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Abstract

Common information was introduced by Wyner|[1975] as a measure of dependence of two
random variables. This measure has been recently resurrected as a lower bound on the loga-
rithm of the nonnegative rank of a nonnegative matrix in Jain et al.|[2013], |Braun and Pokutta
[2013]. Lower bounds on nonnegative rank have important applications to several areas such
as communication complexity and combinatorial optimization.

We begin a systematic study of common information extending the dual characterization
of [Witsenhausen| [1976]. Our main results are: (i) Common information is additive under ten-
soring of matrices. (ii) It characterizes the (logarithm of the) amortized nonnegative rank of
matrix, i.e., the minimal nonnegative rank under tensoring and small ¢; perturbations. We pro-
vide quantitative bounds compared to an analogous asymptotic result by Wyner|[1975]. (iii) We
deliver explicit witnesses from the dual problem for several matrices leading to explicit lower
bounds on common information, which are robust under {; perturbations. This includes im-
proved lower bounds for perturbations of the all important unique disjointness partial matrix,
as well as new insights into its information-theoretic structure.
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1 Introduction

Nonnegative matrix factorizations play a crucial role in many disciplines of theoretical computer
science and discrete mathematics, including machine learning, communication complexity, and
combinatorial optimization. While for machine learning one is often interested in finding a factor-
ization, for communication complexity and combinatorial optimization it often suffices to study
the nonnegative rank, i.e., the minimal size of a nonnegative factorization. The nonnegative rank of a
nonnegative matrix M is the smallest r such that M can be written as M = Z;zl uo] foru;,v; > 0.

In communication complexity, the logarithm of the nonnegative rank of M provides a lower
bound on the deterministic communication complexity of M, which is polynomially tight by Lovasz
[1990]. In combinatorial optimization, the nonnegative rank of the slack matrix of a polytope P
characterizes the linear extension complexity of P, that is the minimum number of facets of a larger
dimensional polytope Q that projects linearly to P.

Thus in both fields, it is of great interest to lower bound the nonnegative rank. Unfortunately,
lower bounding the nonnegative rank is both conceptually and computationally hard—in fact,
computing the nonnegative rank is known to be NP-hard by |Vavasis| [2009] (see Moitra [2012] for
recent positive results on computing the nonnegative rank).

Most existing lower bounds on the nonnegative rank argue only about the support of the matrix,
i.e., the zero/nonzero pattern of the matrix (for an interesting exception see the norm based bounds
inFawzi and Parrilo|[2012]). Notice that zeros provide a strong constraint on a nonnegative factor-
ization as if M(x,y) = 0 then in every factor uv" either u(x) = 0 or v(y) = 0. The most commonly
used lower bound on the nonnegative rank is the rectangle covering bound, which also charac-
terizes nondeterministic communication complexity, a bound suggested in the landmark paper
of Yannakakis [1991] connecting nonnegative rank and extension complexity. Rectangle covering
arguments can show strong lower bounds in interesting cases, for example, for the unique disjoint-
ness partial matrix UDIS] with rows and columns labeled by n-bit strings where UDIS](x,y) = 1
ifxNy = @ and UDISJ(x,y) = 0if [x Nyl = 1 and UDISJ is undefined_otherwise. Using ar-
guments from the randomized communication complexity lower bound of Razborov|[1992], Wolf
[2003]] showed lower lower bounds exponential in 7 on the rectangle covering bound of UDIS]. This
bound, in turn, played a key role in the exponential lower bounds on the extension complexity of
the Traveling Salesman (TSP) polytope in Fiorini et al.|[2012].

Support based bounds have obvious shortcomings: they completely ignore the actual values of
the nonzero entries. Thus they are useless for matrices with no zero entries. Exactly this case arises
when showing lower bounds on the extension complexity of a polytope that approximates a polytope
P (see Braun et al.[ [2012], [Braverman and Moitra| [2012]). Even for a matrix with zero entries,
support based bounds cannot say anything about the nonnegative rank under small perturbations.

It is often the case that optimization problems become easier when a discrete objective func-
tion is replaced by a continuous proxy function. This is the approach taken in the information-
theoretic framework for nonnegative rank lower bounds initiated by Braverman and Moitra [2012]
and further developed by [Braun and Pokutta|[2013]. We extend this framework to obtain a strong
information-theoretic tool to lower bound the nonnegative rank of matrices and partial matrices
(such as the UDIS]J partial matrix). At the core of our techniques is the information-theoretic no-
tion of common information. Common information was introduced in [Wyner| [1975], and further
developed by Witsenhausen| [1976] who provided a convex geometry approach to lower bound
the common information. Little has been written about the common information outside of these
early papers, but it turns out to be the correct notion to capture nonnegative matrix factorization
from an information-theoretic point of view. We take it out of the setting of (asymptotic) informa-
tion theory and turn it into a quantitative tool to lower bound the nonnegative rank of a matrix.



Contribution

Our contribution is threefold: besides extending the dual approach, we apply it to derive not only
theoretical properties of common information, but also practical lower bounds with application to
concrete matrices.

Common information as amortized log nonnegative rank A relaxed notion, even if not captur-
ing a quantity exactly, can sometimes characterize it in an amortized fashion. Examples are
the fractional rectangle covering bound characterizing the amortized rectangle covering bound
(see Karchmer et al.| [1995]) and information cost characterizing amortized communication (see
Braverman and Rao [2011]). We similarly prove that common information is the amortized log
nonnegative rank. An asymptotic, qualitative version was already included in [Wyner| [1975],
however, we also establish rate of convergence and provide actual approximations. We give an

explicit compression result in Theorem stating roughly lim_, . 5,0 .0 w = C[M]

where M, 5, ~ M®" and the number of required copies { to obtain an approximation with (total

2
relative) error at most 6 and ¢ deviation from C [M] is roughly O (b%é[—m]\z]/ze)) -In(6~1). From
&

this we also obtain that common information is the limit superior of all measures lower bound-
ing the log nonnegative rank under natural conditions (see Corollary . Our proof is inspired
by a result of [Jain et al. [2013] that bounds the nonnegative rank of an approximation of a single
matrix (i.e., in the nontensored setting) in terms of common information.

Lower bound of common information via dual programs We extend the framework in Witsen-
hausen [1976] to obtain strong lower bounds on common information not only of matrices but
also of partial matrices using witnesses (i.e., dual certificates). Dual witnesses are central to the
behavior of common information under various perturbations of the matrix, e.g., provide an ex-
plicit degree of continuity of common information (see Lemma b for full matrices. We give an
example that common information of partial matrices is not continuous in general.

New lower bounds for (U)DIS] As an example of the dual approach to partial matrices, we im-
prove lower bounds from Braun and Pokutta|[2013] on the conditional common information of
the UDIS] partial matrix under perturbations (see Corollary @) closing the gap between the
exact and the approximate case. Moreover, we obtain bounds under arbitrary perturbations
as long as the total variation is not too large. Finally, following |[Kaibel and Weltge [2013]], we
provide a new lower bound on the conditional common information of UDIS] of nlog 3/2 (see
Theorem D under a non-direct sum disjointness conditional indicating that breaking direct
sums is necessary for obtaining the optimal estimation.

2 Preliminaries

We introduce the notation and review the information-theoretic background that will be used in
the sequel; see [Cover and Thomas, 2006, §2] for an in-depth treatment.
We use log x for the base 2 logarithm and In x for the natural logarithm. We use the shorthand

[n]:={1,...,n}.
The entropy of a discrete probability distribution P is roughly the expected number of bits
needed to encode P.

Definition 2.1 (Entropy). Let P be a discrete probability distribution. The entropy of P is
1
H [P] := ; P(x) log O
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If P is a Bernoulli probability distribution over {0,1} wherep = P(x =1)and 1 —p = P(x = 0)
we use the notational shorthand H [p] := —plogp — (1 — p) log(1 — p) for the binary entropy of p.
Further, we will use H[X =01 ...] to denote H [P [X = 0]... ]]. For estimating the entropy, the
following alternative forms of the well-known inequality In x < x — 1 will be useful:

logex < xloge, M [p] < plog(e/p).
The second one follows by substituting x = 1/(1 — p).
Definition 2.2 (Conditional Entropy). The conditional entropy of P conditioned on Q is
H[P[Q] = E, o [H[P|Q = x]].
We are ready to define mutual information, the key quantity behind common information.

Definition 2.3 (Conditional Mutual Information). The conditional mutual information between P and
QgivenRisI[P;Q|R] = H[P|R]-HI[P|Q,R].

Note that mutual information is symmetric: I1[P; Q|R] = I [Q;P|R].
2.1 Common information

In this section we will recall the basic properties of common information with a view towards
nonnegative factorizations. For M € R™" a nonnegative matrix, its induced distribution on the

row /column joint random variable (A, B) is defined by P[A =a,B =b] = > Ma,b )M ez for all
x€[m],y€[n] ¢

a € [m],b € [n]. We call a discrete random variable Il a seed for A, B (or M) if A, B are independent
given I1. For IT coming from a factorization, that is M = ) _; M, this is the case if and only
if all the factors M,; have rank at most 1. Conversely, every seed with finite range comes from a
factorization.

Every nonnegative factorization M = )

M, refines the distribution (A, B) as

gma,b,m) =P[A=a,B=0bI1=rm]:= %.
X,y 4

tell

We shall use the shorthand g, for this distribution.

Definition 2.4 (Common information). Let M be a nonnegative matrix and let A, B be the row and
column variable in the induced distribution. Then the common information of A, B (or M) is defined
as

CM]=C[AB]:= inf T[ABII]=HI[A B]-WI[AB],

where W [M] = W [A; B] := supp; .4 for A B H [A, B|11]
the private information of A, B (or M).
Similarly to C [M], in the following we will also use the shorthand I [M;I1] for I [A, B;11], and

H [M] for H [A, B]. We recall the following easy facts about common information (see e.g., Wyner
[1975], Witsenhausen! [1976], [Jain et al.[[2013], Braun and Pokuttal [2013]).

:supnseedforA,BH[A|H]+H[B|H] is

Fact 2.5. Let M be a nonnegative matrix and let A, B be the row and column variable in the induced
distribution. Then

1. General bounds: 1[A;B] < C[A,B] <min{H[A],H [B]}

2. Infimum achieved and 11 has small domain: The infimum in the definition of common informa-
tion is achieved by a I with [I1| < mn.

3. Bounds nonnegative rank: C [M] < H [11] < logrk, M, where Il is realizer of the infimum.
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3 Comparison of common information with other bounds

In this section, we compare common information with the rectangle covering bound and also with
information cost, a similar quantity in communication complexity.

For a matrix M, let supp(M) be the boolean matrix which is zero wherever M is zero and one
wherever M is nonzero. Yannakakis [1991] observed that the rectangle covering bound of the sup-
port of a matrix M is a lower bound on the nonnegative rank of M, and this technique has been
the source of many nonnegative rank lower bounds. We now see that common information is in-
comparable with the logarithm of the rectangle covering bound, even for a boolean matrix, as the
following examples show. In fact, they show that common information is also incomparable with
the logarithm of the fractional rectangle bound, defined below.

For a matrix M € {0, 1}"*" its rectangle covering bound is, by definition, the minimum number
of 1I-monochromatic combinatorial rectangles (i.e., submatrices with all entries being 1) needed to
cover the 1 entries of M. Let A be a matrix with rows indexed by (i,j) € [m] x [n] and columns
indexed by 1-monochromatic rectangles of M and let ¢ denote the number of columns of M. Then
the rectangle bound is the optimal value of the following integer optimization problem.

rc(M) =min 1; . x
Ax > 1,1
x € {0,1}¢

The fractional rectangle covering bound is obtained by relaxing this integer program to a linear
program.

fre (M) =min 1, . x
Ax > 1,1
x>0

Clearly frc (M) < rc (M) and by Lovasz [1975] it follows that rc (M) = O(frc (M) log(mn))
Lemma 3.1 (logrc(:) 2 C[:], C[-] # logfrc (-) and hence C [-] 2 logrc (-)). Let

110
=1 1), N:(l 1 1).
011

Then for all n > 1 we have C [M®"] = 2/3 - n < log frc (M®") = n and
C[N®"] > (log7 — 1.79115)n ~ 1.01621 - n > n > log rc (N®") > log frc (N®").

Proof of Lemma The matrix M has both rectangle covering bound and fractional rectangle cov-
ering bound 2 as (1, 2), (2,1) is a fooling set. Thus log frc (M) = 1. Moreover, as shown in |[Karch-
mer et al. [1995]], we have that frc (-) tensors, so we get n > log rc (M®") > log frc (M®") = n. On
the other hand, C [M] = 2/3 by [Witsenhausen, 1976, Theorem 7], hence C [M®"] = 2/3 - n by
Lemma

It remains to show the statement for N. Clearly rc (N) = 2, hence logrc (N®") < n. As
C[N®"] =nC[N]by Lemma it is enough to prove the lower bound on C [N®"] forn = 1.

We establish a lower bound on the common information of N by means of @} We consider

sup H[p] + H[q] — " Ap + Tr[AN], (1)
.92
lpll,=lgll,=1



which is an upper bound on the private information for any A. We will use a A determined by
numerical optimization:
1/2 0 oo
A= ( 0 27245 0 )

) 0 1/2

To be precise, we put large negative values instead of oo, and we consider the limit of H when
these values tend to co. Note that as p, g are chosen from a compact set, the maximizers will have an
accumulation point f, § with 0 entries in fi§” at the oo entries of A. Thus we obtain a lower bound

L, Sup H [p] + H [q] — ¢7Ap + Tr[AN].
P42 ‘
||P|\1=||q||1:1iji=0 if Ajj=o

The matrix A has been chosen ensuring that
f(p,q) = H[p] + H[q] — q" Ap + Tr[AN]

is piece-wise concave in p,q. The maximal value for H is 1.79115 realized by the rank-1 matrix

0.622036
pq" = | 0.377964 (0.622036 0.377964 0).
0

(Note that the above are not simply numerical approximations of 2/3 and 1/3 as they lead to a value
for (1) of 1.77229 whereas the factor above leads to 1.79115).
We analyze the concavity of the core function f of . For simplicity, we use parameters for the

entries of A:
—a 0 o
A= 0 - 0|,
o 0 -—-a

ie,a=—1/2,c = —27245. Letp = [p1,p2,p3]" and q = [41,92,93]7, i.e., the p;, q; be the entries
of p and gq. The restriction that pg” is 0 at the places where A has entry —co is now p;q3 = 0 and
p3q1 = 0 leading to four cases: p; =p3 =0,p1 =q1 =0,p3 =gq3 =0and g; = g3 = 0.

In the cases p; = q; = 0 and p3 = g3 = 0, the function f is only a function of p, and ¢,, and has

form
a+c

fp2,02) = H [pa] + H [32] + eqap2 +a(1 = p2) (1 = 4) + ——

The Jacobian and Hessian of f for 0 < p,,q, < 1is

J(h = (log (& —1) —a+ (c+a)g, log(L —1)—a+ c+ap,),

—p—lg‘cf; ) c+a
H(f) = ? 2 loge :
c+a ——8°
q2(1—g5)

By Sylvester’s criterion, the Hessian is negative definite for |c + a| < 4loge (which holds for the
actual parameters) as the upper left entry is negative and the determinant is nonnegative:
2

log”~e

loe?
o8 ¢ —(c+a)?> 11 —(c+a)?>0.

P21 =p2) - q2(1 —g5)

det H(f) =



It follows that f is strictly concave, and hence if it has a critical point in the interior of its domain,
then it is its unique maximum. Numerically solving J(f) = 0 provides indeed a critical point in the
interior, namely, p, = g, = 0.377964.

The remaining cases are p; = p3 = 0 and q; = g3 = 0. We consider only the second one, as the
first one is analogous. Now g = [0, 1, 017 is fixed, hence

a+c

fp) = H[p1,p2ps] + cp2 + —

subject to p; + p, + p3 = 1. Note that f is a concave function, and as we will see, it has a (unique)
critical point in its interior, and hence it is its unique maximum.
We use Lagrange multipliers to find critical points, i.e., we look for the zeros of the Jacobian of

fp) = A =1)(p1 +p2 +p3)

1 1 1 a+c
=pilog — +pylog— +p3log— +cpo + —— — (A =1)(py +p2 +p3),
P1 P2 P3 7

for which the equations are

1 1
log— —-A =0, loce— +c—A=0,
gPl gpz
1 ! A=0
og — —A =0.
gP3

This can be solved in pq, p,, p3:
pr=ps=27", pa =21
The value of A is determined by the condition p; + p, + p3 = 1:
2.270 42074 =1,
which simplifies to

21=e 41 =2,
A= 10g(21_c +1D)+c>1.

In particular, p; = p3 = 27 lie strictly between 0 and 1/2, ensuring that p;, p,, p5 is an inner point
of the domain of f. Hence the maximum value of f is

a+c

7
= (21 +1)2¢ A = log(21 =+ 1) + c + a—; ‘.
1

maxf(p) =2 27 424N — ) + 2 +

Summarizing, the overall maximum of f is the maximum of the maxima of the cases, i.e.,
W[N] < maxp,qf(p,q) ~ 1.79115. O

Information cost (defined over |Chakrabarti et al.| [2001]], [Bar-Yossef et al.| [2004], Barak et al.
[2010]) is an information-theoretic lower bound on communication complexity that has analogous
properties to common information—it also obeys a direct sum theorem Bar-Yossef et al.| [2004],
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and characterizes amortized communication complexity Braverman and Rao [2011]. For a boolean
matrix M and distribution y on rows and columns of M, the (internal) information cost of a ran-
domized protocol IT is ICﬂ (IT) = I[IL, A|B] + I [IL; B| A]. The information cost of M with respect
to distribution y and error € is then the infimum over all protocols IT that compute M with error
at most € of IC, (II). The information cost of M with respect to any distribution is a lower bound
on the randomized communication complexity of M.

Note that, as a protocol with error € for M can be trivially transformed into a protocol with
error € for the negation of M, the information cost of M and M = 1 — M are the same. We now
see with the example of set intersection, the negation of disjointness, that this is not true for the
common information.

Lemma 3.2 (Common information of set intersection and noninvarance under complements). Let
M be the 2"-by-2" matrix where
0 xNny=0

M(x,y) = .
oY) {1 otherwise

Then C [M] = O(1), yet for M = 11 5u — M we have C [M| = C [DIS],, | = 2n/3.

Proof. The complement of set intersection M = DIS], = DIS]®" is the disjointness matrix. It fol-
lows that C [DIS]n] = 2n/3 as common information is additive under tensoring (Lemma and
C [DISJ, | = 2/3 by Witsenhausen! [1976].

We now establish an upper bound on the common information M, the set intersection matrix.
Note that the number of ones in M is m = 22" — 3" = (1 — (3/4)")2%". M has a covering of size n
by the rectangles R; = {(x,y) : x; = y; = 1}. We use this covering to define a partition of the ones
of M inductively as follows. Let S; = Ry and S; = {(x,y) € R; : (x,y) & Rj,j < i}. In general S;
is not itself a rectangle, but can be partitioned into 3'~! many rectangles, each of relative area 47"
Using this factorization, we can lower bound the private information by

22n . n . 1 22n
> - = _1 -
W [M] > — ;3 7108

:2.3n—1i(é>n—z'(n_i)

m = 3
_ 2.3t ' (4/3) - ((n—1)(4/3)" —n(4/3)" 1 +1)
oom (4/3 = 1)2
=2 81— 34y = 8
—7(”—(—(/)))—m—

using the identity Z?zl(n —Dxl =x((n—Dx" —nx""1 4+ 1)/(x = 1)2.
Thus we have
2n

———_ +8=8+0(1).
1- (3/4)

2n n
C[M] < logm — %Qn - 81— (3/4)™) =2n +log<1 - (2) )

O]

Another variant of information cost, known as external information cost has been defined in
the literature. This definition is directly analogous to the definition of common information: the
external information cost of a protocol I1 with respect to a distribution # ~ (A, B) is ICS,(H) =
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I[A,B;I1]. In the case of common information, however, this distinction is not important as for
a factorization the external and internal information cost of a factorization are equivalent up to a
constant.

Lemma 3.3 (External vs. internal common information). Let M be a nonnegative matrix, (A,B) ~ M
and I'T be a seed. Then

I[A,B;I1] =1 [A;I1|B] + I [B;I1|A] + I [A;B],
i.e., external information cost and internal information cost differ by I [A; B].

Proof. We consider

I[A,B;I1] — 1 [A;T1|B] — I [B;I1|A] = I [B;I1] + I [A;I1|B] — 1 [A;I1|B] — I [B; 11| A]
= I[B;I1] - I1[B;I1|A] = 1[B;A] — I [B;A|II] = [ [B;A].
=0

O]

4 Common information as amortized log nonnegative rank

By Fact the common information provides a lower bound on the logarithm of the nonnegative
rank. This bound, however, can be arbitrarily far from the logarithm of the nonnegative rank, as
can be seen in the next example.

Let M, € R™" be the diagonal matrix given by M, (i,i) := 2t/ Zje[n] 2/ and M,G,j) =0
whenever i # j. Clearly the nonnegative rank of M,, is nn, however, the factorization IT given by the
1 x 1 rectangles arising from the elements on the main diagonal shows C [M,,] < H [IT] = O(1).

We will now show, however, that common information does capture the amortized log nonnega-
tive rank, under small {; perturbations. This result is inspired by a one-shot statement in [Jain et al.,
2013 Lemma 4.1], and the quantitative analysis is improved here for tensored matrices M®".

For this theorem the following formula for the conditional mutual information between P and
Q given R will be useful:

(x 17,2
1(P;QIR] = Ey_p,ger [log w] ,

q(x|z)
where q(x | y,z) := P[P = x|Q = y,R = z] is a probability vector and similarly for q(x | z).
We will also use the cyclic property of mutual information:

I[P;Q1 —T[P;Q|R] =I[Q;R] - I[QR]|P].

Theorem 4.1 (Common information = amortized log nonnegative rank). Let M € R*" be a ma-
trix with w := ZijMi]- and k = C[M]. Then for any ¢ > 0and 6 € (0,1), for every multiplier
¢ > max{Q(log”(mn/e)/e2k?) - In(6~1), ) (8/€)} there exists a nonnegative matrix M, s € Rt
with

1. logrk, (M, 50)/0 < (1 +&)C[M]+O(83Iné 1)/t

2. [M®!— M, g, < 60"
In particular, we have

log I'k+ Mgllglg

eaoo,(sl—%,eao ) = CIM]



Proof. Without loss of generality we may assume w = 1, which allows us to identify matrices
with probably distribution of row-column pairs. In particular, let g, be the probability distribution
associated with M, and let (A, By) ~ gq be its random row-column pair. Let I, be a seed of Ay, By
realizing k = C [M] = I [A, By;I1y], with size ¥ < mn which exists by Fact

For a distribution p of a random variable X, let p®' denote the distribution of ¢ independent
copies of X, which is consistent with the notion of tensoring the associated matrix for p. In partic-
ular, the distribution of M®" is g$'. We shall approximate the distributions g, and g®* with better
behaving distributions g, 45, ... and the same subscripts and superscripts will be used for the ran-
dom variables, e.g., A1, By, I1; will have distribution g;. The first goal of the approximation is to
bound the ratios log qq(a, bl7r)/qy(a, b) appearing in the common information to allow us later to
argue via concentration.

For a lower bound, we define g, by keeping the seed I'l; := I, and modifying only the distribu-
tion of A, By conditioned on Il to obtain A;, B;. The aim is to have g, (al7), g, (bl7t) > B for a small
positive parameter 8 chosen later. Therefore we introduce coins C4,Cp € {0,1} independently of
IT; =11, Ag, and B, with

P[Cy =1] = Bm, P[Cg =1] = pn.

If C4 = 1 then we choose A; uniformly in the range of A, independently of 11, Ay, By. If C4 =0
then we choose A; = Ay. We define By similarly using Cgz and By. Obviously, A; and B, are
conditionally independent given I'l. In other words, the conditional probabilities are

g1 (alm) = (1 — pm)qg(alm) + B, g1 (blr) := (1 — Bn)qq (blrr) + B.

In particular,
q1(a,blm) = gy (al7) - g, (blT) > B2

For the mutual information we deduce the following bound

I[A1, By; 11 ] < T[Aq, By 11| Cy, Cp]
=P [CA = O,CB = 0] I [Ao,Bo,'Ho] + P [CA = 1/CB = 0] I [Bo,Ho]
+ P [CA = O,CB = 1] I [Ao,Ho] < I [Ao,Bo,'Ho] = k

The first inequality holds because C4,Cp are independent of IT; by construction using the cyclic
property of I [A, By;I1,|Ca,Cg] — 1[Aq, B1;I1;]. The equality is a special case of the law of total
expectation, e.g., given C4, = Cp = 0 the distribution of A, By, I1; is that of Ay, By, 1. And given
Cy = 1,Cg = 0 the distribution is that of By, I, and an independent uniform random variable.
The second inequality follows by upper bounding all mutual information terms by I [Ag, By; I1].

We estimate the total variation of g@* and ¢%'. We start by comparing the conditional distri-
butions of g, and g;, using that for distributions p;, p, we have [p; — p,ll; = 2maxx eyent (P1(X) —
p»> (X)), and the maximizer can be explicitly given:

Y g @m —qoami=2 Y (gy(@lm) — golalm)
a a: qq(alrt)>qg (alr)
=2 > B — maq(alm) < 2B(m — 1),

a: qq(alrt)>go (alrr)

Y la1 (b)) = go(bl0)| < 2B(n = 1).
b



Combining the estimates on rows and columns:
g1 C170) — go (1), < 2B(m +n —2),
which remains valid by removing the conditioning on 7t via taking expectation:
lg1 = goll, < 2B(m +n—2).

We can now estimate the total variation of g§‘ and ¢%* via
(
e [} ®]f ®—j) ®j—1 ®U—j+1)
a2t = a8, < > [a7 @ a5 =t @ gy V|| <20pom +n-2).
j=1

Let g denote the conditional distribution g, given g, (I1;) > B. In particular, q(a, bl7t) = ¢, (a, bir)
for all a, b, 7. As there are r possible values of IT; we have

P[g:I1y) < B] < 7B,
and hence, we estimate similarly as before:
lg = gall; < 2P [:Ty) < B] < 2rB, 4%t - 43", < 2u.

As a result, we now have a distribution g close to g such that whenever g, (71) > B:
q(a, blm) q(a, blr) < 1 < 1 < 1
q(a,b) q(a,b) ~ q(m) ~ q1(m) T B

We check that the mutual information of 4 remains close to the common information of g,. Let
Xx(X) denote the indicator of event X.

q(A, BILT)
E [log 14, B)
< A ByTh x(qid) 2 B)] _ T[Ay BiyIhL] - I[Ay Byx(n ) 2] _ &

B P[g,1y) = B] P [q,(I11) = B] T 1-rp
where the first inequality follows from the law of total expectation, and the following equality
follows with the cyclic property of I [P; Q] — I [P; Q|R].

From now on we will only work with g and g5 := g®‘. In order to ease notation we introduce
independent copies Z, ..., Z; of the pair (A, B) (we no longer need to handle the components of
the pair separately), and independent copies Wy, ..., W, of 11, so that the Z;, W; are mutually inde-
pendent copies of (A, B),Il. Let Z = (Z4,...,Zy), W = (Wy, ..., Wy) denote the collection of the Z;
and W;, respectively.

In a first step we show that the encoding length of the ratios of the tensored distribution strongly
concentrates around the common information via Hoeffding’s inequality. Note that 82 < 12V <

aZy
% by as q1(W;) > B holds almost surely because W; ~ 4. Observe that

> g4 (a,bl) > B2,

(2)

] =1[A,B;I1] = [ [Aq, By; 111 | g, (I1y) > B]

4

q3(ZIW)
]P’{log D >(1+£)k€] [ Zl (Z) LS 1+ ek

1¢ q(ZW;) q(ZiIW;)
SP[EZIOg—q(Z) Zl <z>

> (1+e)k—

k
1—r,B]

10



Note that (1 + e)k — k/(1 —rB) = (¢ — rB/(1 — rB))k. We apply Hoeffding’s inequality, so that the
following inequality chain holds:

q3(ZIW) 1E,  qZiwy q(ZiIW;) rB
P |log @ >(1+s)k€]§]P’[EZI ) [ Zl 7z ] (s—l_rﬁ>k]

i=1 i=1

20k2 rB )2)
< ex —_— | € — =: 0.
p( 9log21/ﬁ< 1-1p !

Therefore with high probability the conditional distribution does not deviate much from the
unconditional one, i.e., the set

Gy = {(z,w) € [m'n'] x [1']] g3 (zlw) < 20+, (2))

has high probability
93(G1) 21 —=44.
We are ready to introduce the matrix M, 5, by means of the associated distribution. We sample
7 independent copies Wy, ..., W, of W according to the distribution g5; in particular several of the
W; may coincide. Let ] € [7] be chosen uniformly, and W := W} will be the seed for the random
row and column. We define the conditional distribution of Z IW] = w to coincide with Z|W = w.
This uniquely defines the distribution of Z, W, and we let M, ; ; be the matrix of Z given Wy, ..., W :

Yicrr 93 (2lw;)
M, 50(z) =q3(2) = %

Thus M, s, is a random matrix with rk, M, 5, < 7. We show that with high probability, it is close
to M®, i.e.,
E[[IM® - M, 5|, ] <o.

We will need the set
G2 = {Z : Z q3(zr w) 2 52‘73(2)}/

w: (z,w)EGq

that contains all row-columns pairs that are within a d,-ratio, with 6, chosen later. We approximate
g3 by a measure q, defined via

1a(z, ) = {q;,(z,w) if (z,w) € Gy and z € G,,

0 otherwise.

Note that g4 need not be a probability distribution, however it is close to g5:

93 — qall; = Zl‘M(Z,w) —q3(z,w)| = Z gs(z,w) + Z q3(z, w)

(z,w)¢EGy (z,w)eGq
z¢Gy
<1-g3G)+ Y 6 -43(2) =1—43(Gy) + 61 = 3(Gp)) < &y + 8. (3)

Z$G2

We define q4(zlw) := g4(z, w)/q3(w) and q4(z) := Zw qa(z,w) = Zw gz (w)qs(zlw). As an ap-
proximation for 73, we use
Zie[f] qa(zlw;)

a\;(z) = =

11



Therefore E [q4(z|wi)]w‘~w = q4(z). Moreover, for (z,w) € Gy and z € G,, we have by definition
of the sets

(z,w)EG, z€G, 2(1+£)k€
qa(zlw) = g3(zlw) < 20Mgy(z) <7 =
2

44 (Z)/
and g4 (zlw) < 2”;;“ g4(z) trivially holds if (z,w) & Gy or z & G,.

With the bounds on the ratios, we will now invoke Chernoff’s bound to estimate the error aris-
ing from the sample set {w;|i € [T]}. Whenever q4(z) # 0, we have

> it 94 zlw;)

> 52%(2)]

63T .
<2exp ~3pavem ) = 4.

Poow [[72(2) = 94(2)| > 6294(2)] = Py, oy {

Therefore

E[173(2) —q2@)|] < P[174(2) — q4(2)| < 6294(2)] - 6294(2)
+ P [173(2) — 94(2)| > 0294(2) ] (2(2) + q4(2))
= 6244(2) + P [[72(2) — 94(2)| > 6204 (2)] (@1(2) + (1 — 62)94(2))
< 0244(2) + (G2(2) + (1 = 82)q4(2))04.

This obviously holds for g4(z) = 0 as well. Summing up for all z we obtain
E [Hf]z — Q4||1] < (Sz + (2 - 52)54 < (52 + 2(54

We can easily estimate the distance between the approximations 73 and 7y:

|

3
= 193 — qall; < 61 + 65

Liern 93 (1ws) B Yicre d4Clwy)
T T

Em%—@u=ﬁw[

Eo, [llg5 Clw;) = qaClwy)l; |
T

ie[T]

Finally, the total variation of g3 and 73 can be bounded:

E [||‘J3 - %Hl] <E [||‘13 - ‘74||1] +E [||‘J4 - fﬁHl] +E [||EIZ - %Hl] < 201 + 306, + 244.

At last, we combine the various bounds above to bound the distance of M®! and M, 4 :

E[[M® = Ml ] = E [Ja5 - @], | <05 — '], +[a2 - aa], + E [las — 751, ]
S2B(m+n+r1—2) 4+ 261 + 35, + 24,.

Now we choose the free parameters f, 6, to make this bound smaller than ¢, in particular,

1) )
(%,B(m+n+r—2):§, 5z=ﬁ,
B 3t 5

(51 Sg, 54:26Xp (—W) Sg

12



The last inequality holds provided
5184 - 21kt 16
T2 ———In| <.
63 6

To ease the estimation of §;, we require e — /(1 —rB) > €/2,i.e., f < €/r(2 + €), which means

or(2+¢)
(> .
8m+n+r—2)¢
Thus 2
2 k2 2k2
o :exp(— 22 (s— L ) ) Sexp(— 2&? ) <6/8
9log“1/B 1-1p 18log”(r(2+ ¢€)/¢)
if

2
0> 18log”(r(2 4+ €)/¢)

> 252 In(8/6).

As a corollary, we obtain that common information is the best bound in a natural class.

Corollary 4.2 (Common information as limit superior). Let X be a real-valued function with domain
the set of nonnegative matrices, satisfying the following continuity condition: For every nonnegative matrix
M and e > 0, there is a constant ¢ > 0 such that for every positive integer n and nonnegative matrix N

X(N) = X(M®") —ne —nc|[N — M®", .
If for all nonnegative matrices M we have X(M) < logrk, M then

X(Mmen
lim sup (T) < C[M].

n—o0

If additionally for all nonnegative matrices M we have C [M] < X(M), then lim,,_, ., X(A;f@n) = C[M].

Proof. Let M be a nonnegative matrix and &€ > 0 fixed. Let ¢ be the constant depending on M and e
from the continuity condition. By Theorem @4.1|for every large enough nonnegative integer n there
is an approximation M of M satisfying log rk, M < n(1 + ¢)C [M] and ||M®” - ]\’\/IIH1 < ¢/

X(M®") < X(M) + ne +nc [M®" — M|, < logrk, M +2ne < (1 + )nC [M] + 2ne,

ie.,
X M®”
A0 <C[M]+ 2+ C[M])e.
It follows that
. Xmey
limsup ——— < inf(C[M] + 2+ C[M])e) = C[M]
n— o0 n e>0
as claimed. 0

Remark 4.3. Lemma together with Proposition shows that common information satisfies the
conditions for X.
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5 A dual approach to common information

In this section we extend the dual characterization of common information from [Witsenhausen,
1976, §4], and use it to establish continuity and additivity under tensoring. As UDIS], the main
example we consider is only a partial matrix, we also generalize common information to partial
matrices, and extend the characterization to obtain lower bounds.

5.1 Common information of partial matrices

We first extend the lower bound in [Witsenhausen, (1976, Theorem 2] from full matrices to partial
ones. The obtained lower bounds may no longer be tight due to inherent discontinuity of common
information of partial matrices, as exhibited in Example

Definition 5.1. The common information (private information) of a partial matrix M is the infimum
(supremum) of common information (private information) over all its nonnegative extensions

C[M]:= inf C[M|Z] and  W[M]:= sup W[M|Z].
where Z is the event of being in the domain of definition of M.

Clearly C [M] = H[M] — W [M], where H [M] is the entropy of M restricted to its domain.
We are ready to formulate the lower bound on common information.

Proposition 5.2 (Common information via rank-1 factors). Let M be a partial nonnegative mxn matrix.
Then its common information is lower bounded by

T
. q' Ap M
C[M] > su inf  H[M]-H][p, Z+——Tr[A ], 4)
s AL S BTV
Iplly =lall, =1 ’
where Z is the event of being in the domain of M. Similarly, the private information W [M] is upper bounded
by
9 Ap
WI[M] <  inf max Hp,q|Z] - =——
AER™M g0 2 pez Pallb
Iplly =l =1 ’
If M is a full matrix, then equality holds for both quantities above.

M
+ Tr [A

M1y ] ' ©)

Proof. Equality in the case of full matrices is [Witsenhausen, 1976, Theorem 2]. The proof of the
inequality follows by a direct calculation. Without loss of generality, we assume |M]l; = 1. Let

A € R% and
q' Ap

a:= inf H[M]-H[pg|Z]+ =———
20 pi 2apez Palv

paqz
el =lall, =1

— Tr[AM].

Furthermore, let M = Y A;p;q7 be an extension of M with a rank-1 factorization coming from a
seed I'T. We need to show that I [M;I1 ‘ Z] > a; note that H [M | Z] =H[M].

Therefore we restrict the factorization to the domain of M, omit factors which are 0 on the whole
domain, and rescale the entries to be probability distributions possibly changing the coefficients
A M =Y ui(piq! | Z). In particular, by summing up all the entries, we obtain ), y1; = 1. Now an
easy calculation establishes the claim:

1[M;11|Z] = H [M|Z] - H[M|Z,11] = H[M|Z] —ZyiH[pi,qi|Z]

=D (HIM] = H{p, g, Z]) 2 ) i (a+ TH[AM = (pa] 12))]) =«
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as )y, ; Hi(Te[AM — (piqiT | Z))] = 0. This proves the lower bound on C [M]. The upper bound on
W [M] follows via W [M] = H [M] — C [M]. O

Note that @) and H are invariant under additive shifts of A of the form A+ p- 1, but not under
rescalings.

The supremum in @) cannot be replaced by maximum even for full matrices. We see this in the
next example with the 2 x 2 DIS] matrix.

Example 5.3 (Common information of DISJ via ). We consider the matrix D := (4}) where
a+ b+ ¢ = 1. The common information for this matrix has been established to be C[D] = (b +
c)log(b +c¢) —blogb —clogc = H[D] — H [4] in Witsenhausen|[1976]. We will now show that
C [D] can only be reached in the limit and for every single instance of A we have that

inf  H[D]-H[p]-HI[q] +q"Ap — Tr[AD] < H[D] — H [a],

p.9=0
Pl =lgll, =1

or equivalently K := sup,, . H [p] — H [q] + 4" Ap — Tr[AD] > H [a]. Here and below we drop the
conditions on p, q for readability.

First let us show that W [D] < H [a] cannot be obtained via a single supporting hyperplane,
i.e., K> H [a]. Recall that

H[p] + H[q] < K—q"Ap + Tr(AD)

for all 0 < p,q < 1. We examine this for the pairs p, g where the bound is supposed to be tight, i.e.,
for the pairs appearing in the best factorization: ([a,b + c],[1,0]) and ([1,0],[a,b + c]). Actually,
we also consider nearby pairs p = [a,b + c] and g = [1 — x, x] for which we obtain

Ha]+H[x] < K—aAj; — (b+0)Ayy 4+ [a(A1; — A1n) + (b4 ¢) (Agg — Ago)1x +aAqq +bAj, +cAyy
for all 0 < x < 1, therefore
ﬁ [ﬂ] < K- aAll — (b + C)A21 + aA11 + bA12 + CA21 =K+ b(A12 — A21)'

Thus K > T [a] if Aj, < Ay;. A similar argument applies when Ay; < A4, finishing the proof of
K> H1al.
We will now show that for an arbitrary € > 0 there exists A so that

s;%)qTAp +H[p]+H[g] - Tr(AD) < H[a] +e

if 0 < a < 1/2. Actually, we will choose a A of the form

_[-H'[a] 0
=T

where C > 0 is a large constant to be chosen later. Observe that Tr(AD) = —H'[a]a. Let us
introduce the shorthand

Y(p,q) =T [p] + H [q] — F' [a] pg — CA — p)(1 — q) + aFL' [a].

Let us choose 0 < ¢ < 1/2 such that H' [a]6 + H[§] < e and let C = (2 + H' [a]a)/d2. First
suppose that both p,q < 1 — 4. In this case ¥(p,q) < 2 — C6? + H' [a]a < 0 and the claim holds.
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Now consider the case that at least one of p, g is at least 1 — 6. As A is symmetric we may suppose
without loss of generality that g > 1 — 6. Then we can upper bound (p, q) as follows, using the
concavity of entropy

¥(p,q) <H[a] + H' [a] (p —a) + H [6] — H' [a] (p — &) + aH' [a]
=Hal+H[6]+H [a]6<HI[a] +¢

as claimed.

We will see later in Lemmathat common information is a continuous quantity for full matri-
ces, with a proof based on the tightness of the dual characterization. The next example, however,
shows that common information of partial matrices can be discontinuous, ruling out the tightness
of the lower bound for partial matrices in general.

Example 5.4 (Discontinuity of common information of a partial matrix). Despite continuity for full
matrices, common information is not continuous for partial matrices, as the following examples

shows:
C [(e 1)] _ 0, >0,
1 = 1, £=0.

Here * denotes an undefined nonnegative entry. Note that for ¢ > 0 the matrix has a rank-1 exten-
sion, while for ¢ = 0 no factor can have both its entries in the antidiagonal non-zero, i.e., it must
reveal the exact entry of M = (9 !). Therefore C[M] =H[M|Z] = 1.

5.2 Continuity and tensoring for common information

The dual characterization of common information has several applications. We first see how the
supporting hyperplanes of the information set naturally tensor, leading to a simplified form of the
dual formulation for a matrix which is a tensor product. Then we see how the dual characterization
implies that common information is robust under small {; perturbations.

We prove that common information is additive under tensoring of matrices. The core of the
proof is a direct sum property of mutual information (see [Cover and Thomas) 2006, Theorem 2.5.2]):
for arbitrary random variables A, B, C

In particular, 1 [A,A,; B] > I[Ay;B] + I[A,; B] if A; and A, are independent.

Lemma 5.5 (Common information and tensoring). Let M, N be arbitrary nonnegative matrices. Then
C[M® N] = C[M]+ C[N]. In particular C [M®"] = nC [M] forall n € N.

Proof. First we identify the distribution induced by M ® N. Let (A, Byr) ~ M and (Ay, By) ~ N
be independent pairs of random variables with distribution induced by M and N, respectively.
Then the distribution of (Ay, An; By, By) is induced by M @ N.

Now let Il be a seed for M ® N. We have

where the latter inequality follows from the direct sum property and the independence of (Ay,, By,)
and (Apy, By)- It suffices to observe that I is a seed both for (A,,, Bys) and (A, By) so that when
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taking the infimum over all seeds IT for M ® N we have

C[M®N] = inf I[[M® N;IT]
IT seed for (Apr, AN), (Bar, Bn)
> inf (I[M;T1] + I [N;I1])
I seed for (A, An), (Bar, BN)
> inf I [M;TT] + inf 1[N;TI] = C [M] + C[N].

ITseed for Ay, By IT seed for Ay, Bnr

We will now show that the inequality is tight. For this let I, be any seed for M and ITy be
any seed for N with I, and Iy being conditionally independent given Ay, An;, Bp, By- Clearly,
Iy, Iy is a seed for M ® N. By the chain rule we have

L[AM, By, ANy B Ty, Tl ] = T[Apg, Bags Ty, T ] + LT[ Ay, By Tpg, Ty [ Apg, Bag ]
We further have, (again using the chain rule)

T[Apn, Bag Ty, Ty ] = T[Apg, Bag TIn ] + T [Apg, Bags Ty [ 11y ]
=0, by independence =I[Ap,BarTIng]

and similarly

L [AN, B T, Ty [ Ap, Byl = T[AN, Bas Ty | Apg, Bag ] + T[AN, Bas TIn | Ap, Bag, g ],
=0 “1[ A Buidln]

so that
T[Am, Bm, AN, Bai Ty, 1IN ] = T[Apg, Bag; Tl ] + T[ Ay, By Ty ]
Taking the infimum over all seeds IT, for M and Il for N we obtain

inf
I1seed for (A, An), (Ba, BN)

" II,, seed for Ay, By
T1 seed for Ay, By

N I15s seed for Apg, By

inf I[[An, B 11
I1 seed for Apg, By [N N N]

= C[M] + C[N]. O

As an application of Lemma 5.5} in the dual formulation for a tensor product M; ® --- ® M,,, we
can restrict the parameter A in the minimax formula (4) from Proposition 5.2|to be a tensor sum of
matrices corresponding to the components M,;.

Proposition 5.6. Let M; € R be nonnegative matrices with i € [{]. Then

C[M; ® - ®M,] = sup inf (H[M]-HI[p]-H/[q]+q"Ap—Tr[AM]), (6)
AERM M= iﬁno .
1~ 1~

where A := N\ & - ® Ay.
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Proof. Adding up @ from Proposition for My, ..., M, together with Lemma provides

C[M;®--®M;| =C[M;]+ -+ C[M]
{

= Z sup inf © H[M;] - Hp;] - H[q] + q; Ap; — TrIAM;]
i=1 A eRTME - Pidi=U
Il =la.l, =1
i
= sup inf | Z (H [M;] - H [p;] — H[q,] + 9] Ap; = Tr[A;M]) .
A EeR"Mizi=1 ¢ P4zt =
il —1||qi||%—1
i=1,...,

Note that the last formula is obtained from the right-hand side of @ by restricting p and g to
product distributions p = p; x - x ppand g = g1 X - X ;.

To finish the proof, we show that the minimum of the inner formula is not enlarged by allowing
arbitrary distributions p and g. Indeed, the following computation establishes that the inner for-
mula decreases by replacing p and g with the products p; x - x py and g x --- x g; of their marginal
distribution (omitting terms not depending on p and ¢):

{ 4
—H[p] - H[q) +q"Ap=—H[p] —H[q] + ) gl Ap; =) (-H[p] - H[g;] + g Ap;). O
i=1 i=1

We now show that the common information of close by matrices cannot discontinuously in-
crease.

Lemma 5.7 (Continuity of common information). Let N,M & R™" be nonnegative matrices with
IMll; = INll; = 1 and let € > 0. Then

IM — NJ|
C[M] < C[N]+ M - NJ log Tl +[|All. IM = Nll; +¢,

where A is an e-realizer of the common information of M, i.e., for all p,q > 0
C[M] —e<H[M]-H/[p] - H[q] +q"Ap — Tr[AM].

Proof. The statement follows directly from the characterization of the common information in
Proposition

CI[N] = min H[N] - H [p] - H[q] + q" Ap — Tr[AN]
> C[M]—¢e+H[N]—H[M]+TrAM - N)
IM — NIy
> C[M]—e— IIM—NllllogT — Al IM = NIl .

6 Consequences for (U)DIS]J

We will now use the dual approach to derive lower bounds on the DIS] as well as the UDIS] (partial)
matrices under any type of small perturbation.

As a start, we will establish a stronger lower bound on the common information of the UDIS]
(partial) matrix than in Braun and Pokutta/ [2013]. This improvement is based on the result from
Kaibel and Weltge|[2013] that every combinatorial rectangle with no uniquely intersecting pairs of
subsets can have at most 2" disjoint pairs of subsets. We give an alternative proof of this fact using
a compression argument.
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Lemma 6.1 (Recoding disjoint sets). Let A,B € {0,1}" be two independent random strings satisfying
P[JANBl=1]=0.Let S ={(a,b) €{0,1}" lanb=Q AP[A=a,B=b] >0} Then

1. there exists a nonsingular binary code for S (depending on the distribution of A, B) of length n, i.e.,
we can encode each of the elements in S with at most n bits. In particular, |S| < 2".

2. H[A,B|JANB=0] <n.
Proof.

Encoping ster: We encode the pair a,b. We choose Cy, ..., C,, € {0, 1} inductively. Suppose that Cj
with j < i has been chosen. For readability let

;=0 for j<i with C;=0
a;=A; for j>i

b;=0 for j<i with C;=1
and q; = Py.p [bizl‘ jE OIS ]

pi=P,.a [ai =1 bj=B; for j>i

Note that p; is a function of Cy, ...,C;_; and A; 4, ..., A,;; similarly for q;. By independence
and P [|A N B| = 1] = 0 we have p;q; = 0.

0 ifB;=1;

pi =0, Ci::{ 1 ifA, =1
=1

Ifql = 0, Ci = {

If both p; = g; = 0, then choose the C; arbitrarily.

DecopinG step: We will now show that we can exactly decode A, B from C. This will in particular
imply that |S| < 2" and hence H [A,B|ANB = 0] = H[C|ANB = @] < n. We inductively
decode A, B from C, however in reverse direction. Suppose that (4,,,B,,), ..., (A;1, Bi41) have
been decoded. We decode

{0, ifC;=0o0rp; =0 B {l, ifC;=1o0rg; =0
i = i

1, otherwise. 0, otherwise.

It remains to show that the decoding is exact. Observe that P[A; =1Ap; =0] = 0 and
therefore the decoding is exact if p; = 0. If p; # 0, then g; = 0 and C; = A, by definition of C;.
Similarly B; is decoded correctly. O

Theorem 6.2 (Lower bound on common information of UDIS]). Let M be the UDIS] (partial) matrix
of strings of length n. Then
C[M] >nlog3/2 = 0.585 - n.

Proof. Let IT be a seed of an extension M of M. Given an arbitrary Il = 7, the variables A, B
become independent, and hence the set of pairs (4,b) with non-zero probability is a rectangle.
Obviously, there is no (4,b) with [t Nb| = 1 and non-zero probability. By Kaibel and Weltge
[2013], every rectangle for UDIS] contains at most 2" pairs (a,b) with a,b being disjoint, hence
H[M|ANB = @,I1 = x| < n. Taking expectation, H [M‘A NB=0,II] <n,ie,

C[M|ANB=0]=H[M|ANB=0]-C[M|ANB=0@,II| >nlog3—n=nlog3/2. O
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6.1 Approximate direct sum lower bound

We revisit approaches from |Braverman and Moitra [2012], Braun and Pokutta [2013] to obtain a
tight lower bound on the conditional common information of approximate UDIS]. We use the same
conditional as in several previous works including Bar-Yossef et al.|[2004], Braverman and Moitra
[2012], Braun and Pokutta|[2013]. This conditional is a variant of the disjointness ANB = @ with the
remarkable feature that it preserves the independence of A and B under any seed. As demonstrated
by Theorem breaking independence can lead to improved lower bounds, however it is not clear
how to handle the perturbed case using this conditional.

LetC = (Cy, ..., C,) ben fair coins with sides labelled with A and B. The coins are independent
of A, B and any seed I1. We define D = (Dq, ..., D,,) via

Ai ].f Ci = A/,
DZ = .
Bi If Ci = :93

The exact condition is the event D = 0 together with the random variable C.
We shall use D_; and C_; to denote the collections (D]- :j#1i)and (Cj : j # i), respectively.

Theorem 6.3. Let M be a nonnegative square matrix with rows and columns indexed by subsets of [n].
Then forall 0 < e < (2/5)log3/2 ~ 0.234

WIM|D=0,C] < (1—adtem— s(a — €) +t(ﬁr—£+210gs), @)

where

ri= Y 270 bMa,b), b= ) 27WWE2M(a,b),  s:= ) (lal+ [p)27"IM(a, b),

a,bC[n] a,bC[n] a,bC[n]
anb=0 lanb|=1 anb=0

w:i=1-— ~ 0.208, B:=6—-3log3 —2log(5In2) ~ —2.341.

In particular,
_sa+ t(y + 2log(t/(t +rn+5s)))

r

where 7y == B + 210g(26‘1 loge) =~ —2.169 provided t/(t + rn + s) < 1‘;%% ~ 0.169.

W[M|D=0,C]<(1-a)n (8)

As the upper bound is invariant under scalings of M, the parameters 7, 1, t are not normalized.
Example 6.4. For the modified partial UDIS] matrix M

1, anb=20

M(a,b) :=
6, lanb =1

we have r = 2", t = érn, s = rn/2 leading to the lower bound

CM|D=0,C]> (§w+(5('y—210g<1+§>)>n

for 6 < 3/(2(=2In2_ _ 1)) ~ 0.305. The lower bound is exact for é = 0 and the above formula is a
log(3/2)

continuous extension. It complements the lower bound (1—6)n/8 forall0 < é < 1 from [Braun and
Pokutta, 2013, Theorem 4.1]; see also [Braverman and Moitra|[2012] for a slightly weaker bound.
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The core of the proof is a bound on the conditional private information which arises from a
fusion of Braverman and Moitra| [2012]] and |Braun and Pokuttal [2013]. We reuse the form which
appeared as part of the advantage estimation in Braverman and Moitra [2012]:

Lemma 6.5. Forall0 <p,<1,0<¢e< (2/5)10g3/2 ~ 0234 and a:=1— 10;53 we have

pH[q] +qH [p] <p+q—2(a—e) +2(B—a—2loge)(1 —p)(1—q). 9)

Proof. For convenience, first we prove a reparametrized version of the bound: let 6 := 27°¢/2, there-
foree = —(2/5)logd,2/3 <6 < 1land H' [6] < —1. We claim

— — 4 ~1
p(l—H[q])+q(1—H[p])22a+—log5—(§—5H[—

: i 3] _ 4 [5]> A-pd—gq. (10)

We start with the case g < 4/5, where the main estimation arises from. As the binary entropy
function is convex, we can estimate its value by its gradient:

~

Hp] <H[51+H [61(p—6),
fpg)<@|s|em|i](o=1) =m|2 !
<83+ 8 {5](0-3)=8[3]+a-5

leading to
— — ~[1] 1 o —
P(l—H[fJ])+q(1—H[P])ZP(l—H[§ —q+§>+q<1—H[5]—H’[5]<p—5>>

~

4 |1 — — 1 1 — —~
:5—H[g]—q(H[5]+H’[5](l—5))+ g—H[g]—H’[5]+(1+H’[5])(1—q) -1

—logé
=2 >4/3—H[1/3]>0
4 8 —~ |1 —

where the last inequality uses 5(1 — q) > 1. This finishes the case g < 4/5. The case p < 4/5
is analogous and therefore omitted. The remaining case is p,q > 4/5, where a simple estimation

suffices:
1-H 4 2
: - 5 > 2n

>20c—§(H[5] +H [011-8))-A-p)1-9q) (——SH[%] — 4H' [5]>.

Q1| =~

p1—H[q)) +q1 -H[p]) =2-

Note that § — 4H’[5 > 8- 5H[ |+4>0
Fmally, we brmg (10) into the form . This is fairly straightforward, the only estimation needed
is the coefficient of (1 —p)(1 —g):
8 _~|1 8 1 8 _~|1 5¢In2
R — Se/2 _ R | =
3 SIHI[3] AH' [6] = SH[B] 4log(2 1)<3 SH[3] 4log< > )
:10—510g3—410g(51n2)—4log8:Z(ﬁ—a—Zlogs). O

We are now ready to prove the bound for approximations of UDIS].
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Proof of Theorem 6.3, The second inequality follows from the first one by substituting the optimal
value € := 2(t/(t + rn + s)) log e. Therefore we prove only the first inequality.

First we express, s, t as probabilities. Without loss of generality, we may assume ), M(a,b) =
1,leading tor = P[D=0]and t = Y. P[D_; =0,A; =1,B; = 1]. Instead of s it will be more
convenient to use u := Z?:l P[D_;=0]=t+m+s.

We start with the case n = 1, and make the identifications D = D;,C = C{,A = A{,B =
B, for simplicity. Hence the parameters are r = P[D =0] = w, u =1 and t =
P[A =1,B =1]. LetII be a seed, then Lemmaapplies to upper bound the conditional entropy.
We shall use the suggestive notation p(7) := P[A = 0|Il = r] and q(m) := P [B = 0|11 = 7].

H[AB|D=0,CII]= P[C=A|D=0]H[AB|D=0,C=A,II]
+P[C=B|D=0]H[A,B|D=0,C=BII]
P[A =0] P[B=0]
=3pm=oyBIA=01+ 3550
Er1 [P0 H [q00)] + (0 H [p(m)]]
2P[D =0]

E, o1 [p(0) +q(0) —2(a — &) + 2(B — a — 2log €) (1 — p(7)) (1 — q(70))]
2P[D = 0]
P[A=0]4+P[B=0]-2(a—¢e)+2(B—a—2loge) P[A=1,B=1]
2P[D = 0]

1 an—e+t(f—a—2loge)
r

H[A|B = 0,11]

A

We now turn to the case of general n. To simplify formulas, we introduce shorthand notations:
ui ::P[D_i:()], ti ::P[D_iZO,Ai:].,Bi:l],

leadingtou =Y. ju;andt=3" .
For any 1 < i < n we apply the n = 1 case to A;, B; with distribution conditioned on D_; = 0,
and use the seed I, C_;. In @) we need to replace r, t by r/u;, t;/u;, respectively:

a—e+ (t;/u;)(fp—a—2loge) _1_ u(e —e) +t;(p—a—2loge)

. B = <1-
H [A;B;|D=0,CII] <1 T, r

We sum up these inequalities to obtain as claimed:

n
H[A,B|D =0,CT1] < ) H[A;B;|D =0,C,II]
i=1

Loy —e) +t;(—a—2loge) u(w—e) +t(f—a—2loge)
n—z r = r

IA

i=1
s(w—¢e) +t(p—e+2loge)
. )

=(1-a+e)n-—
]

It is interesting to note that the conditional common information under D = 0, C is not maxi-

mized by ( %g 1(/)3 ) as in the unconditional case, but by (g;g 3(/)8 )
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6.2 Lower bound for perturbed UDIS] matrices

We use Theorem 6.3|to lower bound the common information of perturbed UDIS] matrices in terms
of the size of the perturbation. For measuring the size of perturbation, a natural choice is the ¢;-
norm of the conditional distribution M | D = 0, where a disjoint pair of subsets a, b have probability
proportional to 2-1-IbIM (4, b), however, this considers only disjoint 4, b. Therefore we also use an
analogous norm for |2 N b| = 1. (Note that we do not condition on C rather we condition M on the
event D = 0.) All in all, we introduce the norms

1
Milg = > 279-FIM(a,b)l, M, = Y 27llblM(a, b
a,b:anb=0 a,b:lanb|=1

for all (not necessarily nonnegative) matrices M. The purpose of the division by 7 in [M]|,, is to
scale it to the same range as |[Mlly, e.g., [|1[|; = 2" and ||]1||{_} =23,
We put the matrix in subscript for the expressions 7, s, t in Theorem Obviously,

ltp — vl < 4nliM — N, Isar — snl < nllM — Nllg.
We are ready to formulate our lower bound for perturbed partial UDIS] matrices:

Corollary 6.6. Let M be the unique disjointness matrix and N be a partial matrix defined on the same

domain with rpy = vy = land N - Mlly < 1/4 and IN — M|, < (4- ((8loge)/a — 4))~1 =~ 0.005.

Then

6 —3log3
4

+IN = Ml loglIN — Mily

C[N|D=0,C] > ( — allN — My — bIN — Mil,, + 8IN — Ml loglIN — Mn{.}) n

wherea = 1+ °8% ~ 1.792 and b = 8log (Stfjlf)g) — 4B ~ —14.909..

Proof of Corollary We apply Theorem Note that @) holds with equality for M with e = 0
and t); = 0. For N we shall use a € > 0 specified later.

C[M|D=0,C]1=H[M|D=0,C]—(1—a)n+ sy +typ,
CIN|ID=0,C]1>2H[N|D=0,C]-1—a+en+sy(a—e)+tn(B—e+2loge).

We estimate the difference of entropies via [Cover and Thomas, 2006, Theorem 17.3.3] using that
'm=7TN = 1:

IN — Milg
H[M|D =0,C] — H[N|D =0,C]| < =[N - My log ———.

Therefore

CINID=0,C]-C[M|D=0,C]>2 H[N|D=0,C]-H[M|D =0,C]+ (s5yg —sp) (&« — €)
+ (ty —tpm) (B— e+ 2loge) —spe — ty(e —2loge)

IN — Mllg
> IN— MII@ log B (e — e)n||N — M||®
en
+4n(p —e+2loge)|IN — Mll{_} -5
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We choose ¢ to maximize this quantity:

_ 8loge
a 1/2—=IN-Mly
4+ N
The upper bounds [N — M|y < 1/4 and [N — M|y < (4- ((8loge)/a = 4))~! =: § on the norms in
the hypothesis ensure ¢ < & < (2/5) log(3/2) required for Theorem |6.3|and the above estimation.
Also note that
_ 8||N—M||{,}loge S 8IN — Ml loge

€ = 2~ (0H4P BN — M.,

We plug the value of ¢ into the estimation on C [B|D = 0,C]:

C[N|D=0,C]-C[M|D=0,C]
&
> (—(oc +10g3)IN — Mz + 4BIN — Mil,, + 8IN — M]|, log (2)) n
+|IN = Milp loglIN — Ml

> (—(a +10g3)IN — Mg + 4BIN — Mil, + 8IN — M|, log 2= C+4A/8IN — M|, ) n
+IN = Ml loglIN — M4
(—allN — Mijy — bIN = Mi|, + 8IIN — M|, log|N — M]|,) n
+ [N — M4 loglIN — M.

O

6.3 Lower bound for perturbed DIS] matrices

Similar to Section we will now use Lemmain order to lower bound the common information

of unstructured perturbations of the DIS] matrix.

Lemma 6.7. Let M,, € R%"*?" be the n-dimensional DIS] matrix. Then there exists a constant 1 > C > 0

so that for any nonnegative matrix N € R2">2" with ”Mn - ﬁN” < C- 3" we have C [N] = Q(n).
1l

Proof. Pick € > 0 small enough and consider M;. By Example we know that the for any ¢ > 0,
there exists A1, so that C [M;] —e < H[M,]— H [p] — H [q] + 9" Aqp — Tr[AM;]. Let the largest
absolute entry in A; be K. By Proposition 5.6} this A; can be extended to a A for M,,, so that

C[M,] —en < H[M,] - H[p] - H[q] + q" Ap — Tr[AM, ],
where the largest absolute entry of A is bounded by nK. By Lemma we have
L
C[M,] < C[N] —L10g4—n + KnL + ¢n,

where L := [M,,/ [M,]l; = N/IINI;|,- The above can be rewritten as

n

L 4
(C[N]—LlogE+KnL+sn:C[N]+Llogf+KnL+sn

1
:C[N]+2Ln—LlogL+I<nL+sn:C[N]+Ln(2—ﬁlogL+K)+£n
< C[N]+Ln(2+K) + en.
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Let 2 —e>¢é>0and putL:= 2/21;‘5. Using the fact that C [M,,] = Zn we obtain

%nsC[N]+Ln(2+K)+en:(C[N]+<§—5)71,

so that on < C [N] follows. The result follows by observing that ||[M,,[|, = 3". O
We immediately obtain the following corollary

Corollary 6.8. Let M,, € R2"2?" be the n-dimensional DIS] matrix. Then there exists a constant 1 >
C > 0 so that for any deformation N of M,, such that |[N|; = |M,,||; and |M,, — N||; < C - 3" we have
C[N] = Q).

In particular we can exchange up to C/2 entries 1 by 0 and vice versa and the resulting matrix
will have linear common information and hence an exponential nonnegative rank.
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