Electronic Colloquium on Computational Complexity, Revision 1 of Report No. 2 (2014)

Direct Sum Testing

Roee David Irit Dinur
Weizmann Institute of Science Weizmann Institute of Science
roee.david@weizmann.ac.il irit.dinur@weizmann.ac.il
Elazar Goldenberg Guy Kindler
The Academic College of Tel Aviv-Yaffo Hebrew University of Jerusalem
elazargo@mta.ac.il gkindler@cs.huji.ac.il

Igor Shinkar
UC Berkeley.

igors@berkeley.edu

Abstract

The k-fold direct sum encoding of a string a € {0,1}" is a function f, that takes as input
sets S C [n] of size k and outputs f,(S) = Y ;csa; (mod 2). In this paper we prove a Direct
Sum Testing theorem. We describe a three query test that accepts with probability one any
function of the form f, for some 4, and rejects with probability Q(e) functions f that are
e-far from being a direct sum encoding.

This theorem has a couple of additional guises:

e Linearity testing: By identifying the subsets of [n] with vectors in {0,1}" in the natural
way, our result can be thought of as a linearity testing theorem for functions whose
domain is restricted to the k’th layer of the hypercube (i.e. the set of n-bit strings with
Hamming weight k).

o Tensor power testing: By moving to —1, 1 notation, the direct sum encoding is equiva-
lent (up to a difference that is negligible when k < /) to a tensor power. Thus our
theorem implies a three query test for deciding if a given tensor f € {—1, 1}”k isa
tensor power of a single dimensional vector a € {—1,1}", i.e. whether there is some
a such that f = a®k.

We also provide a four query test for checking if a given 41 matrix has rank 1.
Our test naturally extends the linearity test of Blum, Luby, and Rubinfeld (STOC "90). Our
analysis proceeds by first handling the k = 7n/2 case, and then reducing this case to the
general k < n/2 case, using a recent direct product testing theorem of Dinur and Steurer
(CCC 2014). The k = n/2 case is proven via a new proof for linearity testing on the
hypercube, which we extend to the restricted domain of the 7 /2-th layer of the hypercube.

1 Introduction

The k-fold direct sum encoding of a string a € {0,1}" is the function f : ([Z]) — {0,1} which
takes as input subsets S C [n] of size k, and whose output on such an S is f(S) = Y cqa;
(mod 2). Direct sums were originally considered in theoretical computer science in the famous
Yao XOR lemma [37] for the purpose of hardness amplification in circuit complexity, and since
then have been extensively studied. They can also potentially be used for gap amplification
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in PCP constructions, provided that we can devise and analyze local tests for them. We thus
naturally arrive at the following problem, which is the focus of this paper.

Direct Sum Testing Problem: Efficiently test whether a given a boolean function
f: ([’Z]) — {0,1} is (close to) a k-fold direct sum encoding.

This question is also very much related to that of testing whether a given function is close
to a k-fold tensor power and we elaborate on this in Section 1.2.

If we represent subsets S € ([Z]) by strings x € {0,1}" of weight k, then the direct sum
encoding f, of a can be written as f,(x) = ¥_; x;a; (mod 2). In other words, f is the restriction
of the linear function x > Yc,1a;x; (mod 2) to the k'th layer of the hypercube, which we
denote by

L ={xe{0,1}": |x| = k}.

Another definition for a function f to be linear on the hypercube is that it satisfies f(x) +
f(y) = f(x+y) for every pair of inputs x, y. This suggests the natural linearity-test considered
in the paper of Blum, Luby, and Rubinfeld [9]: Pick a pair of inputs x,y in the hypercube
independently and uniformly at random, and check whether f(x) + f(y) = f(x +y). A linear
function clearly passes the test with probability 1, and it was shown in [9] that a function that
is far from all linear functions passes the test with probability bounded away from 1. This
linearity test is quite fundamental and plays an important role in the study of PCPs, locally
testable codes, and hardness of approximation. The test is well studied, and has many known
proofs and generalizations, including to the case where the domain is a group other than the
hypercube. Most proofs, however, use the fact that the elements x and y are chosen by the test
independently, and moreover, for all x, y their sum x 4 y always belongs to the domain of the
tested function (see Section 1.5 for more details).

In the direct sum testing problem setting we are interested in functions whose domain is
L. Trying to apply the BLR-test on a function f : L} — {0,1} we face an obstacle: if we pick
x,y € L} independently, often x +y ¢ L}, and so we cannot query f on that input. Even in
the case k = n/2, where the expected weight of x + y is also n/2, x 4 y actually belongs to
Ly, only with probability O(1/+/n). To overcome this our test picks x,y € L}, randomly,
conditioned on x + y being in L ,. Since x and y are no longer independent and the domain
does not have a group structure, the known linearity testing proofs do not seem to work for
this setting.

The following is a formal definition of our direct sum test T}’ for parameters 1 and k, where
k is assumed to be even and upper bounded by /2.

The Direct Sum Test - T}
Given an oracle access to a function f : L} — {0,1} do:

1. Pick x,y € L} uniformly at random conditioned on x +y € L}.
2. Acceptif and only if f(x) + f(y) = f(x +y).

Step 1 of the test can be implemented by picking first x € L} uniformly at random, then
choosing k/2 coordinates inside x, and k/2 coordinates outside x uniformly at random, and
setting i to be 1 on these k coordinates and 0 elsewhere. Note that the test T}’ only makes sense
for even values of k, since otherwise it is impossible that x, y, and x + y all belong to L}

Theorem 1.1 (Main Theorem). Let n € IN, and let k < n/2 be an even integer. For any function
f: L} — {0,1} the following holds.



1. If f is linear, then T}! accepts with probability 1.

2. For all ¢ > 0 if Pr[T} accepts f] > 1 — ¢, then there exists a string a € {0,1}" such that
Procrp[f(x) = Liep aixi] > 1—0(e).

1.1 Motivation - hardness amplification

The direct sum encoding was first considered in theoretical computer science in the context of
hardness amplification for boolean circuits. Yao’s XOR lemma [37] (see also [18]) shows that
if a function is slightly hard to compute then its direct sum encoding is significantly harder
to compute. In other words, the direct sum encoding amplifies the hardness of a function.
Hardness amplification has been the subject of much research (see, e.g., [34, 30, 21, 35, 23]).
A closely related building block in the context of hardness amplification is the direct product
encoding. The direct product encoding of a string a € {0,1}" is a function DP, : ([Z]) — {0, 1}k
that gets as input a k-element subset S and outputs DP,(S) := als.

The area of PCPs and hardness of approximation is another setting where hardness am-
plification is well studied. Here we deal with optimization problems, and the parameter that
is amplified is the gap between the optimal value in the "yes’ and the 'no’ cases. In these
questions direct products play an important role. The celebrated parallel repetition theorem of
Raz [32] shows that very strong amplification can be obtained by applying the direct product
operation to games. Dinur’s [11] gap amplification proof of the PCP theorem [3, 2] proceeds
by repeatedly performing a (derandomized, or punctured) direct product encoding.

In the aforementioned PCP constructions (as well as in other constructions that involve di-
rect products [15, 24, 14]) the analysis involves a so-called direct product test. Roughly speaking,
a direct product test works by picking two intersecting sets, and checking that the function is
consistent on their intersection. The analysis of such tests is far from trivial, and there has
been a line of work investigating this [19, 15, 12, 24, 14, 13, 16], especially in relation to PCP
constructions.

The direct sum encoding is arguably more natural than the direct product, because it maps
a boolean function to another (larger) boolean function. This is in contrast to an undesirable
alphabet increase that occurs in the direct product encoding. Indeed, the large size of the alpha-
bet in the direct product encoding makes it less useful in hardness amplification, and arguably
the simplest way to reduce the alphabet size is XORing the entries of the output, resulting in
the direct sum encoding. For example, in the gap amplification proof of the PCP theorem [11]
each direct product step is followed by an alphabet reduction step that is rather complicated. If
one were to replace the direct product by a direct sum, this step could potentially be avoided,
thus leading to a significant simplification, as well as the potential of improving the parame-
ters of PCP constructions. In order to obtain such constructions we need to devise an efficient
test that checks whether a given function is (close to) a direct sum encoding.

Another important related question is that of understanding how the value of a multi-
player game behaves under the direct sum operation. Here we imagine a twist on the parallel
repetition of games setting, where the players are required to output the XOR of their answers
(rather than their concatenation, as in the classical parallel repetition setup). This question is
analogous to direct sum testing in a similar way that parallel repetition is analogous to direct
product testing. The direct sum operation is particularly meaningful for XOR games, and is
the basis of a recent breakthrough work of Chan [10], who constructs a PCP with optimal
amortized free bit complexity.

The PCP motivation also drives our quest to find a direct sum test that makes the absolute
minimal number of queries, namely three. The fewer queries a test makes, the more useful it
is for combination with other gadgets, leading to stronger inapproximability results.



Another related question is the problem of locally testable codes. Note that the BLR linear-
ity testing may be phrased as locally testing the Hadamard code using a 3-query test. Our re-
sult gives a step towards derandomizing the Hadamard code, while maintaining the property
of being testable with 3 queries. We remark that for every 4,4’ € {0,1}" the relative distance
between their k-fold direct sum encodings is roughly equal to dist(f,, fo/) = ©(L - dist(a, a")).
In particular, this means that for small values of k the distance of the k-fold direct sum code
is small and the rate of the code is polynomial, while for k = Q)(n) the distance of the code is
constant but the rate is exponential. We stress that our testability result hold for both regimes.

1.2 Tensor Power Testing

The direct sum encoding is very much related to the tensor power operation, and our results
imply a testing result for deciding whether a given function is a tensor power.

A function f : [n]¥ — {—1,1} is a tensor power if there is a function b : [n] — {—1,1} such
that f = bk, ie., f(z) = [T, b(z) forall z € [n]*.

One can see that by moving between {—1, 1} notation and {0, 1} notation the tensor power
and the direct sum operations are very similar. Indeed, the only difference is that in the direct
sum we consider k-element subsets S C [1] whereas in the tensor product we consider k-tuples.
When k < /n this difference is negligible, which implies the testing results for tensor power.
We suggest and analyze the following three query test.

The Tensor Power Test - TP
Given an oracle access to a function f : [n]f — {—1,1} do:

1. Pick u,v,w € [n]*/? independently at random.
2. Pick three permutations 711, 712, 713 : [k] — [k] independently at random.

3. Acceptif and only if f(uvo my) - f(vw o 1mp) = f(uw o 713).

In the test above for a k-tuple z € [n]¥ and a permutation 7 : [k] — [k] the notation z o 7
denotes the k-tuple permuted by 77, namely, zo T = (zn(l), Za(2)r- - zn(k)).
We prove the following theorem by reduction to Theorem 1.1.

Theorem 1.2. Suppose n,k € N and ¢ > 0 are such that k> /n = o(e). Let f : [n]* — {~1,1} bea
function that passes the test TP} with probability at least 1 — . Then there is some b : [n] — {—1,1}
such that ;

Pr [f(z) = b%(z) = [ Tb(z:)] = 1~ O(e).

z€(n i=1

1.3 Tensor Product Testing

It is natural to try to extend the above result to a test for tensor products. A function f : [n]f —
{—1,1} is a tensor product if there are k (possibly distinct) functions by, ...,b; : [n] — {-1,1}
such that f = by ® - - - @ by, i.e., f(z) = [T5_, bi(z;) for all z € [n]F.

It seems that this problem is somewhat different from the problem of testing tensor powers,
and there is no natural three query test analogous to Tensor Power Test above. We propose the
following four query test for testing tensor product.

The Tensor Product Test - TProd;,
Given an oracle access to a function f : [n]f — {—1,1} do:



k/2 ;

1. Pick x,x’,y,y" € [n]*/# independently uniformly at random.

2. Pick a permutation 77 on k elements uniformly at random.

3. Acceptifand only if f(xy o) - f(xy' o) = f(x'yom)- f(x'y o).

In Section 7.2 we analyze the foregoing test for the special case k = 2. This case is interesting
on its own, since it can be phrased as testing whether an n x n-matrix over {—1,1} is of rank
1.

Theorem 1.3. Let n € N and e > 0. Let M : [n]> — {—1,1} be a matrix for which

Pr  [M(i,j)M(i,j") = M, ))M(i',j')] =2 1 —¢,

i’ €ln]
Then there are by, by : [n] — {—1,1} such that

Pr [M(i,j) = bi(i) - ba(j)] = 1 — &
(i) €n)?

This looks like a first step towards proving the testing tensor product result for general k.
Indeed, consider the Tensor Product Test, and fix a permutation 7t chosen in the test. If for this
choice of 7t the test passes with probability 1 — ¢, then by Theorem 1.3 we have Pr[f(xy o ) =
hy(x) - ha(y)] > 1 — e for some functions hy, hy : [n]/? — {—1,1} that may depend on 7.
Therefore, if f passes the Tensor Product Test with probability 1 — ¢, then for most permutation
7t the function f has this nice decomposition. However, we do not know how to stitch these
decompositions in order to conclude that f is close to a tensor product. We leave this question
as an open problem.

1.4 Technical contribution

Our proof of Theorem 1.1 first handles the case k = n1/2, and then derives the result for k < n/2
via a reduction to k = n/2. For k = n/2 we have the following result.

Theorem 1.4 (Direct Sum Testing for k = n/2). Let n € IN be such that n = 0 (mod 4), and
let ¢ > 0. For all functions f : Ly, — {0,1}, if Pr[f(x) + f(y) = f(x+y)] > 1 —¢then
there exists a string a € {0,1}" such that Preeryr , [f(x) = e aixi] > 1— 0, where 6 = 6(¢) =
£-(1404(1)) +O(?).!

In fact, we prove a 3-functions version of the above theorem: Given three functions f1, f2, f3 :
Ly, — {0,1} the test picks x,y € L , with the same distribution as in T}, ,, and checks that

fi(x) + f2(y) = fa(x +y).

Theorem 1.5. Let n € IN be such thatn = 0 (mod 4), and let € > 0. Given three functions f1, f, f3 :
Ly, = 10,1} if Prfi(x) + fa(y) = fa(x +y)] > 1 — ¢, then there exists some i € {1,2,3} and a
string a € {0,1}" such that Pryerr [fi(x) = Licpy aixi] > 1 - O(e).

This theorem clearly implies Theorem 1.4 with weaker parameters (which we will fix later
in the proof). We prove Theorem 1.5 by giving a new analysis for the BLR test on the entire
hypercube and generalizing it for L} with k = n/2. We give more details below.

!We denote by 0, (1) a function that tends to zero as n tends to infinity.



Reducing Theorem 1.1 for k < n/2 to the case k = n/2: First, let us describe how the case
k < n/2 in Theorem 1.1 is obtained by reduction to k = n/2. The key of the reduction is
to notice that T} actually performs T on a random subset u C [n] of size 2k. That is, T}" is
equivalent to a test that first chooses a random set u of 2k coordinates, sets x and y to be zero on
coordinates outside of u, and on the u coordinates chooses them according to the distribution
used by TZ.

If a function f passes the test with probability close to 1, then for most choices of u the
test passes with high probability when conditioned on the selection of u. By the n/2 case
(namely Theorem 1.4) for each such u the restriction of f to inputs that are contained in u is
close to some linear function ¢(*), i.e., there is a 2k-string c(*) such that f(x) = Yicu (Tjgu)xj- for
most such x’s. We then show that these “local” linear functions can be stitched together to a
“global” linear function ¢, by finding a global string a € {0,1}" such that c*) = al,. This is
done by first showing that for most u, ' the strings ¢*), (*') are consistent on their common
coordinates. Then, using a recent result by of Dinur and Steurer [16] on direct product testing,
we conclude that these local consistencies between ¢(*) and ¢(*) imply the existence of such a
global string. This implies existence of a “global” linear function ¢ : L} — {0,1} that is close

to f.

A new analysis of linearity testing: Below we outline our analysis of linearity testing on the
hypercube, and then explain its extension to the direct sum testing. Let f : {0,1}" — {0,1} be
a function such that Pry , [f(x) + f(y) = f(x +y)] > 1 —¢, and let ¢ be the relative distance of
f from the nearest linear function. Our goal is to show that § = O(e).

The proof follows a two step approach. The first step shows a dichotomy: either J is O(¢)
or it lies in 1/2 4 O(¢). Indeed, if L is the closest linear function to f and By = {x € {0,1}" :
f(x) # L(x)} is the set of points in which f(x) # L(x), the rejection probability of the test can
be written as

e="Pr[f(x)+ f(y) # f(x+y)] > Pr[x,y,x+y € BL| +3Pr[x € By, x+y ¢ B]. (1)

The first step follows easily from (1). We remark that this step is very similar to Lemma 3.7
in [5]. Nonetheless, we give a proof of this step since later we need to adapt it to functions
defined on L ,.

It is now left to rule out the possibility of f agreeing with every linear function on 1/2 £+
O(e) fraction of the domain. This is done in the second step which is carried out by induction
on the number of variables 1, and works as follows. By averaging, there exist x,,y, € {0,1}
such that when fixing the last coordinates of x and y to these values the test accepts f with
high probability. Fixing the last bit to x, naturally induces a function f; : {0,1}" " — {0,1}
defined as f(x) = f(x ox,). Similarly, we define f,, and f3 by fixing the last bit to y, and
Xn + Yu respectively. Hence, the functions f1, f2, f3 : {0, 1}"71 — {0,1} pass the 3-function test
with high probability. Our goal is now to prove that (i) If Pr[f1(x) + fo(y) = fa(x +y)] > 1—¢,
then one of the f;’s is close to a linear function; and (ii) If some f; is close to a linear function,
then f is close to a linear function.

In order to prove (i) we define a function g : {0,1}"' — {0,1} as g = fi + f» + f3, and
show that g passes the linearity test with high probability. By the induction hypothesis ¢ must
be close to some linear function L : {0,1}"~" — {0,1}. We then show that each of the functions
f1, f2, f3 is either O(e)-close to L or is O(e)-close to 1 + L. This implies that at least one of the
three functions must be close to L, as otherwise the three functions would pass the test with
very low probability.



In order to prove (ii) let us suppose for concreteness that f; is O(¢)-close to a linear function
L. Then f agrees with a linear function L on (1 — O(e))-fraction of the halfspace obtained by
the fixing the last bit to x,. By taking a random extension of L to the entire space {0,1}", we get
that f agrees with some linear function in at least 3/4 — O(e) fraction of the points. Therefore,
the agreement of f with this linear function significantly deviates from 1/2, and hence by the
first step f must be O(e) close to a linear function. Note that the first step is crucial for the
induction to go through, as it allows us to boost the agreement of f with a linear function from
3/4to1— O(e) in the induction step.

Functions defined on L ,: In the above analysis looked at expressions of the form Pr[x €
B,y € BJ for some set B (see e.g. (1)). Since in the setting of L , the vertices x and y are not
independent, estimating such a quantity is no longer a straightforward task. Similar estima-
tions are also required in the induction step, although this was not mentioned explicitly in the
sketch above.

We estimate this probability by considering the expansion properties of the underlying
graph J, = (V,, E,), whose edges are (x,y) chosen by the test. Namely, the vertex set V,, of the
graphis L} , and there is an edge between x and y if and only if x +y € L} ,. We refer to J,
as the Johnson graph as it closely related to the Johnson scheme. We show that J, satisfies the
following expansion property.

Lemma 1.6. Let A C V, be a subset of the vertices of ], of size |A| = «|V|. Pick an edge (x,y) € E,
of |, uniformly at random. Then

1. Prlxc Ay¢ Al =a(l —a) £a(l—a)-O(n~1/4).
2. Pr[x,y € Al = a®> +a(l —a) -O(n~1%).

This is proven by showing that ], has very short mixing time. Specifically, we prove that if
we start from an arbitrary vertex and make two random steps on the graph, then the distribu-
tion of the walk after two steps is O(n~!/?)-close to the uniform distribution. This is what we
would expect to have from a random graph with such degree. We remark that although the
spectrum of ], is well known (see [20]), the bounds on the expansion of ], obtained from the
spectral analysis are not sufficiently tight for our purpose, and we give a bespoke combinato-
rial analysis for this graph in order to obtain the result.

1.5 Related work

There has recently been an active line of research in the field of analysis of boolean functions
extending known results regarding functions defined on the hypercube to their analogues de-
fined on a fixed layer of the hypercube [31, 36, 17]. In this paper we prove an analogous result
for linearity test, which is another classical result in this area.

Since the original proof of [9], the linearity test has received a lot of attention, and was
extensively studied and generalized. Generalizations include testing linearity for groups other
than the hypercube, testing low degree (rather than degree 1), and finding more randomness-
efficient tests. See [6, 7, 4, 33, 1, 25, 8, 27].

Kopparty and Saraf [27] studied linearity testing on the hypercube for a large family of
measures on distances between functions. That is, the distance between functions is defined as
dist(f,g) = Pry~u[f(x) # g(x)] for some predefined distribution y, which is not necessarily
the uniform measure. In particular, they show a linearity test that works for the distribution
#p, where each bit of x € {0,1}" is chosen to be 1 with probability p, and their proof also



applies to the setting of L}. A drawback of their test is that it makes O(n/k) queries, and does
not look like the natural “BLR-style” 3 query test.

Kaufman and Lubotzky [26] recently discovered an intriguing connection between high
dimensional expanders and testing, a connection that served as a trigger for this work. They
show that expansion of a k-dimensional simplicial complex V' C L} on vertex set [n] is equiva-
lent to testing whether a function f : V — {0,1} is a linear extension of a function defined on
Ly_,, ie, whether there is some g : L} ; — {0,1} such that f(x) = ¥ c|,|=|x -1 &(y) for all
x € V. The case of k = 2 coincides with our result (because a function g : L} — {0,1} is justan
n-bit string), and was analyzed by Linial and Meshulam in [28] in the language of simplicial
complexes.

Motivated by constructions of short PCPs Ben-Sasson et al. [7] analyze a linearity test in
which, just like in our result, the queries x and y are not independent. Their domain is the
hypercube, and their goal was to minimize the number of random bits used by the test. The
test works by choosing x € {0,1}" uniformly at random, choosing s € S for some S C {0,1}"
of size n°() uniformly at random, and setting y = x + s. The test accepts if and only if f(x) +
f(y) = f(x +y). They show that if S is a small biased set, then this indeed gives a good
linearity test.

This idea was later generalized by Shpilka and Wigderson [33] to arbitrary groups I' with
generators S of size |S| = O(1), where the Cayley graph Cay(T,S) is an expander. They
showed that the test described above performs nearly as well as the original BLR-test (de-
pending on the expansion of the graph). The main difficulty in their work comes from the fact
that x and y are not chosen independently, which is similar to our setting. They overcome this
problem using the assumption that the underlying graph is an expander, which implies that if
a function f is far from being linear, then the inconsistencies in the f(x) + f(y) = f(x +y) test
are “well spread”, and hence it rejects such functions with non-negligible probability. Still, in
their settings the domain of the function has a group structure, which seems to be crucial in
their analysis.

Another natural generalization of linearity testing is checking whether a function is a low-
degree polynomial. This was done by Alon et al. in [1], whose analysis was later improved by
Bhattacharyya et al. [8]. The proof of Bhattacharyya et al. gives a new analysis of linearity test
on the hypercube by induction. It seems to differ from our proof, and, in particular, we do not
know if their proof can be extended to the setting of L}, ,.

1.6 Comparison with known proofs

In this section we explain why the BLR decoding-style analysis of linearity testing does not
extend to our setting.

The combinatorial proofs of linearity testing, such the ones in [9, 6, 33], take a function
f:{0,1}" — {0,1} that passes the linearity test with probability 1 — ¢, and define a correction
function g : {0,1}" — {0,1} by letting g(x) = MA], (013" {f(y) + f(x +y)}. Itis then claimed
that for ¢ small enough the function g is linear. Then, using the fact that dist(f,g) < O(e) it
follows that f is O(¢)-close to a linear function.

In our settings, even for the case k = n/2 this analysis does not apply, since if we take
a function f : L} , — {0,1} that passes the T, test with high probability, and define the
correction function g : L7} , — {0, 1} analogously, namely,

8(x) = MAJ{f(y) + f(x +y) 1y € Ly such thatx +-y € L},

then we can no longer assure that the function g is linear. To understand why the analy-
sis above cannot work, note that in our setting the correction function g considers for every
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x € L}, the “local majority” vote over only a small fraction of the space, namely those ver-
tices that intersect x on exactly n/4 of the coordinates. Therefore we cannot expect the global
property of f to propagate after one step of majority voting. One could try to make more
steps of corrections. By the expansion properties of the underlying graph J, this approach
could potentially work, but it seems difficult to push through, and our proof takes a different
approach.

The multiple-step correction approach looks similar to the work of Shpilka and Wigder-
son [33] discussed earlier in Section 1.5. In their setting every vertex x is tested only with a
tiny fraction of the domain (induced by an underlying expander graph G). For every vertex x
they considered the “local majority” of x. They use the expansion of G to show that if f passes
the test with high probability, then iterating the “local majority” function would converge to
the linear function closest to f. However, in order to prove convergence, they first defined a
correction function using “global majority”, and then prove the “local majority” converges to
the same linear function.

1.7 Structure of the paper

We begin by presenting some notations in Section 2. In Section 3 we show a new analysis
for the linearity test on the hypercube. In Section 4 we show that every function that passes
the T} test with probability 1, is in fact a linear function. In Section 5 we prove our main
technical result, namely, Theorem 1.4. This is done by showing how to extend the proof for the
hypercube to our setting. In Section 6 we show that the analysis of the T} test for general case
can be reduced to the case k = n/2, thus proving Theorem 1.1 for general k < n/2. In Section 8
we present the analysis of the vertex expansion of the Johnson graph.

We complement the discussion by presenting in Section 9 a different linearity test for func-
tions f : L} — {0,1} that works for all k < 1, and makes O(max(%, -2+ )) queries.

2 Notations and Preliminaries
Notations: Letn € N. We denote by L C {0,1}" the set
L} ={x e {0,1}": |x| =k},
and by L7, € {0,1}" the set
Liveny = {x € {0,1}" : |x| is even}.
Note that L, is a subgroup of {0,1}".

Fact 2.1. Let n € N, and let k < n. If k is even, then span(L}) = Li,py. If k is odd, then
span(L}) = {0,1}".

Definition 2.2. Let S C {0,1}" be a subset (S is not necessarily a subgroup). A function f : S —
{0,1} is said to be linear if there exists a = (ai,...,a,) € {0,1}" such that f(x) = Yy aixi
(mod 2) forall x € S.

In particular, as explained above, a function f is a direct sum if and only if it is a linear
functions with domain L}.

Note that if span(S) # {0,1}", then the choice of 2 € {0,1}" in Definition 2.2 may not be
unique.



Fact 2.3. Let n € IN, and let k < n be even. Suppose that ¢ : L} — {0,1} is a linear function.
Then, there are precisely two strings a,a’ € {0,1}" such that ¢(x) = Yicli) @ix; (mod 2) and ¢(x) =
Yicin @;xi (mod 2) forall x € L. Specifically, the strings a and a’ are complements of each other, i.e.,
aj=1—aforalli € [n].

We will also need the following claim on distances between distinct linear functions on
L}. Note that unlike in the hypercube settings this claim is not trivial in the L} settings, and
depends on k not being to close to 0 or 7.

Proposition 2.4. Let p € (0,1), let n € IN be an integer so that pn € IN, and let k = pn. Then, for
every pair of distinct linear functions ¢1 # ¢ : L} — {0,1} it holds that

¢ < Pr [pn(x) # a(x)] S1—c

xeL}
for some constant ¢ = c(p) > 0 that depends only on p.

In particular, for all k € (en, (1 — ¢)n) the distance between two distinct functions of L} is
bounded away above zero. We defer the proof to Appendix A.

We will also need the following definition of a J-test.

Definition 2.5. Let C be a class of functions from a finite domain D to a finite range X. Let 6 : (0,1] —
(0,1] be a function such that 6(¢) — 0as e — 0. We say that T is a d-test for the class C if

1. All functions in C are accepted by T with probability 1.

2. For every € > 0, any function f : D — X that passes the test T with probability 1 — € is
d(e)-close to C, i.e., there exists some ¢ € C such that Pryep[f(x) # ¢(x)] < d(e).

Using this definition Theorem 1.1 considers the following class of functions.

Definition 2.6. Define LIN}} to be the class of functions f : L} — {0,1} for which there exists
a € {0,1}" such that for every x € L}l it holds that f(x) = Ye [y @iXi-

Similarly, by identifying k-subsets of [n] with vectors in {0,1}" of weight k, the class of
direct product functions can be written as follows.

Definition 2.7. Define DP} to be the class of functions F : L} — {O,l}k for which there exists
a € {0,1}" such that F(x) = ay for every x € LI, where ay is the substring of a confined to the
coordinates in which x; = 1.

Note that if T is a direct product test in the sense of Definition 2.5 then for any function
F: L} — {0, 1}* that passes the test with high probability there exists a string a € {0,1}" such
that F(x) = a, for most inputs x € L}}. This is as opposed to a more relaxed definition of direct
product test (such as the ones in [12, 24]), where for most x’s the Hamming distance between
F(x) and a, is small.

3 Linearity Testing on the Hypercube

In this section we describe the idea behind the proof of Theorem 1.1 by discussing a simpler set-
ting of the hypercube {0,1}". Our approach gives a new proof for linearity testing on {0,1}".
In 5 we show how this proof can be modified in order to prove linearity testing in the setting
of L} .
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Recall, the test gets as an oracle access a function f : {0,1}" — {0,1} and tests whether f
is close to a linear function. The test is defined as follows.

BLR Linearity Test on the Hypercube:
Given an oracle access to a function f : {0,1}" — {0,1} do:

1. Select x,y € {0,1}" independently.
2. Acceptif and only if f(x) + f(y) = f(x +y).

Theorem 3.1. There exists some €y > 0 small enough such that for every e € (0,¢&0) and foralln € N
the following holds. Suppose that a function f : {0,1}" — {0, 1} passes the BLR test with probability
1 —e. Then fis (e/3 + 8¢2/9)-close to some linear function, namely, there exists a linear function
¢:{0,1}" — {0,1} such that

Pr[f(x) # g(x)] < e/3 +8¢%/9.

In fact, we prove a slightly stronger result. Suppose that we are given three functions
fi, f2, f5: {0,1}" — {0,1}, and our goal is to check whether the functions are (close to) linear.
Consider the following test. Given (an oracle access) to three functions fi, f>, 3 : {0,1}" —
{0,1} the test works as follows.

Three Functions Testing Linearity on the Hypercube

Given an oracle access to three functions f1, f2, f3 : {0,1}" — {0,1} do:
1. Select x,y € {0,1}" independently.
2. Acceptif and only if f1(x) + fo(y) = fa(x +y).

Note that if we take a linear function f;, and let f, = f3 = f; + 1, then the above test accepts
these functions. Therefore, if the test passes with high probability, it does not imply that all
functions are close to linear. What we do prove is that at least one of the functions must be
close to linear. Specifically, we prove the following theorem.

Theorem 3.2. There exists some gy > 0 small enough such that for every e € (0,€9) and foralln € N
the following holds. Let fi, fa, f3 : {0,1}" — {0,1} be three functions. Suppose that they pass the
three functions test with probability 1 — e. Then, there is i € {1,2,3} such that f; is 2¢ + O(?)-close
to some linear function.

3.1 First step towards the proof

Towards proving Theorem 3.1 we show first that if a function passes BLR test with probabil-
ity 1 — ¢, then for every linear function L : {0,1}" — {0,1} it holds that either the distance
between f and L is either close to 0 or close to 3.

Lemma 3.3. Let f : {0,1}" — {0,1} be a boolean function. For every linear function L : {0,1}" —
{0,1} let 6, = dist(L, f) be the distance of f from L. If Pr[f(x) + f(y) = f(x +y)] = 1 —¢, then
for every linear function L we have

o cither 6; < e/3+8¢%/9

o or—(e/3+862/9) <6 < i+e
In particular, if ¢ : {0,1}" — {0,1} is a linear function such that dist(f,¢) & [3 — (e/3 +
8¢2/9), 3 + ¢, then dist(f, ) < e/3 + 8¢%/9.
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Proof. Fix a boolean function f : {0,1}" — {0,1}, and suppose that it passes linearity test with
probability Pr[f(x) + f(y) = f(x +y)] = 1 —e. For any linear function L : {0,1}" — {0,1}
define B, = {x € {0,1}" : f(x) # L(x)}, and let G. = {0,1}" \ B.. Using this notation the

distance between f and L is ; = “;,5', and the rejection probability of the test on f can be
written as
e = Pr[Test rejects f] > Pr(x,y,x +y € B] +3Pr[x € Br,y,x +y € Gy]. ()

Since Pr[-] > 0, it follow that each of the two terms is smaller than ¢. The first term gives us the
following bound.

Prlx,y,x+y € B.] > Pr[x € B.]—Pr[x€ By ¢ B.]—Prlx € B, x+y ¢ By
Pr[x € By] —2Pr[x € Br,y ¢ Bi]

o1, —2(5L(1 —(SL)

or(26r — 1).

(A\VARAYS

Solving the inequality € > Pr{x,y,x +y € Br] > 61(20; — 1) for ; > 0 we get

oL < %Jrs. 3)

Similarly, the second term gives us

Pr[x € Br,y,x +y € Gi]

v

Pr[x € Bi]

—Pr[x € By,y € BL] —Pr[x € B, x +y € By]
Pr[x € BL] —2Pr[x € BL,y € By

5, — 267

or(1—261).

ARV

Solving the quadratic inequality e > 3Pr[x € By, y,x +y € G1] > 3-61(1 — 2J1) we get
1
op <e/3+82/9 or o> 5 (e/3 4 8¢2/9). (4)

where we use the fact that /1 — 8¢/3 > 1 — 4e/3 — 32¢2 /9 holds for all e € [0,1/8]. Lemma 3.3
follows by combining Equation (3) with Equation (4). O

3.2 Proof of Theorems 3.1 and 3.2
In this section we prove Theorems 3.1 and 3.2.

Proof. We prove both Theorems 3.1 and 3.2 by induction of n. For the base case for Theorem 3.1
note thatif n < w, then ¢ < 272", and hence for every x,y € {0,1}" it holds that f(x) +
f(y) = f(x+y). This implies that f is a linear function. For the induction step we prove the

following two lemmas.

Lemma 3.4. Suppose that the statement of Theorem 3.1 holds for n — 1. Then, the statement of Theo-
rem 3.2 holds for n — 1.

Lemma 3.5. Suppose that for some n € IN the statement of Theorem 3.2 holds for n — 1. Then, the
statement of Theorem 3.1 holds for n.

12



Therefore, in order to prove Theorems 3.1 and 3.2 it is enough to prove the two foregoing
lemmas. ]

Proof of Lemma 3.4. We prove the lemma for the n-dimensional hypercube, and not for n — 1 as
stated in the lemma.

Let f1, fo, f3 : {0,1}" — {0,1} be three functions and suppose that Pr[f(x) + f2(y) =
f3(x+y)] > 1— e Define a function g : {0,1}" — {0,1} as ¢(x) = f1(x) + fa(x) + f3(x). Note
tirst that g is close to a linear function. Indeed,

[ fi(x) + fiy) filx+y) ]
Prig(x) +g(y) #g(x+y)] = Pr| + f)+LhLY) # + flx+y)
L+ () +f(y) + fs(x+y)
[ fi(x) + f2(y) fa(x+y) |
= Pr| + f(x)+fiy) # + filx+y)
L+ () +fiy) + folx+y)
< 3Prlfi(x) + fo(y) # fa(x +y)]
< 3g

and thus, by Theorem 3.1 for 1 the function g is (¢ + 8¢2)-close to some linear function.

Claim 3.6. Let ¢ be a linear function such that dist(g, ¢) < e+ 8¢%. Then, the function fi is (2¢ +
O(€2))-close to either ¢ or to ¢ + 1, where O() hides some absolute constant.

Proof. We note first that Pr[fi(x) + fi1(y) = g(x +y)] > 1 — 3e. Indeed
Prifi(x) + fily) #g(x+y)] < Pr{(fa(y) + falx +v)) + (f3(x) + fa(x +y))
=g(x+y)] +2¢
< Prifa(y) + fa(x) = filx +y)] + 2¢
< 3.
Since ¢ : {0,1}" — {0,1} is a linear function such that dist(g, ¢) < e + 8¢2, it follows that

Prlfi(x) + 9(x) = fily) +¢(y)] = 1 —de — 82 ©)

We claim that Equation (5) implies that f; is either close to ¢ or close to ¢ + 1. Indeed, let
f1:{0,1}" — {0,1} be defined as f; = f1 + ¢. Then

Pr{f{(x) = fi(y)] > 1—4e — 8¢
Therefore, by the “collision probability” argument f’ is close to a constant function. Indeed,
if we denote p = Pr[f{(x) = 1], then p> + (1 — p)?> > 1 — 4e — 8¢?, which implies that either
p < 2+ 0(?) or p > 1— (2¢+ O(e?)). Therefore, f] is (2¢ + O(?))-close to a constant
function, and hence f; is (2¢ + O(?))-close to either ¢ or to ¢ + 1. O

Similarly, the function f, and f3 are also close to either ¢ or to ¢ + 1. It is left to prove that
one of the f;’s must be linear. Indeed, if all f;’s were 2¢ + Ce? close to ¢ + 1, then

1—e < Prlfi(x) + fa(y) = fa(x +y)]
< Pr[p(x) + ¢(y) = ¢p(x +y) +1] +3(2e + Ce?)
= 3(2e+Ce)
contradicting the assumption that ¢ is sufficiently small. Therefore, there must be some i €

{1,2,3} such that f; is (2e + O(£?))-close to the linear function ¢. This completes the proof of
Lemma 3.4. ]
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We now turn to proof of Lemma 3.5.

Proof of Lemma 3.5. Let f : {0,1}" — {0,1} be a linear function, and suppose that Pr[f(x) +
f(y) = f(x+y)] > 1— e By averaging there are some bits x,,y, € {0,1} such that if we pick
',y € {0,1}" ! independently then

Pr(f(x o xu) + f(y o yn) = F((X' +¥) 0 (xn +yu))] 21—, (6)

where o denotes the concatenation of strings. Define three functions fi, f2, f3 : {0, 1}"71 —
{0,1} be letting

AE) =flxoxa) oK) =f(oyn)  f(x) = f(x"o (xu+yn))
Then, by Equation (6) we have

Prifi(x") + 2(y) = fo(x' +y )] > 1=

By the hypothesis of the lemma it follows that one of the functions f; is (2¢ + O(&?))-close to a
linear function ¢ : {0,1}"" — {0,1}. Let us assume for concreteness that f; is this function.
Our goal is to extend ¢ to an affine function ¥ on {0, 1}" so that Pr[f(x) = ¥(x)] > 3/4—O(e).
Then, by Lemma 3.3 it will follow that ¢ is linear, and f is close to .

Let us assume first that x, = 0. Define ¢ randomly by choosing a random bit b € {0,1}
and letting ¥ (x1,...,x,) = ¢(x1,...,x4-1) + b - x,. Note that ¢ agrees with ¢ on the subspace
{x € {0,1}"" : x, = 0}, and for every x € {0,1}" such that x, = 1 it holds that Pr[y(x) =
f(x)] = 1. Therefore, the expected agreement of f with 1 is

Elagr(f,9)] > 5(agr(fi,9)) + 5 5 > 3/4 - O(e).

The case x, = 1 is similar. Define i randomly by choosing a random bit b € {0,1} and
letting ¢(x1,...,x,) = ¢(x1,...,x4—1) + b - (14 x,). Similarly, ¢ agrees with ¢ on the affine
subspace {x € {0,1}" : x, = 1}, and for every x € {0,1}" such that x, = 0 it holds that
Prp(x) = f(x)] = 1. Hence the expected agreement of f with 1 is

Elagr(f, 9)] = 5 (agr(f9)) + 5 -5 = 3/4—0),

Therefore, if ¢ is sufficiently small, then by Lemma 3.3 the function ¢ is linear, and dist(f, y) <
/3 +8¢2/9. The lemma follows. O

4 Proof of Theorem 1.1 fore =0

Before proving Theorem 1.1 we should first convince ourselves that Theorem 1.1 holds in even
the simplest case ¢ = 0.

Proposition 4.1. Let n € IN and let k < n be even. Let f : L} — {0,1} be a boolean function. Then
f passes the T} test with probability 1 if and only if f is a linear function.

Proof. Clearly, every linear function passes the test with probability 1. For the other direction,
let H be the set of all functions that pass the T} test with probability 1. In order to prove the
proposition we define an injective mapping 9 : H — {0,1}" . This implies that |[H| < 2",
By Fact 2.1 we have span(L}) = L%\, and hence there are 2"~ ! distinct linear functions on
L}. This concludes the proof of Proposition 4.1.
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In order to define a mapping ¢ let us pick for each i € [n — 1] an arbitrary vector z() € L}
such that z(l) = 1and z(z) = 0. Given a function f € H, define (f) € {0,1}""' by setting

(W(f))i = f(zD) + f(z9 4 v;), where v; = e; + e;1.> By the discussion above, it is enough to
prove the following lemma.

Lemma 4.2. Let ¢ : H — {0, 1}”71 be as above. Then, the mapping 1 is one-to-one.

Proof of Lemma 4.2. Ttis easy to see that the mapping ¢ is a homomorphism from H to {0,1}" 1,
thatis, ¢(f) + ¢(g) = ¢(f + g) forall f,¢g € H. Thus, in order to prove that ¢ is an injection,
it is enough to show that the kernel of 1 is trivial.

Let f € H such that ¢(f) = 0. We claim that f is a constant function, and hence it must
be the constant zero function (since the constant 1 function does not pass T}’ with probability
1). A first step in this direction is the following claim which says that the definition of the
mapping 1 is, in fact, independent of the choices of z(7).

Claim 4.3. Leti € [n —1). For every x,y € L} such that x; = y; = 1 and x; 41 = y;4+1 = 0 it holds
that f(x) + f(x +v;) = f(y) + f(y +v1).

Proof. Fori € [n — 1] define a graph G; = (V;, E;), where V; = {x € L} : x; = 1,x;41 = 0}, and
(x,y) € E;ifand only if x +y € L}. It is easy to check that the graph G; is connected, and so it
is enough to prove that f(x) + f(x +v;) = f(y) + f(y + v;) for every two neighboring vertices
(x,y) € E;. Indeed, since x +y € L} we have

f) + flx o) = (f(x) + fx+y) + (Fle+y) + fe+0i) = f(y) + fly + ),
where the equalities f(x) + f(x+vy) = f(y) and f(x+y) + f(x +v;) = f(y + v;) follows from
the assumption that f passes the T}’ test with probability 1. The claim follows. O

We also make the following observation.

Observation 4.4. Let x(0) ¢ L} be the vector such that x( ) =1 fori < k and x =0fori >k
Then, for every y € L} there is a sequence xM, ., x® € {0,1}" such that x(]“) = xU) + vj; for
some i; € [n — 1] and x) = y.

We are now ready to prove Lemma 4.2. By Claim 4.3 for every i € [ —1] and for every
x € L} such that x; = 1 and x;;; = 0 it holds that f(x) + f(x +v;) = f(z®) + f(z +v;) = 0.
Therefore, by the assumption that 1(f) = 0 we get that f(x) = f(x + v;) for all x € L} such

that x; = 1 and x;;; = 0. By Observation 4.4 it follows that f(x) = f(y) for every x,y € L},
i.e., f is a constant function, and so must be the constant 0 function. O

This completes the proof of Proposition 4.1. O

5 Proof of Theorem 1.4: Direct Sum Testing for k = n/2

In this section we prove Theorem 1.4. Recall that for n divisible by 4 the T}/, test is defined as
follows.

T;’/Z Direct Sum Test fork = n/2:

Given an oracle access to f : L}, ,, — {0,1} do:
1. Pickx,y € L} , uniformly at random so thatx +y € L}
2. Acceptif and only if f(x) + f(y) = f(x +y).

2 is well defined since z() + v; € Lt
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Theorem 1.4 restated: Let n € IN be such that n = 0 (mod 4), and let ¢ > 0. For all functions
foLt, = {0,1} if Pr[f(x) + f(y) = f(x+y)] > 1 —e¢, then there exists a string a € {0,1}"
such that Precpy[f(x) = Yicp aixi] > 1 =0, where § = 8(e) = §- (1+0(y/7a)) + O(e?), and
Yu = O(n~V2) is the quantity from Lemma 1.6.

As explained in 1.4 we prove a stronger three functions version of this theorem.
Direct Sum Test for three functions:
Given an oracle access to three functions f1, f>, f3 : L = {0,1} do:

1. Selectx,y € L , suchthatx+y € L} ,.

2. Acceptif and only if f1(x) + f2(y) = fa(x +y).

Theorem 1.5 restated: Let n € IN be such that n = 0 (mod 4), and let ¢ > 0. For all functions
fufo f3 i Ly = {0, 1} if Prfi(x) + fa(y) = fa(x +y)] > 1 —¢, then thereexistsi € {1,2,3} and
astringa € {0,1}" such that Procip[fi(x) = Liepn aixi] > 1 — 0, where § = 5(e) = 4e + O(&?).

The proof is very similar to the proof of Theorems 3.1 and 3.2 from 3

Proof of Theorem 1.4. We prove Theorem 1.4 by induction of n, where in each step we increase

n by 4, since the theorem assumes that n = 0 (mod 4). The base case n < % holds by
Proposition 4.1. For the induction step we prove the following two lemmas.

Lemma 5.1. Suppose that the statement of Theorem 1.4 holds for some n — 4 € IN. Then, the statement
of Theorem 1.5 holds for n — 4.

Lemma 5.2. Suppose that for some n € IN the statement of Theorem 1.5 holds for n — 4. Then, the
statement of Theorem 1.4 holds for n.

These two lemmas, clearly, prove Theorem 1.4. O

The rest of this section is devoted to proving Lemma 5.1 and Lemma 5.2. But first we prove
an analogue of Lemma 3.3, saying that every function f that passes the test with probability
close to 1 is either close to being linear or has distance close to 1/2 from every linear function.

Lemma 5.3. Let n € IN be such that n = 0 (mod 4). Let f : L}, , — {0, 1} be a boolean function.
For every linear function L : Ly, , — {0,1} let 6, = dist(L, f) be the distance of f from L. If f passes
the T}, test with probability 1 — e, then for every linear function L we have

o cither 6y < §- (1+O(\/7n)) + O(e?)

¢ 2= 5 (1+0(/1) —O(e) < oL < 5 +e+0(/7)-
In particular, if ¢ : L, ,, — {0,1} is a linear function such that dist(f, ¢) significantly deviates from
3, then f is O(e)-close to ¢.

Proof. The proof follows the lines of the proof of Lemma 3.3. The only difficulty comes from the

dependence between the choices of x and y. We overcome the difficulty by using Lemma 1.6.
Similarly to the proof of Lemma 3.3 for every linear function L : L7} , — {0,1} we define

By = {x €Ly, : f(x) # L(x)}, and let G, = L} , \ Br. Using this notation the distance

between f and L is 6;, = (l?—f), and the rejection probability of the test on f is equal to
n/2

e>Pr[f(x)+ f(y) # f(x+y)] >Prlx,y,x+y € B ] +3Pr[x € By, x+y € G1]. (7)
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Since Pr[-] > 0, it follow that each of the two terms is smaller than ¢. We use Lemma 1.6
to bound from below each term on the RHS separately. The first term is lower bounded as
follows.

Pr[x,y,x+vy € Br] > Pr[x € By] —Pr[x € B,y ¢ Br] —Pr[x € B, x +y ¢ By]
= PI'[X S BL] —2PI'[X S BL,]/ ¢ BL]
[Using Lemma 1.6] > 6y —261.(1 —61) —46..(1 — 1) v/Vn-

Solving the quadratic inequality:
e >Pr[x,y,x+y € Br| > 61(20, — 1) —461.(1 — 1) \/7n for o1 > 0 we get

1
5L§§+S+O(\/'y ). 8)
Similarly, the second term gives us

e/3 Pr[x € BL,y,x +y € G|

Pr[x € By]

—Pr[x € B,y € By] —Pr[x € B, x +y € By]
Pr[x € BL] —2Pr[x € BL,y € By

[Using Lemma 1.6] > & — 207 — 435.(1 — 1) /Vn-

(A\VARAYS

Solving the quadratic inequality €/3 > (5, — 262 — 26..(1 — 6.)/7n) we get

1 =«

(1+0(1)+0(e)  or & >5—=—0()—O(y), )

<
oL < =2 3

W[ m

and the lemma follows. O
We now turn to the proof of Lemma 5.1

Proof of Lemma 5.1. The proof of Lemma 5.1 follows by the exactly the same arguments of the
proof of Lemma 3.4.

The only difference is in the argument near the end of Claim 3.6, where we have a linear
function ¢ that satisfies

Prlfi(x) + ¢(x) = fily) +(y)] 21— de— 8¢”.

(see Equation (5)). In our settings the choices of x and y are not independent, and are chosen
such that |[x Ny| = n/4. This corresponds to choosing a random edge (x,y) in the graph J,
described in8. Replacing the “collision probability” argument with Corollary 8.4 we get that
f1is (4e + O(e?))-close either to ¢ or to ¢ + 1.

The rest is exactly the same as in the proof of Lemma 3.4. O

Next we prove of Lemma 5.2.

Proof of Lemma 5.2. Let f : L}, — {0,1} be a boolean function, and suppose that f passes the
T}, test with probability 1 —e. We want to prove that f is close to some linear function. By
Lemma 5.3 it is enough to prove that there is a linear function ¢ such that dist( f, ¢) significantly
deviates from 0.5.

Note that the distribution on the pairs x,y € L,,/, in the test can be equivalently described
as follows.
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1. Pick four distinct coordinates I = (iy,,13,i4) € [n]*.

2. Pick x',y/ € {0,1}"\] of weight (n — 4) /2 each such that |x' N y/| = (n —4)/4.
3. Extend x’ to x € L,/ by letting x; = (1,1,0,0).

4. Extend y' toy € L, » by letting y; = (1,0,1,0).
If f passes the test with probability 1 — ¢, then, by averaging, there is some 4-tuple I € [n]*
such that conditioned on this choice of I the test passes with probability 1 — . Let us assume
for simplicity that I = (1,2,3,4). Then

Pr[f(1100 0 x') + f(10100y') = f(01100 (x' +y))] > 1 —¢, (10)
Xy

where x/, 1y are chosen as in step 2, and o denotes the concatenation of two strings.
Define three function fi, f2, f3 : L’(“;i) /> — 10,1} by letting

f(xX) = f(11000x")  fo(x') = f(10100x")  f3(x') = (01100 &').

Then, by Equation (10) it follows that the function fi, f,, f3 pass the 3-function test with prob-
ability at least 1 — €. By the hypothesis the statement of Theorem 1.5 holds for n — 4, and thus
one of the functions f; is close to some linear function ¢{!) : L’Z;ﬂl) o {0,1}. That is, for a

random x’ € L’Zﬂ /‘f}) o We have

Pr[f(11000 x') = ¢V (x)] > 1 — O(e).

Next, we claim that ¢(!) can be extended to linear function that agrees with f on significantly
more that 0.5 fraction of the points.

Claim 5.4. The function ¢p\D can be extended to an affine function ¢ : L" ;2 — {0,1} such that
Pryerr ,[f(x) = ¢(x)] > 054 (1 - 0(e))/32.

Therefore, since dist(f, ¢) significantly deviates from 0.5 by Lemma 5.3 the function ¢ is
linear, and dist(f, ¢) < 5 - (1+ O(y/7x)) + O(€?). This completes the proof of Lemma 5.2. [

We now return to the proof of Claim 5.4. The proof goes by choosing a random extension
of ¢!) similarly to the argument in the proof of Lemma 3.5.

Proof of Claim 5.4. Let {v; = ¢; +ejy1 : i = 1,...,n — 1} be a basis of the subspace L}, -
By Fact 2.1 we have L7 P C LEypn, and hence every x € L7 /o Can be written as a linear
combination of v;’s.

Consider the set U = {11000 x’ : ¥’ € L'Zn 44 /2t € L/, Note that every element of x € U

can be written as x = v + Z?:},l c;v; for some ¢; € {0,1}. Since qb is a linear function on
U (or rather on L'g’4 /2) there are some coefficients (a; € {0,1} : i = 5,---,n — 1) such that
oD (x) = ¢W(vy + Zl 5 Civj) = ):l "5 a; - ¢;. Let ¢ be a random linear extension of gb(I)

choosing coefficients ay, . .., a4 uniformly at random, and letting ¢ (3" 1 Civ;) def a; + Z” 1 4

¢; (the free coefficient a; is also the multiplicand in the term a5 - ¢1). 3 Also forevery x € L /2 \u

3¢ is indeed an extension of 4)(1) since every x € U is of the form x = v + Z;’;; ¢;v;, and thus ¢(x) = Zl 5 @i

ci = ¢! (x).
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it holds that Pr[¢(x) = f(x)] = 1. Therefore, the expected agreement of ¢ with f is

acr _o@en. 4l 1o Ul
> o.5+(1/2—0(s))L|ﬁ”
n/2

> 05+ (1—¢)/32,

where the last inequality uses the fact that L‘H‘ > 1/16. Therefore, there is a choice of the

n/2
random coefficients ay,...,a4 € {0,1} such that Pr[f(x) = ¢(x)] > 0.5+ (1 —¢)/32, as re-
quired. ]

6 Direct Sum Testing for General k < n/2

In this section we prove Theorem 1.1 for all even k < n/2. The proof works by combining the
direct sum test for k = n/2 from Theorem 1.4 with a recent result of Dinur and Steurer [16] on
direct product testing. They consider the following test for DP'.

DPT},, - Direct Product Consistency Test:

Given an oracle access to a function F : L} — {0, 1}k do:
1. Select x € L} uniformly at random.
2. Selecty € L} such that [xNy| =K.
3. Accept iff for every i € x Ny it holds that F(x); = F(y);.
The following theorem asserts that DPT},, is indeed a test for the class DP}.

Theorem 6.1 ([16]). Forall p € (0,1) and for all n,k € N the test DPT{ isa O(e)-test for the class
DP}, where the constant in the O() notation depends only on p, but not on k or n.

We use Theorem 6.1 together with Theorem 1.4 in order to prove Theorem 1.1 for all even
k < n/2. Before reading the statement of the theorem it could be helpful to recall the definition
of a J-test (see Definition 2.5).

Theorem 6.2. Let n € IN, and let k < n/2 be even. Suppose that T?* is a ,-test for the class LIN,

and suppose that DPT;,:L % is a 0p-test for the class DP},, for some functions 61,6, : (0,1] — (0,1]

such that &, (+) is a non-decreasing linear function. There exists eg > 0 such that for all ¢ € (0,¢p)
and for all n,k € IN the test T} is a o-test for the class LIN}!, where 6(e) = 2(61(e) + d2(e2)) and
e = Oe).

Plugging in 61(¢1) = O(e1) from Theorem 1.4 and &, (e2) = O(e2) from Theorem 6.1 we get
Theorem 1.1 with é(¢) = O(e) for all even values of k < n/2.

Proof. The distribution of the three queries made by the test T}' can be viewed as first selecting
arandom u € L7, and then selecting x,y € L} conditioned on x +y € L, where L} is the
collection of all x € L} such that x C u (when we identify subsets of [1] with their characteristic
vectors). Therefore, if we condition on u, then the distribution on x, y, x + y is identical to the
distribution of T2 which we analyzed in previous sections (where we ignore the zero padding
of x,y, x + y outside u).
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Let f be a function that passes T}’ with probability 1 — e. For each u € L, let

o =PrlT} rejects ] = | Pr_ | [F(x) + F(y) # Flx+y)]

We clearly have E,[e,] = e. Since L! is isomorphic to L2 except that the strings in L} have
a padding of zeros outside 1, we can invoke Theorem 1.4 to deduce the existence of a string

o) € {0,1}* for which

Pr [f(x) = Zai(u)xi mod 2] > 1—61(ey)

u
xeLy icu

The next natural step would be to construct a direct product function that assigns each u with
o), and then to apply the direct product testing theorem. However, we first must resolve
an ambiguity that stems from the fact that since k is even, both o) and its complement give
rise to the same linear function on L}, as explained in Fact 2.3. We resolve this ambiguity by

considering only those u that contain a fixed coordinate iy € [1], and by letting the string o(*)
be the one that assigns 0 to the coordinate iy. The coordinate iy € [n] is chosen so that

Pr[T} accepts flip € u] > 1—¢,

where such a coordinate is guaranteed to exist by averaging.
Let L7, , denote the set of elements in L7, that contain iy. Now, we define a new function

F: L3, — {0, 1}2k by letting
Fu)=0c"  Vue Lo o-
We claim that F passes the following test DPTy with high probability.

1. Select u € Ly, , uniformly at random.

2. Select v € Ly ; uniformly at random conditioned on [u Nv| = %,
3. Accept if and only if F(u); = F(v); for every j € uNo.

The following two claims complete the proof of Theorem 6.2.

Claim 6.3. The function F passes the test DPTy with probability 1 — ¢ for ¢ = O(¢). This implies
that there exists a string a € {0,1}" such that

Pr [F(u) =a,] >1—0d(e2),

n
”6L2k,0

where a, denotes the restriction of a to the coordinates j € [n] such that u; = 1.

The following claim asserts that f has a large agreement with the global linear function
represented by the string a € {0,1}" from Claim 6.3.

Claim 6.4. Let a € {0,1}" be the string from Claim 6.3. Then

Pr [f(x) =) aj] >1—2(8(¢) + 62(e)).

n
xeLy jex

This concludes the proof of Theorem 6.2. O
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Proof of Claim 6.3. Let u,v € L%, be the choices of the test DPTy such that [u Nv| = 3, and
suppose that the DPT) test rejects on this pair, i.e., F ( )mv # F(v)uno- Hence, by Fact 2 3 since

ip € uNvand P( )i, = F(v),,, the linear functions ¢*), ¢(*) defined by ¢(*) (x) = ;0 () x; and

o (x) = Y0 l “J; are not identical on L. Therefore, by Proposition 2.4, it follows that for

arandom x € L{"” we have Pr, Lim[ ( ) # ¢ (x)] > ¢ for some absolute constant ¢ > 0.
Let &7 denote the probability that the test DPTj rejects. Then

u,UNPEI).PTo[CP(u)(x) - f(x) - (P(U)<X)] < PI‘[ < )‘uﬁv - F )’uﬂv]
x€LIw

+Pr[)_F(u)j =) F(v)j and F(u)|uro

jEX jEX
# F(0)|uro]
< (1—e)+e-(1—c)=1-ce. (11)

On the other hand, we claim that
Euoppr, Prlp™) (x) = f(x) = ¢ (x)] > Eyo[l = d1(eu) — 61(e0)] = 1 = 2Ey[1(e)].  (12)

Indeed, for any u € LY, we have Pr[f(x) = ¢ (x)] > 1 — d1(ey), and similarly for v. Equa-
tion (12) follows by union bound on u and v. Taking expectation over all choices u, v of the test
DPTy, we get the inequality.

It remains to recall that J; () is a non-decreasing linear function, and so
E,[01(en)] < 61(Eu[eu]) < 61(e), where the last inequality is because the choice of i to ensures
that Eyery, | leu] < Eyery en] = e. Combining (11) and (12) we get &2 < 261(g)/c = O(e), as
required.

We have shown that the test DPTj accepts on F with probability 1 — O(e ) We can now
ignore the io'th coordinate in all u € Lj; ; and think of F as a function F : sz , — 10, 1}2k_1,
and so, the test DP Tp above corresponds to the direct product consistency test with parameters
(n—1,2k — 1,5 —1). Since F passes the test with probability 1 — €5, by the assumption of the
theorem there ex1sts astring a € {0,1}" such that

Pr [F(u) =a,] >1—8(e),

n
ue L2k,0

as required. O

Proof of Claim 6.4. Leta € {0,1}" be the string from Claim 6.3 satisfying Prcrs [F(u) = a,] >

1 — 6p(e2). We first show that if we first pick u € Ly, ; and then pick x € L at random, then
with high probability we have f(x) = }¥;c, a;. More precisely, we show that

o [f(x) =) aj] > 1~ (01(e) + 0a(e2))- (13)
xeiz‘/o jex

In order to prove (13) recall that Prycry[f(x) = o (x) = Yjex F(u)j] > 1 —61(ey) for each
u € Ly - So in expectation over u € Ly , we have

uePLE [f(x) ZF > 1- lEuEL;’k/O [‘51 (eu)] > 1-— 51 (Eu[eu]) > 1-— (51 (5)
2k,0 jeX
xeLy
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By the assumption on a for random u € L} , we have F(u) = a, with probability at least
1 — 62(e2). Therefore, by union bound we get that

P [f(x) = L P = Laj) 2 1 (e) +8a(e2),
u€lyg jex jex
xeLy
which implies (13).

To obtain the statement of Claim 6.4 the distribution of x needs to be uniform in L}. Nonethe-
less, the distribution x in (13) can be written as a convex combination of the uniform distribu-
tion on L} with probability 0.5, and another distribution that puts more weight on x’s that
contain ig. Thus, Equation (13) implies that if we pick x € L} uniformly at random, then

Prif(x) =) aj] >1—2(6(e) + b2(e2)),

jEX

and the claim follows. O

7 Testing Tensors

In this section we show two results. The first is a theorem about testing whether a given
function is a k-th tensor-power for all k < o(y/n), and the second is about testing if a given
+1 matrix has rank one. This is equivalent to testing if a given function is a tensor product for
k=2

We also discuss the question of testing whether a given function is a k-dimensional tensor
product, i.e. whether there are functions by, ..., b : [n] - {£1} suchthat f =0, b, ® - ®
br. We suggest a four-query test for this problem and explain various subtleties in analyzing
it.

7.1 Testing Tensors Powers

In this subsection we show that for k = o(y/n), Theorem 1.1 also implies a test for tensors.
A function f : [n]f — {—1,1} is a tensor power if there is some b : [n] — {—1,1} such that
f=0b%ie.

f(z1,... i) = b(z1) - b(z2) - - - b(z).

We will use the following notation. For two tuples u,v € [n]*/? we denote their concatenation
by uv € [n]*. For a tuple z € [n]F and a permutation 7t : [k] — [k] we let zo 7t € [n]* be the
permuted k-tuple (z(1),Zz(2), - - -+ Zn(k)) € [n]¥. For convenience, we repeat the tensor power
test described in the introduction.

The Tensor Power Test - TP
Given an oracle access to a function f : [n]f — {—1,1} do:

1. Pick u,v,w € [n]*/? independently uniformly at random.
2. Pick three permutations 711, 712, 713 : [k] — [k] independently at random.

3. Acceptif and only if f(uvo my) - f(vw o mp) = f(uw o 713).

We prove the following theorem.
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Theorem 1.2 restated: Suppose n,k € IN and e > 0 are such that k>/n = o(e). Let f : [n]f —
{—=1,1} be a function that passes the test TP} with probability at least 1 — e. Then there is some
b:[n] — {—1,1} such that

Pr [f(z) = b%(z) = b(z1) - b(z2) - - b(z)] 2 1 - O(e).

z€[n]k

Proof. The proof is by reduction to Theorem 1.1. Given a function f : [n] — {—1,1}, we define
Q: ([Z}) — {0,1}. The idea is to define g(S) so that (—1)8(5) = f(a), where a is some ordering
of the subset S. However, since f might give different values to different orderings, this is not
well defined, and instead we consider all possible orderings of S. We write S = {41 < a2 <

- < ar}and let (So7) := (az(1), ..., 4x(k) for every permutation 7t : [k] — [k]. We define
g(S) toequal 1if Pry[f(Som) = —1] > 1/2, and let g(S) = 0 otherwise. In other words

(=1)89) = majority  f(S o 7),

where majority stands for the most common value. We claim that the function g passes the
direct sum test with probability 1 — O(e). Indeed, the queries x, y, x + y chosen by the direct
sum test distribution T}, are equivalently described as choosing three disjoint k/2-element
subsets U, V,W C [n] and settingx = UUV,y = VUW and thenx+y = (UUV)A(VUW) =
U UW (where we identify subsets on [n] with their indicator vectors). We couple this choice
in the direct sum test with a choice of uv = (UV o 111),vw = (VW o ), uw = (UW o 713) in f,
where 711, 712, 713 are random permutations.

Since TP} randomizes the order, whenever g(x) + g(y) # g(x + y) there is constant proba-
bility that TP fails by making random choices that coincide with the majority (this occurs for
all three queries with probability at least 1/8). Therefore, the probability of rejection of TP on
f is at least

Pr[TP} rejects f] > Q(1) - Pr[T} rejects g] — Pr[COLLISION],

where COLLISION denotes the even that at least one of the u,v, w € [n]k has the same value
on different coordinates. By the assumption that k*/n = o(¢) it follows that Pr[COLLISION] =
0(¢), and hence the direct sum test rejects on ¢ with probability at most O(e).

We deduce from Theorem 1.1 that g is 1 — O(¢) close to a direct sum, i.e., that there is some
a € {0,1}" such that Prs[g(S) = Yjcsa; mod 2] > 1 —O(e).

Note that the probability over S € ([Z]) and 77 : [k] — [K] that f(So ) # (—1)3(5) is at most
O(e), as otherwise this would cause TP}’ to reject with too high a probability.

By the assumption that k*/n = o(e) for a random z € [n]¥ no COLLISION happens with
probability 1 — o(¢), and hence such z can be chosen by picking a random S € ([Z]) and 7 :
[k] — [k], and setting z = (S o 7). Therefore,

Pr [f(z) = (~=1)=k®] > (1-0(e)) Pr [f(z) = (~1)=="] —o(e) = 1-O(e),
z€[n]k 25,1
and so, for b € {—1,1}" defined as b; = (—1)% we have f(z) = b(z1) - b(z2) - - - b(zx) with
probability 1 — O(e). This completes the proof of the theorem. O

7.2 Testing Tensor Products

It is natural to extend the above result to a test for tensor products. Recall that a function
f i [n)¥ — {—1,1} is a tensor product if there are k (kposably distinct) functions by, ..., by : [n] —
{-1,1} suchthat f =b; ® - - - @ by, i.e., f(z) = [T'_1 bi(z;) for all z € [n}*.
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It seems that this problem is somewhat different from the problem of testing tensor powers,
and there is no natural three query test analogous to Tensor Power Test above. We propose the
following test for testing tensor product.

The Tensor Product Test - TProd;,
Given an oracle access to a function f : [n]f — {—1,1} do:

k/2

1. Pick x,x’,y,y" € [n]*/# independently uniformly at random.

2. Pick a permutation 7t uniformly at random.

3. Acceptifand only if f(xyo ) - f(xy' om) = f(x'yom) - f(x'y' om).

We analyze the foregoing test for the special case k = 2. In the case of k = 2 we may think
of this as testing whether an n x n-matrix over {—1,1} is of rank 1. We restate the test in the
language of matrices.

The Tensor Product Test - TProd;
Given an oracle access to an n X n-matrix M over {—1,1} do:

1. Picki,i’,j,j’ € [n] independently uniformly at random.
2. Acceptifand only if f(i,f) - f(i,j') = f(i',]) - f(i',]).

We prove the following theorem.

Theorem 1.3 restated: Let n € N and e > 0. Let M € {—1,1}"*" be a matrix for which

Pr [M(i,))M(i,j') = M@, ))M({,j)] =1 —¢,

i,i' j,j'€n]
Then there are by, by : [n] — {—1,1} such that

Pr [M(i,j) = bi(i) - ba(j)] 2 1—e.
(i,j)€[n]?

Proof. Let M € {—1,1}"*" be a matrix that passes the test TP} with probability at least 1 — «.
By averaging there exists iy, jo € [1] such that

Pr [M(io, jo) - M(io, j) = M(i, jo)M(i, /)] =1 —e.
()€

By rearranging we get

(i,-)Per[n]z[M<i’j> = M(i, jo) - M(io, j) - M(io, jo)] > 1 —e. (14)

Now define by, by : [n] — {—1,1} by letting

bi(i) = M(i,jo),
ba(j) = Mo, j) - M(io, jo)-

By plugging (14) the theorem follows. O
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8 Vertex Expansion of the Johnson Graph

In order to analyze the direct sum test T}/, it will be convenient to consider the following
graph, which is a natural interpretation of the Johnson scheme.

Definition 8.1. For n € IN such that n = 0 (mod 4) define a graph J, = (V,, E,) by letting
V =Ly, and setting an edge between two vertices x and y if and only if |[x Ny| = n/4.

Remark The degree of the graph is almost linear. Indeed, if we denote by N = (,},) =
=)
log(N)”"

@(%) the number of vertices in J,,, then every vertex J, has degree (Z;i)z =0(%) =0(

~

Note that we can describe linearity test in terms of the graph J,, as follows.
T, test - restated in terms of |,
Given an oracle access to a function f : V;, — {0,1} do:

1. Select a random triangle {x,y,x +y} C V,, in J,.
2. Acceptifand only if f(x) + f(y) = f(x +y).

Below we claim that the mixing time of ], is 2. More precisely, if we start from an arbitrary
vertex x € V, and perform a random walk x,y,z of length 2, then the distribution of z is
O(1/+/n) close to the uniform distribution on V},, i.e., it is almost independent of the starting
vertex x.

Lemma 8.2. For n € N such that n = 0 (mod 4) consider the graph |, = (Vy, E,). Fix a vertex
x € V,,. Let y € N(x) be a random neighbor of x, and let z € N(y) be a random neighbor of y. Then,
the distribution of z is O(1/+/n)-close in total variation distance to the uniform distribution on V.

Proof. Since the graph J, is vertex transitive, we may assume that
x=11...100...0. Then the distance of the distribution of z from the uniform distribution is
S =

n/2 n/2

1
diStTv(Z, U) = = Z

weLz/2

Pr[z = w] —

We partition the sum according to the weight of w on the coordinates {1,...,7n/2}. Then

. 172 N [
distry(z, U) = 5 E PrHZ[l...n/zﬂ =i] - 7( 7 /)2
i=0 n/2

Let y € N(x) be a neighbor of x. Then, y has n/4 many 1’s in x, and /4 many 1’s outside x.

Assume for concreteness that y = 11...1 00...011...100...0. Then, in order to choose the
Vel e Ve

n/4 n/4 n/4 n/4
1’s of z € N(y) we do the following.

1. Pick j coordinates from {1, ...,n/4}.
2. Pick i — j coordinates from {n/4+1,...,n/2}.
3. Pick n/4 — j coordinates from {n/2+1,...,3n/4}.
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4. Pickn/4 — (i — j) coordinates from {3n/4+1,...,n}.

i (;1]/‘4) (?1;}) (nr/lﬁi]) (11/4’1/(%*].))
=0 ("/2)2
n/4

, and so

Therefore Pr|z1. /2| = i] =

111/2 i (11/4) (71/4) (n/2)2

distTV(Z,u):EZ )3 ]n/zl - (l”)

i=0 |j=0 (n/4) n/2

The following proposition completes the proof of Lemma 8.2.

Proposition 8.3. Forall n € IN we have

w2| (IO eep|
X ; 22 () = O/ )

n/4

We defer the proof of the proposition to Appendix B. O
As a corollary, we conclude that J, is a vertex-expander in the following strong sense.
Lemma 1.6 restated. For n € IN such that n = 0 (mod 4) let 7, = O(n~'/?) be the distance

of z from the uniform distribution in Lemma 8.2. Let A C V,, be a subset of the vertices of ], of size
|A| = «|V|. Pick an edge (x,y) € E, of |, uniformly at random. Then

1. PrixeAy¢ Al =a(l—a)FE2a(l—a)- \/Tu
2. Prlx,y € Al =a®+£2a(1—a) - /7.

That is, the vertex expansion of |, is very close to that of a random graph/complete graph.

Proof. Denote by T = |EE§;|Z” the fraction of edges in the cut (A, A). Note that 7 is equal to
_ deg(x)
T = 20( ° ]EXEA |:deg<x) 7 (15)

where deg+(x) = |N(x) N A| denotes the number of neighbors of x in A.

For the first item, let us pick a random vertex xg € V};, and perform a random walk xo, x1, x»
of length 2. Let E,; € {0,1,2} be a random variable counting the number of times that the
walk crosses the cut (A, A). Then

E[E ;%] = 2.

On the other hand

E[E, z] = Prlxo€ A x; € Al+Pr[xg € A, x; € A (16)
+2Pr[xg, x2 € A, x1 € A] +2Pr[xg,x2 € A, x1 € A].

Using Lemma 8.2 we have
PI‘[XO €A xy € Z] = PI‘[XO € A] -Pr[xz S Z‘Xo € A] > (] - — ')’n)-

By reversibility, we also have Pr[xp € A, x, € A] = Pr[xy € A, x; € A].
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Next we claim that Pr[xg,x, € A,x; € A] > %. Indeed, in order to estimate Pr[xp, x; €
A,x; € A] we may pick a vertex x; € V,, uniformly at random, and then pick two neighbors
xo, X2 € N(x1) independently. Then

Pr[xo,xo € A,x1 € A] = Pr[x; € A|Pr[xp, x2 € Alx1 € A]
degz(x))?
— a-FE oAV
B | (Gt
. . degy(x)]?
hy-Sch 1 > a-E =4
[Cauchy-Schwartz inequality] > «a-Eyca [ deg, (x)
. . 72
[using Equation (15)] = o
Analogously, we have Pr[xg, x2 € A, x1 € Al > 4(177:1). Therefore, using Equation (16) we get
2t > 2a(l—a—vy )+T2(i+#)
- 8 20 2(1—a)”

Solving the quadratic inequality (in T) gives us
(T —2a(1 —a))* <4a%(1 —a) - 7y
By symmetry, we may change the roles of A and A to get
(T—2a(1 —a))?® <4a(l—a)?- v,

The statement of the first item follows from the fact that Pr[x € A,y ¢ A] = 1/2.
For the second item of the lemma we have

Pr[x,y € A] =Pr[x € A] —Pr[x € A,y ¢ A].

Plugging the estimation from the first item, the lemma follows. O
Corollary 8.4. Let A C V,, be a set of vertices of density & = %. Suppose that if we pick a random

edge (x,y) € E then the probability that one endpoint is in A and the other is not in A is at most ¢ for
some & > 0 sufficiently small. Then either x < e + O(&2) or a > 1 — (e + O(e?)).

Proof. Suppose that n € IN be large enough such that v, < 1/16. (Otherwise the statement is
trivial for sufficiently large multiplicative constant in the O(¢) term.) By Lemma 1.6 we have

1—e<Prlx,yc A]+Prlx,y € Al <a®+ (1 —a)® +4a(l—a) /7
This is equivalent to a(1 —a) < ﬁ < e. Solving the quadratic inequality in « gives the

desired result. O

9 A Different Direct Sum Test

For odd values of k, as well as for the case k > %n one can see that no 3-query test can succeed.
In this section we present a different linearity test for functions f : L} — {0, 1} that works for
all k < n, and makes O(max(%, ;23)) queries. Therefore, the test makes constant number of

queries if % is bounded away from 0 and 1. The test has a very simple analysis and does not
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rely on direct product test from Theorem 1.1. A similar result is already known from the work
of Kopparty and Saraf [27].

As mentioned in the introduction, Kopparty and Saraf [27] extend the BLR linearity test-
ing result to a large family of distributions on the hypercube, which they call “uniformly-
correlatable distributions”. That is, for a distribution u on {0, 1}” the goal is to test whether
a function f : {0,1}" — {0,1} is close to some linear function, and the distance between
functions is defined as dist(f,g) = Pry~u[f(x) # g(x)]. We may give the following interpreta-
tion to their test. Given a function f : {0,1}" — {0,1} the test constructs a probabilistic oracle
¢:{0,1}" — {0,1} such that if we want to query g in a uniformly random point x, it is enough
to make a small number of queries to f on inputs r1, ..., 7; such that the marginal distribution
of each r; is equal to y. Then, they simulate a linearity test on the (randomized) function g with
respect to the uniform distribution, and if the test passes with high probability, they deduce
that g is close to a linear function, and also f is close to a linear function.

Our test is similar to the test of Kopparty and Saraf, but the analysis we provide seems to
differ from theirs. In particular, our proof also constructs a probabilistic oracle as above, but
does not rely on the fact that the uniform distribution on L} is “uniformly-correlatable”, and

only uses the fact that every element in span(L}) is a sum of O(max(%, %;)) vectors of L}.

Theorem 9.1. Let p € (0,1), let n € N be sufficiently large such that pn € N, and let k =
pn. There exists a test T, such that given an oracle access to a function f : L} — {0,1} makes
max(O(%), O(ﬁ)) queries to f, and satisfies the following conditions.

1. If f is linear, then T, accepts with probability 1.

2. Forall ¢ > 0, if Pr[T, accepts f] > 1 — ¢, then there exists a string a € {0,1}" such that
Procip[f(x) = Liejn aixi] > 1— 06, where 6 = 6(e) is such that 5(e) — 0 as e — 0.

Proof. Let us assume for simplicity that p = k/n < 0.5. (The case p > 0.5 is handled analo-
gously.) Then, our goal is to design a linearity test for L} that makes O(n/k) queries. Recall
(Fact 2.1) that if k is even, then span(L}) = L%, .\, and otherwise span(L}) = {0,1}". Fur-
thermore, note that for every x € span(L}) there are t = [1/p] vectors x1,...,x; € L} such
that }; x; = x. This simple observation allows us to define the following test T, that makes
3t =3[1/p] queries.

T, - Direct Sum Test for L:
Given an oracle access to a function f : L} — {0,1} do:

Set t = [1/p]. With probability 1/2 apply the subroutine T!, and with probability 1/2
apply the subroutine T2, where T! and T? are defined as follows.

T

—_

. Pick x,y € span(L}) independently uniformly at random. Let z = x +y.
2. Pick xq,...,x; € L} such that ) ; x; = x.

3. Picky1,...,yt € L such that},;y; =y

4. Pick zq,...,z; € L such that ) ; z; = z.

5. Acceptifand only if Y, f(x;) + ¥ f(yi) + X f(zi) = 0.

T%

1. Pick x € L}, and pick y € span(L}) independently uniformly at random. Let z = x + y.
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2. Pickyy,...,ys € L such that) ;y;, =y
3. Pick zy,...,z; € L such that } ; z; = z.

4. Acceptifand only if f(x) + Y, f(yi) + Y f(zi) = 0.

We interpret our test as follows. Given a function f : L} — {0,1} the test constructs a
probabilistic oracle to a function G : span(L}}) — {0,1} such that whenever we want to query
G in a uniformly random point x, we query f on a constant locations x1, ..., x; that sum up to
x,and set G(x) = Y; f(x;).

Using this notation the test T! can be interpreted as testing whether G(x) + G(y) = G(x +
y) for uniformly random chosen x,y € span(L}). Similarly, the test T? can be interpreted
as testing whether f(x) + G(y) = G(x +y) for uniformly random chosen x € L} and y €
span(L}).

Next, we define a function g : span(L}) — {0,1} to be the “rounding” of G. That is, for all
x € span(L}) we set g(x) = 1if Pr[G(x) = 1] > 0.5, and g(x) = 0. Note that the domain of g
has a subgroup structure. We claim below that g passes the linearity test with high probability.
Using [9] this will imply that g is close to some linear function.

Claim 9.2. Pick x,y € span(L}) independently uniformly at random. Then
Prig(x) +8(y) =glxr+y) > 1 -4e.

Therefore, there exists a linear function ¢ : span(L}}) — {0,1}, such that dist(g,¢) = O(e).

Proof. For every x € span(L}') we measure how decisive G is on x by letting ¢, = Pr[G(x) #
g(x)]. We first show that for uniformly random x € span(L}) we have E,[e,] < e.

Indeed, let x € span(L}). For any fixed values of y € span(L}), bp = G(y), and b3 =
G(x +y) we have Prg[G(x) = by + b3] < 1 — &y (the randomness is only over the choice of
G(x)). Therefore by taking the expectation we have

1 - < PrG(x) + Gly) = Glx+y)] = Ex | Pr[G(x) = G(y) + Glx +)]| < Exl1 4],

This implies that Ey[e,] < e.

Since each of the query of T' is uniformly distributed in span(L!!), it follows that with
probability at least 1 — 3¢, we have G(x) = g(x), G(y) = g(y), and G(x +y) = g(x +y). This
completes the first part of the claim.

Since the domain of g is a subgroup, it follows from [9] that there exists a linear function
¢ : span(L}) — {0,1}, such that dist(g,¢) = O(e). The claim follows. O

Next, we use the assumption that f passes the test T? with high probability in order to
prove that f is O(e)-close to the restriction of ¢ to L}.

Claim 9.3. Let ¢ be the linear function from Claim 9.2. Then f is O(e)-close to the restriction of ¢ to
L.
k

Proof. Consider the oracle G as defined above, and note that the test T? checks that f(x) +
G(y) = G(y + x) for x € L} and y € span(L}) chosen uniformly at random.

Note that by Claim 9.2 for a uniformly random y € span(L}) we have Pr[G(y) = g(y) =
$(y)] >1—0(e), and similarly Pr[G(x +y) = g(x +y) = p(x +y)] > 1—O(e).
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Since by the assumption we have Pr[f(x) = G(y) + G(x +y)] > 1 —¢, it follows that a
random x € L} with probability 1 — O(e) we have f(x) = ¢(y) + ¢(x +y). By linearity of ¢
this implies that

Pr(f(x) = ¢(x)] > 1-0O(e),

X

(I

as required.

(I

This completes the proof of Theorem 9.1.

Note that the proof of Theorem 9.1 is more general, and generalizes to all subsets V C
{0,1}" such that each element of span(V) can be obtained by summing a small number of
elements from V.

Theorem 9.4. Let n € N, and let V. C {0,1}". Suppose that for every x € span(V) there are t
elements xV, ..., x) € V such that Zf':l x() = x. Then, there exists a test Ty such that given an
oracle access to a function f : V — {0,1} makes 3t queries to f, and satisfies the following conditions.

1. If f is linear on V, then Ty accepts with probability 1.

2. Forall ¢ > 0, if Pr[Ty accepts f] > 1 — ¢, then there exists a string a € {0,1}" such that
Pricv[f(x) = Licpn @ixi] > 1 — 6, where § = (e) is such that 6(e) — 0as e — 0.

10 Open Problems and Future Work

Extending the proof to low degree polynomials. A natural generalization of linearity test-
ing is whether a given function is close to a low degree polynomial. Alon et al.[1], and later
Bhattacharyya et al. [8], studied this question for functions defined on the hypercube. Do these
results extend to functions defined only on L}}? That is, given a function f : L} — {0,1}, test
whether there is a low degree polynomial p : {0,1}" — {0,1} such that f(x) = p(x) for most
points x € L.

Reducing the Direct Product Testing Problem to Direct Sum Testing. We showed a direct
product test implies the existence of a direct sum test. Is there a reduction going in the other
direction? That is, given the fact we have a direct sum test does it imply the existence of a
direct product test.

The Tensor Product Testing Interpretation. In Theorem 1.2 we proved tensor power testing
for k = o(y/n). It would be interesting to extended to the theorem for all values of k. Another
interesting question in this direction is to test whether a given function f : [n]f — {—1,1} is
close to a tensor product, i.e., there exist k possibly distinct functions by, ..., by : [n] — {—1,1}
such that f is close to b} ® - - - ® bx. See Section 7.2 for a candidate test for the problem of tensor
product .

Low acceptance probability regime. Linearity testing was analyzed in the low acceptance
regime (see [4, 25]), where the goal is to understand functions that pass the test with probability
which is slightly larger compared to the probability that a random function passes it. It is
shown in [4] that if f defined on the hypercube passes the BLR test with probability slightly
above 0.5, then it has a non trivial correlation with some linear function. Understanding the
analogous question in the L} setting seems very interesting. Interestingly, for small values of
k, probability 0.5 is not the correct threshold to look at. See Appendix C for details.
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Derandomized Direct Sum Testing As explained in the introduction, one of the motivations
for the direct sum testing question came from the potential of constructing new PCPs that rely
on direct sums as opposed to direct products which incur an increase in alphabet size. Since the
direct sum encoding of an n-bit string has length n*, it is not very efficient, and a derandomized
version of the direct sum test is well called for. Similar results for direct products are already
known [11, 23, 14] and can provide a good starting point. This question is closely related
to the recent work of Kaufman and Lubotzky [26], who discovered an interesting connection
between the high dimensional expanders and property testing.

A Proof of Proposition 2.4

Proof. Tt is clearly enough to prove that for any non-constant linear function ¢ : L} — {0,1} it
holds that ¢ < Pryepr[¢p(x) =1] <1—c.

Note first that trivially Pr[¢(x) = 1] € (c1,1 —c1) where ¢; = ﬁ > exp(—Q(n)). We
pn

prove below that Pr [4)( ) =1] € (c2,1—¢2) for
cp > min{ 75— T £ k 4 > L} — exp(—Q(n)) where the constant in the Q() notation depends only on
p. Taking ¢ = max{cy, 2 } clearly implies the statement of the proposition.

Let s € {0,1}" be a string that represents the function ¢, i.e., ¢(x) = Yic[n] SiXi (mod 2)
for all x € L}, and let m = |s|. Note that we may assume without loss of generality that
1 < m < n/2.* Observe that the probability over x € L] that ¢(x) = 1 equals to the probability

that for a fixed string y € L{ and a random string ¢ € L}, it holds that };c [, oiy; = 1 (mod 2).
Therefore, it is enough to prove that for a random ¢ € L}, it holds that

Pr|) oyi=1 (mod2)| € (c,1—c).

ie[n]

Let us first choose m — 1 coordinates of ¢ at random, and denote them by ¢’ € L!!

Claim A.1. With probability at least 1 — exp(—Q(n)) we have |{i € [n]\ ¢’ :i € y}| > pn/4, and
(e \o: i €y} = pn/d > (1— pyn/a

Proof. If m < min{pn/2,(1 — p)n/2}, then by the assumption that |y| = pn the claim holds
trivially. Otherwise, by standard concentration bounds (see, e.g., [22]) with probability 1 —
exp(—Q(n)) we have |0’ Ny| < 1.5pm < 3pn/4and |0’ N ([n]\y)| < 1.5(1 —p)m < 3(1 —
p)n/4 which clearly implies the claim. O

Hence, if welet {1 = |[{i € [n]\ ¢’ :i € y}|and l, = |{i € [n]\ ¢ :i & y}|, then with
high probability we have ¢ € (pn/4,pn) and ¢» € ((1—p)n/4,(1 p) )) Therefore, the

probability that the last bit of ¢ is chosen to be in y is between ) and . This completes

_pr
4(1-p
the proof of the proposition. O

4Otherwise, if m > n/2, then we may consider the function ¢ defined by 5§ = (1 —sy,...,1—3s,) € {0,1}",
and then ¢(x) = ¢(x) +k (mod 2) for all x € L}, and so we have either Pr[p(x) = 1] = Pr[p(x) = 1] or
Pr[¢p(x) =1] =1 —Prp(x) =1].
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B Proof of Proposition 8.3

Proposition 8.3 restated: Forall n € IN we have

a2 A
P R

Proof. By symmetry between i and 2n — i it is enough to bound the sum running from 0 to 7.
Note also that we may consider only i > n — /nlog(n). Indeed, we have

NONAPE (f <';><£]->>2_ ((2;«))2
Loer Loy ) ey

and hence, the contribution of i < n — /nlog(n) is upper bounded by

n—y/nlog(n) (2n 2 2n 2 5
G) G )2 = 27008 () < O(1//n).

iz (G i &9

n

Similarly, the contribution of the terms where j ¢ [n/2 — \/nlog(n),n/2+ \/nlog(n)] is 2-Olog’(n)
O(1/+/n). Therefore, it is enough to bound the sum

n

2/ n\2
Z (2;1)2 - n/2+\/£10g(n) (’]1) (zﬁ]>
4n 218\ 2
i=n—+/nlog(n) (Zn) j=n/2—+/nlog(n) ( " )
In order to do it we use the following two estimations of binomial coefficients, which follow
from Stirling’s formula (see, e.g., [29]). For all n the binomial coefficient (2: ) can be estimated

(17)

as
n 2" 1
=—|1+0(—) ). 1
(L”/2J> Vrn/2 ( O<”)) (49
and for all k, n such that [k — n/2| < 2y/nlog(n) the binomial coefficient (}) can be estimated
ny n _ (n/2—k)? . log(n)
(5) = () 0w (P57)-(120C50). @

where in both estimates the O() notation hides some absolute constant independent of k and
e’
Gn)

Claim B.1. For all n sufficiently large and for i € [n — \/nlog(n), n] we have

n. This immediately gives us an estimate on the term

2

CY 2 (2= (1o L
GZ) =\ ep< . > (1iO(\/ﬁ)>.
Proof.
2?0 exp (2 i
2n 2n

_2¥/(mn) ex 2(n—i)? . <~ 1
= 2w/ amn ep( ) (1£0(—=))

_ \/z-exp (-2(”;1)2> - iO(ln)).
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5 (")
Zn)2 :

Now we move to the sum

Claim B.2. Forall n sufficiently large, fori € [n — +/nlog(n), n]and forj € [n/2 —+/nlog(n),n/2+
Vv/nlog(n)] we have

(Znn) mn

Proof. By the assumption thati € [n — /nlog(n),n| and
j€ [n/2—+/nlog(n),n/2+ /nlog(n)] wehave (i—j) € [n/2—2y/nlog(n),n/2+ /nlog(n)],

and so using Equation (19) we get
(0" - (L) om (-0 ER= 002 g
(-

_ (n/2> exp 41_1/2 )-exp(—(n_i)z>-(1i(~)(1)).

Z;(]”)2(:2])2 _ ; (nZZZ); -exp (_8(]—711/2)2> - exp <_2(nn—z)2>

G

('D

Therefore,

Note that although the sum }_; exp (—U%W) runs over j from n/2 — /nlog(n) to n/2 +

V/nlog(n), we may extend it the sum from —oo to 400 by losing (1 + O(2~ log*(n) )) multiplica-
tive factor. We estimate the sum from —co to +-co by the moving to the corresponding integral.

£ op () §p(-5)

jzfoo j:*OO

Finally, we get

(7‘)2@3]‘)2 _ 4 2(n—i)? nn <1
2(2:)2 = — exp< >< 8—|—O(1)>-(1j:0())

as required. O
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Combining Claims B.1 and B.2 the sum in Equation (17) can be bounded by

n 22 m2(n 2
3 " _Z(])ZE:Z])

4n
i=n—+/nlog(n) (Zn) j ( n )

-1 ~, 1
1+0(—=)) -1 -0(—=
(1+0(7)—(1-0()|
n n’ .
i=n—+/nlog(n)
~, 1
(75
This completes the proof of Proposition 8.3. O

C Low Error Acceptance Probability Regime

In this section we give a randomized construction of a function f : L} — {0, 1} that passes the
T test with probability larger than 0.51, but has negligible correlation with all linear functions.
The function is defined as follows.

Let g : L} — {0,1} be a random function. For every x € L} pick x1,x, € L} at random
such that x = x; + xp and let f(x) = g(x1) + g(x2).

Claim C.1. Pr[T} accepts f] > 0.51.

Proof. Pick x,y € L} at random according to the distribution of T}, and let z = x +y. If the
partitions x = x; + xp and y = y; + y2 and z = z; + z; are consistent, i.e., if x; = y1, X2 = 23
and y, = z, then by definition of f it satisfies f(x) + f(y) = f(x +y), and so the test clearly
accepts. This happens with some constant probability bounded away from zero (taking 1/33
is enough). O

On the other hand, f has only negligible correlation with any linear function. This can be
shown by proving that for each linear function the correlation is small with high probability,
and then use union bound.
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