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Abstract

The list decoding problem for a code asks for the maximal radius up to which any ball of
that radius contains only a constant number of codewords. The list decoding radius is not well
understood even for well studied codes, like Reed-Solomon or Reed-Muller codes.

Fix a finite field F. The Reed-Muller code RMg(n,d) is defined by n-variate degree-d poly-
nomials over F. In this work, we study the list decoding radius of Reed-Muller codes over a
constant prime field F = ), constant degree d and large n. We show that the list decoding
radius is equal to the minimal distance of the code.

That is, if we denote by §(d) the normalized minimal distance of RMp(n, d), then the number
of codewords in any ball of radius 6(d) — € is bounded by ¢ = ¢(p, d, €) independent of n. This
resolves a conjecture of Gopalan-Klivans-Zuckerman [STOC 2008], who among other results
proved it in the special case of F = Fo; and extends the work of Gopalan [FOCS 2010] who
proved the conjecture in the case of d = 2.

We also analyse the number of codewords in balls of radius exceeding the minimal distance
of the code. For e < d, we show that the number of codewords of RMg(n, d) in a ball of radius
d(e) — € is bounded by exp(c - n?~¢), where ¢ = ¢(p,d, ¢) is independent of n. The dependence
on n is tight. This extends the work of Kaufman-Lovett-Porat [IEEE Inf. Theory 2012] who
proved similar bounds over Fs.

The proof relies on several new ingredients: an extension of the Frieze-Kannan weak regular-
ity to general function spaces, higher-order Fourier analysis, and an extension of the Schwartz-
Zippel lemma to compositions of polynomials.
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1 Introduction

The concept of list decoding was introduced by Elias [Eli57] and Wozencraft [Woz58] to decode
error correcting codes beyond half the minimum distance. The objective of list decoding is to
output all the codewords within a specified radius around the received word. After the seminal
results of Goldreich and Levin [GL89] and Sudan [Sud97] which gave list decoding algorithms for
the Hadamard code and the Reed-Solomon code respectively, there has been tremendous progress
in designing list decodable codes. See the excellent surveys of Guruswami [Gur06, Gur04] and

Sudan [Sud00].

List decoding has applications in many areas of computer science including hardness amplifi-
cation in complexity theory [STVO01, Tre03], derandomization [Vadl2], construction of hard core
predicates from one way functions [GL89, AGS03|, construction of extractors and pseudorandom
generators [T'SZS01, SU05] and computational learning [KM93, Jac97]. Despite so much progress,
the largest radius up to which list decoding is tractable is still a fundamental open problem even
for well studied codes like Reed-Solomon (univariate polynomials) and Reed-Muller codes (multi-
variate polynomials). The goal of this work is to analyse Reed-Muller codes over small fields and
small degree.

Reed-Muller codes (RM codes) were discovered by Muller in 1954. Fix a finite field F = F,. Let
d € N. The RM code RMp(n,d) is defined as follows. The message space consists of degree < d
polynomials in n variables over F and the codewords are evaluation of these polynomials on F™.
Let 6,(d) denote the normalized distance of RMg(n,d). Let d = a(q¢ — 1) + b where 0 < b < ¢ — 1.

We have ) )
op(d) = —(1—-].
F(d) q“< Q>

RM codes are one of the most well studied error correcting codes. Many of the applications
in computer science involves low degree polynomials over small fields, namely RM codes. Given
a received word g : " — F the objective is to output the list of codewords (e.g. low-degree
polynomials) that lie within some distance of g. Typically we will be interested in regimes where
list size is either independent of n or polynomial in the block length F™.

1.1 Previous Work

Let P4(F™) denote the class of degree < d polynomials f : F” — F. Let dist denote the normalized
Hamming distance. For RMg(n,d), n > 0, let

lr(n,d,n) = jmax {f € Pa(F™) : dist(f, g) < n}|.

Let LDRp(n,d) (short for list decoding radius) be the maximum 7 for which ¢g(n,d,n —€) is upper
bounded by a constant depending only on ¢, |F|,d for all £ > 0.

It is easy to see that LDRp(n,d) < dp(d). The difficulty lies in proving a matching lower
bound. The first breakthrough result was in the setting of d = 1 over Fo (Hadamard Codes) where
Goldreich and Levin showed that LDRF, (n,1) = dr,(1) = 1/2 [GL89]. Later, Goldreich, Rubinfield
and Sudan [GRS00] generalized the field to obtain LDRp(n,1) = dp(1) = 1 — 1/|F|. In the setting
of d < |F|, Sudan, Trevisan and Vadhan [STV01] showed that LDRg(n,d) > 1—+/2d/|F| improving



previous work by Arora and Sudan [AS03], Goldreich et al [GRS00] and Pellikaan and Wu [PWO04].
A crucial result that was a bulding block in the multivariate setting was the problem of list decoding
Reed-Solomon codes which was analysed by Sudan [Sud97] and Guruswami and Sudan [GS99]. The
list decoding radius obtained above essentially attains the Johnson radius, which is a radius such
that for any code over F with normalized minimum distance §, the list decoding radius (LDR) is

at least
o 1 / |F|o

There have been few results that show list decodability beyond the Johnson radius [DGKSO08,
GKZ08].

In 2008, Gopalan, Klivans and Zuckerman [GKZ08] showed that LDRp,(n,d) = Jr,(d). This
beats the Johnson radius already for d > 2. The list decoding algorithm in [GKZ08|] is a general-
ization of the Goldreich-Levin algorithm [GL89]. However their algorithm crucially depends on the
fact that the ratio of minimum distance to unique decoding radius is equal to 2 which is the size
of the field. Therefore, it does not generalize to higher fields (except for some special cases). They
pose the following conjecture.

Conjecture 1 ([GKZ08]). For all constants d and all fields F, LDRg(n,d) = dp(d).

An important contribution of [GKZ08] is an algorithm for list decoding that outputs the list of
codewords up to radius 7 efficiently assuming ¢g(n,d,n) is bounded.

It was also shown [GKZ08] that LDRg(n,d) > 30r(d — 1) and this beats the Johnson radius
already when d is large. It is believed [GKZ08, Gopl0] that the hardest case is the setting of small
d. An important step in this direction was taken in [Gop10] that considered quadratic polynomials
and showed that LDRp(n,2) = 0p(2) for all fields F and thus proved the conjecture for d = 2. In
the setting of Fo, Kaufman, Lovett and Porat [KLP10] showed tight list sizes for radii beyond the
minimum distance.

1.2 Our Results

As mentioned before, the algorithmic problem of list decoding was reduced to the combinatorial
problem in [GKZ08]. Our main theorem is a resolution of Conjecture 1 for prime fields. We note
that prior to this, the conjecture was open even in the d < |F| case.

Theorem 1. Let F =T, be a prime field. Let € >0 and d,n € N. Then,
EF(d’ n? 5F(d) - 6) S vadva'

Remark 1.1 (Algorithmic Implications). As mentioned above, using the reduction of algorithmic
list decoding to combinatorial list decoding in [GKZ08] along with Theorem 1, for fixed prime fields,
d and e > 0, we now have list decoding algorithms in both the global setting (running time polynomial
in |F|™) and the local setting (running time polynomial in n?).

Next, we study list sizes for radii which are larger than the minimal radius of the code. We give
bounds which capture the correct exponent of n for all radii. This extends the results of Kaufman,
Lovett and Porat [KLP10] who studied Reed-Muller codes over Fa, to all prime fields.



Theorem 2. Let F =T, be a prime field. Let € > 0 and e < d,n € N. Then,

lr(d,n,or(e) —e) < exp (cp,d,gnd_e)

Remark 1.2. The exponent of n in Theorem 2 is tight, as the following example shows. Let
e=a(p—1)+bwith0<b<p—1. Consider polynomials of the form

a b
P(z) = (H(xfl - 1)> [[@ar1 = 5) | (Tar2 + Q@ars, .., xn))

(1 - 7) (1 - 7) =5(e)(1 -
d.e

for all polynomials Q of degree d —e. Observe that Pr[P( =

/ d—e)

1/p). The number of such polynomials is exp(c'n

_ 1
pll
for some ¢’ = ¢,

1.3 Proof overview

Previous results have mostly relied on the idea of local correction of the RM code. The work of
[Gop10] uses (linear) Fourier analysis which does not seem to go beyond quadratic polynomials. We
use tools from higher order Fourier analysis to resolve the conjecture. We think of F = F,,d, ¢ as
constants. For a received word g : F™ — F our goal is to upper bound |{f € Py(F") : dist(f, g) < n}|.
For simplicity of exposition, we assume in the proof overview that d < |F|. The general case is
somewhat more technical, as it requires the introduction of nonclassical polynomials.

A weak regularity (A low complexity proxy for the received word). The first step is
an extension of the Frieze-Kannan weak regularity [FK99] which would allow us to move from an
arbitrary received word g to a "low complexity” received word. We note that a somewhat similar
idea appeared also in [TTV09].

Let X,Y be finite sets and let P(Y) := {f : Y — Rxo : > oy f(y) = 1} be the probability
simplex over Y. We view functions f : X — P(Y) as randomized functions from X to Y. For
fyg: X — P(Y) we define

Pr, [f(z) = g(x)] == E;(f(2), g(x)).

Given € > 0, any function g : X — P(Y) and a collection F' of functions f : X — P(Y), one can
find a collection of ¢ := 1/ functions hy,...,h. € F and a prozy g1 : X — P(Y) for g, such that
g1 is determined by hi(x),..., he(z) and such that g; is indistinguishable from g with respect to F'.

Lemma 3.1. Let g: X — P(Y), ¢ > 0, and F be a collection of functions f : X — P(Y). Then
there exist ¢ < 1/ functions hy, ha, ..., h. € F and a function T' : P(Y)¢ — P(Y) such that for
all f € F,

[Prlg(z) = f(z)] = Pr[l(hi(2), ho(z), ..., he(2)) = f(2)]] <.

In our case, X =F", Y =F and F = Py(F"). When F is a family of ”deterministic” functions
f: X — Y, as it is in our case, we can obtain one-sided approximation using only deterministic
functions hq, ..., hec.



Corollary 3.3. Let g : X — Y, ¢ > 0, and F' be a collection of functions f : X — Y. Then
there exist ¢ < 1/¢? functions hi,ha,...,h. € F such that for every f € F, there is a function
I'y:Y°—Y such that

Pry[Ls(h(z), ..., he(z)) = f(2)] = Prelg(z) = f(z)] —e.

Strong regularity applied to H. The collection of polynomials H = {hy,...,h.} C Py(F")
defines a partition of the input space F" into atoms {x € F" : hi(z) = a1,...,he(x) = a.}. We
next regularize H. The objective of regularization is to further refine the partition into smaller
atoms with the goal that the polynomials hq,..., h. are "pseudo-random”. Formally, we require
the polynomials to be inapproximable by lower degree polynomials, which is equivalent to having
negligible Gowers uniformity norm. This ensures, for example, that for uniformly random X
in F™, the distribution (h1(X),...,he(X)) is close to uniform over the atoms. This process of
regularization was introduced by [GT09] and is now standard in higher-order Fourier analysis.
Let H' = {Rh},..., AL} C P4(F") be the regularized H that satisfies the above properties, where
d=d(p,d,c).

Structure of polynomials close to low complexity received words. Fix now an f € Py(F")
such that dist(f, g) < dp(d) —e. We will show that f must be determined by H'. That is,

flx) = F(h(x), ... he(x))

for some F : F¢ — F. This will bound the number of such functions by ppc/, which is independent
of n.

In order to achieve that, we regularize the family of polynomials H'U{f}. By choosing regularity
parameters appropriately, we can assure that only f decomposes further,

f:F(hll(iv),...,h&(l‘),h&%x),..., /c/”(:v))

where H" = {hi,...,hL hY,... B} is regular.  Moreover, for Gy(Rh|(z),...,hl(z)) =
L¢(hi(x),..., he(x)), we know that

Pr(f () = Gl (), .., Wo(2))] > 1 = 5,(d) + /2.

The regularity of " allows us to reduce the question to that of the structure of F' vs G¢. We then
show, by a variant of the Schwartz-Zippel lemma, that such an approximation can only exist when
F does not depend on AY,... hY,. The bound for larger radii dr(e) — ¢ with e < d follows along
similar lines. We show that in the decomposition above, since Pr[F = G| > 1 — ér(e) + /2, this
can only occur when A7, ..., k!, have degree at most d — e. As the number of such polynomials is
exponential in n%~¢, we derive similar bounds for the number of functions f.



2 Preliminaries

2.1 Notation

Let N denote the set of positive integers. For n € N, let [n] :={1,2,...,n}. Weuse y =z £t ¢ to
denote y € [z —e,z+¢|. Let T denote the torus R/Z. This is an abelian group under addition. For
neN, and z,y € C", let (z,y) := > ;" | x;7; where @ is the conjugate of a. Let ||z|]2 := \/(x, z).

Fix a prime field F = F,. Let |.| denote the natural map from F to {0,1,...,p — 1} € Z. Let
e : T — C be the map e(z) := *™@. Let ¢, : F — C be the map e,(z) = e('%'). For an integer
k>0,let Uy := #Z/Z. Note that Uy, is a subgroup of T. Let ¢ : F — U; be the bijection ¢(a) = %'
(mod 1).

For a finite set X and n € N, with f : X — C", we write E, f(x) to denote ﬁ Y osex f(x). We
define ||f||2 := VE||f(2)|]3. If g : X — C", we have (f,g) := E,(f(z),g(z)). Let Y be a finite
set. Let P(Y) :={f:Y — Rxo: >,y f(y) = 1} denote the probability simplex on Y. We shall
write randomized functions by mapping them to the simplex. Thus, for f,g: X — P(Y) we define

Pr;[f(z) = g(2)] := Eo (f(2), g(2))-
If f: X — Y is a deterministic function, then we embed Y into P(Y') in the obvious way, and

consider f : X — P(Y) with f(x), = 1if f(z) = y when viewed as a function to Y, and f(z),, =0
for all v/ € Y\ {y}.

2.2 Polynomials
Definition 2.1 (Derivative). Given a function f : F" — T and a € F", define the derivative of f
in direction a as Dof : F* = T as Dyf(x) = f(x +a) — f(x) for x € F".

Definition 2.2 (Nonclassical Polynomial or Polynomial). Let d € N. Then f : F* — T is a
polynomial of degree < d if for all ay,...,aq11,x € F",

(Day ---Day,, f) (x) = 0. (1)

The degree of f denoted by deg(f) is the smallest such d € N for which the above holds. If the
image of f lies in U; then f is called a classical polynomial of degree d. When d < |F|, it is known
that all the polynomials of degree d satisfying (1) are classical polynomials. However, when d > |F|,
there exist nonclassical polynomials. We write Poly.;(F" — T) to denote the class of degree < d
polynomials. Unless explicitly specified, a polynomial is a (potentially) nonclassical polynomial.
The following lemma from [TZ11] characterizes polynomials.

Lemma 2.3 ([TZ11], Lemma 1.7). Let d € N.

e A function f : F* — T is a polynomial of degree < d if and only if D.f is a polynomial of
degree < d —1 for all a € F".

o A function f:F" — T is a classical polynomial with deg(f) < d if f = 1o P where P : F" — F

is of the form
n
d.
P(x1,...,2p) = g Cay .. dn Ha:/,
0<d,.oeydn <p—1: 3, di<d i=1
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where cq, .. 4, € F are unique.

e A function f:F"™ — T is a polynomial with deg(f) < d if f is of the form

n d;
Cdy,..dn,k 1 Li=1 1Ti|™"
[z, 2n) =a+ E ! kljr[i 1l (mod 1),
0<d1,...,dn<p—1,k>0: 3", d;<d—k(p—1) p

where cq,.da,k € {0,...,p — 1} and a € T are unique. « is called the shift of f and the
largest k such that some cq,,. 4,k 7 0 is the depth of f, denoted by depth(f). Note that
classical polynomials have 0 shift and O depth.

o If f:F" — T is a polynomial with depth(f) = k, then its image lies in a coset of Ugy1.

o If f :F" — T is a polynomial such that deg(f) = d and depth(f) = k, then deg(pf) =
max(d—p+1,0) and depth(pf) =k —1. Also, ifc € {1,...,p— 1} then the degree and depth
of cf remain unchanged.

Throughout the article, we assume without loss of generality that nonclassical polynomials have
zero shift.

2.3 Rank and Polynomial Factors

Definition 2.4 (Rank). Let d € N and f : F" — T. Then ranky(f) is defined as the smallest
integer v such that there exist polynomials hy,...,h, : F* — T of degree < d — 1 and a function
I':T" — T such that f(x) = T'(hi(x),...,he(x)). If d = 1, then the rank is O if f is a constant
function and is oo otherwise. If f is a polynomial, then rank(f) = ranky(f) where d = deg(f).

Definition 2.5 (Factor). Let X be a finite set. Then a factor B is a partition of the set X. The
subsets in the partition are called atoms.

For sets X and Y, and a factor B of X, a function f: X — P(Y) is said to be measurable with
respect to B if it is constant on the atoms of B. The average of f over B is E[f|B] : X — P(Y)
defined as

E[f1B](z) = Eyepa)[f (¥)]

where B(x) is the atom containing =. Clearly, E[f|B] is measurable with respect to B.

A collection of functions hi,...,h. : X — Y defines a factor B whose atoms are {z € X :
hi(z) = y1,...,he(z) = yo} for every (yi,...,y.) € Y. We use B to also denote the map z —
(h1(z),...,he(x)). A function f is measurable with respect to a collection of functions if it is

measurable with respect to the factor the collection defines.

Definition 2.6 (Polynomial Factor). A polynomial factor B is a factor defined by a collection of
polynomials H = {h1,...,h. : F* — T} and the factor is written as By. The degree of the factor
is the maximum degree of h € H.

Let |B| be the number of polynomials defining the factor. If depth(h;) = k; above, then we
define ||B]| := [[5_; p**! to be the number of (possibly empty) atoms.



Definition 2.7 (Rank and Regularity of Polynomial Factor). Let B be a polynomial factor defined
by hi,...,he : F" — T such that depth(h;) = k; fori € [¢]. Then, the rank of B is the least integer r
such that there ezists (a1, ...,ac) € Z¢, (a1 mod p"T1 ... a. mod pketl) # (0,...,0) for which
the linear combination h(x) := Y i_; a;hi(x) has ranky(h) < r where d = max; deg(a;h;). For a
non decreasing function r : N — N, a factor B is r-regular if its rank is at least r(|B]).

Definition 2.8 (Semantic and Syntactic refinement). Let B and B’ be polynomial factors on F".
A factor B' is a syntactic refinement of B, denoted by B' = gyn, B if the set of polynomials defining B
is a subset of the set of polynomials defining B'. It is a semantic refinement, denoted by B' = sem B
if for every x,y € F", B'(x) = B'(y) implies B(x) = B(y).

We will use the following regularity lemma proved in [BFHT13].

Lemma 2.9 (Polynomial Regularity Lemma [BFH"13]). Let r : N — N be a non-decreasing
function and d € N. Then there is a function C(zd.g) : N —= N such that the following is true.

r,
Let B be a factor defined by polynomials Py, ..., P. : F"* — T of degree at most d. Then, there is
an r-reqular factor B' defined by polynomials Q1,...,Qu : F* — T of degree at most d such that

B =sem B and ¢ < C’gd'g)(c).

Moreover if B = sem B for some polynomial factor B that has rank at least r(d) 4+ + 1, then
B tsyn B.

The next lemma shows that a regular factor has atoms of roughly equal size.

Lemma 2.10 (Size of atoms [BFH"13]). Given ¢ > 0, let B be a polynomial factor of rank at least
T;Z'lo)(e) defined by polynomials Py, ..., P. : F" — T of degree at most d such that depth(P;) = k;

for i € [c]. For every b € ®5_Ug, 11,

Pr,[B(z) = b] =

|
H_
o

Finally, we shall need the following lemma which shows that a function of high rank polynomials
has the degree one expects.

Lemma 2.11 (Preserving degree [BFH13]). Let d > 0 be an integer and let Py,..., P.: F* — T
be polynomials of degree at most d that form a factor of rank > rf'n)(c). Let T' : T¢ = T be
an arbitrary function. Let F : F* — T be defined by F(x) = I'(Pi(x),...,P.(z)), and assume
that deg(F) = d'. Then, for every collection of polynomials Q1,...,Q. : F* — T with deg(Q;) <
deg(P;) and depth(Q;) < depth(F;), if G : F™* — T is defined by G(z) =T'(Q1(x),...,Qc(x)), then
deg(G) < d'.

3 Weak Regularity
Let X and Y be finite sets. Recall that P(Y) := {f:Y = Rx>0:>_ cy f(y) = 1} is the probability

simplex on Y. As mentioned before, we shall write randomized functions by mapping them to the
simplex. Thus for f,g: X — P(Y) we have

Pr.[f(z) = g(2)] == E.(f(2), g(x)).



Lemma 3.1. Let g: X — P(Y), € > 0, and F be a collection of functions f : X — P(Y). Then
there exist ¢ < 1/€2 functions hy, ha, ..., he € F and a function T : P(Y)¢ — P(Y) such that for
al f € F,

[Prig(z) = f(z)] = Prl'(hi(z), ha(x), ... he(x)) = f(2)]] < e

Proof. We construct H = {hq,...,h.} C F such that, if By is the factor of X induced by H, then
forall fe F

[Pr(E[g|Bx] = f(x)] — Prlg(z) = f(2)]] <e.
We then set ' : P(Y)¢ — P(Y) so that I'(hi(x),...,h.(x)) = E[g|By]. In the following we

shorthand g3 = E[g|By]. We consider the following variant of the Frieze-Kannan weak regularity
algorithm [FK99].

e Initialize H =0
e While there exists f € F such that [Prgy(z) = f(z)] — Prlg(z) = f(2)]| > €
— Update H =HU{f}

The lemma follows from the following claim, which shows that we update H at most 1/&2 times.
Let [|g3/13 := Eallgn(2)|3-

Claim 3.2. Consider any stage in the algorithm, with H being the set of functions at that stage,
and f € F being the new function added to H. Then

e 0< |lgnl*<1;
o lguugnll® = llgnll* + 2.

Proof. The first part of the claim is trivial as gy maps to P(Y'). For the second part, observe that
(9nuifry — 9%, 91) = 0 and thus

lgruirylls = lgnll3 + llguogsy — 9nll3
We will show that ||gyuqs — gu % > 2. We have

= [Ex(f(2), gn(x)) — Eo(f(2), g(2))]
= [Eo(f (x), gu(x)) — Eo(f (), guugsy (2))| (as f is measurable with respect to Byuyy)
= [Eo(f(2), gu(x) = 9oy ()]

< Eo [(f(2), g1(2) — gnogy (@)] -

Now, as f : X — P(Y), for every z € X, |f(x)|]]2 < 1. Thus, by the Cauchy-Schwartz
inequality, for every x € X, we have

[(f (@), g1 (%) — gnurry (@) < N f (@) ll2llgnugs () — gu(@)ll2 < llgnugn () — gu(@)ll2
Thus, by another application of the Cauchy-Schwartz inequality, we have

2
e <E, [(f(®), gu() — guoiry @) < Nlgmogry — gnll3-



This finishes the proof of the lemma. O

The following corollary for deterministic functions f : X — Y allows to obtain one-sided
deterministic estimates. This simplifies some of the arguments later on.

Corollary 3.3. Let g : X — Y, e > 0, and F be a collection of functions f : X — Y. Then
there exist ¢ < 1/€2 functions hi,ha,...,he € F such that for every f € F, there is a function
Ip:Y¢—=Y such that

Pr; [T (hi(2), ..., he(x)) = f(2)] = Preg(z) = f(z)] —e.

Proof. Applying Lemma 3.1 to F' we may assume the existence of hy,...,h. : X — Y and I" :
Y¢ — P(Y) such that for any f € F,

[Pr(f(z) = T(h(z), ..., he(2))] = Prlf(z) = g(z)]| <e.

Let Ay, .y. = {2 € X : hi(x) = y1,...,he(x) = yc} be an atom defined by hy,..., k.. Given
f € F,definel'y : Y =Y by letting I'¢(y1,...,y.) to be the most common value that f attains
on Ay, y.. Then

Pr(f(z) = Tg(hi(x),. .., he(z))]
= Z Priz € Ay, o] maxPr(f(z) =y"|z € Ay, 4.

ylv---7ycey y*ey
> Z Priz € Ay, ] - Prlf(z) =T(y1,...,90)|z € Ay,
y17'“7ycey

= Pr[f(2) = T(hi(2),..., he(a))] > Pr[f(z) = g(2)] .

4 Proof of Theorem 1

Fix a prime field F =F,. For d € N, we shorthand 6(d) = or(d). We restate Theorem 1.

Theorem 1. Let ¢ > 0 and d,n € N. Then,

EF(d, n, (5(d) - E) < Cpd.e-

We prove Theorem 1 in the remainder of this section. Let g : F” — U;j be a received word
where we identify F with U;. Apply Corollary 3.3 with X = F", Y = U;, F = Poly4(F" — U;)
and approximation parameter £/2 to obtain % = {hy,...,h.} C F, ¢ < 4/¢? such that, for every
f € F, there is a function I'y : Uf — U; satisfying

Prly(h(z), ha(z), ..., he(x)) = f(z)] = Prlg(z) = f(x)] —&/2.



Let 1,72 : N — N be two non decreasing functions to be specified later, and let C’fdg) be as
given in Lemma 2.9. We will require that for all m > 1,
ri(m) > r2(CE9) (m+ 1)) + C2D (m +1) + 1. (2)

As a first step, we ri-regularize H by Lemma 2.9. This gives an ri-regular factor B’ of degree
at most d, defined by polynomials A),... k., : F* — T, such that B’ > B, ¢ < Cg;g)(c) and
rank(B’) > r1(¢/). We denote H' = {h},...,h,}. Note that H' can have nonclassical polynomials
as a result of the regularization. Let depth(h}) = k; for i € [¢]. Let Gy : ®%_, Uy, 41 — Uy be
defined such that

Lr(hi(z),. .., he(z)) = Gp(Ri(2),. .., hiy(z)).
Then
Pr(Gy(hy(z), hy(), ... he(2)) = f(2)] = Prlg(z) = f(z)] —</2. (3)
Next, given any classical polynomial f : F™ — T of degree at most d, we will show that if Pr[f(z) #
g(x)] < 6(d)—e, then f is measurable with respect to H' and this would upper bound the number of
such polynomials by pl/Bll = pllicie PP and as ¢ = d(p,d,e) and k; < L%J this is independent
on n.

Fix such a classical polynomial f.  Appealing again to Lemma 2.9, we ro-regularize
By == B 'U{f}. We get an ro-regular factor B” >, B’ defined by the collection H" =
{hy, .o b Y, Ry € Polyoy(F™ — T). Note that it is a syntactic refinement of B’ as by
our choice of 71,

rank(B') > r1(c') > ra(CE( +1)) + CZ( +1) +1 > r2(1B")) + B"| + 1.

ro,d
We will choose ro such that for all m > 1,

ralm) = | 7 | S | ) | 4)
()

Let depth(h}) = I; for j € [¢"] and denote S := @5 Up, 41 X ®§;1U;j+1. Since f is measurable
with respect to B”, there exists F' : S — Uj such that

We next show that we can have each polynomial in the factor have a disjoint set of inputs, and
still obtain more or less the same approximation factor.

Claim 4.1. Let 2',y/, i € [],j € [¢"] be pairwise disjoint sets of n € N variables each. Let
n' =n(d +¢"). Let f :F" = Uy and §: F* — Uy be defined as

f(:ﬁ) = F(hll(xl)a ce 7h/c/(z6/)’h,1/(y1)a R /c,”(yc ))

and
/

glz) = G(hi(a'), ... he(z9)).

Then deg(f) < d and

Pr, o [f(2) = §(2)] = Proep[f () = Gy (W (2), hy(2), ..., hi(@))]| < /4.
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Proof. The bound deg(f) < deg(f) < d follows from Lemma 2.11 since ro(|H"|) > 7”22'11)(|’H”|). To
establish the bound on Pr[f = §], for each s € S let

p1(8) = Procpn[(h1(2), ..., b (2), B (2), - .. B () = 5]

Applying Lemma 2.10 and since our choice of ry satisfies rank(H") > r((f'w) (e/4]S|), we have that
p1 is nearly uniform over S,

1+e/4
pi(s) =
S|
Similarly, let
pQ(S) = Pr:vl,-..,ﬂccl,yl,...,yc//EIF”[(hll(xl)v cee >h/c’(xd)7 hlll(yl)a ceey /c/”(yc”)) = 8].

Note that the rank of the collection of polynomials {h}(z'),..., kL (z¢), Ry (y"), ..., K% (y¢")} de-
fined over F” cannot be lower than that of H”. Applying Lemma 2.10 again gives

1+te/4
p2(s) =
5|
Forse S, let s’ € ®C 1 Uk, +1 be the restriction of s to first ¢’ coordinates, that is, s’ = (s1,...,s¢).
Thus
rcp [f(2 sz $)1p(s)=c, ()
seS
- Zpl 1F(s )=G(s") i5/4
seS

= Procp [f(z) = Gy(hy(2), hy(2), . .., he(x))] £ /4.

So, we obtain that
Pr, o [f(2) = §(2)] > Proce[f(2) = Gp(h)(2),..., ha(@))] — £/4 > 1 — 5(d) + /4.
Next, we need the following variant of the Schwartz-Zippel lemma [Sch80, Zip79].
Claim 4.2. Let d,ny,ne € N. Let fi : F17"2 5 F and fo : F™ — F be such that deg(f1) < d and
Prifi(xi,...,Tn4ny) = fo(x1,...,20,)] > 1 —9(d)

Then, f1 does not depend on Tp,4+1, .-, %n;+ny-

Proof. We will show that f; does not depend on z = %y, 4n, say. The proof for any other variable
is similar. Recall that §(d) := # (1 - %) where d =a-(p—1)+0b. Let fi(z) = ZZ;O cpz® where
ek € Flzy, ..., Tny4ny—1] and d < min{d,p — 1}. Then (f1 — f2)(z) = co — fa(x) + ZZ/:I cr2®. We
will show that d’ > 1 will lead to a contradiction. Let deg(cy) = d”. Note that d” + d’ < d. Then,

Pr[(f1 — f2)(z) = 0] < Prlcy = 0] + (1 — Pr[cgy =0])(1 —6(d')) <1 —8(d")o(d).

11



We will show that for any d > 1 and any 1 < ¢ < p — 1, we have §(c)d(d — ¢) > §(d) and this will
show that Pr[(fi1 — f2)(x) = 0] <1 —46(d +d”) < 1— 6(d) which leads to a contradiction. Thus,
f1 will not depend on z. We will now show that

d(c)o(d—c) > d0(d) (5)

Letd=a-(p—1)+b.

Case 1: 0<c<b

Case 2: b<c<p-1

which is true by hypothesis. O

Now apply Claim 4.2 to fi = f, fa = §,n1 = nc’,na = n¢’’. We obtain that f does not depend
onyh, ... ,yc//. Hence,

/ /
f(a:17"‘7xc7y17"'7yc

’

) = F(R)(z"),... b (z),CL,...,Cw)
where Cj = 1%(0) € Uy, 4y for j € [¢"]. If we substitute 2! = ... = ¢ =z we get that
f(x) = F(h\(z),...,hL(z), ] (x),...,hl(x)) = F(h)(x),...,h(x),Cy,...,Cu),

which shows that f is measurable with respect to H’, as claimed.

5 Proof of Theorem 2

Theorem 2. Let F =), be a prime field. Let ¢ > 0 and e < d,n € N. Then,

lr(d,n,d(e) —e) < exp (cp’d’snd_e> .

The proof follows along the same lines as that of Theorem 1. It will rely on the following lemma
which generalizes Claim 4.2.

Lemma 5.1. Fix d > e > 1,6 > 0. There exists rili'l) € N such that the following holds. Let
f1 : T2 5 Uy be a classical polynomial of degree at most d. Assume that

12



o There exist fo : F™ — Uy be such that Pr[fi(x,y) = fa(x)] > 1 —d(e) + .

o There exists a polynomial h : F"2 — Uy of degree at most d such that the factor it defines
(5 1), and a function I : F™ x Ugy1 — Uy, such that

has rank at least rd’s'

e The dependence on the depth of h is nontrivial: fi(x,y) cannot be written as I'(x,p - h(y))
for any TV : F™ x Uy — U;.

Then deg(h) < d —e.
We first prove Theorem 2 assuming Lemma 5.1.

Proof of Theorem 2 assuming Lemma 5.1. The initial part of the proof is as in Theorem 1. Assume

that n > r((fa'}zl otherwise the theorem is trivially true. Let f,g : F" — U; with deg(f) < d and

dist(f,g) < d(e) —e. For non decreasing functions ri,73 : N — N, chosen as in the proof of
Theorem 1, we have an ri-regular H' = {hf,... hl,} and an ro-regular H” = H U {h{,... h}
where each h}, h! is a nonclassical polynomial of degree < d, such that the following holds.

Let depth(h;) = k; for i € [¢'] and depth(h}) = [; for j € ["]. Since f is measurable with

/1

respect to H”, there exists I : ®§/:1[Uki+1 x ®@%_1Ui;+1 — Uy such that

f(x) = F(hll(x)7 .- '7hé’<x)7h/1/(x)7 SRR Z”(x))

We may assume that for all ¢ € [¢'], the depth of A is minimal, in the sense that we cannot replace
R} with p- h! and change F accordingly to still compute f (if this is not the case, then replace h/
with p - b whenever possible; this only reduces the degree of h; and the new factor has rank at
least that of the original factor). Also, there exists a function Gy : ®f/:1Uki+1 — Uy such that

Pr(Gy(hy(x), ... he(x)) = f(x)] = 1 —d(e) +¢/2.

We will show that this implies that deg(h!) < d — e for all i € [¢"]. Let B” be the factor de-
fined by H”. As the number of polynomials of degree d — e is exponential in n%~¢, the number
of functions f is controlled by the product of the number of composing functions F, which is

7 o pkitl I i+l . .
plIB"Il = p(nf[c]p )(HJG[C 1P ) = ¢1(p, d, €), and the number of choices for Af,...,h”,, which
/! —e

is exp(cac’n?=¢). This amounts to at most exp(cn?=¢) for some ¢ = ¢(p, d, €), as claimed.

To prove the bound on the degrees of h{,...,hl,, define, as in the proof of Theorem 1, xt yd
for i € ['],j € [¢"] to be pairwise disjoint sets of n € N variables. Let n’ = n(c’ + ¢”). Define
f:F" U and §:F" — U as

/ /!

f(xl,...,mc ,yl,...,yc ):F(h'l($1)7...,h'c/(:ccl),h/ll(yl),..., /C/u(yC )

and

gzt . 2) =GBy (xh), ... ha (29)).

Then, by Claim 4.1, deg(f) < d and Pr[f =g] > 1 —d(e) + /4.
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We next apply Lemma 5.1 to show that deg(h}) < d — e for all j € [¢"]. To see that for say,
Jj =" let k =depth(hl,), ny =n(c +" —1),ny = n,h(y) = hl,(y) and T : F™ x Uy — Uy
given by
D((xh .. 2%yt oy Y, a) = F(Ry (Y, . bl (), Y (Y, B (v 1Y), ).
so that

f(:cl,...,xc,yl,...,yc ):F((xl,...,xc,yl,...,yc _1), ni(y)).

éi}l for all m > 1, then we establish all the requirements for

Lemma 5.1. Hence we deduce that deg(h!,) < d — e as claimed. O

If we make sure that rgo(m) > r

5.1 Proof of Lemma 5.1

We prove Lemma 5.1 in this section. Fix d > e > 1 and € > 0. Let r = 7“555'1) be large enough to

be chosen later. We first show that we can replace h with a simple polynorﬁial of the same degree
and depth, which would allow us to simplify the analysis.

Let depth(h) = k and let A = deg(h) — (p — 1)k. Define h : F*4 — Uy as follows. Let
z2=(211,..-,2r4) € F™4 and define

r A Zij
h(z) = Zl:lpl;&lﬂ (6)

Note that h and h are both polynomials of the same degree and depth. Define fl :Frtrd 5 U as
fi(z, z) = T(z, h(z)).

We will show that we may analyze f; instead of f to obtain the upper bound on deg(h). To

simplify the presentation, denote Z; := Hle z; j for ¢ € [r]. First, we argue that if 7 is chosen large

enough then both A, h are nearly uniform over Ug;.
Claim 5.2. Ifr is chosen large enough then for all o € Ugq1,
Prepna[h(y) = a] = p~*+D(1 £ £/2)

and .
Pr,cpeall(z) = a] = p~ k(1 £ £/2).

Proof. The proof for h follows from Lemma 2.10 by choosing r > 7’5'10 (ﬁ) The proof for h

follows by a simple Fourier calculation. Let w = exp(27i/p**!). We have Pr[Z; = 0], Pr[Z; = 1] >
p~A > p~@ One can verify that this implies that for any nonzero ¢ € Lt E[w%] < 1 —n for
n=p 99 As Z,,..., Z, are independent we have E [wc(zl+"'+ZT)] < (1—mn)". Hence if we choose
7 large enough so that (1 —n)" < (¢/2)p~**+1 then, for any a € L1

PI'[Zl 4+ ...+ Zr =a (mod pk+1)] — p*(kJrl) 1+ Z B ) |:wC(Z1+A..+Zr):|

c€Z k+1\{0}

=p (1 +/2).
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This implies that fa(x) is also well approximates fi (z,2).
Corollary 5.3. Pr[fi(z,2) = fo(z)] > Pr[fi(z,y) = folz)] — /2 > 1 — d(e) 4+ £/2 where x €
Fri gy e F*2, 2 € F™ are chosen uniformly and independently.

Proof. Claim 5.2 implies that the statistical distance between h(y) and h(z) is at most £/2. Hence
for every fixed z, |Pr[['(z,h(y)) = fo(x)] — Pr[l'(z,h(z)) = fo(2)]| < e/2. O

We next argue that by choosing r large enough, we can guarantee that fl has degree at most d.

Claim 5.4. If r is chosen large enough then deg(f) < deg(f1) < d.

Proof. By Claim 5.2, if r is chosen large enough then h(y), h(z) attain all possible values in Ugy;.
For every a € Ugi1, let fo(z) := I'(z,a). Note that as there exists some 3, € h™'(a) then
fa(x) = fi(z,ya) is a (classical) polynomial in z of degree at most d.

We have f1(z,y) = I'(z, h(y)) = I'((fa(z) : @ € Ugy1), h(y)) for some I : FP**"" x U,y — F.
Let H = {fa(z) : @ € Ugq1} and for 11 : N — N a growth function to be specified later, let
H ={g1(x),...,g9.(x)} be the result of ri-regularizing H by Lemma 2.9. Then

filz,y) =T"(g1(x), ..., ge(), h(y))
for some I : F¢ x Ugy1 — F. Hence also
le(x’ 2:) = F(l‘, iL(Z)) = P”(gl(x)v R ,gc(l'), E(Z))

We next apply Lemma 2.11 to bound the degree of fi. This requires to assume that ri(c) >
rff'n)(c +1) and r > 7"22'11)(0(?'3) (p**1) +1). We obtain that

1,

deg(f1) = deg(I"(91(), .-, ge(), 1(2))) < deg(I"(g1(2), .., ge(x), h(y))) = deg(f1) = d.

O]

We next analyze the specific properties of h. Recall that we set Z; := Hle 2; j so that iL(Z) =

Ef{. The sum Y Z; modulo pF*! is given by symmetric polynomials in Z1,..., Z,, as explained
below. The ¢-th symmetric polynomial in Z = (Z1,...,%,), for 1 < ¢ < r, is a classic polynomial

of degree ¢ defined as

¢

Szy=" > 1%
1<y <...<ip<r j=1
The following simple and well known claim follows immediately from Lucas Theorem [Luc78].

Claim 5.5 ([Luc78]). Let W =Y Z; mod p**'. The digits of W in base p are S,:(Z) mod p for
i=0,...,k.
k+1

So, since h depends only on W = > Z; mod p""", we can replace the sum by its digits in base

p, that is by S1(Z), Sp(Z), ..., Spr(Z). Recalling that each Z; = H;‘:l 2 j, let us denote

Wi(z) = S, (2),
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which is a homogeneous polynomial in the z of degree Ap’. Hence, we can express fl (z,2) as
fiz,z) = D@, h(2)) = T'(z, Wo(2), Wi (2), ..., Wi(2)) (7)

for some IV : F™1 x F*+1 5 U;. Recall that we assumed that I" depends nontrivially on the depth
of its second argument. This implies that T" depends nontrivially on its last input (i.e. Wy(z)). As
f1 is a classical polynomial, and each W; take values in IF, identifying U; with F, we can decompose

k
A= Y faa @ [ Wil2)%. (8)
1=0

where fq, . a, € Flz]. We next argue that deg(fq,,. 4,) cannot be too large.

Claim 5.6. deg(f4, . 4,) <d—AY¥  pid; for all0 <dp,...,dp <p—1.

Proof. Assume not. Let D = 5" p'd; be maximal such that deg(fap,...d,) >d—A Zf:o p'd;. Note
that D corresponds to a unique tuple (do,...,dy). Let m(z) be any monomial in fg, g4, (x) with
maximal degree, and let m/(z) = Hfi 1 Zi = le 1 Hle z;j. The coefficient of m’ in Hf:o Widi is

equal to the coefficient of le 1 Z;i in Hf:o S i(Z)%, which is equal to the number of partitions of

a set of size D to dy sets of size 1, d; sets of size p, da sets of size p%, up to dj, sets of size p¥. This

is given by

k d; . ;

P’ + diap™ 4+ diph

il ,

i=0j=1
which by Lucas theorem is equal modulo p to Hfzo(di!) % 0 mod p. Hence, the monomial
m(x)m’(z), whose degree is larger than d, has a nonzero coefficient in fg, . 4, () Hf:(] Wi(2)%.

. ) . . k ;o
We will show it has zero coefficient in any other ~]“'a;{)’m’d;c(:l?) [T Wi(2)% with (dfy,....d}) #
(do, .. .,dy), which will contradict the fact that deg(f1) <d.
So, let (df),...,d}) # (do,...,dx) and let D' = > pid,. Note that necessarily D' # D. If

D’ > D then by maximality of D, deg(fa, ;) < d— AD' < d — AD and hence m(x) cannot
appear in fg g (). If D" < D then deg(Hi.“:O I/Vz.d;) = AD' < AD and hence m/(z) cannot appear

in Hf:o Wi(y)dé. O
Let w = (wo,...,w;) € F be new variables, and define f] : F1+F+l 5 F by
k
fi(@,w) =T (z,wo, . .., wg) = S fapea @) [J (9)
0<do,...,dp <p—1 1=0

We next argue that f{ is also well approximated by fo.
Claim 5.7. Pr[f!(z,w) = fo(z)] > Pr[fi(z,2) = fa(z)] —/4 > 1 —8(e) + /4, where x € F™ | z €
Frad w e F* are uniformly and independently distributed.

Proof. By Claim 5.2, the distribution of & is ¢ /4-close close in statistical distance to the uniform dis-
tribution over U1, hence the distribution of (Wy(2), ..., Wi(2)) is £/4-close in statistical distance
to the uniform distribution over FF+1, O
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To conclude the proof of Lemma 5.1, expand f{ — fa as

d/
filw,w) = falw) = cilw,wo, . .., wp_1)w}
i=0
where ¢; € F[z,wo, ..., w,_1], d <min(d,p—1) and ¢y # 0. We have that d’ > 1 since I depends
on Wy(y). Also, by Claim 5.6, for i > 1 we have deg(c;) < d — ApFi. To see this, suppose not.
Consider the expansion in (9). Then, for some dy, ... dk_1, deg(fay,..d,_,.i) + Z;:é d; > d — Ap"i,
which implies that

k-1 k-1
deg(fay,..dy_y,i) > d— Zdj — ApFi>d— Azdjpj — Apti,
Jj=0 §=0

which is a contradiction to Claim 5.6. Hence

Pr{f{(r,w) = fo(x)] < Prica = 0] + (1 - Prley = 0))(1 - 5(d))
<1—6(d— ApFd)s(d) <1—6(d—d'(Ap" —1)),

where the last inequality was established in Claim 4.2. So, as we established that §(d—d’(Ap*—1)) <
§(e) and d’ > 1 we must have Ap* — 1 < d — e, and hence Ap* < d —e. Now, recall that
deg(h) = deg(h) = A+ (p— 1)k and it is a simple exercise to verify that A+ (p — 1)k < Ap* for all
A > 1,k > 0. We thus showed that deg(h) < d — e, as claimed.

6 Open Problems

Theorem 1 and Theorem 2 establish that over any fixed prime field IF, and any fixed e < d and
£ > 0, the number of degree d polynomials in a any ball of radius §(e) — € is at most exp(cn?—¢)
for some ¢ = ¢(p, d,€), which in particular resolves the conjecture raised in [GKZ08] when e = d.
However, the bounds on ¢ which we obtain are of Ackermann-type, which seem far from optimal.
This leaves open the question of obtaining better bounds. This may require a different approach,
as currently higher-order Fourier analysis does not seem to provide better bounds. We also leave as
an open problem the question of extending our work to non-prime fields, and note that the missing
ingredient is an extension of the higher-order Fourier analytic techniques to non prime fields.
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