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Abstract

Consider a K-uniform hypergraph H = (V,E). A coloring ¢ : V' — {1,2,...,k} with k
colors is rainbow if every hyperedge e contains at least one vertex from each color, and is called
perfectly balanced when each color appears the same number of times. A simple polynomial-
time algorithm finds a 2-coloring if H admits a perfectly balanced rainbow k-coloring. For a
hypergraph that admits an almost balanced rainbow coloring, we prove that it is NP-hard to find
an independent set of size ¢, for any ¢ > 0. Consequently, we cannot weakly color (avoiding
monochromatic hyperedges) it with O(1) colors. With k = 2, it implies strong hardness for
discrepancy minimization of systems of bounded set-size.

Our techniques extend recent developments in inapproximability based on reverse hyper-
contractivity and invariance principles for correlated spaces. We give a recipe for converting
a promising test distribution and a suitable choice of a outer PCP to hardness of finding an
independent set in the presence of highly-structured colorings. We use this recipe to prove ad-
ditional results almost in a black-box manner, including: (1) the first analytic proof of (K —1—e¢)-
hardness of K-Hypergraph Vertex Cover with more structure in completeness, and (2) hard-
ness of (2Q + 1)-SAT when the input clause is promised to have an assignment where every
clause has at least () true literals.

1 Introduction

The problem of coloring a hypergraph with few colors is a fundamental optimization problem.
A K-uniform hypergraph H = (V, E) is said to be k-colorable if there exists a coloring ¢ : V' —
{1,...,k} of its vertices with k colors so that no hyperedge is monochromatic.

The problem of determining if a K-uniform hypergraph is 2-colorable is a classic NP-hard
problem when K > 3. By now, strong inapproximability results are known which show that
coloring 2-colorable hypergraphs with any fixed constant number of colors is NP-hard — this was
tirst shown for 4-uniform hypergraphs [15] 17] and subsequently also for the 3-uniform case [12]].
The best known algorithmic results require n‘*}) colors, with the exponent tending to 1 as the
uniformity £ of the hypergraph increases [8, [1]. Recently, even coloring 2-colorable hypergraphs
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with super-polylogarithmically many colors was shown to be hard (for the 8-uniform case) [9}14].
This situation contrasts with graphs (K = 2) where it is not known to be hard to color 3-colorable
graphs with just 5 colors unless we assume much stronger conjectures [11].

In this work, we are interested in the question of whether coloring a hypergraph remains hard
even if we are promised that the hypergraph admits a coloring with natural stronger properties.
One such notion, called strong k-colorability, insists that for each hyperedge, all its vertices get
different colors. Note that in the case of graphs (K = 2), the notions of colorability and strong
colorability coincide. Strong coloring of a K-uniform hypergraph H = (V, E) is the same as color-
ing the graph G = (V, E’) with the same vertex set and E’ = {(u,v) : Je € E such that {u,v} C e}
(i.e., we make each hyperedge into a K-clique). The minimum possible number of colors needed
to strongly color a K-uniform hypergraph is of course K. It is not hard to see that given a strongly
K-colorable K-uniform hypergraph H, one can efficiently find a 2-coloring of its vertices such that
no hyperedge is monochromatic.

There are two natural notions which are weaker than strong colorability but yet impose richer
requirements on the coloring than just avoiding monochromatic edges:

e Rainbow k-coloring: Every hyperedge contains a vertex of each of the k colors.

e Balanced/Low-discrepancy 2-coloring: In every hyperedge, there are a roughly equal num-
ber of vertices of each of the two colors.

Note that rainbow 2-coloring is the same as normal 2-coloring, and the existence of a rainbow
k-coloring for k > 2 implies that the hypergraph is 2-colorable. We can combine the above two
notions and require that every hyperedge has to have roughly the same number of vertices of each
color.

These two notions have been studied independently. For rainbow k-coloring, it is known as
polychromatic coloring where the basic question is: given a certain family of hypergraphs (often
interpreted as set systems representing geometric objects), what is the smallest K that guarantees
rainbow k-coloring? We refer to the recent work of Bollobés et al. [5] and references therein. Find-
ing a good balanced 2-coloring is known as minimizing discrepancy, where the ideas of semidef-
inite programming [3] and random walks [21] have been successfully applied. There are tight
hardness results for general hypergraphs ([7], no constraint on the size of edges) and r-uniform
hypergraphs [2], where a hypergraph is not 2-colorable in the soundness case. Our goal is to show
that a hypergraph is not O(1)-colorable in the soundness case.

Our main result in this work is to prove a strong hardness result that rules out coloring a
hypergraph with O(1) colors even when it is promised to have a rainbow k-coloring with good
balance between colors (for any k£ > 3) — see Theorem below for a formal statement. It is
worth emphasizing that prior to this work, even hardness of 2-coloring a rainbow 3-colorable
hypergraph was not known. Indeed such a result seemed out of reach of the sort of Fourier-based
PCP techniques used for hardness of hypergraph coloring in [15] and follow-ups. In this work we
leverage invariance principle based techniques to analyze test distributions that ensure balanced
rainbow colorability (further details about our methods and those in recent technically related
works appears in Section [2). One of our contributions is to distill a general recipe for combining
test distributions with suitable outer PCPs (various forms of smooth Label Cover) to establish such
inapproximability results. This makes our approach quite flexible and can also be readily applied
to several other problems as described in Section



1.1 Owur Results and Corollaries

The following is our main theorem. Note that in any result in this section that guarantees a color-
ing with some desired properties in the completeness case, each color contains the same fraction
of vertices.

Theorem 1.1. Forany e > 0and Q, k > 2, given a Qk-uniform hypergraph H = (V, E), it is NP-hard to
distinguish the following cases.

o Completeness: There is a k-coloring ¢ : V' — [k] such that for every hyperedge e € E and color
i € [k], e has at least () — 1 vertices of color i.

e Soundness: Every I C V of measure € induces at least ¢°2+() fraction of hyperedges. In particular,
there is no independent set of measure €, and every |X]-coloring of H induces a monochromatic

hyperedge.
Fixing () = 2 gives a hardness of rainbow coloring with K optimized to be 2k.

Corollary 1.2. For all integers c, k > 2, given a 2k-uniform hypergraph H, it is NP-hard to distinguish
whether H is rainbow k-colorable or is not even c-colorable.

On the other hand, fixing k = 2 gives a strong hardness result of discrepancy minimization
(with 2 colors). A coloring is said to have discrepancy A when in each hyperedge, the difference
between the maximum and the minimum number of occurrences of a single color is at most A.

Corollary 1.3. Forany ¢, Q > 2, given a 2Q-uniform hypergraph H = (V, E), it is NP-hard to distinguish
whether H is 2-colorable with discrepancy 2 or is not even c-colorable.

The above result strengthens the result of Austrin et al [2] that shows hardness of 2-coloring
in the soundness case. However, their result also holds in (2@ + 1)-uniform hypergraphs with
discrepancy 1, whereas our method has to rely on the unproven d-to-1 conjecture in this case

We also study the effect of a relaxed soundness condition when we seek a rainbow k-coloring
(albeit without any balance requirement). In this case, surprisingly we can ensure a very strong
balance condition in the completeness case — in every hyperedge at most two colors are off by
one occurrence from the perfectly balanced coloring.

Theorem 1.4. Forany Q, k > 2, given a Qk-uniform hypergraph H = (V, E), it is NP-hard to distinguish
the following cases.

o Completeness: There is a k-coloring ¢ : V' — [k] such that for every hyperedge e € E either (1) each
color appears Q) times, or (2) k — 2 colors appear () times and the other two colors appear () — 1 and
Q + 1 respectively.

o Soundness: There is no independent set of size 1 — 1. In particular, H is not rainbow k-colorable.

Our techniques are general — different combinations of test distributions and outer PCPs,
plugged into our general recipe, yields the following additional results.

! As this work focuses on NP-hardness without any additional assumptions, we exclude this proof from the paper.



Hypergraph Vertex Cover. Rainbow k-coloring has a tight connection to Hypergraph Vertex
Cover, because it partitions the set of vertices into k disjoint vertex covers. In particular, Corol-
lary [1.2| implies that K-Hypergraph Vertex Cover is NP-hard to approximate within a factor of
(% —€), but the better inapproximability factor of (K — 1 —¢) is already established by the classical
result of Dinur et al [10]. We give the first analytic proof of the same theorem, with two slight
improvements: the size of the minimum vertex cover in the completeness case is improved to
ﬁ from (ﬁ — €), and in the soundness case every set of measure e induces %) fraction of

hyperedges.

Theorem 1.5. For any € > 0 and K > 3, given a K-uniform hypergraph H = (V, E), it is NP-hard to
distinguish the following cases.

e Completeness: There is a vertex cover of measure .

e Soundness: Every I C V of measure ¢ induces at least €251 fraction of hyperedges.

Bansal and Khot [4] and Sachdeva and Saket [28] focused on almost rainbow k-colorable hy-
pergraphs (where one is allowed to remove a small fraction of vertices to ensure rainbow col-
orability) to show hardness of scheduling problems. This notion allows us to prove the following
more structured hardness as well as (K — 1 — €)-inapproximability for hypergraph vertex cover. It
improves [28] in the number of colors used, and almost matches [4] which is based on the Unique
Games Conjecture.

Theorem 1.6. For any € > 0 and K > 3, given a K-uniform hypergraph H = (V. E), it is NP-hard to
distinguish the following cases.

e Completeness: There exist V* C V of measure ¢ and a coloring ¢ : [V \ V*] — [K — 1] such that for

every hyperedge of the induced hypergraph on V' \ V*, K — 2 colors appear once and the other color

twice. Therefore, H has a vertex cover of size at most 2 + €.

e Soundness: There is no independent set of measure e.

Q-out-of-(2Q) + 1)-SAT. Q-out-of-(2Q) + 1)-SAT refers to the problem of finding a satisfying as-
signment in a (2Q) + 1)-CNF formula, given the promise that some assignment makes each clause
have at least ) true literals. We give an analytic proof following our recipe of the following result,
which was first established based on simpler combinatorial techniques in Austrin et al [2].

Theorem 1.7. For (Q > 2, there exists € > 0 depending on Q) such that given a (2Q) + 1)-CNF formula, it
is NP-hard to distinguish the following cases.

o Completeness: There is an assignment such that each clause has at least () true literals.

e Soundness: No assignment can satisfy more than (1 — €) fraction of clausesE]

1.2 Discussion and Open Problems: Coloring Highly Structured Hypergraphs

The algorithmic and hardness results of highly structured hypergraphs are summarized in Ta-

ble

Fix K > 3 to be the uniformity of the hypergraph. To the best of our understanding, there is
only one general situation under which a K-uniform hypergraph H can be efficiently 2-colored:

2An explicit value of € as a function of @ in the soundness can be worked out. It might be better than the value
implicit in the proof of [2], but will likely be far from the probably optimal value, so we don’t focus on this aspect.
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Promised Coloring Structure | Algorithm | Hardness \
Rainbow K-colorable (K -partite) 2-colorable Not rainbow K-colorable
(Almost, UG) Not weak O(1)-colorable [4]
Rainbow (K — 1)-colorable (Almost) Not weak O(1)-colorable
Rainbow & -colorable with perfect balance | 2-colorable
Rainbow % -colorable with discrepancy 2 Not rainbow £ -colorable
Rainbow % -colorable with discrepancy & Not weak O(1)-colorable
2-colorable with perfect balance 2-colorable
2-colorable with discrepancy 1 Not 2-colorable [2]
(d-to-1) Not weak O(1)-colorable
2-colorable with discrepancy 2 Not weak O(1)-colorable

Table 1: Summary of algorithmic and hardness results for coloring a highly structured K-uniform hyper-
graph. Almost means that € > 0 fraction of vertices and incident hyperedges must be deleted to have the
structure. UG and d-to-1 indicate that the result is based on the Unique Games Conjecture and the d-to-1
Conjecture respectively. The results of this work are in boldface.

when K = Qk and H admits a perfectly balanced k-rainbow coloring. By semidefinite program-
ming, we can find a unit vector for each vertex with the guarantee that the K vectors in each
hyperedge sum to zero, and the hyperplane rounding will give us a 2-coloring without monochro-
matic edges (trivially of discrepancy K — 2). However, the complexity of finding a slightly more
structured coloring (e.g. rainbow 3-coloring or 2-coloring with discrepancy less than K —2) is wide
open. Via a simple reduction from K-colorability on graphs, one can show that finding a rainbow
K-coloring (on K-uniform hypergraphs) if one exists is NP-hard. It is, however, consistent with
current knowledge (though highly unlikely in our opinion) that a perfectly balanced g-coloring
(Q > 2) can be reconstructed in polynomial time.

If we relax the perfect balance promise in the completeness case in certain ways, our results
show that the resulting hypergraph becomes hard to even weakly O(1)-color. One interesting
open question is to show this when there is a 2-coloring of discrepancy 1 (without relying on
any unproven conjectures). Another tantalizing challenge is to show hardness of O(1)-coloring
(or even 2-coloring) when the hypergraph is rainbow (K — 1)-colorable. We are able to show
hardness in the almost rainbow (K — 1)-colorable case — can we avoid this and achieve perfect
completeness?

2 Techniques and Related Work

We now briefly discuss some closely related works, and then illustrate our main ideas and general
recipe in a simple setting.

2.1 Related Work

Our work is inspired by recent developments concerning the inapproximability of Hypergraph
Vertex Cover and the Constraint Satisfaction Problem (CSP). At a high level, Theorem looks
similar to the result of Sachdeva and Saket [28] who proved almost the same statement without
perfect completeness — we need to delete e > 0 fraction of vertices and all incident hyperedges to
have a similar guarantee in the completeness case. Achieving perfect completeness is a nontrivial
task, as manifested in k-CSP — approximating a (1 — ¢)-satisfiable instance of k-CSP is NP-hard



within a factor of g—f [6], while the best inapproximability factor for perfectly satisfiable k-CSP is

(*1/3)
20— [18].

In CSP, significant research efforts have been put on proving every predicate strictly dominat-
ing parity is approximation resistant (i.e., no efficient algorithm can beat the ratio achieved by simply
picking a random assignment) even on satisfiable instances. O’donnell and Wu [27] proved this
assuming the d-to-1 conjecture for k = 3, and recently this was proven to be true assuming only
P # NP by Hastad (k = 3, [16]) and Wenner (k > 4, [31]). Many of these works are based on
invariance principle based techniques, and it is natural to ask whether they let us to achieve per-
fect completeness in Hypergraph Coloring as well. To the best of our knowledge, our work is the
tirst to apply invariance based techniques to prove NP-hardness of Hypergraph Coloring / Vertex
Cover problems (Khot and Saket [20] used them to prove hardness of finding an independent set
in 2-colorable 3-uniform hypergraphs, assuming the d-to-1 conjecture).

Fourier-analytic proofs of harndess of K-Hypergraph Vertex Cover are known for small K [15,
17,19,129]. Even though they cannot be easily generalized to large K, the recent work of Saket [29]
for K = 4 uses general reverse hypercontractivity studied by Mossel et al. [22], and we extend his
result to present a framework to study general K-uniform hypergraphs. In the rest of the section,
for simplicity of illustration we fix Q = k = 2 (so that the test distribution becomes that of [29])
and give a high level glimpse into our proof strategy.

2.2 Techniques

We reduce Label Cover to 4-uniform hypergraph coloring. Given a Label Cover instance based
on a bipartite graph G = (U UV, E) with projections 7. : [R] — [L] (see Section | for the formal
definition), let U be the small side and V' be the big side. Let Q = {1,2}. Our hypergraph H =
(V',E') is defined by V' := V x QF, and E’ is described by the following procedure to sample a
hyperedge.

e Sample u € U and its neighbors v,w € V.

e Sample 1,22, y1,Yy2 € O as the following: for 1 <i < L,
— With probability half, <x1)”@1,v>(i)’ (xg)ﬂ@%v)(i), (yl)ﬂ(;{w)(i) are sampled i.i.d., but (y2); =
3 — (y1); forevery j € m, ! (0).
— With probability half, (y1),-1 ), (yg)ﬂ_(—ul)w)(i), (1)1 ;) are sampled i.i.d., but (z2); =

ﬂ-(u,w) (u,v)
3 — (x1); for every j € w@lv)(i).
Completeness is obvious from the above distribution. For each block that corresponds to
T lv)(i) or 7r(_u1w) (7), one of (x1,z2) and (y1,y2) is allowed to be sampled independently, but the
other pair has to satisfy that two points are different in every coordinate in that block.

For soundness, let I be an independent set, let f, : OFf — {0,1} be the indicator function of
IN({v} x [k]F). As usual, our goal is to find a good decoding strategy to the Label Cover instance
using the fact that

B I [fv(x1>fv(x2)fw(yl)fw(y2)] =0.

U,v,w T1,22,Y1,Y2

2.2.1 Dealing with noise and influences

Before proceeding to the analysis, we discuss two issues that highlight technical difficulties in
proving NP-hardness (as opposed to Unique Games-hardness) of coloring with perfect complete-
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ness (as opposed to imperfect completeness) in terms of noise.

Implicit vs Explicit, Strong vs Weak Noise. Given a function f : Q' — [0, 1], consider the noise
operator T\ _., defined by T1_ f(z) = E,[f(y)|x] where y resamples each coordinate of = with
probability v. It is central to most decoding strategies that we actually analyze noised functions
Ti— fy and T f,, instead of the original functions. We call the step of passing from the original
functions to the noised functions strong noise. The easiest way to give strong noise is to include it
in the test distribution, independently for all points — what we call explicit noise. However, such
explicit and strong noise breaks perfect completeness, since all points might be noised together
and we cannot control the behavior.

To deal with this issue, we call weak noise to be a property inherent in the test distribution,
bounding the correlation between the points we sample. In the test distribution we gave above,
it refers to sampling exactly one of (z1,x2) or (y1,y2) completely independently (for each block).
The fact that only one pair is noised is not strong enough to be directly applicable to decoding,
but the bounded correlation allows us to apply the result of Mossel [22] to show that the expected
value of the product does not change much we replace each f by the noised version only for the
sake of analysis. This idea of implicit but strong noise allows us maintain perfect completeness.

Block Noise, Block Influence. Consider the projections 7, ), T(uw) : [/}] = [L]. Let d > 1 be the
degree of the projections. d coordinates of x1, z2 and d coordinates of y;, y2 must be treated in the
same block which is often regarded as one coordinate.

The aforementioned result of Mossel in fact shows that we can replace f by T1_.f, where
T1_- is the block noise operator when we view each block as one coordinate. This is not strong
enough for our decoding strategy, but the idea of Wenner [31] lets us to replace T1_. f by the
individually noised function T7_., f if f almost depends on only shattered parts (roughly, shattered
parts of a function under a projection do not distinguish whether the projection is 1-to-1 or not).
This shattering behavior can be achieved by Smooth Label Cover defined by Khot [19].

At the end of analysis, our invariance principle will show that ) _, <i<L Inf; (T1—~ fo] Inf; [T1—~ fu
is large where Inf indicates the influence when we view each block as one coordinate. It turns out
to suffice to deal with these block noises, since they appear only in the analysis of the decoding;
our decoding procedure itself does not depend on the projections, and the goal of the decoding
is to have two vertices output the coordinates in the same block. To summarize, we put an effort
to pass from block noise to individual noise in the beginning of our analysis, but we keep block
influence to the end of analysis where it is naturally integrated with the decoding.

2.2.2 Recipe

We briefly discuss the five main steps in the soundness analysis and how they relate to each other.
We view distilling and clearly articulating this recipe and highlighting its versatility also as one of
the contributions of this work.

1. Fixing a good pair: Given an independent set I of measure ¢, using smoothness of Label
Cover, we show that in the original instance of Label Cover, there is a large fraction u € U
and its neighbors v, w € V with the following properties. E[f,], E[f.] > §, and they almost
depend on shattered parts. In the subsequent steps, we fix such u,v,w and analyze the
probability that either (u, v) or (u, w) is satisfied by our decoding strategy.

2. Lower bounding in each hypercube: In Theorem [4.3] we show
E[fv(‘fl)fv(xQ)}v E[fw(yl)fw(y2)] > C(E) > 0.



It uses reverse hypercontractivity [23, 24], which is discussed in Section |[C| Roughly, it says
the noise operator 7}, increases g-norm ||7,f||; when ¢ < 1, so that || f||; > | f||, for some
g < p < 1 depending on p (note that |7, f||; < || f||p).- The case k = 2 follows directly from
the previous result, but for larger k£ we generalize the reverse hypercontractivity to more
general operators, even between different spaces. This step does not depend on noise or the
degree of projections (e.g. the same ¢ works for T, f and T f).

3. Introducing implicit noise (based on 1.): Based on the bounded correlation of the test dis-
tribution, we use the result of Mossel [22] to pass from f to T1_-f. The fact that f,, fu
almost depend on shattered parts allows us to use Theorernto passfrom T ftoTi_ f.
Therefore we have

E  [fo(@1) fo(z2) fu(y1) fu(y2)] = E [Ty fo(z1) D1 fo(@2) T fu (Y1) T1— fu(y2)]-

T1,22,Y1,Y2 T1,22,Y1,Y2
For simplicity, let f' = T _- f.
4. Invariance (based on 2. and 3.): Since [ is independent, the above results imply

O~ E [file)fi(z2)fu) )] < G < E (file)fi(=)] E [fy)f, ).

T1,22,Y1,Y2 1,22 Y1,y2

In Theorem we use an invariance principle inspired by that of Wenner [31] and Chan [6]
to conclude that }, ;. Inf;[f,] Inf;[f,,] > 7. The crucial property we used is that z; is inde-
pendent of (y1,y2) — one point is independent of the joint distribution of the points not in
the same hypercube.

5. Decoding Strategy (based on 3. and 4.): The standard decoding strategy based on Fourier
coefficients of f shows that either (u,v) or (u, w) will be satisfied with good probability. As
previously discussed, >, ;< Infi[f,]Inf;[f]] > 7 gives large common block influences of
individually noised functions, and they are sufficient for the decoding.

2.2.3 Organization

Section [3| introduces basic definitions and their properties used in the paper. Section [ proves
the main Theorem deferring the technical proofs about Label Cover, invariance / noise, and
reverse hypercontractivity to Appendix and [C] respectively. In Appendix D} [E} and [F, we
show the versatility of our approach by proving Theorem and using the same
procedure.

3 Preliminaries

For a positive integer k, let [k] := {1, 2, ..., k}. Let Sy, be the set of k-permutations — (z1,...,zx) €
[k)* such that x; # z; for all i # j. For a vector z € R™ and S C [m], s denotes the projection
of z onto the coordinates in S. Definitions and simple properties introduced from Section [3.1] to
Section 3.4)are from Mossel [22]].

3.1 Correlated Spaces

Given a probability space (€2, ) (we always consider finite probability spaces), let £(§2) be the set
of functions {f : @ — R} and for an interval I C R, £;(£2) be the set of functions {f : Q@ — I}. A



collection of probability spaces are said to be correlated if there is a joint probability distribution on
them. We will denote k correlated spaces €y, . . ., {2, with a joint distribution p as (€7 x - - - X Qg; p).

Given two correlated spaces (21 x €2, 1), we define the correlation between §2; and Q5 by
p(§h, Qo5 ) == sup {Cov[f, g] : f € L(Q),g € L(Q2), Var[f] = Var[g] = 1}.
The following lemma of Wenner [31] gives a convenient way to bound the correlation.

Lemma 3.1 (Corollary 2.18 of [31]]). Let (21 x Qq,dp+ (1 — 6) ') be two correlated spaces such that the
marginal distribution of at least one of Q0 and Qy is identical on p and /. Then,

p(Q, Qo o+ (1= 0)p') < /6 - p(Q, Qo )2 + (1= 6) - p(Q1, Qo ')
Given k correlated spaces (§21 x - - - x g, 1), we define the correlation of these spaces by
p(Qlw"vﬁk; :_'3522 II fl X II g%yﬁh
1<<i—1 i+1<5<k

3.2 Operators

Let (€21 x Q2, 1) be two correlated spaces. The Markov operator associated with them is the operator
mapping f € L(Qy) to T'f € L(£22) by

(THY)= E [flx)ly=19]

The noise operator or Bonami-Beckner operator T,, (0 < p < 1) associated with a single probability
space (€2, 11) is the Markov operator associated with (Q x 2, v), where v(z,y) = (1 — p)p(x)u(y) +
pllz = y|pu(x) and 1[] is the indicator function — v samples (z, y) independently with probability
1 — p, and samples = = y with probability p. Note that T, f(y) = pf(y) + (1 — p) E,[f(x)].

3.3 Functions and Influences

Let (€2, 1) be a probability space. Given a function f € £(Q)and p € R, let |||, := Eqp[| f () [P]/P.
We also use || f||,. for the same quantity if it is instructive to emphasize . We note that || f||,, for
p < 01is also used throughout the paper, but in this case we ensure that f > 0. For f,g € £(Q),

{f,9) := Eonp[f()g(2)].
Consider a product space (%, u®%) and f € £(QF). The Efron-Stein decomposition of f is given

by
f(a:l,..., Z fS -TS'

SCIR]
where (1) fs depends only on zg and (2) for all S ¢ S" and all xg/, B,/ ,0r[fs(2')|2'y = xs/] = 0.
The influence of the ith coordinate on f is defined by
Inf;[f] := E [Var[f(z1,...,zR)].
Xlyeeylj—15Lj415-+ LR Tj

Given the noise operator 7}, for (£2, i), we let T;?R be the noise operator for (QF, u®%) (i.e. nois-
ing each coordinate independently) and call it 7,. The noise operator and the influence has a
convenient expression in terms of the Efron-Stein decomposition.

T, =Y plfs; Infi[f]1 =11 > fsld= > IIfsl?
S

S:jes S:jes



The following lemma lets us to reason about the influences of the product of functions. The proof
is in Section B.1l

Lemma 3.2 ([200). Let (4 X - -+ X Qg, uu) be k probability spaces and (QF x - - - x QEF, u®L) be the corre-
sponding product spaces. Let fZ € L1 (QF),and F € L_q (% x---xQf) such that F(x1,...,xx) =
[Ti<ick fi(@i). Then for 1 < j < L, Infj(F) < k:zZ 1 Inf;(fi).

3.4 Blocks

Let R, L, d be positive integers satisfying R = dL. Let (2%, u®%) be a product space and r : [R] —
[L] be a projection such that |7 71(j)| = d for 1 < j < L. Define Q := Q9. Given x € QF, we block x
to have 7 € (Q)” defined by

fj = (xj/)ﬂ'(j,):j'
Given f € L(QR), its blocked version f € L(Q ) is defined by f(Z) := f(x). These blocked versions
of functions and arguments depend on the projection 7. For each function f, the associated pro-

jection will be clear from the context, and the same projection is used to block its argument z. The
influence Inf;[f] and the noise operator 7, f are naturally defined. Define

Inf;[f] == Inf;[f] ; (Tof) (@) = (T,f)(@)

and call them block influence and block noise operator respectively. They also have the following nice
expressions in terms of f’s Efron-Stein decomposition.

Tof => ™ fg nfilf1=" > sl
S S:SNw—1(5)#0

A subset S C [R] is said to be shattered by = if |S| = | (S)|. For a positive integer J, define the bad
part of f, under m and J as

= > fs

s:not shattered and |=(3)|<J

3.5 (-Hypergraph Label Cover

An instance of Q-Hypergraph Label Cover is based on a Q-uniform hypergraph H = (V, E). Each
hyperedge-vertex pair (e, v) such that v € e is associated with a projection m., : [R] — [L] for
some positive integers R and L. A labeling | : V' — [R] strongly satisfies e = {v1,...,vQ} when
ey ([(V1)) = -+ = Te g ([(vQ)). It weakly satisfies e when T, o, (1(vi)) = Te,v, (I(v;)) for some i # j.
The following are two desired properties of instances of Q-Hypergraph Label Cover.

e Weakly dense: any subset of V' of measure at least € vertices induces at least E fraction of
hyperedges.

e T-smooth: forallv € Vandi # j € [R], Precp.eso|[Tev(t) = Tev(J)] <

-

The following theorem asserts that it is NP-hard to find a good labeling in such instances.
The proof is in Appendix and closely follows the work of Gopalan et al. [13] that proves the
hardness of the same problem without 7-smoothness.
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Theorem 3.3. For any QQ > 2, large enough T', and n > 0, the following is true. Given an instance of
Q-Hypergraph Label Cover that is weakly-dense and T-smooth, it is NP-hard to distinguish

o Completeness: There exists a labeling | that strongly satisfies every hyperedge.
e Soundness: No labeling | can weakly satisfy n fraction of hyperedges.

4 Hardness of Rainbow Coloring

Fix @,k > 2. In this section, we show a reduction from @-Hypergraph Label Cover to Qk-
Hypergraph Coloring, proving Theorem 1.1}

4.1 Distributions

We first define the distribution for each block. Qk points z,; € [k]d forl<g¢g<Qand1 <<k
are sampled by the following procedure.

e Sample ¢’ € [Q] uniformly at random.

e Sample zy 1,..., 2y € [k]?iid.

e Forgq # ¢ and 1 < j < d, Sample ((x4,1);,---,(@qk);) € Sk uniformly at random.

There are several distributions involved.
Let  := [k] and w be the uniform distri- = 1

butionon Q. Forany1 < ¢ < Q, 1< i <k 113122 |rQow)
and 1 < j < d, the marginal of (z,;); follows i
: 20131

(Q,w). ]

Forany 1 < ¢ < Qand 1 < i < k, the 3021 |3|Hd=0w09%
marginal of (z,;) follows (¢, w®%). Let Q := -
0,

Let (%, 1) be the marginal distribution of 2111311
((®q,i)j,-- - (2g:)j), which is the same for all ¢

and i. Note that /. is not uniform — with prob- (Q%%LE)~ | 2 | 3 | 2 | 3 [r(2%n)
ability é it is uniform on [k]*, but with proba-

bility % it samples from k! permutations. .

Let (2%, 1) be the marginal distribution of

(g1, ---,%qk), which is the same for all g. 3121111
Finally, let (Qde, 77') be the entire distribu-

tion of (4,i)4e(0),ic(k- 2 | 1] 3|3 |r(kn=pu®)
We first consider (Q9F¢ 1') as Qk corre- 113|212

lated spaces (ﬁQk,ﬁ’ ), and bound p(ﬁQk;ﬁ’ ). - -
Let ﬁq,i denote the copy of Q associated with

Zq,i, and ﬁ:ﬂbe the product of the other Qk — 1 Figure 1: An example for @ = k = 3,d = 4.
copies. ’ ¢" = 2 so that all columns of the first and third

Fix some ¢ and i. Note that 7/ = %aq + block are permutations.

%,Bq where o, denotes the distribution given
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q' = q (so that each entry of x4 1, ..., 2, is sampled i.i.d.), and §, denotes the distribution given
-/

¢ # q. Since each entry of z; is sampled i.i.d. in ay, p(Qy,i, Q, ;; ) = 0. Observed that, in both

aq and B, the marginal of z4; is w®?. By Lemma 3.1, we conclude that p(Qy;, %, ;; ) < %

Therefore we have

_ - . Q-1
P((Q,i)qis 1) = H;%X P(Qq,hQ;,i;M,) < T .

4.2 Reduction and Completeness

We now describe the reduction from Q-Hypergraph Label Cover. Given a Q-uniform hypergraph
H = (V, E) with @Q projections from [R] to [L] for each hyperedge, the resulting instance of Qk-
Hypergraph Coloring is H' = (V', E') where V' = V x [k]f. Let Cloud(v) := {v} x [k]®. The set £’
consists of hyperedges generated by the following procedure.

e Sample arandom hyperedge e = (v1,...,vq) € E with associated permutations me v, , - - - ; Te,vg
from E.

e Sample (24)1<q<01<i<k € O in the following way. For each 1 < j < L, independently
sample ((:cw)ﬂ;%q (j))ai from (Q@kd 71y,

e Add a hyperedge between Qk vertices {(vq, 24,)},,; to E'. We say this hyperedge is formed
frome € E.

Given the reduction, completeness is easy to show.

Lemma 4.1. If an instance of (Q-Hypergraph Label Cover admits a labeling that strongly satisfies every
hyperedge e € E, there is a coloring ¢ : V' — [k] such that every hyperedge ¢’ € E' has at least () — 1)
vertices of each color.

Proof. Let [ : V — [R] be a labeling that strongly satisfies every hyperedge e € E. For any
veV,xckf lete(v,z) = )(y)- For any hyperedge e’ = {(vg, qu)}qﬂ. € E,c(vg, xq:) = (gcq7,~)l(vq),
and all but one ¢ satisfies {(2q,1)i(v,)s- - -+ (Zgk)i(v,)} = [k]. Therefore, the above strategy ensures
that every hyperedge of E’ contains at least () — 1) vertices of each color. O

4.3 Soundness

Lemma 4.2. For any e > 0, there exists n := n(e, Q, k) such that if I C V' of measure € induces less than
90+ fraction of hyperedges, the corresponding instance of Q-Hypergraph Label Cover admits a labeling
that weakly satisfies a fraction n of hyperedges.

As introduced in Section[2} the proof of soundness consists of the following five steps.

STEP 1. Fixing a Good Hyperedge. Let I C V' be of measure e. For each vertex v € V, let
fv ¢ [k] — {0,1} be the indicator function of I N Cloud(v). Call a vertex v heavy when E[f,] > §.

£)Q
By averaging, at least 5 fraction of vertices are heavy. Since H is weakly-dense, at least § := %
fraction of hyperedges are induced by the heavy vertices.

12



Recall that we can require the original Q-Hypergraph Label Cover instance to be T-smooth for
T that can be chosen arbitrarily large. Let J be a positive integer. The parameters J and 7" will be
determined later as large constants depending on @, k, and e.

Fix f, and S C [R]. Over a random hyperedge e containing v and the associated permutation
Te,v, We bound the probability that |S| is not shattered and |7, (S)| < J. If [S| < J, by union
bound over all pairs i # j, the probability that S is not shattered is at most J% If |S| > J, the
probability that |7, (S)| < J is at most the probabilty that a fixed .J-subset of S is not shattered,
which is at most %2 Since Y ¢ ||(fo)sl3 = || foll3 < 1, we have

J2
E bad |12 < i
R[5 < %

where fP2¢ denotes the bad part of f, under 7., and J (we suppress the dependence on the
projection 7., and J for notational convenience). Therefore, E.[|| f22||2] < (%2)1/ 2 and at least
1—( %2)1/ 4 fraction of hyperedges containing v satisfy | f229s < (%2)1/ 4. Call such hyperedges
good for v.

By union bound, at least 1 — Q(JTQ)U 4 fraction of hyperedges are good for every vertex they

contain. By setting Q(J%)l/ 4 < 4, we can conclude that at least a fraction $ of hyperedges are

induced by the heavy vertices and good for every vertex they contain.

Throughout the rest of the section, fix such a hyperedge e = (v1,...,vg) and the associated
permutations ey, , . .., Tew,- For simplicity, let f, := f,, and 7, := 7, for ¢ € [Q]. We now
measure the fraction of hyperedges formed from e that are wholly contained within /. The fraction
such hyperedges is

E[ H ' fa(zq,i)] - (1)

STEP 2. Lower Bounding in Each Hypercube. Fixany ¢ € [Q]. We prove that E[[ [, ;s 11—~ fq(24.)] =
¢ for some ¢ > 0 and every v € [0, 1]. The main tool in this part is a generalization of reverse hy-
percontractivity, which is discussed in Appendix [C| The final result is the following.

Theorem 4.3. Let (QF, v) be k correlated spaces with the same marginal o for each copy of Q2. Suppose that
v is described by the following procedure to sample from QF.

e With probability p (0 < p < 1), it samples from another distribution on Q¥, which has the same
marginal o for each copy of 2.

e With probability 1 — p, it samples from o®F.

Let Fy,...,Fy € £[071](QL) such that B[F;] > € > 0 for all i. Then there exists ¢ := ((p, €, k) = ePrr(D) >
0 (independent of L) such that

E (] Flel>¢

L1y Tk
1<i<k
where foreach 1 < j < L, ((z1)y, ..., (xk);) is sampled according to v.
Foreach1 < j < L, ((ZTg1)j,---,(Tqk);) is sampled according to (ﬁk,ﬁ). i satisfies the re-

®kd

quirement of Theorem— with probability é, it samples from w*", and with probability %,

it samples from d permutations from S, independently so that the marginal of each (z,;); is w®?
for all 7 and j.
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Therefore, we can apply Theorem (setting Q@ « Q, k «+ k, 0 + W, v — T, p Q-1

Q 7

Fy == Fj « fq €+ §)to conclude that there exists ¢ := C(%, £, k) = 92+ > 0 such that
E zgi)]= E fo(@Tai)] = C.
xq’l"“’xqvk[lgk fq( 1171)] mq,lwuqu,k[lﬂllk fq( qﬂ)] C

The only properties of f, used were E[f,] > § and f; € Ly (L®). Forany 0 < v < 1, T} f, have
the same properties, so we have the following lower bound for every ¢ € [Q]

E[ H Th fo(xgi)] = €. 2)
1<i<k
STEP 3. Introducing Implicit Noise. From unnoised functions to block noised functions, we use

the following theorem from Mossel [22].

Theorem 4.4 ([22]]). Let (21 x --- x Qg,v) be K correlated spaces with p(1,...,Qx;v) < p < 1.
Consider K product spaces ((Q1)F x -+ x ()5, v®E), and F;, € L(()F) for i € [K] such that
Var[F;] < 1. For every € > 0, there exists v := (€, p) > 0 such that

‘E[ [1 71—l [[ T F)| < Ke.
1<i<K 1<i<K
Since p(ﬁQk,ﬁ’) < \/%, we can apply the above theorem (K + Qk, Q1 = -+ = Qi « Q,
v, e+ %, Fig—1)+i < fqfor g € [Q]and i € [k]) to have v := 7(Q, k, () € (0,1) such that
_ CQ
xE[ H fa(xg)] —xE[ H T1n fq(mqs)l| < a1 3)
" 1<g<Q.1<i<k " 1<g<Q,1<i<k

From block noised functions to individual noised functions, we state the following general
theorem inspired by Wenner [31]]. The proof is in Appendix[B.2}

Theorem 4.5. Let (09" x .- x Q‘;(K , V) be joint probability spaces such that the marginal of each copy of
Q; is v;, and the marginal of Q?i is y?di. Fix F; : (Qgi)L — Rforeachi =1,..., K with an associated
projection ; : [d; L] — [L] such that |z; 1 (j)| = d; for 1 < j < L. For any 0 < p < 1, the noise operator
T,F; and the block noise operator T ,F; under m; is defined as in Section |3, Fix a positive integer J and
consider FP* under m; and J. Suppose maxi<;<x | Fill2 < 1and € := maxjc;cr ||[FP*||2. Then we
have,

E NI B - E ][ T F@)l| <2351 -2 +¢).

~y®L ~v®L
(1, )~V 1<K (2140 x )~V 1<K

By applying the above theorem with K < Qk, L < L, Qq,...,Qr < Q, d1,...,dx + d,

— 2
v, Frg-nys1 = = Frq-vsk < Jo Thg-1)41 = " = Tr(g-1)1k < Tg, § (%)1/4/ we have
= k 7.
El I Dol = EL T Tifalagal] <2:3%0 = 5)7 + ()4,
" 1<q<Q,1<i<k " 1<q<Q,1<i<k
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Fixing J and T to satisfy 2 - 39%((1 — ~)7 + (%2)1/ 4 < % as well as the previous constraint,
and combining with (3), we can conclude that

(4)

In particular, if I induces less than ® fraction of hyperedges formed from e, combining (1)) and
@), we have

3¢9

IIE[ H T fo(@q,)] < o

" 1<g<Q,1<i<k

)

STEP 4. Invariance. We now want to show

E | H Ti— fo(@q,)] = H H Th—y fo(q:)]l,

Lq,i . Tq,i
1<g<Q,1<i<k 1<g<@Q 1<i<k

unless f,’s share influential coordinates. Our invariance principle is similar to ones used in Wen-
ner [31] and Chan [6]. With the goal of showing

HFﬂfz F1371 Hsz

one crucial property they used is that x; is independent of z; for each ¢ = 2,..., K (even though
any three z;’s are dependent).

-----

Our (z4,) do not have such a property (any z,; is dependent on z, ;» for ¢ # 4’), but it satisfies
another property that any z,; is independent of the joint distribution of (2 i)y c[r] — €very-
thing not in the same hypercube. This property allows us to achieve the goal stated above. We
formalize this intuition and prove the following general theorem, which will also be used in our
other results. The proof appears in Appendix

Theorem 4.6. Let (' x ... x QZQ, v) be correlated spaces (k1, ..., kg—1 > 2, kg > 1) where each copy
of Qg has the same marginal and independent of Hq #q k“ . Let kypar = maxy kg and keym = Zq kq. For

1< q<Q, let Fy € Ly (Q2F). Suppose that for all 1 < q <Q Yigjer Infj[Fy] < Tand
> Infj[F)(Infj[Fyya] + - + Infj[Fg)) < 7
1<j<L

Then,

E[ Jﬁqz H H F qu ‘\Q'zkmerl\/Fk.zum

Lq,i . Zq,i
1<¢<Q,1<i<ky, 1<9<Q 1<i<ky

By Wenner [26]], there exists I' = O(%) such that

Z W]’[Tlf'yfq] < Z Infj[Tlf'yfq] <T

1<j<L 1<G<R
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Fix 7 to satisfy Q - 281 /T(Qk)?T < %. We have

E | H Ty foq(wq4)] — H E[ H Ty fq(q.)]

Tq,i . Tq,i ;
1<¢<Q,1<i<k 1<g<@Q 1<i<k

S| T B iofuwndl| = [EL TT Do)

1<9<Q " 1<i<k " 1<¢<Q,1<i<k

Q
2% by (2) and (5) .

Thus, applying Theoremwith Q+—Qki==kg ki =--=0Qg= Quvp,L+ L,
Fy + Ti_ fq, Inf;[F,] + Inf;[Ti_ f,], there exists ¢ € {1,...,Q — 1} such that

> G [Ty fol ([T fyia] + - + Infj [Ty, fo]) > 7.

1<j<L

STEP 5. Decoding Strategy. We use the standard strategy — each v, samples a set S C [R]
according to ||(f,)s/|3, and chooses a random element from S. For each 1 < j < L, the probability
that v chooses a label in 771(j) is

71'_1 ] S
S esBET L S sl A —
5]

S:5nm=1(5)#0 S:50m=1(7)#0
> v Y UslE-a=yF
5:5Nm=1(5)#0
= yInfj[T1 4]
where the first inequality follows from the fact that o > (1 — )"/ for a > 0 and 0 < 7 < 1. Fix

q to be the one obtained from Theorem The probability that 7, (I(vq)) = 74 (l(vy)) for some
g < ¢ < Qisatleast

v* Y Inf[Tiy fg] max Tnfi[Ti, fy]

) asasQ
2
’7 RN _ _
) Inf;[ 11— fo](Inf5[T1— fga] + - - - + Inf;[Th fQ])
1G<L
27'
= Q .

Suppose that the total fraction of hyperedges (of E') wholly contained within I is less than 2 - % =

¢92+()_ Since $ fraction of hyperedges (of E) are good, for at least {— ¢ = ¢ fraction of hyperedges

the above analysis works, and these edges are weakly satisfied by the above randomized strategy

with probability rr, Setting the soundness parameter in Theorem 3.3[7 := ¢ - % completes the
proof of the soundness Lemma 4.2} and therefore also Theorem 1.1}

Acknowledgment We thank Siu On Chan for sharing the latest version of his J. ACM paper [6]
and explaining the underlying invariance principle.
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A Variants of Label Cover

A1 Hypergraph Label Cover

Theorem A.1 (Restatement of Theorem . For every integer Q) > 2,all T > 1, and n € (0,1), the
following is true. Given an instance of Q-Hypergraph Label Cover that is weakly-dense and T-smooth, it is
NP-hard to distinguish

o Completeness: There exists a labeling | that strongly satisfies every hyperedge.

e Soundness: No labeling | can weakly satisfy n fraction of hyperedge.

Proof. We reduce from T-smooth Label Cover first defined in Khot [19] to T-smooth Q-Hypergraph
Label Cover using the technique of Gopalan et al. [13].

An instance of Label Cover consists of a biregular bipartite graph G = (U U V, E) where each
edge e = (u,v) is associated with a projection 7, : [R] — [L] for some positive integers R and L. A
labeling [ : U UV — [R] satisfies e when 7. (I(v)) = I(u). It is called T-smooth when for any i # j,
Pr.[me(i) = me(j)] < 7. The following theorem shows hardness of T-smooth Label Cover.

Theorem A.2 ([19]]). For large enough T', and n > 0, the following is true. Given an instance Label Cover
that is T-smooth, it is NP-hard to distinguish

o Completeness: There exists a labeling [ that satisfies edge.

e Soundness: No labeling | can satisfy 1/ fraction of hyperedge.

Given an instance of Label Cover G = (Ug U Vi, E), the corresponding instance of H =
(Vu, En) is produced by

o Vu=Vg

e Foru € Ug and Q distinct neighbors vy, ..., vg € Vi, we add a hyperedge e = {v1,...,v9} €
Ey with the associated permutations 7 o, 1= 7(y,4,)- Say this hyperedge is formed from u. We
can have the same hyperedges formed from different vertices.

Fixv e Vyand i # j € [R].

Pr  [mey(i) = men(d)] = Pr [me (i) = me(j)] <

)
ecE:vee e=(u,)eEEq

N[

so the resulting instance is also 7-smooth.

For weak density, fix I C V of measure ¢, and let ¢(u) be the fraction of neighbors of u con-
tained in /. By requiring the degree of u much larger than @, the fraction of hyperedges induced
by I, out of the hyperedges formed from u, is at least #. Then the fraction of hyperedges
induced by I is at least

For completeness, given a labeling [ : UsUVs — [R] that satisfies every edge of G, its projection
to Vg = Vi will strongly satisfy every hyperedge of H.
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For soundness, let [ : Vg — [R] be a labeling that weakly satisfies 7 fraction of hyperedges
for some > 0. Let n(u) be the fraction of hyperedges satisfied by [ formed from u, out of all
hyperedges formed from . Consider the following randomized strategy for G: V(; is labelled by
[, and each u € Ug independently samples one of its neighbor v and set I(u) « 7, (l(v)). The
expected fraction of edges incident on u satisfied by this decoding strategy is (let NV (u) be the set of
neighbors of u and () FPg) be the set of Q-tuples of the neighbors where @ vertices are pairwise
distinct)

E [P I(v1)) =
v1EN (u) [U2E]\¥(u) [ﬂ-(u’vl)( (2}1)) W(U,vz)(UQ)H

= p uon) (0 = M(uw
(Ulw.’v@)feN(u)Q[W( o) (V1)) = () (v2)]
> Pr M) L(V1)) = Ty (V
(m,...,vQ)e(N(u)PQ)[ (w0n) (V1)) = T(a0) (v2)]
1
> — Pr e:={vy,...,v0} is weakly satisfied
(g) (vlw"vQ)e(N(u)PQ)[ { ! Q} y ]
1 . s
(7 Pr (e le :=={v1,...,vqQ} is weakly satisfied|
2 ’U1, ,UQ}G )
_ ()
()
Overall, the strategy satisfies ¢ fraction of edges of G in expectation. Setting 1’ < (77), we have
contradiction, completing the proof of soundness. ’ O

A2 (Q + 1)-Bipartite Hypergraph Label Cover

An instance of () + 1)-Bipartite Hypergraph Label Cover is based on a (@ + 1)-uniform bipartite
hypergraph H = (U UV, E), where each hyperedge e contains one vertex from U and () vertices
from V. For every hyperedge e = {u, v1,...,vg} such that u € U and v, € V, each v, is associated
with a projection 7. ,, : [R] — [L] for some positive integers R and L. A labeling [ : UUV — [R]
strongly satisfies e = {v1,...,vQ} when l(u) = ey, (I(v1)) = -+ = Tewg (I(vg)) (We can imagine
that 7 ,, is also defined as the identity). It weakly satisfies e when 7 o, (I(v;)) = 7e v, (I(v;)) for some
i # jOr me, (I(vi)) = I(u) for some i. As usual, the instance is T-smooth if for any v € V and i # j,

1

P e,v ) = e,v j .
eeE:I;Ee[ﬂ-’ (8) =, ] T

N

Theorem A.3. For any Q > 2, large enough T, and n > 0, the following is true. Given an instance of
(Q + 1)-Bipartite Hypergraph Label Cover that is weakly-dense and T-smooth, it is NP-hard to distinguish

o Completeness: There exists a labeling | that strongly satisfies every hyperedge.
e Soundness: No labeling | can weakly satisfy n fraction of hyperedges.

Proof. As in Theorem [3.3] we reduce from T-smooth Label Cover.

Given an instance of Label Cover G = (Ug U Vg, E), the corresponding instance of H =
(Un U Vy, Ep) is produced by

e Uy =Uqg,Vu = Vg
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e Foru € Ug and Q distinct neighbors vy, ..., vg € Vg, weadd ahyperedge e = {u,v1,...,vQ} €
Ey with the associated permutations 7 ,, := 7(,,,,)- Say this hyperedge is formed from u.

Fixv € Vg andi # j € [R].

Pr [meo(i) = men(f)] = Pr [me (i) = me(5)] <

ecEpwee e=(u,v)€Eqg ’

N[ =

so the resulting instance is also 7-smooth.

For completeness, given a labeling [ : Ug U V; — [R] that satisfies every edge of G, it is easy to
check that the same [ will strongly satisfy every hyperedge of H.

For soundness, let | : Vi — [R] be a labeling that weakly satisfies 7 fraction of hyperedges
for some 7 > 0. Let n(u) be the fraction of hyperedges satisfied by I formed from u, out of all
hyperedges formed from u. Consider the following randomized strategy for G:

e Vi is labeled by I.

e Each u € Ug is assigned [(u) with probability half. With the remaining 1/2 probability, it
independently samples one of its neighbors v and sets () < 7, (I(v))-

Let N (u) be the set of neighbors of u and () Fg) be the set of Q-tuples of the neighbors where
(@ vertices are pairwise distinct. The expected fraction of edges incident on u satisfied by this
decoding strategy is

1 1
5 B | P I(v1)) = l - p I(v)) =1
2 v1EN(u) vgel\}n(u) [ﬂ-(u,m)( (Ul)) 7r(u,v2)( (UQ))H + 9 UGNIEu)[ﬂ-(u’U)( (U)) (u)]
1
= — P w l = W l W l — l
2 ton oy T (D) = T (H02) 08 700y (U01)) = 1w
1
2 o P u,v l - u,v l wu.v l — l
2 7Jlv-ﬂ’Q)Gr(zv(u)PQ)h—( w0 (V1)) = Tug) (H(v2) OF W) (1)) = ()]
1
Z oy Pr e:={v1,...,vq} is weakly satisfied
2] (ol = (0172 va} 18 weakly satisfed]
1
=50\ Pr le:={v1,...,vqQ} is weakly satisfied]
2(9) {orv}e(N9)
_ n(w)
2(3

Overall, the strategy satisfies ﬁ fraction of edges of G in expectation. Setting 7’ < ﬁ, we
2

2
have contradiction, completing the proof of soundness.

B Proofs about Influence, Noise, and Invariance

B.1 Influences

Lemma B.1 (Restatement of Lemma . Let (21 x -+ x Q, i) be k probability spaces and (QF x
oo x Qb p®L) be its product space. Let f; : ()1 — [=1,1],and F : QF x -+ - x QF — [—1,1] such that
F(x1, ... o) = [Tyciep, film). Then for 1 < j < L, Inf;(F) < kS5, Inf;(f:).
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Proof. We use (z;)—; € (€;)%~! to denote z; except the jth coordinate.

Inf;(F) = E E F(xy,...,zp) — F(z, ..., 2}))?
i(F) [@1)— @) 5] [(@1)ee ()12 ) o ,<x'k>j1[( (@ b = Flay ©)’)
= E E fz xz fz x/
(1) —jsees(@r) 5] [(@1) yeeen(@R) 55 (2]) ooy xk)y H 1;[ (
Sk E filwi) = fi(a7))?
Z[(m s (@) =] [(m)j,m,(zk)j,(:v'nj,...,(x;)j][( (i) (@)

=k E (i (2)?
Zi:[m) Hm)w( [(f( ) — fi(z}))”]
=k Z Inf;(f)
where the inequality follows from the fact that

Yai,...,a,b1,... bkE Hal Hb Z ‘_bi)2

proven in Lemma 4 of Samorodnitsky and Trevisan [30]. O

B.2 Block Noise to Individual Noise

Theorem B.2 (Restatement of Theorem . Let (9 x - x Q;l(K , v) be joint probability spaces such
that the marginal of each copy of €; is v;, and the marginal of in is ufz’di. Fix F; : (in)L — R for each
i = 1,..., K with an associated projection m; : [d;L] — [L] such that |7; '(§)| = d; for 1 < j < L.
For any 0 < p < 1, the noise operator T, F; and the block noise operator T ,F; under m; is defined as in
Section 3} I Fix a positive integer J and conszder FPad under mv; and J. Suppose maxigi<k ||Fill2 < 1and
¢ = maxy<ic i | FP2Y|2. Then we have,

| HTl'y

E LT faBeall <2357 +6)

(x17 T 1<Z<K (Il,.., ) 1<i<K
Proof. For each 1 <i < K, we decompose Fj as the follows:
Fshattered _ Z (F)S
3 - 7

scld;L):S shattered under =,

Filarge _ Z (Fz>S

SC[d;L]:S not shattered and |r;(S)|>J

Fpd = > (Fi)s -

SC[d; L):S not shattered and |r;(5)|<J

Consider C := {shattered, large, bad}”*. Expanding F; = (Fghattered  pplrge 4 pbady yye have

II 7vvm=> [[ TosFf

1<i<K ceC 1<i<K
and
o
[T =% T1 1ok
1<i<K ceC 1<i<K
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The quantity we want to bound can be also decomposable as

‘ZE[ H Tl—vFiCi_ H Ty Fy]

ceC 1I<i<K 1<i<K

Since T, Fghattered — 7 prshattered the contribution of the case ¢ = {shattered} is 0. We bound
the other two cases of c.

e c; = large for some '
B[ [] Tin P71 < T Bl [ T F 2
1<i<K il
J large J
< A=)IE <=7,
Similarly, | E[];<;<x T1-+F;"]| < (1 — )’ and the contribution from such ¢ is at most 2(1 —
7.
e ¢; = bad for some 7’:

B[ [T Tim 2N < T E o T[] Too Fll2 < €

1<i<K iti!

Similarly, | E[[[, ;< T1-+F;’]| < € and the contribution from such c is at most 2¢.

Since there are at most 3% choices for c, the total error is bounded by 2 - 3% ((1 — )7 + ¢). O

B.3 Invariance

The following lemma is the basic building block that enables the induction used in proof of the
main invariance principle (Theorem used in our framework. It is essentially implied by a
theorem stated in a more general setup by Wenner [31, Theorem 3.12]. For completeness, we
present a proof below in simpler notation that fits for our purposes.

Lemma B.3. Let (0} x Qq,v) be (k + 1) correlated spaces (k > 2) such that each copy of 0 has the same
marginal, and any one copy of 0y and Qs are independent. Let F' € L ) (), and G € L(QL). Suppose
that 31y Infj[F] < T and

> Inf;[F]Inf;[G] < 7.

1<y<L
Then,

BT Facw) -, B ] FaIBGE)] <2V
1y kY 1<Z<k‘ 1y Tk,Y lglgk Y

Proof. Let v/ be the distribution where the marginals of 2} and (2, are the same as those of v, but (2}

and (2 are independent. Fix j € [L]. Let (1, ..., 2y, y) be sampled such that ((z1) 7, ..., (), yj) ~
vfor j’ < jand ((x1)j,...,(zk)j,y;) ~ V' for j' > j. Let (x,...,2},y) be the same except that
((z))j, .-, (@));,y;) ~ v. We want to bound
& []] Fescw] - | &, [T] Fahew).
15--Tk,Y 1<i<k Ty Ty 1<i<k
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since the LHS with j = 1 and the RHS with j = L are the two expectations we are interested in.
Decompose F into the following two parts.

Frelevant Z FS
S:jes

ot — Z Fg

S:j&S

Note that ||[Feevant||2 = |nf;[F]. Decompose G = G'®€vant 4 Gt in the same way. Let C =
{relevant, not}*™. The term we wanted to bound now becomes

( H FC ()G (y)] — H Féi(x Gck+1( )]) ‘ . (6)

cC LLyeeey kvy 1<i<k J:l, 7:(:k,y 1<i<k
If c,41 = notor ¢g = --- = ¢; = not, the contribution from c is zero because the marginals of
((x1)j,- -+, (z1);) and y; are the same with those of ((z});, ..., (7});) and y; respectively. Further-
more, the same conclusion holds when ¢;; = relevant and exactly one of ci, ..., ¢y is relevant,

since one copy of {1 and Q2 are independent and ((z;);,y;) and ((x});,y;) have the same distri-
bution. Thus a ¢ € C with nonzero contribution to (6) must satisfy ¢;;, = ¢;, = cx41 = relevant for
some i1 # is. For such ¢,

| E[[] Fo)G (v

T1yees LY .
1<ikk
< HFrelevant(xil)Grelevant(y)|’2HFrelevant(xi2) H2” H FCi Hoo By Holder inequality
111,12
— HFrelevantH2HGrelevantH2HFreIevant”QH H FCiHoo By independence
141 52
Infj [FP Infj [G],

where the last inequality used the fact that F"*(z) = Eu/[F(2/)|2,; = 2] € [0,1] and
Frelevant(p) = F(z) — F™(x) € [~1,1]. There are at most 2* choices for such ¢ and

E, [ ] Fe@ahaes(y)]| < /Inf;[F]?Inf;[C)

/ /
I17...,$k7y lézgk
can be shown similarly, so
[ Fa I P ‘ < 21 [inf;[F)2 Inf;[G).
L1, 7$k7y 331: 7$k7y

1<i<k 1<i<k

Summing over all 1 < j < J, we conclude that

CE []] Fae qulnmmwww
bt ik " 1<i<h Y
<27 N /Infy[FI2 Inf ]
1<5<L
<2ML N Inf[F] Inf) | > Infy (by Cauchy-Schwartz)
1<G<L 1<G<L
< 2FVTr . ]
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Theorem B.4 (Restatement of Theorem Mi Let (le ceeX QkQ v) be correlated spaces (k1, ..., kg—1 >

2, kg > 1) where each copy of Q, has the same marginal and mdependent of [Ty, k?. Let kpmar =
maxg kg and ksym = Y, kg For 1 < q < Q, let Fy € Ly, 1(Q5). Suppose that for all 1<q¢<Q,
> 1<jcr Infi[Fy) < Fand
> Inf;[Fo)(Infj[Fyqa] + -+ + Infj[Fg)) < 7
1<j<L
Then,
E| Fyegd)l = TT BT Falwgl] € @ 2bmest 1 TR2
P <q<Q)i<i<h, 1<q st"” 1<i<kq

Proof. . We use induction on Q). When ) = 2, the application of LemmaE setting F' <— F1, k +
ki, Qo « (22 , G(xaa,. .., Tog,) < ngzgkg F5(x2;)) and applying Lemma 3 2 to have Inf;[G] <
k3 Inf ;[ F»]) implies the theorem.

Assuming the theorem holds for @ — 1, the application of Lemma [B.3|with

k
o F Pk ki, Qo Q5 x - x Q, G(g.)  [acqeqicick, Faltqi)

o Inf;[G] < k2, (Inf;[Fb] + - - - + Inf;[F]) by Lemma3.2]
gives

E| Fwgd) = TT ELT] Fulwes)]
" 1<q<Q, 1<i<kg 1<9<Q """ 1<i<ky

< :CJE[ Fy(zq,) H Fi(x1:)] E [ Fq(l”q,z)]‘
" 1<q<Q1<i<ky 1’ 1<i<hi P 9<q<Q i<k,

+‘ H 2 E [ Fo(wq,) H Fi(z1,)] [ Ff](l‘%i)]‘
1<0<Q " " 1<i<k, Y Ci<h i 2<q<Q,1<i<ky

<2kmm+1 V Fk?um (Q - 1)2kmaz+1 V ijgum
:Q . 2kmaz+1\/m D

C Reverse Hypercontractivity

The version of reverse hypercontractivity we use is stated below.

Theorem C.1 ([24]). Let (€2, p) be a probability space. Fix 0 < p < 1. There exist ¢ < 0 < p < 1 such
that for any f € Ly o0y (2),
ITofllq 2 1 1lp-

We now generalize the above reverse hypercontractivity result to more general operators, ex-
tending the noise operator 7}, in two ways.

e Between two difference spaces: while 7, is the Markov operator associated with two cor-
related copies of the same probability space (21 x §21,v), we are interested in the Markov
operator T associated with two correlated spaces (21 x g,1/), possibly Q; # Q5.

25



e Arbitrary distribution instead of diagonal distribution: v samples z, y independently accord-
ing to the marginal and output (z, z) with probability p and (z,y) with probability 1 — p.
Since Q; # €y, the former does not make sense. Instead, with probability p, v’ samples
(x,y) according to another arbitrary distribution v”, as long as the marginals of = and y are
preserved.

This extension is based on simple observation that such an operator 7' can be expressed as
T = PT, for some Markov operator P : £(§21) — L(€22) which shares the marginals with 7. The
following lemma shows that any Markov operator does not decrease g-norm when ¢ < 1.

Lemma C.2. Let (€1 x Qq, p) be two correlated spaces, with the marginal distribution u,; of ;. Let P be
the Markov operator associated with it. For any ¢ < Land f € Lo o) (1),

12 fllg = 11 Fllg-

Proof. Since x — x7 is concave,

1Prllg= E [(Tf) = E [CE f@)1> E[E [f@)y)=_E [f@)T=]fl. O

2 y~vpe T Y Tevpn

The following main lemma says that whenever 7}, exhibits the reverse hypercontractive be-
havior for some p, ¢, the same conclusion holds for Markov operators with the same parameters.

Lemma C.3 (Reverse Hypercontractivity of two correlated spaces). Let (€21 x Q2, 11) be two correlated
spaces, and with the marginal distribution ; of ;. Let T' be the Markov operator associated with it.
Suppose that T = pP + (1 — p)Ji2 for 0 < p < 1, where Jy 2 is the Markov operator associated with
(1 % Qa, p1 ® pa) and P is the Markov operator associated with (21 x Qa,v) for some v with the same
marginals as pi. Let ¢ < p < 1 be such that ||T,f|lq = || fllp for any f € Lo o). Then,

1T fllg = 11f1lp-

Proof. Note that 7, = pI; + (1 — p)Ji, where I; is the identity operator, and J; is the Markov
operator associated with (2%, 1{?). The following simple relationship holds between T and 7),.

PT,=pPLi+(1—=p)PJi =pP+(1—=p)1p=T
With T' = PT),, it is easy to see that
ITfllg = 1PTpfllg Z 1 Tpfllq = [Iflp:
where the first inequality follows from Lemma O

Along the way to apply the above result to our setting, we introduce a basic intermediate
problem which may be of independent interest.

Question C.4. Let (1 x Qg, p) be two correlated spaces. Given two (biased, not necessarily Boolean)
hypercubes QF and QL, their subsets S C Q¥ T C QOF, and two random points x € Q¥ y € QF such that
each (x;,y;) is sampled from 1 independently, what is the probability that v € Sand y € T?
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By using the standard technique of the reverse Holder inequality [23] and two-function hy-
percontractivity induction [25], the following theorem shows that as long as p contains nonzero
copy of product distributions (equivalent to 7" = pP + (1 — p)Jy 2 for p < 1), the above probability
is a positive number depending only on the measure of S and 7', and p (but crucially it does not
depend on L).

Lemma C.5. Let (1,0, 1), p, T, P be defined as Lemma There exist 0 < p,q < 1 such that for any
[ € L) () and g € Lig ) (QF),

[f@)gw)] = E_ 9T fw)] = lIfllsllgllq

(z,y)~pu®L y~u§®L

Proof. The equality holds by definition, so it only remains to prove the inequality. We first prove
it L = 1, and do the induction on L. Invoke Theorem to get ¢ < 0 < p < 1 such that
| Tofllg = | fllp- Let 0 < ¢ < 1 be such that % + % = 1. By the reverse Holder inequality and
LemmalC.3]

E [flx)gw)]= E [g)TfW]=ITfllqllgllq = 11flpllgllq
(zy)~p et

as desired.

For L > 1, we use the notation = = (2/, x1) where 2/ = (x1,...,21_1), and similar notation for
y. Note that (z/,y) ~ u®L=t and (2, y1) ~ pu. We also write f,, for the restriction of f in which
the last coordinate is fixed to value z,, and similarly for g.

. / /
@ = B E @) Z B el ]

by induction. Let F, G be the function defined by F(z1) = || f2, lp, G(yr) = ||9yy llg-

E  [F(zr)GyL)] Z [1Fllpu |Gl
(Tr,yr)~p

by the base case. Finally,

1Elp = E [F@)P]?=( E B [fo /D" =Ifl,,er

L~ T~ 37,"’/'41 Psq
and similarly [|G/q.u., = ll9], ,or- The induction is complete. O
Mo

By another induction on the number of functions, we can extend the answer to the previous
question to k£ > 2.

Question C.6. Let (0%, 1) be k correlated copies of the same space. Given a hypercube QF, its subsets
S C QF, and k random points x1,...,x, € QF such that each ((x1)1,...,(wk);) is sampled from u
independently, what is the probability that x; € S for all i?

Theorem C.7 (Restatement of Theorem . Let (QF,v) be k correlated spaces with the same marginal
o for each copy of ). Suppose that v is described by the following procedure to sample from QF.

e With probability p (0 < p < 1), it samples from another distribution on QF, which has the marginal
o for each copy of €.

o With probability 1 — p, it samples from o*.
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Let Fi, ..., Fy € Ly (QF) such that E[F;] > € > 0 for all i. Then there exists ¢ := ((p, e, k) = ePor1) >
0 (independent of L) such that

where for each 1 < j < L, ((z1);,. .., (zx);) is sampled according to v.

Proof. We proceed by the induction on k. For k = 1, ( = e works.

For k > 1, consider two correlated spaces (€2 x Q%=1 1) where the marginal of (2 is o and the
marginal of Q¢! is /. Note that the marginal of  on each copy of 2 is still 0. Invoke Lemma
to obtain 0 < p, ¢ < 1 be such that

[F(@)GW)] = [Fllpeerl|Gllg ez

(z,y)~v®E

forany F € L)y o) () and G € L o) (V1)

k
E [J] Fwl = I1Ell ool T Filwi)llg e

T1y..y Tk .
U ik i=2

Since F; € Lo 1(Q25), [|Fillp > ¢'/P. Since 1/ can be also described by the procedure in the statement
of the theorem (except that it is on Q2*~1), we obtain ((p, ¢, k — 1) such that

k

k
ITL Al > (L ETTF@D)" > ook - 1)1
1=2

T2,y T =
=2

Therefore, ((p, ¢, k) = C(p, e,k — 1)1/9!/P completes the induction. Since p, ¢ depend only on p,
C(p, €, k) = €92+(1) in every step of induction. O

Remark C.8. The same statement holds even when we replace QF by the product of k different spaces
QX -oo X Q.

D Hardness of Rainbow Coloring in More Balanced Colorable Graphs

In this section, we prove the following theorem that shows hardness of finding a rainbow k-
coloring even in presence of an almost balanced rainbow k-coloring.

Theorem D.1 (Restatement of Theorem([I.4). For any Q,k > 2, there exists given a Qk-uniform hyper-
graph H = (V, E), it is NP-hard to distinguish the following cases.

e Completeness: There is a k-coloring ¢ : V' — [k] such that for every hyperedge e € E and color
i € [k], either (1) each color appears @ times, or (2) k — 2 colors appear ) times and the other two
colors appear () — 1 and Q) + 1 respectively.

e Soundness: There is no independent set of size 1 — 1. In particular, H is not rainbow k-colorable.
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D.1 Distribution

We first define the distribution of Qk points (74,)4c(q),ick)- The distribution is quite similar to the
one used for Theorem but is more structured. Let Q@ = [k], Q@ = Q¢ and w be the uniform
distribution on Q. Qk points z,; € Q are sampled by the following procedure.

e Forg e [Q]and 1 < j < d,sample ((z4,1);,---,(Tqk);j) € S uniformly at random.

e Sample q € [Q],i € [k], and resample z,; uniformly and independently from w®.

Let i@’ be the whole distribution of (x,.;),,. For any ¢ € [Q], let 7z be the marginal distribution of

(xq4)i € Q", which is the same for all q. For any ¢ € [Q] and i € [k], with probability &, each z;
is completely independent from all the other z’s. By the same argument as before, the correlation

of these Qk spaces satisfies p(ﬁQk; ) <4 /1— ﬁ

D.2 Reduction and Completeness

We reduce from @Q-Hypergraph Label Cover. Given a Q-uniform hypergraph H = (V, E) with Q
projections from [R] to [L] for each hyperedge, the resulting instance of Qk-Hypergraph Coloring
is H = (V',E') where V' = V x [k]®. Let Cloud(v) := {v} x [k]". The set of hyperedges F’ is
described by the following procedure.

e Sample a random hyperedge e = (v1,...,vq) with associated permutations 7.y, - - -, Tevg
from E.

e Sample (24)1<4<01<i<k € Q2 in the following way. Foreach 1 < j < L, sample ((z;) -1 (j)),m
e,vq
from (%", 7).

e Add a hyperedge between Qk vertices {(vq, z4,)},,; to E'. We say this hyperedge is formed
frome € E.

Given the reduction, completeness is easy to show.

Lemma D.2. If an instance of QQ-Hypergraph Label Cover admits a labeling that strongly satisfies every
hyperedge e € E, there is a coloring c : V' — [k] such that every hyperedge e € E' has either (1) each color
appears (Q times, or (2) k — 2 color appears (Q times, and the other two colors appear Q — 1 and Q) + 1 times
respectively.

Proof. Let [ : V' — [R] be a labeling that strongly satisfies every hyperedge e € E. For any v €
V,z € [k]F, let c(v,z) = (2),). For any hyperedge e = {(vg,%q,1)},; € E) c(vg, Tqi) = (Tq,i)i(u,)-
All but one g satisfies {(4,1)i(v,):- - - » (Zq.k)iv,) } = [k], and the other ¢ satisfies

’ {(xqgl)l(vq)7 SR (xq,k)l(vq)} ‘ zk—-1.

Therefore, the strong condition stated in the lemma is satisfied. O
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D.3 Soundness

Lemma D.3. There exists n := n(Q, k) such that if I C V' of measure 1—+ is independent, the correspond-
ing instance of Q-Hypergraph Label Cover admits a labeling that weakly satzsﬁes n fraction of hyperedges.

The proof is almost identical to the one presented in Section replacing reverse hypercon-
tractivity by a simple union bound argument.

STEP 1. Fixing a Good Hyperedge. Let I C V' be of measure 1 — . Let f, be the indicator
function of I N Cloud(v). Let e := 212 so that (k — 1)(1 + 2¢) = at least €
fraction of vertices has E[f,] > 1 — + — ¢ — call these vertices heavy

By the same argument given in Sectlon [4.3] for a large enough integer J and smoothness pa-
rameter 7', we have § := (¢, Q) fraction of hyperedges of E are induced by heavy vertices and
good for every vertex they contain. Throughout the rest of the section, fix such a hyperedge
e = (v1,...,vg) and the associated permutations 7 y,, . .. s Tewq- For simplicity, let f, := f,, and
Ty 1= Tew, for ¢ € [Q]. We now measure the fraction of hyperedges induced by I out of the
hyperedges formed from e, which is

E[ H A Ja(@q,i)] @)

STEP 2. Lower Bounding in Each Hypercube. Fix ¢ € [Q)]. Let 7 be i conditioned on that
x4,1 is chosen to rerandomized (which happens with probability &). Since E[f] > 1— 1 —¢,

Pr(fy(zq:) <€ < £+ 2e

[ H fo(zgi)] = E[fq(z1)] H Ja(@q)]

1<i<K 2<i<K
1
P i'ek IPI‘[fq(l'q’g),...,fq(l’%k) 26]
1, 1
> - 1—(kE=1)(+-+2
S 1= (b= 1)(5 +26))
1 ., 1
R
Let ¢ := 2k2 . The only property of f, used is nonnegativity and the expectation which are pre-

served by any noise operator, so for any v,

El [T Tirfolzea)] = ¢ 8)

1<i<k

STEP 3. Introducing Implicit Noise. This step is completely identical to Section As a result,
by choosing J and 7" large enough, if I is independent, for some +, from (7)) we have

Q
5 I Toafilea < ©)

q7l .
1<g<Q,1<i<k
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STEP 4. Invariance. This step is also completely identical to Section As a result, from
and (9), there exists T and ¢ € {1,...,Q — 1} such that

Z Wj [Tl—wfq] (Wj[Tl—qu+1] + +|rTfj [Tl—wa]) > T.

1<j<L

STEP 5. Decoding Strategy. The decoding strategy and the analysis are also identical to Sec-
tion n:=2a- % completes the proof of soundness.

E K-Hypergraph Vertex Cover

In this section, we prove the following two theorems, both implying that it is NP-hard to approx-
imate K-Hypergraph Vertex Cover with in a factor of K — 1 —e.

Theorem E.1 (Restatement of Theorem[L.5). Forany e > 0 and K > 3, given a K-uniform hypergraph
H = (V, E), it is NP-hard to distinguish the following cases.

e Completeness: There is a vertex cover of measure 2.

e Soundness: Every I C V of measure e induces at least ¢°x (1) fraction of hyperedges.

Theorem E.2 (Restatement of Theorem[1.6). For any e > 0and K > 3, given a K-uniform hypergraph
H = (V, E), it is NP-hard to distinguish the following cases.

e Completeness: There exist V* C V of measure ¢ and a coloring ¢ : [V \ V*] — [K — 1] such that for
every hyperedge of the induced hypergraph on V' \ V*, K — 2 colors appear once and the other color
twice. Therefore, H has a vertex cover of size at most — + €.

e Soundness: There is no independent set of measure e.

The above two theorems are not comparable to each other. In the completeness case, The-
orem ensures a smaller vertex cover, while Theorem guarantees richer structure. In the
soundness case, Theorem [1.5| gives a stronger density. Since they differ only in the test distribu-
tion, we prove Theorem 1.6)in details and introduce the distribution for Theorem[I.5at the end of
this section.

E.1 Multilayered Label Cover

We reduce Multilayered Label Cover defined by Dinur et al. [10] with the smoothness property to
K-Hypergraph Vertex Cover. An instance of Multilayered Label Cover with A layers is based on
agraph G = (V,E) where V = Vi U--- UV and E = Uigicj<aF;j. Let [R;] be the label set of
the variables in the V; such that R; divides R; for all i < j. Any edge e € E; ; is between u € V;
and v € Vj}, and associated with a projection 7, : [R;] — [R;]. Given a labeling ! : V' — [R4], an
edge e = (u,v) withu € V; and v € V; (i < j) is satisfied when 7.(I(v)) = [(u). The following are
desired properties of an instance.

e Weakly dense: forany ¢ > 0 and A > [4], givenm = [1] layers i; < --- < i, and given any

sets I;; C Vi, with |I;,]| > €|V;,], there exist j < j’ such that at least % fraction of the edges
between V;, and V;j, are indeed between I;; and Iij,.
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e T-smooth: forany 1 <i<j< A veVyanda #be€ [Rj],

=

P u,v = Tyuw(b)] <
weviobyep, [T (@) = Tuu (b))

Theorem E.3 ([19]]). For every n > 0 and large enough A, T, given an instance of Multilayered Label
Cover with A layers that is weakly dense and T-smooth, it is NP-hard to distinguish the following cases:

o Completeness: There exists a labeling | that satisfies every edge.

o Soundness: No labeling | can satisfy 1 fraction any E; ;.

E.2 Distribution

We first define the distribution of K points, one in a single cell and the other K — 1 in a block of
sized. Let Q@ = {x,1,...,K — 1} and Q = Q% Let w be the distribution on © such that w(*) = ¢
and w(l) = -+ = w(K — 1) = 2=%. The K points z € Q and y1, ..., yx_1 € Q) are sampled by the
following procedure.

e Sample z ~ w.
o If x =%, sampleyi,...,yx—1 ~ w®d independently.

o If v # %, foreach 1 < j < d,sample (y1)j,..., (Yx—1); ~ Skx—1 uniformly, and independently
noise (y;); < * with probability e.

It is easy to see that the marginal distribution of each y; is w®¢. Let (2 x QK_l,ﬁ’ ) denote
the K correlated spaces corresponding to the above distribution, and let 7z denote the marginal
distribution of (y1,...,yx—1). Let Q; (1 < i < K — 1) denote the copy of Q associated with y;,
and ﬁ; be the product of the other K — 1 spaces. With probability € (when = = %), y; is completely
independent of the others. Even when = # *, y;’s marginal is w®?. By Lemma we conclude

that p(Qy, ;) < VI — e
However, bounding p(£2, ﬁKﬁl; ') (as the correlation between two spaces 2 and ﬁKﬁl) cannot

be done in the same way. To get around this, we define the distribution Eb be the same as 1/, but
at the end each y; is independently resampled with probability 1 — 3. In this distribution, the same

technique yields p(Q,ﬁK_l;ﬁ’B) < y/1— (1 — B)K~1, and the correlation of these K spaces under
T is at most V1I—(1-p)E-Tifl-p<e

E.3 Reduction and Completeness

We now describe the reduction from Multilayered Label Cover with A layers. Given a G =
(Ui<i<aVi, Uic; E; j) with a projection 7, : [R;] — [R;] for each hyperedge e = (u,v) (u € V;,v €
V;), the resulting instance for K-Hypergraph Vertex Coveris (V', E'), where V' = Uy <;<aV; x QF.
The weight of (v,z) (v € V) is [];;<p, w(x;), so that the sum of the weights of the vertices in
Cloud(v) is 1. For v € V;, let Cloud(v) := {v} x Qfi. The set of hyperedges E’ is described by the
following procedure.

e Sample 1 < a < b < A uniformly and e = (u,v) € E; j such thatu € V;, v € V}.
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e Sample x € Qfa yi, ... yk—1 € Q% in the following way. For each 1 < j < R,, sample
—K—-1 _
Lj ((yi)ﬂgl(]’))ie[l{—l] from (©2 x Q2 ).

e Add a hyperedge ((u,z), (v,y1),...,(v,yx—1)) to E'. We say that this hyperedge is formed
from e, and the weight of this hyperedge is the probability that it is sampled given that e is
sampled in the first step.

Given the reduction, completeness is easy to show.

Lemma E.4. If there is a labeling that satisfies every e € E, there exist V* C V' of measure e and
c: V'\V* = [K — 1] with the same measure for each color, such that in each hyperedge induced by
V' \ V*, K — 1 colors appear once and the other color appears twice.

Proof. Letl:V — [R4] be alabeling that satisfies every edge in E. Let V* := {(v, ) : ();1) = *},
and ¢(v, x) = (7);(,)- In each Cloud(v), V* contains measure w(*) = € and c(i) contains w(i) = z=5-

For each hyperedge ((u, z), (v,41), ..., (v, yx—1)) induced by V\V*, { (v, y1)i0) - - - » (0, Y —1)10) } =
(K —1]. O

—

E.4 Soundness

Unlike the previous reductions, the resulting instance is weighted — vertices and hyperedges can
have different weights. The only reason is that (1) we used Multilyaered Label Cover and (2) and
w is not the uniform distribution. Once we fix a edge e of G, our hyperedge weights correspond
to the above probability distribution and vertex weights correspond to its marginals. Therefore all
the following probabilistic analysis works as in previous reductions.

Lemma E.5. For any e > 0, there exists ) := (e, K) such that if I C V' of measure € induces less than
90O fraction of hyperedges, the corresponding instance of Multilayered Label Cover admits a labeling
that satisfies n) fraction of edges in Eq, for some 1 < a < b < A.

The proof is almost identical to the one presented in Section with slightly more technical
details dealing with noise.

STEP 1. Fixing a Good Hyperedge. Let I C V' be of measure e. Let f, be the indicator function
of I N Cloud(v). By averaging, § fraction of vertices has E[f,] > § — call these vertices heavy. Let
W; C V; be the set of heavy vertices in the ith layer.

By averaging, at least { fraction of layers satisfy |[W;| > {|Vi|. Take A = [{5]. By weak density,
there exist 1 < a < b < A such that the fraction of edges in F; ; induced by W, and W} is at least
157 Let L = R, and R = Ry,

By the same argument as in Section[4.3} by adjusting the smoothness paramter 7’ and an integer

J, we can ensure that 5¢

2048

fraction of edge (u,v) € E, is good — both v and v are heavy and,

1752 < ()

under 7, and J.
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Throughout the rest of the section, fix such an edge e = (u, v) and the associated permutations

m = m. For simplicity, let f := f, and g := f,. We now measure the weight of hyperedges
induced by I, which is

YRELCONN | () (10)

TyY1s-- YK —1
e 1<i<K—1

STEP 2. Lower Bounding in Each Hypercube. Foreach 1 < j < L, with probability ¢, (y:),-1(;
are sampled completely independently from Q. By Theorem 4.3 . (setting Q + Q, k + K — 1,
oW v T, p—1—€F = =Fg_ 14 g, €+ §), there exists ¢ = ((¢, K) > 0 such that
for every v € [0, 1],

H T 'yg yz = C.

Y1, )yKN,LL 1<’L<K 1

Note that i also satisfies the requirement of Theorem 4.3} so

H T ’yg yz = (. (11)

Y1, 7?;’1("‘(#/3 b ik 1

Let 0 := eg be the lower bound of E[f(x)] E[[ [, ¢(y:)], which also holds for any noised versions of
f,gand n01sed distributions.

STEP 3. Introducing Implicit Noise. Due to the fact that p(£2, QK_I; ') is not easily bounded, we
insert the noise operator for g(y1), ..., g(yx—1) first using (U, Q) < VI—efor1 <i< K —1.
This follows from the following lemma from Mossel [22], which is indeed the main lemma for
Theorem 4.4

Lemma E.6 ([22]). Let (21 x Qq9,v) be two correlated spaces with p(21,Qe;v) < p < 1, and the corre-
sponding product spaces ((Q1)% x (Q2)F, v®F), and F; € L(($%)*) for i = 1,2 such that Var[F;] < 1. For
any € > 0, there exists y := (e, p) > 0 such that

|E[F1F2] — E[FlTl_,ng] g €

Applying the above lemma to (ﬁi,ﬁg;ﬁ') iteratively for i = 1,..., K — 1, we have v, :=
1 (€, K, 0) such that

f) I sw)l— E_(f@) [] Ti-nwTivgw)

- E_[f(@ o)~ E - [f() 19w
Ty~ Ok 1<11<_][<_1 $7yi’“(ﬁ'1771 yeL 1@-];[(_1
0
<=
8
Let 8 := 1 — 71, and use E to denote the expectation over (z,y1,...,yx) ~ (ﬁ/’B)(@L while E
still denotes the expectation over (z,y1, . .., yx) ~ @'®L. Since p(, ﬁKﬁl; [ig) < <AV1- B)K-1,
another application of Lemma [E.6| will give , such that
~ — . = 0
E[f(x) H Tl—’Ylg(yi)] - E[Tl—”mf(x) H Tl—’hg(yi)] < ]

1<i<K -1 1<i<K -1
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By applying Theorem .5 (K <+ K, L + L, ,...,Qx < Q, Qx = Q, di,...,dg—1 < d,
di =1, v « ﬁ’ﬂ, Fy=--=Fg_1 4 g Fx < f,m = -+ = mg_1 = 7w, 1 < the identity,
M « (Z2)!/4), we have

R N _ J?
BT pf@) [ Timow)l -Ellinfz) ] Tl—wg(yz‘)]‘ < 2‘3K((1—71)J+(7)1/4)‘
1<i<K —1 1<i<K—1

Fixing J and T to satisfy 2 - 35 ((1 — v1)”/ + (4 . )4 < g as well as the previous constraint, we
can conclude that

. 30
Ef@) I 9wl -Elnf@ [ Tiaewl <> (12)
1<i<K—1 1<i<K -1
In particular, if I is independent, from and
. 0
]E[Tlf’mf(l‘) H Tl*’hg(yi)] < 5 (13)

1<i<K-1

STEP 4. Invariance. The marginal of y; (resp. ) is w®% (resp. w®L) on both @®L and E®L.
Therefore, the Efron-Stein decomposition of f and g as well as the notion of (block) influence
remain the same between 1’ and 77/ 3 Since g is noised, there exists I = O( ) such that

Z Infj[T1—, 9] <T

1<j<L

Fix 7 to satisfy @ - 26T1VT K27 < %. From and (13),

E[T1—72f<x) H Tl—’hg(yi E[Tl sz H Th- 719 yz
<G<K-—-1 1<i<K-1
>E[T1 vo f (@ H Ty, 9(i)ll — E[T1_72f(x) H T1—+,9(yi)]
1I<i<K-—-1 1<i<K-1
0
>—.
2

ApplymgTheorem Q<+ 2,k +— K-1,k=10 =00« Qv+ ,uﬁ,L — L FL+Ti_g 19,
F2 — T1,72f Inf,; [Fl] Inf [Tlffylg])

> Infj[Tisg) Infj[T1—y f] > 7

1<G<L

Decoding Strategy. We use the following standard strategy — v samples a set S C [R] according
to ||gs||3, and chooses a random element from S. u also samples a set S C [L] according to || fs||3,
and chooses a random element from S. As shownin Section foreach 1 < j < L, the probability
that v chooses a label in 771(j) is at least 1 Inf;[Ti_-, g], and the probability that u chooses j is at
least 2 Inf[T7_, f].

The probability that 7.(I(v)) = 7(I(u)) is at least

M2 Y [Ty, g Infi[Th_s, £] > 17T
1<<L
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Suppose that I is indepenent. For at least % fraction of edges (of E, ;) the above analysis
works, and these edges are satisfied by the above randomized strategy with probability v;7y27.
Setting 7 := ﬁ - 1727 completes the proof of soundness.

E.5 STEP 5. Distribution for Theorem [1.5

For Theorem we again define the distribution of K points, one in a single cell and the other

K — linablock of size d. Let @ = {0,1} and @ = Q%. Let w be the (1 — 71+ )-biased distribution
on Q) —w(0) = 25 and w(l) = 1 — 5. The K pointsz € Qand y1,...,yx—1 € Q are sampled
by the following procedure.

e Sample z ~ w.
o If x =0,sample yi,...,yx—1 ~ w®d independently.

o Ifx =1, foreach 1 < j < d, sample (y1)j,...,(yx—1); ~ i, where 1 is the uniform distribu-
tion on K — 1 bit strings with exactly (K —2) 1’s.

Pri(y); =1 = 245 (1—- Z27)+ (1 - Z25)(5=2) = (1— 25) foralli € [K —1]and j € [d], and
(Yi)1,- -, (yi)q are independent. Let (€2 x QKﬁl,ﬁ’ ) denote the K correlated spaces corresponding
to the above distribution, and let 7 denote the marginal distribution of (y1,...,yx—1). Let €;
(1 < i < K — 1) denote the copy of Q associated with y;, and Q; be the product of the other
K — 1 spaces. With probability -1~ (when 2 = 0), y; is completely independent of the others.

Even when z = 1, y;s marginal is w®?. By Lemma we conclude that p(€;, ;') < £=2

Bounding p(€2, QKﬁl; ') (as the correlation between two spaces 2 and ﬁKﬁl) can be done in the
same way in this section to have p(Q,ﬁK_l;ﬁ’ﬁ) <V1-(1-p)E-L,

The fact that for each 1 < j < d, at least one of z, (y1);, ..., (yk); is 1 ensures completeness,
and the bounded correlation ensures soundness. Furthermore, the fact that 41, ..., yx_1 become
completely independent with probability - (previously this was ¢) implies ¢ := O (1) and the
same argument in Theorem [1.1|shows density in soundness.

F Q-out-of-(2Q) + 1)-SAT

An instance of (2Q) + 1)-SAT is a tuple (V, ®) consisting of the set of variables V' and the set of
clauses ®. Each clause ¢ is described by ((v1, 21), . . ., (v2g+1, 220+1)) where v, € V and 2z, € {0,1}.
To be consistent with the notation we used for hypergraph coloring, we use the unconventional
notation where 0 denotes True and 1 denotes False. Let f : V' — {0,1} be an assignment to
variables. The number of literals of ¢ set to True by f is |{q : f(vq) ® 2z, = 0} | where & denotes
the sum over Zs.

FE1 Distribution

We first define the distribution of 2Q) + 1 points, one in a single cell and the other 2() in a block of
size d. Let Q = {0,1} and Q = Q9. Let w be the uniform distribution on Q. 2Q + 1 points g €
and z,; € Qfor1 < ¢ < Qand 1 < i < k are sampled by the following procedure.
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e Sample ¢’ € {0,...,Q} uniformly at random.
o If ¢ =0,

— Sample zy € Q uniformly independently.

- For all ¢ € [Q], sample z,; € Q¢ independently and set 7,2 = 14 —z,,1, where 1, €
Q.= (1,1,...,1).

o If ¢ >0,

- Forall g € [Q] \ {¢'}, sample z,1 € Q¢ independently and set 2,2 = 14— 1.

— Sample 7 € Q2 independently. If 7y = 0, sample z,1, 7,2 € Q¢ independently. If 7o = 1,
sample 7,1 € O independently and set 7,2 = 14 —2,.1-

Let (2 x 5262’ 1') denote 2Q) + 1 correlated spaces corresponding to the above distribution, and
[t denote the marginal distribution of (z41,z42), which is the same for all ¢ € [Q]. We bound
p(Q, %),

Fix some 1 < ¢ < Qand 1 < i < 2. Let Q,; denote the copy of Q2 associated with z,;,
and ﬁ;ﬂ- be the product of the other 2Q) copies. We have i/ = maq +(1— 2@71“)) B4 where
oy denotes the distribution given ¢ = ¢ and zp = 0 (so that z,, x4 are sampled i.i.d.), and
B4 denotes the distribution ¢’ # ¢ or zp = 1. Since each entry of z,; is sampled ii.d. in ay,

= =

p(Qq,i,Q,45 ) = 0. In both o and f,, the marginal of z4; is w*?. By Lemma we conclude

that p(§q7i,§;7i;ﬁ’) <, /1-— m Similarly, p(Q,ﬁQQ;ﬁ’) <4 /1-— ﬁ Therefore we have

_ - 1
P82, (Qq,i)gi 1) < m

F2 Reduction and Completeness

We now describe the reduction from (@ + 1)-Bipartite Hypergraph Label Cover. Given a (Q + 1)-
uniform hypergraph H = (U UV, E) with @ projections from [R] to [L] for each hyperedge, the
resulting instance for (2Q + 1)-SAT is (U’ U V', ®) where U’ := (U x QF) and V' := (V x QF).
Foru € U and v € V, let Cloud(u) := {u} x QF and Cloud(v) := {v} x Q. The clauses in ® are
described by the following procedure.

e Sample arandom hyperedge ¢ = (u,v1, ..., vq) with associated permutations ¢y, , . . . , Te,vg
from F.

e Sample 29 € QL (74:)1<4<0.1<i<2 € QF in the following way. For each 1 < j < L, sample
=20Q _
(20) > (Xq,1) 71 (y)as from (2 x 77, 1).
° Sample 20, (qui)lgqgQ,lgr[gQ € Q1iid.

e Add a clause
((u, 20 ® 20 11), 20) X ((Vg, Tq,i D 2q,i 1R), 2q,i)1<0<Q,1<i<2

to ®. We say this clause is formed from e € E.
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Given the reduction, complteness is easy to show.

Lemma F.1. If an instance of (Q + 1)-Bipartite Hypergraph Label Cover admits a labeling that strongly
satisfies every hyperedge e € E, there is an assignment f : U' UV’ — Q that sets at least Q) literals to 0
(which denotes True in our convention) in every clause of .

Proof. Letl : U UV — [R] be a labeling that strongly satisfies every hyperedge e € E. For any
uecUxcQllet f(u,x) = T)(y)- Forany v € V,z € QF, let f(v,z) = )(y)- For any clause

(w20 ® 20 11), 20) X (Vg Tq,i D 2qi LR)s 2q,i)1<q<Q1<i<2s

one of the following is true. Note that f(u, 20 ® 20 11) ©20 = (0)(w) and f(vg, Tq,i D 2¢,i 1r) D2 =
(Tq,0)1(0,)-
e Each qc [Q} satisfies (xqﬂ)l(vq) 75 (xqg)l(vq).

o Forsome ¢ € [Q], all ¢’ € [Q]\ {q} satisfy (z¢ 1)) # (Tg2)1(r), and if (20)1w) = 1, q also
satisfies (4,1)i(v,) 7# (T4.2)i(vy)-

In any case, (2Q + 1)-tuple ((z0)iw)) X ((¥q,i)i(vy))q: cONtains at least @ zeros, which means that
any clause has at least () literals set True. O

E3 Soundness

Lemma F.2. There exists e, > 0, only depending on Q, such that if there is an assignment that satisfies
more than (1 — €) fraction of hyperedges, the corresponding instance of QQ-Hypergraph Label Cover admits
a labeling that weakly satisfies n fraction of hyperedges.

The proof is almost identical to the one presented in Section Letg: U' UV’ — Qbe any
assignment. The fraction of clauses whose literals are all set to False is

E E E [(guzo®lr20)®2) ] (9(vg 20 ® 1k 24:)  (20))]

UsV15--5VQ T, (Tq,t) 20,(2q,i) 1<q<Q1<i<2
<Y= 1R

= E E [E[(g(u,z0® 1L 20) D 20)] E [g(vg, g @ 1R 2qi) ® 2q.i]]

UyV15044,0Q (Eo,(fq,i) %0 ; Zq,i

- E E  [f(u,x0) H fv,24.4)]

UsV150-,0Q T, (q,t)

where we define

fu,z) = ZIEQ[f(u,xEBle)@z)] uelU
f(v,x) = ZIEQ[f(v,xEBle)@z)] veV.

Foru € U, let f, € E[O,l](QL) be the restriction of f to {u} x QF, and define f, € ,C[O,l](QR)
similarly for v € V. Note that E[f,,] = E[f,] = 3.
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STEP 1. Fixing a Good Hyperedge. Since E[f,] = E[f,] = 1 forallu € U, and v € V, we do not
need to define heavy vertices. By the same argument as in Section[4.3} by adjusting the smoothness
paramter T and the integer J, we can ensure that § := 1 fraction of hyperedges are good for every
vertex they contain, i.e., the hyperedge e = (u, v1, ..., vq) satisfies for each ¢ € [Q],

2
£l < (o =)

under 7, and J.

Throughout the rest of the section, fix such a hyperedge e = (u, v1,...,vq) and the associated
permutations ey, , . . . , Te, v, - FOr simplicity, let f, := f,, and 7, := 7y, for ¢ € [Q], and f11 = fu.
We now measure the fraction of clauses formed from e that are unsatisfied, which is

Elfuzo) I fa@as) (14)

1<g<Q,1<i<2

STEP 2. Lower Bounding in Each Hypercube. Fix any ¢ € [Q]. For each 1 < j < L, with
probability m, ($q71)wgl(j) and (:qug)ﬂf(j) are sampled completely mdependently from Q. By

Theorem(setting QD k20w veT,p %, Fi = F + fTI, € +— %), there
exists ¢ = ((Q) > 0 such that for every vy € [0, 1],
& [Tl—qu(f’fq,l) Tl—qu(xqz)] = (. (15)

Lq,1,Tq,2

STEP 3. Introducing Implicit Noise. Since p(€, (Qqi)q.i; ) < (/1 — (Q +1) we can apply The-

e 20415 -~ g T, o 0 e BBy = By T,
Fg < fu) tohave v := (@, () € (0,1) such that

8K’

< f- (16)

Elfuw) JI  fowai = Eisfulwo) [T Tiosfolwg)

1<q<Q,1<i<2 ’ 1<g<Q,1<6<2

ByapplyingTheorem-(K —2Q+1, L+ L, Q,....0K < Q,di,... dK 1 d, dg =1,
VT, Fogoy = Fog < fg, Fi < fu, Tog—1 = g < mq, T < the identity, £ « (4= 2)1/4), we have

J{?i[Tlf'va(xO) H Tl*’yfq(xq,i)] - m]}fz [T1— fu(zo) H Tl*'yfq(l‘q,i)]‘

1<g<Q,1<i<2 1<¢<Q,1<i<2

<232 (1 =)+ (). (17)
Fixing J and T to satisfy 2 - 32¢+1((1 — )/ + (%2)1/ 4 < % as well as the previous constraint, we
can conclude from (16) and that

Q
Bl [] faead) - Efifuen) ] Tiadileanl] <S5

el
o 1<g<Q,1<i<2 ’ 1<¢<Q,1<i<2

In particular, if among the clauses formed from e, less than - ° fraction of them are unsatisfied,

from (14),
quE [Tl—’yfu(l'O) H T1_7fq(xq7i)] <= (18)

1<g<Q, 112
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STEP 4. Invariance. Since our functions are noised, there exists I' = O(%) such that

Z Wj[Tl—qu] <T

1<G<L
Fix 7 to satisfy 8Q - v/T'(2Q + 1)?7 < %. We have
xI?i[Tl—vfu(xO) H Tl—qu(xqw‘)] - E[Tl—vfu] H H Tl—qu Ly, i)]

1<g<Q,1<i<2 1<9<Q """ 1<i<2

E[T1— ful] - H H Ty folqi)] = ’i[Tlfwfu(f’?O) H Ty fq(4,0)]

1<g<Q """ 1<i<2 1<q<Q,1<i<2
1 3¢Q Q
>§CQ — % = % (using and (18)) .
Now, applying Theorem(Q —Q+L k= =kg <+ k kg1 1,0 = =0Qp= Q,

QQ-H — Q, V ﬁ/, L+ L, Fq — Tl—'yfq for q c€ [Q], FQ-H — Tl—wfu/ |nfj[Fq] — Wj[Tl_,yfq] for
€ [Q]), there exists ¢ € {1,...,Q} such that

> Infy[Tas fo) ([T fy] + -+ + Infy[Tay fQ] + Inf[fu]) > 7
1<j<L

STEP 5. Decoding Strategy. We use the standard strategy — each v, samples a set S C [R] ac-
cording to ||(f;)s|3, and chooses a random element from S. u also samples a set S C [L] according
to ||(fu)sl|3, and chooses a random element from S. As shown in Section[4.3} for each 1 < j < L,
the probability that v chooses a label in 771 (j) is at least v Inf;[T1_, f,], and the probability that u
chooses j is at least 7 Inf; [T _ fu].

Fix ¢ to be the one obtained from Theorem The probability that m4(l(vg)) = mg (I(vy)) for
some ¢ < ¢’ < Q or my(I(vy)) = l(u) is at least

v Y Infy[T1 fy) max| max_Tnf;[Ty_, fy ], Inf;[T1 fu]]

1<j<L 9<a'sQ
2
"}/ . N R
> Inf;[T1— fo(Inf5[T1— fg41] + - -+ Inf5[T1 fQ] + Inf;[T1— ful)
Q+1 <
1<i<L
VT

. - . Q . .
If the total fraction of unsatisfied clauses is at most € := - %, since at least § fraction of hyperedges

are good, at least 1 fraction of h ered es are weakly satisfied by the above randomized strate
g 1 yp g y y gy

=127 completes the proof of soundness.

with probability 5171 I T
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