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Abstract

Motivated by the fundamental lower bounds questions in proof complexity, we investigate
the complexity of generating identities of matrix rings, and related problems. Specifically, for a
field F let A be a non-commutative (associative) F-algebra (e.g., the algebra Maty(F) of d x d
matrices over F). We say that a non-commutative polynomial f(z1,...,2,) over F is an identity
of A, if for all ¢ € A™, f(¢) = 0. Let B be a set of non-commutative polynomials that forms a
basis for the identities of A, in the following sense: for every identity f of A there exist non-
commutative polynomials ¢, ..., gk, for some k, that are substitution instances of polynomials
from B, such that f is in the (two-sided) ideal {(g1,...,gx). We study the following question:
Given A, B and f as above, what is the minimal number k of such generators g1, ..., gx for which
felg, . o1)?

In particular, we focus on the case where the algebra A is Maty(F), and F has characteristic
0. Our main technical contribution is a generalization of the lower bound presented in Hrubes
[6] (for the case d = 1) to any d > 2:

For every natural number d > 2 and every finite basis B for the identities of Maty(F),
where [ is of characteristic 0, there exists an identity f,, with n variables, that requires
Q(n2?) generators (i.e., substitution instances from B) to generate.

Note that for any d > 2, it is an open problem to find a basis for the identities of Mat4(F) (while
the existence of a finite basis was proved by Kemer [11]). Nevertheless, using results from the
theory of algebras with polynomial identities (PI-algebras) together with a generalization of the
arguments in [6], we conclude the above lower bound for every finite basis B.

We then explore connections to lower bounds in proof complexity. We consider arithmetic
proofs of polynomial identities that operate with algebraic circuits and whose axioms are the
polynomial-ring axioms (which can be considered as an algebraic analogue of the Extended
Frege propositional proof system). We raise the following basic question: is it true that using
the generators of the (non-commautative) polynomial identities over Maty(F) as axiom (schemes)
18 an optimal way to prove such identities, with respect to proof size? Namely, is it true that
proving matrix identities by reasoning with polynomials whose variables Xy, ..., X,, range over
matrices is as efficient as proving matrix identities using polynomials whose variables range over
the entries of the matrices X1,...,X,7 We show that a positive answer to this question may
lead, under further assumptions (which are generalization of the assumptions presented in [6]),
up to exponential-size lower bounds on arithmetic proofs.
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1 Introduction

1.1 Background

Proving super-polynomial size lower bounds on strong propositional proof systems, like the Ex-
tended Frege system, is one of the central problems of proof complexity, and in general is among
a handful of fundamental hardness questions in computational complexity theory. An Extended
Frege proof is simply a textbook logical proof system for establishing Boolean tautologies, in which
one starts from basic tautological axioms written as Boolean formulas, and derives, step by step,
new tautological formulas from previous ones by using a finite set of logical sound derivation rules;
including the so-called extension ariom enabling one to denote a possibly big formula by a single
new variable (where the variable is used neither before in the proof nor in the last line of the proof).
It is not hard to show (see [10]) that Extended Frege can equivalently be defined as a logical proof
system operating with Boolean circuits (and without the extension axiom!).

! An additional simple technical axiom is needed to formally define this proof system ([10]).



Lower bounds on Extended Frege proofs can be viewed as lower bounds on certain nondeter-
ministic algorithms for establishing the unsatisfiability of Boolean formulas (and thus as a progress
towards separating NP from coNP). It is also usually considered (somewhat informally) as re-
lated to establishing (explicit) Boolean circuit size lower bounds. In fact, it has also another highly
significant consequence, that places such a lower bound as a small step towards separating P from
NP: showing any super-polynomial lower bound on the size of Extended Frege proofs implies that,
at least with respect to “polynomial-time reasoning” (namely, reasoning in the formal theory of
arithmetic denoted S3), it is not possible to prove that P = NP; or in other words, it is consistent
with S that P #£NP.

Accordingly, proving Extended Frege lower bounds is considered an extremely hard problem.
In fact, even conditional lower bounds on strong proof systems, including Extended Frege, are
not known and are considered very interesting; here, we mean a condition that is different from
NP # coNP (see [15]; the latter condition readily implies that any propositional proof system
admits a family of tautologies with no polynomial-size proofs [3]). For suggested conditional and
unconditional Extended Frege lower bounds approaches, see also the recent monograph by Krajicek
[13]. The only size lower bound on Extended Frege proofs that is known to date is linear Q(n) (where
n is the size of the tautological formula proved; see [12] for a proof). Establishing super-linear size
lower bounds on Extended Frege proofs is thus a highly interesting open problem.

Another feature of proof complexity is that, in contrast to circuit complexity, even the existence
of non-explicit hard instances for strong propositional proof systems, including Extended Frege, are
unknown. For instance, simple counting arguments cannot establish super-linear size lower bounds
on Extended Frege proofs.

Due to the lack of progress on establishing lower bounds on strong propositional proof sys-
tems, it is interesting, and potentially helpful, to turn our eyes to an algebraic analogue of strong
propositional proof systems, and try first to prove nontrivial size lower bounds in such settings.
Quite recently, such algebraic analogues of Extended Frege (and Frege, which is Extended Frege
without the extension axiom) were investigated by Hrubes and the second author [7, 8]. These
proof systems denoted P.(FF), called simply arithmetic proofs, operate with algebraic equations of
the form F' = G, where F' and G are algebraic circuits over a given field F. An arithmetic proof of a
polynomial identity is a sequence of identities between algebraic circuits derived by means of simple
syntactic manipulation representing the polynomial-ring axioms (e.g., associativity, distributivity,
unit element, field identities, etc.). Although arithmetic proof systems are not propositional proof
systems, namely they do not prove propositional tautologies, they can be regarded nevertheless as
fragments of the propositional Extended Frege proof system when the field considered is GF(2).
That is, every arithmetic proof over GF'(2) of a polynomial identity (considered as a propositional
tautology) can formally be viewed also as an Extended Frege proof.?

Apart from the hope that arithmetic proofs would shed light on propositional proof systems,
the study of arithmetic proofs is motivated by the Polynomial Identity Testing (PIT) problem,
namely the problem of deciding if a given algebraic circuit computes the zero polynomial. As a

%In fact, it is probably true (but was not formally verified) that arithmetic proofs serve as fragments of propo-
sitional proofs also over any other finite field, as well as over the field of rational numbers (when restricted to up
to exponentially big rational numbers). That is, it is probably true that every polynomial identity proved with an
arithmetic proof over the given field, can be proved with at most a polynomial increase in size in Extended Frege when
we fix a certain natural translation between polynomial identities over the field and propositional tautologies. The
reason for this is that one could plausibly polynomially simulate arithmetic proofs over such fields with propositional
proofs in which numbers are encoded as bit-strings.



decision problem, polynomial identity testing can be solved by an efficient randomized algorithm
[19, 20], but no efficient deterministic algorithm is known. In fact, it is not even known whether
there is a polynomial time non-deterministic algorithm or, equivalently, whether PIT is in NP.
An arithmetic proof system can thus be interpreted as a specific non-deterministic algorithm for
PIT: in order to verify that an arithmetic circuit C' computes the zero polynomial, it is sufficient to
guess an arithmetic proof of C' = 0. Hence, if every true equality has a polynomial-size proof then
PIT is in NP. Conversely, the arithmetic proof system captures the common syntactic procedures
used to establish equality between algebraic expressions. Thus, showing the existence of identities
that require super-polynomial arithmetic proofs would imply that those syntactic procedures are
not enough to solve the PIT problem efficiently.?

The emphasis in [7, 8] was mainly on demonstrating non-trivial upper bounds for arithmetic
proofs (as well as lower bounds in very restricted settings). Since arithmetic proofs (at least over
GF(2)), can also be considered as propositional proofs, arithmetic proofs were found very useful
in establishing short propositional proofs for the determinant identities and other statements from
linear algebra [8]. As for lower bounds on arithmetic proofs (operating with arithmetic circuits),
the same basic linear size lower bound known for Extended Frege [12] can be shown to hold for P..
But any super-linear size lower bound, explicit or not, on P.(F) proof size (for any field ) is open.
In [7] it was argued that proving lower bounds even on very restricted fragments of arithmetic
proofs is a highly nontrivial open problem.

The situation we have described up to now shows how little is known about (strong) proposi-
tional (and arithmetic) proof systems, and why it is highly interesting to introduce and develop
novel approaches for lower bounding proofs such as arithmetic proofs, even if these approaches yield
only conditional and possibly non-explicit lower bounds.

1.2 Overview of our work

The problem of proving quadratic size lower bounds on arithmetic proofs P. was considered by
Hrubes in [6]. The work in [6] gave several conditions and open problems, under which, quadratic
size lower bounds on arithmetic proofs would follow (and further, showed that the general framework
suggested may have potential, at least in theory, to yield Extended Frege quadratic-size lower
bounds). The current work is an attempt to extend the approach suggested in Hrubes [6], from an
approach suitable for proving up to (n?) size lower bounds on P, proofs, to an approach for proving
much stronger lower bounds, namely an Q(n?) lower bound on P..(F) proofs, for every positive d > 2
and for every zero characteristic field F; and under stronger assumptions, exponential 22" lower
bounds on P.(FF) proofs.

In the rest of this section we discuss in more details the main algebraic problem we investigate,
our result, how this work generalizes the previous work by Hrubes’ [6], under which assumptions
this work can be applied to obtain strong proof complexity lower bounds and the questions left
open. For a more formal treatment, see subsequent sections.

31t is worth emphasizing again that arithmetic proofs are different than algebraic propositional proof systems like
the Polynomial Calculus [2] and related systems. The latter prove propositional tautologies (a coNP language) while
the former prove formal polynomial identities.



1.2.1 The algebraic problem

For a field F let A be a non-commutative (associative) F-algebra; e.g., the algebra Maty(F) of
d x d matrices over F. We shall always assume, unless explicitly stated otherwise, that the field
F has characteristic 0. A non-commutative polynomial over the field F and with the variables
X :={z1,x9,...} is a formal sum of monomials where the product of variables is non-commuting.
Since most polynomials in this work are non-commutative when we talk about polynomials
we shall mean non-commautative polynomials, unless otherwise stated. The set of (non-
commutative) polynomials with variables X and over the field F is denoted F(X).

We say that a polynomial f(x1,...,z,) over F is an identity of A, if for alle € A™, f(¢) = 0. Let
B be a set of non-commutative polynomials that forms a basis for the identities of A, in the following
sense: for every identity f of A there exist non-commutative polynomials g1, ..., gi, for some k, that
are substitution instances of polynomials from B, such that f is in the two-sided ideal (g1, ..., gx) (a
substitution instance of a polynomial g(z1,...,z,) € F(X) is a polynomial g(hy,..., hy), for some
h; € F(X), i € [n]).

Given an F-algebra A and an identity f of A, define Qg(f) as the minimal number & such that
there exist gi,...,gx € F(X) for which f € (g1,...,9x), and every g; is a substitution instance of
some polynomial from B.

Example: Let F be an infinite field and consider the field F itself as an F-algebra, denoted /. Then
the identities of .27 are all the polynomials from F(X') that evaluate to 0 under every assignment from
F to the variables X. Namely, these are the (non-commutative) polynomials that are identically
zero polynomials when considered as commutative polynomials. For instance, xizo — xox; is a
non-zero polynomial from F(X) which is an identity over <.

It is not hard to show that the basis of the algebra <7 is the commutator xixs — xox1, denoted
[x1,x2]. In other words, every identity of &7 is generated (in the two-sided ideal) by substitution
instances of the commutator. Considering Q(z, z,]}, We can now ask what is Qq(z; 4} (7173 —
371 + xox3 — x3w2)? The answer is 1 since (21 +x2)x3 — x3(x1 +x2) = X123 — 321 + ToT3 — T3X2.

We can now present Hrubes [6] lower bound, with the aid of our notations:

Theorem 1 ([6]). For any field and every n, there exists an identity f € F(X) of o/ with n
variables, such that Q((z, 2.3 (f) = Q(n?).

It is also not hard to show that Q(z, 4,3 (f) = O(n?) for any identity f.

The generalization. For the sake of describing our generalization, let us treat (the F-algebra)
F as the matrix algebra Mat; (F) of 1 x 1 matrices with entries from F. An algebra with polynomial
identities, or in short a PI-algebra (PI stands for Polynomial Identities), is simply an F-algebra
that has a non-trivial identity, that is, there is a nonzero f € F(X) that is an identity of the algebra.

In this work, we exploit known results about the structure of the identities of matrix algebras
and the general theory of PI-algebras to completely generalize Hrubes [6] lower bound above, from a
lower bound of (n?) for generating identities of Mat; (F) to a lower bound of (n??) for generating
identities of Maty(F), for any d > 2 and any field F of characteristic O:

Theorem 5. Let F be any field of characteristic 0. For every natural number d > 2 and every
finite basis B of the identities of Maty(IF), there exists an identity f over Maty(F) of degree 2d + 1
with n variables, such that Qg(f) = Q(n??).



Notice that similar to [6], the lower bound in this theorem is non-ezplicit. We do not know of
an upper bound that holds on Qg(f), for every identity f with n variables.

We now discuss shortly the proof of Theorem 5.

The study of algebras with polynomial identities is a fairly developed subject in algebra (see
the monographs by Drensky [5] and Rowen [18] on this topic). Within it, perhaps the most well
known works are about the identities of matrix algebras. In particular, the well-known theorem of
Amitsur and Levitzky from 1950 [1] is the following:

Amitsur-Levitzki Theorem ([1]). Let Sg be the permutation group on d elements and let
Sa(x1,xa,...,xq) denote the standard identity of degree d as follows:

d

Sa(z1,z2,...,2q) = Z sgn(o) Haza(i).

€Sy =1

Then, for any natural number d and any field F (in fact, any commutative ring) the standard
identity Soq(x1,xa, ..., x9q) of degree 2d is an identity of Maty(TF).

The first step in proving Theorem 5 is to use the Amitsur-Levitzki Theorem: we show that

when € = {Saq(x1,...,224)} then there exists an f € F(X) with 2n variables and degree 2d + 1,
such that Qg(f) = Q(n??). To this end, we use a counting argument which is a generalization of
the counting argument in [6]. In several places the argument is slightly more involved than in [6];
e.g., when we need to show the existence of a single polynomial that achieves the lower bound (see
Lemma 12).

Note that &€ = {Seq(x1,...,724)} is not a basis of Maty(F), namely there are identities of
Maty(F) that are not generated by substitution instances of Sag (also notice that Qp(f) can be
defined for any B C F(X)). Thus, the second step in the proof of Theorem 5 is dedicated to showing
that for all finite bases B of the identities of Maty(F) the following holds for the hard identity f
considered in the theorem: Qp(f) = ©(Qs(f)). For this purpose, we use several structural results
from the theory of algebras with polynomial identities (see Section 4.1.3).

One interesting feature of our proof (and theorem), is that it is in fact an open problem to
describe bases of the identities of Maty(FF), for any d > 2 . For the case d = 2 the basis is known by
a result of Drensky [4] (see Section 6.3). However, a highly nontrivial result of Kemer [11], shows
that for any natural d there erists a finite basis for Maty(F). Our proof shows roughly that for the
hard instances f in Theorem 5 no generators different from the So; generators can contribute to
the generation of f.

We also demonstrate that turning the non-explicit hard identities f from Theorem 5 into explicit
ones, means finding explicit tensors with high tensor-rank:

Theorem (informal). For any d > 1, if the hard identity f of Maty(F) in Theorem 5 is explicit,
then there exists an explicit tensor A : [n]?4+t — {0,1} with tensor-rank Q(n?).

This is a generalization (to any order), of a similar observation made in [6] for order 3 tensors.
This corollary can be interpreted as an evidence that the specific hard instances we provide in
Theorem 5 are not good candidates for proof complexity hardness (see about connections to proof
complexity below), because we expect these instances not to have small circuits. Nevertheless,
this does not rule out that other hard instances (namely, hard for the @Qp) are suitable to achieve
hardness results in proof complexity.



1.2.2 Potential applications to proof complexity

The lower bound described above, though interesting in itself, is motivated by possible applications
to proof complexity lower bounds. As observed in [6], for the case of d = 1, it is relatively immediate
to prove that the minimal number of generators needed to generate an identity f over Maty(F) is
a lower bound on the number of distinct instances of commutativity axioms h - g = g - h needed
in any arithmetic proof of f. Thus, one can hope to get up to quadratic lower bounds on the
number of lines (and equivalently the size) in P, proofs this way (due to the quadratic upper bound

Q{[xl,zz}}(f) = 0(77’2))

Conditional lower bounds on fragments of arithmetic proofs. We can show that for each
d > 1, there is a connection between the measure Qp(-) and fragments of arithmetic proofs, as
explained in what follows.

For each d > 1, denote by Pyat, (F) the following arithmetic proof system operating with equa-
tions between algebraic circuits: consider the proof systems P.(IF) and replace the commutativity
axiom h-g = g-h by a finite basis B of the identities of Maty(F) (namely, add a new axiom H =0
for each polynomial h in the basis, where H is a (non-commutative algebraic) circuit computing
h).* Tt is not hard to show the following:

Theorem. For every identity F' = 0, where F' is a non-commutative circuit that computes a non-
commutative polynomial f which is an identity of Maty(F), the number of lines of a Pyjas, (F)-proof
of F =0 is lower bounded up to a constant factor (depending on the choice of finite basis B) by

Qs(f)-

Thus, as a corollary of this theorem, we get the following conditional lower bound:

Assumption: for any fixed d > 1, assume that

1. there exists a family of identities f,, € F(X) of Maty(F), with n variables, such that Qg(f) =
Q(n?), for some basis B of the identities of Maty(F); and

2. the size of f, is O(n"), for some constant r < d.

Conclusion: A lower bound of Q(n?") (in terms of the circuit equation proved) on the size of
Pnat, (F) proofs.

Note that we know by Theorem 5 that Assumption 1 is true for a specific f. But we do not
know whether this f conforms to Assumption 2 (it seems plausible to assume that this specific f
does not, because of the connection to tensor-rank mentioned above).

Apart from formulating the systems Pypat, (F), which constitute a hierarchy (for increasing d’s)
of weaker and weaker fragments of P.(F) °, we also formulate proof systems for the free-trace
algebra [17] (see Section 6.3).

4Formally, we should fix a specific finite basis B for the sake of definiteness of Pypas ,(IF). However, different choices
of bases can only increase the number of lines in a Puat, (F)-proof by a constant factor.

®Though not necessarily a proper hierarchy: we do not know if Puag,_, (F) has any speed-up over Puas, (F) for
identities of Matq(F).



Conditional polynomial-size lower bounds on the size of arithmetic proofs and the
main open problem. Here we investigate the possibility to achieve arbitrary polynomial-size
lower bounds on P.(IF) proofs using the measure Qg(:). We introduce a seemingly very natural
way to achieve this goal, namely to demonstrate a connection between Qp(-) (for arbitrary d > 1
and a basis B of the identities of Mat,(F)) and the size of P.(F) proofs. However, we fall short of
actually proving the connection and we leave it as an intriguing open problem, that we show may
lead, under further assumptions, up to exponential-size lower bounds on arithmetic proofs.

Informally, the question we raise is this: can it be shown that proving matrix identities by
reasoning with polynomials whose variables X1, ..., X, range over matrices is as efficient as prov-
ing matrix identities using polynomials whose variables range over the entries of the matrices
X1,...,X,?7 We explain our approach in what follows.

First, note that although, for any fixed d > 1 and every identity f of Maty(F), it is possible to
use Qp(f) to lower bound the size of Pypat, (F) proofs (as described above), it is not clear if and
how we can use Qg(f) to bound P.(FF) proof sizes (observe that any identity of Maty(F), for any
d, can be generated with O(n?) instances of the commutator; though this is provably not true by
Theorem 5, for “higher-order commutators”, namely, when considering generators for the identities
of Maty(TF), for d > 1).

Thus, it seems that the most plausible way to connect Qg(f) for d > 1 with the size of P, proofs
is via the following translation: consider a nonzero identity f of Maty(F), for some d > 1. Then f
is a nonzero non-commutative polynomial in F(X). If we substitute each (matrix) variable z; in f
by a d x d matrix of entry-variables {sz‘jk}j,ke[d]a then now f corresponds to d? commutative zero
polynomials: f = 0 says that for every (i, j) and for every possible assignment of field F elements to
the (i, j)-entry of each of the matrix variables in f (when the product and addition of matrices are
done in the standard way) the (i, j)-entry evaluates to 0. Accordingly, let F' be a non-commutative
circuit computing f. Then under the above substitution of d? entry-variables to each variable in
F, we get d? non-commutative circuits, each computing the zero polynomial when considered as
commutative polynomials (see Definition 15). We denote the set of d? circuits corresponding to the
identity F' by [F]4 (and we can extend it naturally to equations between circuits: [F = G]4)).

Example: let d = 2 and let f = zy — yx (it is obviously not an identity of Maty(F), but we
use it only for the sake of example). And let F' = zy — yz be the corresponding circuit (in fact,
formula) computing f. Then we substitute matrices for z,y to get:

Tl T2} (Y1 Y1z _ (Y11 Y12} (Tl T2
a1 T2 Y21 Y22 Y21 Yo2 o1 T22)
And the (1, 1)-entry non-commutative circuit (in fact formula) corresponding to this is: (x11y11 +

z12y21) — (Y1211 + Y12221).

It is not hard to show that |[F[q| = O (d*|F]), for every non-commutative circuit F (where
HIF]]d‘ is the total sizes of all circuits in [Fy).

The main question we raise in this work is the following:

Main Open Problem. Let d be a positive natural number and let B be a (finite) basis of the
identities of Maty(F). Assume that f € F(X) is an identity of Maty(F), and let F' be a non-
commutative algebraic circuit computing f. Then, the minimal number of lines in an arithmetic



proof of the collection of d* (entry-wise) equations [F = 0]q corresponding to F is lower bounded
(up to a constant factor) by Qp(f). And in symbols:

| e,y [F = 0]a| = QQ5(f)) (1)

(Where | Fp, @ [F = 0] 4| is the minimal size of a P¢(F) proof containing all the circuit-equations
in [F = 0]g.)

The conditional lower bound we get is now similar to that in the previous sub-section, except
that it holds for P, and not only for fragments of P,:

Assumptions: for any fixed d > 1, assume that

1. there exists a family of identities of f,, € F(X) of Maty(F), with n variables, such that
Qp(f) = Q(n?), for some basis B of the identities of Maty(F); and

2. the size of f, is O(n"), for some constant r < d; and
3. Equation 12 holds.

Conclusion: A lower bound of Q(n®") (in terms of the circuit equation proved) on the size of
P.(F) proofs.

We also present a straight forward propositional version of the Main Open Problem, by simply
considering F to be GF(2), adding to P.(F) the Boolean axioms x? + x; and considering matrix
identities over Maty(IF) (see Section 6.2).

Conditional exponential-size lower bounds on arithmetic proofs. Assuming the answer
to the Main Open Question above is positive (i.e., Equation 12 holds), we show under which further
conditions we get exponential-size lower bounds on arithmetic proofs P.(IF).

The idea is simply to take the dimension d of the matrix algebras as a parameter by itself.

Assumptions:

1. Assume that for any d and any basis By of the identities of Maty(F) the number of lines in
any P.(IF) proof of [F' = 0], is at least Cp, - @p,(f), where Cp, is a number depending on By
(this is the Main Open Problem; where there Cp, is a constant).

2. Assume that for any d and any basis B, of the identities of Mat4(IF), there exists a number cp,
such that for all sufficiently large n there exists an identity f,, 4 such that Qp,(fn.q4) > cp, n%.
(The existence of such identities are known from our lower bound.)

_ 1
3. Assume that cp, -Cp, = (poly(n)>'

4. Assume that the algebraic circuit size of f,, 4 is is at most poly(n).



Consequence: By the assumptions, every P..(F)-proof of [f,, 4 = 0]4 has size at least cp,-Cp, -n?.

Consider the family {f, 4}02;, where d is a function of n, and we take d = n/4. Then, we get the

following lower bound on the number of lines in P.(F)-proofs of the family {f, 4} ;:

B 1
poly(n/4)

which (by assumption 4) is exponential in the size of the identities f,, 4 proved.

B, - CBd . nQd nn/Z _ 2Q(n)’

We wish to justify to a certain extent the new Assumptions 3 above (which lets us obtain
the exponential lower bound). We shall use the special hard polynomials f that we proved exist
in Theorem 5 for this purpose. First, note that Assumption 2 holds for the case of these f, by
Theorem 5. We can also show (see Section 6.1) that the function cp, does not decrease too fast.
That is, for the polynomial f we can prove the following:

@, = (573 )

n%21nn

We can use the fact that cp, does not decrease too fast to get the following (conditional expo-
nential lower bound):

Proposition 2. Assume the Main Open Problem as written in Assumption 1 above and suppose
that Cp, ,, = Q(1/poly(n)). Then, there exists a family of non-commutative circuits {Fn}32,
(computing the family of polynomials {f,}5° 1) such that the number of lines in any P.(IF) proof of

_ : on _ 2\ _ 5Q(n)
[£5 = O y4 is at least Cp,, <2 <n5/2 lnn) =Q (poly(n)> = 27\,

Note that this will give us a (conditional) exponential-size lower bound on P.(F) proofs only if
moreover the algebraic circuit size of {F,}22 is small enough (e.g., if Assumption 4 above holds).
Though we do not believe that the algebraic circuit size of {F),}2° is small, the proposition above
shows that at least potentially the parameters of our suggested framework can be accommodated
to yield exponential lower bounds.

1.3 Summary

We summarize shortly several of the novel parts of our work:

1. The generalization of Hrubes [6] work to “higher order commutativity axioms”; Obtaining a
possible stronger lower bounds on proof systems;

2. The novel technical feature: the use of results from PI-theory to conclude the lower bound
for any finite basis of the identities of Maty(F), for any d;

3. Putting forth, and formulating in a precise manner, the Main Open Problem: what is the
relative efficiency between (i) proof systems establishing matrix identities by proving (non-
commutative) identities whose variables range over matrices, and (ii) proof systems establish-
ing matrix identities as entry-wise (commutative) polynomials.

4. Suggesting a new hierarchy of weaker and weaker (but not necessarily strictly) proof systems,
that are fragments of arithmetic proofs; namely, the proof systems Py, (F), for increasing
d’s.

10



1.4 Connection to previous works

Apart from the connection to [6], we may consider the relation of the current work to the work of
Hrubes and Tzameret [8] that obtained polynomial-size (arithmetic and propositional) proofs for
certain identities concerning matrices. As far as we see, there are no direct relations between these
two works: in the current work we are studying matrix identities whose number of matrices (i.e.,
variables) grows with the number of variables n (if the number of matrices in the matrix identities
over Maty(F) is m then the number of variables in the translation of the identities to a set of d?
identities is d? - n). Whereas in [8] the number of matrices was fixed and only the dimension of the
matrices grows.

Note also that the matrix identities studied in [8] are not even translation (via [-]) of matrix
identities over Maty(F): for instance

a b e f\ _ ae+bg af + bh
det (c d) det <g h> = det (ce +dg cf + dh)
is equal to (ad — be) - (eh — fg) = (ae + bg)(cf + dh) — (af + bh)(ce + dg). But note that, e.g., in

a translation of a matrix identity over Maty(F), variables of the same matrix cannot product each
other.

2 Preliminaries

2.1 Algebras with polynomial identities

For a natural number n, put [n] :={1,2,...,n}. We use lower case letters a, b, ¢ for constants from
the underlying field, x,y, z for variables and 7, %,z for vectors of variables, f, g, h,£ or upper case
letters such as A, B, P, Q for polynomials and f,g, h, ¢, A, B, P, Q, for vectors of polynomials (when
the arity of the vector is clear from the context).

A polynomial is a formal sum of monomials, where a monomial is a product of (possibly non-
commuting) variables and a constant from the underlying field. For two polynomials f(x1,...,x,)
and g we say that g is a substitution instance of f if ¢ = f(hi,...,hy) for some polynomials
hi,...,h,; and we sometimes denote f(h1,...,hy,) by f(h). For a polynomial f(z1,...,z,) € F{(X),
f o o _ _ denotes the polynomial that replaces x;,,...,x;, by ¢i,,..., ¢, in f, respectively,

i1 5791y 0 Tig iy,
where gi,, ..., ¢, € F(X),i1,...,1i are distinct numbers from [n] and k € [n].

For a vector H of polynomials Hi, ..., Hy € F(X) where k is positive integer, we also use the
notation H | H+f> to denote the vector of polynomials that replace the 4t coordinate H j in H by
a polynomial f € F(X), where j € [k].

Definition 1. Let A be a vector space over a field F and - : A x A — A be a distributive multipli-
cation operation. If - is associative, that is, aj - (ag - az) = (a1 - a2) - ag for all a1, a9, a3 in A, then
the pair (A,-) is called an associative algebra over F, or an F-algebra, for short.’

Perhaps the most prominent example of an F-algebra is the algebra of d x d matrices, for
some positive natural number d, with entries from F (with the usual addition and multiplication of

5In general an F-algebra can be non-associative, but since we only talk about associative algebras in this paper
we use the notion of F-algebra to imply that the algebra is associative.
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matrices). We denote this algebra by Maty(F). Note indeed that Maty(F) is an associative algebra
but not a commutative one (i.e., the multiplication of matrices is non-commutative because AB
does not necessarily equal BA, for two d x d matrices A, B).

Definition 2. Let F(X) denote the associative algebra of all polynomials such that the variables
X = {z1,x2,...} are non-commutative with respect to multiplication. We call F(X) the free
algebra (over X ).

For example, x1x9 — x0x1 + .Tg(L‘Q(E% — fL’g])%, x1T9 — xoxp and 0 are three distinct polynomials
in F(X).

Note that the set F(X) forms a non-commutative ring. We sometimes call F(X) the ring of
non-commutative polynomials and call the polynomials from F(X) non-commutative polynomials.
Throughout this paper, unless otherwise stated, a polynomial is meant to be a non-commutative
polynomial, namely a polynomial from the free algebra F(X).

We now introduce the concept of a polynomial identity algebra, Pl-algebra for short:

Definition 3. Let A be an F-algebra. An identity of A is a polynomial f(x1,...,x,) € F(X) such
that:
flay,...,an) =0, forall ay,...,a, € A.

A Pl-algebra is simply an algebra that has a non-trivial identity, that is, there is a nonzero
f € F(X) that is an identity of the algebra.

For example, every commutative F-algebra A is also a Pl-algebra: for any a,b € A, it holds that
ab — ba = 0, and so z;x; — xjz; is a nonzero polynomial identity of A, for any positive i # j € N.
A concrete example of a commutative algebra is the usual ring of (commutative) polynomials with
coefficients from a field F and variables X = {x1, 22, ...}, denoted usually F[X].

An example of an algebra that is not a PI-algebra is the free algebra F(X) itself. This is because
a nonzero polynomial f € F(X) cannot be an identity of F(X) (since the assignment that maps
each variable to itself does not nullify f).

A two-sided ideal I of an F-algebra A is a subset of A such that for any (not necessarily distinct)
elements fi, ..., f, from I we have Y | g;- fi - hy € I, for all g1,..., gn, h1, ..., hyy € A.

Definition 4. A T-ideal T is a two-sided ideal of F{X) that is closed under all endomorphisms’,
namely, is closed under all substitutions of variables by polynomials.

In other words, a T-ideal is a two-sided ideal T, such that if f(x1,...,x,) € T then f(g1,...,9n) €
T, for any g1, ..., gn € F(X).
It is easy to see the following:

Fact 3. The set of identities of an (associative) algebra is a T-ideal.

A Dbasis of a T-ideal T is a set of polynomials whose substitution instances generate T as an
ideal:

Definition 5. Let B C F(X) be a set of polynomials and let T be a T-ideal in F(X). We say that
B is a basts for T or that T is generated as a T-ideal by B, if every f € T can be written
as:

F = hiBi(gi, -, gin;) - Li

i€l

"An algebra endomorphism of A is an (algebra) homomorphism A — A.
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for hi, i, gi, ..., gin; € F(X) and B; € B (for alli € 1).

Given B C F(X), we write T'(B) to denote the T-ideal generated by B. Thus, a T-ideal T is
generated by B C F(X) if T = T'(B).
Examples: T'(z) is simply the set of all polynomials from F(X). T(x1z9 — zox1) is the set of all
non-commutative polynomials that are zero if considered as commutative polynomials.

Note that the concept of a T-ideal is already somewhat reminiscent of logical proof systems,
where generators of the T-ideal 7 are like axioms schemes and generators of a two-sided ideal
containing f are like substitution instances of the axioms.

A polynomial is homogenous if all its monomials have the same total degree. Given a polynomial
f, the homogenous part of degree j of f, denoted f\) is the sum of all monomials with total degree
j.- We write (C)(j) to denote the jth-homogeneous part of the circuit C' and the vector (6) G)
denotes the vector consisting of the jth-homogeneous parts of the circuits C1,Cy, ..., Cyq.

Definition 6. Sy(x1,x2,...,24) denotes the standard identity of degree d as follows:

d

Sa(x1,22,...,24) 1= Z sgn(o) Hl‘a(z‘),

€Sy =1
where Sq denotes the symmetric group on d elements and sgn(o) is the sign of the permutation o.

For n polynomials fi,..., f, where n > 2,n € Z, we define the generalized-commutator
[f1,..., fn] as follows:

[f1, fo] = fifo— fof1,  (in case n =2)
and [flv"‘7fn—17fn] = [[flyu-,fn_l],fn], for n > 2.

A polynomial f € F(X) with n variables is homogenous with degrees (1,...,1) (n times) if
in every monomial the power of every variable x1,...,x, is precisely 1. In other words, every
monomial is of the form a - [[i_; 2,(;, for some permutation o of order n and some scalar a. For
the sake of simplicity, we shall talk in the sequel about polynomial of degree n, when referring to
polynomial with degrees (1,...,1) (n times). Thus, any polynomial with n variables is homogenous
of total-degree n.

2.2 Algebraic circuit

Definition 7. Let F be a field, and let X = {x1,...,x,} be a set of input variables. An arithmetic
(or algebraic) circuit is a directed acyclic graph, where the in-degree of nodes is at most 2. Every
leaf of the graph (namely, a node of in-degree 0) is labelled with either an input variable or a field
element. FEvery other node of the graph is labelled with either + or X (in the first case the node
is a sum-gate and in the second case a product-gate). Every edge in the graph is labelled with an
arbitrary field element. A node of out-degree 0 is called an output-gate of the circuit.

Every node and every edge in an arithmetic circuit computes a polynomial in the commutative
polynomial-ring F[X] in the following way. A leaf just computes the input variable or field element
that labels it. the sum of the polynomials computed by the two edges that reach it. A product-
gate computes the product of the polynomials computed by the two edges that reach it. We say
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that a polynomial g € F[X] is computed by the circuit if it is computed by one of the circuit’s
output-gates.
The size of a circuit ® is defined to be the number of edges in ®, and is denoted by |®|.

Definition 8. Let F be a field, and let X = {x1,...,z,} be a set of input variables. A non-
commutative arithmetic circuits is similarly to the arithmetic circuits defined above, with the
following additional feature: given any X-gate of fanin 2, its children are labeled by a fized order.

Every node and every edge in a non-commutative arithmetic circuit computes a noncommutative
polynomial in the free algebra F(X) in exactly the same way as the arithmetic circuit does, except
that at each x — gate, the ordering among the children is taken into account in defining the
polynomial computed at the gate.

The size of a noncommutative circuit ® is also defined to be the number of vertices in ®, and
is denoted by |®|.

3 The Complexity Measure

Let A be a PI-algebra (Definition 3) and let 7 be the T-ideal (Definition 4) consisting of all identities
of A (see Fact 3). Assume that B is a basis for the T-ideal T, that is, T'(B) = 7. Then every f € T
is a consequence of B, namely, can be written as a linear combination of substitution instance of
polynomials from B as follows:

f:Zhi'Bi(gila'--agini) b, (2)
iel
for hi, 4, g1, .., gin; € F(X) and B; € B (for all i € I).

A very natural question, from the complexity point of view, is the following: What is the
minimal number of distinct substitution instances B;i(gi1, - - ., gin;) of generators from B that must
occur in (2)? Or in other words, how many distinct substitution instances of generators are needed
to generate f above?

Formally, we have the following:

Definition 9 (Qp(f)). For a set of polynomials B C F(X), define Qp(f) as the smallest (finite)
k such that there exist substitution instances g1, go, ..., gr of polynomials from B with

f € <g17g27 e 7gk>7
where (g1, g2, - .., gk) s the two-sided ideal generated by g1, g2, ..., G-

If the set B is a singleton B = {h}, we shall sometimes write Q(-) instead of Qpy(-).
Accordingly, we extend Definition 9 to a sequence of polynomials and let Qp(f1,. .., fn) be the
smallest k such that there exist some substitution instances g1, gs,. .., gr of polynomials from B
with
fi€{91,92,-..,9xr), forallielk].

Note that Qp(f) is interesting only if f is not already in the generating set. Hence, we need
to make sure that the generating set does not contain f and the easiest way to do this (when
considering asymptotic growth of measure) is by stipulating the the generating set is finite. Given
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an algebra, the question whether there exists a finite generating set of the T-ideal of the identities of
the algebra is a highly non-trivial problem, that goes by the name The Specht Problem. Fortunately,
for matrix algebras we can use the solution of the Specht problem given by Kemer [11]. Kemer
showed that for every matrix algebra A there exists a finite basis of the T-ideal of the identities
of A. The problem to actually find such a finite basis for most matrix algebras (namely for most
values of d, for Maty(IF)) is open.

We have the following simple proposition (which is analogous to a certain extent to the fact
that every two Frege proof systems polynomially simulate each other; see e.g. [12]):

Proposition 4. Let A be some F-algebra and let By and By be two finite bases for the identities
of A. Then, there exists a constant ¢ (that depends only on By, By) such that for any identity f of
A:

Qp,(f) < - Qp, (f).

Proof. Assume that By = {A1,Aq,..., Ay} and By = {Bi,Ba,...,B;}. And suppose that
Qp (f) = qand f € (B, (q1),-..,Bi,(99)), for ij € [{] and where g; € F(X) are the substitu-
tions of polynomials for the variables of B;;. By assumption that both By and B; are bases for
A, there exists a constant r such that By, € (Aj (hy,), ..., Aj,(hy.)), for all j € [q], and where
hj, € F(X) are the substitutions of polynomials for the variables of A;,, for any [ € [r] (formally,
r=max{Qp,(B;) : i € [{]}).

Note that if B;, € (Aj,(hy,),...,Aj (hj.)), then for any substitution g; (of polynomials to
the variables X) we have B;, (g7) € <(Aj1(hjl)) (Gj)s-- s (AjT(hTT)) (@)) Thus, every B, (g;) is
generated by r substitution instances of polynomials from By, for any j € [¢]. Therefore, f can be
generated with at most r - ¢ substitution instances of generators from By, that is,

Qp,(f) <r-Qp(f) where r = max{Qp,(B;) : i€ [{]}. (3)

QED

4 Matrix Algebras

Hrubes’ work. For an identity f in a commutative algebra, we define the notation Qy(; . (f)
as the minimal number of substitution instances of the commutativity axioms [z,y] = 0 we need
to generate f in the two-sided ideal.

For example, Q[; ) (122 — x221) is 1. And Qlzy) (x129 — wox1 + w123 — x371) is also 1 since the
formula x1z9 — zox) + z123 — 2321 equals [z + x3,z1]. In [6] it was concluded that there is an
identity f with n variables, such that:

We wish to extend this result to matrix algebras. Let Mat,(FF) denote the d x d matrix algebra
over IF, that is, the set of all n xn matrices with entries from IF, with the usual operations of matrices.
First of all, we extend the notation @, ,(f), which only count the instances of one axiom, to the
notation @4, A,,.., 4, which count the instances of n axioms 41 =0,4, =0,...,4, =0.

Concerning matrix algebras, the following is the famous Amitsur-Levitzky Theorem:
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Amitsur-Levitzki Theorem ([1]). For any natural number d and any field F (in fact, any com-
mutative ring) the standard identity Soq(x1, T2, ..., x2q) of degree 2d is an identity of Maty(F).

Further, it can be shown that Maty(IF) does not have identities of degree smaller than 2d.
And that the identities of Maty(F) can be finitely generated [11]. That is, there must be a finite
generating set for Matg(F). By Lemma 4 no matter which finite generating set { A1, Ag, ..., Ax} for
Mat4(IF) we choose, the value Q4, 4,4, is the same up to a constant factor.

Our main theorem is the following:

Theorem 5. Let F be any field of characteristic 0. For every natural number d > 2 and for every
finite basis B of the T-ideal of identities of Maty(IF), there exists an identity P over Maty(F) of
degree 2d + 1 with n variables, such that Qz(P) = Q(n??).

It is interesting to point out that although we do not necessarily know what is the (finite)
generating set of Maty(FF) we still can lower bound the number of generators needed to generate
certain identities.

4.1 The lower bound

We start by proving a lower bound on Qg,,, that is, we prove a lower bound on the number of
substitution instances of S, identities needed to generate a certain identity (though Ssy is not
known to be the basis of the T-ideal of the identities over Maty(F)) .

Lemma 6. For any natural d > 1 and any field F of characteristic O there exists a polynomial
P € Maty(F) of degree 2d + 1 with n variables such that Qs,,(P) = Q(n??).

Comment: It can be shown that the lemma also holds for any finite field F. Since in Section
4.1.3 we need to assume that the field is of characteristic 0, we prove the lemma only for fields of
characteristic 0 .

For proving the lemma, we introduce the following definition:
Definition 10. A polynomial P € F(X) with n variables x1, ...,z is called an s-polynomial if:
P = Z Cirgadaa * 92d (Tj1s Tjy - Tjoy) 5
J1<j2<...<j24€[n]
for some natural d and constants c;, j,... j,, € {0,1}, for j1 < jo < ... < joq € [n].

Lemma 7. For any Py, Pa, ..., Pyy € F(X) where d is a positive integer, Soq(P1, Pa, ..., Pag) is the
zero polynomial if there exists i € [2d] such that P; is a constant.

Proof. For a fixed T € [2d], we have Pr = c € F.
For convenience, write the set {z€[2d]lxr#Z} as [2d]/Z, the permutation

1 2 ... m—=1 m m+1 ... 2d . .

. . . . as o, where {i1,...,199_1} = [2d]|/Z.
<11 2 ... Tm—1 7 im ZZd—l) m {1 2d 1} [ ]/

Then

2d
S2d(P17P27"',P2d) = Z Sgn(o-)HPU(i)
i=1

TESsy
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2d 2d—1

m—1
- I > son(ow) [T PPz [T 2
{il,ig,...,igd_l}:[Qd]/Im:l j=1 j=m

2d—1

= H Z sgn(om)c H Pij
j=1

{i1,i2,...,i9q—1}=[2d]/Z m=1

(ST

{i1,i2,...,i2q4—1}=[2d]/T

d 2d—1
=C H (Z(Sgn(UZm 1) + Sgn 02m ) H Pz]

{i1,42,...,i2q—1}=[2d]/Z \m=1

d 2d—1
(¥
{i1,92,...,i24—1 }=[2d]/T
=0.
QED

Any s-polynomial has the following property:

Lemma 8. Let f be an s-polynomial. If there exist vectors of polynomials Py, ..., P, with

f € (Sa(Pr),...,5a(F)),

then ;
[= ZciSQd ((E)(1)> :
i=1
Proof. Notice that the s-formula f is 2d—homogenous. Thus,
F=() ¢ {(h)<2d> | he <S2d(ﬁ),...,52d(ﬁ)>}.
That is

fE€ <52d (P1) ,---,Szd(?r)(2d)>~
S

By Lemma 7, for some j € [r],i d], the polynomial So4(P;) equals to the zero polynomial if

2
some P;, is a constant. Namely Soq(P;)?? = Soq ((7)( )) , for all j € [r]. Then,

7e (s (P)), 8 (()M)).

That is,

=1 i=1

f = ZT:XJ:AJZSQd ((?J)(l)) Bji, for some AJ’HBJZ e F<X>
7j=1
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Moreover,

_ (2d) 0
(Ajz‘52d ((Pj)( )) Bj‘) = (4iB;1)” Saa ((Pj)( )) :
Thus .
— (1
F=> s (7)),
j=1
where ¢; is the constant ijzl (4;:B;)Y, for any j € [r]. QED

4.1.1 The counting argument

Notation. If B C F(X) contains only one polynomial g, then we write Qq(-) instead of Qp(-),
to simplify the writing. Note that B may not be a basis for the algebra considered (e.g., we may
consider identities of the Maty(F) generated by some B, where B is not a basis for (all) the identities
of Maty(F)).

Lemma 9. For any field F of characteristic 0, there exist s-polynomials Pi,..., P, which are
identities of Maty(F) in n variables, such that Qg,,(Py,...,P,) = Qn??) (and Qs,,(P1,. .., Py,) is
finite).

In Section 4.1.3 we show that, if F is of characteristic 0 then this lower bound holds for any
finite basis of Maty(FF), namely for Qp, where B is any finite basis of Mat(F).

Proof. We prove by a generalization of the counting argument from [6] that there exists a sequence
of polynomials Py, Py, ..., P, that require Q (nzd) substitution instances of the Soq(z1,...,%2q)
identities to generate (all of the polynomials in the sequence) in a two-sided ideal.

Recall that an s-polynomial (Definition 10) is of the following form:

E cij1j2~~-j2dSQd(le7xj27 ce ,.erd), where Cijjo-ing € {O, 1} . (4)
J1<j2<...<j24€[n]

Assume that

¢ =max{Qs,,(P1,...,P,) : P;is an s-polynomial, for all i € [n]}.

Then for any choice of n s-polynomials P, ..., P, there are £ vectors of polynomials Q1,...,Q,
from F(X), such that

Pr,..., Py € (S2a(Q1), -, 52a(Qr))-
By Lemma 8, for any choice of Py, ..., P, and Qy,...,Q,, for every i € [n]:

l l n n n
——(1
-Pi = Z CijSQd (Q]( )) = Z CijSQd (Z Amgj; Tmy Z AmjaLmy -« Z CLijd,Im)
7j=1 7j=1 m=1 m=1 m=1
(for some c;;, amyj, € ).
Consider a vector (¢, ..., Cn,, Gkim, - - - > Ap2aym) (M € [n], k € [{]). By linearity of Saq:

L n n n
> ciSaa | Y arimTim Y Gham@ms -5 Y Apdym@m | = (5)
k=1 m=1 m=1 m=1
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E Cij1j2~-j2d52d(le’$i2’ e Tgy) (where Cijyining € ). (6)
J1<j2<...<Jj2q€[n]

A polynomial map p : F* — F™ of degree d > 0, is a map p = (u1,. .., tm), where each p; is a
(commutative) polynomial of degree d with n variables.

Claim. Consider the coefficients ci,...,¢n;, Qkim, - -+, Qp2aym and the coefficients Cijjgring UV
Equation 5 as variables. Then, Equation 5 defines a degree-(2d+1) polynomial map ¢ : F2d+1)nl _,
F(sa) that maps each vector

(C1j- s Cnyy Akl - -+ A2aym)s  for m € [n], k € [€],

to
(Cljle"'j2d7 ey anlj2"'j2d)7 fOT jl < j2 <...< de € [n]
We omit the details of the proof of this claim. We have the following lemma:
Lemma 10 ([9], Lemma 5). For any field F, if u : F™ — F™ is a polynomial map of degree d > 0,
then [j(F™) ({0, 1} < (2d)".

Thus, for the degree-(2d + 1) polynomial map ¢ : Fd+hnl _, F"(ﬁi), we have

|¢(F(2d+1)nl> ﬂ{()? 1}”(27;) | < (2(2d+ 1))(2d+1)nl_

_ Recall that for any choice of n s-polynomials Pi,..., P, there are £ vectors of polynomials
Q1,...,Q from F(X), such that

Pl, ... ,Pn c <S2d(@), ... ,SQd(@)> .

For convenience, we use C for the 0 — 1 vector (Clj1j2"'j2d’ . "c”m'z---fzd)’

{0,1},i € [n],71 < j2 < ... < jag € [n]. Since for every possible C, the following polynomials are
s-polynomials:

E : Clj1jz~-j2d52d(xj17xj2> s Thaa)y e 2 : C”ju'z‘“m 52d(T 51 Tjos - -5 Tjaa);

J1<j2<...<jaq€[n] J1<j2<...<jaq€[n]

where ¢;; ;€

there exist ¢ vectors of polynomials Q1, ..., Qy in F(X), such that

Z Cijljz"'deSZd(le’ij’ e ,ijd) S <Sgd(@), ce ,Sgd(@» b€ [n]

J1<j2<...<jaq€[n]

That is, there exists a vector (ci,,...,Cn;,k1m,---;0x2aym) (M € [n],k € [{f]), such that
B(C1ys -5 Cnyy Qklims - - -5 Al2dym) = C.

Therefore, every possible C belongs to ¢(FZd+1nhy M {0, 1}n<2nd) .

Further there are 27(34) distinct vectors ¢ = (CljljZ”‘de"”’anle'“Jéd)’ where Cijringy €

{0,1},i € [n],71 <,...,< joq € [n]. Hence,
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This implies that
(2(2d + 1))(2d+1)nl > 2n(27:1). (7)

Using the In function on both sides:

(2d + 1)nlIn(2(2d + 1)) > n(;l> In 2.

Hence,

(272) In2

"> Gar )T ) ®)

Namely

l>c<n> _Cn(n—l)...d(!n—Zd-f—l) :Q<n2d>

(where ¢ € F), hence

l:Q<n2d).

QED

4.1.2 Combining the polynomials into one

Here we show that there exists already a single polynomial, denoted P* such that Qg,,(P*) =
Q(n2?). This is done in a manner which is similar to the work of Hrubes [6]; however, there is a
further complication here, which is dealt via the technical Lemma 12.

Lemma 11. Let Py,..., P, be s-polynomials in n variables x1,...,x,, and let z1,...,z, be new
variables, different from x1,...,x,. Let P*:=Y"" | z;P;. Then

N 1
QS2d(P)Z 2d+1Q52d(P17”'7Pn)‘ (9)
Specifically, for any field F of characteristic 0 and every d > 1, there exists a polynomial with n
variables such that Qg,,(P*) = Q(n2?).

Proof. For convenience, call the new variables zi,...,z, the Z-variables. Given a polynomial f,
the Z-homogenous part of degree j of f, denoted ( f)(Z]), is the sum of all monomials where
the total degree of the Z-variables is j. For example if f = zixy + 2021 + z32¢ + 1 + x, then
() = z1zy + 232, (f)2 = 2221, (f)% = 1 + . A polynomial that does not contain any Z-variable
is said to be Z-independent.

First, we claim the P* has the following property:
Claim. For any ¢ Z-independent polynomials G1,Gs,...,Gy € F(X), if
P* € (S24(G1), ..., S24(Gy))
then B B
Pi, ..., Py € (S24(Gh),-..,5a(Gy)).
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Proof of claim: Since P* € (S24(G1), ..., 524(Gy)),

n VR 7
P = ZZZH = Z Z fjiSQd(Gj)gji, for some fji,gji c IF(X>
=1

j=1i=1
How, asggn 21 =1,29 =23 =--- =2, =0 in P*. Since G1,...,Gy do not contain z1,..., z,, the
G1,...,Gy will remain the same. Thus,
¢t
! Val /
Pr=) > f5i%a(G))d;
j=1i=1
where f1; = fiilz 12000, 20405 9ji = Gjilz1e-1,2060,... 20 0. Namely, Pi € (S2a(G1), ..., S2a(Gr)).

Similarly, we can show P,,..., P, € <Szd(61), R Szd(ég)>. Therefore,
P,....P, € <82d(61), ey Sgd(ég» .

B Claim

In the following, assume Qg,,(P*) = ¢. That is, there are k vectors of polynomials
G1,Go,...,Gy such that B B
P* c <Sgd(G1), ceey Sgd<Gg)> .

Namely

n VAR 7
P* = Z:ZZPZ = Z Z fjiSQd(éj)gji, for some fji,gji c F<X>
i—1 j=1i=1

If we can find (2d + 1) - £ Z-independent vector of polynomials Gy, Ga, ..., G (2d+1)-¢ such that

¢t
pP* = Z Z fii524(Gj)gji € (S2a(G1), - . -, S2a(G(2a41)-0)) -

j=1i=1

then we can, by the above claim, show that

P,...,P, € <Sgd<§1), R 752d(é(2d+1).€)> s

which is the conclusion we want to prove:

Q55q(Prs- o, Py) < (2d+1) - L.

Now, to find the (2d + 1) - ¢ Z-independent vectors of polynomials G1,Go, ..., G (2d41)¢ Which
generate P*, let [| be a map that maps a polynomial P € F(X) to a polynomial [P] that is defined
by the following three properties:

1. The map [] is linear, namely [aG + SH| = «|G] + B [H] for any polynomials G, H and «,
€ IF; and
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2. Let M be a monomial whose Z-homogenous part is of degree 1. Thus, M can be uniquely
written as Myz; Mo, z; € Z, where My, My are Z-independent. Then

[M] = [MleQ] = ZMQMl; and
3. For a monomial M whose Z-homogenous part is not of degree 1, [M] = 0.

For convenience, in what follows, given the polynomials f, g and the vector of polynomials H,
we denote (f)%, (H)%, (g)% by F,H,G, respectively.

Claim. For any polynomials fi,91,...,fr,gx and vector of polynomials H with variables
Xl,...,Xn,Zl,...,Zn.‘
k: J— — —
[Z fiSZd(H)gi] € <52d(H)7SQd(H|’Hj(_Z§:1gi]-'i)>? for any j € [2d].
i=1
Proof of claim: Consider the following:

by Property 3 of [/]

k r kK
[Z fiS2d(H)9i] =[O fiS2a(H)gi);
=1 L i=1

k k 2d

k
=D (£)5S2a(H)Gi + > Y FiSu <ﬁ‘ﬂj<—(Hj)lz) Gi+ > FiSa(H)(g:)y
)

i=1 i=1 j=1 i=1
k

+ Z [FiS2a(H)(9i) 7] -

i=1

k
;f 2 (Hlrg, ) G

1 2d
(by linearity of [[]) = Z [(fi IZSQd(ﬂ)gi] + Z

i=1 Jj=1

For every i € [n], assume ( fz)lz = hizhs where hi, hy are Z-independent polynomials and z is a
Z-variable, then

() 2524(H)Gi| = [h12h2S20(H)Gi] = 2haSaa(H)Giha € (S2a(H))

where the right most equality stems from Property 2 of the map [-]. Similarly, for every i € [n], we
can show

[FiS2a(H)(9:) %) € (Saa(H)) -

By Lemma 12, which is proved below, we have

k
[Z flszd(H’H]%(Hj)lz)gZ] S <52d(ﬁ‘71j<—2f:1 gi]_-i)> y fOI’ anyj c [2d]
i=1

Thus [Zf:l fiS2d(ﬁ)gz} € <52d(ﬁ)7 S2d(ﬂ’7{j<;2§=1gi}‘i)> for any j € [2d]. mclaim
Note that P* = (P*)}. By the properties of [-] we have:

P* = [P
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Mm
S

Soa(Hj), S2a(Hj| for any j € [(], q € [2d].

.
Hjg 31 gjmfjm)>

Namely for P* = Z§:1 2?:1 f4iS24(H j)gji, we have (2d+1)-¢ Z-independent polynomials that
generate P*, concluding the theorem. QED

Lemma 12. Let X = {x1,z9,...,2,} and fi1,91,..., fx,9x € F(X). Let Z = {z,21,22,...,2n}
and assume that n is an even positive integer, and let P be a vector of polynomials (Py, Py, ..., P,)
with variable set X U Z. We denote (P)%, ()%, (9:)% by P, Fi,Gi,i € [k], respectively. Then, for
any j € [n], it holds that

k
Z}—isn(,P‘Pj%(Pj)lz)gi] € <Sn(ﬁ|77j<—2§:1gifi)>‘
=1

For example, when n = 2, the above lemma shows the following:

[k 7] k
D FSa((P)g. P2)Gi| € <52(Z gifi,Pz>>,

Li=1 | =1

[k 7] k

D FiSa(Pr, (P2)y)Gi| € <82(Plvzgifi)>'
Li=1 J =1

Proof. For a fixed Z € [n], we have (Pr)}, = UzV, where z € Z, U,V € F(X) and U,V are
Z-independent.

For a permutation o € S,, and the polynomial vector P = (Py,..., P,), we let
P J— m=1 o‘(m)v — .77
(P)ofi g { 1, s
We write S,,/m to denote the set {o € S,, | o(m) =Z}.
And define
. 1 2 we. n—m n—m+1 n—m-+4+2 .. n Vm € [n]
mEU mrl mr2 n m 1 o om—1 '

Fact 13. sgn(my) = (—1)mr—m+m=1 — (_qynm—m(m-1)-1 — _1,

Fact 14. ﬁa[m-‘rl,n} '?a[l,m—l} = ?Uﬂm[l,n—m] ) Paﬂm[n—m—‘rQ,n]; Jor all o € Sn/m
Fact 15. (S,,/m)mym = Sp/(n —m +1).
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So we have the following:

[k
Z]:isn(P|P1<—L{zV)gi]
=1
= Z]: Z Sgn 1n])|771<—uzvgz]
Li=1 ocESH
k n

= Z Fi Z Z sgn(0)(=1)™ (Po1,m—1]Por(m) Pofm+1,0)) | PreuizvGi

[k
- ZF Z Z Sgn (f [1,m— I]PIPU[m+1n)‘7DI<_uzvgz
| i=1 m=1geS,/m
[ & n B
=|1>.F Z Y sgn(0) (1) (Poptm-1UzVPoim s1.n)9i
=1 m=l5eS,/m

:ZVZ sgn(0)(=1)"Popm41.n] (Zgz z) oltm-11U

m=1oeS,/m

n

=zYV Z Z Sgn(a)(—l) om[l,n—m] <Z Gi 1) ot [n—m—+2, n]u by Fact 14

m=1g€eS,/m

n

:ZVZ Z Sgn(awm)sgn(ﬁm)(—l) aﬂ'm[ln m| (Zgz z) OTom [n—m+2 n]Z/I

m=1o0eS,/m

-1
let m = omy, then 7w, = o,

n k
=zV Z Z sgn(ﬂ)(— )( )mpﬂ[l n—mj| ( ng) wn—m+2 n}u by Fact 13
i=1

m=1 pr-les, /m

-0y S sgn(m) (=) Prapnom)

E) m[n—m+2 n]u by Fact 15
m=1reS, /(n—m+1)

letm=n—m+1,thenm=n—m'—-1,

k
( G
k
=2y Z Z sgn(m i Pt m—1] (Zgl}—z) m+1,mU

m/'=17eS,/m/

1
n k o
=—(=1)"2V Y > sgn(m) (=)™ P (Z gz]:z) Parpm'+1,mU

m'=1reS,/m’ i=1

=2VSu(Plp, st g7 U
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e <sn(fypzszzl %)> .

QED

4.1.3 Concluding the lower bound for every basis of the identities of Mat,(IF)

Here we show that the Q(n??) lower bound proved in previous sections holds (for every d > 2 and)
every finite basis of the identities of Maty(F), when F is of characteristic 0. To this end, we use
several results from the theory of Pl-algebras (for more on PI-theory see the monographs [18, 5]).

A polynomial f € F(X) with n variables is multi-homogenous with degrees (1,...,1) (n
times) if in every monomial the power of every variable x1, ..., x, is precisely 1. In other words,
every monomial is of the form o - []7; To(j), for some permutation o of order n and some scalar
a. For the sake of simplicity, we shall talk in the sequel about a multi-homogenous polynomial
of degree n, when referring to a multi-homogenous polynomial with degrees (1,...,1) (n times).
Thus, any multi-homogenous polynomial with n variables is homogenous of total-degree n.

We need the following definition:

Definition 11. A polynomial f € F(X) is called a commutator polynomial if it is a linear
combination of products of generalized-commutators. (We assume that 1 is a product of an empty
set of commutators.)

For example, [z1,z2] - [x3, 4] + [21, T2, 23] is a commutator polynomial.
We need the following proposition:

Proposition 16 (Proposition 4.3.3 in [5]). If R is a unitary Pl-algebra over a field F of charac-
teristic 0, then every identity of R can be generated by multi-homogenous commutator polynomials.

Remark. Multi-homogenous and commutator polynomials, in the current paper, are called mul-
tilinear and proper polynomials in [5], respectively.

Lemma 17. Let R be a unitary Pl-algebra and let T be the T-ideal consisting of all identities of R.
Then T has a finite basis in which every polynomial is a multi-homogenous commutator polynomial.

Proof. By Kemer [11], the identities of any F-algebra, for any IF, can be generated by a finite set
of identities. Namely 7 has a finite basis {A1,,..., Ay}, for some positive integer k.

By Proposition 16, for a fixed identity of R, we can find finite many multi-homogenous com-
mutator polynomials to generate. Thus, each A;, i € [k], can be generated by finite many multi-
homogenous commutator polynomials. Then there are finite many multi-homogenous commutator
polynomials generating the basis {41, , ..., Ax} of T, and hence, also finite many multi-homogenous
commutator identities generating 7T .

QED

Lemma 18. Let f € F(X) be a multi-homogenous commutator polynomial with n variables. If x;
is a constant for some i € [n], then f(x1,...,2,) =0 (that is, f is the zero polynomial).

Proof. In the proof, when we talk about the commutator, we mean the non-zero polynomial

[t,, ..., 2] for all possible t1,...,ts € [n] and some natural number s > 2. It is easy to check that
if we replace a variable by a constant ¢ € F in the commutator [zy,, ..., z:,], then the commutator
equals 0.
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By the definition of commutator polynomial, we know

m ki
=Sl
i=1 =1

where 0 # ¢; € F and m,n € N, and B;; is some commutator [z;,, ..., z;,].

For a fixed Z € [n], by the definition of multi-homogenous polynomial, f must be linear in =7,
namely ¢; Hf;l B;; must be linear in x7 for every ¢ € [m]. Then there must be a jo € [k] such

that Bjj, is linear in xz. That is, Bjjy|s;«c = 0. Furthermore, Hf’zl Bijlzzc = 0 for all i € [m)].

Namely f|zy;c = 0. QED
By lemma 9 and lemma 11, we know that there exist s-polynomials Pi,..., P, in n variables
x1,...,T, that are identities over Maty(F), such that putting P*:=>""" ;| z; P;, where z1,..., 2, are

new variables, we have:

1
2d+1

QSM(P*)E 'QSM(Pl""’Pn):Q(nM)'

The following is the main lemma of this section:

Lemma 19. Let d > 2, and let B be some basis for the T-ideals of the identities of Maty(F). Then,
there are constants c,c’ such that for any identity P over Maty(F) of degree 2d + 1:

CQSQd(P> < QB(P) < CIQSQd(P)'
To prove this theorem we need the following two lemmata.

Lemma 20. For any natural number d > 2, every multi-homogenous identity (with any number of
variables) over Maty(F) of degree at most 2d + 1 is a consequence of the standard identity Saq.

Proof. By Leron [14], we know that for any d > 2 every multi-homogenous identity of Matg(F)
with degree 2d 4 1 is a consequence of the standard identity Soq. By Exercise 7.1.2 in [5], there are
no identities of degree less than 2d in Maty(F) and every multi-homogenous polynomial identity of
degree 2d in Maty(IF) is also a consequence of the standard identity Sag. QED

By Lemma 17, there is a basis {A1, Aa, ..., A} of Matg(F), where Aq,..., A, are all multi-
homogenous commutator identities (Definition 11).

Lemma 21. Let P be an identity of Matq(F) of degree 2d+1 and let G be a basis {A1, Aa, ..., Am}
of Maty(F), where Ay, ..., Ay are all multi-homogenous commutator identities of Maty(F). And
assume Qa(P) = k, that is, k is the minimal number such that exist k substitution instances

Bl, BQ, cey Bk Of Al, AQ, ce ,Am, fO’f’ which:
Pe <Bl,B2,...,Bk>.
Then, no By, for £ € [k], is a substitution instance of a basis element A; whose degree is greater

than 2d + 1.
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Proof. Assume there is A; (for j € [m]) in the basis G such that the degree of A;(Z) is greater than
2d + 1. In the following, we show that none of B, (¢ € [k]) is a substitution instance of A;.
Assume otherwise. Hence, there is a Bz, Z € [k], such that Bz is the substitution instance of
A;. Since A;(T) is homogeneous, every term in A;(Z) is of degree greater than 2d + 1.
We consider the following two cases:

Case 1: Every term in the A;(Q), which is a substitution instances of A;(Z), is of degree greater
than 2d + 1. ‘

For convenience, given a polynomial f, we denote by f</ the polynomial S o f)(i), namely
the sum of all homogenous parts of f of degree at most j. We consider the 2d + 1 homogenous part,
that is:

e {(MPHY | he (B, By, B} < (B L () =)

But (BI)(SZdH) = (Aj(a))(gzdﬂ) = 0, because, in this case, every term in A4;(Q)
is of degree greater than 2d + 1. So P can also belong to the ideal generated by
{(B)=D (B =D (B DL (B =, This means Qa(P) = k — 1 which

contradicts Qg (P) = k. Thus the assumption is false.

Case 2: There is a term of degree at most 2d 4+ 1 in A;(Q), which is a substitution instance of
A]’ (f)

But we assumed that every term in A;(Z) must be of degree greater than 2d 4+ 1. This means
one of the coordinates of @ must be a constant. That is, 4;(Q) = 0 (by Lemma 18). So P can be
generated by {Bi, Ba,..., B} \ B;. Hence, Q¢(P) = k — 1, which contradicts Qg (P) = k. Thus
the assumption is false.

Now we can conclude that the assumption that there is a Bz, Z € [k], such that Bz is a
substitution instance of A; is false. So none of B, (¢ € [k]) is a substitution instance of A;.
QED

We are now back to the proof of Lemma 19:

Proof. Let B be a basis {A1, Aa, ..., Ay} of Maty(F), where Ay, ..., A, are all multi-homogenous
commutator identities of Maty(FF). Let

(B)(Qdﬂ) := {A; € B | the degree of A; is no more than 2d + 1}.
For any identity P of Matgy(FF) of degree 2d + 1, by Lemma 21,
Q(B)(S%-H)(P) = QB(P)

This also means that every identity of Maty(F) of degree at most 2d + 1 can be gener-
ated by (B)(Qdﬂ). Thus, Soq can be generated by (B) 24D Write (B)S247Y as the set
{A} A5, ALY, m' < m, where the degree of A (Vi € [m/]) is less than 2d + 1. By Lemma
20, A, ..., A,y is generated by Say. Then, by Equation 3 in Proposition 4, for any identity P over
Matg(FF) of degree 2d + 1:

1
Q(B)(S2d+1) (SQd)

Q(P) < Qaycaann(P) < (g @s(B)) Qs(P) d>2 (10
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Namely, for every identity P of Maty(F) of degree 2d + 1,there are constants ¢, ¢’ such that:

¢Qs,,(P) < Q5(P) < dQs,,(P) d>2.
QED

We can now conclude the main theorem of this section, Theorem 4.1.3, which we restate for
convenience:

Theorem. Let F be any field of characteristic 0. For every natural number d > 2 and for every
finite basis B of the T-ideal of identities of Maty(FF), there exists an identity P over Maty(F) of
degree 2d + 1 with n variables, such that Qp(P) = Q(n??).

Note on the case of d = 2. When d = 2, Lemma 19 is not true. For example, the polynomial
f = [[z1, ®2][x3, T4] + [x3, x4][x1, 2], x5] is an identity over Mato(F), but it is possible to show
(though it is not entirely trivial) that f cannot be generated by Sy.

5 Relations to tensor-rank

Here we show that in order to make the hard (non-explicit) instances f from Theorem 5 into explicit
ones, means finding explicit tensors with high tensor-rank. This generalizes (to any order) a similar
observation made in [6] for order 3 tensors. This means that the specific hard instances we provide
in Theorem 5 are not good candidates for proof complexity hardness, because it is reasonable to
assume they do not have small size circuits.

Definition 12. A tensor A : [n]” — F is a simple tensor if there exist r vectors a,...,a, :
[n] = F such that A = a1 ® -+ ® a,, where ® denotes tensor product, that is, A is defined by

A(il, ig, e ,ir) = al(il) cee ar(ir).

Definition 13. For a tensor A, the tensor rank rank(A) is the minimal k such that there exist
k simple tensors Ay, Ag, ..., A : [n]” — F such that A = Zle A;.

Definition 14. For a natural number n, let A be a tensor [n]"t! — F. We define the correspond-
ing polynomials (from F(X)) of the tensor A as follows:

fjo = Z A(j(),jl,...,jT)Sr(.’L'jl,{L'jQ,...,a}jr), Vj() c [TL]
J1.d25-.Jr €[N
By the following theorem, if we find an collection of explicit® s-polynomials fi,..., f, over

Maty(F) such that Qg,,(f1,---, fn) is Q(n??), then we can find an ezplicit’ tensor A : [n]?4+1 —
{0,1} with rank Q(n2?), where the corresponding polynomials of A are the s-polynomials f1, ..., fn.

Theorem 22. For a natural numbern, let Ay, . r. be a tensor [n]"*t — F and let fi,..., f, € F(X)
be the corresponding polynomials of Ay, .. ., then:

QSQd (flv ) fn) < Tank(Afl,...,fn)'

8 A polynomial is said to be explicit if the coefficient of a monomial of degree d is computable by algebraic circuits
of size at most poly(d), where d is a natural number.

9A tensor T : [n]” — F is called explicit if T(i1,...,4,) can be computed by algebraic circuits of size at most
polynomial in poly(rlgn), that is, at most polynomial in the size of the input (i1,...,%).}
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Proof. Assume rank(Ay, . 7,) = R. Namely we can find R simple tensors Ay, Ao, ..., Ag such that

R
Af17"'7f’71 = ZAZ' (11)
i=1
For every i € [R], by simple tensor’s definition, there exist 2d+1 vectors a(()i), agi), . ,a(22 :[n] —

F such that 4; = ag) ® agz) R R agg Namely Ai(io, 11,12, . . . ,igd) = CL(()Z) (lo)agl) (21) cee agg (’igd),
where g, ..., 124 € [n].

Concerning the corresponding polynomials f1,..., f, of A s, for every jo € [n],
fio= Y. Apop(or - d2a)S2a(®s, -5 2jy,)
J1:J25-,Jr €[N
R
= Z Z ](),...,jgd)SQd(IL’jl,...,ijd) (by 11)
J1,925-dr€[n] =1

R
= Z Z Ai(j()w‘-and)S2d(xj17"'7xj2d)

=1 j1,j2,....Jr €[n]

R
- Z a(()l) (J0) Z agl)(jl) o aég (j2d)52d<xj17xj27 ) ijd)
i=1

J1:J25-,3r €[N

—Za (Jo)Sa2a Z at’ (j);, Z a5 (j)zj, -, Z agg( )2

1<j<n 1<j<n 1<j<n
R
Z (J0)S2a(P:)
(For convenience, write (Zlgjgn agi)(j)mj, d1<j<n a(;)(j)a:j, e 2o1<i<n agg(j)xj) as P;, for any
i€ [R)]).
Namely B B
Fioeo o € (820 (P) 2500 (Pr))
Thus Qs,,(f1,---, fn) < R, namely Qg,,(f1,.-., fn) < rank(Ayp  s.). QED

By the above theorem, we have the following;:
Corollary 23. If there exists a n explicit collection of s-polynomials fi,..., fn (that are all
identities of) Matq(F), such that Qs,,(f1,---, fn) = Qn3?), then there exists an explicit tensor
A [n)?H — {0, 1} with tensor-rank Q(n??).

6 Relations to proof complexity and the main open problem

Here we seek to find connections between the work we have done above to the problem of proving
lower bounds in proof complexity.
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Consider a matrix identity f over Maty(F). It is a non-commutative polynomial. Let f be a
nonzero polynomial identity over Maty(IF). Then f is a nonzero non-commutative polynomial from
F(X). If we substitute each (matrix) variable z; in f by a dxd matrix of entry-variables {z;jk} ; ke[n);
then now f corresponds to d? commutative zero polynomials, one for each entry computed by f.
Accordingly, let F' be a non-commutative circuit computing f. Then under the above substitution
of d? entry-variables to each variable in F, we get d? non-commutative circuits, each computing
the zero polynomial when considered as commutative polynomials. Formally, we define the set of
d? non-commutative circuits corresponding to the non-commutative circuit F as follows:

Definition 15 ([F]g, [F = 0]4). Let F' be a non-commutative circuit computing the polynomial
f € F(X), such that f is an identity of Maty(F). We define [F]q as the set of d* circuits which
are generated from bottom to top in the circuit of F' according to the following rules:

1. every variable z in F corresponds to d*> new variables xij, 1,7 € [d];

2. every plus gate X @Y, where X,Y represent two circuits, in F corresponds to d* plus gates
®ij,1,j € [d] where each plus gate ®;; connects the corresponding circuit X;; and Y;; which
have been generated before;

3. every multiplication gate X ®Y in F corresponds to d* plus gates ®ij,1,j € [d] where each plus
gate @;j is connected to d multiplication gates @y, k € [d] which represent the multiplication
of two corresponding circuit X, and Yy; that have been generated before. (Formally, plus
gates have fan-in two, and so @;; is the root of a binary tree whose internal nodes are all plus
gates and whose d leaves are the product gates Qy, k € [d].)

We define [F = 0]q to be the set of equations between circuits, where each circuit in [F]q equals
the circuit 0.

Fact 24. Since every gate in F corresponds to at most d® gates in [F]g, we have:

[F]a| = O (&*|F))

(where |F| denotes the size of F, that is the number of nodes in F and |[F]q| denotes the sum of
size of all circuits in [F)q). Thus, if we fix the dimension of a matriz as a constant, then we can

claim that |[f]a] = ©(|f]).

First, we recall the arithmetic proof system P.(F) (introduced in [8], and almost similarly in [7])
for deriving (commutative) polynomial identities over a field F. The system manipulate arithmetic
equations, that is, expressions of the form F' = GG where F,G are circuits. Let F be a field. The
system P.(IF) proves equations of the form F = G, where F, G are circuits over F. The inference
rules are:

F=G F=G G=H
Fi =Gy Fy =Gy F =Gy Fy,=G2
Fi+F =G+ Gy Fi x F5 =G1 X Gy .

The axioms are equations of the following form, with F, G, H ranging over circuits:

Identity : F=F
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Multiplication commutativity : F-G=G-F

Addition commutativity : F+G=G+F
Associativity F+(G+H)=(F+G)+H F-(G-H)=(F-G)-H
Distributivity : F.-(G+H)=F-G+F-H
Zero element : F+0=F F-0=0
Unit element : F.-1=F
Field identities : c=a+b d=a -V
where in the Field identities a,d’, b, b, c,d € F, such that the equations hold in F.
Circuit axiom : F=Fif F and F' are (syntactically) identical when

both are un-winded into formulas.

Note that the Circuit axiom can be verified in polynomial time (see e.g., [10]).

A proof 7w in P.(F) is a sequence of equations F} = G1,Fy, = Go,...,F, = Gy, with F;,G;
circuits, such that every equation is either an axiom, or was obtained from previous equations by
one of the derivation rules. An equation F; = G; appearing in a proof is also called a proof-line.
Denote by | Fp, ) F'| the minimum number of lines in a P.. proof of F' = 0. We say that 7 is a P
proof of a set of equations if 7 is a P, and it contains all the equations in the set as proof-lines).

For F an infinite field, f is an identity in Maty(F) iff [F' = 0]4 has a P.(IF) proof. This is easy
to prove as follows: assume by contradiction otherwise, then there must be an assignment A that
makes g # 0. This follows since the field is infinite (and so every non zero polynomial has an
assignment that does not nullifies the polynomial). But this assignment A (extended in any way
to all entries) makes the matrix identity nonzero, in contradiction to the assumption that it is a
matrix identity.

The main open question we raise in this work is the following;:

Main Open Problem. Let d be a positive natural number and let B be a (finite) basis of the
T-ideal of the identities of Maty(IF). Assume that f € F(X) is an identity over Maty(F), and let
F be a non-commutative algebraic circuit computing f. Then, the minimal number of lines in an
arithmetic proof of the collection of d* (entry-wise) equations [F = 0]y corresponding to F is lower
bounded (up to a constant factor) in Qp(f). And in symbols:

| Fe ) [F = 0]a| = QQ5(f)).

6.1 Conditions for exponential lower bounds

Can we, even potentially, obtain exponential lower bounds on P.(FF) proof size using the measure
@p(-) and assuming the Main Open Question has a positive answer? The answer is yes, under
certain assumptions. We write the assumptions formally:

Assumptions:
1. Assume that for any d and any basis By of the identities of Maty(F) the number of lines in

any P.(IF) proof of [F' = 0], is at least Cp, - @p,(f), where Cp, is a number depending on By
(this is the Main Open Problem; where there Cp, is a constant).
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2. Assume that for any d and any basis B, of the identities of Maty(IF), there exists a number cp,
such that for all sufficiently large n there exists an identity f,, 4 such that Qp,(fn.4) > ¢B, n2d,
(The existence of such identities are known from our lower bound.)

3. Assume that cp, -Cp, = (pol;(n)>.

4. Assume that the algebraic circuit size of f, 4 is is at most poly(n).
Consequence: By the assumptions, every P.(IF)-proof of [ f,, 4 = 0]4 has size at least cp,-Cp, n2e,
Consider the family {f, 4}72;, where d is a function of n, and we take d = n/4. Then, we get the
following lower bound on the number of lines in P.(F)-proofs of the family {f,, 4}5;:

1
2d n/2 Q(n)
= n =2
poly(n/4)

which (by assumption 4) is exponential in the size of the identities f,, 4 proved.

)

e, -Cp,-n

We wish to justify to a certain extent the new Assumptions 3 above (which lets us obtain the
exponential lower bound). We shall use the s-polynomials for this. First, note that Assumption 2
holds for the case of the s-polynomials, by Theorem 5.

We now show that the function cp, does not decrease too fast. By Equations 8,9 and 10 in
Section 4.1, we know that for any natural number d, there is an s-polynomial f, such that:

1 1 (50) In2
N .
Omald) = G (S22 + 1 2d T 1) n(dd + 2)

Let By be a set of identities of Maty(IF) that contains the Sy identities. Hence,

Q) (s2a+n) (S24) = 1.

Thus
1 (272) In?2

Qp,(f) = 2d +1(2d + 1) In(4d + 2)°

If we let d = n/4, then

1 (n72) In2
n/2+1(n/2+1)In(n+2)

QB7L/4 (f) >

2n+1/2

NG Then

By Stirling’s formula, we get that n! ~ /27n(2)". Hence, (n%) ~

@s,u1) =9 (i)

n5%21nn
This shows that the function cp, does not decrease too fast.

We can use the fact that cp, does not decrease too fast to get the following (conditional expo-
nential lower bound):
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Proposition 25. Assume the Main Open Problem as written in Assumption 1 above and suppose
that Cp,,, = Q(1/poly(n)). Then, there exists a family {f,},_, of s-polynomials such that the

n=1
number of lines in any Pc(F) proof of [F, = 0],,/4 is at least Cp,, Q2 (% In n) =Q (po%;(n)) =

(Note that we get a exponential lower bound for the lines of proofs in P, in the above consequence
without considering about the size of the s-polynomials.)

6.2 A propositional version of the Main Open Problem

We wish to comment on the applicability of our suggested framework, for achieving propositional
Extended Frege lower bounds.

It seems that the most natural way to connect the complexity, measure Qg(+) to the number of
lines in an Extended Frege (see, e.g., [12] or [10] for a formal definition of Extended Frege) proof is
to require that the Main Open Problem states an even stronger statement. Admittedly, this makes
the new assumption, shown below, quite speculative at the moment.

Given a commutative algebraic circuit C' over GF(2), we can think of the circuit equation
C = 0 as a Boolean circuit computing a tautology, instead of an algebraic circuit: interpreting + as
XOR, - as A, and = as logical equivalence = (that is, <+). Accordingly, we can consider arithmetic
proofs over GF(2) augmented with the Boolean axioms z7 + x;, for each variables x;, to obtain
a propositional proof system which formally is an Extended Frege proof system (see [8]). Denote
this system P.(F) + {2? + 2; : x; € X}.

Then, there is no clear reason to rule out the following;:

Main Open Problem—the Propositional Case over GF(2). Let F = GF(2), let d be a
positive natural number and let B be a (finite) basis of the identities of Maty(F). Assume that
f € F(X) is an identity of Maty(F), and let F' be a non-commutative algebraic circuit computing
f. Then, the minimal number of lines in a Po(F) + {2? + x; : x; € X} proof of the collection of
d? (entry-wise) equations [F = 0]y corresponding to F is lower bounded (up to a constant factor)
by Qp(f). And in symbols:

| Fpo®) (a2 mexy [F = 0la| = Q(Q5(f)). (12)

(Where, as before, | Fp () + {o2+as  mexy [F = 0]q| is the minimal size of a Po(F) + {z? + z; :
x; € X} proof containing all the circuit-equations in [F = 0]g4.)

Comment: One can plausibly consider the same propositional version of the main open problem,
with F being the rational numbers, and hence of characteristic 0 (for we which we have more
knowledge about Q5(-), as obtained in our work). However, the way to translate arithmetic proofs
P, over the rationals is less immediate than the same translation for the case of GF(2), and we
have not verified formally the details of such a translation.

6.3 Proof systems for matrix identities

The proof system P.(F) works for proving identities over commutative fields. Here we formulate
a fragment of P.(IF) that proves matrix Maty(IF) identities, for every given d. In what follows, F
always denotes the field of characteristic 0.
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We can define a new proof system Pypus, (F) for proving identities over Matg(F). Since, for
d > 2, the set of generators for the identities over Maty(F) are still not well understood, we shall
formulate a system only for Pyat, (F), since for the identities of Mata(F) Drensky [4] has found a
basis.

Definition 16 (The system Pypat, (F): proofs of identities over Mata(F) ). Pyat, (F) is the equational
circuit proof system whose set of proper axioms consists of the following equations:

Addition commutativity : f+g=9+f
Associativity : f+g+h)=(+9 +f f-(g-h)y=(f-9g)-h
Distributivity : f-(g+h)=f-g+f-h
Zero element : f+0=f f-0=0
Unit element : f-1=1
Genertators : Sa(x,y,z,w) =0 [z, y]%, 2] =0
Field identities : c=a+b d=ad -V
where in the Field identities a,a’,b,b',c,d € F, such that the equations hold in F.
Clircuit axiom : F=F if F and F' are (syntactically) identical when

both are un-winded into formulas.

Denote marat, (f) @ Pumat, (F) E f = 0 by the shortest proof for the equation f = 0 in system
Purat, (F) and denote |marqr, (f)| by the number of lines in masqr, (f).

7 Proof systems for identities of different algebras

We can consider proof systems for identities of algebras different than matrix algebras. Specifically,
we can enlarge the language of polynomial identities from F(X) to the free trace polynomial algebra
TrF(X), as we now describe (see Razmyslov [16]).

First, define the trace function Tr(-) : F(X) — FF as a function with the following congruence:

[Tr(f),g] =0,

[Tr(f),Tr(g)] =0,

Tr(fg) =Tr(gf),

Tr(af + Bg) = oTr(f) + BTr(g),

where f and g range over F(X) and « and [ range over the field F. For any £ € N and any
By, ..., By € F(X), define the trace monomial as the following product:

BlTT<B2>T7“(B3) ce T’I”(Bk)
A trace polynomial is defined to be a sum of trace monomials.

Definition 17. Let TrF(X) denote the associative algebra of trace polynomials such that the vari-
ables X := {x1,x9,...} are non-commutative with respect to multiplication. We call TrF(X) the
free trace polynomial algebra (over X ). (More precisely, we have distributivity and associativ-
ity of product; and commutativity and associativity of additions in the free trace polynomial algebra,
which are defined in the same way as for the free algebra F(X).)
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From now on, we only talk about the free trace polynomial over a matrix algebra, and we will
only consider the function Tr(-) as the ordinary trace function. Namely for a matrix M, the value
Tr(M) is the sum of diagonal elements of M.

Then a trace polynomial f(xi,...,z,) € TrF(X) is called a trace identity of Maty(F) if
f(Bi,...,By,) =0 for any matrices Bj,..., B, € Maty(F).

It is easy to see that the free algebra F(X) is contained in TrF(X). Actually we construct the
free trace polynomial algebra TrF(X) as a generalized free algebra, which will play the same role
for trace identities as the free algebra plays for ordinary identities.

Furthermore, a two-sided ideal .7 of the free trace polynomial algebra TrF(X) is called a trace
T-ideal if for any trace polynomial f(z1,...,z,) contained in 7 and any ¢i,...,g, € F(X), the
trace polynomial f(g1,...,gyn) is contained in 7. Let B € TrF(X) be a set of trace polynomials
and let 7 be a trace T-ideal. We say that 7 is generated by B, if every f € .7 can be written as:

f= Zhi “Bi(gits s Giny) - i
icl

for hi, ¢; € TrF(X), gi1, ..., gin, € F(X) and B; € B (for all ¢ € I). A trace identity f = 0 is called
a consequence of (or generated by) the trace identities g = 0, where g ranges over B, if f € 7.
We have the following theorem:

Theorem 26 (Razmyslov [16], Theorem 2). All trace identities of the Maty(F) are consequences
of the Cayley-Hamilton identity fq which can be computed by the following recurrence:

fi=y=Tr@), o= fow - Tr(fay), n22

We can thus construct a proof system Py, (IF) for proving the trace identities over Matq(F).
For the sake of comparison with Pypat, (F), we shall give only the definition of Py, (F), as follows:

Definition 18 (The system Py, (IF): proofs of trace identities over Maty(FF)). Py, (IF) is the arith-
metic proof system operating with equations between circuits whose set of proper axioms consists of
the following equations:

Addition Commutativity : f+g9=9g+f
Associativity : f+@+h)=(f+g) +h f-(g-h)y=(f-9)-h
Distributivity : f-(g+h)=f-g+f-h
Zero element : f+0=f f-0=0
Unit element : f-1=f
Genertator : 2% — Tr(z)z + %(Trz(x) — Tr(z*) =0
Trace Commutativity : [Tr(f),Tr(g)] =0 [Tr(f),g] =0
Tr(f-g)=Tr(g-f)
Trace Linearity : Tr(af + Bg) =aTr(f)+ BTr(g)
where f and g range over F(X)and « and B range over the field F
Field identities : c=a+b d=a -V

where in the Field identities a,a’,b,b',c,d € F, such that the equations hold in F.
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Circuit axiom : F=F'if F and F' are (syntactically) identical when

both are un-winded into formulas.

Denote by 77y, (f) : Py, (F) F f = 0 the smallest proof of the equation f = 0 in the system
Py, (F) and denote by |mr.,(f)| the number of lines in 7., (f). Also, denote by |mc([f]a)| the
minimal number of lines in a P.(FF) proof of all the equations in [f]4. We have the following:

Proposition 27.
[T atat, ()] = Q|mrr, (F)])-
|

|marat, () = Qlwe ([£1a)])-

Observation: we can obtain the standard identity Sy and the Hall identity [[z,y]?, 2] from the
Cayley-Hamilton Theorem by constant many steps.

We now prove this observation. For the standard identity: since for any matrix variable x which
belongs to Mats(F), we already know the following polynomial is zero polynomial

1

P(x) := 2? — Tr(z)x + §(Tr2(x) — Tr(z®)I.

And we linearize the identity and get the following
1

P(z+y)=P(2)=P(y) = (zyt+ye)—(Tr(@)y+Tr(y)z)+5 (Tr(@)Tr(y)+Tr(y)Tr(z)) - Tr(zy+yz)) L.
Since

Tr(z)Tr(y) = Tr(y)Tr(x), Tr(zy) = Tr(yz),
we see that Ms(F) also satisfies the trace identity:

f(a,y) = (wy +yz) — (Tr(z)y + Tr(y)z) + (Tr(x)Tr(y) — Tr(zy))I.
Now we replace x,y by 2o, 2oy, 20520, Where o is a permutation from the symmeTric group Sy :
0= Z sgn(0) f (26, 20qy 203 204)
g€Sy

= E SgN(0) 20, 209 205 204 + 203704201 200 —
gESy

Tr(20,%09) 203 %0y — LT (205204) 201 200+

Tr (20, 205) T (26320, ) ] — TT (20, 204 %05 204 ) 1]

=2 § Sgn(U)Zgl RogRo3”0y-
oES,

For the Hall identity:

P([z,y]) = [z.y]* = Tr(f,y])[z,y] + %(T?”2([93, yl) = Tr([z, y*)1.

Since
Tr([z,y]) = Tr(zy) — Tr(yz) =0,

P(le,y) = [, — 5 Tr(( )
Namely [z,y]?> = $Tr([z,y]*)1, that is [z, y]?, 2] = [3Tr([z,y]*)1, 2] = 0.
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