restriction A, B € S:

P[S=s|A=aB=0b]= (a,b) €s. (13)

1
718/
This induces the same distribution on S as given in the theorem:

P[S=s]= ) P[A=aB=b]P[S=s|A=4aB=0]

(a,b)es
_ M@b) 1 XpnesM@Db)
- (a;‘@ Yoy My 7S] X, My) -5
Note that given S, the distribution of A, B is the one induced by S, i.e., for (4,b) € s:
P[A=aB=b|S=s]=P[S=s|A=aB=p A=¥B=b]__ M@b
P[S =5] Z(x,wes M(x,y)

This leads to the following interpretation of E [C [S|Z]]: For every s € & consider the prob-
ability space conditioned on S = s. Introduce seeds I, for A and B. For every such collection
{IL; : s € &}, glue it together to a random variable I, i.e., IT = I given S = s. (Here the ranges
of Il are considered pairwise disjoint without loss of generality. In particular, IT determines
S.) Then

E[CIS|Z)] = inf  TIABII|ZS].

By construction, I1 is a seed for M, therefore
I[A B I1|Z]1>C[M|Z].
Now by the chain rule
I[A B;I1|Z]1-1[A,B;111Z,S1 =1[A,B;S|Z]
=HI[S|Z]-HI[S|Z, A B] <log|5| —logy|5] = —logy,

as S is uniform given A, B, Z (because S is both uniform and independent of Z given A, B by
construction). Rearranging provides

I[A,B;I1|Z,S] > 1[A,B;11|Z] +1logy > C[M|Z] +log7,

and taking infimum over I1 produces the result. O
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We obtain the following corollary.

Corollary 5.3. Let 0 < a, 8 < 1and let S be a random 20=9" x 20=P" sybmatrix of UDIS] with
distribution P [S = s] = ¢, , <, 5(a,b) for a suitable ¢ > 0. Then E [rank, §] > 2(</8=4=Fm,

Proof. By Jensen’s inequality and Theorems 4.1)and |5.2| with Z being C,D = 0 the conditional
from Theorem 4.1

E [rank, S] > E [2C[S\Z]] > 2E[CIS|Z]] > p(e/8—a—pin O

Remark 5.4. It is worthwhile to compare the bounds from Corollary [5.3| to the special case of
forbidding A and B to contain certain elements i € [n]. Say, A must not contain the first an
elements, and B must not contain the last fn elements. Provided a« + B < 1, this means that
actually only the (1 — a — B)n elements in the middle count, hence we obtain the significantly
larger lower bound rank, S > 2¢/8(1=#=A)" However, this is not unexpected: the removal of
rows and columns by forbidding elements is rather homogeneous, whereas a random removal
could potentially remove much more information.

We will now switch our attention to adversarial removal of rows and columns. The follow-
ing observation is useful to understand what type of bounds we can expect.

Observation 5.5 (Existence of a large subset with no disjoint pairs). Witha« = p = 1/2 the adver-
sary can choose
S={AB)|AC[n],1€ A} x{B|BC [n],1€B}.

Clearly, |S| = 22=1) and hence 1/4 of all pairs, however all pairs intersect, hence the partial
matrix S is 0.

This is the largest submatrix with no disjoint pairs, as can be seen as follows. Let S 4 be the
set of rows, and Sp be the set of columns of S. We identify rows and columns with the subsets
of [n] indexing them. If S has no disjoint pairs, then for all X C [n] it is impossible that X € S 4
and [n] \ X € Sg). Thus

Sal+ 1S5l = )" (Ixes, + Inxes,) <2
XCln]

Comparing the geometric mean and the arithmetic mean, we obtain

2

The main tool for the adversarial case is the following insight.

Theorem 5.6. Let M be a nonnegative matrix, and S be a submatrix of M. Let Z be a condition, which
is a mixture of an event Zqyent and random variables. Furthermore, let A, B be the random row-column
pair of the induced distribution of M, and I be the three-valued indicator of whether A,B € S, A & S or
AeSbutB&S. Then

P[A,BES|Zeyert] CIS|Z, 11> CIM|Z] = P[A & S| Zeyere] HIA|Z]

(14)
—P[B¢& S| Zeyen:] H[BIZ] - log3.

Proof. Given A,B € S and Z, we choose an arbitrary seed Ilg of A, B for S. We define a seed
ITy, for M via
Il ifABeS,

I :={A ifAgS,
B ifAeSbutB¢S
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with the values of I, being pairwise distinct in the three cases. It follows

C[M|Z] <I[A,B;I1y|Z] = 1[A,B;I1y|Z,I] + 1 [A,B;1| Z]
< P [A/B S S|Zevent] I [A/B;HS|Z] +P [A $ S|Zevent] I [A/B}A|Z]
+P[AES,BES|Zoyent] 1[A B;B|Z]1 +1[A,B;1]Z]
< P[A,BE S| Zeyert] L[A,BiII5| Z] + P[A & S| Zeyens] HIA| Z]
+P[B¢&S|Zoyen:] HIBIZ] +log3

Taking the infimum over I1g, the result follows. O

We will now show that when the adversary is restricted as to only remove up to an a-fraction
per each potential size of subsets, then the resulting matrix has still high nonnegative rank.

Corollary 5.7 (Homogeneous, adversarial removal of rows and columns). Let 0 < a, B < 1. Let
S be any submatrix of UDIS] M obtained as follows. For every 0 < k < n, we select the rows and
columns indexed by subsets of size k, and delete at most an a-fraction of these rows and a B-fraction of

these columns. Then

1 - —
rank, S > 2(% (a+B) Jn—log3

Proof. We use the variables C, D from Theorem Note that because of symmetry, the marginal
distributions of A and B are uniform even given D = 0 when the size of the sets are fixed, hence
by assumption

P[A&S|D=0,lAl]
P[B¢&S|D=0,IBl]

@,

B.

<
<

Taking expectation it follows

P[A¢&S|D=0]<a,
P[B¢&S|D=0]<p.

Applying Theorem [5.6/and Theorem

C[S|D=0,C]>P[ABeS|D=0]C[S|D=0,C]
> C[M|D=0,C]—aH[A|D=0,C]— BH[B|D = 0,C] —log3

=C[M|D=0,C]— (a«+p)n > (%—(w+ﬁ))n—log3.

Now the estimation on the nonnegative rank is immediate. O

The following lemma establishes that even restricting to subsets of fixed size close to 1/4, the
common information of UDIS] does not decrease significantly. This construction significantly
improves over the simple trick of splitting [n] into 3 disjoint sets, arguing on the first set via the
unrestricted argument, and use the other two for padding to ensure a fixed size.

Lemma 5.8 (Restriction to fixed size subsets). For the UDIS] matrix M, let M. be the submatrix for
sets of size k. Then for 0 < e <1

C[My|ANnB=0]> %—O(nl_g) fork =n/4 + On'=).
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Proof. The proof is similar to the one in Theorem however now we have to account for loss
of common information due to dependence of the pairs A;, B;.

First we replace the condition ANB = @ with D = 0, Cwith C, D from Theorem Any seed
ITfor A, Bgiven ANB = ( can be introduced to be independent of C given A, B. Therefore it will
also be a seed given D = 0, C. By symmetry, given either D = 0 or A N B = §, the distribution
of A, B will be uniform. In particular, as these conditions are independent of I1 given A, B, the
variables A, B, IThave the same joint distribution given either D = 0 or ANB = (. Hence (recall
that C is part of the probability space)

I1[ABTI|ANB=0]=1[ABTI|D=0]>1[ABII|D=0,Cl,

where the inequality follows from the independence of C and Il given A, B.
To estimate the loss due to dependence of the A;, B; observe that

H[A,B|D=0,CII] < ) HI[A;,B;]|D=0,CII].

ien]
Combining it with H [A,B|D =0,C,II] = H[A,B|D =0,C] —I[A, B;I1|D = 0, C] we obtain
I[A,BI1|D=0,C]>HI[AB|D=0,C]— Z H [A;,B;|D =0,C,II]. (15)

i€[n]
It therefore suffices to estimate both terms separately. First, we estimate H [A, B|D = 0, C].
Note that A, B, C is uniformly distributed given D = 0, with n! /k!? (n — 2k)! possible ways of
choosing A, B (two disjoint subsets of size k), and for each A, B there are 2"=2k choices for C.

n—2k

|
H[4,B|D =0,C] = H[A,B,C|D=0] - H[C|D = 0] 2 log e _n

(n — 2k)!

|
=1 I
8 12 (n — 2601

Second, we estimate H [A;, B;| D = 0, C,IT]. Given D; =0 for all j # i, which we denote by
D; in the following, the distribution of A;, B; is the following with a normalizing constant K:

— 2k = nH [2k/n] + O(logn) = n + O(logn).

]P’[Al- =x,B; :y|i)j]

_K (n—1)! 1 p—1 if (x,y) # (11,
k=)= (n—1 =2k +x+y)! 22k—x-y |p if (x,y) = (1,1),
=y (k—yg?(;l—)ll—zkﬂw)! is the number of values of A and B with A; = x and B; = y, and
—~— is the probability of D; = 0 for all j # i given such an A, B.

22k—x—y

where

Separating common factors for a better overview:

]P’[A,- =x,B; :y|£D]-]

0, if (x,y) = (0,0),
Kn—1)! 2k if (x,1) = _
= =, ,y) = (1,0) or (x,y) = (0,1),
K2(n—1-2k122% | " .
(P_l)mr if (X,y) =(1,1).

The assumption k = n/4+ Onl=%) provides 2k/(n—2k) = 1+ 0O(n™¢) and (2k)%/ (n=2k)(n—
2k + 1) = 1+ O(n~¢). Thus the probabilities are (with K a common factor)

a=TP[A; =0,B;=0[D;] =Kp,

B="P[A; =1,B;=0|D;] =Kol - O(m™)),
v=P[A;=0,B;=0]|D;] = Kp(1 - O(n~®)),
5=P[A |

]
=1,B; =1|D;] = K(p - (1 = O(n~*)).

]
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Lemma applies to the conditional distribution D; = 0 for all j # i with II replaced by
(I1,C; : j # i), and adding a subscript i to the other variables A, B, C, D in the lemma:

3\amax(B,7) + ay/8/ min(B, 7)
20+ B+y

—e —eyy [(e=DA-0(=%)
_3,0(1—O(n ) +p(1-0m"%)) a—omT)

4p(1— O(n=9))

H[Al',Bi|D = O,C,H] S

(16)

30(1-0(n%)) +p(1—-0(n~%)) (1 - M)

< 20(1-0(n—)
= 40(1 — O(n—¢))

1
_ 1 _ -
=1 _8p +0n%)

with the constant factor in the error term independent of i.
Finally, combining the estimates we obtain

I1[ABII[ANB=0]>HI[AB|D=0,C]- ) HI[A;,B]|D=0,CII]

i€[n]

1
>n+ O(logn) —n (1 —— + O(n_e)) - Oml=8). O
8p 8p
We will now briefly show that the estimation in is really the same as in Theorem
however accounting for the loss of independence.

Remark 5.9 (Estimating entropy instead of mutual information). In order to establish the link to
the estimation in Theorem observe that

H[A,B|D=0,C,MII] < > HI[A,;,B;|D=0,C,M,II]

ie[n]
H[A,B|D =0,C,M] —1[A,B;I1|D =0,C,M] <
Y H[A;,B;|D=0,C,M] —1[A;B;II|D =0,C,M]

ie[n]
and hence

I1[A,B;II|D=0,C,M] > Y 1[A;B;II|D =0,C,M]

i€[n]

+HI[A,B|D=0,C,M]- ) HI[A,;,B|D=0,CM].

i€n]
Finally, we combine adversarial removal and fixed size subsets:

Corollary 5.10. For the UDIS] matrix M, let M, be the submatrix for sets of size k. Let S be any
submatrix of M. obtained by deleting at most an a-fraction of rows and at most a B-fraction of columns
forsome0 < wa,B <1 Thenfor0<e<1

Proof. Note that because of symmetry, the marginal distributions of A and B are uniform given
ANB =0, hence

P[A¢S|ANB=0]=ua,
P[B&S|ANB=0]=8.
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Applying Theorem |5.6{and Lemma

C[S|ANB=0]>P[ABeS|ANB=0]C[S|ANB=0]-1log3
>C[M|ANB=0]—aH[A|[ANB=0]-BH[B|ANB=0]-1log3

= C[M|ANB =]~ @+p)log () 2 g ~ @+ PrEL(1/4) = O™, O

5.2 Adversarial and random flipping of bits

We will now analyze the behavior of the nonnegative rank of the UDIS] pattern provided we
allow for changing a large fraction of entries. Using Lemma|5.1) we can establish the following
lower bounds:

Theorem 5.11 (Random flipping of bits). Let 0 < 7 < 1/2 and p > 1 be parameters. Let M €
R2"%2" be the following random matrix

p — uab 1_‘fa N b = @/
M(a,b) :=3p—1+u, iflanb =1
>0 otherwise

with uy, € {0, 1} mutually independent random variables with P [u,, = 1] = 7 forall a,b. Then

rank, (M) > (] — o( il )) uzn(l—Zf)/B(p—‘r)
p=1)) p

with high probability.

Proof. The proof is similar to Lemma5.8, but now we have to account for the noise in the matrix,
too. We fix M, implicitly conditioning on it, and start with , which can be proved similarly:

I[ABII|D=0,C] > H[AB|D=0,Cl— Y H[A,B;|D=0,C1II].

ie[n]

We again estimate both terms separately. We start with H [A,B|D = 0,C].

Let D(a,b,c) be the value of D when A = 4, B = band C = c. For a given C let k be the
number of pairs (a,b) with D(a,b,C) = 0 and u,, = 1 (i.e., M(a,b) = p — 1). This appears in
probabilities involving D = 0:

2"0 —k
P[D=0[C]= =t~ |
2y M(x,y)
o 2"p —k _ 2"p—E[k]
P[D=0]=E lsz(x,y)] = S Gy
P[A=aB=bC=c|D=0]= P = tab provided D(a, b,c) = 0.

- 2n(2np — E [k])’
Estimating the entropy via the largest probability in the distribution:

2"(2"p — E [k])

H [A,B,C|D = 0] > log .

Therefore

2"p — E [k]

H [A,B|D =0,C] = H[A,B,C|D=0]-H[C|D = 0] > log (17)

<n
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Now we establish the concentration of E [k] with high probability depending on M. Observe
that k is the sum of the 1, for all disjoint pairs of subsets a,b of [1], and for a pair (a,b) there
are 2/"N\@UD) ways of choosing C to have D = 0, hence

2l[nI\(aub)| n

E[k] = Z 5 Uap = ZZ‘“X@, where X := Z Uyp. (18)
a,bC[n] =0 lal+|b]=¢
anb=0 anb=0

By Chernoff’s bound,
P [|X(% — TNy| > \/?Nf/‘*] < 2exp <_N€1/2) ,

where N := (})2' is the number of disjoint pairs a, b with |a| + |b| = €.
Restricting to |n/2 — (| < n3/4, clearly Ny > 2n/2-1%* and

P [30:n/2 - € < nd/4, X, — TN|| < VIN]'*] < 4n¥/d exp(—21/4-1712)
Outside the range |n/2 — {| < n3/% we have, again by Chernoff’s bound

2x< Y rN= Y () <2 exp(-n'?).

Gln/2—0>n3/4 Gln/2—0>n3/4 Gln/2—0>n3/4

Hence with probability 1 — exp(—Q(n))

n/2+n3/4 n/2+n3/4
27X, = ) 27 (TN + VTONY'))
t=n/2-n34 t=n/2-n3/4
n/2+4+n3/* n
= Y () (r+ Vo)
(=n/2—n3/4
=2"(1 — O(exp(—n/2)))T + JTO((1 4+ 2~ /4y,
P
Therefore
n/2+4+n3/*
E[k]= ) 27X +0Q"exp(-n!/?)) = 2"(1 - o(JT)). (19)
{=n/2—n3/4

We can now estimate the entropy of A, B:

2‘0_2(;_O(ﬁ)):n+logp—_T—o<g>- (20)

Finally we estimate H [A;, B;|D = 0,C,II]. Given D; = 0 for all j # i, the distribution of
A;, B; can be written, with a normalizing K, as:

HI[A,B|D =0,C] > log

(o — X /2" 1 /K, if (x,y) # (1,1)

P[A =xB =y|Vj#i:D,=0]= - 21
[ i i ]/| J ] ] {(p_1+X§’y)/2”_1)/K, if(x,y)z(l,l)/ ( )
where

X = y N U NGV

a,bCnl:a;=x,b;=y,
anb\{i}=0

This expression is E [k] for the submatrix defined by a; = x and b; = y, which is a version of M
for an n — 1-element set. Hence similar to 1) with probability 1 — exp(—Q(n))

X =211 - o(¥T)). (22)

21



Under these circumstances we now apply Lemma 5.1 to the conditional distribution D; = 0
for all j # i with I1 replaced by (11, Cj : j # i), and adding a subscript i to the other variables
A,B,C,D in the lemma:

3\/1x max (B, ) + a\/é/ min (g, y)
20+ B+ 1y

o L p-Ltrro /D
3lp-ToT +(p-T 0<ﬁ)>m

B 4(p — T —0(JT))

H[Ai/BilD :O,C,H] S

(23)

3(0—T—0(¥T)) + (o — T—0(VT)) (1 - %)
4(p— T —0(VT))
:1——1_2T +o( VT )
8(0o—1) o—T
All in all, with probability 1 — exp(—)(n)) both and 1} hold, and the latter for all i.
Actually, the arguments above show the error term o(V7/(p — 7)) in is exponentially small

in n independent of i, which we will use in the final statement. Putting everything together, we
obtain

<

I[A,B;II|D=0,C] > H[AB|D=0,C]- Y HI[A,B;|D=0,C1II]

i€[n]

0—T JT 1-27 VT
>n+log -0 -n|l- +o0
p p—T 8(p—1) p—T

_ n(1-21) o p—T_O< ﬁ)
- 8(p—1) 8 ) p—T

O]

Remark 5.12 (Limits of Theorem. Observe that the matrix in Theorem contains a 2/? x
2"/2_submatrix of disjoint strings (supporting the rows on [11/2] and the columns on [n]\ [11/2]).
If the noise is large enough then these entries are very close to be chosen fully at random, so
that in this case the rank is roughly 2"/2 with high probability; hence so is the nonnegative rank
then. Therefore the bound in Theorem 5.11}is only meaningful for smaller levels of noise.

In view of Remark|5.12lwe now turn to the case of adversarial flips of entries. Using a similar
technique as in Theorem [5.11| we establish:

Theorem 5.13 (Adversarial flipping of bits). Let 0 < 7 < 1/10 and p > 1. Furthermore, let
M € R2"*2" be a matrix

0 — Ugp lfa nb=0,
M(a,b) :=3p—1+4+u, iflanb =1
>0 otherwise
with u,y, € {0,1} for all a, b so that at most a T-fraction of the u, ;, are 1 for the families
{a,bllal + b =Canb=0,a; =xb;, =y},
{a,bllal +|b| = ,anb = {i}},

forall0 < 0<n1<i<nandxy € {0,1}. Then rank, (M) > %2”“1_10”/8(9_”2.
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Proof. The proof is similar to Theorem hence we include only the differences here. First,
in lb we have X; < TN, hence

K<) wNg=12". (24)
=0

Therefore via 1}

2" — E [k
H[A,B|D:O,C]210ng[]2n+logp

Formula 1i still provides the distribution of A;, B; given D; = 0 for all j # i. Similarly to
, Xy <’> < 12" follows from the assumptions. Instead of . we obtain

3\/zxmax(ﬁ,'y) + a\/é/ min(f,y)
20+ B+
< 3o0+pJ(e—1+1)/(0p— 1)
- -1 (25)
- 30+p(1-125)
- 4(p — 1)

P (1_ 1—27)
-1 8(o—1))"

I[A,B;II|D =0,C] > H[A,B|D=0,C]- Y HI[A;B|D=0,C1II]

All in all, we obtain

i€n]
pP—T P 1=t
>n+log ; np_T(l 8(,0—1'))
p(1—107)+8r lgp—r 0
8(p — 1)2

5.3 Application to (approximate) extended formulations

We will now prove that the approximate extension complexity of the pair P, Q from Subsec-
tion 4.1/ remains high even if vertices of P and facets of Q are removed. Recall that the vertices
of P are considered as possible cliques, and the facets of Q as stable sets.

Let Py be the convex hull of vertices of P corresponding to subsets of size k. Similarly, let Qy
be the polyhedra defined by facets of Q corresponding to subsets of size k. Restricting to fixed
size cliques and subgraphs, Lemma readily provides

Corollary 5.14. Let 0 < e < 1. Then
log xc(Py, pQy) = _,0 — Ot fork=mn/4+ Onl-2).
Let P* be the polytope obtained from P by removing at most an a-fraction of the vertices
corresponding to cliques of size k for every 0 < k < n. Similarly, let Qf be the polyhedron

obtained from Q by removing at most a B-fraction of the facets corresponding to subgraphs of
size k for every k. For adversarial removal, we apply Corollary

Corollary 5.15. Let 0 < «, 8 < 1. Then
1
log xc(P*, pQP) > <% —(a+ ,B)) n —log3.
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Let Py be the polytope obtained from P; by removing at most an a-fraction of the vertices.
Similarly, let Qf be the polyhedron obtained from Qj by removing at most a S-fraction of the
facets. Once more, we combine adversarial removal with fixed size objects as in Corollary|5.10

Corollary 5.16. Let 0 < a,f <1and 0 < e < 1. Then

log xc(P%, 0QF) > (% —(a+pH [1/4]) n—0m=¢)  fork=n/4+O0On'~).

6 Approximate fooling sets

If M is a nonnegative matrix, a fooling set F for M is a set of row-column indices so that M (a, b) #
0 for all (a,b) € J_and for distinct (aq,bq), (ay,b,) € J either M(ay,b,) = 0 or M(a,,by) =
0. Using Lemmas [3.4| and [3.5/ we obtain a strengthened version of the fooling set method by
relaxing the above condition.

Corollary 6.1 (Information theoretic fooling set method). Let M be a nonnegative matrix and let
F = {(a;,b;) |i € [L1} be a set such that M(a,b) # 0 for all (a,b) € F. Then

M(aq,by)M(ay, by)
M(ﬂ1,b1 )M(Clzz bz)’

1
log rank , (M) > y(F, M) := log | F| — m Z \l
(a1,b1),(az,bp)EF
(}11/%71)752(522/%)

where y(F, M) is the information bound of M from F. The function y(F,-) is continuous in M.

Proof. The continuity of y(F,-) is clear, so we only prove the lower bound.

Let A, B be the random row-column pair in the induced distribution of M. Let Z be a uniform
random variable taking values in F, and I, a seed with range size of the nonnegative rank
of M, which exists by Lemma 3.4, We define a random variable IT by setting its conditional
distribution given Z, namely, (I1|Z = (a.b)) := (IIy|A = a,B = b). Thus Il may differ from I,
nevertheless I inherits H of Lemma 3.5 from IT,. Together with Lemma 2.5/applied to Z and
IT:

logrank (M) > 1[Z; 1] > log |F| — % Z (1 =h?(INZ = z;11Z = zy))

| | z1,ZpErange(Z)

Z1#2p
1 M(ay, by)M(az, by)
>log|F- — Y \! | .
7] (ay,b1),(ap,b)EF M(aq,by)M(ay, by)

(ay,b1)#(az,by)

Remark 6.2. Observe that \/ % measures the deviation of being rank-1 for the 2x2
submatrix formed by a4, a,, by, b,. In particular, it is 1 if and only if the submatrix is rank-1.

A lower bound similar to Corollary |6.1{ can also be obtained with a trace-based method
Gillis et al.|[2013].
6.1 Application to (approximate) extended formulations

We can immediately strengthen known fooling set results in terms of inapproximability. We
can typically do better than the following corollary by taking the actual values in a slack matrix.

Corollary 6.3 (Weak inapproximability from fooling sets). Let M be a nonnegative matrix and
let 7 = {(a;b;) | i€ [L]} be a fooling set for M. We define §_ := min, ey M(a,b) and 5, =
MaX (5. ) (ayby)eF M@y, b2). Let us assume 6_ < 26,.. Then for any (p — 1)-shift M of M with

. 2
o1 (ar)
=5, -1

and 0 < a < |F| we have rank (M) > a.
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Proof. As M is a (p — 1)-shift, we have M(a,b) = M(a,b) + (o — 1) for all a,b. We obtain with
Corollary

M(ay, by)M(ay, by)
M(ay, by)M(ay, by)

log rank, (M) > log |F| — 1 Z \J

|j:| (a1,b1),(az,bp)EF
(ay,b1)#(az,by)

1 Z \’(M(al,bz) +p0—1)(M(ap, by) +p—1)
(M(ay,by) +p = 1) (M(ap, by) + o= 1)

= log|J| -

|j-'Z| (a1,b1),(az,b2)EF
(ay,b1)#(az,by)

As F is a fooling set for M, we obtain that the latter is bounded from below by

! e-D@-1+0,)
log | F| - — \I
|j:| (al,bl),(g‘z‘,bz)ejj (,0 -1 + (S_)(p -1 + 5_)

(ay,b1)#(az,by)

Vo-D(p-1+0,)
p—1+0d_ '

=log |7 = (17 - 1) -

We now require

Jo-Dp-1+0,)

log 71— (17 -1) - -

> loga (26)

and approximating the solution for p —1 we obtain the claim. For the convenience of the reader,
we present a short verification: let

(3

It follows from the assumptions of the corollary:

(p—1+06_)° 1 52 (6, —6_)° 1
P-D@—-1+6,) -1, é,(p—1+6,) K
2K s—<5+;£—)251
which is just a rearranging of . O

Corollary 6.4 (Inapproximability of [0,1]"). Let P be a combinatorial n-cube and let Q be a p-
approximate EF of P with p — 1 = (4n)~2. Then size(Q) > V2. n

Proof. The fooling set F for [0, 1]" provided in|Fiorini et al. [2012a]] has size 2nand 6_ = 6, = 1.
With a := \/En we obtain with Corollarythat forp—1< (22n— 1))72, the (p — 1)-shift of

the slack matrix has nonnegative rank at least V2. n, proving the claim together with [Braun
et al.|[2012]. O

Remark 6.5. Compare the result in Corollary with the approximation Q of [0, 1]" given by
the simplex defined by the nonnegativity constraints and the inequality ex < n ( hence with
n + 1 inequalities) where e = (1,...,1). Now consider maxp x; = 1, however maxg Xy = 1.

In a similar way we can generalize [Fiorini et al., 2012a, Proposition 5.10] and [Fiorini et al.,
2012a, Proposition 5.11]. In fact, with Corollary [6.3|every fooling set for a matrix can be turned
into a lower bound on the nonnegative rank of a shift of that matrix, leading to lower bounds
for the approximate extension complexity.
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Corollary 6.6 (Inapproximability of the bipartite matching polytope). Let n > 4 and P be the
bipartite matching polytope and let Q be a p-approximate EF of P with p = 1+ ((2 — €)/(n + &) (n? +
2n — 1))2. Then size(Q) > n? + en.

It is not too hard to see that the approximate fooling set method is stronger than the fooling
set method. However, it is also subject to limitations stemming from the continuity of y(F, -).

Example 6.7. Let P C R” be a regular n-gon. Then xc(P) = @(logn). Now suppose that we
perturb P to PsothatPisa generic n-gon. Then xc(P) = Q(vn) (see Ben-Tal and Nemirovski
[2001], [Fiorini et al.|[2011])

Let M be a slack matrix for P. Suppose we start from an approximate fooling set F for M.
By slightly perturbing M to be a slack matrix for P we obtain by continuity of -y that

|r)/(j:/M) - ,)/(j:,M)l < g,

and we have that 27*M < rank, (P) = O(logn) by Lemma Thus 27" = O(logn)
and so we cannot obtain a strong lower bound for generic n-gons via the information theoretic
fooling set method.

Another example is given by a matrix that is close to the slack matrix of the matching poly-
tope.

Example 6.8. Let M € R2"*?" be the partial matrix that is defined as

lanbl—e ifanb#0,
>0 otherwise.

M(a,b) := {

disjointness; Razborov| [2012]). On the other hand, for ¢ = 0 we have rank(M) = n. With a
similar argument as in Example|6.7, we cannot find an information theoretic fooling set for M
with & > 0 small, of size larger than n.

Then for ¢ > 0 we have (,/j,) < rank(M) < rank, (M) (which follows from a reduction to

7 Concluding remarks

We introduced a new framework to lower bound the nonnegative rank of a matrix in terms of
common information which is in turn estimated via the Hellinger distance. We believe that this
framework is more widely applicable to lower bound the nonnegative rank of many other ma-
trices and hence can be used to lower bound the extension complexity of a variety of polytopes.
Our estimations on the common information are (almost) optimal for the UDIS] matrix and its
variants. Also, our approach immediately generalizes to higher dimensional tensors and the
estimations remain virtually the same.
We would like to conclude with several open questions.

Question 7.1. For which other explicit nonnegative matrices can we compute strong lower bounds on
the common information?

Question 7.2. Does the rectangle covering bound/rectangle corruption bound have an information the-
oretic analog?

These bounds subsume the fooling set bound and the bound of the logarithm of the number
of faces. The latter two are incomparable in general, e.g., the fooling set bound is better for
[0,1]" (2n vs. nlog 3) and worse for the regular n-gon (® (log 1) vs. 5) (see|Fiorini et al.|[2012al]).

Question 7.3. Is the approximate fooling set method limited in a way similar to the classical fooling set
method?

Question 7.4. Is £5n the exact bound on common information in Theorem ? Is there a better

condition providing larger common information?
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A Omitted proofs and remarks
A.1 Mutual information estimation of Proposition

Even though the mutual information can be computed directly, we present a short calculation
explaining the terms of the formula. Let I(A = B) denote the indicator of the event A = B,
which is independent of I1. Also note that A, B and I1I are independent given A = B. These
independences imply

1[A,B;TI] = I [A,B;I1|I(A = B)]
=P[A=B]-I1[ABII|A=B]+P[A+B]-1[ABII|A # B]
0
= P[A#B](H[A,B|A#B] - HI[AB|A# B,II))

_2 1+JE_£ ’
_4_5(1—H[ s ]>_4m2+ow>

For the conditional mutual information, we follow a straightforward approach:

1 1 1 1
]I[B,H|A:0]:]HI[B|A:0]—IH[[B|A:O,H]:1—§H[2+ﬁ]—§H[2_ﬁ],

and similarly with A, B exchanged. Hence

I[A,BII|A=0]+1[A, B;I1|B =0]
2

R S I S o2
=iyt oy Al T2 2 A Teme T ().

Finally, let I'T be arbitrary making A, B independent, and ¢ = 1. It follows

I[A,B;I1|D =0,C] =

H [A, B|IT] = H [A|I1] + H [B|II]

2 2 4
= SHIA|TL,B = 0] + ZH [B|I,A = 0] = 7H[A,B|T,D = 0,C].

Note that, e.g.,
H[A|II] =H[A|I,B]=P[H[A|I],B=0]|B=0]+P[H[A|I],B=1]|B=1]

2
= ZHIA|ILB=0],

asH[A|ILB=1]=0.
We conclude that I[A, B;TT] = 31 [A,B;T1|D =0,C] + H[A,B] — $H [A,B|D =0,C], as
claimed. The entropies are easily calculated as

H[A,B] =log3,
H[A,B|D =0,C] = 1.
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