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Abstract

We initiate a study of non-interactive proofs of proximity. These proof-systems
consist of a verifier that wishes to ascertain the validity of a given statement, using a
short (sublinear length) explicitly given proof, and a sublinear number of queries to its
input. Since the verifier cannot even read the entire input, we only require it to reject
inputs that are far from being valid. Thus, the verifier is only assured of the proximity
of the statement to a correct one. Such proof-systems can be viewed as the NP (or
more accurately M.A) analogue of property testing.

We explore both the power and limitations of non-interactive proofs of proxim-
ity. We show that such proof-systems can be exponentially stronger than property
testers, but are exponentially weaker than the interactive proofs of proximity studied
by Rothblum, Vadhan and Wigderson (STOC 2013). In addition, we show a natural
problem that has a full and (almost) tight multiplicative trade-off between the length
of the proof and the verifier’s query complexity. On the negative side, we also show
that there exist properties for which even a linearly-long (non-interactive) proof of
proximity cannot significantly reduce the query complexity.

*This is a revised version of [GR13c]. The main changes are the addition of Sections 5 to 7
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1 Introduction

Understanding the power and limitations of sublinear algorithms is a central question in the
theory of computation. The study of property testing, initiated by Rubinfeld and Sudan
[RS96] and Goldreich, Goldwasser and Ron [GGR98], aims to address this question by con-
sidering highly-efficient randomized algorithms that solve approximate decision problems,
while only inspecting a small fraction of the input. Such algorithms, commonly referred to
as property testers, are given oracle access to some object, and are required to determine
whether the object has some predetermined property, or is far (say, in Hamming distance)
from every object that has the property. Remarkably, it turns out that many natural prop-
erties can be tested by making relatively few queries to the object.

Once a model of computation has been established, a fundamental question that arises is
to understand the power of proof-systems in this model. Recall that a proof-system consists
of a powerful prover that wishes to convince a weak verifier, which does not trust the prover,
of the validity of some statement. Since verifying is usually easier than computing, using the
power of proofs, it is often possible to overcome limitations of the basic model of computation.
In this paper we study proof-systems in the context of property testing, with the hope that
using proofs, we can indeed overcome inherent limitations of property testing.

Thus, we are interested in proof-systems in which the verifier reads only a small fraction
of the input. Of course we cannot hope for such a verifier to reject every false statement.
Instead, as is the case in property testing, we relax the soundness condition and only re-
quire that it be impossible to convince the verifier to accept statements that are far from
true statements. Such proof-systems were first introduced by Ergiin, Kumar and Rubinfeld
[EKRO04] and were further studied recently by Rothblum, Vadhan and Wigderson [RVW13]
who were motivated by applications to delegation of computation in sublinear time. Roth-
blum et al. [RVW13] showed that by allowing a property tester to interact with an untrusted
prover (who can read the entire input), sublinear time verification is indeed possible for a
wide class of properties. As in the property testing framework, the tester is only assured of
the proximity of the input to the property and hence such protocols are called interactive
proofs of prozimity (ZPPs).

1.1 The Notion of MAP

In this work, we also consider proofs of proximity, but restrict the verification process to be
non-interactive. In other words, we augment the property testing framework by allowing the
tester full and free access to an (alleged) proof. Such a proof-aided tester for a property II, is
given oracle access to an input x and free access to a proof string w, and should distinguish
between the case that x € II and the case that x is far from II while using a sublinear number
of queries. We require that for inputs x € II, there exist a proof that the tester accepts with
high probability, and for inputs x that are far from II no proof will make the tester accept,
except with some small probability of error.



This type of proof-system can be viewed as the property testing analogue of an NP
proof-system (whereas ZPP is the property testing analogue of ZP). However, in contrast
to polynomial-time algorithms, sublinear time algorithms inherently rely on randomization.'
Since an NP proof-system in which the verifier is randomized is known as a Merlin-Arthur
(MA) proof-system, we call these sublinear non-interactive proof-systems Merlin-Arthur
proofs of proximity or simply MAPs.

Following the property testing literature, we consider the number of queries that the
tester makes as the main computational resource. We ask whether non-interactive proofs
can reduce the number of queries that property testers make, and if so by how much. (We
note that [RVW13] showed that it is possible to significantly reduce the query complexity
of property testers using interactive proofs, but their proof systems rely fundamentally on
two-way interaction.)

Given the (widely believed) power of proofs in the context of polynomial-time computa-
tion, one would hope that proofs can help decrease the number of queries that is needed to
test various properties. This is indeed the case. In fact, for every property II, consider a
proof-system for the statement x € II, wherein the proof w is simply equal to z. In order to
verify the statement, the tester need only verify that indeed w € II and that w is close to z
(i.e., that the relative Hamming distance between w and x is a small constant). The former
check can be carried out without any queries to x, whereas for the latter a constant number
of queries suffice. Thus, using a proof of length linear in the input size, any property can
be tested using a constant number of queries (furthermore, the tester has one-sided error).
In contrast, there exist properties for which linear lower bounds on the query complexity of
standard property testers are known (cf. [GGRIS]).

The foregoing discussion leads us to view the proof length, in addition to the number of
queries, as a central computational resource, which we should try to minimize. Thus, we
measure the complexity of an MAP by the total amount of information available to the
tester, namely, the sum of the MAPs query complexity (i.e., the number of queries that
the tester makes) and proof complexity (i.e., the length of the proof). In this work we study
the complexity of MAPs in comparison to property testers and to the recently introduced

IPPs.

A Concrete Motivation. We note that the non-interactive nature of such proof-systems
may have significant importance to applications such as delegation of computation. Specif-
ically, consider a scenario wherein a computationally weak client has reliable query access
to a massive dataset x. The client wishes to compute a function f on x, but its limited
power, along with the massive size of the dataset, prevents it from doing so. In this case,
the client can use a powerful server (e.g., a cloud computing provider) to compute f(x) for
it. However, the client may be distrustful of the server’s answer (as it might cheat or make
a mistake). Thus, an MAP for f can be used to verify the correctness of the computation

Tt is not difficult to see that the sublinear time deterministic computation or even verification is limited
to trivial properties (cf. [GS10Db]).



delegated to the server: Given access to x, the server can send the value y = f(x), together
with a proof of proximity that ascertains that z is close to a dataset 2’ for which f(x') = y.
The latter can be verified using an MAP verifier that makes only a small number of queries
to x.

We emphasize that the advantage in using non-interactive proofs of proximity (rather
than interactive ones) is not only in removing the need for two-way communication, but also:
(1) the proof can be “annotated” to the dataset by the server in a cheap off-line phase; and
(2) the proof can be re-used for multiple clients.

The Computational Complexity of Generating and Verifying the Proof. Asnoted
above, we view the number of queries and proof length as the main computational resources.
It is natural to also consider the computational complexity of generating and verifying the
proof. However, in this work our main focus is on the query and proof complexities. Still,
we note that unless stated otherwise, our protocols can be implemented efficiently (i.e., in
polynomial-time).

Comparison with PCPs of Proximity. PCPs of proximity (PCPPs), studied by Ben-
Sasson et al. [BSGH™06] and by Dinur and Reingold [DR06] (where they are called assignment
testers) are also non-interactive proof-systems in which the verifier has oracle access to an
object, and needs to decide whether the object is close to having a predetermined property.
However, PCPPs differ from MAPs in that the verifier is only given implicit (i.e., oracle)
access to the proof, whereas in MAPs, the verifier has free (explicit) access to the proof.
Indeed, in contrast to MAPs, the proof string in PCPPs is typically of super-linear length
(but only a small fraction of it is actually read at random). Thus, PCPPs may be thought of
as the PCP analogue of property testing, whereas MAPs are the NP analogue of property
testing.

In fact, considering a variety of non-interactive proof-systems that differ in whether the
main input and the proof are given explicitly or implicitly, leads to the taxonomy depicted
in Table 1.1. Interestingly, the three other variants, corresponding to NP, PCP and PCPP,
have all been well studied. Thus, we view the notion of MAPs as completing this taxonomy
of non-interactive proof-systems.

Access to Proof

Access to Main Input Explicit Implicit (Oracle)
Explicit NP or MA PCP
Implicit (Oracle) MAP (this work) PCPP

Table 1: Taxonomy of non-interactive proof-systems.



1.2 The Power of MAP

The first question that one might ask about the model of MAPs is whether proofs give
a significant savings in the query complexity of property testers (indeed, such savings are
the main reason to introduce a proof-system in the first place). Given the above discussion
on the importance of bounding the proof length, we seek a savings in the query complexity
while using only a relatively short proof. Our first result shows that indeed there exists a
property for which a dramatic saving is possible:

Informal Theorem 1 (see Theorem 3.1). There exists a property that has an MAP that
uses a logarithmic-length proof and only a constant number of queries, but requires n°9%
queries for every property tester.

Here and throughout this work, n denotes the length of the object being tested.

Having established an exponential separation between property testers and MAPs we
continue our study of MAPs by asking how many queries can be saved by slightly increasing
the length of the proof. The following result shows a property for which an (almost) tight
full multiplicative trade-off exists between the number of queries and length of the proof:

Informal Theorem 2 (see Theorem 3.16). There exists a property I1 such that for every
p > 1, there is an MAP for 11 that uses a proof of length p and makes n0 2% queries.
Furthermore, for every p, the trade-off is (almost) tight.

Recall that for property testers huge gaps may exist between the query complexity of
testers that have one-sided error and the query complexity of testers that have two-sided
error (where a one-sided tester is one that accepts every object that has the property with
probability 1). Notable examples for properties for which such gaps are known are Cycle-
Freeness in the bounded degree graph model (see [CGR712]) and p-Clique in the dense graph
model (see [GGRI8]). In contrast, we observe that such gaps can not exist in the case of

MAPs.

Informal Theorem 3 (see Theorem 4.3). Any two-sided error MAP can be converted to
have one-sided error with only a poly-logarithmic overhead to the query and proof complexi-
ties.

Since every property tester can be viewed as an MAP that uses an empty proof, as
an immediate corollary, we obtain a transformation from every two-sided error property
tester into a one sided MAP that uses a proof of only poly-logarithmic length (with only a
poly-logarithmic increase in the query complexity). Moreover, since (as noted above) there
are well known properties for which one-sided error property testing is exponentially harder
than two-sided error property testing, Informal Theorem 3 implies an exponential separation
between MAPs (with poly-logarithmically long proofs) and one-sided error property testing.
We note that Informal Theorem 1 shows such a separation for the more general case of two-
sided error.



We note that all of the explicit properties that were discussed thus far are properties
“with distance”; that is, properties for which every two objects that have the property are
far apart. In other words, the set of objects forms an error-correcting code. This distance,
along with a form of local self-correction, is a crucial ingredient of the foregoing MAPs. In
contrast, all of the properties described next are properties “without distance”. Hence, the
power of MAPs is not limited to properties with distance.

MAPs for parameterized concatenation problems. We identify a family of natural
properties, for which it is possible to construct efficient MAPs, by using a generic scheme.
Specifically, for every problem that can be expressed as a parameterized concatenation prob-
lem, we show how to construct an efficient MAP that allows a trade-off between the query
and proof complexity. Loosely speaking, a property II is a parameterized concatenation prob-
lem if IT = II,, x --- x II,,, for some integer k, where each property II,, is a property
parameterized by «;.

Using this generic scheme, we obtain MAPs for a couple of natural problems, including:
(1) approximating the Hamming weight of a string, and (2) graph orientation problems. (For
more details, see Section 6).

MAPs for graph properties. To see that MAPs are also useful for testing graph prop-
erties, we consider the problem of testing bipartiteness in the bounded-degree graph model.
We construct an MAP protocol for verifying bipartiteness of well-mizing graphs, with proof
complexity p and query complexity g, for every p,q such that p- g > N (where N is the
number of vertices in the graph). In particular, we obtain an MAP verifier that uses a
proof of length N?/3 and makes only N'/3 queries. This stands in contrast to the Q(v/N)
lower bound on the query complexity of property testers (which do not use a proof), shown
by Goldreich and Ron [GR02].

We note that in the dense graph model, testing bipartiteness (or more generally k-
colorability) can be easily done using only O(1/e) queries (where ¢ represents the desired
proximity to the object) when given a proof that is simply the k-coloring of the graph (which
can be represented by N log, k bits where N is the number of vertices and k is the number of
colors).” In contrast, for standard property testers such query complexity is impossible (see
[BT04]). We note that a similar protocol (described as a PCPP) for testing bipartiteness in
the dense graph model was suggested in [EKR04] and in [BSGH™06].

MAPs for sparse properties. If a property is relatively sparse, in the sense that it
contains only ¢ objects, then a proof of length log, ¢ (which fully describes the object) can
be used, and only O(1/¢e) queries suffice to verify the proof’s consistency with the object.
Using this observation we note that testing k-juntas and k-linearity can be verified using

ZNote that the size of the tested object is N2, and so N log, k is sublinear in the input size. In order to
verify this proof, the verifier chooses O(1/¢) edges at random and accepts if all are properly colored.



only O(1/¢) queries and a proof of length O(klogn), whereas a lower bound of Q(k) queries
is well-known for standard property testers (cf. [Blal0]).

1.3 The Limitations of MAP

In the previous section, we described results that exhibit the power of MAPs. But what
are the limitations of MAPs? As discussed above, a proof of linear length suffices to
reduce the query complexity to O(1/¢). Moreover, Informal Theorem 1 shows that even a
logarithmically long proof can be extremely useful for a specific property. Thus, it is natural
to ask whether even a sublinear proof can reduce the query complexity for every property.
The following result shows that for almost all properties, even a proof of length n/100 cannot
improve the query complexity by more than a constant factor.

Informal Theorem 4 (see Theorem 5.1). For “almost all” properties, every MAP verifier
that uses a proof of length n/100, must make 2(n) queries.

Although Theorem 5.1 holds for most properties, finding an explicit property for which
a similar statement holds remains an interesting open question.

Since Informal Theorem 4 shows that even a relatively long proof cannot help in general
for every property, one might ask whether there are specific properties for which short proofs
do suffice. As was shown in Informal Theorem 1, this is indeed the case and a logarithmically
long proof allows for an exponential improvement in the query complexity for a specific
property. But can an even shorter, say constant-size proof, help? Unfortunately, the answer
is negative since an MAP with query complexity g and proof complexity p can be emulated
by a property tester that enumerates all possible proofs and makes a total of O(Qp'q) queries.
Still, are there any further limits to how proofs can help a tester?

We first note that the ability to query the object in a way that depends on the proof
is essential to the power of MAP. In contrast, consider proof-oblivious queries MAPs,
which are M APs in which the verifer’s queries are independent of the provided proof. Such
MAPs can be viewed as a two step process in which the verifier first (adaptively) queries
the object and only then it receives the proof and decides whether to accept or reject based
on both the answers and the proof. We say that such MAPs have proof oblivious queries.

Interestingly, the following result shows that MAPs with proof-oblivious queries can
provide at most a quadratic improvement over standard property testers.

Informal Theorem 5 (see Theorem 4.2). If a property I1 has an MAP that makes q proof
oblivious queries and uses a proof of length p, then I1 has a property tester that makes O(q-p)
QUETTES.

By Informal Theorem 1, the restriction to proof oblivious queries is a necessary precon-
dition for Informal Theorem 5 (and indeed, the MAP verifier of Informal Theorem 1 must
make proof-dependent queries).



Having inspected the relationship between MAPs and property testing, we proceed to
consider the relationship between MAPs and ZPPs. Recall that MAPs are actually a
special case of ZPPs in which the interaction is limited to a single message sent from the
prover to the verifier. When comparing MAPs and ZPPs it is natural to compare both
the query complexity and the total amount of communication with the prover (which in the
case of MAPs is simply the length of the proof).

The following theorem shows that ZPPs are stronger than MAPs not only syntactically
but also in essence. We show that even 3-message ZPPs may have exponentially better
query complexity than MAPs (while using the same amount of communication). Moreover,
we show that ZPPs with poly-logarithmically many messages (of poly-logarithmic length)
can also have exponentially better communication.

Informal Theorem 6 (see Theorem 3.23 and Theorem 3.25). There exists a property I1 such
that on the one hand, any MAP for I with proof of length n®*°t°M) has query complexity
n0-499+e() “and on the other hand, I1 has:

1. A 3-message TPP that makes polylog(n) queries while using a total of n®4*+°W) com-
munication.

2. An TPP with only polylog(n) query and communication complezities but using a poly-
logarithmic number of messages.

1.4 Techniques

Many of our results (in particular Informal Theorems 2 and 6) are based on a specific
algebraic property, which we call Sub-Tensor Sum and denote by TensorSum. Let F be a
finite field and let H C F. We consider m-variate polynomials over F that have individual
degree d. The TensorSum property contains all such polynomials whose sum on H™ equals
0. That is, TensorSum contains all polynomials P : F™ — F of individual degree d such that

> Px)=0.

Selecting |F|, m, d and |H| suitably (as poly-logarithmic functions in the input size n = |F|™),
we obtain the following roughly stated upper and lower bounds for TensorSum (for the formal

statements, see the technical sections):
1. PT: The query complexity of testing TensorSum (without a proof) is ©(n%999%e(1)

queries.

2. MAP: The MAP complexity of TensorSum is © (n*499%£()) . Moreover, for every
p > 1, the MAP query complexity of TensorSum with respect to proofs of length p is

1,0-999%0(1)
@( ).

3The choice of the constant 0 is arbitrary.




3. ZPP[3]: TensorSum has a 3-message ZPP with query complexity polylog(n) and
communication complexity O (n%499+o)).

4. ZPP: TensorSum has an ZPP with query and communication complexities polylog(n).
However, in contrast to Item 3, this ZPP uses poly-logarithmically many messages.

To get a taste of our proofs, consider the (relatively) simple case wherein we restrict the
TensorSum property to dimension m = 2 and a field F of size y/n (i.e., bivariate polynomials
over a field of size y/n). Naturally, we call this variant the Sub-Matriz Sum property and
denote it by MatrixSum. Note that MatrixSum contains all polynomials P : F? — F of
individual degree d = |F|/10 such that

Z P(z,y) =0.

ryeH

As an MAP proof to the claim that the polynomial P is in MatrixSum, consider the
univariate polynomial Q(x) = > yen P(x,y). To verify that P is indeed in MatrixSum the

verifier acts as follows:

L If Y oy Q(z) # 0, then reject.

2. Verify that P is (close to) a low degree polynomial and reject if not. This can be done
with O(d) queries via the classical low degree test (see Theorem A.8).

3. Verify that @) is consistent with P. Since both are low degree polynomials, it suffices
for the verifier to check that Q(r) = > _, P(r,h) for a random r € F.

Actually, a technical difficulty arises from the fact that P can only be verified to be
close to a low degree polynomial. The naive solution of reading every point via self-
correction is too expensive in the case of MatrixSum. While it is possible to overcome
this difficulty using a slightly more sophisticated technique (to appear in a forthcoming
revision), the naive solution suffices for our actual setting of parameters (for TensorSum)
and so we ignore this difficulty here.

yeH

By setting |H| = O(|F|) we obtain an MAP with proof and query complexity O(y/n)
(since n = |F|*). Using more sophisticated techniques in the same spirit, we obtain both
MAP and ZPP upper bounds for the TensorSum problem.*

Our techniques for showing MAPs for properties that do not have distance (and a
structure that allows for self-correction) differ from the above. One class of problems that
we consider is that of parameterized concatenation problems. Such properties consists of
strings that are a concatenation of substrings, where each substring satisfies a particular

4We use TensorSum rather than MatrixSum because we do not know how to obtain an ZPP nor a full
trade-off between proof and query complexities for MatrixSum.



parameterized property. The actual parameterization is not known a priori to the tester, and
so an MAP proof that simply provides this parameterization turns out to be quite useful.
Given this parameterization, the MAP verifier can simply test each substring individually
(or a random subset of these substrings). Actually, in order to solve the problem more
efficiently, the different substrings are tested with respect to different values of the proximity
parameter by using a technique known as precision sampling (see [Goll3]).

As for our property testing lower bounds, we base these on the recently introduced tech-
nique of Blais, Brody and Metulef [BBM11]. The [BBMI11] methodology enables one to
obtain property testing lower bounds from communication complezity lower bounds. To ob-
tain MAP lower bounds, we extend the [BBM11] framework. We show that lower bounds
on the MA communication complexity of a communication complexity problem related to
a property II can be used to derive lower bounds on the MAP complexity of II.

M A communication complexity, introduced by Babai, Frankl and Simon [BFS86], extends
standard communication complexity by adding a third player, Merlin, who sees both the
input x of Alice and y of Bob and attempts to convince them that f(z,y) = 1 where f is the
function that they are trying to compute. We require that if f(z,y) indeed equals 1, then
there exist a proof for which Alice and Bob output the correct value (with high probability),
but if f(x,y) = 0, then no proof will cause them to output a wrong value (except with some
small error probability).

In order to show lower bounds for MAP we are thus left with the task of showing
lower bounds for related M.A communication complexity problems. Fortunately, Klauck
[K1a03] showed a strong lower bound for the set-disjointness problem, which we use in our
reductions. Additionally, we extend a recent result of Gur and Raz [GR13b] who give an M.A
communication complexity lower bound on the classical problem of Gap Hamming Distance.

We note that nearly all of the lower bounds shown in [BBMI11] are proved via reduc-
tions from the communication complexity problems of set-disjointness and gap Hamming
distance. Since these communication complexity problems have known M.A communication
complexity lower bounds (cf. [Kla03, GR13b]), these reductions, together with our extension
of the [BBM11] framework to MAPs, gives MAP lower bounds for the problems studied
in [BBM11] (e.g., testing juntas, Fourier degree, sparse polynomials, monotonicity, etc.).

Lastly, to prove Informal Theorem 4, which shows a property that requires Q(n) queries
even from an MAP that has access to a proof of length n/100, we use a technique that is
inspired by [GGR98], and also uses ideas from [RVW13]. In more detail, we note that M.APs
can be represented by a relatively small class of functions. Since this class of functions is
small, using the probabilistic method, we argue that a “random property” (chosen from
an adequate distribution) fools every MAP verifier in the sense that the verifier cannot
distinguish between a random input that has the property and a totally random input
(which will be far from the property).



1.5 Related Works

The notion of interactive proofs of proximity was first considered by Ergiin, Kumar and
Rubinfeld [EKR04] (where it was called approximate interactive proofs). More relevant to
our work is the recent work of Rothblum, Vadhan and Wigderson [RVW13] who initiated a
systematic study of the power of this notion. Their main result is that all languages in N'C
have interactive proofs of proximity with query and communication complexities roughly 1/n,
and polylog(n) communication rounds. On the negative side, [RVW13] show that there exists
a language in AN'C* for which the sum of queries and communication in any constant-round
interactive proof of proximity must be polynomially related to n.

The study of interactive proofs-systems (in the polynomial-time setting), of which the
class MA is a special case, was initiated in the seminal works of Goldwasser, Micali and
Rackoff [GMR&9] and Babai [Bab85]. In the last decade, M.A proof-systems were intro-
duced for various computational models. There is a rich body of work in the literature
addressing M.A communication complexity protocols (e.g., [Kla03, GS10a, Klall, Shel2]).
Aaronson and Wigderson [AW09] used M.A communication complexity lower bounds to
show that, for many fundamental questions in complexity theory, any solution will require
“non-algebraizing” techniques. In addition, in a recent line of research, the data stream
model was extended to support several interactive and non-interactive proof systems. The
model of streaming algorithms with non-interactive proofs was first introduced in [CCMO09]
and extended in [CMT13, GR13b, CCGT13]. Moreover, Cormode et al. [CMT12] have made
a significant step toward a practical implementation of the generic interactive proof-system
of Goldwasser et al. [GKRO8] for delegation of data stream computation.

Independently of this work, Fischer, Goldhirsh and Lachish [FGL13] introduced the no-
tion of partial testing, which is tightly connected to MAPs. A property Il is a said to be
[T'-partially testable, for IT" C II, if inputs in II’ can be distinguished from inputs that are far
from II by a tester that makes only few queries. As pointed out by [FGL13], an MAP(p, q)
for a property II is equivalent to the existence of sub-properties Iy, ..., IIs» C II such that
UsepeIL; = IT and for every ¢ € [2P], the property II is II;-partially testable using ¢ queries. In
our terminology, the main result of [FGL13] is that there exists a (natural) property IT such
that every MAP(p, q) for II must satisfy that p-¢ = Q(n). In contrast, Informal Theorem 2
shows a different property IT" for which p - ¢ = Q(n%%%). Furthermore, we also show an
(almost) matching upper bound for our property I’ (see Informal Theorem 2). We also note
that Informal Theorem 4 (see Theorem 5.1), which was discovered following the publication
of [FGL13], shows a property for which every MAP(p, q) must satisfy p+ g = Q(n); that is,
if p =n/100, then ¢ = Q(n). We note that the latter result also provides significant progress
on a question asked by [FGL13, Open Question 1.4]. Loosely speaking, Theorem 5.1 implies
that for every r there exists a property Il that can be tested with r queries, but every parti-
tion of Il into k properties I1y, ..., II, such that II is P;-partially testable with O(1) queries,
must satisfy that & = 247,

Our work has also found applications in unrelated studies. For example, Goldreich and
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Ron [GR13a] used Theorem 3.1 in order to show that proximity-oblivious testers do not
necessarily imply fair proximity-oblivious testers (where fair proximity-oblivious testers are
such in which every query is almost uniformly distributed).

Last, we note that Alon et al. [AFNS06] discussed the notion of non-deterministic property
testing of graphs, which was formally stated recently by Lovasz and Vesztergombi [LLV12],
and further studied by Gishboliner and Shapira et al. [GS13]. This model is a form of PCP
of proximity in which both the proof and verification procedure are restricted to be of a
particular form.

1.6 Organization

This paper’s organization differs from the order in which our results were reviewed in the in-
troduction, so that technically related results are grouped together. In Section 2 we formally
define MAPs and property testers (which are essentially MAPs with an empty string). In
Section 3 we formally state and prove all of our separation results, whereas in Section 4 we
prove our general transformation results. In Section 5 we show a property that is hard for
MAPs even given a (relatively) long proof. In Section 6 we consider M.APs for concatena-
tion problems and in Section 7 we show our MAP for verifying bipartiteness of well-mixing
graphs in the bounded degree model. Important background material is provided in Ap-
pendix A.

2 Definitions

In this section we formally define Merlin-Arthur proofs of proximity. We start by introducing
some relevant notations and standard definitions.

A property may be defined as a set of strings. However, since we mostly consider prop-
erties that consist of (non-Boolean) functions, it will be useful for us to use the following
(also commonly used) equivalent definition.

For every n € N, let D, and R, be sets. For simplicity we use the convention that
D,, = [n] (and R, will usually be of size much smaller than n). Let F,, be the set of all
functions from D, to R,. A property is an ensemble II = U, ¢y II,,, where II,, C F,,. In the
(rare) case that we test properties of strings (rather than functions), we view the n-bit string
x as a function I, : [n] — {0,1} where I,(i) = z; for all i € [n]. For the rest of this work,
it will sometimes be convenient for us to refer to IT as a problem (rather than a property),
where we actually refer to the testing problems that are associated with II (and are defined
in the following subsections).

Let z,y € ¥" be two strings of length n € N over a (finite) alphabet ¥. We define the

(absolute) distance of z and y as A (z,y) o H{x; #vyi + 1 € [n]}. If A(x,y) <e-n, then we
say that z is e-close to y, and otherwise we say that x is e-far from y. We define the distance
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of x from a set S C X" as A (z,95) o minges A (z,y). If A(z,S) <e-n, then we say that
x is e-close to S and otherwise we say that x is e-far from S. We extend these definitions
from strings to functions, while identifying a function with its truth table.

Notation. For a finite set S, we denote by x € S a random variable x that is uniformly
distributed in S. We denote by A/(x) the output of algorithm A given an explicit input
and implicit (i.e., oracle) access to the function f. Last, given a binary string s, we denote
its Hamming weight by wt(z).

Integrality Issues. Throughout this work, for simplicity of notation, we use the conven-
tion that all (relevant) integer parameters that are stated as real numbers are implicitly
rounded to the nearest integer.

2.1 Merlin-Arthur Proofs of Proximity

We are now ready to define Merlin-Arthur proofs of proximity.

Definition 2.1. A Merlin-Arthur proof of proximity (MAP) for a property 11 = Uenll,
consists of a probabilistic algorithm V', called the verifier, that is given as explicit inputs an
integer n € N, a prozimity parameter ¢ > 0, and a proof string w € {0, 1}*; in addition, it is
given oracle access to a function f € F,. The verifier satisfies the following two conditions:

1. Completeness: For every n € N and f € 11, there exists a string w (referred to as a
proof or witness) such that for every proximity parameter ¢ > 0:

Pr [V/(n,e,w) =1] >2/3.
where the probability is over the random coin tosses of the verifier V.

2. Soundness: For every n € N, function f € F,, string w, and proximity parameter
e >0, if f ise-far from 11, then:

Pr [V/(n,e,w) =1] <1/3.

where the probability is over the random coin tosses of the verifier V.

If the completeness condition holds with probability 1, then we say that the MAP has a
one-sided error and otherwise we say that it has two-sided error.

We note that MAPs can be viewed as a restricted form of the interactive proofs of
proximity, studied by [RVW13] (see Appendix A.1 for the definition of ZPP).
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An MAP is said to have query complexity ¢ : N x RT — N if for every n € N, ¢ > 0,
f € F, and any w € {0, 1}*, the verifier makes at most q(n, €) queries to f. The MAP is said
to have proof complexity p : N — N if for every n € N and f € II,, there exists w € {0, 1}7(")
for which the completeness condition holds.” If the MAP has query complexity ¢ and proof

complexity p, we say that it has complexity t(n, ¢) o q(n,e) + p(n).

For every pair of functions ¢ : N x RT — N and p : N — N, we denote by MAP5(p, q)
(resp., MAP1(p,q)) the complexity class of all properties that have an MAP with proof
complexity O(p), query complexity O(q) and two-sided error (resp., one-sided error). We
also use MAP as a shorthand for the class MAP,.

Note that we defined MAPs such that the proofs do not depend on the proximity
parameter €. Since our focus is on demonstrating the power of MAPs (and our lower
bounds refer to fixed valued of the proximity parameter), this makes our results stronger.
Nevertheless, see Appendix C for a discussion of the alternate notion, in which the proof
may depend on the proximity parameter.

Proof oblivious queries. An aspect of MAP proof-systems, which turns out to be very
important, is whether the queries that the verifier makes depend on the proof. An MAP in
which the queries do not depend on the proof may be thought of as the following two step
process:

1. The verifier is given oracle access to the object being tested. The verifier’s queries may
be adaptively generated (based on answers to previous queries).

2. After getting answers to all of its queries, the verifier is given explicit and free access
to the proof string (which is chosen obliviously of the verifier’s queries). Based on the
queries, answers and the proof, the verifier decides whether to accept or reject.

The foregoing discussion gives rise to the following definition.

Definition 2.2. An MAP verifier for a property 11 C {F,,},, is said to make proof oblivious
queries if for every n € N, function f € F,,, prorimity parameter € > 0, random string r and
two proof string w,w’ € {0,1}*, the MAP wverifier, given oracle access to f, the random
string r and explicit access to n, e, and given either the proof string w or w', makes the same
sequence of queries.

MA proximity-oblivious testing. We also present an MA version of proximity-oblivious
testing (defined in [GR11]). Loosely speaking, a proximity-oblivious tester (POT) is a testing

SWithout loss of generality, using adequate padding, we assume that there is a fixed proof length p(n)
for objects of size n. The latter can be complemented by restricting the soundness condition to hold only
for strings of length p(n) (rather than strings of arbitrary length), since the verifier can immediately reject
proofs that have length that is not p(n).
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algorithm that satisfies the following conditions: (1) it is oblivious of the proximity parameter
e (i.e., it does not get ¢ as part of its input) and (2) it rejects statements that are e-far from
true statements with probability that is some increasing function of €. A standard property
tester can be obtained by repeating the POT sufficiently many times.

We give a definition of one-sided error M. proximity-oblivious testers, and note that a
two-sided error variant of M.A proximity-oblivious testers can be defined similarly to [GS12].

Definition 2.3. Let p : (0,1] — (0,1] be some increasing function. A (one-sided error)
MA proximity-oblivious tester for a property Il = U;enll,, with detection probability p consists
of a probabilistic verifier V' that is given as explicit inputs an integer n € N and a proof
string w € {0, 1}*, and is given oracle access to a function f € F,. The verifier satisfies the
following two conditions:

1. Completeness: For everyn € N and f € 11, there exists a proof w such that:

Pr [V/(n,w) =1] = 1.

2. Soundness: For every n € N, function f € F,, and proof w, if f is e-far from 11,
then:
Pr [V/(n,w) = 0] > p(e).

(In both conditions the probability is over the random coin tosses of the verifier V'.)

We remark that a few of the MAPs presented in this work are based on corresponding
MA proximity-oblivious testers. The most notable example is the MAP in Theorem 3.3.

2.2 Useful Conventions

The proximity parameter. We view the proximity parameter as a function € = £(n).
For simplicity we assume that e(n) is a non-increasing function.

Our definition of MWAPs requires that soundness hold with respect to every value of
e > 0. However, throughout this work we sometimes find it convenient to restrict the
proximity to € € (0,¢&¢) for some constant ey € (0,1). We note that latter type of MAPs
can be extended to the more general form by simply running the base tester with respect to
proximity ¢ = min(e, gg) (incurring only a constant overhead).

Implicit input length and proximity parameter. Throughout this work, for simplicity
of notation, we use the convention that the input length n and proximity parameter € are
given implicitly to all testers and verifiers (e.g., when we write T we actually mean T (n, ¢)).

14



2.3 Property Testing

The standard definition of property testing may be derived from Definition 2.1 by restricting
both the completeness and soundness conditions to hold when the proof length is fixed to 0.
Hence, MAPs are a strict syntactic generalization of property testers. We will always refer
to a tester that uses a proof as an “MAP verifier” and reserve “tester” solely for (standard)
property testers that do not use a proof.

For a property II and a proximity parameter £ > 0, we denote by PT.(II) the minimum,
over all testers T for II, of the query complexity of T" with respect to proximity . For every
function ¢ : NxR™ — N, we denote by PT5(q) (resp., PT1(q)) the class MAP5(0,q) (resp.,
MAP1(0,q)). We also use PT as a shorthand for the class PT 5.

For a detailed introduction to property testing, see the surveys [Ron08, Ron09] and the
collection [Goll0a].

3 Separation Results

In this section we explore the power of M AP verifiers in comparison to other types of testers,
such as property testers and ZPP verifiers and present properties that exhibit a separation
between these different types of testers.

In Section 3.1 we show an exponential gap between the complexity of PT and MAP. In
Section 3.2 we show a problem that has an M AP with an (almost) tight multiplicative trade-
off between the proof length and number of queries. In Section 3.3 we consider 3-message
IPP verifiers and show that they may have exponentially smaller query complexity than
MAP verifiers (when using a proof of similar length). Finally, in Section 3.4 we also show
an exponential gap between the total complexity (i.e., query plus proof/communication com-
plexities) of MAP and general ZPP (which uses a poly-logarithmic number of messages).

3.1 Exponential Separation between P7 and MAP

In this section we show an exponential separation between the power of property testing
and MAP. Roughly speaking, we show a property that requires roughly n%%% queries for
every property tester but has an MAP that, while using a proof of only logarithmic length,
requires only a constant number of queries. We prove three incomparable variants of this
result.

Theorem 3.1. For every constant o > 0, there exists a property 11, that has an MAP that
uses a proof of length O(logn) and makes poly(1/e) queries for every e > 1/polylog(n), but
for which every property tester must make Q(n'~%) queries. Furthermore, the MAP has
one-sided error.
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A limitation of the foregoing theorem is that the proximity parameter is required to be
larger than 1/polylog(n). We also consider two incomparable variants of Theorem 3.1 that
let us handle general values of €. In Theorem 3.2 we do so but at the cost of increasing the
MAP query complexity to depend poly-logarithmically on n. In Theorem 3.3 we maintain
the poly(1/e) query complexity, at the cost of having a smaller (yet still exponential) gap
between the power of property testers and MAPs.

Theorem 3.2. For every constant a > 0, there exists a property 11, that has an MAP
that uses a proof of length O(logn) and makes poly(logn,1/¢) queries, but for which every
property tester must make Q(n'~%) queries. Furthermore, the MAP has one-sided error.

Theorem 3.3. There exists a universal constant ¢ € (0,1) and a property 1 that has an
MAP that uses a proof of length O(logn) and makes poly(1/e) queries (without limitation
on €), but for which every property tester must make n® queries. Furthermore, the MAP
has one-sided error.’

Note that all of the above separation results refer to the general (i.e., two-sided error)
classes PTy and MAP,. As noted in the introduction, a more restricted separation be-
tween the one-sided error classes (i.e., between PT; and MAP;) can be obtained by using
Theorem 4.3. We also note that a different proof of Theorem 3.3 is sketched in [FGL13]
who, using a result of Alon et al. [AKNS00], showed a property that requires Q(y/n) queries
(without a proof) but can be tested using only O(1/¢) queries and a proof of length O(logn).

3.1.1 Our Approach

The proof of Theorem 3.1 is heavily based on error correcting codes. Recall that a code is
an injective function C : ¥¥ — X" over an alphabet ¥. The relative distance of the code
is the minimal relative distance between every two (distinct) codewords, and the stretch of
the code is n when viewed as a function of k. Further necessary background is provided in
Appendix A 4.

As discussed in the introduction, the complexities of property testers and MAP verifiers
with proof oblivious queries are polynomially related (see Theorem 4.2). Thus, in order
to show an ezponential separation between PT and MAP, one has to use an MAP for
which the queries inherently depend on the proof. That is, the property II should satisfy the
following:

1. II can be efficiently verified by an MAP in which the queries are “strongly affected”
by the proof;

2. II is hard for property testers (and hence for MAPs with proof oblivious queries).

SWe remark that the proof of Theorem 3.3 can be adapted to yield an MA prozimity-oblivious tester
(see Definition 2.3) for II.
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Thus, intuitively, we seek a property that is based on a “hidden structure” that can be
tested locally if one knows where to look but cannot be tested locally otherwise.

As a first (naive) candidate, consider the property containing the set of all non-zero
strings. A short proof for this property could direct us to the exact location of a non-zero
bit, which can then be verified by a single query. However, the aforementioned property is
(almost) trivial — as all strings are close to a string with a non-zero bit. Hence, we seck a
robust version of this property.

This naturally leads us to consider an encoded version of the foregoing naive property. Fix
an error-correcting code C' and consider the property that contains all codewords that encode
non-zero strings. Assuming that the code is both locally testable and locally decodable (i.e.,
both an LTC and an LDC, see Appendix A.4), it is easy to test this property using an MAP
that simply specifies a non-zero coordinate of the encoded message. However, this property
may also be easy to test without a proof since all one needs to do is test that the string is
not the (single) encoding of the zero message but is (close to) a codeword.

To overcome this difficulty, we consider a “twist” of the foregoing property in which we
consider two codewords that must be non-zero on the same coordinate. That is, for every
code C, we define the encoded intersecting messages property, denoted by EIMs as:

EIM, & (C(2),C(y)) : 2,y € ¥, k€ Nand 3i € [k] s.t. ; # 0 and y; # 0},

where we assume that 0 € X. We note that we could have slightly modified our definition by
requiring that x; = y; = 1 (where the choice of 1 is arbitrary) rather than x;,y; # 0. Another
notable variant is obtained by requiring that > = {0, 1}; then the property EIM¢ contains
all pairs of codewords whose corresponding encoded messages (viewed as sets) intersect (i.e.,
are not disjoint).

For the lower bound, we only require that C' have constant relative distance and the
quality of the lower bound is directly related to the stretch of the code. For the upper
bound, in addition to the constant relative distance, we need C' to be both an LTC and an
LDC with small query complexities. Indeed, the query complexity of the MAP that we
construct is proportional to the number of queries required by the LTC and LDC procedures.

It is well known that (a proper instantiation of) the Reed-Muller code is both an LTC
and LDC with polylog(n) query complexities, and almost linear stretch. By instantiating
EIM with this code, we can obtain Theorem 3.2; namely, a property that has an M AP with
a proof of length O(logn) and polylog(n) query complexity, but requires an almost linear
number of queries by any (standard) property tester.

In order to obtain a result with constant MAP query complexity (as in Theorem 3.1),
we need a code that is both an LTC and an LDC, with constant query complexities. While
LTCs with constant query complexity (and almost linear stretch) are known, constructing
LDCs with constant query complexity (and polynomial stretch) is a major open problem in
the theory of computation. However, we observe that for our construction it actually suffices
that C' be a relazed-LDC. Relaxed-LDCs, introduced by Ben-Sasson et al. [BSGHT06], are a
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weaker form of LDCs in which the decoder is allowed to output a special abort symbol L
in case it is unable to decode a corrupt codeword. However, the decoder is not allowed to
abort when given as input a correct codeword. We refer the reader to Definition A.5 for the
formal definition.

Ben-Sasson et al. [BSGHT06] used PCPPs to construct an O(1)-relaxed-LDC with almost
linear stretch. Furthermore, [BSGH"06] argue that their relaxed-LDC is also a poly(1/¢)-
LTC. However, the LTC property only holds for proximity parameter £ > 1/polylog(n).
Thus, using the [BSGH'06] code, we (only) obtain Theorem 3.1. In addition, by combining
ideas and results of [BSGH"06] and [GS06] we construct an O(1)-relaxed-LDC that is also
a poly(1/e)-LTC for general values of € > 0, albeit with polynomial (rather than almost
linear) stretch. Using the latter result, which may be of independent interest, we obtain
Theorem 3.3.

Organization. In Section 3.1.2 we show that for every code C' : ¥*¥ — ¥" that is a t;-
relaxed-LDC and a ¢,-LTC, it holds that EIMc € MAP(logk,t1(n/2) + t2(n/2,¢/2)). In
Section 3.1.3 we show an Q(k/log |X|) lower bound on the query complexity of testing EIM¢a
(without a proof of proximity). In Section 3.1.4 we state the result of [BSGH"06] and derive
Theorem 3.1, and in Section 3.1.5 we prove Theorem 3.2 using an appropriate instantiation
of the Reed-Muller code. Lastly, in Section 3.1.6 we construct a poly(1/e)-LTC, which is also
an O(1)-relaxed-LDC (with polynomial stretch), and prove Theorem 3.3.

3.1.2 An MAP Upper Bound for EIM

Lemma 3.4. Let C : ¥ — X" be a code with constant relative distance that is a t;-
relazed-LDC and also a to-LTC. Then, EIMc € MAP: (logk,t1(n/2) + t2(n/2,£/2)).

Proof. We prove Lemma 3.4 by showing an MAP proof-system for proving proximity to
EIM¢. The proof of proximity for the statement (C'(x),C(y)) € EIM¢ is simply a coordinate
i € [k] such that the messages x and y are non-zero ¢ (i.e., z;,y; # 0). Given the proof i and
oracle access to a pair of strings («, 3), it suffices for the verifier to check that both a and
3 are close to codewords (using the LTC property) and if so to reconstruct the i*" symbol
of the underlying messages (using the relaxed-LDC property). (Lastly, it verifies that both
symbols are non zero.)

The full protocol is described in Figure 1, where §y € (0, 1) denotes the relative distance
of C, and 6 € (0,09/2) denotes the decoding radius of C' (i.e., strings that are d-close to
codewords are correctly decoded by the relaxed-LDC procedure).

Since the code is a t;-relaxed-LDC and a ot-LTC, the query complexity of the MAP is
2t1(n/2) + 2ty(n/2,e/2), and the proof complexity is log, k. We proceed to show that both
completeness and soundness hold.
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MAP for EIM¢ (where C' : Yk 5 27 is a tq-relaxed-LDC and a to-LTC)

Input: a proximity parameter £ € (0,20) (where 0 is the decoding radius) and oracle access to a
pair (a, 3) € X",

The Proof:

e Let z,y € F be the unique messages encoded in « and (3, respectively; that is, C () =«
and C(y) = B. Denote the i*" symbol of = by z;, and the i'" symbol of y by ¥;.

e The proof consists of a coordinate ¢ € [k] such that x; # 0 and y; # 0 (which exists, for
(o, B) € EIM).

The Verifier:

1. Run the local testing algorithm of C on « and on 8 with respect to proximity parameter
/2 and reject if either test rejects.

2. Run the (relaxed) local decoding algorithm of C to obtain the i*" message symbol of a,
denoted o, and the ™" message symbol of 3, denoted .

3. Accept if both ¢ # 0 and 7 # 0, and reject otherwise.

Figure 1: MAP for EIMg

Completeness. If (o, 3) € EIM,, then there exist x,y € X* such that a« = C(z) and 8 =
C(y), and therefore the local testing algorithm succeeds. Since the proof consists of a
coordinate ¢ for which x;,y; # 0, and the local decoding algorithm always succeeds, the
MAP verifier always accepts.

Soundness. Suppose that («, 8) is e-far from EIM¢c and let i € [k] be some alleged proof to
the false statement («, 3) € EIM¢. There are two possible scenarios to consider:

1. either «a or § are ¢/2-far from C'; or

2. both o and 3 are £/2-close to C.

In the first case, with probability at least 1/2, the local testing algorithm will fail and
therefore the MAP verifier rejects with probability at least 1/2. We proceed to the second
case.

Suppose that both a and 3 are £/2-close to the code. Then, there exist unique z,y € X*
s.t. a is €/2-close to C(x) and S is €/2-close to C(y), where uniqueness holds since £/2 <
d < 6o/2. However, since («, f3) is e-far from having the property EIM¢, this implies that
either z; = 0 or y; = 0 (where 7 is the alleged proof). Thus, when running the relaxed local
decoding algorithm (since £/2 < ¢), with probability at least 2/3, the decoder will output
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either 0 or L on one of the two codewords (with respect to coordinate i), in which case the
verifier rejects. We conclude that in both scenarios the verifier rejects with probability at
least 1/2. O

3.1.3 A PT Lower Bound for EIM

Next, we show a that the query complexity of property testing the EIM property must be
linear in k.

Lemma 3.5. Let C' : ¥% — X" be an error-correcting code with relative distance at least
do € (0,1). Then, for any e € (0,00/2) it holds that:

PT.(EIM¢) = Q(k/log |3|)

The proof of Lemma 3.5 uses the framework of [BBM11] for showing property testing
lower bounds via communication complexity lower bounds. The necessary background on
communication complexity is provided in Appendix A.2 (for a comprehensive introduction
to communication complexity, see [KN97]).

The basic approach of [BBM11] is to reduce a hard communication complexity problem
to the property testing problem for which we want to show a lower bound. We follow
[BBM11] by showing a reduction from the well-known communication complexity problem
of set-disjointness. The aforementioned framework allows us to obtain a lower bound on the
query complexity of testing the encoded intersecting messages property.

For sake of self containment, we state the relevant definitions and lemmas that we need
from [BBM11].

Definition 3.6 (Combining operators). A combining operator is an operator i that takes

as input two functions f,g : D — R (where D and R are some finite sets) and returns

a function hy,. We denote by || o log, |R|. The combining operator is called simple if

hyg(z) can be computed from x, f(x) and g(x) (i.e., without requiring access to f and g).

Let II be a property, and let ¢ be a combining operator. For every integer n € N
and proximity parameter € > 0, we denote by CH’E the communication complexity problem
wherein Alice gets a function f, and Bob gets a function ¢,” and their goal is to decide
whether ¢ (f,g) € II or 9(f,g) is e-far from I1.* Next, we state the main lemma from
[BBM11].

"More formally, the parties get as input strings that represent the truth table of the functions.

8Due to the symmetrical definition of the communication complexity model, it is unimportant which
of these cases (i.e., ¥ € II or 1 that is e-far from II) is viewed as a YES-instance of II. In contrast, see
Footnote 12.
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Lemma 3.7. For any simple combining operator v, any property I and any proximity
parameter € > 0, we have that:

PT.(IT) > CC(CH’E)
T 2yl
where PT.(I1) refers to the query complexity of the property I1 with respect to proximity €
and CC(C) refers to the communication complexity of C (see Appendix A.2).

Recall that the set-disjointness problem is the communication complexity problem wherein
Alice gets an n-bit string z, Bob gets an n-bit string y, and their goal is to decide whether
there exists ¢ € [n] such that x; = y; = 1. Equivalently, Alice and Bob’s inputs can be viewed
as indicator vectors of sets A, B C [n]. In this case, the goal of the players is to decide if the
sets corresponding to their inputs intersect or not. Following many works in the literature
we consider the promise problem (sometimes also called unique disjointness) in which the
intersection is of size at most 1. That is, the two parties need to distinguish between the
case that their intersection is empty, and the case that it is of size exactly 1. We denote the
latter problem by DISJ,.

It is well known (see Appendix A.2) that the randomized communication complexity of
the set-disjointness problem is linear in the size of the inputs, even under the promise that
A and B intersect in at most one element.

Theorem 3.8 ([KS92]). For everyn € N,

CC(DISJ,) = Q(n).
Using the aforementioned results, we are ready to prove Lemma 3.5.

Proof of Lemma 3.5. Let C': ¥¥ — X" be an error-correcting code with relative distance
do € (0,1) where we assume without loss of generality that {0,1} C 3. Denote by Pair the
operator that takes two strings z,y € ¥* and returns a function z : [k] — ¥ that outputs
(x;,y;) on input i € [k]. Consider cE;?ff;, the communication complexity problem wherein
Alice gets a string z € X*, Bob gets a string y € ¥*, and their goal is to decide whether
(x,y) € EIM¢ or (x,y) is e-far from EIM¢c. Using the results of [BBM11] (see Lemma 3.7)

we have,

1
PT.(EIM¢) > ————-CC (Cpi) . 1
(EIMe) 2 5 CC (G ) (3.1
Since by Theorem 3.8 we have CC(DISJ;) = Q(k), then it suffices to show that
cC (c,E;?fg) > CC(DISJy). (3.2)

Toward this end, we show a reduction from the communication complexity problem DISJ,
to the communication complexity problem C,E;'I\fg We note that, under the natural associ-
ation of EIMs with YES-instances and “far from EIMs” with NO-instances, our reduction
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maps YES (resp., NO) instances of DISJ; to NO (resp., YES) instances of EIM¢. Let 7 be
a protocol for CEL’X‘? with communication complexity c¢. Consider the following protocol for
DISJ;.

Let 2,y € {0, 1}* be the inputs of Alice and Bob (respectively) for DISJ;. Alice computes
a = C(z). Bob computes 5 = C(y). The players then run 7 on («, 3) and return the negation
of its output.

Indeed, if (z,y) € DISJ; (i.e., their intersection is empty), then for every i € [k], either
x; = 0 or y; = 0. Since the relative distance of C' is at least Jp, it holds that (a, /) is
(0p/2)-far from EIM.. On the other hand, if (z,y) & DISJ; (i.e., their intersection is of size
1), then there exists ¢ € [k] such that x; = y; = 1. Hence, (a,ﬁ) € EIM.. Moreover, note
that the total number of bits that were communicated is exactly c.

Using Eq. (3.1) and Eq. (3.2), together with Theorem 3.8, we conclude that for every
e >0,

1 EIM 1
>_ - A [ — = .
PT(EIM,) 2 57 e CC (cp> > 1oy T COPISH) = (k)

3.1.4 Proof of Theorem 3.1

In order to obtain an O(1)-relaxed-LDC that is also a poly(1/¢)-LTC, we shall use the following
construction of Ben-Sasson et al. [BSGH"06].

Theorem 3.9 ([BSGH"06, Remark 4.6]). For every o > 0, there exists a binary code that
is an O(1)-relaxed-LDC and a t-LTC with constant relative distance and stretch n = k'*®,
where for € > 1/polylog(n) it holds that t(n,e) = poly ().

Theorem 3.1 follows by combining Theorem 3.9 with Lemma 3.4 and Lemma 3.5.

3.1.5 Proof of Theorem 3.2

In this section we show that a well-known variant of the Reed-Muller error-correcting code is
an polylog(n)-LDC (and in particular a polylog(n)-relaxed-LDC) and a poly(logn, 1/¢)-LTC.
Combining the latter with Lemma 3.4 and Lemma 3.5, we prove Theorem 3.2.

Lemma 3.10. For every constant o > 0, there exists a polylog(n)-LDC that is also a
poly(logn, 1/€)-LTC with stretch n = k'*® and relative distance 1 — o(1).

Proof. We construct a code C' : ¥%¥ — X" as follows. Fix a finite field F and an integer m
such that |F|™ = n. The alphabet of the code is ¥ = F. Consider an arbitrary subset H C F
of size k'/™. We view a message v € F* as a function x : H™ — F by identifying H™ and [k]
in some canonical way. The encoding C'(x) is the low degree extension & of x with respect
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to the field F. Namely, the (unique) m-variate polynomial of individual degree |H| — 1 that
agrees with x on H™.

The code stretches k = |H|™ symbols to n = |F|"™ symbols, and by the Schwartz-Zippel

Lemma it has relative distance at least 1 — %. Furthermore, the code can be locally tested

using O(m|H]| - poly(1/e)) queries (see Theorem A.9), and locally decoded using O(m|H])
queries (see Theorem A.7). Thus, to obtain our result we need to set our parameters as to
maximize the ratio |H|/|F|, while minimizing m - |H| and keeping |F| > m - |H|.

For every constant o > 0 and every integer n € N, we let F be a finite field of size
(logn)'/®, let m = o - —8% — and let H be some fixed (arbitrary) subset of F of size |F|'~.

log log(n)
Hence, % = - 10§i§n - |F|=® = o(1). The code has relative distance 1 — % =
1—o0(1), stretch n = |F|™ = |H|™/(0~®) = 1/(1=2) In addition, it can be locally tested using
poly(logn, 1/¢) queries, and locally decoded using polylog(n) queries. O

A natural property. We remark that when the encoded intersecting messages property is
instantiated with the foregoing variant of the Reed-Muller code, we obtain a natural property
that consists of pairs (P, Q) of low-degree polynomials, whose product P - @ is non-zero on
a given subset of its domain. That is, the property is

g g o = {(P, Q): P,Q:F™ — F have individual degree d and Z (P-Q)(x) # 0} .

reH™

3.1.6 Proof of Theorem 3.3

In this section we prove Theorem 3.3 by showing an O(1)-relaxed-LDC that is also a poly(1/¢)-
LTC, for general values of ¢, but with a polynomial stretch. We believe that the following
theorem may be of independent interest.

Theorem 3.11. There ezists a binary code that is an O(1)-relaxed-LDC and a poly(1/¢)-LTC
with constant relative distance and stretch n = poly(k).

Indeed, Theorem 3.3 follows by combining Theorem 3.11 with Lemma 3.4 and Lemma 3.5.

Proof of Theorem 3.11. Our approach is to show that the [BSGH"06] relaxed-LDC can
actually be modified to also be an LTC. Since we only show a code with polynomial
(rather than “almost linear”) stretch, it suffices to consider the simpler quadratic stretch
relaxed-LDC of [BSGH'06]. Recall that the construction in [BSGH™06] has the form C'(z) =
(2!, C(z)", m(x)), where C is a code with constant relative distance and constant rate,
whereas t and ¢’ are integers set such that the three parts of C’(z) have equal length, and
m(x) = m(x),...,mx(z) is a sequence of k PCPPs. The i™ PCPP (i.e., m(x)) refers to a
statement of the form (z1,2) € {0, 1}C@HC@I and asserts that there exists x € {0,1}*
€@l and 2, = C(z) (see [BSGHT06, Section 4.2] for further details).

i

such that z; = x
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Ben-Sasson et al. showed that the code C” is indeed a relaxed-LDC. The main problem
that we encounter in turning C” into an LTC is that there is no apparent way for an LTC
tester to detect errors (i.e., flipped bits) in the PCPP part of the codeword. Indeed, merely
verifying that the statement holds using the PCPP proof string will not do, since in the
case that all the errors are on the PCPP part, the statement is in fact correct and only the
proof string contains errors. In such case there is no guarantee on the output of the PCPP
verifier.

One possible way to overcome this difficulty is to use the strong PCPPs of Goldreich and
Sudan [GS06, Definition 5.7 (see revision dated May 2013)]. Recall that strong PCPPs are
PCPPs in which every statement has a unique canonical proof such that a statement-proof
pair is rejected with probability that is proportional to its distance from a true statement
and corresponding canonical proof. Thus, even a true statement may be rejected when given
a non-canonical proof.

Unfortunately, there is no known construction of general strong PCPPs (e.g., for a P-
complete language). However, [GS06] constructed a special-purpose strong PCPP for a
particular task. Using these special-purpose PCPPs (and additional ideas from [BSGH™06]
and [GS06]), we construct a strong PCPP for the particular statements in the [BSGH™06]
relaxed-LDC. We remark that the strong PCPP that we use has polynomial length, which
results in our code having polynomial stretch.

While the previous description provides the high-level view of our construction, we cau-
tion that the actual details are slightly more complex. The result stated in following lemma
forms the core of our construction.

Lemma 3.12. There exists constants ci,ca,c3 > 1, a polynomial n = poly(k), and a code
C : {0,1}* — {0, 1}2™ with constant relative distance such that for every i € [k], there exists
a function m; : {0,1}F — {0,1}™ such that the code C; : {0,1}% — {0, 1}cantentesn defined
as Ci(x) = (", C(x), m(x)) is a poly(1/e)-LTC.

Lemma 3.12 is proved in Appendix B.1.2. The proof uses an extension of [GS06, Theorem
5.20] that was communicated to us by Oded Goldreich and appears in Appendix B.1.1.

Intuitively, Lemma 3.12 provides an LTC in which the i*® bit can be recovered (in the
relaxed-LDC sense).” Using the particular form of the codes { C; }iep of Lemma 3.12, we

show that that the code C'(x) o (2),...,Ck(x) (which has constant relative distance) is

an LTC in which each one of the bits can be recovered (again, in the relaxed-LDC sense).

Proposition 3.13. €’ is an O(1)-relazed-LDC.

Proof. Observe that, up to a permutation of the indices, C’ has the form

C'(z) = (", C(2)*, 7(z))

9Recall that a formal definition of relaxed-LDCs can be found in Appendix A .4.

24



where 7(x) = m(z),...,m(x). We proceed to show that the code C’ has the same form
as the quadratic relaxed-LDC code in [BSGHT06, Section 4.2], and therefore, is an O(1)-
relaxed-LDC.

We first note that in contrast to the [BSGH06] construction, the three parts of C” do not
have the exact same length. However, their lengths are proportional (by a constant factor)
and that the proof of [BSGH06] can be easily extended to this case.

The key observation is that each m;(x) is actually a PCPP proof of membership to the
set

Si={(21,22) € {0, 1} + 2 = aP" and 2 = C(2) }

(as in [BSGHT06]). To see that the latter holds, consider the following PCPP verifier for
membership in S;. The PCPP verifier is given oracle access to a pair (z1, z2) € {0, 1}enten
and a proof string . The verifier simply invokes the LTC procedure of C; on the string
(21, 22, ), and outputs its result.

If (21, 25) € S;, then there exists z € {0,1}* such that z; = 2{'" and 2z, = C(x). Letting
the proof string 7 equal m;(x), the string (zy, 2o, 7) is identical to C’(z), and so, the LTC
tester accepts with probability 1.

On the other hand, if (21, 29) has constant distance from S;, then for every string 7, the
string (z1, 29, m) has constant distance from the code C’, and the LTC tester rejects with
probability at least 1/2. This ends the proof of Proposition 3.13. O

Proposition 3.14. €’ is a poly(1/¢)-LTC.

Here we provide a sketch of the proof. The full proof, which follows ideas from [GS06],
is deferred to Appendix B.1.3.

Proof Sketch for Proposition 3.14. Consider the following codeword tester for C’. The
tester is given oracle access to a string ((wl, Y1, 21)s -+ 5 (Why Yk zk)), where each (w;, y;, z;) €
{0, 1}antenten and operates as follows:

1. Selects at random i €p [k] and runs the LTC tester of C; on (wy, y;, 2;).

2. Selects at random iy,4y €p [k] and j €r [con] and checks that the j* bit of y;, and v,

agree.

Intuitively, the first part of the test guarantees that most of the triplets (w;, y;, z;) have the
form (xz(l), C(zD), m;(z)) for some 29 € {0,1}*, and the second part guarantees that all
of the £(9’s are the same. For the detailed proof, see Appendix B.1.3. O

This completes the proof of Theorem 3.11. O]
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Remark 3.15. The construction of Theorem 3.11 can be adapted to be an MA proximity-
oblivious tester (see Definition 2.3) by observing that the LTC tester can be adapted to be a
strong-LTC! tester.

3.2 Trade-off between Query and Proof Complexity

In this section we show a property that has a multiplicative trade-off between proof and
query complexities for MAP testing. We show a property that can be tested with a nearly
smooth tradeoff between the proof and query complexities.

Theorem 3.16. For every constant o > 0, there exists a property 11, such that for every
sublinear function p : N — N, the query complexity of II for MAP werifiers, which use

proofs of length p, is upper bounded by "l%fom -poly(1/¢) and lower bounded by <) <”11;a>.

Our proof is heavily based on multivariate polynomials, and we refer the reader to Ap-
pendix A.5 for the necessary background (e.g., the Schwartz-Zippel lemma and low degree
testing). In fact, the proof of Theorem 3.16 is based on a specific algebraic property that

we call Sub-Tensor Sum. We note that this property will also be used in Section 3.3 and
Section 3.4.

We proceed to describe the sub-tensor sum problem. Let F be a finite field, let m,d € N
such that d - m < |F|/10 and let H C F. Consider the following property.

Definition 3.17. The Sub-Tensor Sum property, denoted TensorSumg ,,, 4. 17, i parameterized
by a field F, a dimension m € N, a degree d € N and a subset H C F, and contains all
polynomials P : "™ — F of individual degree d, such that

> Px)=0
TeH™
where the arithmetic is over FF.
To obtain a tight trade-off, we shall be using some d = O(|H|). To simplify the
notation, when the parameters are clear from the context, we shorthand TensorSum for
TensorSump ,,, 4. 7. Next, we proceed to show the (almost) tight multiplicative trade-off for

TensorSum. In Section 3.2.1 we prove the upper bound and in Section 3.2.2 we prove the
lower bound. Finally, in Section 3.2.3 we set the parameters for proving Theorem 3.16.

3.2.1 MAP Upper Bound for TensorSum

We start by proving the following upper bound.

10A strong-LTC tester is not given the proximity parameter as input and is only required to reject strings
that are e-far from the code with probability 2(1/¢) (see [GS06, Definition 2.2]).
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Lemma 3.18. If dm < |F|/10, then, for every ¢ € {0,...,m}, the TensorSumg ,, 4.1 prop-
erty has an MAP with proof complezity (d + 1)° - log(|F|) and query complexity |H|™* -
(dm?*log |H|) - poly(1/e). Furthermore, the MAP has a one-sided error.

We note that the additional parameter ¢ essentially controls the proof length (and will
be set as roughly the logarithm of the desired proof length). Moreover, d will be set such
that d = O(|H|) and therefore d° - |H|™¢ ~ |H|™ and so we can set ¢ to obtain the desired
trade-off between proof and query complexities.

Proof of Lemma 3.18. We prove the lemma by showing an MAP protocol for the state-
ment P € TensorSum. The main idea is to partition H™ into |H|* sub-tensors of the form
(T1,...,Zp, %, %, ..., %) for every xq,..., 2, € H, and use a low degree (-variate polynomial Q)
such that Q(xy,...,x) equals the sum of the (xy,...,z,)™ tensor over H™~*. Specifically,
we refer to the polynomial:

Q(z1,...,x0) = Z P(zy,...,xpy).

Tpq1yeTmEH

Thus, the MAP proof for the statement P € TensorSum, consists of the polynomial Q).
The verifier checks that (1) P is (close to) a low degree polynomial, (2) the sum of Q on H*
is 0, and (3) that @ is consistent with P. The last step uses the fact that both ¢ and P are
low degree polynomials and so it suffices to verify consistency of a random point in @) by
reading the entire corresponding sub-tensor (i.e., |H|™ ¢ points) from P. Actually, since P
can only be verified to be close to a low degree polynomial, the |H|™ * points are read via
self-correction. The detailed protocol is presented in Figure 2 (where all arithmetic is over

F).

Note that the proof of proximity consists of |Q| = O((d + 1)*log |F|) bits and that the
total number of queries to the oracle is dominated by the |H|™ " invocations of the self-
correction algorithm (which requires (mlog(|H|) - dm - poly(1/e) queries for each invocation

to obtain the desired soundness level). We proceed to show that completeness and soundness
hold.

Completeness. If P € TensorSum, then le,...,xzeH Q(z1,...,x;) =0 and P has individual

degree d (and so the individual degree test passes). Moreover, in this case Q= Q and

Q(ri,...,10) = Z P(ri,...,m6,Tog1y -y Tin)-

Tpg1yeTmEH

By the zero-error feature of the self-correction procedure, with probability 1,
Zrpsrewisnyeam = P(T15 o T, Tag1s oo T,

and therefore erH B CH AL T Ly = Q(rl, ...,r¢). Hence, in this case, the verifier
accepts with probability 1.
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MAP for TensorSum with parameter £ < m

Parameters: F (field), m (dimension), d (individual degree) and H C F.

Input: a proximity parameter ¢ € (0,1/3), and oracle access to a function P : F"™ — F.

The Proof:

e The proof consists of a multivariate polynomial Q : F¢ — F of individual degree d (specified
by its (d 4 1) coefficients), which allegedly equals

Q(',rlw"axf) d:Cf Z P(LEl,...,Im).

Toq1,eTmEH

The Verifier:

zo€H Q(ﬂfh ..., xg) # 0, then reject.

-----

2. Run the low individual d-degree test (see Theorem A.9) on P with respect to the proximity
parameter €. If the test fails, then reject.

3. Select uniformly at random r1,...,r, €g F.

4. For every zyy1,...,xym € H, read the value of P(ry,...,7¢,Toy1, ..., %) using self correc-
tion (see Theorem A.7) repeated O(mlog(|H|)) times (to reduce the error probability to

1 .
TO[HT™ for each point). Denote the value read by 2P o 0T oo

5. Accept if Q(r1,...,7r¢) = ZWH ot €H P11, @0d Otherwise reject.

Figure 2: MAP for TensorSum

Soundness. Let € > 0 and let P : F™ — F be a polynomial that is e-far from TensorSum.
Let @ be an alleged proof (to the false statement P € TensorSum).

Consider first the case that P is e-far from having individual degree d. In this case, by
the individual degree test (Theorem A.9), the verifier rejects with probability at least 1/2.
Thus, we focus on the case that P is e-close to a polynomial P’ of individual degree d. We
may also assume that >, 4 Q(z1,...,xs) = 0 (since otherwise the verifier rejects with
probability 1). Define

def
Q (z1,...,20) = Z P'(z1,...,2p).
Tpq1seTmEH

Clearly >, . Q'(x1,...,7¢) # 0 (since otherwise P is e-close to ' € TensorSum). Thus,

the individual degree d polynomials @’ and Q differ, and so, by the Schwartz-Zippel Lemma
they can agree on at most a % fraction of their domain F’.
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To complete the argument note that the self-correction algorithm guarantees that ev-
€LY Zpy,.rpaoptsam 15 €Qqual to P'(ri, ..., 7g, q, ..., Ty ), With probability 1 — W (here
we use our assumption that, without loss of generality, ¢ < 1/3). Therefore, by the
union bound, all points are read correctly with probability at least 0.9, and in this case
D teir o met Zrietvgringm = @' (115 7¢). Thus, with probability 0.9 - (1 — dny > 2/3,

the verifier rejects when testing that Q(rl, ..., T¢) equals er+1 oz €H AT @byt

3.2.2 MAP Lower Bound for TensorSum

Next, we give an (almost) matching lower bound on the MAP complexity of Sub-Tensor
Sum. Formally, we show

Lemma 3.19. For everye € (0,1— ‘iTm), if d > 2(|H|—1), then every MAP for TensorSum

(with respect to prozimity parameter €) that has proof complexity p > 1 must have query

complexity q = 2 (%) )

As an immediate corollary of Lemma 3.19 we obtain the following:'!

Corollary 3.20. For every e € (0,1 — %T), ifd>2(|H| —1),

_ [H|™
PT.(TensorSum) = Q (log(|IF|) .

In order to prove Lemma 3.19, we first extend the framework of [BBMI11] from the
property testing model to the MAP model. More specifically, we show a methodology for
proving lower bounds on MAPs via M.A communication complexity lower bounds. We
refer the reader to Appendix A.3 for background on M.A communication complexity.

Let IT be a property and let ¢ be a simple combining operator (see Definition 3.6). For
every proximity parameter € > 0, denote by ngs the communication complexity problem in
which Alice gets as input a function f and Bob gets as input a function g and they need to
decide between a YES-instance, wherein ¢(f, g) € II, and a NO-instance, wherein ¢(f, g) is
e-far from I1.'?> We prove the following lemma.

Lemma 3.21 (MAP lower bounds via M.A communication complexity). For any sim-
ple combining operator 1, any property 11 and any proximity parameter ¢ > 0, if II €

1 The corollary can be derived by setting p = 1, and the fact that any property tester is an MAP.

12 When proving property testing lower bounds via standard (i.e., non-M.A) communication complexity
lower bounds (using [BBM11] framework) one may also map YES-instances (respectively, NO-instances)
of communication complexity problems to NO-instances (respectively, YES-instances) of property testing
problems. This is possible due to the symmetrical definition of standard communication complexity (in fact,
the above was used in the proof of Lemma 3.5). In contrast, the definition of M.4 communication complexity
is asymmetrical; therefore when using our extension of the framework to M.A one must map YES-instances
to YES-instances, and NO-instances to NO-instances.
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MAP(p,q), then Cgvs has an MA communication complezity protocol with a proof of length
p and total communication 2q|p|.

Proof. Let V be an MAP verifier for II with proof complexity p and query complexity
q. We construct an M. communication complexity protocol for CH . Recall that Alice
and Bob get as input function f and g (respectively) and have free access to a proof string

w e {0, 1}*.
The (honest) proof string for the protocol is simply the proof string w of the MAP with

respect to h of ¥(f,g). As their first step, Alice and Bob emulate the execution of the
MAP protocol with respect to the proof string w using their common random string as the
source of randomness (for the emulated verifier). Whenever the MAP verifier V' queries
the input at a point x, Alice and Bob compute f(z) and g(z) (respectively) and send their
values to each other. Since 1 is a simple combining operator, each player can compute h(z)
from x, f(z) and g(x), and feed it as an answer to the emulated MAP verifier. The players
accept if V' accepts, and reject otherwise.

Observe that both players use the same common random string as the source of random-
ness, and forward the same values to the MAP verifier (i.e., both the proof string and the
oracle answers). Therefore, they emulate the verifier identically.

Note that by the definition of the communication complexity problem, if (f,g) € Cge,
then h € II; hence the verifier will accept. On the other hand, if the pair (f,g) ¢ C};., then
h is e-far from II, so the verifier will reject.

During the entire reduction, the players communicated 2| bits for every query of the
verifier. Hence the total number of bits that were communicated is 2| - g. O

We proceed by stating Klauck’s lower bound on the M.A communication complexity of
set-disjointness [K1a03], and use Lemma 3.21 to show a lower bound on the M AP complexity
of the Sub-Tensor Sum property.

Theorem 3.22 ([Kla03]). Every MA communication complexity protocol for DISJ,, with
proof complezity p and communication complexity ¢ satisfies p - ¢ = Q(n).

Proof of Lemma 3.19. Denote k = |H|™ and by f - g the function h(z) = o f(x)-g(x). Let
CTe"SmS“’“ be the communication complexity problem wherein Alice gets a function f : "™ —

F, Bob gets a function ¢ : F™* — FF, and their goal is to decide whether f - g € TensorSum or
f - g is e-far from TensorSum.

Recall that by Theorem 3.22 we know that every M.A communication complexity protocol
for DISJ,, with proof complexity p and communication complexity ¢ satisfies p-c¢ = Q(k). On
the other hand, by Lemma 3.21 we know that if TensorSum € MAP(p, q), then CC(CTemsersum)
has an M communication complexity protocol with a proof of length p and a total of
2¢log |F| communication.
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CTensersum (this reduction takes

Hence, to prove the lemma, it suffices to reduce DISJ; to
place entirely within the setting of M.A communication complexity). Toward this end,
suppose that 7 is an M communication complexity protocol for CT;”SO'S“”“ with proof

complexity p and communication complexity ¢. We use 7 to construct an M.A protocol for
DISJy.

Let a € {0,1}* and b € {0,1}* be the respective inputs of Alice and Bob for the set-
disjointness problem. Recall that F (a finite field), d (the individual degree), m (the dimen-
sion) and H C F are parameters of the TensorSum problem. The reduction to TensorSum
proceeds as follows. First, Alice and Bob compute the low degree extension a and b of their
respective inputs with respect to F, m,d and H. Namely, they associate their inputs a and
b with indicator functions a,b: H™ — {0, 1} by mapping [k] to H™ in some canonical way.
Then, they compute the (unique) polynomials a,b: F™ — F of individual degree |H| —1
that agree with a and b (respectively) on H™.

Denote by w the proof for the protocol = with respect to the input pair (a, 13) The proof
for the set disjointness problem is simply w. Alice and Bob proceed by running 7 on input
(a,b), with respect to the proof w and proximity parameter € and return its output.

Observe that if (a,b) € DISJy, then }°, ; a;b; = 0 (where the summation is over the
integers). Hence,

Z a(z1,. .., Tm) - bz, .. T) = Z a(xy, ..., Tm) b(z1, .., 2m) =0

(where the first summation is over F, and the second summation is over the integers). Thus,
a-be TensorSumg ,,, 4. (here we use the lemma’s hypothesis that d > 2(|H| — 1) since a - b
is the product of two polynomials of individual degree |H| — 1 ). We conclude that there
exists a proof w of length p such that the M. A communication complexity protocol for DISJ,
accepts with high probability.

On the other hand, if (a, b) & DISJg, then (by the promise of having an intersection of size
at most 1) it holds that », ) a;b; = 1 (where the summation is over the integers). Hence

Z a(z1,. . xm) - by, ) = Z a(Ty, .. Ty) - b(xy, . xy) =1

T1,eeny €H L1, 2mE€H

where the first summation is over F, and the second summation is over the integers). Thus,

a-b is an m-variate polynomials of (individual) degree d (> 2(|H| — 1)) whose sum over H™

is non-zero. By the Schwartz-Zippel lemma (see Appendix A.5), and since ¢ < 1 — C‘lF—”T, the

function a - b is at least e-far from TensorSum.

We conclude that every MAP verifier for TensorSum with ¢ queries and p proof length
must satisfy ¢ -p > Q (ﬁ). O
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3.2.3 Proof of Theorem 3.16

In this section we complete the proof of Theorem 3.16, which states that for every constant
a > 0, there exists a property II, such that for every sublinear function p : N — N, the
query complexity of II for MAP verifiers that use proofs of length p is upper bounded by

n =20 . poly(1/2) and lower bounded by € (nli )

p p

Toward this end, we need to set the parameters of the TensorSum problem. Our param-
eters are governed by n = |F|™ (i.e., the size of the object equals n), dm < |F|/10 (so that
we can apply the Schwartz-Zippel lemma) and d = 2(|H| — 1) (see Lemma 3.19). Since
p-q=Q(|H|™), and the object size is |F|™, we need to maximize the ratio |H|/|F| to obtain
a better lower bound (while recalling that |H| < d/2 —1).

For every constant o > 0 and every integer n € N, let IF be a finite field of size (logn)'/®,
let m = a - 1050%7 let H be some fixed (arbitrary) subset of F of size |F|'™* and let

d=2(|H| —1). Note that |F|™ =n and |H|™ = n'~.

Lemma 3.18 guarantees the existence of an MAP for TensorSumg ,, 4z With proof com-
plexity (d+1)¢-log(|F|) and query complexity |H|™*-dm?log(|H|) for every ¢ € [m]. Thus,
for every parameter p € {(d + 1)* - log(|F|) : i € N} (which corresponds to the proof length),

we set:
o — log(p) — loglog(|F])
log(d + 1)

and apply Lemma 3.18. We obtain an MAP protocol for computing TensorSumg ,, 4 z with
a proof of length

(d+1)" log(|F]) =p
and query complexity:

-«

. n
[H|™" - dm®log(|H|) - poly(1/e) = T - polylog(n) - poly(1/e). (3.3)
By our setting of ¢ we have:
log p—loglog |F| log |H| (1 _log1 F p 1_1+1(1)gH p
|H| = |H| st > 2ty Uosp—loslos[FD) _ > (3.4)
- log |IF| — no®

where the first inequality follows from d = 2(|H| — 1) < 2|H| — 1 and the second inequality
follows from our setting of |H| and |F| (and since p < n). Combining Eq. (3.3) and Eq. (3.4)

nl—ato(1)

we have that the query complexity of the MAP is — poly(1/e).

On the other hand, by Lemma 3.19, for every MAP for TensorSum with proof complexity

p and query complexity g, it holds that p-qg > Q (1@';') = Q(n'~®). The theorem follows.
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3.3 MAP vs. TPP[O(1)]

In this section and the following one, we consider the power of M AP in comparison to the
more general notion of ZPP (for a formal definition of ZPP, see Appendix A.1.) Roughly
speaking, in this section we show a property that requires y/n queries by an MAP verifier
that uses a proof of length /n but requires only polylog(n) queries by an ZPP][3] verifier
(i.e., an ZPP with only 3-messages) that also uses a proof of length /n.

Theorem 3.23. For every a > 0, there exists a property 11, such that:

1. The MAP complezity of IL, is (n'/?%); and

2. There is an TPP[3] for 11, with polylog(n) - poly(1/e) query complexity and communi-
cation complezity O(n/2=ato),

The property that we use is the TensorSum property (introduced in Section 3.2). Note
that the first part of Theorem 3.23 was already shown in Theorem 3.16, and so, to prove
Theorem 3.23, what remains to be shown is that TensorSum can be tested by a 3-message
IPP verifier that uses roughly y/n communication and polylog(n) queries.

Lemma 3.24. If dm < |F|/10, then there is a 3-message ZPP for TensorSumg 4, u (where
F is a finite field, m is the dimension, d is the degree and H C ) with communication
complezity O ((d + 1)™/?log(|F|)) and query complezity O (dm - poly(1/e)).

We note that Theorem 3.23 follows from Lemma 3.24 (and Lemma 3.19) by setting the
parameters F,m,d, H as in Section 3.2.3. Namely, fix a finite field F of size (logn)/®, a
dimension m = « - logl‘ffg?n), an arbitrary subset H C F of size |F|'™ and set d = 2(|H| — 1).
We proceed to prove Lemma 3.24

Proof of Lemma 3.24. The first part of the protocol closely resembles the MAP that
was presented in Lemma 3.18. Indeed, the first message from the prover to the verifier is the
polynomial @ that is (allegedly) the sum of P on H* sub-tensors of H™, each of dimension
m — £. The verifier checks that P is close to a low degree polynomial and that () sums to
0, but the consistency check of P and @) is different. Recall that in Lemma 3.18, the verifier
chose a random sub-tensor and checked the consistency of () and P by reading all points in
the sub-tensor. Using two additional messages we replace these queries by having the prover
provide them. That is, after the prover “commits” to the sum of all sub-tensors, the verifier
chooses one of them at random and sends its choice to the prover. Then, the prover provides
the value of all points in that sub-tensor via a polynomial W : F™~* — F of individual
degree |H| — 1. The verifier can readily check the that the two polynomials @ and W sent
by the prover are consistent with each other (using no queries to P), and that the second
polynomial (i.e., W) is consistent with P using only a constant number of queries.

Similarly to the protocol of Section 3.2, the protocol uses a parameter ¢ except that in
this case, an optimal result is obtained by fixing ¢ = m/2 (but for simplicity of notations we
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keep ¢ as a parameter). The ZPP][3] protocol, in which the prover is denoted by P and the
verifier is denoted by V), is described in Figure 3.3. It can be readily verified that by setting
¢ = m/2, the query and communication complexities are as stated. We proceed to prove
that completeness and soundness hold.

ZPP[3] for TensorSum

Parameters: F (field), m (dimension), d (individual degree), H C F and ¢ = m/2.

Input: a proximity parameter ¢ € (0,1/3), and oracle access to a function P : F"™ — F.

1. V runs the low individual d-degree test (see Theorem A.9) on P with respect to the proximity
parameter €. If the test fails then V rejects.

2. P sends to V an individual degree d multivariate polynomial Q : F¥ — F of individual degree
d (by specifying its (d + 1) coefficients), which allegedly equals

Q(xlv'-wxﬁ) d:ef Z P(x17-"axm)'

T4, Tm EH

3. If Z$1,...,xz€H Q(x1,...,x4) # 0, then V rejects.
4. V selects uniformly at random 71,...,7p €g F and sends rq,...,7r, to P.

5. P sends to V an individual degree d multivariate polynomial W : F~¢ — F of individual
degree d (by specifying its (d + 1)™~¢ coefficients), which allegedly equals

W(xps1, oy Tm) = P(r1, . o T0, Tosts- ey Tin)-
6. V selects at random spy1,...,8, €gr F, reads the value 2, s.,,..s, Of the polyno-

mial P(ry,...,7¢ S¢41,-- -, Sm) using the self-correction algorithm (see Theorem A.7) with
soundness error 1/10 and rejects if zry . vy 50 1,em 7 W(Se41,- -5 5m).

7.V accepts if Q(r1,...,r) = ng+1,...,xmeH W (g1, ..,Tm) and rejects otherwise.

Figure 3: ZPP[3] for TensorSum

Completeness. If P € TensorSum, then P has individual degree d and the low degree tests
passes. In this case = @ and W = W and therefore all the verifier’s tests pass (since

S ormperr @@1, .. x) = 0 holds as well).

Soundness. Let ¢ > 0 and let P : F"" — F be e-far from TensorSum. If P is e-far from
having individual degree d, then the low degree test rejects with probability at least 1/2
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and so we assume that P is e-close to an individual degree d polynomial P’. The (cheating)
prover sends two polynomials () and an W. We proceed to prove two claims regarding these
polynomials.

Claim 3.24.1. If Q(xy,...,2)) = Ezg+1,...,xmeH P'(x1,...,2m) (as formal polynomials over
x1,...,2e), then the verifier rejects with probability 1.

Proof. Observe that )
Therefore, if the polynomials Q(z1, ..., x,) and Zze+1,...,mmeH P'(x1,...,2,) are equal, then

oramen P(21, o 2m) # 0, as otherwise P is e-close to TensorSum.

the verifier rejects when testing whether >° ~  _, Q(z1,...,2) = 0. ]

Claim 3.24.2. For every value of ry,...,ry € F, if the prover sends an individual-degree d
polynomial W (xeyq, ..., xm) (which depends on r1,...,r) that differs from the polynomial
P(ry,...,re,ep1, ..., xy) (as formal polynomials in xpiq,...,T,), then the verifier rejects
with probability at least 2/3.

Proof. Assume that W (1, ..., &m) Z P(r1,..., 70, Zes1, . . ., Tm). Thus, the polynomials

Wi(xei1,. .., Tm) and P'(ry, ..., 7¢, Zes1, - - -, T are two different (m—¢)-variate polynomials
of individual degree d and, by the Schwartz-Zippel Lemma, they can agree on at most a
d(%—@ < 0.1 fraction of their domain. Therefore, with probability 0.9 over the verifier’s
choice of spy1,...,s,, € F, it holds that

W<Sg+1, oy Sm) F P, e Seaty ey Sm)-

Using the self-correction procedure, with probability at least 0.9, the verifier correctly

obtains the value 2, s 1 sm = £'(T1,-- . 70,8041, .., 5y). Hence, with probability at
least 0.9% > 2/3, the verifier rejects when testing whether z,, ressostrsm = W(Se415 -0 8m).
O

By Claim 3.24.2, we can assume that
W (Zess -y Tm) = P'(r1, .o 70 Tt -y T (3.5)
(since otherwise the verifier rejects). On the other hand, by Claim 3.24.1 and using the
Schwartz-Zippel Lemma, with probability at least 1 — % over the choice of r1,...,7, €r I,

it holds that

Q(rl,...,m) + Z P'(ry, . oo Te,@o1y- s Tn) = Z W(xg+1,...,xm)

$£+17'-~71‘1’TLGH xf«klv"azmeH

where the last equality is due to Eq. (3.5). Hence, the verifier rejects with probability
1 - % > 0.9 when testing whether Q(r1,...,70) = >, g W(zer,... @) This
completes the proof of Lemma 3.24. O]
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3.4 Exponential Separation between MAP and ZPP

In this section we show an exponential separation between M AP and general ZPP. Namely,
we show a property that has MAP complexity roughly y/n but has ZPP complexity
polylog(n). In contrast to the ZPP of Section 3.3 (which used O(1) messages) here we
use an ZPP with poly-logarithmically many messages.

Theorem 3.25. For every a > 0, there exists a property 11, such that:

1. The MAP complexity of 1L, is  (n*/>= - poly(1/¢)); and

2. I, has an ITPP with query complexity polylog(n) - poly(1/¢) and communication com-
plezity polylog(n).

Moreover, the PT complexity of I, is ©(n'~®).

To prove Theorem 3.25, we yet again use the TensorSum problem. The first part of the
theorem follows directly from Theorem 3.16 and the query complexity of property testers
(without a proof) is implied by Corollary 3.20.'* Thus, to prove the theorem, all that remains
is to show an ZPP protocol for TensorSum.

Lemma 3.26. Ifd-m < /10, then there exists an m-round ZPP for TensorSumg ,,, 4. n with
communication complexity O(dmlog |F|), and query complezity O(dm - poly(1/¢)).

Proof. The proof of Lemma 3.26 follows by adapting the well-known sum-check protocol
of Lund et al. [LFKNO92] to the settings of interactive proofs of proximity. Recall that the
sum-check protocol is an interactive protocol that enables verification of the a claim of the

form:
Z P(xy,...,2,) =0.

T1,..., e E€H

where P is a low-degree polynomial. The difference between our setting and the classical
setting of the sum-check protocol of [LFKN92] is that in the latter the verifier has explicit
and direct access to P.'* In our setting the verifier only has oracle access to a function
that is allegedly a low-degree polynomial. However, we observe that the sum-check protocol
can be extended to this setting by having the verifier (1) test that the function is close to a
low-degree polynomial P, (2) obtain values from P via self-correction, and (3) run the sum-
check protocol as-is with respect to the self-corrected P. The ZPP protocol is described in
Figure 4, where the prover is denoted by P, the verifier is denoted by V' and all arithmetic is
over the field F. (For a high level description of the sum-check protocol, see Appendix A.6.)

13We note that the property testing upper bound of O(n'~%) can be obtained by a verifier that tests for
low degree and reads all points in H™ using self correction.

14 An additional minor difference is that in the [LFKN92] protocol the set H is fixed to {0, 1}, but this is
common in the PCP literature (most notably in [BFLS91]).
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ZPP for TensorSum

Parameters: F (field), m (dimension), d (individual degree) and H C F.

Input: a proximity parameter ¢ € (0,1/3), and oracle access to a function P : F"™ — F.

1. V runs the individual degree d test (see Theorem A.9) on P with respect to proximity
parameter ¢, and rejects if the test fails.

2. Let 1 def 0.

3. Fori«1,....,m:

(a) P sends to V a degree d univariate polynomial P; : F — F (by specifying its d + 1
coefficients), which allegedly equals:

def
Pi(z) = Z P(ri, ... Tic1, 2, Tit1, - - -, Tm)-

Tt 1y TmEH

(b) V verifies that ) .y Pi(z) = vi_1.

(c) V selects uniformly at random r; €g F and sets v; e Pi(ry).

(d) If i # m, then V sends r; to P.

4. V obtains the value of z* of P(rq,...,7y) via self-correction (see Theorem A.7) with sound-
ness error 0.1.

5. V verifies that z* = v,,.

Figure 4: ZPP for TensorSum,, 4 s,

We note that during the run of the ZPP the prover sends m degree d univariate polyno-
mial, and the verifier sends m elements in F. Thus, the total communication complexity of
the ZPP is O(dmlog |F|). The only queries that the verifier performs are for the low degree
test and the self-correction, which total in O(dm - poly(1/¢)) queries.

Completeness. If P € TensorSum, then the low degree test always passes, and since we have
Y wenm P(x) = 0, and the prover supplies the correct polynomials (i.e., P, = F; for every
i € [m]), the verifier always accepts.

Soundness. Suppose that P : F™ — F is e-far from TensorSum. Let P* be a cheating prover
that attempts to convince the verifier of the false statement P € TensorSum. If P is e-far
from having individual degree d, then the verifier rejects with probability 1/2. Thus, we
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focus on the case that P is e-close to a polynomial P’ of individual degree d.

For every i € [m], let:

def
P@/(Z) = Z P,(le"7Ti—laz7$i+la"'7$m)

(where the values r; are those sent from the verifier to the prover). The next two claims
relate the polynomials P/ to the polynomials P, sent by the prover P*. Recall that both
polynomials depend only on rq,...,7;_1.

Claim 3.26.1. If P, = P/, then the verifier rejects with probability 1.

Proof. Observe that .. P'(x) # 0 must hold, since otherwise P € TensorSum. There-
fore .. P{(2) = 0, and so, if P, = P}, then the verifier rejects when testing that

ZzeH Pi(z) = 0. u

Claim 3.26.2. For every i € [m — 1] and every ry,...,ri1 € F, if P, # P! then, with
probability at least 1 — d/|F| over the choice of r;, if Pryy = P, | then the verifier rejects.

Proof. If Py = Py then S,y Pri(2) = ..y Pliy(2) = Pl(r;). Thus, since the poly-
nomials P; and P! differ, with probability at least 1 — d/|F| over the choice of r; €g F it
holds that Pi(r;) # P!(r;), and in this case the verifier will reject when testing whether
Y oseH 15i+1(z) = y;, since v; = ]51(7*1) O

By Claim 3.26.3 and an application of the union bound, with probability 1 — dm/|F|, if
there exists an i € [m — 1] such that P; # P! but P,,; = P/, then the verifier rejects. By
Claim 3.26.1, we can assume that P # P and so we need only consider the case that for
every i € [m] it holds that P, # P/. The following claim shows that also in this case the

verifier rejects with probability at least 2/3. The theorem follows.

Claim 3.26.3. For every ri,...,7m_1 € F, if P, % P! . then the verifier rejects with
probability at least 2/3 (over the choice of 1, and the self-correction procedure).

Proof. If P, Z P, then these are two distinct degree d polynomials, which can agree on at
most d points. Thus, with probability 1 — d/|F|, it holds that P,,(r,,) # P.,(rm) (over the
choice of r,, €g F). Now, the self-correction algorithm guarantees that the verifier computes

2= P'(r1,...,mm) = P}, (rm) correctly with probability 0.9. In such case, the verifier rejects
with probability 1 — d/|F| when testing that z* = P,,(r,,). It follows that the verifier rejects
with probability 0.9 - (1 — d/|F|) > 2/3. O
This completes the proof of Lemma 3.26. ]
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4 General Transformations

In this section we show general transformations on MAP proof-systems. In Section 4.1 we
show general transformations from MAPs with restricted proofs into P7. In Section 4.2
we show a general transformation from MAPs that have two-sided error into M.APs that
have one-sided error.

4.1 From MAP to PT

In this section we show that MAPs with restricted proofs can be emulated by property
testers. We show two such results. Theorem 4.1 shows that every MAP that uses a very
short proof can be emulated by a property tester, and Theorem 4.2 shows that even MAPs
with long proofs in which the verifier’s queries are proof oblivious (see Definition 2.2) can
also be emulated. We note that in both constructions the tester may be inefficient in terms of
computational complexity (even if the original MAP verifier can be implemented efficiently).

Theorem 4.1. If the property 11 has an MAP wverifier that makes q queries and uses a
proof of length p, then 11 has a property tester that makes O(2F - q) queries. Moreover, if the
MAP tester has one-sided error, then the resulting property tester has one-sided error.

Proof. Let V be an MAP verifier for II with query complexity g and proof complexity p.
We start by running the verifier O(p) times using fresh (independent) randomness, but the
same proof string, and ruling by majority vote. We obtain an MAP verifier V' for II that

has soundness error 2~#+2) uses ¢/ o O(p - q) queries and a proof of length p.

We use V' to construct a property tester 1" for II. The tester T, given oracle access to a
function f, simply enumerates over all possible 27 proof strings for V’. For each proof string
w € {0,1}7, the tester T" emulates V' (using fresh randomness) while feeding it the proof
string w, and forwarding its oracle queries to f. If for some string w the verifier accepts,
then T accepts. Otherwise, it rejects. Clearly, T has query complexity 2P - ¢'.

If f € 11, then there exists a proof string w that will make V' accept, with probability at
least 1—2~(P+2) Therefore, T accepts in this case with probability at least 2/3. On the other
hand, if f is e-far from II, then no string w will make V"’ accept with probability greater than
2-(P*+2) Thus, by the union bound, T will accept with probability at most 27 -27"+2) < 1/3,

The furthermore clause of Theorem 4.1, follows by noting that both the parallel repetition
and proof enumeration steps preserve one-sided error. O

The tester of Theorem 4.1 makes O(p - q) queries for every one of the possible 27 proof
strings. However, the fact that these queries were chosen independently (i.e., based on fresh
randomness) is not used in the soundness argument. Indeed, for soundness we simply applied
a union bound, which would have worked just as well if the queries were not independent
(i.e., were determined based on the same randomness). This leads us to consider using the
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same sequence of queries for all of the proofs in the emulation step. The problem that we run
into is in the completeness condition. Namely, a sequence of queries that was generated with
respect to a particular proof may not be “good” for a different proof. More precisely, if the
distribution of queries that the MAP verifier generates (heavily) depends on the proof, then
the only guarantee that we have is that the MAP verifier will be correct when emulated
with a distribution of queries that matches the specific good proof.!” Hence, we may indeed
have to generate a different sequence of queries for every possible proof string.

However, as proved in the following theorem, if the tester makes proof oblivious queries
(see Definition 2.2), then the foregoing problem can be avoided and indeed it suffices to make
only one sequence of queries, and reuse this sequence for all the 27 emulations.

Theorem 4.2. If the property 11 has an MAP verifier that makes q proof oblivious queries
and uses a proof of length p, then I1 has a property tester that makes O(p - q) queries.
Moreover, if the MAP wverifier has one-sided error, then the resulting property tester has
one-sided error.

Proof. Let V be an MAP verifier for Il with query complexity ¢ and proof complexity
p, and let V' be exactly as in the proof of Theorem 4.1 (i.e., an MAP verifier for II with
soundness error 2~ P*2) using ¢/ = O(p - q) queries and a proof of length p).

As hinted above, the construction of the property tester T differs from that in Theo-
rem 4.1. The tester T is given oracle access to f. It first emulates V' using an arbitrary
(dummy) proof string, denoted wy, a random string r, and by forwarding V"’s queries to f.
The key observation here is that the distribution of the queries does not depend on the proof
at all, and so an arbitrary proof would suffice for our needs. Thus, T" obtains a sequence
al = (ay,...,a,) of answers (corresponding to queries specified by r and the previous an-
swers). Now, T enumerates over all possible 27 proof strings for V', and for each proof string
w € {0, 1} it emulates V' while feeding it the proof string w, the random string r, and the
answer sequence af. If for some string w the verifier accepts, then T accepts. Otherwise, it
rejects.

If f €11, then there exists a proof string w that will make V" accept with probability at
least 2/3. The key point is that since the distribution of the queries does not depend on w.
Hence, the queries actually made by T (using the dummy proof wy) are identical to those
V' would have made using the proof w (and the same randomness as T"). Hence, T" accepts
in this case with probability at least 2/3 (and in case V' has one-sided error, then 7" accepts
with probability 1). On the other hand, similarly to the proof of Theorem 4.1, if f is e-far
from II then no string w will make V' accept with probability greater than 2-®+2 . Thus, by
the union bound, T will accept in this case with probability at most 27 - 2=#+2) < 1/3. [

5For an example of such MAPs, see Theorem 3.1 and Theorem 4.3.
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4.2 From Two-Sided Error M AP to One-Sided Error MAP

In this section we show a general result transforming any MAP (which may have two-sided
error) into an MAP with one-sided error, while incurring only a poly-logarithmic overhead
to the query and proof complexities. The construction is based on the ideas introduced in
Lautemann’s [Lau83] proof that BPP is contained the polynomial hierarchy coupled with the
observation that M.APs may have very low randomness complexity (adapted from [GS10b],
which in turns follows an idea of Newman [New91]). We note that both the verifier and
the proof generation algorithm in this construction may be inefficient in the computational
complexity sense. (This is a consequence of each one of the two parts of the transformation).

Theorem 4.3. Let 1T be a property of functions f, : D, — R,, where |R,| < exp (poly(n)).
If T has a two-sided error MAP with q queries and a proof of length p, then 11 has a
one-sided error MAP with O(q - polylog(n)) queries and a proof of length O(p+ polylog(n)).

We note that typically |R,,| < n and that properties for which |R,| > exp(poly(n)) seem
quite pathological. Before proceeding to the proof of Theorem 4.3, we note that as a direct
application of the theorem we obtain the following relation between two-sided error property

testers and one-sided error MAP (denoted MAP;).

Corollary 4.4. For every function ¢ : N x RT™ — N it holds that:

PT(q) € MAP,(polylog(n), q - polylog(n)).

The proof of Theorem 4.3 is based on two lemmas. The first, Lemma 4.5, shows that
a two-sided error MAP verifier that has low randomness complezity, can be transformed
into a one-sided error MAP. The proof of this lemma is based on the technique of Laute-
mann [Lau83]. The second lemma (Lemma 4.6) shows that the Goldreich-Sheffet [GS10b]
technique for reducing the randomness of property testers can also be used to reduce the
randomness of MAP verifiers.

Lemma 4.5. If the property Il has a two-sided MAP wverifier that makes q queries, uses a
proof of length p, and has randomness complezity r, then 11 has a one-sided MAP wverifier
that makes O(q - rlogr) queries and uses a proof of length O(p + r?logr).

Proof. Following [Lau83], the construction involves two main steps. The first step is a
parallel repetition step that significantly reduces both the completeness and soundness errors
of the MAP. At this point, almost the entire set of possible random strings lead to accepting
inputs that have the property and rejecting inputs that are far from the property. The main
observation is that there must exist relatively few “shifts” sq,...,s; such that for an input
that has the property, for every random string r there exists a shift s; such that r ® s; leads
to accepting, whereas if the input is far from the property, then with high probability over
the choice of r, no shift will result in accepting. Details follow.
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Let V(2) be a two-sided error MAP verifier for a property II with query complexity
def . def . def
q = q(n,e), proof complexity p = p(n) and randomness complexity r = r(n,e). To prove
the theorem we construct a one-sided error MAP verifier V/y for II.
Let V() be the two-sided error MAP obtained by taking the majority of m = ©(logr)
repetitions of V() using fresh random coins but using the same proof string for all repetitions.
By the Chernoff bound, this amplification yields both completeness and soundness errors that

are at most § % 2-207)_ which may be made smaller than — for any desired constant ¢ > 0.

Note that V() has query complexity ¢’ def gm, proof complexity p’ o p, and randomness

. , def
complexity ' = rm.

Denote by V(J;),(w; s) the (deterministic) output of V(J;),(w) when invoked with the random
string s. We construct the one-sided error MAP verifier V{; as follows. The proof string for
V1) consists of the original proof string w for V(9) as well as a sequence of strings (sy, ..., s¢)
each of length 1/, where ¢t = ©(r) such that 0* < 27" and 6t < 5. Given the proof string
(w, s1,...,5:), the verifier V(1) chooses a random string s €5 {0, 1} and runs Vé)/(w; s D s;)
for each i € [t]. If for some i € [t] the test accepts, then V(y) accepts; otherwise it rejects.
The proof and query complexities can be readily verified, and so we proceed to prove the
completeness and soundness of V(y).

Completeness. Let f € Il of size n and let € > 0. Then, by the completeness of V5, there
exists a proof string w such that Pr .y~ [V(J;),(w; s) = 1] > 1 — 4. We show that there

exists a sequence (sy, ..., s;) such that Pr 1y [V({)(w, S1y...,88) =1] = 1.

To show that such a sequence (s, ..., s;) exists we use the probabilistic method. Specifi-
cally, we consider a sequence that is chosen uniformly at random, that is, each s; € {0, 1}7"/.
By the union bound,

Pr [33 s.t. Vi e [t], V(’;),(w; s®ds;) = 0} < Z Pr [‘v’i € [t], V(’;),(w; sds;) = 0] :

(4.1)
but since the s;’s are independent, for every s € {0, 1}’”',
t
Sf'r’st [‘v’i e [t], V(];),(w; s s;) = O} = Hlf;r [V(J;),(w; s s;) = ()] <4 (4.2)
i=1

Combining Equations (4.1) and (4.2) we obtain that:
Pr [Els s.t. Vi € [t], V(J;),(w; s s;) = O} <2" .5t < 1.

SN

and (zero-error) completeness follows.
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Soundness. Let f of size n be e-far from having the property II for ¢ > 0. Then, by the
soundness of V(yy, for every proof string w, the verifier V{5 accepts f with probability at
most . Hence, by the union bound,

Psr [Elz' € [t] s.t. Vé),(w;s®si) = 1] < ZPSr [V(J;),(w;s@si) = 1] <t-6<1/3

i€]t]
and the lemma follows. O]

Lemma 4.6. Let IT be a property of functions f, : D,, — Ry, where |R,| < exp (poly(n)). If
IT has an MAP verifier that makes q queries, uses a proof of length p, and has randomness
complezity v, then Il has an MAP wverifier that makes q queries, uses a proof of length p
and has randomness complexity O(logn).

Proof. The proof follows the proof of [GS10b] with a minor modification to handle the
dependence of the verifier on the proof. Namely, using the probabilistic method, we show
the existence of a small subset of the random strings that behaves similarly to the entire set.

Let II be a property of functions f, : D, — R,,, where |R,| = exp (poly(n)) (and where
D,, = [n], cf. Section 2), and let V' be the MAP verifier of the lemma statement. Fix
an input length n and let D o D,, R o R, and p o p(n). Consider a 2" x |R|IPI. 2p
matrix where the rows correspond to all possible random strings v used by the verifier
and the columns correspond to pairs (f,w) of functions f : D,, — R, and possible proofs
w € {0,1}?. The entry (v, (f,w)) of the matrix corresponds to the output of V/(w;~), that
is, the output of the verifier when given oracle access to f, the proof string w and random

coins 7.

Note that for every function f € II, by the completeness of V', there exists a proof string
w such that the average of the (f,w) column is at least 2/3. Similarly, by the soundness
of V, for functions that are e-far from II and every proof string w the average of the (f, w)
column is at most 1/3.

We show that there exists a multi-set, S, of size poly(n) of the rows such that the average
of every column when taken over the rows of S is at most 1/7-far from the average taken
over all rows. Thus, we obtain an MAP verifier that uses only log, |S| = O(logn) random
coins, by simply running the original tester V' but with respect to random coins selected
uniformly from S (rather than from {0,1}"). To obtain soundness and completeness error
1/3 we use O(1) parallel repetitions.

We use the probabilistic method to show the existence of a small multi-set S as above.
Consider a multi-set S of the rows, of size t, chosen uniformly at random and fix some
function f and proof string w. By the Chernoff bound, with probability 2=%®) over the
choice of S, the average over the rows in S of the (f, w)-column is 1/7-close to the average
over all rows. Thus, by setting ¢ = log(|R|I”! - 2P) and applying the union bound, we obtain
that there exists a multi-set S as desired.
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Since the new verifier selects at random from S, it can be implemented using log,t
random coins. We complete the proof by noting that the proof length p can always be made
to satisfy p < n (since a proof of length n suffices to test any property using only O(1/¢)
queries, see discussion in Section 1.2), that the domain size is n and that |R| < exp(poly(n))
(by the hypothesis). O

Theorem 4.3 follows by applying the randomness reducing transformation of Lemma 4.6,
and then applying Lemma 4.5 to the resulting MAP verifier.

5 A Hard Property for MAPs

As noted in the introduction, every property has an MAP that uses a proof of length n and
makes only O(1/e) (where the proof is simply the object itself). In contrast, in this section
we show that for “almost all” properties II, every MAP for II that uses a proof that is even
n/100 bits long, requires 2(n) queries.

Our result is actually slightly stronger. Roughly speaking, we show that for every t, a
random property of size 2' can be tested (without a proof) using O(t) queries, but any MAP
that uses a proof of length even ¢/100 must make €2(¢) queries in order test this property.

In the following we consider properties that are sets of strings rather than functions. We
note that a function formulation (as in Definition 2.1) can be easily obtained by mapping
every string x € {0, 1}" to the function f, : [n] — {0, 1}, defined as f,(i) = z;.

Theorem 5.1. Let t = t(n) < n/10. Every property Il = U,enll, (where 11, C {0,1}") of
size 2t can be tested with O(t/s) queries (without using a proof), but for every n € N, for
99% of sets I1,, € {0,1}"™ of size 2*, it holds that every MAP for testing e < 1/4 prozimity
to I1,, that uses a proof of length p must make at least t — p — O(logn) queries.

The rest of this section is devoted to the proof of Theorem 5.1, which is inspired by
[GGRO8, Section 4.1] and uses also ideas from [RVW13, Section 4]. We remark that while
Theorem 5.1 holds for almost all properties, finding an explicit property for which a similar
statement holds is an interesting open question.

The key idea in the proof of Theorem 5.1 is to show that MAPs that use a relatively
short proof and make relatively few queries can be represented by a small class of functions.
Since this class of functions is small, we argue that a (small) random set S C {0, 1}", viewed
as a property, will fool every MAP, in the sense that no MAP verifier can distinguish
between a random element in S and a random element in {0, 1}".

The foregoing intuition is formalized by the following lemma shows that exists a set of
randomized decision trees (see definition below) such that for every MAP, there exists a
subset of the decision trees such that the MAP accepts an input = (with probability at least
2/3) if and only if at least one of the randomized decision trees accepts x (with probability
at least 2/3).
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Lemma 5.2. Lete € (0,1/4). For everyn € N and for every p,q < n, there exists a class of
functions .F;Z) of size 2N 2N of functions from {0,1}" to {0,1}, such that the following
holds. For every MAP wverifier V' for testing e-proximity to I1, C {0,1}" that uses a proof
of length p and q queries, it holds that Iy € ]:,EZ), where Iy (x) is defined as the indicator
function for the event that there exists some m € {0, 1}* such that Pr[V*(n,e,m) = 1] > 2/3.

Note that the order of quantifiers in Lemma 5.2 is such that the class of functions is the
same for every MAP verifier (and depends only on p and ¢). This will be crucial in showing
that a random set fools every MAP verifier. Also note that if p+ ¢ < n, then the size of F
is quite small relative to the class of all functions from {0,1}" to {0, 1} (which has size 2%").

Proof of Lemma 5.2. To facilitate the proof of Lemma 5.2, it will be useful to describe
standard testers (which do not use a proof) as randomized decision trees. Our main observa-
tion is that, roughly speaking, an MAP can be expressed as an OR of randomized decision
trees.

Recall that a randomized decision tree is a model of computation for computing a ran-
domized function f : {0,1}" — {0,1}. The randomized decision tree is a rooted ordered
binary tree. Each internal vertex of the tree is labeled with a value ¢ € {1,...,n,*} and the
leaves of the tree are labeled with 0 or 1. (We think of a node that is labeled with i € [n] as
representing the reading of the i*" bit, and of a node that is labeled with * as representing a
random coin toss.) Given an input z € {0,1}", the decision tree is recursively evaluated as
follows. If the root’s label is *, then one of its two children is selected uniformly at random,
and we recurse on that child. Otherwise (i.e., i € [n]), if ; = 0, then we recurse on the
left subtree, and if z; = 1, then we recurse on the right subtree. Once a leaf is reached, we
output the label of that leaf and halt. If T" is a randomized decision tree, we denote by 7'(x)
the (random variable that corresponds to) the output of 7" on input z.

The size of the decision tree is defined as the number of vertices in the tree, and the depth
of the tree is defined as the longest path between the root of the tree and one of its leaves.
(See [BAWO02] for an extensive survey of decision tree complexity.) Let RDTg be the set of
all randomized decision trees of size s. For every T,...,T; € RDT; let fr, 1, : {0,1}" —
{0,1} be the function defined as fr, _r,(z) = 1 if and only if there exists ¢ € [t] such that
Pr[T;(x) = 1] > 2/3. Consider the class of functions

For={fr...n : Th,...,T, € RDT,}.

We show that Fyoly(n).2a,20 satisfies the conditions of the lemma.

Let V' be an MAP verifier of e-proximity for II, that uses a proof of length p bits,
q queries, and r random bits. The main observation is that for every fixed proof string
7 € {0,1}?, the (randomized) decision V*(n, e, 7) can be expressed as a randomized decision
tree Ty, of depth r + ¢ (and size 2"1?), which is defined as follows. The first r vertices in
every path from the root to a leaf in the tree are labeled by * (these vertices correspond
to the random coin tosses of V). Every other internal vertex is labeled by some i € [n],

45



corresponding to a query to z; made by V. The two edges leaving every vertex, labeled by 0
and 1, correspond to the actual value of x;, and these edges lead to a vertex that is labeled
by the next query made by V', given the answer z; to the query i. Given an input x and a
random string p € {0, 1}", the leaf that is reached by evaluating the decision tree on input
x and the random string p is labeled with the value V*(n, e, m; p). (Recall that V*(n,e,m; p)
denotes the output of the verifier V' given oracle access to z, direct access to n, ¢, ™ and the
random string p.) We are interested in Pr[V?®(n,e, m) = 1].

Let Iy : {0,1}™ — {0,1} be defined as Iy (x) = 1 if and only if there exists 7 € {0, 1}?
such that Pr[V*(n,e, m) = 1] > 2/3. Since the randomized functions V*(n, e, 7) and Ty ,(z)
are identically distributed, it holds that Iy, € Fartq op.

By Lemma 4.6, we may assume without loss of generality that V' has randomness com-
plexity r = O(logn). The lemma follows by noting that |RDT,| < (n + 1)° and therefore
| Fsi| < |[RDT,|F < (n+ 1)%% O

Before proceeding to the proof of Theorem 5.1, we state a few standard propositions
(Propositions 5.3, 5.4 and 5.6) whose proofs are deferred to Appendix B.2. We start by
noting that sparse properties can be efficiently tested.

Proposition 5.3 (folklore). Fvery property Il = U,enIl,, (where I1,, C {0,1}") can be tested
by making O(log |11, /€) queries (without a proof).

We note that Proposition 5.3 has standard proofs via learning theory techniques.'® In
Appendix B.2 we provide an alternative proof that uses the notion of MAPs in a somewhat
surprising, but very natural way.

The following (standard) proposition shows that, with high probability, a random n-bit
string will be far from any small subset of {0, 1}".

Proposition 5.4 (folklore). For every constant € € (0,1/4] and set S C {0,1}", it holds
that Prycpqo1y-[x is e-close to S) < |S] - 27/,

For the last claim that we need, recall the definition of a PRG.
Definition 5.5. A set S C {0,1}" is called a pseudorandom generator (PRG) for fooling a
class F of functions from {0,1}"™ to {0,1} if for every f € F it holds that

Pr [f(x)=1—- Pr [f(x)=1]| <1/10.

TERS z€r{0,1}"

(note that the choice of the constant 1/10 is arbitrary.)

The following (well-known) lemma shows that for every class of functions F, a random
set of size O(log | F|) is a PRG that fools F.

6Either by an explicit reduction of property testing to learning (see [GGR98, Section 3]), or by applying
Occam’s razor directly to the testing problem.

46



Proposition 5.6 (implicit in [GK92], see also [Gol08, Exercise 8.1]). Let F be a class of
functions from {0,1}" to {0,1}, of size at most 22""*. Then, 99% of subsets of {0,1}" of
size s = O(log | F|) are PRGs that fool F.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Fix ¢ € (0,1/4). Let t,p,q : N — N be functions such that
t =1t(n) <n/10, p=p(n) <n,q=q(n) <nandt =p+q+ O(logn).

Let S & UnenS, where for every n € N, the set S,, C {0,1}" is a random subset of

{0,1}™ of size 2/™. By Proposition 5.3, (for any choice of S) the property S can be tested
using O(log(|Sy,])/e) = O(t/e) queries (without a proof).

Fix n € N and let }";EZ) be the class of functions of size 22 gyaranteed by
Lemma 5.2, with respect to p and ¢. Since O(log |[FSY|) = O(2P*+ - poly(n)) = 2¢, by
Proposition 5.6 (applied to the class ]-",EZ)), with probability 0.99 over the choice of S,,, it
holds that for every f € }—,EZ):

Pr [f(x)=1—- Pr [f(x)=1]| <1/10. (5.1)

TERSK z€r{0,1}"

Let S, be a set for which Eq. (5.1) holds and assume toward a contradiction that there
exists an MAP verifier V' that uses a proof of length p and ¢ queries, and tests e-proximity
to S,,.

By Lemma 5.2, it holds that Iy, € féj}‘), where the function Iy is defined as Iy (z) = 1
if and only if there exists © € {0, 1}? such that Pr[V*(n,e,m)] > 2/3. We proceed to show
that Iy is a distinguisher for the PRG S, in contradiction to Eq. (5.1).

By the completeness of the MAP, for every x € S, it holds that Iy (x) = 1 and therefore

E [I =1.

E_[v()
On the other hand, by the soundness of the M AP, for every x that is e-far from S, it holds
that Iy (z) = 0 and so

zer{0,1}7 x that is z€r{0,1}"
e-far from S,

E [Iy(z)] < E  [Iy(z)]+ Pr_[zisecloseto S,] <[5, 9 /8 < 9=

where the second inequality follows from Proposition 5.4 (and the fact that Iy (z) = 0 for
every x that is e-far from S,,), and the last inequality follows from our setting of ¢t < n/10.
Therefore,

E [Iv(z)]— E [Iy(x)]>1-2"9"
xGRSn[ V(x)] xER{O,l}"[ V($)] B ’
in contradiction to Eq. (5.1). O
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6 MAPs for Parametrized Concatenation Problems

In this section we give a scheme for constructing efficient MAPs for parameterized con-
catenation problems. For starters, we review the notion of (non-parameterized) concate-
nation problems: The k-concatenation problem of a property II is defined as the property
1>k 4 {(z1,...,2x) : Vi€ [k], z; € I and |z;| = |z1|}. For every i € [k], we will refer to
x; as the i block or sub-input.

Concatenation problems (in the context of property testing) were recently studied by
Goldreich [Gol13], who showed that the query complexity of the concatenation problem IT*
(of a property II) is roughly the same as the query complexity of the problem of testing a
single instance of II, regardless of the number of concatenations. More precisely, the query
complexity of testing proximity of an input of length n - k (for II**) is the same, up to a
polylogarithmic factor, as the query complexity of testing proximity of an input of length n
(for IT), provided that the query complexity of IT increases at least linearly with 1/e (which
is typically the case).

We consider a generalization of the notion of a concatenation problem by allowing the
underlying property to depend on some parameter, which may differ between the different
blocks. Consider a family of properties {II* } ., where « is the parameter and A is some
domain. As we shall show, some natural properties can be expressed as a concatenation
Mot x ... 1% of a property II%, with respect to different values of the parameter. For
example, testing whether a given string x has Hamming weight w can be expressed as the
question of testing whether 2 can be partitioned into k blocks such that the i*" block has
Hamming weight w; and 3~ w; = w. (Other natural examples are reviewed below.)

In this section it will be convenient for us to view the input length n € N, the proximity
parameter ¢ € (0,1), and the number of concatenations k as fixed. We note that although
we fix n, €, and k, these parameters should be viewed as generic, and so we allow ourselves
to write asymptotic expressions such as poly(n), poly(¢), etc. If II C {0,1}", then we say
that a verifier V' is an MAP(p,q) for I with respect to proximity ¢ if V' can distinguish
between inputs that are in I and inputs that are e-far from II using a proof of length p and
q queries. (See the end of Section 6.1 for a discussion of the issues involved in providing a
uniform treatment of parameterized concatenation problems.)

Additionally, throughout this section we study properties that are more naturally ex-
pressed as sets of strings (rather than functions), therefore we present them as such. Note
that a function formulation (as in Definition 2.1) can be easily obtained by the (trivial)
mapping that maps the string x € ¥" to the function f, : [n| — ¥ defined as f,(i) = x;. We
proceed to define parameterized concatenation problems.

Definition 6.1. Let A be a finite set, and n,k,n/k € N. For every a € A, let I €
{0,1}™* be a property of n/k-bit strings that is parameterized by .. For every subset A C AF,
we say that the property 112 is a parameterized k-concatenation property (of n-bit strings),
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where T4 is defined as

M I <. x I

(o100 )€EA
If we consider the task of testing II7, it is not a priori clear (for the tester) what value
of the parameter «; to use for each block. This is where MAPs can help us. That is, the
proof of proximity will simply tell the MAP verifier the correct value of the parameter for
each block. Using this idea, in Section 6.1 we construct an MAP for any parameterized
concatenation problem. In Sections 6.2 to 6.3, we demonstrate the applicability of this
technique by using it to construct efficient MAPs (which manage to bypass some lower
bounds for testers that do not use a proof) for a couple of natural properties:

1. Approximate Hamming weight: The first application of our scheme is an efficient
MAP for the problem of approximating the Hamming weight of a given string. In this
problem, which is parameterized by w € [n], the tester needs to distinguish between
inputs that have Hamming weight exactly w and those that have Hamming weight
¢ [w—en,w+ en).

We complement this MAP with a (non-tight) lower bound on the MAP complexity
of the approximate Hamming weight property. We leave the question of resolving the
gap between the upper and lower bounds to future work. See Section 6.2.

2. Graph orientation problems: In addition, we show an MAP in the graph ori-
entation model (see Section 6.3 for details on this model). Specifically, our MAP
distinguishes between orientations (of a specific undirected graph) that are Eulerian
and those that are far from Eulerian. Our MAP has lower query complexity than
the best possible property tester for this problem, and the gap in query complexity
increases with the size of the proof. See Section 6.3.

Properties with/without distance. Note that all of the explicit properties studied in
Section 3 are properties of low-degree polynomials and error-correcting codes. The MAPs
that we have shown for these properties crucially relied on the fact that these properties
have distance (i.e., properties wherein every two objects that have the property are far from
each other), and moreover, they allow for a local form of self-correction.!” We note that in
contrast, all of the properties that we study in this section are without distance (as is the
property of bipartiteness studied in Section 7). For example, the Hamming weight property
is without distance since there are pairs of strings at distance 2 that have the same Hamming
weight.

17 An important natural subset of this type of properties with distance is the set of properties of algebraic
objects; see [KS08] for an extensive study of algebraic properties.
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6.1 The Generic Scheme

In this section we show a generic scheme for parameterized concatenation problems.

Theorem 6.2. Ler ci,c; > 0 be constants. Let 112 be a parameterized k-concatenation
property (of n-bit strings) with respect to A, A, and {Hg/k}aeA, as in Definition 6.1. Suppose
that for every a € A, the property Hg/k can be tested with respect to any proximity parameter
e’ > 0 (without using a proof ) with query complexity O ((n/k)** - (¢')=°). Then, the property
IT has an MAP, with respect to proximity parameter €, that uses a proof of length k -log | A|
and has query complexity:

0, ((n/k) - emmax(bea)) if ¢; > 0 and 3 > 0

@) ((n/k)l_l/C2 ~€_1> if c1 =0 and cy > 1.
Furthermore, if the testers for {Hz/k}aeA have a one-sided error, then the resulting MAP
has a one-sided error.

Proof. The key idea is to use the proof in order to “break” the problem of testing property II
into the concatenation problem of testing several sub-properties with smaller inputs. Then,
instead of solving each sub-problem independently, we efficiently verify that the (smaller)
sub-inputs together are not too far from their corresponding sub-properties.

More specifically, we partition the input x (of length n) into k blocks 1, ...,z of length
n/k each. If x € II2, then there must exist (ay,...,a) € A such that z; € 17, for each
i € [k]. The proof is simply (a,...,ax); that is, the “hidden” parameter for each sub-
property. The verifier, given this alleged proof, checks that indeed (v, ..., ;) € A (i.e., the
parameterization of the sub-properties is valid), and is then left with the task of ascertaining

that the k blocks are not “far” from Hz}k X o X Hz’/“k,

Toward this end, similarly to the approach in [Goll3, Section 5], we note that given an
input that is far from Hz}k X e X Hz’jk, the distance from the property can be either “spread”
between all of the sub-inputs, or “concentrated” on a few sub-inputs — or anything in
between. The main idea is that if the distance is “concentrated”, then the deviation in these
sub-inputs must be large, and so, we can detect that such particular sub-inputs do not have
their corresponding sub-property by using a test with low query complexity. Since we only
read a few bits for this test, we can afford to run it on many sub-inputs (thereby increasing
our chance of catching a sub-input that is far from its corresponding sub-property). On the
other hand, if the distance is “spread” among the sub-inputs, then it suffices to examine
only a few sub-inputs, but for each such sub-input, we need to run a test with high query
complexity. Interestingly, in the latter case it is sometimes beneficial for the verifier to simply
read the entire block rather than to run the “expensive” tester.

Since the verifier does not know whether it is in one of the extreme situations or any-
where in between, naively we might want to consider the “worst of all worlds” (i.e., small
spread and high query complexity per block). We improve upon the performance of the
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forgoing approach by using the precision sampling technique (originating in Levin [Lev85,
last paragraph of Section 9], see also [Goll3, Appendix A.2]), which allows us to deal with
all of the possible distributions of the distance economically (specifically, by considering
only a logarithmic number of representative distributions). The resulting MAP protocol
for parameterized concatenation problems is presented in Figure 5.

MAP for the parameterized k-concatenation problem 114

Input: a proximity parameter € > 0 and oracle access to a string = € {0,1}".

The Proof:

e The string z is interpreted as a k sub-inputs = = (1, ...,z3) € ({0,1}"/F)k,

e The proof consists of the parameters for the concatenated problems; namely, the values
(o, ..., a) such that z; € Hg;k, for every i € [k] (such values must exist for = € TI2).

The Verifier:
1. If (ag,...,ar) ¢ A, then reject.

2. For every j € [[logy(2/¢)]], perform the following test:

(a) Select uniformly at random O <%) indices in [k]. Denote the chosen indices by
1.
(b) For every i € I: Run the Hz;k tester O(log(1/¢)) times on input x;, with respect to

proximity parameter 277. Reject if the majority of the tests failed.

3. If all of the previous tests passed, then accept.

Figure 5: MAP for II

Note that the length of the proof, which is (a, ..., ax), is bounded by k - log|A|. As for
the query complexity, first recall that for any o and &’ > 0, the property II? Ik has a tester
with query complexity T'(n/k,e’) = (n/k)® - (¢')=°. Thus, the total number of queries is at
most:

log(1/e) —j ~ [ (/)" (ca—1)
O | Z T-log(l/a)-T(n/k,Q Nl=0 - Z 2/
Jj€[[logy 2/¢]] j€[logy(2/2)1]

— O ((n/k)cl g—max(l,CQ)) )

For the special case in which ¢; = 0, we tighten the analysis. Observe that, without
loss of generality, for any proximity parameter ¢, it holds that T'(n,e) < n (simply since the
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tester can always just read the entire input). Therefore, the query complexity is bounded in
this case by:

27 27’
jellom 2/ = ° © jelMogs 2/<]

@) Z M log(1/e) - T (n/k,277) | = O ! Z }min (n_/k 2j(c2_1))
<ofL S mrie),

j€([logy 2/¢]]

where the last inequality follows from the fact that ¢; > 1 (by our assumption) and thus
min (n/k - 279, 2(2707) < (n/k)'=1/e2. Therefore, the total query complexity in this case is
0 ((n/k:)l_l/c2 . 5_1).

We proceed to prove the completeness and soundness of the protocol.

Completeness. Suppose that x € Hf and that (zq,...,xy) € Hz}k X.. .xﬂg’/“k. The tester for
each sub-property is invoked O(log(1/¢)) times in Step (2b) on some z; € I, . Therefore,
with probability 1 — poly(¢) the majority of these invocations will accept. The total number
of times that this step is run is at most O(1/¢-log?(1/¢)) and therefore, by the union bound,
the MAP verifier accepts with probability at least 2/3.

Soundness. Suppose that z € {0,1}" is e-far from Hf. Let (aq,...,qx) € A be an alleged
proof for the false statement x € IIZ (notice that if (ay,...,ax) ¢ A, then the tester
immediately rejects). Thus, © = (z1,...,23) € ({0,1}"")* is e-far from II7), x ... x I}k,
(since otherwise z is e-close to I12).

The following claim shows that it suffices to consider O (log(1/¢)) different distributions
of the distance between the sub-inputs. Since the proof of the claim is similar to results of
[Gol13, Section 5], we defer it to Appendix B.3).

Claim 6.2.1 (Precision Sampling (cf. [Lev85, last paragraph of Section 9] or [Goll3, Ap-

pendix A.2])). There exists j € [[logy2/e]] such that a Hh)g;% fraction of x1, ...,z are
27 -far from their corresponding sub-properties Hz}k, e ,Hz’;k.
Consider the execution of iteration j, where j is the index guaranteed by Claim 6.2.1. In

this iteration, since the verifier selects uniformly at random O <%) indices in [k], with

probability at least 0.9, it selects at least one i € [k] such that x; is 277-far from I1%:.
Suppose that such an i is indeed selected. Since the base tester for II;" is run with respect
to proximity 277, it will reject x; with probability 2/3. Since the test is repeated O(log(1/¢))
times, the majority of these tests will reject with probability at least 0.9. Thus, the MAP
verifier rejects x with probability at least 0.9 -0.9 > 2/3. O]
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On providing a uniform treatment. Recall that throughout this section we have fixed
n, € and k. Before proceeding to describe the applications of Theorem 6.2, we shortly
discuss issues that arise when considering a uniform (asymptotic) treatment. In some cases,
in order to optimize the total complexity (i.e., the sum of the proof complexity and the
query complexity) of the MAP in Theorem 6.2, it is beneficial to allow the number k of
concatenations to depend on the proximity parameter €. However, if k£ depends on &, then
the following two issues arise.

First, notice that if k£ depends on &, then the proof string in Theorem 6.2 becomes
dependent on € too, and therefore this protocol does not fall in our definition of MAP
(Definition 2.1), which requires a single proof of proximity that works for every value of
€ > 0. Hence, one can consider a slight relaxation of Definition 2.1 in which we allow the
proof of proximity to depend on e. Since formally such a protocol is not an MAP, we call it
an MAPppp (where PDP stands for proximity dependent proofs). Note that in an MAPppp
both the contents of the proof of proximity, and its length may depend on the proximity
parameter. See Appendix C for further discussion of MAPppp.

An additional issue that arises when the number of concatenations k£ depends on ¢ is
that it is unclear how to define a k-concatenation property, as the naive definition that
follows Definition 6.1 would make the property itself depend on k, and therefore also on
the proximity parameter. While this issue can be overcome for the specific properties that
are studied below, doing so in general would be extremely cumbersome, which is the main
reason for our non-uniform treatment.

6.2 Approximate Hamming Weight

In this section we consider the problem of deciding whether a given string x € {0,1}" has
Hamming weight approximately w. More specifically, we would like a tester that accepts
every string x € {0,1}" that has Hamming weight w € [n], and rejects strings that have
Hamming weight that is e-far from having weight w. Namely, the tester should reject every
string « € {0,1}" for which wt(z) ¢ [w — en,w + en], where wt(z) denotes the Hamming
weight of x.

More formally, we consider a family of properties {Hamming?'},,, indexed by a weight
w € {0,...,n}. The property Hamming,’ is defined as the set that consists of all strings
x € {0,1}" that have Hamming weight exactly w.

By well-known sampling lower bounds (see, e.g., [BYKS01, Theorem 15|, improving
upon [CEG95]), the query complexity of any property tester (which does not use a proof) is
Q(min (n,e™?) ) Our goal is to use MAPs in order to bypass this lower bound. We remark
that Hamming" was already studied by [RVW13] who showed a multiple-message ZPP for
Hamming® with complexity O (¢7') and a 2-message TPP with complexity O (n% ~5’§>.
(Note that for ¢ = 1/4/n, the 2-message protocol of [RVW13] has sublinear complexity of
O (nz/ 3), whereas testing without a proof requires 2(n) queries.)
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Using Theorem 6.2, we show that the performance of the [RVW13] 2-message ZPP can be
matched by an MAP (i.e., a 1-message ZPP), while essentially preserving its complexity.'®

Thus, we show that even a non-interactive proof suffices to bypass the property testing lower
bound.

More generally, for every constant parameter o € (0,1), we show that there exists
an explicit MAP for Hamming that uses a proof of length O(n®), and makes at most
o, (\/ nl—a. 5_1) queries to the input string. For every value of o € (0, 1), there is a range

of € for which the MAP is more efficient than the best possible property tester (which does
not use a proof) for Hamming. A comparison of the efficiency of our MAP versus standard
property testers, for different values of «, is provided in Table 2.

MAP
Parameters | Property Testing | Proof Complexity Query Complexity
General ) N O (, /pi-a . 5—1)
© (min (n,e72)) O(n®)
@ s (07 1) Improves for n=2-% <e<n-2+%
~ O (n049 . o—1
a=0.02 C) (min (n, 5—2)) O <n0.02) ( )
Improves for n=9%! < ¢ < =049
~ O (nt/6. -1
a=2/3 © (min (n,e72)) O (n??) ( )
Improves for n=%/6 < ¢ < n=1/6
~ O (n001 . -1
a = 0.98 © (min (n,e72)) O (n%) ( )
Improves for =09 < ¢ < n=0:01

Table 2: The complexity of testing Hamming for different values of a.

Before we proceed, we note that we actually prove a slightly stronger result. Namely,
that for every k € [n] there is an MAP for Hamming that uses a proof of length & - logn,
and makes at most O <\/n/ k - 5_1> queries (where the more restricted statement above is
obtained by setting k¥ = n®). In order to minimize the total complexity (i.e., the sum of
the proof complexity and the query complexity) of the MAP, we also consider MAPppp
verifiers (recall that MAPppp is a slight relaxation of our definition of MAP that allows
the proof of proximity to depend on the proximity parameter, see the discussion at the end

1 2
of Section 6.1. With this relaxation, we can set k = n3 - £73 to obtain an MAPppp with

(total) complexity O (n% . z—:_%). See Appendix C for further discussion of MAPppp.

We complement the foregoing upper bound by showing a lower bound on the MAP

18We note that an MAP for approximating the Hamming distance with similar performance was also
discovered independently by (Guy) Rothblum et al. following the initial publication of [RVW13].
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complexity of Hamming. Specifically, we show that every MAP for Hamming that uses a

proof of length p > 1 must use (2 <%€72)> queries. Note that the two bounds do not

match (e.g., for ¢ = 1/y/n and p = n?/3, the upper bound is O (n*?) and the lower bound
is Q(n'/3)). We leave the question of resolving this gap for future work.

Theorem 6.3. For every w € {0,...,n}, the property Hamming) has a (two-sided er-
ror) MAP, with respect to proximity parameter e, that uses a proof of length k - logn and

0, <\/m : 8_1) queries.

We remark that by applying Theorem 4.3 to the M AP of Theorem 6.3, we can (somewhat
surprisingly) construct a one-sided error MAP with proof complexity O(klogn + polylogn)

and query complexity O (\/ n/k - 5_1> . In contrast, the query complexity of every one-sided

error property tester for Hamming (without a proof) is linear in the input size.

Proof of Theorem 6.3. Fix w € [n]. It is well known (and easy to show, e.g., via the
Chernoff bound) that e-proximity to Hamming" can be tested, without a proof, using O(s72)
queries (with a two-sided error). Let

AL {(wl,...,wk) c{0,...,n/k}" : iwi:w}.

Observe that a string = (21,...,2) € ({0,1}"/*)* has Hamming weight w if and only if,
for every i € [k] the string z; has Hamming weight w; and Zle w; = w. Hence,

Hamming, = U Hamming,/j, x ... x Hamming;f;“k.

(w1,...,wg)EA

The theorem follows from Theorem 6.2 (where ¢; = 0 and ¢ = 2). O

Relation to TensorSum. The Hamming problem is loosely related to the Sub-Tensor Sum
problem (see Section 3.2), since in both problems we want to compute the sum of the entries
of a given input string. In the Sub-Tensor Problem we want an exact answer but are given
the string in an error-corrected format (where we think of the input as f : H™ — F which is
encoded by a low degree polynomial f : " — FF that agrees with f on H™). In the Hamming
problem we do not have the benefit of an error-correcting code but allow an approximate
answer.

Next, we show a lower bound on the MAP complexity of the property Hammingz/ % (the
set of all strings of Hamming weight exactly n/2, where n is the length of the string). We
note that the lower bound can be extended to Hamming, for more general values of w by

reducing to Hammingz/ ? using adequate padding (while taking care of the integrality issues
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that arise). We also note that the lower bound only holds for reasonable complexity measures
(which are specified formally below).

The lower bound is proved using our extension of the [BBM11] framework to the MAP
model that was established in Section 3.2.2. Recall that this extension allows us to prove
lower bounds on the complexity of MAPs via M.A communication complexity lower bounds.
We note that since an MAP lower bound refers to a particular value of ¢, it immediately
implies a lower bound also on MAPppp.

One natural candidate for a communication complexity problem on which we can base
our Hamming lower bound is the Hamming Distance communication problem, wherein Alice
and Bob need to decide whether the Hamming distance of their input strings is equal to
a predetermined number. However, as opposed to the MAP lower bounds that we have
shown before (e.g., for TensorSum, and EIM), Hamming is a property of non-robust objects;
i.e., there is no significant distance between every pair of valid objects. In order to overcome
the lack of distance between valid objects in Hamming, we wish to reduce Hamming to an
MA communication complexity gap-problem wherein the YES-instances and NO-instances
are far apart. Indeed, the Gap Hamming Distance problem, described next, serves this
purpose.

Let n € N, and let t,g > 0. The Gap Hamming Distance problem, denoted by GHD,,; 4,
is the promise problem wherein Alice gets as input an n-bit string x, Bob gets as input
an n-bit string y, and the players need to decide whether the Hamming distance of their
strings is greater than ¢ 4+ g (considered a YES-instance), or smaller than ¢ — ¢ (considered
a NO-instance). See Appendix D for formal definitions and background. By extending a
recent result of Gur and Raz [GR13b], we show

Lemma 6.4. Let g,n € N such that g < n and t = a-n for some constant o € (0,1). Then,
every MA communication complezity protocol for GHD,, ; 4, with proof complexity p > 1, has

min(n,(n/g)?
communication complexity at least €2 <(+/g))).

The proof of Lemma 6.4, which is by a reduction to the result of [GR13b], is presented in
Appendix D (see Corollary D.3). Equipped with Lemma 6.4, we proceed to prove the lower
bound for Hamming,.

Theorem 6.5. For everyn € N and ¢ %< e(n) € (0,1/2), if Hamming™? has an MAP with

respect to proximity parameter €, with proof complezity p = Q(logn) and query complexity q

such that p(O(n)) = O(p(n)) and q(O(n)) = O(q(n)), then p-q = Q (min (n,e7?)).

We note that our restriction on the form of p and ¢ is satisfied by reasonable functions
such as f(n) = a-n for any a,b > 0 as well as for f(n) = a - polylog(n).

Proof of Theorem 6.5. Throughout the proof we fix the function w as w(m) o m/2. By
Lemma 3.21, if Hamming, € MAP(p,q), then the communication complexity (promise)
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problem CHammmg“’ has an M.A communication complexity protocol with a proof of length

p and total communication 2g, where (following [BBM11]) CH™™"* refers to the communi-

cation complexity (promise) problem, in which Alice and Bob need to decide whether their
inputs have Hamming distance exactly n/2 or are e-far from having such distance. Thus,
by Lemma 6.4, the theorem follows by reducing GHD,, ,/2—cnen to CHammmg“’ which is done
next. (We stress that this reduction takes place entirely in the context of MA communica-

tion complexity.)

We note that both GHD,, ;,/2— -y, cr, and Cg, Hammmg” are communication complexity (promise)
problems that refer to the Hamming dlstance A (z,y) between the inputs x and y (of Alice
and Bob, respectively). In GHD,, ;,/2—cnen the YES-instances correspond to A (z,y) > n/2
and the NO-instances correspond to A (z,y) < n/2 — 2en, whereas in C"™"®" the YES-
instances correspond to A (z,y) = n/2 and the NO-instances correspond to A (x,y) & [n/2—
en,n/2 + en).

We proceed to show a reduction from GHD,, ,,/o—cp en tO Cgasmmingw. Since the reduction

is between two M. communication complexity problems, weymay allow the reduction to
make use of a proof string. Specifically, the reduction is given as a proof string an integer
d e {0,...,n} that allegedly equals A (z,y), and maps a pair (x,y) € {0,1}""" to a pair
(z/,y') € {0,1}*""2" such that a YES (resp., NO) instance of GHD,, ;,/2—cpcr is mapped to a
YES (resp., NO) instance of Cha ™",

The reduction, given input d and (z,y), first checks that d> n/2 and rejects otherwise
(since A(z,y) < n/2 does not correspond to a YES instance of GHD,, /2 cc,). Then,
the reduction maps the pair (x y) € {0,1}"™ to the pair (2/,y') € {0,1}*""2" by setting
2’ =x00" and y = y o0 041"~ That is, Alice (resp., Bob), given input x (resp., y) and the
alleged proof d, first checks that d>n /2 and then computes 2’ (resp., y'). The parties then
run the Cg Hammmg“’ MA communication complexity protocol on input (2, /).

If (x,y) is a YES-instance of GHD,, ,/2—cp e (i€., A(z,y) > n/2 ) and d=A(zy) (ie.,
the provided proof is correct), then

Aa'y) = Aw,y) +n—d=n,
Hammlngw

and so (2',y’) is a YES-instance of Cg On the other hand, if (z,y) is a NO-instance
of GHD,, ,/2—cnen (i€., A(z,y) < n/2 — 2en), then for every d> n/2

A y)=Az,y)+n—d<n-—2en

Hammmgw

and so (z',9') is a NO-instance of C

Let us spell out how the reductlon is used to prove the theorem. Suppose that Hamming,,
is in the class MAP(p, ), where p and g are as in the hypothesis. Then, by Lemma 3.21, the
Cgf‘;“""“gw problem has an M. communication complexity protocol with proof complexity p

and communication complexity 2¢. Our reduction maps inputs of length n (of GHD,, /22 cn)
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to inputs of length 2n (of Cg;mmingw), while using an additional proof of length log, n. Thus,
the reduction implies an M.A communication complexity protocol for GHD,, /2 -n With
proof complexity p(2n)+log, n = O(p(n)) and communication complexity 2¢(2n) = O(g(n)).
Hence, by Lemma 6.4, it holds that p - ¢ = © (min(n, e?)). ]

6.3 Graph Orientation Problems

In this section we apply Theorem 6.2 to the problem of testing graph orientations for being
Eulerian in the graph orientation model. In the graph orientation model, introduced by
Halevy et al. [HLNT05], an underlying directed graph G = (V, E') with a canonical orientation
(i.e., wherein each edge is directed from the vertex with the smaller lexicographical order
to the vertex with the larger lexicographical order) is given as an explicit input to the
tester, and the actual input, to which the tester only has oracle access, is an orientation

={d(e) € {0,1} : e € E'} of G, wherein d(e) represents the direction of the edge e.

Given a property Il (parameterized by the fixed directed graph G) of graph orientations,
a tester for Il is given query access to an orientation of G; that is, every query is an edge
e € E, and the answer to the query is the direction of e in G (i.e., d(e) € {0,1}). An

orientation 8 of G is e-close to Ilg if it can be modified to be in IIg by inverting the
direction of at most an e-fraction of the edges of G. Note that the distance function in
the orientation model naturally depends on the size of the underlying graph. Moreover, the
testing algorithm may strongly depend on the structure of the underlying graph. We note
that the graph orientation model falls within the standard property testing framework, as
a special case of property testing of massively parameterized problems (see [New10] for a
survey on massively parameterized properties).

We consider the graph orientation property of being Eulerian, which was first pointed out
by Halevy et al. [HLNT07] as a natural property for the graph orientation model. Recall that
a directed graph is Eulerian if for every vertex v in the graph, the in-degree of v is equal to
its out-degree. If G is a directed graph (with canonical orientation), we denote by Eulers the
property that contains all orientations of G' to (directed) Eulerian graphs. While no (non-
trivial) upper bound is known for this property, Fischer et al. [FLM'12] showed that for
general graphs, testing proximity to being Eulerian with 1-sided error is hard. Specifically,
They showed that for G = K, (i.e., the full bipartite graph with 2 vertices on one side,
and n — 2 vertices on the other side), a one-sided error tester for Eulerg must use Q(n)
queries.

Using Theorem 6.2 we show, for every a € (0,1}, an MAP with 1-sided error for
Eulerg,, ,, which uses a proof of length O(n®) and O(n'~*c~!) queries. Hence, we have
a smooth (up to poly-logarithmic factors) multiplicative trade-off between the query and
proof complexities of the MAP. We note that it seems that using similar techniques, it
is possible to obtain, using Theorem 6.2, efficient MAPs for several problems in the graph
orientation model.
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Formally, let K5,_o be the graph with a set of vertices V' = {wvy,...,v, } and a set of
edges E' = { (v;,v;) : i €{1,2}, je{3,...,n}}.

Theorem 6.6. The property Eulerg, ,_, has a one-sided error MAP, with respect to proxim-
ity parameter ¢, that uses a proof of length O(k -logn) and has query complexity O (% . 6_1>.

Proof. The main idea is to divide K ,_ into sub-graphs of equal size, wherein v; and v,
are the only vertices that appear in all sub-graphs. We require that for all j € {3,...,n},
the in-degree of v; is equal to its out-degree. However, since v; and v, appear in all of the
sub-graphs, we can allow their in-degree in each subgraph to be different than their out-
degree in this subgraph, as long as the sum of their in-degrees is equal to the sum of their
out-degrees.

We denote the in-degree of a vertex v € Ky,,_2 by d;,,(v) and the out-degree of v € Ky ,,_o

by dou(v). We start by considering the following generalization of the Eulerg, ,_, property.

For every a,b € 7Z, let Eulerggbi_2 be the set of all orientations of Ky ,_o such that:

1. din(vl) — dout(vl) = Q.
2. din(Ug) — dout(v2> b
3. dm(Uj)

dout(vj), for all j € {3,...,n}.

(note that @ and b may be negative). Let A be the set of all sequences ((a1,b1), ..., (ak, by)),
where a;,b; € {—(n—2),...,n— 2} for every i € [k] and for which it holds that 3> a; =0
and Zle b; = 0. Consider the property:

def b ,b
1= | | Eulerl®®) . x Euler{®"%)
n 2 2,n/k—2

(a1,b1),-.5(ag,bp) €A

This property contains all sequences of k orientations of the graphs K, /;_» such that (1)
the vertices on the “large” side have in degree that is equal to their out degree and (2) for the
vertices on the “small” sides, the sum, over all graphs, of their in-degree equals the sum of
their out-degrees. We note that there is a trivial mapping between II and Eulerg, , , which
simply identifies the pair of vertices on the smaller side of graphs in Il as a singe pair of
vertices.

By applying Theorem 6.2 with ¢; = 1, ¢co = 0, and using the trivial tester (that queries
the entire orientation) for every subgraph, the property IT has an MAP with proof of length
O(k -logn), and query complexity O (% -e7!). By the foregoing discussion, this MAP can
be easily modified to work also for the property Eulerg, , . ]
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7 Bipartiteness in Bounded Degree Graphs

In this section we consider the problem of testing bipartiteness for “well-mixing” graphs in
the bounded-degree graph model. In a classical result, Goldreich and Ron [GR99] showed
that any graph can be tested for bipartiteness in the bounded-degree model, using a tester
with query complexity O(v/N/e), where N is the number of vertices in the tested graph.
Goldreich and Ron first consider the (far simpler) case in which there is a promise that
the graph is “well-mixing” (see definition below). More recently, Rothblum, Vadhan and
Wigderson [RVW13] showed a 2-message ZPP for bipartiteness, in the well-mixing case,
with communication and query complexities that are poly(log N,e71).

Roughly speaking, using similar techniques to (the well-mixing case in) [GR99], we con-
struct an MAP protocol for testing bipartiteness of well-mixing graphs, with proof com-
plexity p and query complexity ¢ for every p and g such that p-g > N. Thus, the query
complexity of our MAP improves upon that of the [GR99] bipartiteness tester (which does
not use a proof) only if the proof is of length w(v/N). In particular, we obtain an MAP
verifier that uses a proof of length N?/3 and makes only N'/3 queries. In contrast, a lower
bound of Q(v/N) for testers (which do not use a proof) was shown by Coldreich and Ron
[GRO2] (and this lower bound holds also in the well-mixing case).

We leave the questions of (1) extending our result to graphs that are not well-mixing,
and (2) obtaining an MAP for bipartiteness with query and proof complexities that are
both o(v/N), for future research.

The Bounded Degree Graph Model. In the bounded degree graph model, introduced
by Goldreich and Ron [GR02] (see also [Golll]), the object that is being tested is a graph
G = (V, E)) with degree bounded by some constant d. The graph is represented by a function
g:Vx|[d = VU{L} such that g(u,i) = v if v is the " vertex incident at u, and g(u,7) = L
if u has less than ¢ neighbors. The distance between two graphs, represented by functions
9,9 :Vx|[d — VU{L} is measured (as usual) as the fraction of pairs (u,) such that
g(u,1) # ¢'(u,1). For further details, see [Goll1].

Well-Mixing Graphs. Let G = (V, E) be graph with degree bounded by d and let N o

|[V|. A (lazy) random walk of length ¢ starting at a vertex s € V is a random walk that
involves ¢ steps. At each step, if the walk is currently at vertex v with degree d, < d,
then the walk continues to each neighbor of v with probability 1/2d and stays at v with
probability 1 — g—; > 1/2 (a so-called “lazy” step). We say that G is well-mixing if for every
s,t € V, the probability that a (lazy) random walk of length 2(log N) that starts in s ends
in ¢, is at least 1/(2N) and at most 2/N. We will use the fact that in a well-mixing graph
G = (V,E), for every vertex s € V and subset T' C V', the probability that a random walk
of length Q(log N) that starts at s ends in 7', is at least |T'|/(2N) and at most 2|T'|/N. We
mention the well known fact that expander graphs are well-mixing.

60



We proceed to describe our MAP. Actually since we require a promise that the graph
is well-mixing, we will need a “promise-problem” variant of the notion of MAP. For sake
of brevity we only define this notion implicitly (in the next theorem).

Theorem 7.1. There exists a probabilistic verifier V' that given oracle access to a graph
G of size N (in the bounded degree model), and explicit access to N, the degree bound d,
a proximity parameter € € (0,1), and a proof string w of length k - log N, makes at most
O(% -€72) oracle queries, and satisfies the following two conditions:
1. (Completeness:) if G is bipartite, then there exists a proof string w € {0, 1}*1°5N such
that VE(N,d, e, w) = 1, with probability 1.

2. (Soundness:) if G is well-mixing and e-far from every bipartite graph, then for every
proof string w, with probability at least 1/2, it holds that V¢(N,d, e, w) = 0.

Note that our tester has a one-sided error.

Proof. We define the parity of a (lazy) random walk as the parity of the number of actual
(i.e., non-lazy) steps that take place in it. Loosely speaking, the proof that the graph G is
bipartite is a subset S C V' of k vertices that are allegedly on the same side of GG. To verify
the proof, the verifier selects roughly O(log N) starting vertices, and takes approximately
N/k random walks of length O(log N) from each starting vertex s. If there exist two random
walks that start in s and end in S with different parities, then clearly the graph is not
bipartite, and the verifier rejects. Otherwise, it accepts.

Since the graph is well-mixing, the probability that a random walk that starts in s ends
in S is roughly |S|/N. The key point (which is proved formally below) is that if the graph
is far from bipartite, then for many starting vertices, the probability that the random walk
ends in S with parity 0 (or equivalently, with parity 1) is Q (|.S|/N). That is, the probability
of reaching S with either parity is significant enough. The protocol is presented in Figure 6.

Note that the proof and query complexities are as stated. We proceed to show that
completeness and soundness hold.

Completeness. 1f G = ((L, R), F) is a bipartite graph such that |L| > |R|, and S C L is
the proof string, then there is no path between two vertices in S that has an odd length.
Therefore, for every vertex s € V', there are no two paths with different parities that end in

S.

Soundness. Suppose that G = (V, E) is a well-mixing graph of size N = |V| that is e-far
from every bipartite graph and let S C V. For every v € V and o € {0,1}, let p7 be the
probability that a (lazy) random walk of length ¢ = O(log N) that starts at v, ends in S

with parity o. Since the graph is well-mixing, p? + p! > % for every v € V.
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MAP for Bipartiteness of well-mixing graphs (in the bounded degree graph model)

Input: oracle access to a graph G = (V, E), the size N dof |V| of the graph, a bound d on the
maximal degree in G, a proximity parameter ¢ € (0,1), and a parameter k € [N].

The Proof:
Let V = (L, R) such that L, R are disjoint independent sets and |L| > |R| (such a partition is
guaranteed if the graph is bipartite). The proof is an (arbitrary) subset S C L of size k.

The Verifier:
1. Repeat O (@) times:
(a) Select uniformly at random s € V.

(b) Take O (% . @) (lazy) random walks starting at s, each of length ¢ & O(log N).

(¢) Reject if there are two walks that end in S, having different parities.

2. If all of the previous tests passed, then accept.

Figure 6: MAP for Bipartiteness of well-mixing graphs

The following claim shows that, for an average vertex v, the probability that one random
walk that starts at v ends in S with parity 0 and a second random walk that starts at v
ends in S with parity 1, is roughly Q((|S|/N)?) (i.e., roughly the same as the probability for
two random walks that start at v to end in S without any restriction on the parities of the
walks).

3 _S2
Claim 7.1.1. Zvevp?,pi > ?AJEV'

Proof. Suppose otherwise. Consider the following partition of the graph into (4, V) where
Vo={veV:p>pltand Vi ={v eV : pl>pl}. Let E' = E(V,, V) U E(Vy, V) be the
set of all internal edges within V[ and within ;. We will obtain a contradiction by showing
that G is e-close to the bipartite graph ((Vp, V1), F\E’) that is obtained from G by removing
all edges in F'.

For every v € V and o € {0,1}, let A7, denote the event that a (lazy) random walk of
length m (where m is a parameter) that starts at v, ends in S with parity . In particular,
Pr[A7,] = pj. Then, for every o € {0,1} and v € V, it holds that

Y 1 o
D DN ) (1)

ueVs s.t. (v,u)eE’

since a walk from v to S with parity 1 — ¢ can be obtained by a step to one of the neighbors
of v in V, (which happens with probability 1/2d for each neighbor), and a walk of length
¢ — 1 from this neighbor u to S with parity o (i.e., the event A7, ).
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Intuitively, since we expect the number of lazy steps in a lazy random walk to be rather
large (at least £/2 in expectation), the probability that the event A7, ; occurs is closely
related to the probability that the event A7, occurs (indeed, we expect the discrepancy in
the number of steps to be “hidden” by the (deviation of the number of) lazy steps). The
foregoing intuition is formalized by observing that with very high probability at least one
lazy step occurs and the probability that A7, occurs, conditioned on a specific step being
lazy, is equal to the probability that A7, ; occurs. Indeed, by the union bound,

(o

Dy = PI‘[ Z,Z]
< Pr[A7, A no lazy steps in the walk] + Z Pr[A7, A the i™ step in the walk is lazy]
i€[()

< Pr[no lazy steps in the walk] + Z Pr[A7, | the i*" step in the walk is lazy]
i€[f]

We can bound the first term by 27¢, which by setting ¢ = log(4n), is at most 1/(4N). As
for the second term, the probability that a random walk of length ¢ from u ends in S with
parity o conditioned on the i step being lazy is equal to the probability that a random walk
of length ¢ — 1 from u ends in S with parity 0. Hence

1
Py < IN + - Pr[A7, ] (7.2)

Using Eq. (7.1) and Eq. (7.2), we obtain that:

dopoi= >, > o)

veV 0e{0,1} veVs

Pr[AZ,H]

Z Z pg.T

ce{0,1} (v,u)eE’
s.t. v,ueVy

(o2 1 ag 1
DS pv-%-(pu—ﬁ)

ce{0,1} (v,u)eE’

v

v

s.t. v,ueVy
S g, L 1S118)
- 20d 4N 8N

where the last inequality follows from the fact that for every w € V, it holds that pg >
(p% + oy 7)/2 = |S]/4n.

s (118l 181\ .
AN <% CIN W) = edN. Therefore, by removing
an ¢ fraction of the edges of G we obtain a bipartite graph, in contradiction to our assumption

that G is e-far from bipartite. This concludes the proof of Claim 7.1.1. O

Hence, by our hypothesis, |E'| <
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We say that a vertex v is good if pipl > 1;5};. (Intuitively, a vertex v is good if two
random walks that start at v are likely to end in S with different parities.) Let o € [0, 1] be

the fraction of good vertices in V. By Claim 7.1.1,

els|? <Zp0p1: Z 2Ol 4+ Z Opl < aN - 2l5] 2+N- els|
64¢N = b b v = N 128¢/N?’

v is good v is not good

where the last inequality uses the fact that for every vertex v € V it holds that p? - p! <
(P2 + pl)? < (2]S|/N)?. Hence, the fraction of good vertices is at least « = Q(g/log N).
Hence, with probability at least 0.9, at least one of the starting vertices s (which were
selected in one of the O(log N/e) iterations) is good. Assume that indeed, in one of the
1;5]@2 and p) 4 p! < %, which implies

that p% pl = Q ( |5l ) Therefore, since we take O - . 8N ) random walks starting in

iterations a good vertex s is selected. Hence, p'p! >

Nlog N EIRE
s, with probability 0.9, there will be at least one walk thats ends in S with parity 0 and
one walk that ends in S with parity 1. Hence, the tester rejects with probability at least
0.9 > 1/2. O
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A Background

A.1 Interactive Proofs of Proximity

In this section we define interactive proofs of prozimity, following Rothblum et al. [RVW13]."
For two interactive algorithms A and B, we denote by (Af, Bf)(z) the output of (say) A
when interacting with B when both algorithms are given x as an explicit input and implicit
(i.e., oracle) access to the function f.

Y0ur definition of ZPP slightly differs from that of [RVW13] in that they consider the absolute distance
of objects from the property rather relative distance. (Needless to say, we take this into account when
discussing their results.)
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Definition A.1. An interactive proof of proximity system (ZPP) for a property 11 is an
interactive protocol with two parties: a (computationally unbounded) prover P and a verifier
V, which is a probabilistic algorithm. The parties send messages to each other, and at the
end of the communication, the following two conditions are satisfied:

1. Completeness: For everye >0, n € N, and f € II,, it holds that,
Pr [(V/,P/)(n,e) = 1] >2/3.
where the probability is over the coin tosses of V.

2. Soundness: For every ¢ > 0, n € N, f € F, that is e-far from Il,, and for every
computationally unbounded (cheating) prover P* it holds that

Pr [V, P*)(n,e) = 1] < 1/3.

where the probability is over the coin tosses of V.

If the completeness condition holds with probability 1, then we say that the ZTPP has a one-
sided error and otherwise the ZPP s said to have a two-sided error.

An ZPP is said to have query complexity ¢ : N x Rt — N if for every n € N, ¢ > 0,
f € F, and any prover strategy P*, the verifier makes at most ¢(n,e) queries to f when
interacting with P*. The ZPP is said to have communication complexity ¢ : N x R™ — N if
for every n € N, ¢ > 0 and f € I, the communication between ) and P consists of at most
¢(n,e) bits. If the ZPP has query complexity ¢ and communication complexity ¢, we say
that it has ZPP complexity ¢ + c.

For every pair of functions ¢, ¢ : NxR™ — N, we denote by ZPPs(c, q) (resp., ZPP1(c,q))
the complexity class of all properties that have an ZPP with communication complexity
O(c), query complexity O(q) and two-sided error (resp., one-sided error). We also use ZPP
as a shorthand for the class ZPP,.

An important parameter of an ZPP is the number of messages m sent between the
two parties. We denote by ZPP[m|(c, q) the set of properties that have m-message ZPP
protocols in which the verifier uses at most O(c) bits of communication, and makes at most
O(q) oracles queries.

A.2 Communication Complexity

Let X and Y be finite sets, and let f : X x Y — {0,1} be a function. In the two-
party probabilistic communication complexity model we have two computationally unbounded
players, traditionally referred to as Alice and Bob. Both players share a random string. Alice
gets as an input x € X. Bob gets as an input y € Y. At the beginning, neither one of the
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players has any information regarding the input of the other player. Their common goal
is to compute the value of f(z,y), while minimizing the communication between them. In
each step of the protocol, one of the players sends one bit to the other player. This bit may
depend on the player’s input, the common random string, as well as on all previous bits
communicated between the two players. At the end of the protocol, both players output
f(z,y) with high probability.

We say that a given protocol m computes a (possibly partial) function f: X xY — {0,1}
if for every x € X and y € Y with probability at least 2/3 Alice outputs f(z,y) after
interacting with Bob.?Y We define the communication complexity of the protocol CC(7) to
be the maximum number of communicated bits in the protocol © when Alice and Bob are
given inputs from X and Y respectively. The communication complexity of a function f is
defined as:

CC(f) = min CC(m).

7 that compute f

For a family of functions F = {f,, : X,, = Y, }nen we define the communication complex-
ity of F as CC,(F) = CC(f,).

Set-Disjointness. The (unique) set-disjointness problem is the classical communication
complexity problem wherein Alice gets an n-bit string x, Bob gets an n-bit string y, and
their goal is to decide whether there exists i € [n] such that z; = y; = 1. Formally,

Definition A.2. For every n € N, DISJ,, : {0,1}" x {0,1}" — {0,1} is the communication
complexity predicate given by the partial function

Loif Yiem®yi =0

DISJ, (x,y) =
(®3) {0 if e Tivi =1

(where the arithmetic is over the integers).

It is well-known (see [{592]) that the communication complexity of the set-disjointness
problem is linear in the size of the inputs.

A.3 MA Communication Complexity

In MA communication complezity protocols, we have a function f : X x Y — {0,1} (for
some finite sets X,Y), and three computationally unbounded parties: Merlin, Alice, and
Bob. The function f is known to all parties. Alice gets as an input x € X. Bob gets as an
input y € Y. Merlin sees both x,y but Alice and Bob share a private random string that
Merlin cannot see.

20Tn the case of a partial function, we consider only relevant x and y’s.
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At the beginning of an MA communication complezity protocol, Merlin, who sees both
inputs z and y, sends a proof string w = w(x,y) that asserts that f(z,y) = 1 to Alice
and Bob. The two players exchanges messages and at the end of the protocol, (say) Alice
outputs an answer z € {0,1}. Note that the answer may depend on the proof w as well
as the input (x,y). For a protocol 7, denote by W((I, Y), w) the probabilistically generated
answer z € {0, 1} given by Alice on input (z,y) and proof w.

We define MA communication complezity protocol as follows.
Definition A.3. An MA(c, p)-communication complexity protocol for f is probabilistic com-
munication complexity protocol w between Alice and Bob in which they both get as input a

p-bit proof, they can communicate at most ¢ bits, and the protocol satisfies the following two
conditions:

1. Completeness: for all (x,y) € f~1(1), there exists a string w € {0,1}? such that
Pr[7((z,y),w) =1] >2/3
(where the probability is over the common random string).

2. Soundness: for all (z,y) € f~1(0) and for any string w € {0,1}* we have
Pr 7 ((z,y),w) =1] <1/3

(where the probability is over the common random string).

The MA Communication Complexity of Set-Disjointness. Recall that there is a
well-known linear lower bound on the communication complexity of the the set-disjointness
problem (DISJ) (see Section 3.1.3 for formal definitions and statement of the lower bound).
A decade after the communication complexity of DISJ was settled, Klauck [Kla03, Klall]
showed the following lower bound on the M.A communication complexity of set-disjointness
(later proved to be tight, by Aaronson and Wigderson [AW09]).

Theorem A.4. Every MA communication complexity protocol for DISJ,, with proof com-
plezity p and communication complexity c satisfies p - ¢ = Q(n).

A.4 Error Correcting Codes

We first introduce codes as objects of fixed length and then give asymptotic variants of the
definitions. Let 3 be a finite alphabet. An error-correcting code (over X) is an injective
function C' : ¥¥ — X" where k,n € N and k < n. Every element in the range of C is called
a codeword. The stretch of the code is n (viewed as a function of k) and the relative distance
is defined as d/n, where d is the minimal distance between two (distinct) codewords.
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We say that the code C'is a t-locally testable code (LTC), where ¢ : [0, 1] — N, if there exists
a probabilistic algorithm 7" that given oracle access to w € " and a proximity parameter
e > 0 makes at most t(¢) queries. The algorithm accepts every codeword with probability 1,

and rejects every string that is e-far from the code with probability at least 1/2. For further
details on LTCs, see [GS06, Goll10b].

We say that the code C, with relative distance dy, is a t-locally decodable code (¢-LDC),
where ¢t € N, if there exists a constant 6 € (0,dy/2) called the decoding radius, and a
probabilistic algorithm D that given i € [k] and oracle access to a string w € {0,1}" that
is d-close to a codeword w' = C(m) for some m € {0,1}*, makes at most ¢ queries to the
oracle and outputs m; (i.e., the i*® bit of m) with probability at least 2/3. Moreover, if w is
a codeword, then the algorithm outputs m; with probability 1. For further details on LDCs,
see [K'T00].

An important parameter of both LTCs and LDCs are their query complexities; that is,
the number of queries t made to the string w. In both cases we are interested in codes for
which the number of queries ¢ is significantly smaller than n. While there are known LTCs
with (almost) linear stretch and constant query complexity (i.e., ¢ does not depend on n),
obtaining an LDC with constant query complexity and polynomial stretch is a major open
problem in coding theory.

We will also consider a relaxation of LDCs, introduced by Ben-Sasson et al. [BSGHT06],
known as relaxed-LDC. In this variant, the decoder is allowed to abort on corrupted code-
words. Indeed, the main advantage of relaxed-LDCs over standard LDCs is that there are
known constructions (see [BSGHT06]) of relaxed-LDCs with constant query complexity and
almost linear stretch.

Definition A.5 (relaxed-LDC, adapted from [BSGHT06, Definition 4.5]). We say that the
code C : XF — X" with relative distance &y is a t-relaxed-LDC if there exists a constant
d € (0,00/2) and a probabilistic algorithm D that, given an integer i € [k] and oracle access
to a string w € X", makes at most t queries and satisfies the following two conditions:

1. If w = C(m) is a codeword that encodes the message m € {0,1}%, then D outputs m;
with probability 1.

2. Ifw is §-close to a codeword w' = C(m), then, with probability at least 2/3, the decoder
D outputs a value o € {m;, L}; that is, Pr[D" (i) € {m;, L}] > 2/3.

We note that our definition differs from the original definition in [BSGHT06] in two ways.
The first difference is that [BSGH'06] require an additional, third, condition that we do not
need. (However, [BSGH'06] show that a code that satisfies conditions 1 and 2 above can be
converted into an “equally good” code that satisfies also the additional third condition.) The
second difference is that [BSGHT06] only require that the decoder succeed in decoding valid
codewords with probability 2/3 whereas we require successful decoding with probability 1.
Fortunately, the constructions of [BSGHT06] actually satisfy the stronger requirement.
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The asymptotic variants of the foregoing definitions are obtained in the natural way by
considering families of codes, one for each input length. Let £ : N — N be some (sublinear)
function an let {3, },eny be an ensemble of alphabets. A family of codes is an ensemble
{Cp }nen such that C, : (3,)F™ — (3,)" is a code for every n € N.

We say that the family of codes is a ¢-LTC for a function ¢ : N x [0, 1] — N if for every
n € N, the code C,, is a t(n, -)-LTC. Similarly we say that a family of codes is a t-LDC (resp.,
relaxed-LDC) for a function ¢ : N — N if for every n € N, the code C,, is a ¢(n)-LDC (resp.,
t(n)-relaxed-LDC). We sometimes abuse notation and refer to a family of codes as a single
code.

A.5 Multivariate Polynomials and Low Degree Testing

In this section we recall some important facts on multivariate polynomials (see [Sud95] for
a far more detailed introduction). In the following we fix a finite field F and a dimension m
and consider m-variate polynomials over F.

Lemma A.6 (Schwartz-Zippel Lemma). Let P : F"™ — F be a non-zero polynomial of total
degree d. Let S CF and let ri,...,ry be selected uniformly at random in S. Then,
d

Pr [P(ri,....rm) =0] < —.
Bl g P orm) =01 < 1o

An immediate corollary of the Schwartz-Zippel Lemma is that two distinct polynomials
P, Q : F™ — F of total degree d may agree on at most a %—fraction of their domain (i.e.,

).

Theorem A.7 (Self-Correction Procedure (cf. [GS92, Sud95]). Let § < 1/3, and d,m € N.
There exists an algorithm that, given x € F™ and oracle access to an m-variate function
P :F"™ — F that is 6-close to a polynomial P of individual degree d, makes O(d - m) oracle
queries and outputs P'(x) with probability 2/3. Furthermore, if P has total degree t, then
given x € F™ the algorithm outputs P(z) with probability 1.

In Theorem A.7, as well as in the two following theorems, the error probability can be
decreased to be an arbitrarily small constant using standard error reduction (while increasing
the number of queries by a constant factor).

Theorem A.8 (Total Degree Test (a.k.a. Low Degree Test) (see [RS96, Sud95, AS03]). Let
e € (0,1/2), t,m € N. There exists an algorithm that, given oracle access to an m-variate
function P : F™ — F, makes O(t - poly(1/¢)) queries and:

1. Accepts every function that is a polynomial of total degree t with probability 1; and

2. Rejects functions that are e-far from every polynomial of total degree t with probability
at least 1/2.
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We will also need a more refined version of the test that tests the individual degree of the
polynomial. Such a test is implicit in [GS06, Section 5.4.2] but for sake of self-containment
we provide a full proof via a reduction to the total degree test.

Theorem A.9 (Individual Degree Test). Let d,m € N such that dm < |F|/10 and ¢ €

(0,1 — C‘l]F—”“). There exists an algorithm that, given oracle access to an m-variate polynomial

P :F™ = F, makes O(dm - poly(1/¢)) queries, and:

1. Accepts every function that is a polynomial of individual degree d with probability 1;
and

2. Rejects functions that are e-far from every polynomial of individual degree d with prob-
ability at least 1/2.

Proof. Given oracle access to the function P, the verifier T' first runs the total degree test
on P with respect to proximity € and total degree dm. If the total degree verifier rejects,
then T rejects.

If the test succeeds, then for every axis i € [m], the verifier T' chooses at random
T1yeneyTie1,Tix1,s - - - Tm €r IF, and runs a univariate degree d test on the polynomial Q;(z) def
P(ry,...,mi1,2,Tis1,- -, m) with soundness error 1/10. If for some axis ¢ the univariate

test rejects, then T rejects, otherwise it accepts.

Completeness. Completeness follow from the completeness of the total degree test together
with the fact that the restriction of an individual degree d polynomial to any of its axes is
a degree d univariate polynomial.

Soundness. Suppose that P is e-far from every polynomial of individual degree d. If P is e-
far from every total degree dm polynomial, then the total degree test rejects with probability
1/2. Thus, we focus on the case that P is e-close to a total degree dm polynomial P’. In this
case the polynomials P and P’ are polynomials of total degree dm and since ¢ < 1 — C%”, by
the Schwartz-Zippel lemma, they must be identical. Thus, P is a polynomial of total degree
dm.

By the hypothesis, P cannot have individual degree d and therefore, there exists i € [m)]

such that P(zy,...,2,), as a formal polynomial, has degree d’ > d in x;. Thus, there exist
polynomials Py, ..., Py each of total degree at most dm such that
P(xl,...,xm): Z Pj(wl,...,xi,l,xiﬂ,...,xm)-xz
j€{0,...,d'}
and Pd’ ?é 0.
Since Py is a non-zero polynomial of total degree dm, by the Schwartz-Zippel lemma,
it can vanish on only a “iF—”“ fraction of its domain. Thus, when testing the " axis, with
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probability 1 — 4 the verifier selects r1,...,7_1,7it1,-..,7m € F such that it guaranties

|F|
that Py(r1,...,71,7i41,---,7m) does not vanish. In this case, the polynomial Q(z) o

P(ry,...,71,2,Ti41,-..,Tm) is a degree d’ univariate polynomial and the verifier rejects it
with probability 0.9. Thus, the verifier rejects with probability at least 0.9% > 1/2. [

A.6 The Sum-Check Protocol

In this appendix we provide some background on the sum-check protocol that was first
introduced by Lund et al. [LFKN92]. Recall that the sum-check protocol is an interactive
proof for a statement of the form

Z P(zy,...,2y) =0.

T1,...,tmE€H

where P is a (relatively) low-degree polynomial over a field F.

In order to verify that the polynomial P sums to 0 over H™ it suffices to verify that
for every h € H, the sum of the sub-tensor (h, %, ...,*) equals some value a;, € F and that
> ner @n = 0. However, the straightforward recursion (which computes the sum of every
sub-tensor) will yield a total query complexity of Q(H™).

The sum-check protocol takes a different approach by having the prover convince the
verifier of the sum of just a single randomly selected sub-tensor (thus, yielding the desired
efficiency). More specifically, the verifier asks the prover to specify the sum of all sum-tensors
of the form (z, ..., %) for every z € F (rather than z € H). A key point is that these sums
can be specified by the low-degree polynomial:

Pi(2)E > P(zaa,... 1),

z2,..., xmE€H

Since P; has low-degree, if the prover provides a different (low-degree) polynomial Py, then
these two polynomials must differ on almost all points in F. Thus, it suffices for the ver-
ifier to select at random a point r €r F and to have the prover recursively prove that
Depamen P11 T2, o ) = Pi(r1). Hence, we reduced the m-dimensional TensorSum
problem to an (m — 1)-dimensional TensorSum problem using 2 messages and no queries.
The recursion terminates when m = 1 in which case the verifier can verify the claim directly.

We note that when extending the sum-check protocol to be an ZPP, we need to take
into account the possibility that P is not low degree but this is handled by using the low
degree test (Theorem A.8) and self-correction (Theorem A.7).
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B Missing Proofs

B.1 Missing Proofs from Section 3.1.6

In this section we provide proofs that were omitted from Section 3.1.6. These proofs are
used to establish the existence of an O(1)-relaxed-LDC that is also a poly(1/¢)-LTC (with
polynomial stretch).

B.1.1 A Generalization of [GS06, Theorem 5.20]

In order to obtain the separation result of Theorem 3.3, we require a generalization of a
theorem from [GS06]. The following was communicated to us by Oded Goldreich. In this
subsection, we fix F' =, (i.e., {0, 1}, when viewed as a field).

Theorem B.1 (Generalization of [GS06, Theorem 5.20]). Let ¥ = F°. There exists n =
poly(k) and a linear code E : X — F™ such that the following holds. Suppose that C : ©5 —
YN is an F-linear code having a strong-LTC 2! tester of randomness complexity r such that
(w.l.o.g.) 2" is a multiple of N. Furthermore, suppose that this tester is non-adaptive and
queries each location with probability ©(1/N). Then, there exists ¢ = poly(k) such that ¢ is
a multiple of n, and a linear LTC C" : F%* — F¥ L such that the 2 - (-bit long prefiz of

C"(z) equals (E(C(z)1),... ,E(C’(x)N))zrg/Nn, where C(x); is the i™ symbol of C(z).

Alternatively, we can have this prefix take the form (E(C/(z),)*“N", .., E(C(z)n)*“N™).

Corollary B.2 ([GS06, Theorem 5.20]). For infinitely many k, there exists a locally-testable
binary code of constant relative distance mapping k bits to n o exp <O (\/log k)) -k bits.

Furthermore, the code is linear.

Proof. The claim follows by instantiating Theorem B.1 using the code of Part 1 of [GS06,
Theorem 2.1], taking b = exp (O <\/?>), N = exp (O (ﬁ)) .K,and r = O <\/F> +
log, K. O

Corollary B.3. Let C : F¥ — F be a code of constant relative distance and constant
rate 1/c. Then, for some m,n = poly(k), there exists a strong LTC C' : F¥ — F?™ and a
function E : F* — F™ such that the m-bit long prefiz of C'(z) equals (E(y1), ..., E(yc))m/m
where y; is the i™ block of length k in C(z).

Proof. The claim follows by instantiating Theorem B.1 using the code C' : F*¥ — F°  but
viewing it as a mapping ¥ = F* to ¥¢, which is (trivially) checked by reading all ¢ symbols.
That is, take b=k, K =1, N =¢c=0O(1), and r = 0. O

21A strong-LTC tester is not given the proximity parameter as input and is only required to reject strings
that are e-far from the code with probability O(1/¢) (see [GS06, Definition 2.2]).
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Proof of Theorem B.1. We follow the proof of [GS06, Theorem 5.20], while using C' in-
stead of the third ingredient. In the following all references refer to [GS06].

Recall some basics regarding the terminology used in [GS06]. By Definitions 5.8-5.9, a
(F, (q,b) = (p,a),d, 7)—LIPS refers to input oracles Xj, ..., X, : [n] = F'* and a proof oracle
Xy+1 : [f] = F*, where the input oracles provide an n-long encoding (over F'*) of a single
symbol in the (much) bigger alphabet F® (i.e., this encoding is denoted E : F* — (F)").
(In addition ¢ is the relative distance of the encoding used, and + is the detection ratio in
strong soundness. In the following, both parameters will be small constants.)

The proof of Theorem 5.20 starts with an overview (p. 79), and then lists three ingredients
(p. 80) that will be used. We shall use the very same first two ingredients, but use C' in
place of the third. Specifically, the second paragraph following the ingredients-list asserts, for
any desired p” and k", an (F, (", k") — (p"+13,1),Q(1), Q(l/p”)2)-LIPS with randomness
O(p"logk”) and input/proof lengths that are poly(p”k”). We shall use p” = O(1) and
k" = b, where the O(1) stands for the query complexity of the codeword tester for C', so the
above simplifies to asserting an (F, (O(1),b) — (O(1),1),Q(1),Q(1))-LIPS with randomness
O(logb) and input/proof lengths (i.e., n and ¢) that are poly(b). Without loss of generality,
we may assume that ¢ is a multiple of n.

Now we want to compose C with the above LIPS (via Theorem 5.13). It follows that in
Item 1 of Theorem 5.13 we use K, N and r as provided by the hypothesis and ¢ = O(1). For
Item 2, we use b as provided by the hypothesis, (¢ = O(1) as above), p = O(1) and a = 1,
and n, ¢ = poly(b) (all fitting the LIPS above). So we have I' = F, and get a (strong) LTC
mapping F*X to F¥ . In particular, for t = 2"¢/Nn (i.e., tNn = 2¢), as shown on top
of p. 56 (see Eq (32)), the first half of the codewords of the resulting code have the form
(E(C(2)n)), ...,E(C(x)N))t, where z € F*K is viewed as an element of ¥%. The theorem

follows. u

B.1.2 Proof of Lemma 3.12

Let C' : {0,1}* — {0,1}°* be a code with constant relative distance and constant rate
1/c for some constant ¢ > 1. For every j € [c], we denote by (C’(z))[j] the j* block
of length k of C’(x). For every i € [k], define the code C/ : {0,1}* — {0, 1}(c+DF a5
Ci(z) o (zF,C'(2)) = (2F, (C'(2))[1],...,(C"(z))[c]). Note that C/ has rate 1/(c + 1) and

constant relative distance.

For every i € [k], we apply Corollary B.3 to C! to obtain an LTC C/ : {0,1}* — {0,1}*™

of the form
Cl(a) = (BGH. B((C'@)L),.... B((C'@)d) mix))

where n,m = poly(k), the function E : {0,1}* — {0,1}" is a linear code, and m;(x) €
{0,1}™ is some string. Note that C(x) o (E((C”(m))[l]), . ,E((C”(m))[c])) is a code

with constant relative distance.
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Since F is a linear code with constant relative distance, F(0%) = 0" and wt(E(1*)) > an
for some constant o € (0,1). Consider the code C}"(z) = (2¢™, C(x), m;(z)) which is obtained
from C! by simply removing coordinates on which E(0*) and E(1*) agree. Thus, C!(z) is
a an LTC of the desired form.

B.1.3 Proof of Proposition 3.14

We show a procedure that, given oracle access to a binary string ((wl, Y1, 21)y - s (Whey Ygs zk)),
where (w;,y;, z;) € {0,1}antenten for every i € [k], and a proximity parameter € > 0,
accepts every codeword of C” and rejects strings that are e-far from C”, with probability 1/2.
The LTC procedure for C’ is described in Fig. 7.

The LTC Procedure for C’

Input: a string ((wl, Y1, 21)s -+ -y (Wky Yk, zk)) € {0, 1}(61+‘32+C3)m’C and a proximity parameter € €
(0, ¢) for some universal constant ¢ € (0, 1) specified below.

1. Repeat O(1/¢) times:

(a) The codeword repetition test: Select at random 41,92 € [k] and j € [can], and
reject if the 5" bit of y;, and y;, differs.

(b) The LTC test: Select at random 4 € [k], and run the LTC tester of C; on (wj, v, %)
with respect to proximity parameter ¢’ = ©(e).

Figure 7: Local tester for C’

Since for every i € [k] the code C; is a poly(1/e)-LTC, the tester indeed makes at most
poly(1/e) queries.

Completeness. If ((wi,y1,21), ..., (Wk, Yk, 21)) is equal to C’(z) for some x € {0,1}*, then
for every i € [k] it holds that (1) y; = C(x), and so the codeword repetition test (Item la)
passes with probability 1 and (2) (w;,y:, 2;) is equal to C;(x), and so, by the zero-error
completeness of the LTC test for C;, the second test (i.e., Item 1b) also passes with probability
1.

Soundness. Let ((wl, Y1, 21)y - - s (Wi Yps Zk)) be e-far from the code C’, where (w;, y;, ;) €
{0, 1}ernteantesn for every ¢ € [k]. Let u € {0,1}*" be a string that minimizes the value

of A((yl, . ,yk),uk> (recall that A refers to the absolute distance between the strings).
Let 09 € (0,1) be the relative distance of the code C (recall that Jy is a constant). We
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proceed with a (somewhat tedious) case analysis that uses parameters 7,...,7; = O(e).
More specifically, we set:

0
n=156  w=3n. w=¢3 m=¢3 p=2n+tn)b
e Suppose that (yi,...,yx) is yi-far from u*. In this case, each iteration of the codeword

repetition test (i.e., Item 1a) rejects with probability

B [A 0 fen] =B B[A(@,0.)) /en]

> E |A (yi,u) fean)

=A ((yl, . ,yk),uk) [cank
> M

and so, since the test is repeated O(1/¢) times, the tester rejects with probability at

least 1/2.
Thus, in the sequel, we assume that (y1,...,y) is y1-close to u*.
e Suppose that u is vo-far from the code C. Since (yi,...,yr) is 71-close to u¥, at

least half of the y;’s must be 27v;-close to u. Thus, by the triangle inequality, in each
invocation of the LTC test of C; (i.e., Item 1b), with probability 1/2, the test is invoked
on a string (wy, y;, z;) such that y; is (72 — 2y1)-far from C, and in particular, (w;, y;, 2;)
is O(e)-far from C;. Hence, in each one of the O(1/¢) iterations, the LTC test rejects
with probability at least 1/2-1/2.

Thus, in the sequel, we assume that u is vo-close to a codeword C'(z).

e Suppose that for more than a 3 fraction of i € [k] it holds that (w;,y;, z;) is ys-far
from C;. Then, for each invocation of the LTC test (Item 1b), with probability at least
73, the LTC test will be run on a string (w;, y;, z;) that is y4-far from C;(z). In such a
case, the LTC tester of C; rejects with probability 1/2.

Thus, in each iteration the tester rejects with probability ~3/2, and since there are
O(1/e) iterations, the tester rejects with probability at least 1/2. Hence, in the sequel
we assume that for at most a 73 fraction of ¢ € [k] it holds that (w;,y;, 2;) is y4-far
from C;.

By the triangle inequality, the string (y1,...,yx) is (71 + 72)-close to the string C(z)*.
Hence, for at most a 5 fraction of ¢ € [k], it holds that y; is (71 +72)/7s-far from C(z). Thus,
by the union bound, for at least 1 — 3 — 75 fraction of i € [k] it holds that (1) (w;, ys, 2;) is
~4-close to C; (a:(i)) for some 2 € {0, 1}* and (2) v; is (71 + 72)/vs-close to C(z).

Suppose that for one of the i’s above it holds that 2 # x. Then, y; is ©(74)-close to
C (x(i)) and (71 + 72)/7vs-close to C(z). Thus, by the triangle inequality and our setting
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or parameters, C(z) is (O(e) 4 dp/2)-close to C (zV). Recall that e < ¢ for some constant
¢ > 0 of our choosing and so we set ¢ so that the two codewords C'(z) and C(z;) have relative
distance less than dy, which is a contradiction.

Hence, at least a 1 — 3 — 75 fraction of i € [k]| are such that (w;,y;, 2;) is ys-close to
Ci(z). We conclude that ((w1,y1,21), ..., (Wk, Yk, 2¢)) is at least d-close to C'(z), where

< m+yvr+1—=y—7) 1nu<e,

in contradiction to our assumption. This ends the proof of Proposition 3.14.

B.2 Missing Proofs from Section 5

In this section we provide the missing proofs of the standard claims used in Appendix B.2.

Proof of Proposition 5.3. We show that every property II = U,enIl, (where II,, C
{0,1}") can be tested by making O(log|Il,|/¢) queries. Recall that the lemma can be
proved via learning theory techniques, but we provide an alternative proof that makes use

of the notion of MAPs.

Consider an MAP for IT in which the proof, of length log, |IL,|, is an explicit and concise
description of the object x € II,, (e.g., its index with respect to the lexicographical ordering
of the strings in II,)). The verifier can verify the proof by querying the object x at O(1/¢)
locations uniformly at random (and compare the answers to the string reconstructed based
on the proof). The lemma follows by noting that this MAP makes proof-oblivious queries
and applying Theorem 4.2, which guarantees that if II has an MAP verifier that makes ¢
proof oblivious queries and uses a proof of length p, then II has a tester that makes O(p - q)
queries without using a proof. O

Proof of Proposition 5.4. We show that for every constant ¢ € (0,1/4] and set S C
{0,1}™ it holds that Pre, 0,13 [x is e-close to S] < |S|-27"/8. Observe that

Pr [ds € S such that z is e-close to s] < Pr [z is e-close to s
{EER{O,I}"‘ l’ER{O,l}"
s€S
=|S|- Pr [z has at most en 1’|
z€r{0,1}m

< IS exp(—2- (1/4)* - n).

where the first inequality follows from the union bound, and the last inequality follows from
the Chernoff bound and the fact that ¢ < 1/4. O

Proof of Proposition 5.6. Let F be a class of functions of size at most 22" We show
that 99% of sets of size O(log |F|) are PRGs that fool F.
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For every set S C {0,1}" and function f € F, let 04(S) = |Prye,s|[f(z) = 1] — pus| where
i o Procqr01:[f(z) = 1]. Let s € 2] be an integer and let S be a random set of size s.

Then, for every f € F it holds that

Pr [f(z) =1] — py

TERS

Pr(o;(S) = 1/10] = Pr {

> 1/10} < 979,

where the last inequality follows from the Chernoff bound.?” Thus, by the union bound, the
probability that for every f € F it holds that §;(S) < 1/10, is at least |F|- 27 (where
the probability is over the choice of S). The lemma follows by setting s = ©(log |F|). O

B.3 Missing Proofs from Section 6.1

Proof of Claim 6.2.1. We show that there exists j € [[log,2/¢]] such that a m

fraction of xq, ...,z are 277-far from their corresponding sub-properties Hz}k, e ,Hg’/“k.

Let d & [log,(2/¢)]. Let AggL(z, W) be defined as the minimal relative Hamming

distance of z from the set W. For every j € [d], let
;9 {ie ) A (210, ) € (27,2707},

and let T" = [k]\(U;e[q5;). Notice that the sets T', S, Ss,..., Sy form a partition of the k
inputs. Also note that, by our setting of d, for every i € T', it holds that z; is £/2-close to

Suppose towards a contradiction that for every j € [d] it holds that |S;| < % - k. Using
the fact that for every ¢ € S it holds that z; is 2-U=D_close to II*, we get

k

o 1 o

Arer (@107, % X T ) < 23 Ager (w5, 11%)
=1

=7
1 w1 o
i ZAREL (x;, 1197) + z Z Z ARgL (%‘7 Hn/k>
i€T j€E[d] i€S;
7] e 1 —(j—-1
<14z 2-(-1) g,
ST aTr &
Jj€ld]
€ €
< 5 + Z ﬁ
Jeld]
= 67
contradicting our assumption that z is e-far from 14 O

22We note that since the set S is chosen with repetitions one cannot directly apply the Chernoff bound.
Still, since s < 2"/* the probability for a repetition is at most s2/2n < 2-%(")  Conditioning on an event
(i.e., that there are no repetitions) that occurs with probability 1 —§ can increase the probability by at most
a 1/(1 —4) factor.
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C DMore on MAPs with Proximity-Dependent Proofs

Recall that we defined the notion of MAPs such that the proof of proximity is oblivious of
the proximity parameter €. However, it is also natural to consider a relaxation of MAPs
wherein the proof of proximity may depend on the proximity parameter. In fact, one can
consider two levels of relaxation: (1) the content of the proof but not its length may depend on
the proximity parameter, and (2) both the contents and the length of the proof may depend
on the proximity parameter. We note that the first possibility is almost equivalent to the
standard definition of MAP, since it always suffices to refer to only a logarithmic number
of values of ¢ (i.e., ¢ = 2' for all i € [logn]), and concatenate the proofs for these values,
thus obtaining a standard MAP with only a logarithmic overhead to the proof complexity.
As for the second possibility, we refer to it as an MAPppp and note that we do not know
of any general transformation from an MAPppp to an MAP.

We note that the distinction does not make much sense in the context of ZPP. Namely,
in the ZPP model we do give the prover € as part of its input since otherwise the verifier
could simply send the value of e to the prover (at the cost of (at most) a single message and
additional O(log(1/¢)) communication).

D Lower Bound on the M. A Communication Complex-
ity of GHD

Let n € N, and let t,g > 0. The Gap Hamming Distance problem is the promise problem
wherein Alice gets as input an n-bit string z, Bob gets as input an n-bit string ¥, and the
players need to decide whether the Hamming distance of their strings is greater than ¢t + ¢
(a YES instance), or smaller than ¢ — ¢ (a NO instance). Formally,

Definition D.1. The Gap Hamming Distance problem is the communication complexity prob-
lem of computing the (partial) Boolean function GHD,, ., : {0,1}" x {0,1}" — {0,1} given
by

Loif Azy)>t+yg

GHD,4(z,y) =
al®9) {0 if Ay <t-g

We denote GHD = GHD,, » .

The (standard) communication complexity of GHD has been studied extensively, and
after a long line of work, Chakrabarti and Regev [CR11] have shown the seminal linear lower
bound on the communication complexity of GHD (later, the proof was significantly simplified
by [Vid11, Shell]).

In a subsequent work, Gur and Raz [GR13b] showed the following tight lower bound on
the MA communication complexity of GHD.
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Theorem D.2 ([GR13b]). Every MA communication complexity protocol for GHD, with
proof complezity p > 1, has communication complezity at least Q(n/p).

We note that the aforementioned lower bound can be extended for general settings of the
parameters of the Gap Hamming Distance problem. Specifically, we use the fact that the
simple reductions in [CR11, Section 4]) are based solely on padding arguments (and thus are
robust to M.A) to obtain the following corollary.

Corollary D.3. Let g,n € N such that g < n, let « € (0,1) and t = an. Then, every
MA communication complexity protocol for GHD,, ., with proof complexity p > 1, has

min(n,(n/g)Q) )

communication complexity at least €2 ( -
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