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Abstract

We prove a new efficiently computable lower bound on the coef-
ficients of stable homogeneous polynomials and present its algorth-
mic and combinatorial applications. Our main application is the first
poly-time deterministic algorithm which approximates the partition
functions associated with boolean matrices with prescribed row and
column sums within simply exponential multiplicative factor. This
new algorithm is a particular instance of new polynomial time deter-
ministic algorithms related to the multiple partial differentiation of
polynomials given by evaluation oracles

1 Basic Definitions and Motivations

For given two integer vectors r = (11, ...,7,) and ¢ = (cq, ..., ¢;), we denote
as BM, . the set of boolean n x m matrices with prescribed rows sums r and
column sums c.
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Next, we introduce an analogue of the permanent (a partition function asso-
ciated with BM,):

PE.(A) = % I AGjHP, (1)

BeBM(r,c) 1<i<n;1<j<m

where A is n xm complex matrix. Note that if A is a nxn matrix;r =c = e¢,,
where e, is n-dimensional vector of all ones, then the definition (1) reduces
to the permanent: PE, .. (A) = per(A).

The main focus of this note is on bounds and deterministic algorithms
for PE,.(A) in the non-negative case A > 0. To avoid messy formulas,
we will mainly focus below on the uniform square case, i.e. n = m and
ri = ¢ = r1 < 4,7 < n and use simplified notations: BM;e, re, =
BM (r,n); PEre, ve,(A) =: PE(r, A).

Boolean matrices with prescribed row and column sums is one of the most
classical and intensely studied topics in analytic combimatorics, with appli-
cations to many areas from applied statistics to the representation theory.
We, as many other researchers, are interested in the counting aspect, i.e.
in computing/bounding/approximating the partition function PE,.(A). It
was known already to W.T.Tutte [17] that this partition function can be
in poly-time reduced to the permanent. Therefore, if A is nonnegative the
famous FPRAS [19] can be applied and this was already mentioned in [19]
as one of the main applications. We are after deterministic poly-time al-
gorithms. A. Barvinok initiated this, deterministic, line of algorithmic re-
search in [14]. He also used the reduction to the permanent and the Van Der
Waerden-Falikman-Egorychev (VFE) [10], [9] celebrated lower bound on the
permanent of doubly-stochastic matrices:

|
per(A) > vdw(n) =: &,A € BM(i,n).
nn

The techniques in [14] result in a deterministic poly-time algorithm approxi-
mating PE(r, A) within multiplicative factor (€2(y/n))" for any fixed r, even
for r = 1. Such poor approximation is due the fact that the reduction to
the permanent produces highly structured n? x n? matrices. VFE bound is
clearly a powerful algorithmic tool, as was recently effectively illustrated in
[18]. Yet, neither VFE nor even more refined Schrijver’s lower bound [2] are
sharp enough for those structured matrices. This phenomenon was observed
by A. Schrijver 30 years ago in [1]. The author introduced in [11] and [4]
a new approach to lower bounds. We will give a brief description of the



approach and refine it. The new lower bounds are asymptotically sharp and
allow, for instance, to get a deterministic poly-time algorithm to approximate
PE(r, A) within multiplicative factor f(r)~' where

vdw(n) nte vdw(n) ~ mmin(r,n —r))""
vdw(r)vdw(n — r) vdw(r) ™ (\/2 (r, )"

flr)=(

Besides, we show that algorithm from [14] actually approximates within(roughly)
multiplicative factor f(r)%. So, for fixed 7 or n—r the new bounds give simply
exponential factor. But, say for r = 7, the current factor is not simply expo-
nential. Is there a deterministic Non-Approvimability result for PE(%, A)?
We also study the sparse case, i.e. when, say, the columns of matrix A have
relatively small number of non-zero entries. In this direction we generalize,
reprove, sharpen the results of A. Schrijver [1] on how many k-regular sub-
graphs 2k-regular bipartite graph can have.

The main moral of this paper is that when one needs to deal with the per-
manent of highly structured matrices the only (and often painless) way to
get sharp lower bounds is to use stable polynomials approach.Prior to
[11] and [4] VFE was, essentially, the only general purpose non-trivial lower
bound on the permanent. It is not true anymore.

1.1 Generating polynomials

The goal of this subsection is to represent PE, .(A) as a coefficient of some
effectively computable polynomial.

1. The following natural representation in the case of unit weights, i.e
A(i,j) = 1, was already in [16], the general case of it was used in [14].

PE.(A) =11 v II =71 I (U +AGHzw). (2)

1<i<n 1<j<m 1<i<n,1<j<m

i.e. PE.c(A) is the coefficient of the monomial [T<;<, ' [Ti<j<m T
in the non-homogeneous polynomial [T;<;<, 1<j<m(1 + A(7, 7)7;9;).

It is easy to convert non-homogeneous formula (2) into a homogeneous
one:

PE.(A)=[ 1] =7 I[ =" I (z+A@5)z). ()

1<j<m 1<i<n 1<i<n,1<j<m



As the polynomial [Ty<;<,1<j<m(2 + A(4,7)x;) is a product of linear
forms, the formula (3) allows to express PE, .(A) as the permanent of
some nm X nm matrix, the fact essentially proved in a very different way
in [17].The permanent also showed up, in a similar context of Eulerian
Orientations, in [1].

Indeed, associate with any £ x [ matrix B the product polynomial

Prodg(zq,...x) = [[ Y. B(ij);. (4)

1<i<k 1<j<l

Then

[ H x;ﬁ]ProdB(xl,...,xl) = per(Bu,...w) H (w;)71, (5)

1<5<1 1<5<1

where £ x k matrix B,, . .
B 1<j<l

, consists of w; copies of the jth column of

. We will use below the following equally natural representation. Recall
the definition of standard symmetric functions:

Sk(ilfl,...,l’m) = Z H l’ij,

1<y <..<ip<m 1<5<k

and define the following homogeneous polynomial

ESpa(z,yzm) = ] Sn(AG, Dy, ..., A(i, m)z,,). (6)
1<i<n
Then
PE.(A) =] [] 27]1ESua(z1,....zm). (7)

1<j<n

Remark 1.1: Note that in the square case n = m, the polynomial
ES.,.a = Prods. The polynomial ES,.4 is, of course, related to the
polynomial

TM(21,5 ey 203 15 oo ) = [li<icni<jem(zi + AL, J)x;):

8m7n’
ESya(xy,...;x) = const H

m—r;
1<i<n 0z;

TM(z;=0,1<i<n;xq,...,Tpm).

(8)



1.2 Exact algorithms

It is well known that the coefficient [[T;<;<, :c?j]ESryc;A(:cl, ey Tyy) can be
computed by evaluating the polynomial ESy.4 at [[;<;<,(1 + ¢;) points.
Which gives(see Remark (1.1)) an exact algorithm for PE, .(A) of complexity

1<j<n 1<i<m

O (min( IT (1 +¢j)nmlog(m), [ (1+r;)nm log(n))) :

Thus if n > m and m is fixed then the exists a polynomial in n exact deter-
ministic algorithm to compute PE, ¢(A).

1.3 Previous Work
Estimation of the cardinality |BM,c| = PEyc(A), where A = J,,,,, = eqel,

m
is a matrix of all ones, is one of classical topics in analytic combinatorics.
The reader may consult Barvinok’s paper [14] for references to most major
results on the topic.

To avoid messy formulas, we will mainly focus below on the uniform square

case, i.e. n =m and r; = ¢; = 1,1 < 14,7 < n and use simplified notations:
BM,e,, ve, =: BM(r,n); PEre, ve,(A) =: PE(r, A).

It is easy to see that PE(r, A) is #P-Complete for all 1 < r < n. The
connection to the permanent implies that for non-negative matrices A there
is FPRAS for PE(r, A). We are interested in this paper in deterministic
algorithms. We briefly recall the main idea behind Barvinok’s algorithm from
[14]:

Define
dee(d) = inf ngign,léjim@j + A(zﬂ()}xz)
220 Theicn @' hicjem 25 7
Then duw( 2)
vdw(n
rep,re A Z PE ’A Z A 7
Qreq ren (A4) (r, A) (wa(n—r)vdw(r))"a( ) ®)

where vdw(k) =: . As the number log(a(A)) can computed(approximated
within small additive error) via the convex minimization, the bounds (9)
give a poly-time deterministic algorithm to approximate PE(r, A) within



multiplicative factor ~, =: ( vdw(n’) ( ))n)_l- The factor 7, is not sim-

(vdw(n—r)vdw(r
ply exponential even for r = 1, indeed (v,)n ~ const(y/n) for a fixed 7.
The proof of (9) in [14] is based on the Sinkhorm’s Scaling and the Van
Der Waerden-Falikman-Egorychev lower bound on the permanent of doubly-
stochastic matrices.

2 Our Results

We prove and apply in this paper an optimized version of our lower bounds
on the coefficients of H-Stable polynomials [8]. The lower bounds in [§]
were obtained by a “naive” application of the lower on the mixed derivative
of H-Stable polynomials [4].

When applied to the polynomial [Ty <;<,, 1<j<m(2; +A(4, j)2;), the main result
of the current paper implies the following bounds:

vdw(n)
vdw(n — r)vdw

a(A) > PE(r, A) > ( (r>>2n_l a(A) (10)

L.e. for the fixed r the Barvinok’s approach gives a deterministic algorithm
to approximate PF(r, A) within simply exponential factor (e"vdw(r))?". We
stress again that this result seems to be unprovable by using only Van Der
Waerden-Falikman-Egorychev and alike purely permanental bounds, even
the newest ones in [7].

When applied to the the polynomial ESy. 4(x1, ..., Z,,), our new bounds imply
the following general inequality

W(A) > PE,o(4) > H( vdu(n) )M<A>, (1)

vdw(n — ¢;)vdw(c;)

2<j<n
where ES

p(A) =: inf CE ijm)

%20 Tlicjam 75
Note that
. . U Ym
log(p) = _ inf  log(ESyalexp(=),...,exp(=—))),
1<j<m y;=0 C1 Cm



and the function log(ESy c;a(exp(£), ..., exp(£2))) is convex in ys. For the
fixed r = re,,c = re, this gives a deterministic poly-time algorithm to
approximate PE(r, A) within simply exponential factor (e"vdw(r))"™. This
paper does not give the detailed complexity analysis of this convex mini-
mization, say based on the Ellipsoid Algorithm. We rather present a very
simple converging algorithm, which does pretty well in practice.

In the sparse case we get a much better lower bound(not fully optimized yet):

(A) > PE(A) > ] (U dw((;f“_’(fjif dw(cj>>“(A>’ (12)

2<j<m

where Cl; = min(};<,<;c;,Col(j)) and Col(j) is the number of nonzero
entries in the jth column of A.
In the uniform case, i.e. m = n, r = ¢ = re,, this gives the following bound

w(A) > PE(r,A) > H <wa(vdw(0j) > w(A), (13)

2<j<m Cj —r)vdw(r)

where C; = min(rj, Col(j)).
Our final result is the following combinatorial lower bound: Let A € BMjy je #

(). Then
uf ESmc;A(xl)"'?xm) — H (kyrl> (14>

J ¢ .
7520 Tlicjcn T; 1<i<n \ T

and

PEA) = ] (kn> I vdw(kc;) (15)

1<i<n \Ti /) 2<j<m vdw(ke; — cj)vdw(c;)
The formula (15) can be sligthly, i.e. by const(k,t) > 1, improved in the

t
Let A € BMjte, kte,, Wwhere k,t are positive integers. Then

kt\" vdw(kt) " odw(kt)
PEierten(4) 2 (t) (vdw((k:— 1)t)vdw(t)> vdwpr 10

)
regular case. In particular, const(2,t) = ((Qt)) 22,

The inequalities (15, 16) generalize and improve results from [1].
All the inequalities in this section are fairly direct corollaries of
Theorem(5.1) (see the main inequality (35)).



3 Stable Homogeneous Polynomials

3.1 Definitions, previous results and the naive approach

The next definition introduces key notations and notions.
Definition 3.1:

1. The linear space of homogeneous polynomials with real (complex) coef-
ficients of degree n and in m variables is denoted Hompg(m,n) (Homgc(m,n)).
We denote as Hom, (m,n) the closed convex cone of polynomials p €
Hompg(m,n) with nonnegative coefficients.

2. For a polynomial p € Hom(n,n) we define its Capacity as

. .o P
Ca = inf r1,...,T,) = inf
p(p) xi>O7H1§i§n ;=1 p( 1 ) ;>0 HIS’LSR €X;

3. Consider a polynomial p € Homg(m,n),

p(l’l,...,I’m): Z Qry,.rm H x:Z

We define Rank,(S) as the maximal joint degree attained on the subset
ScA{l,...,m}:
Rank,(S) = max OZ T (18)

If S = {i} is a singleton, we define deg,(i) = Rank,(S).

4. A polynomial p € Home(m,n) is called H-Stable if p(Z) # 0 pro-
vided Re(Z) > 0; is called H-SStable if p(Z) # 0 provided Re(Z) > 0
and > << Re(z;) > 0.

(We coined the term “H-Stable” to stress two things: Homo-
geneity and Hurwitz’ stability.)

5. We define

6 - Udij(q“;(j)l) - (Z_Zl>_ i>1,G(1) =1. (19)

vdw(i) = —;
i

Note that vdw(7) and G(7) are strictly decreasing sequences.

8



1
The main inequality in [4] was stated as the following theorem

Theorem 3.2: Let p € Hom,(n,n) be H-Stable polynomial. Then the
following inequality holds

an

go o000 =TT Glmin(i, degy(i)))Cap(p).  (20)

2<i<n
So, if p € Homy(n,n) is H-Stable and deg,(i) < k <nfor k+1<i<mn
then the following inequality holds:

o -

oz o0, 20, 0) 2 Gk Cap(p). (21)

For k = n we get the feneralized Van der Waerden-Falikman-Egorychev
inequality:

8’!7,

n!
WP(Q 2, 0) > ﬁCap(p). (22)

3.2 A naive generalization to the general monomials

Let p € Hom, (m,n) and consider an integer vector

c=(c1,....cm) €ERT, D c=n.

1<i<m

Define the following polynomial ¢ € Hom, (n,n):

Q(yl,la ceey yl,cl; y2,1a ceey yQ,cz; ey ym,la (XS] ym,cm) = p(zlv R3] Zm)>
. Zlgjgciy(i’j) . . . .
where z; = ==="—— 1 < i < m. Note that if the polynomial p is H-
Stable then q also is.
Also, analogously to (17), let us define:

inf p—(xl, 0 Tm) (23)

Cape(p) =: Cape, o =: =
a/p (p) ap Tyeeny m(p) xj>0 ngjsm x]j

1. Cape,...c,(p) = Cap(q).



mly — el "
2. [ lp = Thsizm ‘%i Hiciem i<, ay"’jQ(O)

Corollary 3.4: Let p € Homy(m,n) be H-Stable and deg,(i) < k,1 <i <
m. Then the following inequality holds:

1<i<m
(24)
If k =n then
Capey....cn(p) > [25 50 ]p > Cape, .., (0)( ] (vdw(c;)) ™ vdw(n).
1<i<m
(25)

Example 3.5:

1. Let A = J, be the n x n matrix of all ones and consider the H-Stable
polynomial ES,,., (21, ..., %n) = [T1<i<n Sr(Z1, ..., 2n). Then

Capre, (ESre,.1,) = (7;) ;deggs,.. ., (1) =n,1 <i<n.

Applying the inequality (24) we get that

n\" . n—1 n!

BMG0)| = [t ]ESar, > (1) (e

(26)

It was proved by Everrett and Stein in [15]|(their proof is rather in-
volved) that

(rn)!
(rl)2n

where lim,,_,o, 8(r,n) = 1 for any fixed integer number r. Our lower
bound from from (26)

BM(rn)| = L erp(— (r — 12)5(r.m), (27)

r! n nn

n . 1 |
BM(r,n)| > HY P(r,n) = (“) (= Lyt 1L

is valid for all values of r. Directly applying Stirling formula, we get
that for the fixed r

lim HY P(r,n)

B Tgarem) —

10



Not bad at all, considering how computationally and conceptually sim-
ple is our derivation of (26)!
The same reasoning applies to general non-negative n X n matrices:
Capren (Esren;A) > PE(“ A) > Capren (ESTEH;A)(:;')TL(M)(HUTL(T‘1)”31.
' (28)
Aslog(Capye, (ESye,.a)) can be expressed in terms of convex minimiza-
tion, for a fixed r the inequality (28) justifies a deterministic poly-time
algorithm to approximate PE(r, A) within simply exponential factor
(e"vdw(r))".
We stress that the current, say in [12], [13], very delicate, accurate
and efficient estimates of |BM, c|(valid for some ranges of (r,c) can
not be, at least directly, applied to estimate PE, .(A) even for boolean
matrices A because of the #P-Hardness of PE, ¢(A).

. Applying the inequality (24) to the polynomial T'M (21, ..., Zp; 1, ooy Tpy) =

I B

1\ (1-Dn(n-1) |
a> PE(r,A) > a(vdw(r)(vdw(n —r))™" < 1) '

n nr

It is better than (9), yet does not give a simply exponential factor.

. Let A € BMtc. We are interested in a lower bound on PE, .(A).
[.e. on how many %—shrunken copies of itself the boolean matrix A
contains. Now, ESpa(21, ..., Tm) = [Ti<icn Sry (A(G, V)21, ..y A(d, m)xy,)
and PE,c(A) = [[licj<n @} |ESea(1, ..., x). Easy computation: If
A € BMyyte then Cape(ESra) = [li<i<n (t:;)
Let us consider the simplest non-trivial case of A € BM (2r,n). Ap-
plying the inequality (24), we get that

PE(r, A) > (2:) (wa(r))*ﬂ((b)@r—l)n(rq) rt

2r r’

Yet, the asymtotically correct bound from [1] is

PE(r, A) > ((2:>2(2)2T)n. (29)

11



Not only we will improve in the current paper the bound (29), but also
show that if all columns of n X n nonnegative matrix A have at most

tr non-zero entries then PE(r, A) can be deterministically in poly-time
vdw(tr) —n
vdw(r)vdw(r(t—1)) ) :

approximated within the factor (

4 New Observations, which were overlooked
in [4]

Associate with a polynomial p € Hom, (n,n) the following sequence of poly-
nomials ¢; € Hom (i,1):

8n—i

- by, .20, 01 <i<n— 1.
0xz+13xnp( ! )

qn = P, Qi(ilfla s 7xi)

The inequality (20) is, actually, a corollary of the following inequality, which
holds for H-Stable polynomials:

Cap(qi) > Cap(gi—1) > G(degy,(i))Cap(gi),n > i > 2. (30)
As Cap(qr) = 8xlf‘fifamnp((), ...,0), one gets that
0,002 T G(degy(i)Cap(v) (31)
axla:[:np Y _2SZS” ng‘ pLp)-

The inequality (20) follows from (31) because G(7) is decreasing and deg,, (i) <
min(z, deg,(i). There were several reasons why the inequality (20) was stated
as the main result:

1. It is simpler to understand than more general one (31). It was sufficient
for the killer application: a short, transparent proof of the (improved)
Schrijver’s lower bound on the number of perfect matchings in k-regular
bipartite graphs.

2. For the most of natural polynomials, the gegrees deg,, (¢) are straightfor-
ward to compute. Moreover, if a polynomial p with integer coefficients
is given as an evaluation oracle then Rank,(S) can be computed in
polynomial time via the univariate interpolation. On the other hand,

12



if i =n —[n%,a > 0 then even deciding whether deg,, (¢) is zero or not
is NP-HARD. Indeed, consider, for instance, the following family of
polynomials, essentially due to A. Barvinok:

(1, . 2y) = Bara(@p, ..., Tn_paj1) (01 + ... + xn,[na])"_[”a],

where Bara(Tp, ..., Tp_na)) = tr((Diag(@n, ..., To_fne)) A)") and A
is the adjacency matrix of an undirected graph. If the graph has a
Hamiltonian cycle then deg,, (i) = ¢ and is zero otherwise.

4.1 New Structural Results

The following simple bound was overlooked in [4]:
deg,, (1) < min(Rank,({i,...,n}) —n+i,degy(i)). So, if

Rank,({j,...n}) —n+j<k:k+1<j<n (32)
then

o

oxy...0xy,

Example 4.1: Let A be n x n doubly-stochastic matrix with the following
pentagon shaped support: A(i,j) = 0: j —i > n — k. Then the product
polynomial Prod(z1, ..., 2n) = [li<i<n >1<j<n A(4, j)x; satisfies the inequal-
ities (32) and cap(Prods) = 1. Therefore per(A) > G(k)" *vdw(k). This
lower bound for the permanent was proved by very different methods in [20],
moreover it was shown there that it is sharp. Therefore, the more general
bound (33) is sharp as well. I

p(0,...,0) > Cap(p)G (k)" *vdw(k). (33)

We remind the following result(combination of results in [6] and [11]).

Theorem 4.2: Letp € Homy (m,n),p(21, ..., Tm) = Xor 4t trp=n O
be H-Stable. Then

1.

T1 T
rn L1 l’nff

77777

Uy, > 0= 1; < Rank,(S) : S C {1,...,m}. (34)

,,,,,
jes

2. The set function Rank,(S) is submodular.

''''''''

the evaluation oracle for p there is deterministic strongly polynomial
algorithm to decide whether a,, > 0.

77777 m



Lemma 4.3: Let p € Hom,(n,n) be H-Stable polynomial with integer
coefficients given as an evaluation oracle. Then for any i > 1 there is a de-
terministic strongly polynomial algorithm to compute deg,, (i), i.e. with the
number of logical and arithmetic operations bounded by poly(n).

Proof: Associate with the number i and any polynomial p € Hom, (n,n)
the following polynomials P(y1, ..., Yn) = P(21, vy Zn)
where 0 <l <n—i—landzj=y1+ ... +y, 1 <j<i-Lizi=y1 +..+
Yn—is Zik = Yirk, L <k <n—1i.

Then deg,, (i) > n —i — L iff 5-25-P(0,...,0) > 0. Now, if the original
polynomial p is H-Stable then the polynomials P, are H-Stable as well,
have integer coefficients and there are evaluation oracles for them. Therefore
we can apply the submodular minimization algorithm from Theorem (4.2)
to decide whether the monomial y;...y, is in the support of F,. Running this
algorithm at most i < n times will give us deg,, (7). i

Example 4.4: [Gale-Ryser Inequalities]. Consider the following H-Stable
polynomial

GRec(1, s Tm) = [li<icn Sri (1, o Tm )i 25 €65 = 205 T4

Clearly, the monomial [];<;<, x?j is in the support iff the set BM, . is not
empty, i.e. there exists a boolean matrix with column sums c¢ and row
sums r. It is easy to see that Rankgg, .(S) = Yi<i<, min(|S|,r;). It fol-
lows from the characterization (34) that BM, . is not empty iff 3;cq¢; <
Y1<i<nmin(|S|,r;) for all subsets S C {1,...,m}. Equivalently, for the or-
dered column sums c¢;, > ¢;, > ... > ¢;,, the following inequalities hold:
<kt G < Xi<icpmin(t,ry); 1 <t < m.

These are the famous Gale-Ryser inequalities, albeit stated without Ferrers
matrices. I

5 Main New Lower Bound

Let p € Hom(m,n) be a homogeneous polynomial in m variables, of degree
n and with non-negative coefficients. We fix a monomial [[; <<, :1:';" s 2 1<j<m Cj =
n and assume WLOG that ¢; > 0,1 < j < m. Let 0 < a¢, ., =
[li<j<m *7']p be a coefficient of the monomial. Define Cape, .. ., (p) =:
(X1, s Tm)

Cj .
[licjcm®;

lnij >0 ClearlY’ a’Cl 5oesCm S Ca’pcl 5osCm (p) *

14



Theorem 5.1: Let p € Homy(d,m) be H-Stable. Define the following
family of polynomials:
Qm =p,Q; € Hom(i,n — (¢ + ... + ¢iy1))ym —1>1>1:

80m+...+ci+1

— Gl
O, ... Oxor

Qi

p(zy, ..., 2;,0,...,0);1 < <m—1.

Denote dg(i) =: degg, (7). Then the following inequality holds

vdw(dg(j))
en (P) 2<1jlm vdw(dg(j))vdw(dg(j) — c;) &

77777

Remark 5.2: It is easy to see that for a fixed value of ¢ the function

#(f&(_c) = (vdw(c))'G(K)G(K —1)...G(K —c+1) is strictly decreasing

in K > ¢. Also, the dg(j) <min(j,n — (¢ + ... + ¢j41)). I

Corollary 5.3: Let p € Hom,(m,n) be H-Stable. Then the following
(non-optimized but easy to use) lower bound holds:

1<j<m vdw(c;)vdw(degy(j) — ¢;)

Our proof is, similarly to [4], by induction, which is based on the following
bivariate lemma.

Lemma 5.4: p € Hom(2,d) be H-Stable, i.c. p(x1,22) = Yo<icq @] 7}
and 1 < cy < d. Then

vdw(d)
vdw(cy)vdw(d — ¢o)

a02 Z Capdfc%cz (p)

Proof: Define the following polynomial P € Hom, (d,d):

P(Y1, o Ydmeoi 215 o0 Zen) = P g Lotchsd—co Yhs o Sol<ices %i)-

It follows from the standard AG inequality that Capg_e, ., (p) = Cap(P) and
it is easy to see that P is H-Stable. Consider the following polynomial
R(z1, .. 2¢,) = Tli<hed—c %P(yk =0,1 <k <d-—coz,..,2,) First,
it follows from (30) that Cap(R) > G(d)...G(cz + 1)Cap(P). By the di-
rect inspection, R(zi,...,2e) = agvdw(d — cﬂ(é Yi<ice, 7). Therefore
Cap(R) = ac,vdw(d — cz).

Putting things together gives that

15



G(d)...G(c2+1) _ vdw(d)
ey 2~ qisd—ca) CWd—c .5 (p) = vdw(eayodw(d—cz) C WPd—c2.c2 ().

|

Proof: [Proof of Theorem (5.1)]. Let p € Hom(m,n) be H-Stable. Ex-
pand it in the last variable:

PT1, oy Tn) = Yo<i<degy(m) Lo Ti(T1, - Tn—1). Our goal is to prove that

vdw(d)
vdw (e )vdw(d — ¢,

Cape,,..., Cm,—l(TCm) > )Capq ,,,,, Cm—1:Cm (). (37)

Fix positive numbers (y1, ..., Ym—1) and consider the following bivariate poly-
nomial: W(t,z,,) = p(tyr, ..., tYm—1,%m). The polynomial W is of degree n

.....

It follows from Lemma(5.4) that
T, i(Y1, s Ym-1) = vdw(cﬁfdﬁlzd,cmﬁapcl ..... em (D) [Thi<icm—1 inja which proves

the inequality (37). Now the polynomial 7, € Homi (m — 1,n — ¢y,) is
also H-Stable [4]. Thus we can apply the same argument to the polynomial
T., (x1,...,2;,_1) and so on until only the first variable z; remains. i

Cm

6 Algorithms to compute parameters of The-
orem (5.1)

To compute the lower bound in (35) we need the degrees degg,(i) and the
capacity Cape,.. .. (p). We assume that the polynomial p has rational co-
efficients and is given an evaluation oracle, say, on the integer vectors. Es-
sentially this model allows to do, besides logic, only low-dimensional inter-
polations. Lemma (4.3) allows to compute degg,(7) in this model in poly(n)
operations, i.e. with now dependence on the bit-wise complexity of the coef-
ficients.

6.1 A practical algorithm to approximate Cap,,. . ., (p)

Associate with a polynomial p € Hom,(m,n) and a non-negative vector
(¢15 -, Cm)s Xi<icm ¢i = n the following maps:

F(t1, o) = (1, e ym)i s = - G(X) = FOX)( [T af)

; 1<i<m

16



#3P)  other words s = 5@
ap(X) ° n other words y; = %p(X)

Note that it follows from the Euler’s identitgf for homogeneous functions that

xz‘a%p(X) ! 1
w(X) )

where a; = , v is a normalizing constant.

(38)

mul(X) = J] af < ( >

1<i<m

Ci

and the map G preserves the product of powers [[;<;<,, 77"

Lemma 6.1: Suppose that the polynomial p € Hom(m,n) is log-concave
on R . Then the following inequality holds:

p(G(X)) < mul(X)p(X).
Proof: The log-concavity gives the following inequality

2.p(X)

1<i<m p(X)
So if Y = F(X),X € R7T, then the Euler’s identity gives the following
inequality

Iz’%p(X)
log(p(y1s ..y Ym)) < log(p(z1, ..., Tm))+ Z (ci—‘;(iX) = log(p(x1, ... xm)).

1<i<m

Finally, p(G(X)) = mul(X)p(F(X)) < mul(X)p(X). IWe suggest the fol-
lowing algorithm to approximate Cap, ... .. (p):
Start with z;90 = 1,1 <7 < m and recursively compute the following vector

sequence:
X1 = G(X3), k> 1.

Stop if mul(Xy) > 1 — ¢, where € << 1 and output Cape, . .. (p) = p(Xk).
This algorithm does not work for general polynomials in Hom, (m,n) (just
consider p(z1,z2) = 2(x1)*+ (22)% and (¢1, ¢2) = (1,1)). But Lemma (6.1) es-
sentially proves that if Cap,, ., (p) > 0 and p € Hom.(m,n) is log-concave
then the algorithm converges. In fact, it is a generalization of the famous(
and efficient in practice) Sinkhorn’s scaling algorithm to the product of sym-
metric functions ESy.4(x1, ..., ). Sinkhorn’s scaling algorithm corresponds
to the product of linear forms.

As any H-Stable polynomial p € Hom, (m,n) is log-concave, we can apply

17



Lemma(6.1). In practice it usually takes just a few steps of the Sinkhorn’s
scaling to get a very good approximation. We expect the same from our
generalization. Note that each step of the algorithm for ES,.4 boils down to
computing n symmetric functions of m variables(the evaluation of the poly-
nomial) and nm symmetric functions of m — 1 variables(the evaluation of the
gradient).

7 Applications of Theorem (5.1)

Example 7.1:

1. The polynomial from [14] T'M (21, ..., 2p; 1, .., T) =t [li<i<n1<j<m(Zit
A(i, j)x;). Consider, just for the illustration, the square uniform case:
n=m,c=(n—r,...,n—r;r,..,r). Note that the degrees of all variable
are bounded by n. Using non-optimized lower bound (36) we get that
the coefficient

vdw(n) ))2"

vdw(r)vdw(n —r

2. We give a better lower bound on |[BM (r,n)|. The polynomial is Sym,.,(x) =:
(Sy(z1, ..., z,))™. Degree of each variable is n. Cap, . ,(Sym,.,) = (")n

The slightly optimized lower bound is, assuming that r divides n, as

follows
n(r—1)

oo ) (aits) ™ e

For the fixed r this new bound is asymptotically equal to the “old”
bound (26), but, say, for r = Q(n) the bound (39) is exponentially in
n greater than the bound (26).

3. Let A € BM(tr,n). We are interested in a lower bound on PE(r, A).
[.e. on how many %—shrunken copies of itself the boolean matrix A
contains.
Now, the polynomial is ESy. (@1, ..., Tp) = [T1<i<n Sr, (A(4, V)21, ..., A(i, m)2,m,)
and we are after a lower bound on [[T;<;<, x;‘fj]ESr;A(xl, ey Ty
Easy computation: Cape(ESy.a) = ((t:))” if A€ BM(tr,n).

18



Theorem (5.1) and Remark (5.2) give the following lower bound:

o2 (7)) (Giriangriry) oo

improving (and reproving) the bounds from [1]. In the same way we
can get bounds on PE(r, A) for matrices A with r-sparse columns.

8 An analogue of Van Der Waerden Conjec-
ture

It is well known(a fairly direct corollary of the famous Edmond’s result that
the intersection of two matroidal polytopes is equal to the polytope of the
the intersection of the matroids) that the convex hull CO(BM (r,n)) = {A:
0<A(i,7) <1,Ae = Ale = re.

Note that for » = 1 the polytope CO(BM (r,n)) is equal to the polytope 2,
of doubly-stochastic n x n matrices and Pe(1, A) = Per(A).

The natural question, an analogue of the Van Der Waerden Conjecture(r = 1)
is to compute the following minimum and maximum:

NMin(r,n) =: min PE(r,A), NMaz(r,n) =: max PE(r, A)
AeCO(BM (r,n)) AeCO(BM (r,n))

Remark 8.1: Recall that NMin(1,n) = 2 and it took more than 50

years to prove. On the other hand, the equality maxccoa(rn)) Pe(l, A) =
maxecq, Per(A) is fairly trivial.

First of all, any matrix A € BM(r,n) is a local maximum. Therefore
NMin(r,n) < 1. One would guess that the minimum is attained at the
“center” Ceng, =: -Jp, J,, = eel’.

The Everett-Stein asymptotically exact estimate and our easily proved lower
bound give that:

PE(r %Jn> > const(r) (r)r" ((:'7;372 > const(r) <€r7£r:)2> :

7,.27“

Define n(r) =: PRI
n(z) > 1 for all ¢ > 3.

By the direct inspection n(1) < 1,n(2) < 1 but
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So, there is a possibility that NMin(2,n) = PE(2,Censy,). On the other
hand, for » > 3 the “center” is not a minimum, at least for sufficiently large
n.

The following (preliminary) result provides some lower and upper bounds on
NMin(r,n) and NMax(r,n).

Proposition 8.2: Let A, B be nonnegative n x m matrices, 0 < a < 1. Then
for all positive vectors (x1, ..., T, the following inequality holds

EStaara-aB(@1, ..y Tm) > (ESpa(@1, ..., ) (ESya(21, .. xm))lfa.

Proof: Follows from the well known fact that the symmetric functions are
log-concave on the positive orthant. B

Corollary 8.3: The functional G(A) =: log(Cap,,
on the convex cone of non-negative matrices.

-----

.....

Indeed, it follows from Newton’s inequalities that Sym,.(z1, ..., z,,) < (Zif=ttn)r (”)
Therefore, if A € CO(BM (r,n) then

Cap (B < ESallce) < ()

We put these observation in the following statement about our current knowl-
edge on the range of PE(r,A), A € CO(BM/(r,n).

Lemma 8.4: Let A € CO(BM(r,n) then

' C TyeeryT ESre : - 1, C -
Aecél(lég\l/[(r,n) apr....o( nid) Aecgggﬁ(m) apr.,...,

n n r ™™
(ES ) = ()1
And, assuming that r divides n, the following inequalities hold

7\ 0/ T e . vdw(n) nizl vdw(n)
(<r>> <n) z PE(rA) 2 (vdw(r)vdw(n — 7’)) vdw(r)n/r
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