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HITTING-SETS FOR LOW-DISTANCE MULTILINEAR DEPTH-3

MANINDRA AGRAWAL, ROHIT GURJAR, ARPITA KORWAR, AND NITIN SAXENA

ABSTRACT. The depth-3 model has recently gained much importance, as it has become
a stepping-stone to understanding general arithmetic circuits. Its restriction to multi-
linearity has known exponential lower bounds but no nontrivial blackbox identity tests.
In this paper we take a step towards designing such hitting-sets. We define a notion of
distance for multilinear depth-3 circuits (say, in n variables and k product gates) that
measures how far are the partitions from a mere refinement. The 1-distance strictly sub-
sumes the set-multilinear model, while n-distance captures general multilinear depth-3.
We design a hitting-set in time poly(n‘s log k) for d-distance. Further, we give an exten-
sion of our result to models where the distance is large (close to n) but it is small when
restricted to certain variables. This implies the first subexponential whitebox PIT for
the sum of constantly many set-multilinear depth-3 circuits.

We also explore a new model of read-once algebraic branching programs (ROABP)
where the factor-matrices are invertible (called invertible-factor ROABP). We design a
hitting-set in time poly(sizewz) for width-w invertible-factor ROABP. Further, we could
do without the invertibility restriction when w = 2. Previously, the best result for width-2
ROABP was quasi-polynomial time (Forbes-Saptharishi-Shpilka, arXiv 2013).

The common thread in all these results is the phenomenon of low-support ‘rank con-
centration’. We exploit the structure of these models to prove rank-concentration after
a ‘small shift’ in the variables. Our proof techniques are stronger than the results of
Agrawal-Saha-Saxena (STOC 2013) and Forbes-Saptharishi-Shpilka (arXiv 2013); giv-
ing us quasi-polynomial-time hitting-sets for models where no subexponential whitebox
algorithms were known before.
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1. INTRODUCTION

The problem of Polynomial Identity Testing is that of deciding if a given polynomial is
nonzero. The complexity of the question depends crucially on the way the polynomial is
input to the PIT test. For example, if the polynomial is given as a set of coefficients of
the monomials, then we can easily check whether the polynomial is nonzero in polynomial
time. The problem has been studied for different input models. Most prominent among
them is the model of arithmetic circuits. Arithmetic circuits are arithmetic analog of
boolean circuits and are defined over a field F. They are directed acyclic graphs, where
every node is a ‘+’ or ‘x’ gate and each input gate is a constant from the field F or a
variable from T = {x1,x2,...,2,}. Every edge has a weight from the underlying field F.
The computation is done in the natural way: Starting with the input nodes and proceeding
towards the output node. At each step, the weight of the edge (u,v) is multiplied with the
output of the previous gate u and then input to the next gate, v. Clearly, the output gate
computes a polynomial in F[Z]. We can restate the PIT problem as: Given an arithmetic
circuit C, decide if the polynomial computed by C is nonzero in time polynomial in the
circuit size. Note that, given a circuit, computing the polynomial explicitly is not possible,
as it can have exponentially many monomials. However, given the circuit, it is easy to
compute an evaluation of the polynomial by substituting the variables with constants.

Though there is no known deterministic algorithm for PIT, there are easy random-
ized algorithms, e.g. [Sch80]. These randomized algorithms are based on the theorem: A
nonzero polynomial, evaluated at a random point, gives a nonzero value with a good prob-
ability. Observe that such an algorithm does not need to see the structure of the circuit, it
just uses the evaluations; it is a blackbor algorithm. The other kind of algorithms, where
the structure of the input is used, are called whitebozx algorithms. Whitebox algorithms
for PIT have many known applications. E.g. graph matching reduces to PIT. On the
other hand, blackbox algorithms (or hitting-sets) have connections to circuit lower bound
proofs. Arguably, this is currently the only concrete approach towards lower bounds, see
[Mul12]. See the surveys by Saxena [Sax09] and Shpilka & Yehudayoff [SY10] for more
applications.

The PIT problem has been studied for various restricted classes of circuits. One such
class is depth-3 circuits. A depth-3 circuit is usually defined as a 3113 circuit: the circuit
gates are in three layers, the top layer has an output gate which is +, second layer has
all x gates and last layer has all + gates. In other words, the polynomial computed by
a MIIX circuit is of the form C(7) = Zle a; |52, Lij, where n; is the number of input
lines to the i-th product gate and /;; is a linear polynomial of the form by + >_,_, byx,.
An efficient solution for depth-3 PIT is still not known. Recently, it was shown by Gupta
et al. [GKKSI13], that depth-3 circuits are almost as powerful as general circuits. A
polynomial time hitting-set for a depth-3 circuit implies a quasi-poly-time hitting-set for
general circuits.
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On the other hand, there are exponential lower bounds for depth-3 multilinear circuits
[RY09]. Since there is a connection between lower bounds and PIT [Agr05], we can hope
that solving PIT for depth-3 multilinear circuits should also be feasible. This should also
lead to new tools for general depth-3.

A polynomial is said to be multilinear if the degree of every variable in every term
is at most 1. The circuit C(Z) is a multilinear circuit if the polynomial computed at
every gate is multilinear. A polynomial time algorithm is known only for a sub-class of
multilinear depth-3 circuits, called depth-3 set-multilinear circuits. This algorithm is due
to Raz and Shpilka [RS05] and is whitebox. In a depth-3 multilinear circuit, since every
product gate computes a multilinear polynomial, a variable occurs in at most one of the
n; linear polynomials input to it. Thus, each product gate naturally induces a partition of
the variables, where each color (i.e. part) of the partition contains the variables present in
a linear polynomial /;;. Further, if the partitions induced by all the k product gates are
the same then the circuit is called a depth-3 set-multilinear circuit.

Agrawal et al. [ASS13] gave a blackbox algorithm for this class which works in quasi-
polynomial time. Their approach is to view the product D(z) := ([[jZ, i)k as a
polynomial over the Hadamard algebra of dimension k, Hy(F), and to achieve a low-
support concentration in it. Low-support concentration means that all the coefficient
vectors in D(Z) are linearly dependent on low-support coefficient vectors. We define a
new class of circuits called multilinear depth-3 circuits with d-distance. We show low-
support concentration for this model. To achieve that we use some deeper combinatorial
properties of our model. We also use an improved version of a combinatorial property of
the transfer matrix from [ASS13, Theorem 13| and we present it with a simplified proof.
Recently, Forbes et al. [FSS13| have also improved [ASS13]. But their methods apply only
to set-multilinear formulas, and not even to 1-distance circuits.

A multilinear depth-3 circuit has d-distance if there is an ordering on the partitions
induced by the product gates, say (P1,Po,...,Px), such that for any color in the partition
P;, there exists a set of § — 1 other colors in P; such that the set of variables in the union
of these ¢ colors are exactly partitioned in the upper partitions, i.e. {P1,Po, ..., P;_1}.
Intuitively, the distance measures how far away are the partitions from a mere refinement
sequence of partitions, P < Py < ... < Pg. Our first main result gives a blackbox test for
this class of circuits (Section [3).

Theorem 1. Let C(T) be a d-distance depth-3, n-variate multilinear circuit with top fan-in
k. Then there is a n°©®1°8%) _time hitting-set for C(T).

Note that the running time becomes quasi-polynomial when ¢ is poly-logarithmic in
nk. Till now, no subexponential time test was known for this class, even in the whitebox
setting. Also, observe that the set-multilinear class is strictly subsumed in the class
of 1-distance circuits. E.g. a circuit, whose product gates induce two different partitions
Py = {{1},{2},...,{n}} and Py = {{1,2},{3,4},...,{n—1,n}}, has 1-distance but is not
set-multilinear. So, poly-logarithmic § is a significant improvement from set-multilinear.
On the other hand, general multilinear depth-3 circuits can have at most n-distance. So,
our result is also a first step towards multilinear depth-3 circuits.

Our second result further generalizes this class to multilinear depth-3 circuits having m
base sets with §-distance. A circuit is in this class if we can partition the set of variables
into m base sets, such that when restricted to any of these base sets, the circuit has
d-distance. E.g. consider a circuit C, whose product gates induce two partitions P; =
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{{1,2},{3,4},...,{n — 1,n}} and Py = {{2,3},{4,5},...,{n,1}}. Clearly, C is (n/2)-
distance. But, when restricted to any of the two base sets By = {1,3,...,n — 1} and
By = {2,4,...,n}, C|p, has 1-distance (in fact, it is set-multilinear). We give a quasi-
polynomial time blackbox test for this class, when m and § are poly-logarithmic and the
base sets are known (Section [4).

Theorem 2. If C(T) is a depth-3 multilinear circuit, with top fan-in k, having m base
sets (known) with §-distance, then there is a nOmdlogk) time hitting-set for C.

These results generalize to suitable higher-depth circuit models. But we focus, in this
paper, only on the depth-3 case to avoid unnecessary complicated notations. Theorem
also implies a whitebox PIT, for the sum of ¢ (constant) set-multilinear depth-3 circuits
(top fan-in k), with time complexity nOm! ~*logk) where ¢ := 1 /2671 (see Appendix .

Our third result expands the realm of low-support concentration to multilinear variants
of Arithmetic Branching Programs (ABP). An ABP is another interesting model of com-
puting polynomials. It consists of a ditected acyclic graph with a source and a sink. The
edges of the graph have polynomials as their weights. The weight of a path is the product
of the weights of the edges present in the path. The polynomial computed by the ABP is
the sum of the weights of all the paths from the source to the sink. It is well known that
for an ABP, the underlying graph can seen as a layered graph such that all paths from the
source to the sink have exactly one edge in each layer. And the polynomial computed by
the ABP can be written as a matriz product, where each matrix corresponds to a layer.
The entries in the matrices are weights of the corresponding edges. The maximum number
of vertices in a layer, or equivalently, the dimension of the corresponding matrices is called
the width of the ABP. Ben-Or & Cleve [BOC92] have shown that a polynomial computed
by a formula of logarithmic depth and constant fan-in, can also be computed by a width-3
ABP. Moreover, Saha et al. [SSS09] showed that PIT for depth-3 circuits reduces to PIT
for width-2 ABP. Hence, constant width ABP is already a strong model. Our results are
for constant width ABP with some natural restrictions.

An ABP is a read once ABP (ROABP) if the entries in the different matrices come
from disjoint sets of variables. Forbes et al. [FSS13] recently gave a quasi-polynomial time
blackbox test for ROABP, when the entries in each matrix are essentially constant-degree
univariate polynomials. Their approach, too, involves low-support concentration.

Our result is for ROABP with a further restriction. We assume that all the matrices
in the matrix product, except the left-most and the right-most matrices, are invertible.
We give a blackbox test for this class of ROABP. In contrast to [FSS13], our test works
in polynomial time if the dimension of the matrices is constant; moreover, we can handle
univariate factor matrices with any degree.

Theorem 3 (Informal version). Let C(z) = DE (H?:1 D;)Dgy1 be a polynomial such that
Do € F¥[zj,] and Dqy1 € F¥[x;,, ] and for all i € [d], D; € F*"[x;,] is an invertible
matriz (order of the variables is unknown). Let the degree bound on D; be § for 0 < i <
d+ 1. Then there is a poly((6n)*”)-time hitting-set for C(T).

The proof technique here is very different from the first two theorems (now, we show
rank concentration over a non-commutative algebra). Our algorithm works even when the
factor matrices have their entries as general sparse polynomials (still over disjoint sets of
variables) instead of univariate polynomials (see detailed version in Section [5). Running
time in this case is quasi-polynomial. We remark that the invertibility seems to restrict
the computing power of ABP. If the matrices are 2 x 2, we do not need the assumption of
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invertibility (see Theorem Appendix. So, for width-2 ROABP our results are strictly
stronger than [FSS13].

1.1. Main idea of Theorem As mentioned earlier, the basic idea is to show low-
support concentration in D(Z), but by an efficient shift (Lemma . While showing
low-support concentration in set-multilinear case, the key idea of [ASS13] was to identify
low degree subcircuits of D(Z) which have ‘true coefficients’, i.e. each of these subcircuits
is such that, when multiplied by an appropriate constant vector, its coefficients become
the coefficients of D(Z). Then they show that an efficient shift can ensure low-support con-
centration in these subcircuits. The final step is to argue that low-support concentration
in the subcircuits translates to low-support concentration in the actual circuit.

Such true subcircuits, in a general multilinear circuit, may have a high degree. In
the case of small distance circuits, there exist true subcircuits with low degree in the last
partition. But they may have many high degree monomials in the upper (other) partitions.
That is not good, because the degree of the subcircuit affects the hitting-set size.

This inspired us to prove concentration in phases, i.e. by induction on k. We divide the
coefficients into k phases (one corresponding to each partition). Phase-j coefficients are
those which have nonzero values only in the coordinates {1,2,...,5}. We show concen-
tration in successive phases (Lemma . In each phase, the concentration in the previous
phases is assumed.

How do we isolate phase-j coefficients? We take an appropriate partial derivative of

the circuits, which ensures that the values in the coordinates {j + 1,5 + 2,...,k} are
zero. Since the partial derivatives add to the complexity, they should be of small order
(Observation [L1]).

Now, we identify subcircuits of this derivative polynomial, which have low degree in the
j-th coordinate. The high degree in other coordinates does not matter as we assume that
there is already concentration in the previous phases. We show low-support concentration
in these subcircuits (Lemma it is the most technical part of the proof). This in turn
implies low-support concentration in the derivative polynomial (Lemma by another
induction on the neighborhoods (defined in Section . To show low-support concentra-
tion in a subcircuit we need to show some combinatorial properties of the transfer matriz
(Lemma. Finally, the concentration in the derivative polynomial implies concentration
among the phase-j coefficients of D(Z) (Lemma [L8).

Carrying the argument from phase-1 to phase-k finishes the proof. The cost of this
is only quasipoly in k (because the dimension of the underlying vector space is k and
there is an implicit ‘doubling effect’ in Lemma , but ezponential in § (because the true
subcircuits have degree §, which makes the Kronecker map expensive). Any improvement
in the latter would lead to the first nontrivial PIT for multilinear depth-3 circuits.

2. PRELIMINARIES

[n] denotes the indices 1 to n. Let 2l denote the set of all subsets of [n]. Part(S)
denotes the set of all possible partitions of the set S. Elements in a partition are called
colors. The support of a monomial is the set of variables that have degree > 1 in that
monomial. The support size of the monomial is the cardinality of its support. F™*™
represents the set of all m x n matrices over the field F. FS*T where S and T are sets,
represents the set of all |S| x |T'| matrices over the field F, indexed by the elements of
and T. The matrices in this paper are often indexed by subsets of [n].
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A multilinear polynomial can be represented as SC[n] @STS) where zg is the monomial
[Licg zi- We will sometimes use the notation S for the multilinear monomial z 5.

Henceforth, we will only discuss polynomials computed by depth-3 multilinear circuits,
unless explicitly stated otherwise. The polynomial computed by a depth-3 circuit, C(Z) =
Zle a; H?’:l {;; can also be written as the inner product of the vector @ = (a1, as, ..., ag)’
and D(Z), where D(Z) is a polynomial over the k-dimensional Hadamard algebra Hy (F).
The Hadamard algebra Hy(F) is defined as (F*, +, %), where + and x are coordinate-wise
addition and multiplication. The i-th coordinate of D(Z) is [}, ¢;j. Hence, C(7) =
@l D(z). Let coefp(xg) denote the coefficient of the monomial xg in the polynomial
D(z). The coefficients {coefp(zs) | S C [n]} of D(Z) form a (< k)-dimensional vector
space over the base field F. Our rough plan is to show that this vector space is spanned
by the coefficients of the ‘low-degree’ monomials. We thus define ¢-concentration for a
polynomial D(Z) whose coefficients are vectors from a k-dimensional vector space.

Definition 1 (¢-concentration). Polynomial D(Z) € Hy(IF)[z1, x2, . .., xy] is {-concentrated
if tkp{coefp(zs) | S C [n],|S| < €} = rkp{coefp(xzs) | S C [n]}.

The following Lemma from [ASS13] says that a polynomial C(Z), with an ¢-concentrated
polynomial D(Z), has a hitting set (for a proof, see Section .

Lemma 2. If D(T) is (-concentrated, then there is a n®®)-time hitting-set for C(Z).

However, observe that low-support concentration does not exist in all polynomials D(T).
E.g. in the polynomial D(Z) = ¢- x1z2...xy,, there are no low-support monomials. To
counter this problem, the polynomial is shifted. Each input x; to the polynomial is replaced
with x; 4+ t;, where t;s are symbolic constants adjoined to the base field F. Now, the input
field is considered to be the field of fractions F(t), where t = {t1,t2,...,t,}. Since after
shifting, the coefficients of high-support monomials contribute an additive term to the
coefficients of the low-support monomials, we can hope to prove £-concentration over this
field of fractions. We will use the notation D'(T) as well as D(T + ) to mean D(zq +
t1,22 +t2, ..., Ty +t,). For the example above, D'(T) = ng[n} ¢-tgrs. The dependence
of coefp(xg) over the field F(?) is given by coefp/(xg) =¢-tg = tgcoefp/(rz). Thus, in
the above example, D'(T) is ¢-concentrated for ¢ = 1.

We conjecture that O(logn + log k)-concentration can be proven for all multilinear cir-
cuits after an appropriate shift. Agrawal, Saha & Saxena ([ASS13]) have proven O(log k)-
concentration of set-multilinear circuits after an efficient shift. Here, we study low-support
concentration for more general models, by developing stronger techniques.

2.1. General Approach. How do we prove that the high-support coefficients of D’ are
dependent on the low-support coefficients? Do we even know that a given high-support
coefficient is dependent on other coefficients? The reason we believe such a dependency
exists is because of shifting. A monomial g, when the circuit is shifted, contributes its
coefficient, denoted by ug, to the coefficients of all of its subsets: u/. := coefp/(zp) =
> 557 usts\r- The polynomial D'(T —t) = D(7), i.e. by shifting every variable x; by —;
in D'(F), we get back D(Z). Thus, ur =3 ¢~ ugts\T(—l)‘S\ﬂ. This can be represented

as U = U’ - M, where U € FF*2" and U’ € (F(7))M*2™ represent the coefficients in the
polynomials D(Z) and D'(T) respectively. The matrix M has (S, T)-th entry

tovr (=D)L Sf T C S,

0 otherwise.

M(S,T) = {



LOW-DISTANCE MULTILINEAR DEPTH-3 7

Equivalently, we can write M = A"*M A, where M (S, T) = 1if T C S and 0 otherwise,
and A is a diagonal 2" x 2["l matrix where the (T, T)-th entry is (—1)71¢ !

To analyze the dependencies among vectors in U’ we take a dependency for the vectors
in U and lift it. Suppose a dependency for the U vectors is: >, arur = 0,ar € F. Now,
replace the coefficients ur with an equivalent expression in terms of the coefficients u'g.
We get > pard oop u%)ﬁS\T(—l)‘S\T| = 0. The coefficient of v in the dependency is
> rcs aTtS\T(—l)‘S\ﬂ. The coefficient for each u) is nonzero, and thus, it participates
non-trivially in a dependency.

There are two problems here. First, we do not directly get dependencies which show
that high-support coefficients are in the span of low-support coefficients. There must be
one such dependency for each high-support u', which shows that it is in the span of low-
support coefficients. Existence of such dependencies will be shown in the later sections,
by considering all the dependencies of the U vectors (null vectors of U) and their lifts.

The other problem is that, even if low-support concentration does exist, we are substi-
tuting (z; + t;)s instead of x;s and then computing low-support coefficients (Lemma .
The coefficients themselves can be exponentially large polynomials in the variables ¢, and
thus cannot be computed efficiently. It turns out that we can substitute the shift variables
with an efficient univariate map and show low-support concentration.

2.2. Kronecker substitution. The shift variables ¢;s are replaced with powers of a single
variable t. Let us say, the degree of the variable ¢ is upper bounded by some function
g(n). Then the t-degree of the polynomial computed by the depth-3 multilinear circuit
is bounded by ng(n). The computation is thus efficient when the shift is univariate and
‘small’. The univariate map we use will need to separate all (< ¢) support monomials for
some small ¢, i.e. all (< ¢) support monomials should be mapped to distinct powers of ¢
(the map can be seen as acting on monomials in the natural way e.g. ¢(t1t2) = ¢(t1)p(t2)).
This map will be denoted by ¢,. For the time complexity of generating such maps, see
Lemma 25 (Appendix . We now describe the effect of the shifting map on the final time
complexity. The notation D(Z + ¢(t)) will mean D(z1 + ¢(t1), x2 + ¢(t2), ..., Tn + (tn))-

Lemma 3 (¢-Concentration to hitting-sets). If for a polynomial D(T) € Hy(F)[z], there
exists a set of f(n)-many maps from t to {t* finl) such that for at least one of the maps
¢, the shifted polynomial D(T + ¢(t)) has (-concentration, then C’(ﬁ =al' D(%), for any

@ € F*, has an n®W f(n)g(n)-time hitting-set. (Proof in Appendix [Al)

Now that we are clear about the general technique, we can proceed to proving /-
concentration in some interesting models.

3. LOW-DISTANCE MULTILINEAR DEPTH-3 CIRCUITS: THEOREM [I]

The main model for which we study low-support concentration is depth-3 multilinear
circuits with ‘small distance’.

3.1. 4-distance circuits. Each product gate in a depth-3 multilinear circuit induces a
partition on the variables. Let these partitions be P1, Py, ... Pg.

Definition 4 (Distance for a partition sequence, d(Py,...,Py)). Let P, Py, ..., Py €
Part([n]) be the k partitions of the variables {x1,x2,...,xn}. Thend(P1,Pq,...,Py) =: 6 if
Vi€ {2,3,...,k}, Veolors Y1 € P;, Y2, Vs, ..., Yy € Pi(' <) such that Y1UYaU---UYy
equals a union of some colors in P;,Vj € [i — 1].
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In other words, in every partition P;, each color Y7 has a ‘friendly neighborhood’
{Y1,Ya,..., Yy}, consisting of at most § colors, which is exactly partitioned in the ‘upper
partitions’. We call P;, an upper partition relative to P; (and PP;, a lower partition rel-
ative to IP;), if i < j. For a color X, of a partition P;, let nbd;(X,) denote its friendly
neighborhood. The friendly neighborhood nbd;(z;) of a variable z; in a partition P; is
defined as nbd;(color;(z;)), where color;(x;) is the color in the partition IP; that contains
the variable z;. The friendly neighborhood nbd;({z;}icz) of a set of variables {z;};cz in
a partition P; is given by J;c7 nbd;(z;).

Definition 5 (é-distance circuits). A multilinear depth-3 circuit C has d-distance if
its product gates can be ordered to correspond to a partition sequence (Py,...,Py) with
d(Py,Po,...,Pg) <9.

The corresponding 113 circuit D(T) over Hy(F) is also said to have d-distance.

Every depth-3 multilinear circuit is thus an n-distance circuit. A circuit with a partition
sequence, where the partition IP; is a refinement of the partition P;;1,Vi € [k — 1], exactly
characterizes a 1-distance circuit. All depth-3 multilinear circuits have distance between
1 and n. Also observe that the circuits with 1-distance subsume set-multilinear circuits.
Friendly neighborhoods - To get a better picture, we ask: Given a color X, of a par-
tition PP; in a circuit D(Z), how do we find its friendly neighborhood nbd;(X,)? Consider
a graph G; which has the colors of the partitions {P,Po,...,P;}, as its vertices. For all
i € [j — 1], there is an edge between the colors X € P; and Y € P; if they share at least
one variable. Observe that if any two colors X, and X} of partition P; are reachable from
each other in G, then, they should be in the same neighborhood. As reachability is an
equivalence relation, the neighborhoods are equivalence classes of colors.

Moreover, observe that for any two variables z, and xp, if their respective colors in
partition Pj, color;(x,) and color;(z;) are reachable from each other in G then their
respective colors in partition P41, color;y1(z,) and colorj;(xp) are also reachable from
each other in G;41. Hence,

Observation 6. If at some partition, the variables x, and xy are in the same neigh-
borhood, then, they will be in the same neighborhood in all of the lower partitions. I.e.

nbd;(z,) = nbd;(xp) = nbd;(z,) = nbd;(zp), Vi > j.

In other words, at the level of the variables, the neighborhoods in the upper partitions
are refinements of the neighborhoods in the lower partitions.
We now claim that any subcircuit of a d-distance circuit D (), also has d-distance.

Observation 7 (Subcircuit of D(Z)). Let E € H;(F)[z] be a subcircuit of a d-distance
circuit D(T), obtained by replacing an arbitrary set of linear factors in each coordinate
of D(T) with 1, and restricting the circuit to the coordinates 1 to j. Then E is also a
d-distance circuit.

Proof. A linear factor b;j,+> ., b;, x;, which is replaced with 1, can be viewed as 1+, 0-z;,..
Such a subcircuit induces the same partition sequence as circuit D. When we restrict the
circuit to the coordinates 1 to j, we get a subsequence of this partition sequence. Clearly,
the subsequence also has J-distance. [l

Since there exists a set of colors (linear factors in the circuit C) in P; (i € [j]) that
exactly contain the variables of one neighborhood, nbd;(X,), we can define the following
subcircuit of D(T).
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Definition 8 (tower;(X')). For a neighborhood X in partition P;, we define a tower;(X)
as a polynomial over H;(FF), such that its i-th coordinate (i < j) is the product of exactly
those linear factors (in the i-th product gate of the circuit C') that contain the variables of
the neighborhood X .

We can define a tower over a union of neighborhoods (Uj_;&;) in partition P; as
tower; (Ul_; &X;) = tower; (1) * tower;(Xa) + - - - x tower;(X,). For any such tower E =
tower; (U;_; &;), nbd;(E) will denote the union of neighborhoods (U]_;&;). For a set of
variables S, tower;(S), is the tower over nbd;(S). For a neighborhood X in partition
IP;, the variables in tower;(X’) are the variables in X, denoted by both var(tower;(X’))
and var(X). Observe that the towers over any two neighborhoods in partition P; are
polynomials over a disjoint set of variables.

The following observation says that the coefficient of a monomial in a product of towers
is equal to the product of its ‘support coeflicients’ in the individual towers.

Observation 9. Let R and T be two sets of variables coming from two disjoint sets of
neighborhoods of partition P;. Then, the coefficients of monomial S C RUT in tower;(R)*
tower; (T) is given by Coeftowerj (R)*tower; (T') (S) = Coeftowerj (R)(SQR)*Coeftowerj (T) (SﬂT)

3.2. True coefficients. We will be proving low-support concentration in some special
subcircuits E'(T) (see Observation [7) of D’(Z) (the shifted polynomial). This would
eventually prove low-support concentration of D'(Z). The coefficient coef g (zg) of the
monomial zg in the subcircuit E'(Z) is given by coef p/(xg) = const g * coef g/ (xg), where
constp is the product of the constant parts of all linear factors not in E’(Z). Thus, it is
enough to prove /-concentration within E’(Z) since any dependency in E’(T) translates to
a dependency in D’(Z) by multiplying throughout with a constant.

All the monomials which participate in a dependency, and hence, all the monomials
occurring in E’(Z) should have true coefficients. 1.e. each monomial should have a coeffi-
cient in E'(Z) similar to that in D'(Z). Le. constgs x coef g/ (x1) = 0 or coef p/(xr), for all
monomials 7.

In the next subsection, we will study a few properties of the subcircuit E’'(Z), for which
we prove low-support concentration.

3.3. Phases. Since true coefficients have to be used, E'(ZT) has to be (roughly) a tower
over a (small) set of neighborhoods. Thus, though the lowest partition in E'(Z) will
have a few linear factors, the higher partitions may have O(n) linear factors. This blows
up the support size of the monomials in E'(Z). We intend to show (by induction) that
these coefficients of the high-support monomials are ¢-concentrated. Note that these high-
support monomials come only from the upper partitions.

We use the refinement property of neighborhoods (Observation @ to categorize the
monomials of the polynomial D(Z) into k phases. Roughly speaking, the phase of a
monomial S is the lowest partition from which S can possibly be generated. If (6 + 1)
variables of S belong to the same neighborhood of partition P;,q, then S cannot be
generated from this partition, or the partitions below it, as we will soon see. This motivates
us to define the phase of a monomial as:

Definition 10 (Phase-j). A monomial S is in phase-j if the partition P; is the lowest
partition with < & of its support variables in each of its neighborhoods.

A phase-j monomial can be characterized by the presence of a pivot tuple.

Observation 11 (Pivot tuple). Let j € [k — 1]. A monomial S is in the j-th phase iff
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(1) There is no neighborhood of the upper partitions {P;}!_, that contributes more
than 6 variables to the monomial S, and,

(2) there exist (0+1) variables in its support (called a pivot tuple) that are in the same
neighborhood of the partition Pj1. This pivot tuple is in the same neighborhood
of all the lower partitions {]P’i}f:jﬂ.

A monomial is in the k-th phase if it is not in any of the previous phases. (Proof is by
applying Observation [6 on Definition [10])

Observation 12. A monomial S belongs to exactly one of the k phases, denoted by
phase(S).

Observation 13. A monomial S may have more than one pivot tuples. Observe that
phase(R) = phase(S), for all pivots R of a monomial S.

Since every superset of a monomial S contains its pivot tuple, pivot(S),
Observation 14. For all supersets T O S, phase(T') < phase(S).

In a §-distance circuit, a neighborhood has at most ¢ colors. Hence, for any phase-j
monomial, at least two of its (§ + 1) pivot variables, have the same color in the lower
partitions {]P’i}f: j+1- They come from the same linear factor of the circuit C. Thus,

Observation 15. If a monomial S is in the j-th phase, then, its coefficient vector is zero
in the coordinates {j + 1,7+ 2,...,k}.

Since the coordinates {j+1,7+2,...,k} in the coefficients of phase-(< j) monomials are
0, they can be ignored when the linear dependencies among the coefficients of phase-(< j)
monomials are studied. For phase-j, we discuss the linear dependencies among coefficients
of phase-(< j) monomials, i.e. vectors limited to the (< j)-th coordinates. Coefficients of
phase-j monomials will be called phase-j coefficients.

3.4. Partial derivatives. All the monomials in phase-j are identified by the existence of
at least one pivot tuple. Consider a phase-j monomial S with a pivot R of phase-j (Obser-
vation[L3)). We will prove ¢-concentration (linear dependence on (< ¢)-support coefficients)
among the coefficients of all the monomials that include R. Since all the monomials now
include R, the (> j)-th coordinates in the polynomial D’(Z) are 0 (Observations
15). The polynomial could be restricted to coordinates 1 to j. We prove f-concentration
after taking partial derivative with respect to xg. This is encapsulated in Observation

In other words: In the linear factors of C' corresponding to the partitions {P;}]_; that
include the variables of R, we pick the monomial zr and its coefficient. Then, we prove
low-support concentration in the remaining polynomial.

3.5. f-concentration. We now come to the main subsection of the paper. Let ¢y =
logy(k+1),£ = §+14+4y and D'(T) = D(T+ s, (t)), where D(T) € Hy(F)[z] is a §-distance
circuit and ¢gy, (defined in Subsection is a univariate map which separates all (< 04p)
support monomials. We prove f-concentration in the polynomial D’(Z) (Lemma ,
because of which, a n®®1gk) time hitting-set exists for the d-distance depth-3 multilinear
circuit (Theorem [I)).

3.5.1. {-concentration in each phase. As already stated in Subsection proof of /-
concentration in D'(Z) is by induction on the phases. The monomials of each phase
are progressively shown to be (-concentrated: In this subsection, when we say that a
phase-i monomial is ¢-concentrated, we mean that its coefficient is linearly dependent on
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coefficients of (< ¢)-support monomials of phase-(< 7). The following lemma shows one
step of the induction.

Lemma 16 (Phase-(< j) to Phase-j). If the monomials in D'(T) of phase-(< j) are {-
concentrated, then the monomials of phase-j are £-concentrated. £-Concentration exists in
phase-1 without any preconditions.

Proof. Since phase-0 does not exist, the monomials of phase-0 are vacuously ¢-concentrated.
Now, when the monomials of phase-(< j) are ¢-concentrated, Lemmaproves {-concentration
in all phase-j monomials that include the phase-j pivot R. Every monomial of phase-j
has such a pivot from Observation O

The following observation about D’(Z) will be used in the next lemma.

Observation 17 (D', E, and Decomposition of coefficients). For any R C [n], we define
D’ (7) € Hi(F(t))[Z] to be the polynomial, obtained from D'(T), where each coordinate is
the product of those linear factors, in the corresponding coordinate of D'(T), that include
the variables of R. Let E'(T) € Hy(F(t))[Z] be the polynomial, obtained from D'(Z), where
each coordinate is the product of those linear factors, in the corresponding coordinate of
D'(z), that do not include the variables of R. I.e. D'(T) = D'y(T) » E(T). Then, for all
supersets S of R, coefpr(xg) = coefpr (xr) * coef gy (x5\R).-

Proof. The observation is easy for the coordinates where the linear factors that support
R and S\ R are disjoint. In the coordinates where at least one variable, say x,, of S\ R is
included in the linear factors in D%(Z), coef &, (s\R) is zero in these coordinates because
the variable z, € S\ R is present in only one linear factor, which is not in E,. Whereas
coef pr(xg) is zero in these coordinates because at least two variables of S are present in
the same linear factor in D7,. O

Lemma 18 (Concentration in monomials that include R). Let R be a phase-j monomial
such that |R| = 6 + 1. If {-concentration at phase-(< j) exists, then the monomials that
include R are (-concentrated.

Proof. We show that the coefficients, whose support include R, are linearly dependent on:
The low-support coefficients, whose support include R, and phase-(< j) coefficients.

Consider the polynomial E%(Z) of D'(T), restricted to coordinates 1 to j. Lemma
together with Observation |7} proves £p-concentration for the monomials in E’(Z) modulo
the coefficients in phase-(< j). Le. ¥ monomial S’ in E%(T),

coefpr (zg1) = Z s coef gy (w77) + Z arr coef gr (@77),
T':|T"|<Lo, T’ ephase-(<j) of B,
T’ ephase-j Of EyL

where ar € F(t) and the monomials are from E%(Z). Since the supports of R and S’ are
disjoint, from Observation coef pr(zgruR) = coeka(xR) * coefEh (zg), ¥V monomial S’
in E%(T).

Therefore, multiplying throughout with coefp,, (zR),
coef pr(zgruR) = Z aqr coef pr(zpruR) + Z arr coef pr (zuR)-

T,ET};:|T’|§éof, . T'ephase-(<j) of B,
phase-j R

Let S = SUR and T = T' U R. From Observation even after including R, a
phase-(< j) monomial remains a phase-(< j) monomial and a phase-j monomial remains
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a phase-(< j) monomial. |R| = ¢ + 1. Rewriting gives,

coefpr(xg) = Z arpr coef pr(xr) + Z aqr coef pr(xr).
T:|T|<lo+6+1, Tephase-(<j) of D’
Tephase-(<j) of D’
coef pr(zg) is thus linearly dependent on: (< ¢) support coefficients, and the coefficients
in the upper phases. The upper phase monomials are already f¢-concentrated. Hence,
coef py(zg) is also ¢-concentrated.
This is proven for every monomial S with R as its subset. O

3.5.2. fy-concentration in the “last” phase. Lemma needed £p-concentration of Ef, mod-
ulo its phase-(< j) coefficients. Similar to E,, we can define a polynomial Er of D (Ob-
servation . It is easy to see that E; = ERr(T + ¢s¢,(t)). By Observation |7}, Eg is also
a d-distance circuit. We will actually give a general result that for any é-distance circuit
E(z) € H;[z], its shifted version E' := E(T + ¢s¢,(t)) has fp-concentration modulo its
phase-(< j) coefficients. Here, phases for coefficients, neighborhoods in the partitions and
towers over the neighborhoods, are defined for E’, similar to D’. Note that j is the last
phase of E', as it is over H;(F(t)). For any E'(z) € H,;(F(¢))[Z], let Vg denote the space
spanned by the phase-(< j) coefficients of E'.

The proof is in two parts. Let |[nbd;(E’)|| be the number of neighborhoods in E’
in its partition P;. The first part is to show the result for smaller circuits E’, when
|lnbd;(E")|| < €o. This is done in Lemma The second part is to prove it for larger
circuits using induction. This is done in Lemma

Lemma 19 (Small-neighborhood fy-concentration). Let E(Z) € H;(FF)[z] be a §-distance
circuit such that |nbd;(E")|| < €y. Then E'(T) = E(T + ¢s4,(t)) has lo-concentration
modulo V. (Proof in Appendix [B])

Lemma 20 (Subcircuit-fy-concentration). Let F(z) € H;(F)[Z] be a d-distance circuit.
Then, F'(Z) = F(T + ¢se,(t)) has Ly-concentration modulo V. (Proof in Appendix )

3.5.3. Proving Theorem [l From Lemma we directly get Lemma
Lemma 21. If D € Hi(F)[Z] is a d-distance circuit, then D' has £-concentration.

We now prove the main theorem. If /-concentration exists, then a hitting-set exists.

Proof of Theorem[1. We can write C(Z) = a’ D(%) for some @ € F¥ and D(%) € Hy(F)[Z].
From Lemma D(Z + ¢s4,(t)) has ¢-concentration. Now, the map ¢sy, separates all
the monomials of support < §¢y. The number of such monomials is (%), Hence from
Lemma [25 (Appendix , ®se, can be generated by trying /N-many monomial maps which
have degree < NlogN, where N := n®0%)  Now, from Lemma [3| we directly get a
nO0logk)_time hitting-set. t

4. BASE SETS WITH J DISTANCE: THEOREM [2]

In this section we further generalize the class of polynomials, for which we can give an
efficient test, beyond low-distance. Basically, it is enough to have low-distance “projec-
tions”.

Definition 22. A multilinear depth-3 circuit is said to have m-base-sets-0-distance if there
is a partition of the variable set T into base sets {T1,Ta,...,Tm} such that for any i € [m],
restriction of C' on the i-th base set, i.e. C’\(@:O vjzi) has 0-distance.
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As discussed in the previous section, for a depth-3 circuit C' we can write C(T) =
a’ - D(z), where @ € Hj,(F) and D(Z) € H(F)[Z]. We say a polynomial D(7) € Hy(F)[Z]
has m-base-sets-d-distance if the corresponding circuit C' has m-base-sets-d-distance. We
will show that such a polynomial D(Z) will also have some appropriately low-support
concentration after an efficient shift (Lemma Appendix .

From Lemma we know that if a polynomial D(Z) € Hy(F)[z] has J-distance then
D(T + ¢s4,(t)) has (-concentration. The basic idea for a polynomial D(Z) having m-
base-sets-d-distance, is to use a different shift variable for each base set. Hence, it is
necessary that the base sets are known. Except this knowledge, the test is blackbox.
The basic argument is to view the polynomial D(T) as a polynomial over the variable
set T, and whose coefficients lie in Hy(F)[Z1,Z2,...,Tm—1]. From this perspective, it
has d-distance and hence we can achieve low-support concentration. Further, we argue
low-support concentration in its coefficients, which themselves have (m — 1)-base-sets-0-
distance (Lemma [30). The proof is by induction on the number of base sets.

Let t; be the set of shift variables for Z; for any i € [m] (|t;| = |7;|). Let I; denote the
set of indices corresponding to the variables in 7;, for all i € [d]. We define our shifting
map ¢y as follows: Vi € m, ¢y : t; — {t] 720 such that for any two sets S,T" C I; with
1], IT] < 6¢o, ¢33, (ts) # &, (tr) for all i € [m].

Proof of Theorem[3 Let C(z) = @l - D(T) for some @ € Hg(F) and D(z) € H(F)[z).
Lemma (Appendix shows that D(Z+¢g; (f)) has (m(£—1)+1)-concentration. Hence,
from Lemma [2, C (T + ¢, (%)) has nOm8)_time hitting-set. Moreover, each evaluation of
C(T + 95y, ()) is a polynomial in {t1,t2,...,t,}. Let us say the individual degree bound
on this polynomial is d. Then the time taken to compute this polynomial would be
proportional to the number of monomials in it, i.e. (d 4+ 1)™.

For the degree bound we must look at the map ¢y . The map ¢y separates all 6o
support monomials. There are n®(%) such monomials. From Lemma (Appendix ,
we need to try N maps each with highest degree N log N to get the desired map, where
N = nP0%)  Hence, the total complexity is n@mO) NO(m) — pO(mélogk) O

5. SPARSE-INVERTIBLE WIDTH-w ROABP: THEOREM [3

An ABP is a directed graph with d + 1 layers of vertices {Vp, Vi,..., Vy} such that the
edges are only going from V;_1 to V; for any i € [d]. As a convention, V and V; have only
one node each, let the nodes be vy and v,y respectively. A width-w ABP has |V;| < w for
all i € [d]. Let the set of nodes in V; be {v;; | j € [w]}. All the edges in the graph have
weights from F[z], for some field F. For an edge e, let us denote its weight by w(e). For
a path p from vy to vy, its weight w(p) is defined to be the product of weights of all the
edges in it, i.e. [].c, w(e). Consider the polynomial C(Z) = >~ ¢ aths(vo,0,) W (P) Which is
the sum of the weights of all the paths from vy to vg. This polynomial C(Z) is said to be
computed by the ABP.

It is easy to see that this polynomial is the same as Dg (H?;f D;)Dy_1, where Dy, Dg_1 €
(Flz])* and D; for 1 <i<d—2is aw X w matrix such that

Do(t) = w(vg,vie) for 1 <l <w
Di(k,l) = w(vig,vig1,e) for 1 <l kE<wand1<i<d—2
Dg_1(k) = w(vg—1k,vq) for 1 <k <w
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An ABP is called a read once ABP (ROABP) if the edge weights in the different layers
are polynomials in disjoint sets of variables (it is actually called oblivious ROABP, but we
drop the word oblivious from now on). More formally, there exists an unknown partition
of the variable set T into d sets {Z1,Z2,...,T4} such that in the corresponding matrix
product Do(Hf;f D;)Dg_1, the entries in D;_; are polynomials in variables Z;, for all
i € [d]. It is read once in the sense that in the corresponding ABP, any particular variable
contributes to at most one edge on any path.

We work with the matrix representation of ABP. We will show a hitting-set for an
ROABP DO(H?:1 D;)Dgy1 with D; being invertible matrices for all ¢ € [d] and all the
matrices being sparse polynomials. Hence, we name this model sparse-invertible-factor
ROABP. Like in the previous sections, we find a hitting-set by showing a low-support
concentration.

For a polynomial D, let its sparsity s(D) be the number of monomials in D with nonzero
coefficients and let (D) be the maximum support of any monomial in D.

Theorem (3| (restated). Let T =T U ---UZ4y1, with [T| =n. Let C(Z) = DEDDgyq €
F[z] be a polynomial with D(T) = Hle D;(z;), where Dy € F¥[zy] and Dgiq € F¥[Tg41]
and for all i € [d], D; € FY*¥[z;] is an invertible matriz. For all i € {0,1,...,d + 1},
D; has degree bounded by &, s(D;) < s and pu(D;) < p. Let £ := 1+ 2min{[log(w? -
)], u}. Then there is a hitting-set of size poly((nds)®”) for C(z). (For the proof, see
Appendix @)

Remark 23. If u = 1, i.e. each D; is univariate or linear, then we get poly-time for
constant w.

Proof Idea- Here again, we find a hitting-set by proving low-support concentration, but
with a different approach. As all the matrices in the matrix product D(T) = H;flzl D;(z;)
are over disjoint sets of variables, any coefficient in the polynomial D(Z) can be uniquely
written as a product of d factors, each coming from one D;. We start with the assumption
that the constant term of each polynomial D;, denoted by D;g, is an invertible matrix.
Using this we define a notion of parent and child between all the coefficients: If a coefficient
can be obtained from another coefficient by replacing one of its constant factors D;g with
another term (with non-trivial support) from D;, then former is called a parent of the
latter. Observe that if we want to do this replacement by a multiplication of some matrix,
then D;o should be invertible. Moreover, all the factors on its right side (or its left
side) also need to be constant terms in their respective matrices (this is because of non-
commutativity). For a coefficient, the set of matrices D; which contribute a non-trivial
factor to it, is said to form the block-support of the coefficient.

Our next step is to show that if a coefficient linearly depends on its descendants then the
dependence can be lifted to its parent (by dividing and multiplying appropriate factors)
i.e. its parent also linearly depends on its descendants. As the dimension of the matrix
algebra is constant, if we take an appropriately large (constant) child-parent chain, there
will be a linear dependence among the coefficients in the chain. As the dependencies lift
to the parent, they can be lifted all the way up. By an inductive argument it follows that
every coefficient depends on the coefficients with low-block-support. Now, this can be
translated to low-support concentration in D, if a low-support concentration is assumed
in each D;.

To achieve low-support concentration in each D;, we use an appropriate shift. The
sparsity of D; is used crucially in this step. To make D;q invertible, again an appropriate
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shift is used. Note that D;p can be made invertible by a shift only when D; itself is
invertible, hence the invertible-factor assumption.

6. DISCUSSION

We conjecture that for depth-3 multilinear circuits, low-support concentration can be
achieved by an efficient shift. A first question here is to remove the knowledge of the base
sets in Theorem 2

In the case of constant width ROABP, we could show constant-support concentration,
but only after assuming that the factor matrices are invertible. It seems that the invert-
ibility assumption restricts the computing power of ABP significantly. It is desirable to
have low-support concentration without the assumption of invertibility.
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APPENDIX A. COMPLETE PROOFS OF SECTION [3]

Lemma 2| (restated). If D(%) is (-concentrated, then there is a nPY-time hitting-set
for C(T).

Proof.



16 AGRAWAL, GURJAR, KORWAR, AND SAXENA

Claim 24. The polynomial C(Z) = 0 iff all of its (< £)-support monomials have coefficient
=0.

This claim gives an n°©-time hitting-set all C(Z): We can isolate each of the (< f)-
support monomials and check whether their coefficient is 0. How do we isolate the (<
£)-support monomials? For each subset S of cardinality < ¢, set the variables in the
set S to 1 and the other variables to 0. This isolates ) g coefc(zr) = coefc(zs) +
S regcoefo(xr). If it was already known that the coefficient of the smaller subsets is
0, then Y rcgcoefa(xr) =0 = coefc(xg) = 0. Thus, starting with coefficients of
cardinality 0, we test the coefficient of each set for nonzeroness. The hitting-set thus
consists of substituting T = (b1,be,...,b,),b; € {0,1} with < ¢ many 1s. There are
Zf;é (?) = n°® such tuples.

Proof of Claim|[24 The forward implication holds trivially. To prove the reverse impli-
cation, we express the coefficients of the polynomial C(Z) as a linear combination of its
low-support coefficients.

C(@ = al D)
= al. Z usrs | , where ug := coefp(zg)
5C[n]

= Z ETUSJCS
SCl[n]

Since D(Z) is ¢-concentrated, the coefficients of each of its monomials can be expressed
as a linear combination of coefficients of low-support monomials, i.e. VS C [n],us =

ZRg[n],|R\<£ ar,sur. Hence,

C(x) = Z Z QRS (ETUR) zg.

SC[n] \RC[n],|R|<t

Let Bp := coefc(xg) = @’ up. Hence,

c@ =Y > arsBr | s

SCln] \RC[n],|RI<¢

This proves the claim.
O

0

Lemma 25 (Efficient Kronecker map [Kro82, [Agr05]). Consider a set A of n-variate
monomials with mazimum individual degree d and |A| = a. There exists a set of N-many
monomial maps ¢: t — {ti}filng, such that at least one of them separates the monomials

in A, where N := nda?log(d + 1).

Proof. Since we want to separate the n-variate monomials with maximum individual de-
gree d, we use the naive Kronecker map ¢': t; — HAD for all § € [n]. It can easily be
seen that there is a 1-1 correspondence between the original monomials and the substituted
monomials. But the degree of the new monomials can be very high.
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Hence, we take the substitutions mod (” — 1) for many small primes p. In other words,
the degrees are taken modulo p. Each prime p leads to a different substitution of the
variables t;s. That is our set of candidate maps. We need to bound the number N of
primes that ensure that at least one substitution separates the monomials in A. We
choose the smallest N primes, say P is the set. By Prime Number Theorem, the highest
value in the set P is N log N.

To bound the number N of primes: We want a p in the set P such that Vi # j, d;—d; #0
(mod p), where d;s are the degrees of ¢ in the a monomials after the substitution ¢'. Le.
we want a p such that p{ [[,,; (di — d;).

There are N such primes. Hence we want that [[,cpp f [[,; (di —d;). This can be
ensured by setting [[,cpp > [, ; (di — d;). There are (< a?) such monomial pairs and

each d; < (d + 1)™. Also, [Lepp > 2N, Hence, N = nda?log(d + 1) suffices. O

Lemma 3| (restated). If for a polynomial D(Z) € Hy(F)[Z], there exists a set of f(n)-

many maps from t to {ti}fiq) such that for at least one of the maps ¢, the shifted poly-
nomial D(Z + ¢(t)) has -concentration, then C(Z) = a' D(Z), for any @ € F*, has an
nPW f(n)g(n)-time hitting-set.

Proof. We need to try f(n)-many maps, such that one of them will ensure ¢-concentration
in D(Z + 6(%)). Lemma [2/shows that ¢-concentration implies a hitting-set of size n® for
C(T+¢(t)). But each evaluation of C(Z+ ¢(t)) will be polynomial in ¢ with degree at most
ng(n). This multiplies a factor of ng(n) to the running time. So, total time complexity is
0O f(n)g(n). 0

Lemma (restated). Let F(z) € H;(F)[z] be a §-distance circuit. Let F'(T) =
F(ZT + ¢s0,(t)) be its shifted version. Let Vp: be the subspace spanned by the phase-(< j)
coefficients of F'(x). Then, F'(T) has {y-concentration modulo Vpr. Le. ¥ monomial T in
F,

coef pr(x7) € span{coefp (zg) | S € monom(F"), |S| < o} + Vi,
where, monom(F") denotes the set of all possible multilinear monomials that appear in F'.

Proof. The proof is by induction on the number of neighborhoods in F’, |jnbd;(E")].
We prove the theorem for intermediate subcircuits £’ of F’. These subcircuits E’ have
progressively more neighborhoods in the partition P;.

Base Case: Any shifted d-distance circuit, E' over j coordinates, with ||nbd;(E")|| < o,
has fyp-concentration modulo Vg, from Lemma

Induction Hypothesis: Any shifted d-distance circuit, E’ over j coordinates, such that
lnbd; (E")|| < r (r > {p), has £y-concentration modulo V.

Induction Step: Let |nbd;(E")|| = r + 1. Let E{ be the subcircuit corresponding to
the tower over one neighborhood in nbd;(E’). Let Ej be the subcircuit corresponding
to the tower over the remaining neighborhoods in nbd;(E’), i.e. ||nbd;(E})|| = r. Hence,
E' = E{ x E|.

We will now prove £y-concentration of an arbitrary monomial 7" in E’. Since Ej and Ej
are disjoint towers, the variables in their supports are disjoint. Let Ty = var(E() N T and
Ty = var(E;)NT. Hence, T = Ty UT;. By the induction hypothesis, Fj is fy-concentrated
modulo V. Hence,

coefpr (v1,) € span{coefpy (zg) | S € monom(E]), |S| < o} + Vi,

where, monom(E/) denotes the set of monomials in E{. We know that coefp/ (xr) =
coef gy (z1, )xcoef g (21,) from Observation@ Multiplying the above equation with coef g (2173 ),
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we get,
coef g/ (v1) € span{coef g (z5) * coef gy (z1,) | S € monom(E}), |S| < lo} + V.

This holds because, by Observation coef g (x,) * Ve, C Vgr. By Observation |§|7 the
above equation is equivalent to

(1) coef g/ (z7) € span{coef g/ (zsur,) | S € monom(EY), |S| < b} + Ver.

We will now prove that coef g/ (xsur,) is fo-concentrated (modulo Vgr) for all monomials
S in EY{. This will prove that coef g (z7) is fo-concentrated (modulo V).

Let |lnbd;(S)|| be the number of neighborhoods in nbd;(S). Since |S| < €y, we know
|nbd;(S)|| < ¢p. Hence, ||nbd;(S U Tp)|| < fy. Let the subcircuit corresponding to
tower; (S UTp) be Ej. Let the subcircuit E5 be such that E' = EY  Ef. From Observation

coef g/ (zsum,) = coef gy (zsum,) * coef gy (25).
As ||nbd;(E5)|| < Co, from Lemma we have (o-concentration in Ej modulo Vpy.

coef gy (zsur,) € span{coefp; (zr) | R € monom(EY), |R| < b} + Vi
Multiplying throughout with coef g, (zz),
coef g/ (zsur,) € span{coef gy (z ) * coef g, (zo) | R € monom(E}), |R| < ly} + V.

This is because coef B, (xg) * VEé C Vgr. The equation is equivalent to

(2) coef g/ (zsur,) € span{coef g/ (xg) | R € monom(E'), |R| < o} + V.
Using Equations and ([2]) we get that coef g/ (T) is in the span of coefficients in E’ with
support < £y modulo Vg/. Hence, we get fy-concentration of E’ modulo V. O

APPENDIX B. PROOF OF LEMMA (SMALL-NEIGHBORHOOD {y — concentration)

We will now show fy-concentration in a d-distance circuit E’ modulo its phase-(< j)
coefficients, where the number of neighborhoods in the partition IP; is < ¢y. The basic
idea of the proof is to take dependencies among the coefficients of E and lift them to get
new dependencies of E’.

Lemmal|19| (restated). Let E(Z) € H;(F)[Z] be a §-distance circuit with |nbd;(E')|| < fo.
Let E'(T) = E(T + ¢s0,(t)) be its shifted version. Let Vi be the subspace spanned by the
phase-(< j) coefficients of E'(xT). Then, E'(T) has £y-concentration modulo Vgr. Le. ¥
monomial T in F’,

coef g (z7) € span{coef g/(zg) | S € monom(E"), |S| < by} + V.

Proof. Let the matrices U and U’ € FU2™ be such that their columns represent the
coefficient vectors in E and E’ respectively. Let us recall the relation between U and U’
from Section [2.1

(3) U=UM,
where M is the transfer matrix defined in Section Let Null(U) denote the nullspace
of U. Consider a vector a € Null(U), i.e. Ua = 0. Using Equation , U'Ma = 0. Thus,
Ma € Null(U).

Let us now study the dependencies we want for U’ to show the appropriate concentra-

tion. Let &1 be the set of monomials which have support > ¢y and are in phase-j. Let &g
be the set of all other monomials. Let U} € FU*So and U] € FUIXS1 be the submatrices
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of U’ consisting of coefficient vectors of monomials in Sy and S respectively. To prove
the lemma, we need to show that the columns of U] are in the span of the columns of Uy.

Let B € F(t)Q[n] be a dependency among the columns of U’, i.e. U'3 = 0. We can break

this equation into two parts as: U;51 = —U)) (o, where 5y and 51 are the subvectors of 3,
indexed by the monomials in Sy and &7 respectively. In other words,
(4) UiB1 =0 (mod Up),

where, by “mod U}” we mean modulo column-span(U}). Now, we want to show that

U{ =0 (mod UY).

Let |S1], the number of columns in U{ be N*. Suppose there exists a set of N* many
null-vectors of U’. Let B € F2"xIN ‘I, be the matrix with these null-vectors as its columns.
Let B; be the submatrix of B obtained by picking the rows indexed by the monomials in
S1. Using Equation ,

UiBy =0 (mod U}).
If By is an invertible matrix then,
Ul = 0B (mod U))
= U] 0 (mod UY),

which is the desired result.

Now, to show the existence of such a set of null-vectors B, we will take the null-vectors
of U and lift them. Here, we will use the notation of a matrix, to also denote the set of its
column-vectors. As seen earlier, if N* C Null(U), then B := MN* C Null(U’) (by ‘C” we
mean column-wise). Let M; be the submatrix of M, obtained by picking the rows of M
indexed by the monomials in &;. We intend to show that there exists a set of N* many
null-vectors N* C Null(U) such that By := M1 N* is an invertible matrix.

For this, let us analyze the monomials in S;. Recall that any phase-j monomial has at
most 0 support from any neighborhood in partition P;. As |[nbd;(E)| < 4o, any phase-j
monomial has degree at most 0¢y. Hence, monomials in &; have degree between ¢y and
dly. Tt suffices to show M1 N* is an invertible matrix, assuming M has rows indexed by
all the monomials with degree between ¢y and 6¢y (If this M N™* is invertible, then, for
every subset M\l of rows of M1, there exists a subset N* of null-vectors A'* such that
M N* is invertible). Now, we redefine N* to be the number of such monomials.

Recall that M;(S,T') # 0 only when 7" C S. Since the rows of M; are indexed by the
monomials of degree at most d¢p, its columns indexed by the monomials of degree > ¢y
will be all zero. Hence, the rows of N”* indexed by the monomials of degree > §fy can be
ignored. We thus redefine M; and N* as their truncated versions.

So, we can as well assume that N* C Null(Us,), where Uy, is the submatrix of U,
obtained by picking the columns indexed by the monomials of degree < d4j.

Let N be the number of all n-variate monomials of degree < 6¢y. Let N := Null(Usy,).

Now, in Lemma we show that for any vector-space N' C F¥ of dimension > (N — k),
there exists N* C N such that M N* is invertible. As Usy, has rank at most j, N has
dimension at least (N — j) > (N — k) as required in Lemma [2§|

This completes the proof. O

To show that there exists such a set of vectors N*, now we will look at some properties
of the transfer matrix. This is a simplified and improved proof of Theorem 13 in [ASS13].

Lemma 26 (Transfer matrix theorem). Consider a matriz M, ; (¢ < n), with rows indezed
by all possible n-variate multilinear monomials with support size > £ and columns indexed
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by all possible n-variate multilinear monomials. Let M, (S, T) = 1 if T C S and 0
otherwise. Then any vector formed by a nonzero linear combination of the rows over any
field F has at least 2¢ nonzero entries.

Proof. Proof is by induction on the number of variables, n.

Base case: There is only one variable, 1. Then ¢ is 0 or 1.

When ¢ = 1, the matrix Mj; has only one row, indexed by the monomial x;. The
matrix Mi 1 has two columns. They are indexed by the empty set & and the monomial
x1. So, My1 = (11); which clearly satisfies the lemma statement.

When ¢ = 0, both the rows and the columns are indexed by the empty set @ and the
monomial 1. The matrix M; o = (19). Since the two rows are linearly independent, any
nonzero linear combination will have at least 1 = 2° nonzero entry.

Induction Hypothesis: Assume that for number of variables = n—1 and for all £ < n—1,
any nonzero linear combination of the rows has at least 2¢ nonzero entries.

Induction Step: We have to prove the property for M, ; for all £ < n.

The rows of the matrix M, , are partitioned into two sets: Si, the set of rows whose
indices do not contain z,, and Ss, the set of rows whose indices contain x,. The columns
of the matrix M,, o are similarly partitioned into two sets: 7i, the set of columns whose
indices do not contain x,, and 7, the set of columns whose indices contain x,. Then M,, ,

is divided into four blocks: {M,, ¢ (S;, T;)}, (4,5 € {1,2}). Clearly,
(5) My (S1,T1) = My_1y

(6) My ¢(S1,72) = 0and

(7) n,f (827 7-1) = Mn,f (827 7-2) °

Note that, if £ = n, Equation still holds, since then, §; = &. Equationholds because
TU{n} CSU{n}iff T CSU{n}, where S,T C [n —1].

We break the linear combination: ZSG(SluSQ) csMg = ZSesl csMg + ZSGSQ dsMg
where cg,ds € F and Mg is the row of M, ¢ indexed by the set S.

> esMs = Z%‘(M(S,Tl) 575) st( (S,7T1) (577'2))

SE(S1US) Ses SeS;
= ZQS‘(MSTl ) st< (S,71) (5771)>
SES SESs
_ ( S esMS.T) + Y dsM(S.T) | Y dsM<S,T1>>
SeSy SeSse ESESQ
- (¢+DD).

where, C:= Y g5 ¢s M(S,T1) and D := Y g5, ds M(S,Ti) are row vectors in F2"
The second equality holds from Equations @ and .

Let us first consider the case when C' # 0. Since C is a nonzero linear combination
of rows in M, ¢(S1,7T1), from Equation and by the induction hypothesis, it has > 2¢
nonzero entries. For any index T' € Ty, if C(T) # 0, but (C + D)(T) = 0, then D(T') # 0.
Hence, (é +D E) has at least as many nonzero entries as C, i.e. > 2¢.

But, we cannot use the induction hypothesis if C = 0, i.e. if S = @ or cg = 0,VS € S;.
In this case, we have to show that there are > 2¢ nonzero entries in (ﬁ}ﬁ), i.e. that there



LOW-DISTANCE MULTILINEAR DEPTH-3 21

are > 21 nonzero entries in D (assuming ¢ > 1). For this, observe that M, (S2,71) =
M,,—1 ¢—1. Hence, we can use the induction hypothesis.

If ¢ = 0, we need to show that that there are > 1 nonzero entries in D. For this, observe
that M, o (S2,T1) = M,—1,0. Hence, we can use the induction hypothesis. O

Now, from this property of the transfer matrix, we will conclude linear independence
of rows of a truncated transfer matrix.

Lemma 27. Consider the matriz M, , described in Lemma . Let us mark any set of
at most 28 — 1 columns in M, . Let MT’M denote the submatriz of M, , consisting of all
the unmarked columns. The rows of M), , are linearly independent.

Proof. Lemma [26 shows that any nonzero linear combination of the rows of M, ; has at
least 2¢ nonzero entries. M{M has at most 2 — 1 columns missing from M, ¢. So, any
nonzero linear combination of the rows of M;z,f has at least one nonzero entry. In other
words, the rows of matrix M;M are linearly independent. O

Now, we are ready to prove the invertibility requirement in Lemma Recall that N
denotes the number of all n-variate multilinear monomials with support size < §¢y and
N* denotes the number of all n-variate multilinear monomials with support size between
Ly and §¢y. The truncated transfer matrix (introduced in the proof of Lemma M3 has
dimension N* x N. Now, we show that the truncated transfer matrix M; multiplied by
an appropriate set of N*-many null-vectors gives an invertible matrix.

Lemma 28 (Transfer matrix action). Consider the truncated transfer matrizc M. Given
any space N' C FN of dimension at least N — k, there exists a set of N* wvectors in it,
denoted by N3, y«, such that MuN™ is an invertible matriz.

Proof. From Section recall that M; can be written as the product A’M;A. Here

Aoy n+ and Ay are diagonal matrices with A(T,T) = (—1)‘T|m. Recall that
0

¢s0, is a univariate map, which sends all monomials ¢ to distinct powers of ¢, when
|T| < 0lyp. Hence, ¢s¢, gives a total ordering on the monomials ¢7. From now on, we
assume that the columns of matrix M; are arranged in an increasing order according to
the ordering given by ¢s,.

M is a matrix with columns indexed by monomials with support size < §fp and rows
indexed by monomials with support size between £y and §¢y. Also,

1 ifTCS,

0 otherwise

M;(S,T) = {

Take a basis of the space N of size N — k and with an abuse of notation, denote it by
N. In the matrix form N has dimension N x (N — k). The rows of matrix N are also
arranged in an increasing order according to the ordering given by ¢sy, .

Any linear combination of the basis vectors remains in the same space. Hence, we can
do column operations in the matrix A/. We can assume that after the column operations
N has a lower triangular form. To be more precise, we can assume that in any column
of N the first nonzero entry is 1. And if i; denotes the index of the first nonzero entry
in j-th column, then iy < iy < -+ < iy_p. Clearly, the rows of N, given by the indices
I := {i1,12,...,in_k}, are independent. The other rows corresponding to the indices
I' := [N] — I are dependent on the I rows. Mark the columns in M; corresponding to the
indices in I’. We know |I'| = k < 2% — 1. Now, we apply Lemma [27| to the matrix Mj.
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Note that in Lemma@ the matrix M, , has columns corresponding to all the multilinear
monomials while our matrix M has columns only corresponding to monomials of support
size < §fy. So, we cannot directly apply Lemma [27] to M;. However, note that M; has
rows corresponding to monomials of support size between £y and §fg. Hence, any column
with monomial support size > &fy will be a zero column. So, we can ignore the zero
columns, and Lemma implies: the rows of M are linearly independent, where M
denotes the matrix formed by the unmarked columns of M;. In other words, there exists a
set of N* unmarked columns in M7, which are linearly independent. Let the set of indices
corresponding to these columns be I'*.

Recall that I* C I. So, we can choose a set of N* columns from N such that the set
of their first nonzero indices is I*. Let the matrix corresponding to these columns be
Ny« Now, we consider the square matrix given by Ry«xn+ := MjAN*. We claim
that det(R) # 0. To prove the claim we look at the lowest degree term in det(R). Let
R; be the j-th column of R for 1 < j < N*. Viewing R; as a polynomial in FV"[¢], let
Rjo be the coefficient of lowest degree term in R;. Let us define a matrix Rg whose j-th
column is Rjg for 1 < j < N*. Clearly, det(Ry) is the coefficient of the lowest degree term
in det(R), in the case when det(Rp) # 0. We claim that det(Rp) # 0.

We know that R; = M1 AN, where N} is the j-th column of N*. Let i; be the index
of the first nonzero entry in /\/’]* As the entries in A/\/'J* have powers of t in an strictly
increasing order, the coefficient of the least term in MlA,/\/j?k is clearly £M;,, where M;,
is the ij-th column of M;. So, Rjp = +M;; and hence Ry = Mj- (upto a multiplicative
factor of (—1) to the columns), where M/« is the submatrix of M; corresponding to I*
columns. As these columns are linearly independent, we get that det(Ry) # 0. Which
in turn implies that det(R) # 0. Hence, the product matrix A’MyAN* = MIN* is
invertible. O

APPENDIX C. COMPLETE PROOFS OF SECTION [l

Lemma 29 (Circuits to coefficients). Let Dy(Z), D1(Z), ..., Dp(T) be multilinear polyno-
mials in Hy(F)[Z] for some field F, where T = {x1,x9,...,z,}. Let D;(T) = ng[n} U; ST S,
Vi€ {0,1,...,h}, where uis € Hy(F). If Do(T) € spangz{Di(T) | i € [h]} then

{uos | S C [n]} € spang{uss [ i € [h], S C [n]}.

Proof. Let us define a field F/' := F(z). Dy € spanp{D; | ¢ € [h]} implies that any
null-vector for the vectors Dy, D, ..., Dy is also a null-vector for Dy, i.e.

{a e Hy(F) | o - D; =0, Vi € [h]} C {a € Hy(F') | T - Dy = 0}.
So, the statement is also true when the vector a coming from Hy(F), i.e.
(8) {a € HL(F) | of - D; =0, Vi € [h]} C {a € Hy(F) | o - Dy = 0}.

It is easy to see that the set of null-vectors for a vector D; € Hy(F’), which are coming
from Hy(F), is the same as the intersection of the sets of null-vectors of the coefficient
vectors in D;, i.e.

9) {a € Hi(F) | a” - D; = 0} = {a € Hg(F) | @’ - uis = 0, VS € [n]}.
Using Equations and @D, we can write,
{a € Hi(F) | o - uis = 0, Vi € [h], VS C [n]} C {a € Hy(F) | o - ugs = 0, VS C [n]}.
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Hence, we can write, for any T C [n],
{a € Hy(F) | T - uis = 0, Vi € [h], VS C [n]} C {a € Hy(F) | a” - ugr = 0}.
This clearly implies, by linear algebra, that for any 7' C [n],
uor € spanp{u;s | i € [h], S C [n]}.
O

Lemma 30. Let D(T) has m-base-sets-0-distance with base sets {T1,Za,...,Tm}. Let
us write D(ZT) = Y gy usts, where I, denotes the set of indices corresponding to the
variable set T, and for all S C I, us € Hy(F)[Z1, T2, ..., Tm_1]. Then for any S C I,,,
ug has (m — 1)-base-sets-d-distance with base sets {l’l,l’g, ey T—1}-

Proof. 1t is easy to see that ug is an evaluation of a derivative of D. To be more precise,
_ 9D A 0 .. D
us = Ozg |($j:07 Vj€lm—>5S)> where Ozxg ° OJGSQQ:]"

Now, D is a multilinear polynomial computed by a II¥ circuit over Hy(F), hence for
each product gate, a variable occurs in at most one of its input wires. If we take the
derivative with respect to that variable, the corresponding wire vanishes from the circuit.
So, the circuit for ug is essentially the same as that of D except some input wires to the
product gates are missing and also some variables are replaced with 0. Hence, ug when
restricted to any variable set Z;, still has § distance, Vi € [m — 1]. Moreover, the variables
from Z,, are not present in ug. Hence, ug has (m — 1)-base-sets-J-distance with base sets
{fl,fg,...,fm_l}. O

Lemma 31. Let a polynomial D(z) € Hy(F)[Z] have m-base-sets-6-distance with base
sets being {T1,%2,...,Tm}. Then, D(T + ¢§; (t)) has (m(£ — 1) + 1)-concentration, where
C=log(k+1)+d+1.

Proof. We will prove the theorem by induction on m, i.e. we first show the effect of shift
in T,, variables and next invoke induction for the shift in U?:llii variables.

Base case: When m = 1, D(T) = D(Z;) is simply a polynomial with J-distance. So,
D(Z1 + ¢, (t1)) has l-concentration from Lemma

Induction hypothesis: Assume that the statement is true for m — 1 base sets.

Induction step: We will view the polynomial D(Z) as a polynomial on T, variables
with coefficients coming from Hy(F)[Z1,Z2,...,Tm-1]. Let I; denote the set of indices
corresponding to the variables in x;. Then we can write D = ZSC 1, USTS, where ug €
Hg(F)[Z1, T2, ..., Tm-1] for each S C I,,,. Let us define -

D = D(Tl + ¢g}0(f1),fg + (ﬁgéo(%g), B (bg%o(im))

Also define
s := us(T1 + dgp, (t1), T2 + Oy, (£2), -+, Trn1 + D5, (Em—1))
and
D = Z USTS.
SCI,
Let F := F(Z1,Z2, .., Tm—1,t1,t2, ..., t;m—1). It is easy to see that D, as a polynomial

in Hy(F)[Z,], has -distance. Hence, from Lemma D' = D(Z,, + ¢34, (tm)) has £-
concentration over F(tm) Note that our working field F having variables {Z1,To, ..., Tpm—1}
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and {ti,te,...,t;—1} is not a problem as t,, is a new variable. ¢-Concentration of
D = ZSC[m uwsrs means that for any 7' C Iy,
(10) up € spang; {us| S C I, |S| <t}

Next, we will show this kind of dependence among their coefficient vectors. Let us define
a field Fy := F(t1,t2,...,tmy). Also define F/ := F(tm) = Fy(%1,To, ..., Tim—1). Let T
denote the indices corresponding to the variables in the set T \ Z,,,. Now for any 7" C I,,,
the vector w7 € H(F') can be seen as a polynomial over T \ Z,, variables, i.e. u, =
ZUgl[m—l] up ywy, where up g € Hy(Fy) for all U € Ij,_1). From Lemma [29, we know
that dependence among polynomial vectors implies a dependence among their coefficients
over the base field. So, Equation together with Lemma implies that for any
T C Iy, V<,

(11) wyy € spang, {ug | S C I, [S| <4, U C Ijpp_qp}

Let us view D’ again as a polynomial in Hy(F;)[Z1, T2, ..., Tm]. Equation shows
that in D', the rank is concentrated on the coefficients corresponding to the monomials
which have low-support from Z,,. Next, we will argue that the rank is actually concen-
trated on the coefficients corresponding to the monomials which have low-support from
all the z;s.

To show that, we will show low-support concentration in the circuit uy for any S € I,.
Let us define a polynomial

D = D(T1, T2, ., T, T + O3, (Em))-

Viewing D as a polynomial in 7, variables, we can write D= > osc 1, usrs. We know
that D has m-base-sets-d-distance. It is easy to see that shifting a polynomial in some
variables preserves this property. Hence, D has m-base-sets-d-distance with base sets

being T1,To,...,Tm. Now, ug € Hy(F(tn))[T1,T2,...,Tm—1] is the coefficient of xg
in D. So, from Lemma tg will have (m — 1)-base-sets-d-distance, with base sets
being Zi1,T2,...,Tm—1. Now, by our induction hypothesis, @g will have low-support

concentration after appropriate shifting. To be precise, ug = us(T1 + ¢F, (f1), T2 +
D54, (t2)s - -, Tin—1 + By (tm—1)) has ((m — 1)(£ — 1) + 1)-concentration. This means that
for any S C Iy, V C I}y 1y,

(12) U,&V € spanFt{ufiU | U C Iy, U] < (m—=1)(£—1)+1}.
Combining Equation and we get that for any 7' C I, V C I}y, _qj,
(13)  wpy € spang,{ugy | S C I, |S| <{, U C Ijpyqy, [U] < (m—1)((—1)+1}.
Now, let us define I, := Iy U I [, _q). Viewing at D’ as a polynomial in variable set T let
us write D' =3 g I ugzs. From Equation , we can say that for any T C Iy,

wy € spang, {ug | S C Ijy, [S] < m(€—1) 41},
Hence, D’ has (m(¢ — 1) + 1)-concentration. O

AprPENDIX D. BUILDING THE PROOF OF THEOREM [3

Our first focus will be on the matrix product D(T) := Hle D; which belongs to F***[z].
We will show low-support concentration in D(Z) over the matrix algebra F*** (which is
non-commutative!).
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D.1. Low Block-Support. Let the matrix product D(T) := H?:1 D; correspond to an
ROABP such that D; € F¥*%[z;] for all ¢ € [d]. Let n; be the cardinality of Z; and
let n = Z?:l n;. For an exponent e = (e, ea,...,ey,) € N™ and for a set of variables
y={y1,y2,- .-, Ym}, y° will denote y1“1y2 ... ym°".

Viewing D; as belonging to F***[z;], one can write D; := ) yn; DieT§. In particular
Do refers to the constant part of the polynomial D;.

For any e € N", support of the monomial z¢ is defined as S(e) := {i € [n] | ¢; # 0} and
support size is defined as s(e) := |S(e)|. In this section, we will also define block-support
of a monomial. Any monomial ¢ for e € N”, can be seen as a product Hle z;%, where
e; € N for all i € [d], such that e = (e1,e2,...,eq). We define block-support of e, bS(e)
as {i € [d] | e; # 0} and block-support size of e, bs(e) = |bS(e)|.

Next, we will show low block-support concentration of D(Z) when each D;g is invertible.

As each D; is a polynomial over a different set of variables, we can easily see that the
coefficient of any monomial ¢ = H?:l ;% in D(T) is

d
(14) De:=[] Die;-
=1

Now, we will define a relation of parent and children between these coefficients.

Definition 32. For e*,e € N, D« is called a parent of D, if 3j € [d], j > maxbS(e) or
j < minbS(e), such that bS(e*) =bS(e) U{j} and e} = e;, Vi € [d] with i # j.

If D.+ is a parent of D, then D, is a child of D¢«. Note that any coefficient has
at most two children, on the other hand it can have many parents. In the case when
j > max{bS(e)} we call e, the left child of e* and in the other case we call it the right
child.

To motivate this definition, observe that if j > maxbS(e) then by Equation we
can write Do = D A™'B, where A := [[{_; Djo and B := Dje: [, Dio. We will
denote the product A~'B as D, 1.+. Similarly, if j < min{bS(e)} then one can write
Dew = BA™'D,, where A := [[._; Dio and B = (I[)Z{ Dio) Dje;. Tn this case we wil

denote the product BA~! as D,..—1. Note that the invertibility of D;gs is crucial here.
We also define descendants of a coefficient D, as descend(D.) := {Dy | f € N*, bS(f) C

bS(e)}. Now, we will view the coefficients as F-vectors and look at the linear dependence

between them. The following lemma shows how these dependencies lift to the parent.

Lemma 33 (Child to parent). Let D.- be a parent of D.. If D, is linearly dependent on
its descendants, then D+ is linearly dependent on its descendants.

Proof. Let D, be the left child of D« (the other case is similar). So, we can write

(15) Dex = DeD 15
Let the dependence of D, on its descendants be the following:
D= > oDy
bS( f)ébS(e)

Using Equation we can write,
De* = Z OéfoDe—le*.

f
bS(f)ChS(e)
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Now, we just need to show that for any Dy with bS(f) C bS(e), DfD.-1.+ is a valid
coefficient of some monomial in D(Z) and also that it is a descendant of D.-. Recall
that De-1o- = A™'B, where A := [[_; Dio and B := Dje: [[{_;,, Dio and bS(e*) =
bS(e) U{j}. We know that j > max{bS(e)}. Hence, j > max{bS(f)} as bS(f) C bS(e).
So, it is clear that D;D, 1.« is the coefficient of 7l = fffje;. It is easy to see that
bS(f*) =bS(f)U{j} C bS(e*). Hence, D+ = DD 1.+ is a descendant of De«.

O

Note that, the set of descendants of a coefficient strictly contains its children, grand-
children, etc. Clearly, if the descendants are more than dimp F**%, then there will be a
linear dependence among them. So,

Lemma 34. Any coefficient D, with bs(e) = w?, F-linearly depends on its descendants.

Proof. First of all, we show that if a coefficient Dy« is nonzero then so are its children.
Let us consider its left child Dy (the other case is similar). Recall that we can write
Dy« = DyDg-14«. Hence if Dy is zero, so is Dy«.

Let k := w?. Now, consider a chain of coefficients Do, D,1,. .., D = D,, such that for
any i € [k], D,i-1 is a child of D,:. Clearly, bs(e’) =i for 0 < i < k. All the vectors in this
chain are nonzero because of our above argument, as D, is nonzero (The case of D, = 0 is
trivial). These k + 1 vectors lie in ¥, hence, there exists an i € [k] such that D,; is linear

dependent on {D,o,...,D.i-1}. As descendants include children, grand-children, etc., we
can say that D, is linearly dependent on its descendants. Now, by applying Lemma
repeatedly, we conclude D » = D, is dependent on its descendants. ]

Note that, for a coefficient D, with bs(e) = 14, its descendants have block-support strictly
smaller than i. So, Lemma, [34) means that coefficients with block-support w? depend on
coefficients with block-support < w? — 1. Now, we show w?-block-support-concentration
in D(T), i.e. any coefficient is dependent on the coefficients with block-support < w? — 1.

Lemma 35 (w?-Block-concentration). Let D(Z) = ngl D,(z;) € F**"[z] be a polyno-
mial with Do being invertible for each i € [d]. Then D(T) has w?-block-support concen-
tration.

Proof. Let k := w?. We will actually show that for any coefficient D, with bs(e) > k (the
case when bs(e) < k is trivial),

D, € span{Dy | f € N", bS(f) C bS(e) and bs(f) <k —1}.

We will prove the statement by induction on the block-support of D, bs(e).
Base case: When bs(e) = k, it has been already shown in Lemma
Induction Hypothesis: For any coefficient D, with bs(e) =i — 1 for i — 1 > k,

D, € span{Dy; | f € N", bS(f) C bS(e) and bs(f) <k —1}.

Induction step: Let us take a coefficient D, with bs(e) = i. Consider any child of D,
denoted by D.. As bs(¢) =i — 1, by our induction hypothesis, D,/ is linearly dependent
on its descendants. So, from Lemma D, is linearly dependent on its descendants. In
other words,

(16) D, € span{Dy | bS(f) C bS(e) and bs(f) <1i—1}.
Again, by our induction hypothesis, for any coefficient D, with bs(f) <1 —1,
(17) Dy € span{D, | bS(g) C bS(f) and bs(g) < k —1}.
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Combining Equations and , we get
D, € span{Dy | bS(g) C bS(e) and bs(g) < k —1}.
O

Now, we show low block-support concentration in the actual polynomial computed by
an ROABP, i.e. in C(Z) = DI ([], D;)D411, where Dy, Dgy1 € F*[z].
Corollary 36. Let T =ToUT U -UZgey. Let D(T) € FY*Y[zy,...,T4] be a polynomial
described in Lemma . Let C(%) = DI DDy, € F[7] be a polynomial with Dy € F*[Zy],
Dgyy1 € F[Tgy1]. Then C(T) has (w? + 2)-block-support concentration.
Proof. Let k := w?. Lemma |35 shows that D(Z) has k-block-support concentration. The
coefficient of 7¢ in C' is C¢ := Dy, Hle Die,;D(g11)e,,,» Where e = (e0,€1,...,€d,€441)-
Let D, := Hle D;e,. By k-block-support concentration of D(Z),

D, € span{Dy | bs(f) <k —1}.
Which implies,
Ce € span{Docy Dy D(q41ye,,, | bs(f) <k —1}.

Clearly, DoeoDyD411)e,,, is the coefficient of the monomial xgoxfl . 'CL‘gdl‘ZiJrll. Hence,

Ce € span{Cy | bs(f) < k+ 1}. O

D.2. Low-support concentration. Now, we argue that if D(Z) = Hle D;(z;) has low
block-support concentration and moreover if each D; has low-support concentration then
D(7) has an appropriate low-support concentration.

Lemma 37 (Composition). If a polynomial D(T) = [[_, Di(Z;) € F¥**[z] has {-block-
support concentration and D;(Z;) has {'-support concentration for all i € [d] then D(Z)
has 00 -support concentration.

Proof. Recall that as D;’s are polynomials over disjoint sets of variables, any coefficient D
in D(T) can be written as H?:l D;y,, where f = (f1, fa,..., fa) and D;y, is the coefficient
corresponding to the monomial ff’ in D;. From the definition of bS(f), we know that
fi =0, for any i ¢ bS(f). From ¢'-support concentration of D;(T;), we know that for any
coefficient Dy, ,

Dy, € span{Djq, | g; € N", s(g;) < ¢ —1}.

Using this, we can write

d

Dy € span {HDigi | g € N" s(g;) <V —1,Vie[d and g; =0, Vi ¢ bS(f)} .
i=1

Note that the product Hie[d} D4, will be the coefficient of a monomial 79 such that

bS(g) C bS(f) because g; = 0, Vi ¢ bS(f). Clearly, if s(g;) < ¢/ — 1, Vi € bS(f) then

s(g) < (¢ —1)bs(f). So, one can write

(18) Dy e span{Dy | g € N", s(g) < (¢’ = 1)bs(f)}.
From ¢-block-support concentration of D(Z), we know that for any coefficient D, of D(Z),
(19) D, € span{Dy | f € N", bs(f) < ¢ —1}.

Using Equations and , we can write for any coefficient D, of D(T),
D, € span{Dy | g € N", s(g) < (¢’ —1)(¢ —1)}.
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Hence, D(Z) has ((¢ —1)(¢ — 1) 4+ 1)-support concentration and hence ¢¢’-support concen-
tration. O

Now, we just need to show low-support concentration of each D;. To achieve that we
will use some efficient shift. Shifting will serve a dual purpose. Recall that for Lemma
we need invertibility of the constant term in D;, i.e. Do, for all i € [d]. In case D;g
is not invertible for some ¢ € [d], after a shift it might become invertible, since D; is
assumed invertible in the sparse-invertible model. For the shifted polynomial D.(%;) :=
D;(T; + ¢(1;)), its constant term D, is just an evaluation of D;(), i.e. Dilz,—4(,)- Now,
we want a shift for D; which would ensure that det(D/,) # 0 and that D] has low-support
concentration. For both the goals we use the sparsity of the polynomial.

For a polynomial D, let its sparsity set S(D) be the set of monomials in D with nonzero
coefficients and s(D) be its sparsity, i.e. s(D) = |S(D)|. Let, for a polynomial D(7) €
Fvxw(z], S = S(D) and s = |S|. Then it is easy to see that for its determinant polynomial
S(det(D)) C S™, where S* := {mima---my, | m; € S, Vi € [w]}. Hence s(det(D)) < s*.
Now, suppose det(D) # 0. We will describe an efficient shift which will make the constant
term, of the shifted polynomial, invertible. Let ¢:  — {t'}3°, be a monomial map which
separates all the monomials in det(D(f)), i.e. for any two ', € S(det(D())), ¢(t°") #
(). Tt is easy to see that if we shift each z; by ¢(t;) to get D'(Z) = D(Z + ¢(%)) then
det(Djg) = det(Dlz—y)) # 0

For sparse polynomials, Agrawal et al. [ASS13, Lemma 16] have given an efficient shift

to achieve low-support concentration. Here, we rewrite their lemma. The map ¢p: t —
{ti};’io is said to be separating ¢-support monomials of degree 4, if for any two monomials
" and £“* which have support bounded by ¢ and degree bounded by &, ¢g (t") # ¢pr (£72).
For a polynomial D(T), let p(D) be the maximum support of a monomial in D, i.e.
w(D) := f@lgs?(XD) s(e).
Lemma 38 ([ASS13]). Let V' be a F-vector space of dimension k. Let D(Z) € V[z]| be
a polynomial with degree bound 6. Let £ := 1+ 2min{[log(k - s(D))], u(D)} and ¢, be
a monomial map separating £-support monomials of degree §. Then D(T + ¢y(t)) has
(-concentration over F(t).

The [ASS13] version of the Lemma [38 gave a concentration result about sparse polyno-
mials over Hy(F). But observe that the process of shifting and the definition of concen-
tration only deal with the additive structure of Hy(F), and the multiplication structure is
irrelevant. Hence, the result is true over any F-vector space, in particular, over the matrix
algebra. By combining these observations, we have the following.

Lemma 39. Let D() = [[, Di(%i) be a polynomial in F**[z] with det(D) # 0 such
that for all i € [d], D; has degree bounded by §, s(D;) < s and u(D;) < p. Let £ :=1+
2min{ [log(w?-s)], u} and M := poly(s®”(né)). Then there is a set of M monomial maps
with degree bounded by M log M such that for at least one of the maps ¢, D' := D(T+¢(t))
has {w?-concentration.

Proof. Let ¢: t — {t'}2°, be a map such that it separates all the monomials in S(det(D;(%;))),
for all i € [d]. There are ds** such monomial pairs. Also assume that ¢ separates all mono-
mials of support bounded by £. There are (n6)°) such monomials. Hence, total number
of monomial pairs which need to be separated are s°®) + (n§)°®). From Lemma [25] we
know that there is a set of M monomial maps with highest degree M log M such that at
least one of the maps ¢ separates the desired monomials, where M = poly(s”(nd)¢). As
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the map ¢ separates all the monomials in S(det(D;(¢;))), det(D;(¢(t;))) # 0 and hence, DY,
is invertible for all i € [d]. So, D'(Z) has w?-block-support concentration from Lemma

From Lemma D!(z;) has f-concentration for all ¢ € [d]. Hence, from Lemma
D'(%) has fw?-concentration. O

Now, we come back to the proof of Theorem [3| (restated in Section . We want
to find a hitting set for C(z) = DI DDy, 1, where D € F¥*¥[7] is the polynomial as
described in Lemma 39| and Dy € F¥[T], Dgy1 € F¥[Z441]. Using (w? + 2)-block-support
concentration of C(Z) from Corollary and arguing as in the proof of Lemma M we
show /(w? + 2)-concentration of C(T + ¢(t)), where ¢ is a map which needs to separate
59 4 (n6)°®-many monomials pairs. From Lemma there is set of poly(s®(nd)’)-
many shifting maps with highest degree poly(s*(nd)¢) such that one of them is the desired
map. Similar to Lemma [2, we can show that if C(Z + ¢(f)) has £(w? + 2)-concentration
and has degree bound 6°M) then there is a hitting-set of size (m;)o(m?). Each of these
evaluations will be a polynomial in ¢ with highest degree poly(s*(nd)’). Hence, total time
complexity becomes poly(s®(nd)®™).

Note that for constant width ROABP, when p(D;) is bounded by a constant for each
0 <i < d+1, in particular when each D; is univariate, the parameter ¢ becomes constant
and the hitting-set becomes polynomial-time.

APPENDIX E. WIDTH-2 READ ONCE ABP

In Section [5| the crucial part in finding a hitting-set for an ROABP, is the assumption
that the matrix product D(T) is invertible. Now, we will show that for width-2 ROABP
this assumption is not required. Via a factorization property of 2 x 2 matrices, we will show
that PIT for width-2 sparse-factor ROABP reduces to PIT for width-2 sparse-invertible-
factor ROABP.

Lemma 40 (2x2 invertibility). Let C(z) = D} (Hle DZ-) Dy be a polynomial computed

by a width-2 sparse-factor ROABP. Then we can write a(Z)C (%) = C1(T)Ca(T) + - - Cry1(T),
for some nonzero o € F[Z] and some m < d, where C;(Z) is a polynomial computed by a
width-2 sparse-invertible-factor ROABP, for all i € [m + 1].

Proof. Let us say, for some i € [d], D;(Z;) is not invertible. Let D; = [‘Zz Zﬂ with

a;, bi, c;,d; € F[z;] and a;d; = bjc;. Without loss of generality, at least one of {a;, b;, ¢;,d;}
is nonzero. Let us say a; # 0 (other cases are similar). Then we can write,

a; bl 1 473
|:Ci dz’] = Ll] lai by

In other words, we can write a;D; = A;BI, where A;,B; € F?[7;] and 0 # o; €

{a;, bi,c;,d;}. Note that s(«;),s(4;),s(B;) < s(D;). Let us say the set of non-invertible
D;sis {D;,,Di,,...,D;, }. Writing all of them in the above form we get,

m—+1

C(T) Hai]. = H Cj,
j=1 j=1
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where ‘
Dj (H?:_ll Dz‘) Aiy if j =1,
ij—1 : .
Cj = BZ ) <H;7:ij71+1 Di) Ay if2<j<m,

Bz’Tm <H§l:im+1 Di) Dgv  ifj=m+1.
Clearly, for all j € [m+ 1], C; can be computed by a sparse-invertible-factor ROABP. [

Now, from the above lemma it is easy to construct a hitting-set. First we show a general
result about hitting-sets for a product of polynomials from some class.

Lemma 41 (Lagrange interpolation). Suppose H is a hitting-set for a class of polynomials
C. Let C(z) = C1(z)C2(T) - - - Cpp(T), where C; € C and has degree bounded by ¢, for all
i € [m]. There is a hitting-set of size mdé|H| + 1 for C(T).

Proof. Let h = |H| and H = {au,a2,...,a,}. Let B := {8}, be a set of constants.
The Lagrange interpolation @(u) of the pomts in H is defined as follows

Z J?él Bi) _ &,
HJ#% (Bi = Bj)

The key property of the interpolatlon is that when we put v = 3;, a(f;) = @; for all

i € [h]. For any a € [m], we know that C,(@;) # 0 for some i € [h]. Hence, Cy(a(u)) as a

polynomial in u is nonzero because Cy(@(f5;)) = Cyu(@i) # 0. So, we can say C(a(u)) # 0

as a polynomial in u. Degree of @(u) is h. So, degree of C(@(u)) in u is bounded by mdh.

We can put (mdh + 1)-many distinct values of u to get a hitting-set for C(a(u)). O

Note that a hitting-set for a(z)C(T) is also a hitting-set for C'(Z) if v is a nonzero polyno-
mial. Recall that we get a hitting-set for invertible ROABP from Theorem [3| (Section .
Lemma {0| tells us how to write a width-2 ROABP as a product of width-2 invertible
ROABPs. Combining these results with Lemma 41| we directly get the following.

Theorem 4. Let C(z) = Dg(fo)(ngzl Di(Z;))Dg+1(Tay1) be a polynomial in F[T] com-
puted by a width-2 ROABP such that for all 0 < i < d+ 1, D; has degree bounded by &,
s(D;) < s and pu(D;) < p. Let £ := 1+ 2min{[log(4-s)],u} Then there is a hitting-set of
size poly((nds)?).

We remark again that when all D;s are constant-variate or linear polynomials, the
hitting-set is polynomial-time.

APPENDIX F. SUM OF SET-MULTILINEAR CIRCUITS

In this section, we will reduce the PIT for sum of constantly many set-multilinear
depth-3 circuits, to the PIT for depth-3 circuits with m base sets having J§ distance,
where mdé = o(n). Thus, we get a subexponential time whitebox algorithm for this class
(from Theorem . Note that a sum of constantly many set-multilinear depth-3 circuits
is equivalent to a depth-3 multilinear circuit such that the number of distinct partitions,
induced by its product gates, is constant.

We first look at the case of two partitions. For a partition P of [n], let P|p denote the
restriction of P on a base set B C [n]. For example, if P = {{1,2},{3,4},{5,6,...,n}}
and B = {1,3,4} then P|p = {{1},{3,4}}. Recall that d(P;,Ps,...,P.) denotes the
distance of the partition sequence (P1,Ps,...,P.) (Definition . For a partition sequence
(P1,Py,...P.), and a base set B C [n], let dg(P1,P2,...,P.) denote the distance of the
partition sequence when restricted to the base set B, i.e. d(P1|5, P25, ..., P B).
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Lemma 42. For any two partitions {P1,P2} of the set [n], there exists a partition of [n],
into at most 2y/n base sets {B1, Ba, ..., B} (m < 2y/n), such that for any i € [m], either
dBi(Pl,Pg) =1 or dBi(]P)QaPl) =1.

Proof. Let us divide the set of colors in the partition Py, into two types of colors: One
with at least \/n elements and the other with less than /n elements. In other words,
Py = {X1,Xo,..., X, } U{Y1,Y2,...,Y,} such that |X;| > /n and |Yj| < y/n, for all i €
[r], j € [q]. Let us make each X; a base set, i.e. B; = X;, Vi € [r]. As |X;| > v/n, Vi € [r],
we get 7 < \/n. Now, for any i € [r], P1|p, has only one color. Hence, irrespective of what
colors Pyl g, has, dp, (P, IP1) = 1, for all ¢ € [r].

Now, for the other kind of colors, we will make base sets which have exactly one element
from each color Y;. More formally, let Y; = {y;1,%;2,..,¥jr }, for all j € [q]. Let
r’ = max{ry,r2,...,7q} (' < y/n). Now define base sets B{, Bj,...,B., such that for
any a € [r'], B, = {yja | j € [g], |Yj| > a}. In other words, all those Yjs which
have at least a elements, contribute their a-th element to B!. Now for any a € [r'],
Pilp: = {{yja} | 7 € ld], [Yj] > a}, i.e. it has exactly one element in each color. Clearly,
irrespective of what colors Po|p: has, dp; (P1,P2) = 1, for all a € [r].

{B1,Bs,...,B,}U{B},B),...,Bl,} is our final set of base sets. Clearly, they form a
partition of [n]. The total number of base sets, m =r + 1’ < 2y/n.

O

Now, we generalize this to any constant number of partitions, by induction.

Lemma 43. For any c partitions {P1,Pa,...,P.} of the set [n], there exists a partition of
[n], intom base sets {By, By, ..., By} withm < 2712~ /2°"Y) such that for any i € [m),
there exists a permutation of the partitions, (B;,,Ps,, ..., P;.) with dp, (P, , Piy, ..., Pi) =
1.

Proof. Let f(c,n) = 2¢71. ni=(1/27Y " The proof is by induction on the number of
partitions.

Base case: For ¢ = 2, f(c,n) becomes 2y/n. Hence, the statement follows from
Lemma [42]

Induction hypothesis: The statement is true for any ¢ — 1 partitions.

Induction step: Like in Lemma we divide the set of colors in P into two types of
colors. Let Py = {X1, Xo,..., X, } U{Y1,Ys,...,Y,} such that |X;| > /n and [Yj| < /n,
for all i € [r], j € [q]. Let us set B; = X; and let n; := |B;|, Vi € [r] . Our base sets
will be further subsets of these B;s. For a fixed ¢ € [r], let us define P = P4|p,, as a
partition of the set B;, for all h € [c]. Clearly, P} has only one color. Now, we focus

on the partition sequence (P4, P5,...,P.). From the inductive hypothesis, there exists a
partition of B; into m; base sets {B; 1, Bi2,...,Bim,} (m; < f(c—1,n;)) such that for
any u € [m;], there exists a permutation of (P, P3,...,P), given by (P ,Pi ..., P} ),
with dp, ,(P;,, P ,...,P; ) = 1. As P} has only one color, so does P}|p,,. Hence,
dp,, (P, P ..., ;) is also 1. From this, we easily get dp, ,,(Piy, Pis, ..., Pi,P1) = 1.
The above argument can be made for all i € [r].

Now, for the other colors, we proceed as in Lemma Let Y = {51, %525 - Yjr; 1

for all j € [¢]. Let v = max{ri,ra,...,rq} (' < y/n). Now define sets B{, B, ..., B,
such that for any a € [r'], B, = {yja | J € lg], |Y;| > a}. In other words, all
those Yjs which have at least a elements, contribute their a-th element to Bj. Let
nl, = |B.|, for all a € [r’]. Our base sets will be further subsets of these Bls. For a
fixed a € ['], let us define P, = Py|p, as a partition of the set B, for all h € [¢].
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Clearly, P} has exactly one element in each of its colors. Now, we focus on the par-

tition sequence (]P’27 5,...,P.). From the inductive hypothesis, there exists a parti-
tion of By into my base sets {Bj 1, By .-, By, b (Mg < f(e — 1,my)) such that for
any u € [my], there exists a permutation of (Py,P5, ... P,), given by (P P, ..., P} ),
with dp; (P}, P} ,...,P; ) = 1. As PP} has exactly one element in each of its colors,
so does }P’1|B/ . Hence, dBa’u(IP’l,IP’;,Z,IP’;S,...,IP’QC) is also 1. From this, we easily get
dp; (P, Pzz,IF’m, ...,P;.) = 1. The above argument can be made for all a € [/].

Our final set of base sets will be {B;, | i € [r], u € [m;]} U{By, | a € [r'], u € [mg]}.
As argued above, when restricted to any of these base sets, the given partitions have a
sequence, which has distance 1. Now, we need to bound the number of these base sets,

From the bounds on m; and m,, we get
m<ch—1nZ —{—Zf
i€[r]

Recall that n; > /n. We break the second sum, in the above equation, into two parts.
Let Ry ={a €[] |n), > v/n} and Ry = {a € [r'] | n, < \/n}.
(20) mSZf(C_LnZ)_'_Zf(c_lan;)_}_z:f(c_lvniz)
iG[T] a€ER1 a€ERo

Let us first focus on the third sum. Note that |Ry| < 1’ < y/n. For a € Ry, nl, < /n
and hence f(c—1,n,) < f(c—1,/n) = 2¢72. pt/2=(1/2°71) o,
(21) S fle— Lin) < - 22 gt/ _ge2 pim/2h)

a€Ra

Now, we focus on first two sums in Equation As, n; > /n, Vi € [r] and n], >
V/n, Ya € Ry, we combine these two sums (with an abuse of notation) and write the sum

as follows,
S fle- 1m0,

i€[r’]
where " = r + |Ry|, and n; > /n, Vi € [r"]. As each n; > /n, we know r" < /n (as
> on; < n).
Observe that f(c — 1,2), as a function of z, is a concave function (its derivative is
monotonically decreasing, when z > 0). From the properties of a concave function, we
know,

1
Zf —1,n;) < f c—l,ﬁZni
ielr”] i€fr]
Now, > ;i mi < mand f(c —1,2) is an increasing function (when z > 0). Hence,
1
Zf 1nz<f< 1’7,//n>'
i€[r’]

Equivalently,
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S fle=Lm) < o2 (/)2

i€r’]
< 2672 . n17(1/2c_2) . n1/2c_1
= 20_2 . nl_(1/2671)

— 9c2, n1—(1/26*2) ) (T//)1/26*2

Using this with Equation 2] and substituting in Equation [20], we get

m < 2011 =0/27),

0

Now, we combine these results with our hitting-sets for depth-3 circuits having m base
sets with J-distance.

Theorem 5. Let C(T) be a n-variate polynomial, which is a sum of ¢ set-multinear depth-

3 circuits, each having top fan-in k. Then there is a nO@ Tt log k) time whitebox test
for C, where € :=1/2¢71.

Proof. As mentioned earlier, the polynomial C'(Z) can be viewed as computed by a depth-3
multilinear circuit, such that its product gates induce at most c-many distinct partitions.
From Lemma [43] we can partition the variable set into m base sets, such that for each of
these base sets, the partitions can be sequenced to have distance 1, where m := 2¢"Inl—¢,
Hence, the polynomial C' has m base sets with 1-distance and top fan-in ck. Moreover,
from the proof of Lemma it is clear that such base sets can be computed in n°(©)-time.
From Theorem [2, we know there is n@(m108(ck))_time whitebox test for such a circuit.
Substituting the value of m, we get the result. O
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