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Abstract

We prove improved inapproximability results for hypergraph coloring using the low-degree
polynomial code (aka, the “short code” of Barak et. al. [FOCS 2012]) and the techniques pro-
posed by Dinur and Guruswami [FOCS 2013] to incorporate this code for inapproximability
results.

In particular, we prove quasi-NP-hardness of the following problems on n-vertex hyper-
graphs:

99(VTogTog m)

e Coloring a 2-colorable 8-uniform hypergraph with 2 colors.

9Q(VIog Tog n)

e Coloring a 4-colorable 4-uniform hypergraph with 2 colors.

e Coloring a 3-colorable 3-uniform hypergraph with (logn)?(1/legloglogn) colors.

In each of these cases, the hardness results obtained are (at least) exponentially stronger than
what was previously known for the respective cases. In fact, prior to this result, (logn)°®)
colors was the strongest quantitative bound on the number of colors ruled out by inapprox-
imability results for O(1)-colorable hypergraphs.

The fundamental bottleneck in obtaining coloring inapproximability results using the low-
degree long code was a multipartite structural restriction in the PCP construction of Dinur-
Guruswami. We are able to get around this restriction by simulating the multipartite structure
implicitly by querying just one partition (albeit requiring 8 queries), which yields our result
for 2-colorable 8-uniform hypergraphs. The result for 4-colorable 4-uniform hypergraphs is
obtained via a “query doubling” method exploiting additional properties of the 8-query test.
For 3-colorable 3-uniform hypergraphs, we exploit the ternary domain to design a test with an
additive (as opposed to multiplicative) noise function, and analyze its efficacy in killing high
weight Fourier coefficients via the pseudorandom properties of an associated quadratic form.
The latter step involves extending the key algebraic ingredient of Dinur-Guruswami concern-
ing testing binary Reed-Muller codes to the ternary alphabet.
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1 Introduction

The last two decades have seen tremendous progress in understanding the hardness of approxi-
mating constraint satisfaction problems. Despite this progress, the status of approximate coloring
of constant colorable (hyper)graphs is not resolved and in fact, there is an exponential (if not dou-
bly exponential) gap between the best known approximation algorithms and inapproximability
results. The current best known approximation algorithms require at least n*(!) colors to color a
constant colorable (hyper)graph on n vertices while the best inapproximability results only rule
out at best (logn)°() (and in fact, in most cases, only o(log n)) colors.

Given this disparity between the positive and negative results, it is natural to ask why cur-
rent inapproximability techniques get stuck at the poly logn color barrier. The primary bottleneck
in going past polylogarithmic colors is the use of the long code, a quintessential ingredient in al-
most all tight inapproximability results, since it was first introduced by Bellare, Goldreich and
Sudan [2]. The long code, as the name suggests, is the most redundant encoding, wherein a n-bit
Boolean string z is encoded by a 22" -bit string which consists of the evaluation of all Boolean func-
tions on n bits at the point z. It is this doubly exponential blowup of the long code which prevents
the coloring inapproximability to go past the poly logn barrier. Recently, Barak ef. al. [1], while
trying to understanding the tightness of the Arora-Barak-Steurer algorithm for unique games, in-
troduced the short code, also called the low-degree long code [4]. The low-degree long code is a punc-
turing of the long code in the sense, that it contains only the evaluations of low-degree functions
(opposed to all functions). Barak et. al. [1] introduced the low-degree long code to prove expo-
nentially stronger integrality gaps for Unique Games, and construct small set expanders whose
Laplacians have many small eigenvalues,

Being a derandomization of the long code, one might hope to use the low-degree long code as a
more size-efficient surrogate for the long code in inapproximability results. In fact, Barak et. al. [1]
used it obtain a more efficient version of the KKMO alphabet reduction [12] for Unique Games.
However, using the low-degree long code towards improved reductions from Label Cover posed
some challenges related to folding, and incorporating noise without giving up perfect complete-
ness (which is crucial for results on coloring). Recently, Dinur and Guruswami [4] introduced
a very elegant set of techniques to adapt the long code based inapproximability results to low-
degree long codes. Using these techniques, they proved (1) improved inapproximability results
for gap-(1, 12 + ¢)-4SAT for ¢ = exp(—29(VIeeloe N)) (Jong code based reductions show for ¢ =
1/ poly log N) and (2) hardness for a variant of approximate hypergraph coloring, with a gap of 2
and exp(29(VIoglog N)) number of colors (where N is the number of vertices). It is to be noted that
the latter is the first result to go beyond the logarithmic barrier for a coloring-type problem. How-
ever, the Dinur-Guruswami [4] results do not extend to standard (hyper)graph coloring hardness
due to a multipartite structural bottleneck in the PCP construction, which we elaborate below.

As mentioned earlier, the two main contributions of Dinur-Guruswami [4] are (1) folding
mechanism over the low-degree long code and (2) noise in the low-degree polynomials. The
results of Bhattacharyya et. al. [3] and Barak et. al. [1] suggest that the product of d linearly in-
dependent affine functions suffices to work as noise for the low-degree long code setting (with
degree = d) in the sense that it attenuates the contribution of large weight Fourier coefficients.
However, this works only for PCP tests with imperfect completeness. Since approximate color-
ing results require perfect completeness, Dinur and Guruswami [4] inspired by the above result,
develop a noise function which is the product of two random low-degree polynomials such that



the sum of the degrees is at most d. This necessitates restricting certain functions in the PCP test
to be of smaller degree which in turn requires the PCP tests to query two types of tables — one a
low-degree long code of degree d and another a low-degree long code of smaller degree. Though
the latter table is a part of the former, a separate table is needed since otherwise the queries will be
biased to the small degree portion of the low-degree long code. This multipartite structure is what
precludes them from extending their result for standard coloring results. (Clearly, if the query of
the PCP tests straddles two tables, then the associated hypergraph is trivially 2-colorable.)

1.1 Hypergraph coloring results

In this work, we show how this multipartite structural restriction can be overcome, thus yield-
ing (standard) coloring inapproximability results. The first of our results extends the result of
Dinur-Guruswami [4]: variant of 6-uniform hypergraph coloring result to a standard hypergraph
coloring result, albeit of larger uniformity, namely 8.

Theorem 1.1 (2-colorable 8-uniform hypergraphs). Assuming NP & DTIME(nQO( el n>), there is

no polynomial time algorithm which, when given as input an 8-uniform hypergraph H on N vertices can
distinguish between the following:

e H is 2 colorable,
e H has no independent set of size N/ 920 (Vicrler ),

This result is obtained using the framework of Dinur-Guruswami [4] by showing that the two
additional queries can be used to simulate queries into the smaller table via queries into the larger
table.

We note that prior to this result, (log N)*(!) colors was the strongest quantitative bound on
hardness for hypergraph coloring: Khot obtained such a result for coloring 7-colorable 4-uniform
hypergraphs [10] while Dinur and Guruswami [4] obtained a similar (but incomparable) result for
2-colorable 6-uniform hypergraphs both using the long code.

We observe that the 8-query PCP test used in the above inapproximability result has a stronger
completeness guarantee than required to prove the above result: the 8 queries of the Not-All-Equal
(NAE) PCP test, say ey, e2, €], €5, €3, €4, €4, €y in the completeness case satisfy

NAE(A(e1), A(e2)) V NAE(A(e)), A(eh)) vV NAE(A(es), A(eq)) V NAE(A(eh), A(€)))
which is stronger than the required
NAE(A(e1), A(e2), A(e1), A(€r), Ales), Alea), A(es), Aley)).

Furthermore, for each i, the queries e; and €} appear in the same table. This lets us perform the fol-
lowing “doubling of queries”: each location is now indexed by a pair of queries, e.g., (e1, ¢}) and is
expected to return 2 bits which are the answers to the two queries respectively. The stronger com-
pleteness property yields a 4-query NAE PCP test over an alphabet of size 4 with the completeness
property,
NAE(B(ey,€}), B(ez2,€5)) V NAE(B(es, €5), Bles, €})),

which suffices for the completeness for proving inapproximability results for 4-colorable 4-uniform
hypergraphs. We show that the soundness analysis also carries over to yield the following hard-
ness for 4-colorable 4-uniform hypergraphs.



Theorem 1.2 (4-colorable 4-uniform hypergraphs). Assuming NP ¢ DTIME(nQO( el n)), there is

no polynomial time algorithm which, when given as input a 4-uniform hypergraph H on N vertices can
distinguish between the following:

o H is 4 colorable,

o H has no independent set of size N/22°" %%,

We remark that the doubling method, mentioned above, when used in the vanilla long code
setting (as opposed to low-degree long code setting) already yields the following inapproximabil-
ity: it is quasi-NP-hard to color a 4-colorable 4-uniform hypergraph with (log N)*!) colors. This
result already improves upon the above mentioned result of Khot [10] for 7-colorable 4-uniform
hypergraphs. Another feature of the doubling method is that although the underlying alphabet is
of size 4, namely {0, 1}?, it suffices for the soundness analysis to perform standard Fourier analysis
over Fs.

In the language of covering complexity?, (the proof of) Theorem 1.2 demonstrates a Boolean
4CSP for which it is quasi-NP-hard to distinguish between covering number of 2 vs. exp(y/log log N).
The previous best result for a Boolean 4CSP was 2 vs. log log NV, due to Dinur and Kol [6].

We then ask if we can prove coloring inapproximability for even smaller uniformity, i.e., 2
and 3 (graphs and 3-uniform hypergraphs respectively). We show that we can use a different
noise function over F3 to obtain the following inapproximability result for 3-colorable 3-uniform
hypergraphs.

Theorem 1.3 (3-colorable 3-uniform hypergraphs). Assuming NP ¢ DTIME(n2° (8!8 "/ s esioz )y
there is no polynomial time algorithm which, when given as input a 3-uniform hypergraph H on N vertices
can distinguish between the following:

e H is 3 colorable.
e H has no independent set of size N /20(10glog N/logloglog N),

Prior to this result, the best inapproximability result for O(1)-colorable 3-uniform hypergraphs
were as follows: Khot [11] showed that it is quasi-NP-hard to color a 3-colorable 3-uniform hy-
pergraphs with (loglog N)'/? colors and Dinur, Regev and Smyth [7] showed that it is quasi-
NP-hard to color a 2-colorable 3-uniform hypergraphs with (loglog N)'/? colors (observe that
20(loglog N/logloglog N) jg exponentially larger than (loglog N )W), For 2-colorable 3-uniform hy-
pergraphs, the result of Dinur et. al. [7] only rules out colorability by (loglog N)*(!), while a recent
result due to Khot and Saket [13] shows that it is hard to find a § N-sized independent set in a given
N-vertex 2-colorable 3-uniform hypergraph assuming the d-to-1 games conjecture. Our improved
inapproximability result is obtained by adapting Khot’s proof to the low-degree long code using
the new noise function over F3. We remark that this result is not as strong as the previous two
(20(loglog N/ logloglog N) ingtead of 22°Y"**"** ™) as for 3-uniform hypergraphs, the starting point is
a multilayered smooth label cover instance instead of just label cover, which causes a blowup in
size and a corresponding deterioration in the parameters.

!The covering number of a CSP is the minimal number of assignments to the vertices so that each hyperedge is
covered by at least one assignment



1.2 Low-degree long code analysis via Reed-Muller testing

One of the key contributions of Barak et. al. [1] was the discovery of a connection between Reed-
Muller testing and the analysis of the low-degree long code. In particular, they showed the fol-
lowing. Let P}} set of degree d polynomials on n variables over 5. For functions 3, g : 5 — Fo, let

xs(g) = (—1)Z’“€FQ P)9) Baraket. al. oberved that if fis far from the set P)"_, , of degree n—d—1
polynomials, then one can bound the expectation | E,, [x3(n)] | for a random low-weight 7 using a
powerful result on Reed-Muller testing over Fy due to Bhattacharyya et. al. [3]. This demonstrates
that the noise function 7 attenuates the contribution of high-order Fourier coefficients and is thus
useful in the low-degree long code analysis. However, this noise 7 has imperfect completeness
and Dinur-Guruswami had to prove a new result on Reed-Muller testing over F» to construct a
noise function that allows for perfect completeness. They showed that if 3 is 2¢/2-far from P"_, |,

then Egeng Ene PLys [x~(gh)]| was doubly exponentially small in d (see Theorem 2.12 for a fomal
statement). This allowed them to extend some of the long code based inapproximability with per-
fect completeness to the low-degree long code setting. Tests based on the above property need to
access functions of different degree (e.g., g, gh in the above discussion) and this results in a mul-
tipartite structure in the low-degree long code tables of [4]. The results for 2-colorable 8-uniform
hypergraphs and 4-uniform 4-colorable hypergraphs are obtained using the above result of [4].
For the case of 3-uniform 3-colorable hypergraphs, we observe that if we extend the alpha-
bet to ternary (i.e., IF3 instead of IF3), we can design a noise function that has both perfect com-
pleteness and does not result in a multipartite structural restriction. Let P} now denote the

set of degree d polynomials on n variables over F3. We show that if § : F} — [F3 is 3%/2-
far from P35 ., ,, then ’Epepz [Xg(pQ)]‘ is doubly exponentially small in d. This is proved by
showing the following pseudorandom property of the associated quadratic form QP defined as
Q° = erng B(x) - eval(z) eval(x)” where eval(z) is the column-vector of evaluation of all de-
gree d monomials at the point z. If the distance of 5 from polynomials of degree 2n — 2d — 1,
denoted by A4(f) is at least 3%/2, then the rank of the matrix Q(/3) is exponential in d and is oth-
erwise equal to the distance A4(3). This rank bound is proved along the lines of [4] using the
Reed-Muller tester analysis of Haramaty, Shpilka and Sudan [9] over general fields instead of the
Bhattacharyya et. al. [3] analysis over [Fs.

Organization

We start with some preliminaries in Section 2. Theorems 1.1, 1.2, and 1.3 are proved in Sections 4,
5, and 6 respectively. The proof of the latter theorem requires a technical claim about low-degree
polynomials over F3, which we prove in Section 3.

2 Preliminaries

2.1 Label cover

All our reductions start from an appropriate instance of the label cover problem, bipartite or mul-
tipartite. A bipartite label cover instance consists of a bipartite graph G = (U, V, E), label sets
Yy, Xy, and a set of projection constraints Il = {7y, : ¥y — Zy|(u,v) € E}.We consider label
cover instances obtained from 3SAT instances in the following natural manner.

4



Definition 2.1 (r-repeated label cover). Let ¢ be a 3SAT instance with X as the set of variables and C
the set of clauses. The r-repeated bipartite label cover instance I (i) is specified by:

o Agraph G := (U,V, E), where U :=C",V = X".
o Xy :={0,1}°", %y :={0,1}".

o There is an edge (u,v) € E if the tuple of variables v can be obtained from the tuple of clauses u by
replacing each clause by a variable in it.

e The constraint my, : {0,1}3" — {0,1}" is simply the projection of the assignments on 3r variables
in all the clauses in w to the assignments on the r variables in v.

e For each u there is a set of r functions {f* : {0,1}3" — {0,1}}_, such that f*(a) = 0 iff the
assignment a satisfies the ith clause in u. Note that f}' depends only on the 3 variables in the ith
clause.

Alabeling Ly - U — Xy, Ly 'V — Xy satisfies an edge (u,v) iff my(Ly(u)) = Ly (v) and Ly (u)
satisfies all the clauses in u. Let OPT(I(ip)) be the maximal fraction of constraints that can be satisfied by
any labeling.

The following theorem is obtained by applying Raz’s parallel repetition theorem [15] with
r repetitions on hard instances of MAX-3SAT where each variable occurs the same number of
times [8].

Theorem 2.2. There is an algorithm which on input a 3SAT instance ¢ and r € N outputs an r-repeated
label cover instance I (i) in time n®") with the following properties.

o If ¢ € 3SAT, then OPT(I(y)) = 1.

o If p & 3SAT, then OPT(I(y)) < 272" for some universal constant ey € (0, 1).
Moreover, the underlying graph G is both left and right regular.
Multilayered smooth label cover: For our hardness results for 3-uniform 3-colorable hyper-
graphs, we need a multipartite version of label cover, satisfying a smoothness condition.

Definition 2.3 (smoothness). Let I be a bipartite label cover instance specified by ((U,V, E), Xy, Xy, II).
Then I is n-smooth iff for every w € U and two distinct labels a,b € Xy

]-zr[ﬂ'uv(a) = Wuv(b)] <,

where v is a random neighbour of .

Definition 2.4 (r-repeated (-layered n-smooth label cover). Let T' := [{/n] and ¢ be a 3SAT instance
with X as the set of variables and C' the set of clauses. The r-repeated (-layered n-smooth label cover instance

I(p) is specified by:

o An (-partite graph with vertex sets Vy, - - - Vy_1. Elements of V; are tuples of the form (C', X') where
C"is aset of (T + ¢ — i)r clauses and X' is a a set of ir variables.



o Xy := {0, 1}™ where m; := 3(T + £ — i)r + ir which corresponds to all Boolean assignments to
the clauses and variables corresponding to a vertex in layer V;.

o For0<i<j </ E; CV;xVjdenotes the set of edges between layers V; and V. For v; € V;,v; €
Vj, there is an edge (v;,v;) € E;j iff v; can be obtained from v; by replacing some (j — i)r clauses in
v; with variables occurring in the clauses respectively.

e The constraint m,,,; is the projection of assignments for clauses and variables in v; to that of v;.

e Foreachi < (, v; € V;, there are (T + { — i)r functions f}* : {0, 1}3T+H=0r+ir — 0,1}, one for
each clause j in v; such that f}*(a) = 0 iff a satisfies the clause j. This function only depends on the
3 coordinates in j.

Given a labeling L; : V; — Xy, for all the vertices, an edge (v;,vj) € Ejj is satisfied iff L;(v;) satisfies all
the clauses in v;, Lj(v;) satisfies all the clauses in vj and 7y, (Li(v;)) = L;(v;). Let OPT;;(I(p)) be the
maximum fraction of edges in E;; that can be satisfied by any labeling.

The following theorem was proved by Dinur et. al. [5] in the context of hypergraph vertex
cover inapproximability (also see [7]).

Theorem 2.5. There is an algorithm which on input a 3SAT instance p and {,r € N,n € [0, 1) outputs a
r-repeated (-layered n-smooth label cover instance I (i) in time nO((AF1/M) with the following properties.

1. VO <@ < j </, the bipartite label cover instance on I;; = ((V;, Vi, Eij), Xv, ZV].,Hij) is n-smooth.

2. For1 <m < {,any mlayers 0 < iy < -+ <y <L —1,any S;; CV;; such that |Sij| > %|Vij|,
there exists distinct ij and ij such that the fraction of edges between S, and S; , relative to Ey; , is
at least 1/m?>.

3. If ¢ € 3SAT, then there is a labeling for I () that satisfies all the constraints.

4. If p ¢ 3SAT, then
OPT;;(I(y)) <279, Wo<i<j<C

2.2 Low-degree long code

Let ), be the finite field of size p where p is a prime. The results in this section apply when p = 2, 3.
The choice of p will be clear from context and hence the dependence of p on the quantities defined
will be omitted. Let P be the set of degree d polynomials on n variables over . Let §, := P{,_,,,.
Note that §,, is the set of all functions from [ to Fy,. §n is a Fp-vector space of dimension p™ and
P is its subspace of dimension n°(?). The Hamming distance between f and g € §,, denoted by
A(f, g),is the number of inputs on which f and g differ. When S C §,,, A(f,S) := minges A(f, g).
We say f is A-far from S if A(f,S) > A and f is A-close to S otherwise. Given f, g, € §,, the dot

product between them is defined as (f, g) := ZIGFS f(z)g(z). For a subspace S C §,, the dual
subspace is defined as S* := {g € T, : Vf € S, (g, f) = 0}. The following theorem relating dual
spaces is well known.

Lemma 2.6. (Pg)L = P’(“p_l)n_d_l.

We need the following Schwartz-Zippel-like Lemma for degree d polynomials.



Lemma 2.7 (Schwartz-Zippel lemma [9, Lemma 3.2]). Let f € Fplz1,--- ,xy] be a non-zero polyno-
mial of degree at most d with individual degrees at most p — 1. Then Proewy [f(a) # 0] > p~ /=1,

We now define the low-degree long code (introduced as the short code by Barak et. al. [1] in the [F
case).

Definition 2.8 (low-degree long code). For a € Iy}, the degree d long code for a is a function LCy(a) :
P — T, defined as
LCa(a)(f) = f(a).

Note that for d = (p — 1)n, this matches with the definition of the original long code over the
alphabet [F),.

Definition 2.9 (characters). A character of P}} is a function x : P} — C such that

x(0) = LandVf,g € Pg, x(f +9) = x(f)x(9)-
The following lemma lists the basic properties of characters.
Lemma 2.10. Let {1,w,- -+ ,wP~'} be the pth roots of unity and for B € Fn, f € P2, x5(f) = wi®7).
o The characters of Pl are {x3 : f € §n}.
o Forany 3, ' € §n, xp = X} ifand only if 3 — ' € (P)*.
e For B € (PM)*L, xp is the constant 1 function.

e V3,38 such that B — ' € (P?)L and |support(8')| = A(B, (P?)1) (i.e., the constant 0 function is
(one of) the closest function to ' in (P%)L). We call such a 8' a minimum support function for the
coset 3+ (P7)*.

o Characters forms an orthonormal basis for the vector space of functions from P} to C, under the inner

product (A, B) := Eyepn [A(f)W}

o Any function A : P} — C can be uniquely decomposed as

Alf) =3~ AB)xs(f) where A(B) = E [Al9)xal9)]

BEAD 9<Pd

where A" is the set of minimum support functions, one for each of the cosets in §,,/(P")*, with ties
broken arbitrarily.

e Parseval’s identity: For any function A : P} — C, ZBEI\Z |A(B)]2 = Efepn [|A(f)|?]. In particular,
ifA:PY = {Lw, w1, Y [AB)P = 1.
The following lemma relates characters over different domains related by co-ordinate projections.

Lemma 2.11. Let m < nand m : ¥ — F}* be a (co-ordinate) projection i.e., there exist indices 1 < i; <
o <y <nosuch that w(xy, ..., xn) = (i, -+, i,,). Then for f € P', B € Pl,

xg(f o) = X, 8)(f),
where 7p(8)(y) 1= >_per—1(y) B@)-



Proof.

Seery Jr@NBE) _  Syerp S0)(Soer10 B@) _ | Syerp f0)m(B)w)

= pr(ﬁ)(f)' O

Dinur and Guruswami [4] proved the following theorem about Reed-Muller codes over Fy using
Bhattacharyya et. al. [3] testing result.

Theorem 2.12 ([4, Theorem 1]). Let d be a multiple of 4 and p = 2. If v € Fy, is 29/%~far from (P7)*+ =
Pr_ 41, then

xg(fom)=w

E E ml| < 2-42Y*
9ePy hePEd/4[X7(g )]] N

2.3 Folding over satisfying assignments

Lemma 2.13. Let d > 1, X be a set of p? — 1 points in Fy and f : X — T, an arbitrary function. Then
there exists a polynomial q of degree at most (p — 1)d such that q agrees with f on all points in X.

Proof. By Lemmas 2.6 and 2.7, any polynomial in (P?p_l) )+ has suppport size at least p?. Hence,
it is possible to interpolate a degree (p — 1)d polynomial through p? — 1 points. O

For any set .S, a function A : P?p_l) 4 — S is said to be folded over a subspace J C P?p_l) gif Ais

T(lpfl)d'

Fact 2.14. Given a function A : P?pfl) 4/ J — S there is a unique function A’ : P?pfl) g — S that is folded
over .J such that for g € P, A(g) = A(g + J). We call A’ the lift of A.

constant over cosets of J in P

(p
Givenqy, -+ ,q; € Pg(pil), let
J(qi,- .5 qk) = {Z Tigi 1T € P?p—l)(d—?))} .
The following lemma shows that if a function is folded over J = J(qi,...,q;), then it cannot

have weight on small support characters that are non-zero on J (this is a generalization of the
corresponding lemma in [4] to arbitrary fields).

Lemma 2.15. Let § € §, is such that |support(8)| < p?=3, and there exists © € support(3) with
qi(x) # 0 for some i. Then if A : P}y — C is folded over J = J(qu, ..., qx), then A(3) = 0.

Proof. Construct a polynomial » which is zero at all points in support of § except at z. From
Lemma 2.13, its possible to construct such a polynomial of degree at most (p — 1)(d — 3). Then we
have that r¢; € J and (3, 7¢;) # 0. Now

E[A(h)xs(h)] = —E[A(h)xs(h) + A(h +r¢)xs(h +7¢) + -+ Alh+ (p = Drai)xs(h + (p — 1)r¢;)]
E[A(h)xs(h) + A(R)xp(h +7q:) + -+ A(h)xs(h + (p — Vra;)]

E[A(R)xs(h)(1 +xp(rgi) + -+ xp((p = 1)rai))]

[since xg(rq;) # 1] O



3 Correlation with a random square

In this section, we analyze the quantity

(8,p%),

where p € PJ} is chosen uniformly at random and 3 : F§ — I3 is a fixed function having distance
exactly A from (P3)t =P% ., ;.

Throughout this section, we work over the field Fs. For a € N”, let |a| := ), a; and 2 denote
the monomial [[, zi". Over F3, the individual degrees are at most 2 (since z3 = z). Hence, we
assume wlog. that the coefficient vector a € {0,1,2}". In this notation, p(z) = >, <4 Paz® Where
Pa are chosen independently and uniformly at random from Fs. For x € F%, let e, be the column
vector of evaluation of all degree d monomials at 7, i.e., e; := (2%)|4j<q- Then p(z) = p’ e, where p

is now thought of as the column vector (p,)|4/<q and hence, p*(z) = (p’e;)* = p* (exel)p.

(8,0%) = B(x) (p"exelp) =p" <Z B(m)exef> p.

We are thus, interested in the quadratic form represented by the matrix Q7 := ", B(z)ele,. Ob-
serve that all 3 belonging to the same cosetin P%,/P% . | have the same value for (3, p*) and the
matrix Q7. Hence, by Lemma 2.10, we might wlog. assume that f3 satisifies support(3) = A. The
following lemma (an easy consequence of [14, Theorem 6.21]), shows that it suffices to understand
the rank of Q7.

Lemma 3.1. Let A be a n x n, symmetric matrix with entries from F3. The statistical distance of the
random variable p* Ap from uniform is exp(—Q(rank(A))).

In the next sequence of lemmas, we relate rank(Q”) to A. In particular, we show that rank(Q?)
is equal to A if A < 3%/2 and is exponential in d otherwise. Recall that over F3, P3. is the set of all
function from 4 to F3 and (Pgd)L =Py 5q_1-

Lemma 3.2. rank(Q”) < A.

Proof. By assumption, 3 satisfies A = support(3). The lemma follows from that fact that e el are
rank one matrices and Q% =" B(z)ezel. O

Lemma 3.3. If A < 3%/2, then rank(Q®) = A.

Proof. By assumption, j3 satisifies A = support(8) and Q° = 3" B(x)ezel. Since (P)t =P3 . |
and any non-zero polynomial with degree 2n — d — 1 has support at least 3%/ (Lemma 2.7), any
[3d/ %] — 1 vectors e, are linearly independent. In particular, the A vectors e, for z in support(3)
are linearly independent. Consider any non-zero v in the kernel of the matrix @°. The linear
independence of e,’s gives that el v = 0 for all z € support(3). Hence, the kernel of QP resides in
a A-codimensional space which implies that rank(Q”) = A. O

We conjecture that Lemma 3.3 holds for larger values of A, but for our purposes we only need
a lower bound on the rank when A > 3%/2

Lemma 3.4. There exists a constant dg such that if d > do and A > 3% then rank(Q®) > 3%/,



Proof. The proof of this theorem is similar to the proof of [4, Theorems 15,17] for the F; case and
we follow it step by step. Define B}, (8) := {q¢ € P} : qB € P}, oy 1,1 }-

Claim 3.5. ker(Q”) = B 4(5).

Proof. The matrix Q” satisfies that Q%(a,b) = (3, x%?), for all a,b € {0,1,2}",al, |b| < d. Using
this description of @”, we obtain the following description of ker(Q").

(ha) jaj<a € ker(Q”) < Va : |a| < d, > (B by =0
bejb|<d
<= Va: |a| <d, <B,x“ Z hbmb> =0
b:b|<d
<= Va:l|a| <d, (Bx*, h)y =0
= Ve <P, (g, h) =0
= Ve e P, (Bh.q) =0
< BfhePy,_ 44 O

Thus to prove Lemma 3.4, it suffices to show that rank(Q?) = dim(P%/ Bj(B)) = 3%/9. Towards
this end, we define

Dy x(D) = min dim(Py/Bg(8))- (3.1)
n>d/2,8€P8, :A(BPE, 5, 4)>D

In terms of @, ;, Lemma 3.4 now reduces to showing that ®, 4(3%/2) > 39/9. We obtain this lower
bound by recursively bounding this quantity . The following serves as the base case of the recur-
sion.

Claim 3.6. For k > 2d,VD, ®4 (D) = 0and for k < 2d, ®4(1) > 1.

Proof. Let 3 be the polynomial which attains the minimum in (3.1). The first part of the claim
follows from the fact that if £ > 2d then By, (3) = Py.
Now for the second part. Since 5 ¢ P}, _,, ;, there is a monomial 2 with |a| < 2d such that

<5’xa> 7£ 0= <B$aa 1> 7& 0= ﬁxa ¢ Pgn—l'

If la| <k, 2* ¢ Bj,(B) and we are done. Otherwise, consider b such that b < a coordinate-
wise and |b| = k. Suppose 2?3 € P}, _,, ., then 2*8 € P}, _, which is a contradiction. Hence,
a’B ¢ P35, 1., and the second part of the claim follows. O

For the induction step, we need the following result from Haramaty, Shpilka and Sudan [9].

Claim 3.7 ([9, Theorems 4.16, 1.7]). There exists a constant dy such that if 35 < A < 3% d> dywhere
B is A-far from P, .., then there exists nonzero ¢ € PY such that Vc € F3, 3. are A /27T far from the
restriction of P, to affine hyperplanes.

See Appendix A for a proof of Claim 3.7 from Theorems 4.16 and 1.7 of [9].
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Claim 3.8. If3° < D < 3%and d > dy, then
Dy (D) > g1 x(D/27) + ®g_14-1(D/27) + P41 12(D/27).

Proof. From Lemma 3.7, we get that there exists nonzero ¢ € P} such that for all ¢ € F3, 3= is
A/27 far from P)- 1, . By applying a change of basis, we can assume that ¢ = z,.

Let 8 = (22 — 1)7+xn77+9 and ¢ = (22 — 1)r + (z, — 1)s + t where 7, 7, 0,7, 5,t do not depend
on xz,. Note that  —~y, 0 +n, 0 —n are D /27 far from P2n 241+ Expanding the product 3¢, we have

Ba= (x5 —1) (0 =)r + 7t +1s —78) + (20 — 1) (0 = 1)s +17t) + (0 +n)t.
Comparing terms, we observe that 8qg € Py, _,; |, iff the following are true:
1. (0—)r+~t+ns—nse P37;—12d—1+k—2
2. (0—ms+ntePylyy 14y
3. (0+m)tePy oy 11y

Since r € P}_,,s € P}_,,t € P}, this is equivalent to the following (written in reverse order):
1. te B, (0+n)
2. s€ nt—i—Bd Lr_1(0—m)
3. r€ys—ns—~t+ Bg__ik_Q(e -7)

Since t, s, 7 belongs to sets with the same size as B k(@ +n), By~ 11k 10 —n), Bg_’ik_g(ﬁ —)
respectively and each choice gives a distinct element of Bj,(8), we get the following equality.

dim(Bg,(8)) = dim(By~{ (0 +n)) + dim(Bi = (0 —n)) +dim(By~}; ,(0 —7))

Combining this with dim(P?) = dim(P}~ 1) + dim(P}~1) + dim(P}~;), we obtain

dim(P% /By (8)) = dim(P};~ 1/Bd 1k(¢9+n))+dim(P /Bd 1k—1(0 —n)) + dim(P;~ /Bd A Cte))

> ©g_15(D/27) + Pa—1,4-1(D/27) + Py_1,5-2(D/27).

The last inequality follows from the fact that 6 — ~v,60 + 1,0 — n are D/27 far from P2n 9d—1 =
Pg(nlfl)ﬁ(dfl)fl. Thus, proved. O
To prove Lemma 3.4, we start with ®,4(3%2) and apply Claim 3.8 recursively d/6 — 2 times
and finally use the base case from Claim 3.6 (this can be done as long as d/6 — 2 < d/2). This gives

rank(Q%) > ®44(3%?) > 3%/6-2 > 3%/9 as long as d, is large enough.
O

11



4 Hardness of coloring 2-colorable 8-uniform hypergraphs

We prove the theorem by a reduction from 3SAT via the instances of the repeated label cover
problem obtained in Theorem 2.2. Let € N be a parameter that we will fix later and let /() be
an instance of r-repeated label cover obtained in Theorem 2.2 starting from a 3SAT instance ¢.

We denote by G = (U, V, E) the underlying left and right regular bipartite graph. For v € U
and i € [3r], fix functions f* : {0,1}*" — {0, 1} as in Definition 2.1. Throughout this section, we
work over Fy. For a degree parameter d that we will determine later and a vertex u € U, we define
the subspace J,, of Pg’[ as follows:

3r
Jy = {anlu e P?&B)} .
i=1

Note that since each f;* depends only on 3 variables, it is a polynomial of degree at most 3 and
hence, .J, is indeed a subspace of P3". Let N,, denote the cardinality of the quotient space P3"/.J,,.

We now define the hypergraph H produced by the reduction. The vertices of H — denoted
V(H) — are obtained by replacing each v € U by a block B, of N, vertices, which we identify
with elements of P/ J,,. Let N denote |V (H)| =3,y Nu.

We think of a 2-coloring of V' (H) as a map from V (H) to F2. Given a coloring A : V(H) — Fy,
we denote by A, : Pir /Ju — Ty the restriction of A to the block B,, (under our identification of 5,
with P37/.J,). Let A}, : P3" — F, denote the lift of A, as defined in Fact 2.14.

The (weighted) edge set E(H ) of H is specified implicitly by the following PCP verifier for the
label cover instance I(y), which expects as its input a 2-coloring A : V(H) — F».

2-Color 8-Uniform Test(d)

1. Choose a uniformly random v € V and then choose u,w € U uniformly random neighbors
of v (by the right regularity of G, both (u,v) and (u, w) are unifom random edges in E). Let
7 denote my, : F3" — F% and similarly, let 7’ be .

2. Choose f € P", e1,ea,e3,e4 € PY, and g1, 92 € P?l;4 and hq, ho, h3, hy € ng/zl independently

and uniformly at random. Define functions 71, 12, 73,74 € P3" as follows.
m =1+ fomr+gihi, 3 = fon' + gahs,
m2 =1+ for+ (14 g1)hs, na:=for' +(1+g2)ha.

3. Acceptif and only if A/ (e1), Al (e1+m), Al (e2), A, (ea+1n2), Al (e3), AL, (e3+n3), AL (e4), AL (es+
n4) are not all equal.

We now analyze the above test.

Lemma 4.1 (Completeness). If ¢ is satisfiable, then there exists a 2-coloring A : V(H) — Fy such that
the verifier accepts with probability 1. In other words, the hypergraph H is 2-colorable.

Proof. Since ¢ is satisfiable, Theorem 2.2 tells us that there are labelings Ly : U — F3" and Ly :
V' — [} such that for all u € U, Ly (u) satisfies all the clauses in U and moreover, for every edge
(u,v) € E, we have my,,(Ly(u)) = Ly (v). Fix such Ly, Ly. Let a,, denote L (u) for any v € U and
b, denote Ly (v) forany v € V.

12



Now, the coloring A : V(H) — 3 is defined to ensure that for each u € U, its restriction A4, is
such that its lift A}, = LC,(a,). Note that this makes sense since LC(a,,) is folded over .J,,;: indeed,
givenany g € P3" and h = Y, rif* € Ju, we have LCy(ay)(g + h) = g(ay) + h(ay) = g(ay) as
h(ay) =), ri(ay) f{*(a,) = 0 for any satisfying assignment a,, of the clauses corresponding to w.

We now show that the verifier accepts A with probability 1. Fix any choices of v € V and
u,w € U, f, e, hi (i €[4]) and g; (i € [2]) as in the test. By the definitions of Ly and Ly, we must
have 7(a,) = 7’(aw) = by,. This implies that the 8 positions in A viewed by the verifier respectively
contain the following values:

e1(aw), e1(au) + 1+ f(by) + g1(au)hi(au),
e2(au), e2(au) + 14 f(bv) 4 (1 + g1(au)) ha(au),

e3(aw), e3(aw) + f(by) + g2(aw)hs(aw),

es(aw), ea(aw) + f(by) + (1 + g2(aw))halaw).

If f(b,) = 0, then either the first two values or the third and fourth values are unequal, whereas
if f(by) = 1, then one of the last two pairs must be unequal. Thus, the verifier always accepts. [

Remark 4.2. Lemma 4.1 actually yields a stronger statement. Let us group the probes of the
verifier as (e;, e; + 1;) for i € [4]. Then, for the given coloring A in Lemma 4.1 and any random
choices of the verifier, there is some i € [4] such that A is not constant on inputs in the ith group.
We use this in Section 5 to devise a 4-query verifier over an alphabet of size 4.

Lemma 4.3 (Soundness). Let d > 8 be a multiple of 4, § > 0 and ¢ be the constant from Theorem 2.2. If
o is unsatisfiable and H contains an independent set of size SN, then §8 < 24/2 . g—eor 4 g—4:279/%,

Proof. Fix any independent set Z C V(H) of size 6N. Let A : V(H) — {0,1} be the indica-
tor function of Z. For u € U, let A, : P3" / Ju — {0,1} denote the restriction of A to the block
of vertices corresponding to u and let A), : P3 — {0,1} be the lift of A,. Note that we have
E(g11.)epir /., [Au(9)] = Egepar [A!,(9)] for any u € U. In particular,
E E [A = E E Au(g)] > 0. 41
L e [A%(9)] o nEey i [Au(g)] = (4.1)
Since 7 is an independent set, in particular it must be the case that the probability that a ran-
dom edge (chosen according to the probability distribution defined on E(H) by the PCP verifier)
completely lies inside 7 is 0. We note that another expression for this probability is given by
the quantity E,cv .y wev[@(v, v, w)] where v € V and u,w € U are as chosen by the PCP verifier
described above and Q(v, u, w) is defined as follows:

71,72
73,14

Qu,uw):= E | B 1T AlleAl(ei +mi) Al (eiva) Al (eira + miva) | | -
e3les 1€[2]

We analyze the right hand side of the above using its Fourier expansion (see Lemma 2.10). As
defined in Section 2.2, let A3" be a set of minimum weight coset representatives of the cosets of
(F’f’f)l in §3,. Standard computations yield the following:

Quuw)= (H A () A, @))W {H X (11 m(mz)]. (42)

1,02 3 €[2] n3,M4 | 1€[2]
/81 7/82 eAdT

gv,u,w (a17a27B1:62)
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When v, u, w are clear from context, we use £(a1, az, 1, B2) instead of &, (01, a2, 81, B2).
We analyze the above expression by breaking it up as follows. Let

FAR := {(v1, g, 81, B2) € (AX)* : max{A (i, PY), A(B;, PZ)} > 22}, NEAR := (A3)*\ FAR.

We now make the following claim for every v, u, w, the proof of which is deferred to the end of
the section.

. _4.09d/4
Claim 4.4. Z(Oq,ag,,@l,ﬁQ)EFAR |€(a, ag, B, Ba)| < 274277,

Substituting in (4.2), we have for any v € V and u,w € U,

Q(vvua ’LU) Z Z f(alaOQaBlleQ) - Z |€(Oé]_,0[2,51,52)|
(al,ag,ﬁhﬁQ}ENEAR (al,aQ,ﬂl,ﬁz)GFAR
> Z £(ar, az, B1, B2) — 27427, (4.3)

(a1,a2,81,82) ENEAR

Now fix any (aq, ag, 81, B2) € NEAR. We analyze the expectation term in &(a1, ag, 1, B2) fur-
ther as follows.

E 1T e (mi)xs; (miv2)
n3:M4 | 1€[2]

- E ; [XOu(l + fom+g1h1)Xas (L4 fom+ (14 g1)ha)xs, (f o + gahs)xp, (for + (1+ gz)h4)]
91,92,

hi,...,ha
:glﬁ}ll_ H Xoi (1 + (144 + g1)hi)xp, (1 + i+ g2)hiy2) - I,@ [XWQ(al+a2)+7r’2(B1+52)(f) : (4.4)
YT iel2]

where 72 and ) are as defined in Lemma 2.11. The innermost expectation is 0 unless X, (a; +as)-+} (81 +82)
is the trivial character on P’} or equivalently, v := mo (a1 + a2) + 75(61 + B2) € (P5)*.

We claim that this implies that v = 0. To see this, we observe from the definition of 7, and 5
that |support(y)| < >_,c9 [ support(a;)| + [support(s;)| < 4 - 24/2, since (a1, g, B1, f2) € NEAR
and | support(a)| = A(a, (P3)1) for a € A3". However, if v # 0 and v € (P’)4, by Lemma 2.7, we
must have |support(y)| > 2¢ > 4 - 2%/2 since d > 8. This implies that v = 0. Substituting in (4.4),
we get

i H Xa (M) X8, (Nit2)
73,74 16[2}

0, if mo (a1 + aa) + m5(B1 + B2) # 0,
Eg; h; [Hie[Q] Xo; (L + (147 4+ g1)hi)xp, (1 +i+ gg)hi+2)], otherwise.
(4.5)
Substituting back in (4.3), we have
Qv,u,w) = 3 E(au, a2, 1, B2) — 2742, (4.6)

(ou1,a2,81,82) ENEAR:
ma(a1+az)+m5(B1482)=0

We partition the terms in the above sum further into NEARy := {(a1,a2,51,02) € NEAR :
7T2(Oé1—|—0(2) = Wé(ﬁl—l—ﬂg) = 0} and NEAR; := {(al,ag,ﬁl,ﬁg) € NEAR : 7T2(C)é1—|-a2) = Wé(ﬁl—l-ﬁg) 75

0}.

14



Claim 4.5. Ev’u’w [Z(a1,a2,ﬁl,ﬁ2)€NEAR1 ’Ev’u,w(@l, a9, ﬁla 62)‘] S 2d/2 . 9Q7¢€or,

Claim 4.6. Ev,uw [Z(Oéhoézﬂlﬁz)ENEARo Ev,uﬂv(ah az, b1, ﬁQ)} > &%,

Assuming these claims for now, we can finish the proof of Lemma 4.3 as follows. By (4.6),

0= E [Q(v’uvw)]

V,U,W

> UE ! Z gv,u,w(a17a27617/82)] - E [ Z ’fv,u,w(al,OJQ,ﬁl,,BQ)‘ . 2_4.2ﬂi/4
U, W ( (

[RYRT
a1,02,01,82) ENEARg a1,02,01,82) ENEAR]

> 68— 9d/2 . g=eor _ g—427Y% 0

We now fill in the proofs of Claims 4.4—4.6.

Proof of Claim 4.4. Fix any (a1, a2, 81, f2) € FAR. Conditioned on any choice of f, the expectation
term in [£(a1, ag, f1, B2)| may be bounded as follows:

E { H Xo: (1) X5 (77z‘+2)]

2 |
n3,m4 | 1€[2]

- 911%2 [Xal(l + fom+g1h1)Xas (14 fom+ (14 g1)ha)xp, (f o + gahs)xp, (for + (1 + gg)h4)]
hyvoha

7

< E |J]|ENa(l+ fom+ A +i+g)h)l|-| E [Xﬁz(fOW'Jr(1+i+92)hi+2)]']

91,92 _iG[Q] i+2

= E H E [Xa, (1 +i+g1)hi)]| - | E [XBZ((1+i+92)hi+2)]]

) . h;
91,92 _26[2] it2

< E [min{ ZiE[Q]}]
91,92 P2
<in {E ||B b (0 i+ a0 | B | £ a4+ phasa)] | i 21 @)
g1 h g2 hi+2
Note that for any ¢ € [2], (1 + i+ g1) and (1 + i + g2) are uniformly random elements of Pg; 4

that are independent of hy, ..., hy. Moreover, since (a1, az, 81, 32) € FAR, we know that there is a
v € {ai,as, B1, B2} such that A(y, (P3)+) > 24/2. Therefore, by Theorem 2.12, we have

i

g Xa; (143 + g1)hi)]

7

E [ (14 i+ g2)hit2)]

)

i

d
E E [x,(gh)]|| <274
geP374 hePg;M

Substituting the above in (4.7), we obtain

_4.9d/2
nf‘ng {H Xaz("i)xﬂl(mn)] < 9—42%7
nsma |i€f2]
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Thus, we obtain

> anan b <27 Y (H£<ai)2@<ﬁi>2><24-2“,

(a1,02,81,02)EFAR a1,a2,81,B26A3" \i€[2]

where the last inequality follows from Parseval’s identity and the fact that |A(z)| < 1 for all
z e V(H). O

Proof of Claim 4.5. We use a Fourier decoding argument. Formally, we sample random labelings
Ly :U — F3 and Ly : V — F} such that

Pr [Tuw(Ly(u)) = Ly (v)] > 1/1)1511”{ Z fv,u,w(al,a2,51,52)]- (4.8)

u,0)EE, Ly, Ly
() (a1,02,81,82) ENEARY

Since OPT(I(p)) < 2707, the left hand side of the above inequality is at most 27%0". This implies
the claim.

Define Ly : U — F3" as follows: given u € U, we sample a random pair a1, a2 € A3 such
that |a, [orz| < 2%/2 with probability proportional to A7 (a1)2A! (ar2)? and set Ly (u) to be a, for
a uniformly random a,, chosen from support(a;) U support(az). Since |a1], |ag| < 242 < 244, by
Lemma 2.15, any aq, oy sampled as above is supported only on satisfying assignments of all the
clauses in u.

We also define Ly : V' — I} similarly: given v € V, we sample a random neighbor w € U of v
and choose at random a pair 31, B2 € A% such that |8, | 82| < 2%/ with probability proportional to
//lg\v (51 )2//120 (B2)? and set Ly (v) to be my(ay,) for a uniformly random a,, chosen from support(5;)U
support(fS2).

Let (u,v) € E be a uniformly random edge of G and consider the probability that 7y, (L (u)) =
Ly (v). This probability can clearly be lower bounded as follows.

— — 1
= > ()2 A N2
(u,v)eg,rLU,LV [W(LU(U)) LV(U)] - U,IEw Z H Au(al) Aw (/B’L) 2d/2’

(@1,a2,B1,82) ENEAR: i€[2]

m(support(ai )Usupport(asz))N

L7’ (support(81 )Usupport(B32))#0 i

where 7 denotes ,,, and 7’ denotes 7,,. Observe that if (a1, ag, 51, 62) € NEAR;, then mo(ay +

ag) = mh(B1+P2) # 0and in particular, 7(support(ay )Usupport(az) )N’ (support (51 )Usupport(52)) #
(). Therefore, we get the following which implies (4.8) and hence proves the claim.

Pr(f(Lo(w) = Lv() = 55 B | B A =

u,v)EE, Ly, Ly
) (a1,02,31,82) ENEAR] i€[2]

Proof of Claim 4.6. We argue below that for any v € V and its neighbours u,w € U and any
(0417 ag, 617 62) € NEARy,

{(ar, az, 1, B2) > 0. (4.9)
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Given (4.9), we have

[€0.0(0,0,0,0)] = E | A,(0)147,(0)*

VU, W V,U,W ]

K Z Souw(r, a2, B, B2) | >

v, u,w
(o1,a2,B1,82)ENEARg

Conditioned on v € V, u and w are independent and randomly chosen neighbours of v. Thus, the
above may be further lower bounded as follows.

2 3 g
JE [@(0)4@(0)4}:@ (u:(ﬁ)eE [@(mﬂ) > <<u,5§eE [@(O)D :<ueUIgEep3r A, (g)]> -

where the first inequality follows from repeated applications of the Cauchy-Schwarz inequality
and the last from (4.1).

For any v,u,w and (aq, ag, 81, B2) € NEARy, it remains to prove (4.9) (i.e., non-negativity of
Evuw(0a, a2, b1, B2)). From (4.2), it suffices to argue the non-negativity of

E | ] xamidxsmiv2) | = E | ] Elxae(1+ 1 +i+90)h)] E [xp,((1+i+ g2)hiro)]
Z;:gi icp2] 91,92 Z_E[Q]hi it+2

= E |(-1)Ze@ten). H E [Xai(14itgr) (hi)] E [X6i(1-+itgo) (hit2)] |

ic[2] i+2

(4.10)

where we have used (4.5) for the first equality and the fact that xo(gh) = xag(h) for the second.
We claim that all the terms inside the final expectation are non-negative.

Firstly, since (a1, a2, 51, 52) € NEAR(, we have ma(aq + a2) = 0 and hence (—1)21 a1(z)taz(z) —
(—1)Xym(@+a2)¥) — 1 Secondly, the orthonormality of characters implies that for any a € Fs,,
we have Enepy, , [Xa(h)] € {0,1} and hence non-negative.

This shows that the right-hand side of (4.10) is non-negative. and hence proves (4.9). O

Proof of Theorem 1.1. Given the completeness (Lemma 4.1) and soundness (Lemma 4.3), we only
need to fix parameters. Let d = C'logr for a large enough constant C' > 8 determined shortly. By
Lemma 4.3, if H has an independent set of size §.V, then 68 < 94/2 . g—eor 4 9—4:27U - 9—cor/2 for
large enough C > 0 and r € N. Hence, H has no independent sets of §' N, where §' = 27<07/16,
The hypergraph H can be produced in time polynomial in N = nO(2r?¥ = ,0(r)grotesn,
Setting r = 20(VIog108) e get N = 27V and ¢ = 270Ur) — g-200VieEET) _ 92@(Vieler D)

proving Theorem 1.1. I

4

5 Hardness of coloring 4-colorable 4-uniform hypergraphs
This construction is motivated by Remark 4.2 above. We construct a new verifier each of whose

queries correspond to two queries of the verifier described above. Let I(y), G = (U,V, E), and J,
(u € U) be as defined in Section 4.
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Now the vertices of the hypergraph H produced by the reduction denoted by V(H) are ob-
tained by replacing each u € U by a block B, of N2 vertices, which we identify with elements of
P37/ Jy x P37/ J,. Let N denote |V (H)| = Y,y N2.

We think of a 4-coloring of V(H) as a map from V(H) to the 4-element set Fo x 2. Given a
coloring A : V(H) — Fy x Fy, we denote by A, : P3"/.J, x P3"/J, — Fy x Fy the restriction of
A to the block B,,. Let A, : P37 x P3" — Fy x Fy denote the lift of 4, as defined by A/ (g1, g2) =
Au(gl + Ju, 92 + Ju)

The verifier is defined as follows. The verifier is identical to the verifier in Section 4 but for the
doubling of queries.

4-Color 4-Uniform Test(d)

1. Choose a uniformly random v € V and then choose u,w € U uniformly random neighbors
of v. Let m denote m,, : IE‘%T — F and similarly, let 7’ be 7.

2. Choose f € P}, e1,e2,€e3,e4 € Pzr, and g1, ¢ € Pfl% and hi, ho, hg, hy € P§2/4 independently

and uniformly at random. Define functions 7, 72,13, 11 € Pf’f as follows.

m =1+ for+gihi, 13 = fon + gahs,
me =1+ for+ (14 g1)ha, na = for +(1+ g2)ha.

3. Acceptif and only if A/ (e1,e2), Al (e1 +n1,ea+n2), Al (€3, eq), Al (e3+ 13, €4 +n4) are not all
equal.
The analysis of the above test closely follows that of the 2-color 8-uniform test.

Lemma 5.1 (Completeness). If v is satisfiable, then there exists a 4-coloring A : V(H) — Fy x Fy such
that the verifier accepts with probability 1. In other words, the hypergraph H is 4-colorable.

Proof. Follows directly from Remark 4.2. O

The soundness lemma requires us to perform Fourier analysis on functions 4 : P3" x P37 —
{0, 1}, for which we need the following easily verifiable facts.

Fact 5.2. Let A : P3" x P3" — C be any function. A non-zero function x : P3" x P3" — C is a character
if X(g1 + h1, 92 + h2) = x(91, 92)x(h1, h2).

o \: Pg" X Pg’“ — C is a character if and only if there exist (a1, a2) € §3r X §3r such that x (g1, 92) =
Xoi (91)Xan (92) for any g1, g2 € P x P3" where o, and Xq, are characters of P3'.

o (a1, o) and (Bi1, Bo) yield the same character if and only if (cy — aw), (61 — Be2) € (P3)L.

e Folding: Fix A : P3" x P3 — C be any function folded over the subgroup J x .J where J :=
(kv € P Yand qu, ..., qp € P, Then, for any (ay, az) € Far X Far such that |aj| :=
A(aj, (PI)L) < 2473 for j € {1,2} and Ao, a0) # 0, it must be the case that support(ay) U
support(ag) only contains x such that g;(x) = 0 for each i € [k].

Lemma 5.3 (Soundness). Let d > 8 be a multiple of 4, 6 > 0 and eq be the constant from Theorem 2.2. If
o is unsatisfiable and H contains an independent set of size SN, then §% < 24/2 . g—eor 4 g—4:279/%,
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The proof of Lemma 5.3 is similar to the proof of Lemma 4.3. The parameters are set exactly as
in Theorem 1.1 to yield Theorem 1.2.

Proof of Lemma 5.3. As the proof is similar to that of of Lemma 4.3, we only give a proof sketch,
highlighting the salient differences.

As before, fix any independentset Z C V(H) of size N. Let A : V(H) — {0, 1} be the indicator
function of Z. We have Eucp E;, g cpsr [A!,(g1,92)] > 6.

Again, we analyze E,cv, . wev [Q(v, u, w)], which gives the probability that a random edge (cho-
sen according to the probability distribution defined on E(H) by the PCP verifier) completely lies
inside the independent set Z, and is hence 0. Here, Q(v, u, w) is defined as follows:

Qv,u,w) = E |.E, (A (e1,e2) Aly(e1 4+ mi, €2 + m2) Ay (e3, €4) ALy (€3 + M3, €4 + 14|
713,74 | €3,€4

The Fourier expansion of this expression (see Fact 5.2) yields the following. From Fact 5.2, we
have that ), := A3" x AJ" gives us all the distinct characters of P3" x P3". Standard computations
give us

Qu,u,w) = > @(abaz)Q@(ﬁl,ﬂz)Qnﬁm 1T o (mi)xs; (miv2)

a0z, n3,ma | i€[2]
B1,82€AT

~
& uw(01,02,81,62)

As in Lemma 4.3, let FAR := {(a1,a2,51,62) € (A¥)* : max{A(a;,P3), A(B;, P3)} > 24/2},
NEAR := (A3")* \ FAR, NEARy := {(a1, a2, B1,82) € NEAR : ma(aq + as) = mh(B1 + B2) = 0}, and
NEARq := {(061,062,51,,82) € NEAR : 7T2(041 + 062) = Wé(ﬂl + 52) 7'5 0}.

Note that the expectation term in &, ,, (a1, a2, 81, B2) is exactly as that in &, yw (1, a2, £1, B2)
in Lemma 4.3. This means that the remaining computations can be carried out almost exactly as
in Lemma 4.3.

The following can be proved in the same way as Claims 4.4, 4.5 and 4.6.

Claim 5.4. For any fixed v, u, w, we have 3, . 5. 8,)crar [So,uw (01, @2, B1, B2)| < g—42- 41

Claim 5.5. Fu.uw [Z(amﬁh&)emﬂl 1€, (1, 2, By, /52)|] < 94/2 . g—cor,

(There is a small difference here from the proof of Claim 4.5 owing to the fact that the Fourier
coefficients appearing in &, , ., (a1, a2, 51, 52) have a slightly different form. The only change that

V,U,W

needs to be made is to sample oy, a2 € AY and 1,82 € AY with probability proportional to
A’y (a1, a2)? and A’y (81, B2)? respectively.)

Claim 5.6. Ev7u7w [Z(a1,a2,ﬁl,ﬁ2)€NEARo gé,uyw(al) 062) 517 /62) 2 (54

Asin Lemma 4.3, the above can be used to show:
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—4.2—d/4
0> E > Eouwlar, az, b1, B2) + > v (@, a2, B1, B2) | —2
V,U,W
| (a1,2,61,82) ENEARg (a1,02,81,82) ENEAR:
_4.0—d/4
> k. > Ep w1, 2, B, B2) | — JE > &0 (a1, a2, 81, o)l | — 2
"7 L(a1,a2,81,82) ENEARg " [(c1,02,81,82) ENEAR:

Z 54 _ 2d/2 . 2—807‘ _ 2—4-27‘1/4‘

This completes the proof of Lemma 5.3. O

6 Hardness of coloring 3-colorable 3-uniform hypergraphs

This construction is an adaptation of Khot’s construction [11] to the low-degree long code setting.
We prove the theorem by a reduction from 3SAT via the instances of the multilayered label cover
problem obtained in Theorem 2.5. Let r, ¢, n be parameters that will be determined later and let
I(y) be an instance of the r-repeated ¢-layered n-smooth label cover instance with constraint graph
G = (Vo,...,Vi—1,{Eij}o<i<j<¢) obtained from the 3SAT instance y. We use the results from the
preliminaries with the field set to F3 = {0, 1,2}. For every layer i and every vertex v € V;, let
{e1, - c(rye—iyr} be the clauses corresponding to v where T' = [I/n] as in Definition 2.4. We
construct polynomials {p1, - - - pr4¢—s), } of degree at most 6 over 3 such that p; depends only on
variables in ¢; with the following properties. Let a € F3. If a ¢ {0,1}? then p;(a) # 0. Otherwise
pj(a) = 0iff ¢j(a) = 1. For a degree parameter d that we will determine later, for each vertex v
define the subspace J, as follows:

Jy = {Z @ipi i € P;’CLIU_G} where my, :=m; = 3(T + £ — i)r +ir.

7

We now define the hypergraph H produced by the reduction. The vertices of H — denoted
V (H) — are obtained by replacing each v € G by a block B, of N,, := |P5? /.J,,|. vertices, which we
identify with elements of P35’ /J,. Let N denote |V (H)| = > N,.

We think of a 3-coloring of V(H) as a map from V (H) to F3. Given a coloring A : V(H) — F3,
we denote by A, : P35 /J, — 3 the restriction of A to the block B,. Let Aj : P;'’ — F3 denote the
lift of A, as defined in Fact 2.14.

The (weighted) edge set E(H) of H is specified implicitly by the following PCP verifier.

3-Color 3-Uniform Test(d)

1. Choose two layers 0 < i < j < ¢ uniformly at random and then choose a uniformly random
edge (u,v) € Ej;;. Let m denote m,, : F5"™ — F5™.

2. Choose p € P, g € P3* and f € P3y independently and uniformly at random and let
g =p*+1—g—form.

3. Acceptif and only if A)(f), A}, (g), A}, (¢') are not all equal.
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The above hypergraph construction explains the reasons (as in [7, 11]) for using the multi-
layered label cover. Unlike the constructions in the previous two sections, the hyperedges in the
3-uniform case straddle both sides of the corresponding edge (u,v) in the label cover instance.
Hence, if constructed from the bipartite label cover, the corresponding 3-uniform hypergraph will
also be bipartite and hence always 2-colorable irrespective of the label cover instance. Using the
multilayered construction gets around this problem.

Lemma 6.1 (Completeness). If ¢ € 3SAT, then there is proof A : V/(H) — F3 which the verifier accepts
with probability 1. In other words, the hypergraph H is 3-colorable.

Proof. Since ¢ € 3SAT, Theorem 2.5 tells us that there are labelings L; : V; — {0,1}"™ for 0 <1 < £
which satisfy all the constraints in (). For Vi,v € V;, we set A, : P35’ /J, — F3 such that its lift
Al = LCy4(L;i(v)). This is possible since A/ is folded over .J,.. For any edge (u, v) between layers
i, j, with labels L;(u) = a, Lj(v) = bsuch that w(a) = b, (A, (f), A, (9), A, (d)) = (f(b),g(a), ¢ (a)).
The lemma follows by observing that ¢’(a) + g(a) + f(b) # 0 always (since p?(a) + 1 # 0). O

Lemma 6.2 (Soundness). Let ¢ = 32/6%. If o ¢ 3SAT and H contains a independent set of size 6|V (H)|,
then
52729 < 27U 34 .34 4 exp(—39(@),

Proof. Let A : V(H) — {0, 1} be the characteristic function of the independent set of fractional size
exactly 6. We have that Vv, Egc prv 5, [Av(9)] = Eye prro [A! (g)] where A! is the lift of A,. Define

Qu,v) = E [AL(NAL(9A,(P* +1— for—g)].

Observe that E; ;. [Q(u,v)] = 0 as A corresponds to an independent set. Using Lemma 2.10, we
have the following Fourier expansion of Q:

=3 A(a)A,(B) A, () E [xalHxs@xy@* +1—for—g)], (6.1)

£.9:p
o.B,y '

where the summation is over o € AJY’, 3,7 € Ay and A is as defined in Lemma 2.10. From the
orthonormality of characters, the non-zero terms satisfy 5 = v and a = m3(3). Substituting in
(6.1), we get

ZA’ )2A! (m3( ))E[Xﬁ(pz—f-l)]. 6.2)

€un(B)
Claim 6.3. If £ = 32/6°, there exists layers 0 < i < j < £ such that B, )ep,, [£uv(0)] > 6°/2°.

Proof. Since A’ has fractional size ¢, there exists a set S of vertices of fractional size §/2 such that
Vo e S,AL0) =E 7 [A,(f)] = /2. Furthermore, there exists 0¢/4 layers, in which the fractional
size of S; := S NV in layer V; is at least 6/4. Since ¢ = 32/ 52, we obtain from Theorem 2.5 that
there exists layers 7, j such that the fraction of edges in E;; between S; and S; is at least ¢’ = 52 /64.
From above, we have that

E  [6un(0)] 28 -(5/2)° = 6°/2°. O
(u,v)EE;;
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For the rest of the proof, layers i, j will be fixed as given by Claim 6.3. To analyze the expression
in (6.2), we consider the following breakup of AJ} \ {0} for every (u,v) € E” FAR := {f € A} :
A(B, (PY)*) > 392}, NEAR; := {8 € AJ] \FAR B # 0and m3(B) ¢ (PS)1} and NEAR := {8 €
A5 \FAR : § # 0 and m3(3) € (Pm")L} In Claims 6.4, 6.5 and 6.6, we bound the absolute values
of the sum of E, ,, [£4,0(5)] for B in FAR, NEAR( and NEAR; respectively.

Claim 64. [E(,u)cr, |Zser Gun(8)]| < exp(~32D),

Claim 6.5. E(yu)er,, | X penear, fu,v(ﬁ)” < 979(r) . 3d

Claim 6.6. ]E(u’v)eEij _ZﬁGNEARo gu,v(ﬁ)} ‘ < n- 3d.

Combined with Claim 6.3, this exhausts all terms in the expansion (6.2). Lemma 6.2 now
follows from Claims 6.3-6.6. O

We now proceed to the proofs of Claims 6.4, 6.5 and 6.6.
Proof of Claim 6.4.

(uv)EE” |:Z fuv ]

BEFAR

E [uw0s+1)] ] ‘
p

The quantity (3, p?) is analyzed in Section 3. Let z be a uniformly random F3 element. By Lem-
mas 3.1 and 3.4, we get that the statistical distance between the distributions of (3, p? + 1) and z is

exp(—3%D). Since the E, [w?] = 0, we have that ‘Ep [w<f3’p2+l>} ‘ < exp(—3%UD). The claim follows
since ‘;121(04)‘ <lforanyaand} g AL (B2 <1. O

T (uw) EEIJ |: Z |Al ’2 |A/ (W?’(B))‘ )

BEFAR

Proof of Claim 6.5. It suffices to bound the following for proving the claim.

Ar 2 A (n
<§EE{ S ALB) - 1A 3<5>>]

BENEAR]

[ by Cauchy-Schwarz |

< A/ 2 A/ A/
(uv)eE”|: > JALB)R - AL (ms(8 >

BENEAR] BENEAR]

< E
(U,U)EEU

Z ‘;12(5)!2 : E(ﬂ:g(ﬁ))Q] [ by Jensen’s inequality ].

BENEAR]

We bound the above using a Fourier decoding argument as in the proof of Claim 4.5. For
every vertex v € V; U Vj, pick a random 3 according to | A, (58)|2 (note 3 s |A7(8)2 < 1) and assign
a random labeling to v from the support of 3. By an argument identical to the proof of Claim 4.5,
we get (using the soundness of the multilayered labelcover from Theorem 2.5),

Lox {Z |4 (m3(8))P14,(8)

<279 O
3¢ (uv)€E;; BENEAR; a
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Proof of Claim 6.6. We bound this sum using the smoothness property of the label cover instance.

E N ALB)P A (ms(B)]| < E
(u,’l))GEij ueV;
BENEARq B¢FARU{0}

> Prm(8) e (PE)t] - 1ALB)P

v:(u,v)EEq;

We now argue that for every v and 8 ¢ FAR U {0}, Pr(y.)ep,; [r3(8) ¢ (P5y)*] is at most 37 - 7.
This combined with the fact that 3 5 \le(ﬁ)\Q < 1 yields the claim. For every v € V; and /3 such

that 0 # | support(8)| = A(B, (P5y)*) < 3%/2, by the smoothness property (Theorem 2.5), we have
that with probability at least 1 — 3%, we have

Va # a’ € support(B), n(a) # w(d’). (6.3)

When (6.3) holds, we have 3(3) # 0. Now since | support(m3(3))| < | support(8)| < 3%/2 and non-
zero polynomials in (P3)+ has support at least 3¢, we can further conclude that 3(3) ¢ (Py;)*
whenever (6.3) holds. O

Proof of Theorem 1.3. Given the completeness (Lemma 6.1) and soundness (Lemma 6.2), we only
need to fix parameters. Let n be the size of the 3SAT instance and IV the size of the hypergraph
produced by the reduction.

Letd = Cy loglog(1/d'),n = (§')°/Cy2 and r = C3log(1/§") for large enough constants Cy, Ca, C3
and parameter ¢’ € (0, 1) to be determined shortly. By Lemma 6.2, if H has an independent set
of size 6N, then §°/2° < 3% .27 4 39 .y 4 exp(—3%4) < (§)°/27 for large enough C1, Ca, Cs.
Hence, H has no independent sets of ' N.

The hypergraph H produced by the reduction is of size N = ¢n(1+1/mrg((1+1/mm°@ getting
¢ = Cy4/(8")? and log(1/8") = O(loglogn/ logloglogn), we get that N = p20tostosn/losloslon ) gin o
loglogn = O(loglog N), we also get that 1/6" = 20 (loglog N/logloglog N) ' Thyjs completes the proof of
Theorem 1.3. O]
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A Proof of Claim 3.7

We need the following theorem due to Haramaty, Shpilka and Sudan [9].

Theorem A.1 ([9, Theorem 4.16, 1.7] specialized to F3 and using absolute distances instead of
fractional distances). There exists a constant A3 such that the following holds. For 3 : F5 — 3, let
Ay, ..., Ak be hyperplanes such that (3| 4, is Aj-close to some degree r polynomial on A;. If K > 3l 1+
and Ay < 3"77/272/2, then A(B,PT) < 6A; +8-3"/K.

Setting the degree r = 2n — 2d — 1 in the above theorem implies that if there are K > 374+
hyperplanes Ay, ..., Ak such that | 4, is A;-close to a degree (2n — 2d — 1) polynmial on A;, then
A(B.PYyp_y) < 601 +8-37/K.

Suppose Claim 3.7 were false. Then, for every nonzero [ € P, at least one of 3|¢~o or 3|¢=; or
Ble=2is A/27-close to a degree (2n — 2d — 1) polynomial. We thus, get K = (3" —1)/2 hyperplanes
such that the restriction of /5 to these hyperplanes is A /27-close to a degree (2n—2d—1) polynomial.
Observe that K > 3"~ if d > dy > A3 +2and A/27 < 3n~(2n=2d=1)/2=2 /9 — 3d=15 /9 if A < 3¢,
Hence, by Theorem A.1 we have A(5,P5 o, ) < 6A/274+2-8-3"/(3" —1) <6A/2T+32 < A
(since A > 3%). This contradicts the hypothesis that 3 is A-far from P, . O
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